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PHASE PORTRAIT OF THE MATRIX RICCATI EQUATION*

MARK A. SHAYMANf

Abstract. The matrix Riccati equation which arises from optimal control and filtering problems is a

quadratic differential equation on the space of real symmetric n x n matrices. It is closely related, via

compactification of the phase space, to the differential equations on the Grassmann manifold and the
Lagrange-Grassmann manifold whose flows are generated by the action of one-parameter subgroups of the
general linear group and of the symplectic group respectively. We determine the complete phase portraits
of the Riccati equations on all three spaces. The asymptotic behavior of every solution is described. The
phase portraits are characterized topologically as well as set-theoretically. Although the Riccati equation is
not generally a Morse-Smale vector field, we are able to show that it possesses suitable generalizations of
many of the important properties of Morse-Smale vector fields. In particular, the Riccati equation satisfies
a generalized version of the Morse inequalities for a Morse-Smale dynamical system. In fact, for the Riccati
equation, the inequalities are actually equalities.

Key words. Riccati differential equation, phase portrait, Grassmann manifold, Lagrange-Grassmann
manifold, Schubert cell decomposition, Morse-Smale flows
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1. Introduction. By the matrix Riccati differential equation (RDE) we mean the
quadratic differential equation

I B21 -k B22K KBll- KB2K
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defined on the vector space mxn of real m x n matrices. B2, B22, B, B2 are constant
real matrices of dimensions m n, m x m, n x n, and n x m respectively.

The matrix Riccati equation plays a critical role in a wide variety of applications
which include transmission line phenomena, the theory of stochastic processes, optimal
control and filtering, diffusion problems, and invariant imbedding [32]. It is also of
independent mathematical interest because it is the description in local coordinates of
the differential equation on the Grassmann manifold whose flow is given by the action
of a 1-parameter subgroup of the general linear group. This is discussed below.

We are particularly interested in the Riccati equation which arises in optimal
control and filtering problems. It has the form

I -Q A’K KA+ KLK

defined on the space g"" of real n xn matrices. A, L, Q are constant real n x n
matrices with L and Q symmetric and L nonnegative definite. The vector space S(n)
of real symmetric n x n matrices is an invariant manifold for this differential equation,
and it is the restriction to S(n) which is important in the applications. Thus, we will
regard this differential equation as defined on S(n), and call it-the symplectic Riccati

differential equation (SRDE) for reasons which will become apparent. The role of the
SRDE in linear quadratic control problems is described in [5].

It has been known at least since the time of Poincar6 that the topology of certain
differential equations in the plane could be clarified by extending the domain to the
projective plane. It was observed by C. Schneider [33] that the natural compactification
of the domain "" for the RDE is the Grassmann manifold G"("+’) of n-
dimensional subspaces of R,+m. We will refer to the Riccati equation on G"(R"+m)
as the extended Riccati differential equation (ERDE). The natural compactification of
the domain S(n) for the SRDE has been described by R. Hermann and C. Martin
[16], [27]. It is the so-called Lagrange-Grassmann manifold (n) consisting of those
subspaces belonging to Gn(R2n) on which a certain skew-symmetric bilinear form
vanishes identically. We will refer to the symplectic Riccati equation on (n) as the
extended symplectic Riccati differential equation (ESRDE). The compactification of the
domains of the RDE and SRDE is useful when investigating the behavior of trajectories
at infinity. However, the principal advantage of the compactifications is that for both
the ERDE and the ESRDE, the flow is obtained from the action of a 1-parameter
subgroup of a matrix Lie group. For the ERDE, the Lie group is the general linear
group GI (n+m,R) while for the ESRDE, the Lie group is the symplectic group
Sp (n, R).

The primary purpose of this paper is to give the complete phase portrait for the
Riccati equation arising from the control and filtering applications, i.e. the symplectic
Riccati differential equation on S(n). However, the procedure we follow leads us to
first determine the complete phase portraits for the ERDE and the ESRDE. Our results
describe the asymptotic behavior of every solution for the ERDE, ESRDE, and SRDE.
Under generic assumptions, the distinctive features of the phase portraits of Riccati
equations are (1) a nonwandering set which consists of tori of various dimensions,
and (2) stable and unstable manifolds which are unions of so-called Schubert cells. It
was shown recently 18] that matrix Riccati equations on G"(R"+’) are not generically
Morse-Smale. Our results show that although Riccati equations are generally not
Morse-Smale, their phase portraits reflect the topology of the underlying manifold in
an analogous way. For example, we show that Riccati vector fields satisfy a suitable

This corrects the contrary announcement in [19].
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generalization of the Morse-Smale inequalities. In fact, for the Riccati equation, the
inequalities are actually equalities. We also use the phase portrait ofthe Riccati equation
to obtain new derivations of the mod 2 Betti numbers for the Grassmann manifold
and the Lagrange-Grassmann manifold.

In the penultimate section, we extend our results to include almost all of the
Riccati equations which are excluded by the generic assumptions in force throughout
the earlier sections. Under the relaxed .assumptions, the connected components of the
nonwandering set are products of Grassmannians, while the stable and unstable
manifolds remain unions of Schubert cells.

Much of the research on Riccati equations has focused on the "stabilizing"
equilibrium point of the SRDE, i.e. the equilibrium point K/ which has the property
that every eigenvalue of the closed loop plant matrix A-LK/ has negative real part.
However, recent work has also involved study of periodic solutions [29], [18], [19],
[37] and convergence (and nonconvergence) of trajectories to equilibrium points other
than K/ [8]. Although there is a vast literature on Riccati equations, as far as we are
aware, our results provide for the first time a complete description of the asymptotic
behavior of every solution under assumptions which are satisfied by almost every
SRDE which arises from control and filtering problems.

We have used similar techniques to obtain the phase portrait for the matrix Riccati
equation in which the coefficient matrices are periodic functions of time [38], [40].

2. Extension of the phase space. In this section, we review how the RDE is extended
to the ERDE on G"(R"/") [33], and how the SRDE is extended to the ESRDE on
.(n) [16], [27]. Let ,’R" --) G"("+") be defined by q(K)=Sp[K], the column
space of the (n + m) x n full rank matrix []. Let G("+") consist of those subspaces
in Gn(["+m) which are complementary to the m-dimensional subSpace Sp [i]. Then
q embeds the Euclidean space "" in G"(R"/") as the open and dense subset

n+mGo(R ). In fact, (G)(R"+m), I]-1) is one of the standard charts for the manifold
G"(R"+m). (See Appendix.) Thus, G"(R"+m) can be viewed as a compactification of

Let K (t, Ko) denote the solution of the RDE for the initial point Ko. Let B denote
the (n+ m) x(n+ m) matrix rs,, s_,- Define a flow on Gn(Rn+m) by S(t, So) eat(So),LB21 /:122-1"

where eat (So) is the image of the subspace So under eat G1 (n + m, ). It is straightfor-
ward to verify that we have

q(K t, Ko)) S( t, (Ko))

whenever K (t, Ko) exists. This means that the RDE is the local expression with respect
to the chart (G)("+"), q-l) for the differential equation on G"("+") which corre-
sponds to the flow S(t, So). To say this another way, if we use the embedding , to
identify "" with G([n+m), then the restriction to G(Rn+m) of the flow $(t, So) on
Gn(n+m) is identified with the flow of the RDE. K(t, Ko) ceases to exist (due to finite
escape time) precisely when S(t, q,(Ko)) leaves the subset G(n+m). By the extended
Riccati differential equation (ERDE), we mean the differential equation on Gn(n+m)
whose flow is given by S(t, So)= era(So). Thus, the flow of the ERDE is given by the
action of a one-parameter subgroup of G1 (n + m, ) on G"(R"+m).

Next we describe how the symplectic Riccati differential equation is extended to
the Lagrange-Grassmann manifold (n). Let J denote the 2n x2n matrix [_x o], and
define a skew-symmetric bilinear form to on R2" by to(x, y) x’Jy. Then (n) is defined
to be the subset {S Gn(2n): to(x, y) 0, /x, y S} of Gn(R2n). If the standard inner
product is assigned to R2,, then (n) {S G"(R2"): J(S) S+/-}. We will say that a
subspace $ of R2, (of any dimension) is Lagrangian iff J(S).I_S.
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Let Sp (n, R) denote the symplectic group, i.e. Sp (n, R) {P G1 (2n, R): P’JP
J}. Let sp (n, R) denote its Lie algebra, sp (n, R) consists of all 2n x2n real matrices
H which satisfy JH + H’J 0. This is equivalent to requiring that H have the partitioned
form trH"Hi, n22,21 with each submatrix n x n, H12 H2 H21 H, and H22 -H. If
S .(n) and P Sp (n, ), then P(S) (n), so Sp (n, ) acts on .(n). In fact, it
can be shown [16] that (n) is a homogeneous space of Sp (n, ). It can also be
shown [17] that (n) is the homogeneous space U(n)/O(n), where U(n) and O(n)
are the unitary and orthogonal groups respectively.

It is easy to check that if K is an n n matrix, then Sp ;] belOngs to (n) iff
K is symmetric. Thus we can define ck’S(n)o(n) by b(K)=Sp[]. Let o(n)
consist of those subspaces in .’(n) which are complementary to the n-dimensional
subspace Sp [i,]. Then b embeds the Euclidean space S(n) in (n) as the open and
dense subset -o(n). Thus, (n) can be viewed as a compactification of S(n).

Let K(t, Ko) denote the solution of the SRDE for the initial point Ko, and let
H s sp (n, ) denote the 2n x 2n matrix

H is often referred to as the Hamiltonian matrix associated with the Riccati equation.
Define a flow on (n) by S(t, So)= eU’(So). We have

ck(K(t, Ko)) S(t, b(Ko))

whenever K(t, Ko) exists. Thus, $(t, So) is the extension to (n) of the flow of the
SRDE on S(n). By the extended symplectic Riccati differential equation (ESRDE), we
mean the differential equation on (n) whose flow is given by S(t, So) e/’(So). Thus,
the flow of the ESRDE is given by the action of a one-parameter subgroup of Sp (n, R)
on (n).

In the next three sections, we successively determine the phase portraits of the
ERDE, ESRDE, and SRDE. When we consider the ESRDE, we will drop the assump-
tion that the symmetric matrix L be nonnegative definite. However, when we consider
the SRDE, we will reinstate this assumption.

The use of the Grassmann manifold in the theory of the Riccati equation is closely
related to the use of the state-costate equations in the study of the Riccati equation.
Partition the matrix em as

[Pl(t) P12(t)]P2(t) P22(t)

Then it is well known [5, p. 156] that the solution of the SRDE with initial condition

Ko is given by

K(t, Ko) (PEl(t) + PEE(t)Ko)(Pl(t)+ PE(t)Ko)-1.

This formula is valid in the largest time interval containing 0 on which the indicated
inverse exists. This formula is equivalent to the formula

ck(K(t, Ko))= S(t, $(Ko))

given above, which relates the flow of the ESRDE on .(n) to the flow of SRDE on
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S(n). To see this, note that

S(t, dp(Ko))= em(SP [KIo] )
[Pl,(t)+ P,2(t)Ko]=Sp
P:(t)+P::(t)Ko

[ i ]=Sp
(P_I(t)+ P(t)Ko)(P,,(t)+ P(t)K.)-4((P,(t)+ P(t)Ko)(P(t)+ P(t)Ko)-).

Thus, (**) is equivalent to the formula

rk(K(t, Ko))= b((P2(t) + P22(t)Ko)(P(t)+ P2(t)Ko)-).
Since is injective, this is equivalent to (,).

Since (,) is equivalent to (**), we could use (,) and thereby avoid introducing
the Grassmann manifold. This would have two drawbacks. The first is that the ERDE
and the ESRDE turn out to be extremely interesting differential equations in themselves,
when studied from the point of view of differentiable dynamical systems on compact
manifolds. The second drawback is that the phase portrait of the Riccati equation
(even when considered in the usual sense as a differential equation on $(n)) is closely
related to the topology of the Grassmann manifold. In particular, we shall see that
the Schubert cell decomposition of the Grassmann manifold plays an essential role in
the description of the phase portrait. If we were to avoid introducing the Grassmann
manifold, we would be losing the key insight obtainable from its topology.

3. Phase portrait of the extended Riccati differential equation. In this section, we
determine the complete phase portrait for the ERDE on Gn(Rn+m). We make the
following assumptions which we denote collectively as Assumption AI: (1) the n + m
eigenvalues of B are distinct, and (2) if A and Aj are a pair of eigenvalues with the
same real part, then A j. (Overbar denotes complex conjugation.) Each of these
assumptions holds generically. These assumptions are relaxed considerably in 6.

We fix some notation. Let p denote the number of real eigenvalues of B, and let
q denote the number of conjugate pairs of nonreal eigenvalues of B. (So p + 2q n + m.)
Let r p + q, and let E, , Er denote the primary components of B ordered according
to increasing real part of the corresponding eigenvalue(s). Thus, each E is either
one-dimensional or two-dimensional. Also, if <j and if A and A are eigenvalues
which correspond to E and E respectively, then Re Ai < Re A.

In the very special case where B has only real eigenvalues (i.e. q 0), the phase
portrait of the ERDE was described by C. R. Schneider [33]. This reference also
considers the corresponding discrete dynamical system associated with the Riccati
equation in which the coefficient matrices are periodic. Similar results in the discrete
case were obtained by S. Batterson 1]. N. Kuiper has considered the discrete case in
the special case when n 1 or m 1 [22].

3.1. Nonwandering set, stable and unstable manifolds. The Grassmann manifold
Gn(Rn+m) can be given the structure of a metric space by defining on it the so-called
"gap metric" p. (See [14] for details concerning this metric.) If S, $2 Gn(n+m) and
if P, P2 are the orthogonal projections onto SI, $2 respectively, then p(S, $2)=def
IIe - e=ll (operator norm). Gn("+") is a compact (and hence complete) metric space
in the metric p.
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The gap metric is widely used by analysts. However, topologists define a topology
on Gn(Rn+m) in a different way. Let V,(R"+") denote the set of all (n+ m)xn full
rank matrices with real entries. Vn(Rn/") is an open subset of (,/m), and thus has
the standard Euclidean topology. (V("/") is known as a Stiefel manifold.) Define
a mapping q: V,(R"+")--> G"(Rn+m) with q(Y) the column space Sp Y of the matrix
Y. Then G"("/") is given the quotient topology induced by the surjective map q. In
other words, a subset U of G"(+’) is open if and only if q-l(U) is open in V,,(R"+m).
It is not hard to show that the quotient topology is in fact the same as the topology
induced by the gap metric.

The standard definition of a complex-valued almost periodic function [12] can
be generalized.to a function which takes values in a complete metric space. Let (X, Px)
be a complete metric space, and let f: R--> X be a continuous function. We say that f
is almost periodic if and only if given any sequence of real numbers {a,}, there exists
a subsequence { Olnj such that the sequence oftranslates {f(t + Olnj) converges uniformly
in as j--> oo. This generalizes the so-called Bochner definition of an almost periodic
complex-valued function. We will need several basic properties of almost periodic
functions with values in either a complete metric space or in a Banach space. These
are summarized in Appendix B.

Since the flow of the ERDE is given by $(t, So) era(So), it follows immediately
that So is an equilibrium point if[ So is B-invariant. Given our assumptions on B, it is
clear that the equilibrium points consist of those n-dimensional subspaces which are
direct sums of various of the primary components. If B has only real eigenvalues,
there are ("+,") equilibrium points, but in general there will be fewer.

One of the principal features of the phase portrait of the ERDE is the presence
of invariant tori of various dimensions. The existence of invariant tori of dimension
at least two was first described in a recent paper by Hermann and Martin [18] on the
periodic orbits of the ERDE. It will prove convenient to view equilibrium points and
isolated periodic orbits as zero-dimensional and one-dimensional invariant tori, respec-
tively.

Let (11, , lr) be an (unordered) partition of n into r parts such that 0-<_ lj-<_
dim Ej, j 1,. ., r. Let GJ(Ej) denote the Grassmann manifold of all/-dimensional
subspaces of Ej, and let T(I)={SIO)...O)Sr: Sj G(Ej),j= 1,... ,r}. Then T(l) is
isomorphic to the product GIl(E1)x... x Gr(E). Since Ej has dimension equal to
one or two, G6(Ej) consists of a single point unless dim Ej 2 and/ 1 in which case
it is the projective line, which is topologically the circle S. Thus, T(l) is a torus, and
the dimension of T(1) is equal to Y’.=/j(dim E-/). Let S T(I). Then S= $10). "03 S
with S an/-dimensional subspace of Ej. era(S) ea’(S1)03 -03 e’(S) which belongs
to T(l) since S c E and E is B-invariant. Thus, the torus T(1) is both positively and
negatively invariant with respect to the flow of the ERDE.

Next we consider the flow on the invariant torus T(1). Let k denote the dimension
of T(l). If k 0, then T(l) is an equilibrium point. Thus, we suppose that k > 0. Let
j," ", jk denote the elements ofthe set {j:/ 1 and dim Ej 2}. For each v 1,. ., k,
let tr + it% be the conjugate pair of eigenvalues corresponding to the 2-dimensional
primary component Ej. We can choose a basis for E such that the matrix for the
restriction BIE is

Then the matrix for is

cos t%t sin
-sin t%t cos t%t
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It follows that if S is any 1-dimensional subspace of E, then S is ear-invariant iff
T is an integer multiple of 7r/t%. Let S $0)" "S T(1). If j ! {j,... ,jk}, then
either S 0 or S E. In either case e’(S S, t. Thus, e"(S) S iff ear(S) $,
v 1,..., k. Thus, ear(S)= S iff T is an integer multiple of each of the numbers
r/t%, v 1,. "-, k. Such a T exists iff {r/t%’v 1,..., k} are commensurable, or
equivalently iff {t%" v 1,. ., k} are commensurable. Thus, if {t%" v 1,. ., k} are
commensurable, then every orbit on T(1) is periodic with minimum period equal to
the least common multiple of the numbers r/t%, v 1, , k. Otherwise, no orbit on
T(l) is periodic.

Suppose that {to" v 1,..., k} are not necessarily all commensurable. By choice
of basis, we may assume that B =diag {B,..., B} where B [tr] if dim E 1 and
B [_,,, ,] if dim E 2. Let/ be the matrix obtained from B by setting every entry
on the main diagonal equal to 0. For fixed t, the restriction e’lE, differs from ea’lE,
only by a constant factor. It follows that if So T(l), e’(So)= ea’(So). Given such an
So, let Xo V,(R"/"), the compact subset of V(R"+m) consisting of those matrices
which have orthonormal columns, with q(Xo)=So. Then S(t, So)=q(ea’Xo). Since
each entry of e’Xo is a periodic, function, it follows from AP 3 in Appendix B that
e’Xo is almost periodic. Since e’ is orthogonal, ea’Xo V(R"+") for all t. Since the
restriction of the continuous mapping q to. the compact set V("+’) is uniformly
continuous, it follows from AP 5 that q(eh’Xo) is almost periodic. Hence, $(t, So) is
almost periodic.

The preceding argument shows that if {t%" v 1,. ., k} are not all commensur-
able, then every motion on T(l) is almost periodic, but not periodic. It is easy to see
that if no pair of {t%- v 1,. , k} are commensurable, then every trajectory on T(l)
is dense in T(1). However, if at least two of the t% are commensurable, then no
trajectory is dense.

There is one additional property of the motion on T(1) which we will need to use
later. Let So, o T(l). Since S(t, So) and S(t, o) are almost perio.dic, it follows from
AP6 that if p(S(t, So), S(t, So))O as too or t-oo, then So=So.

We summarize the preceding analysis as a theorem, which is mostly due to
Hermann and Martin [18].

THEOREM 1. T(l) is a torus of dimension k==/(dim E-/) which is both
positively and negatively invariant. If k O, T(1) is an equilibrium point. If k > 0 and
{t%: , 1, , k} are all commensurable, then each S T( l) generates a periodic motion
with period equal to the least common multiple of {r/t%" , 1,. , k}. Otherwise, each
S T(l) generates an almost periodic motion which is dense in T(l) iff no pair of the t%
are commensurable. In all cases, if S, g T(l) with p(em(), era(S)) 0 as oo or

-oo, then S S.
Let T(l) be an invariant torus, and let W(T(l)) and W(T(l)) be the stable

and unstable manifolds respectively for T(l). In other words, W(T(l))
{SoGn(n+m)’s(t, So) T(I) as too} and W(T(I))={SoG"("+")
$(t, So) T(l) as -oo}. Define a flag (i.e. strictly increasing sequence) of subspaces
0 Mo M... M "+" by Mk()k= E, k 1,"’, r. Define a second flag of
subspaces 0 No NI’" N " by Nk (k__ E-+I, k 1,..., r. We refer
to {Mk} as the stable flag associated with the ERDE, and we refer to {Nk} as the
unstableflag associated with the ERDE. The next theorem describes the sets W (T(l))
and W T(l)).

THEOREM 2.
(a)

W(T(1)) {S e G"(N"+"): dim Sf’l Mk= ,=, /,, k= l, r}.



8 MARK A. SHAYMAN

(b)

Wu(T(l)) S On(Rn+’)" dim S f’) Nk /r-,+l, k 1," , r
i=1

Proof. (a) Let

W(T(1)) S Gn(Rn+") dim S fq Mk l,, k 1,. ., r
i=l

The collection of sets { ff’S(T(l))} (where ranges over all unordered partitions of n
into r parts such that 0=</i-<dim Ei, i= 1,..., r) is a partition of Gn(n/m). Hence,
it suffices to show that W (T(l)) W (T(l)) for all I. Let So W (T(l)). By starting
with a basis for So (’1 M1 and successively extending to bases for So fq M2," , So f’) Mr
So, it is straightforward to show that there exists a basis for So of the form { v0 + wij"
is such that l # 0 and j 1,-.., l} where vo E, w M_I, and such that {v} is
linearly independent. Letting S1 Sp {v}, we have $1 T(l). By choice of basis, we
may assume that B diag {B1 Br} where Bi [tri] if dim E 1 and B [_,
if dim E 2, and where trl < tr2 <" < tr, Using the standard inner product on
it follows that E+/-Ek whenever # k. Consequently, vijZVkp whenever # k. However,
by using the Gram-Schmidt process, it is clear that the basis {v + wo} can be chosen
in such a way that vZvp and such that v has unit length. Thus, without loss of
generality., we may assume that {vj} is an orthonormal basis for

Let B be the matrix obtained from B by setting every entry on the main diagonal
equal to 0. Then emx e,t emx, x Ei. Extend vl," , v, to an orthonormal basis
for Ei by adding vectors {u: k= l+ 1,..., dim Ei}. We use {v0, Uk} to denote the
resulting orthonormal basis for n/,,. Another basis for n+m is {V + Wi, Uk}. Let X(t),
Y(t), Z(t) be the matrices whose columns are {ea’v}, {e’u}, {e-’’ e’w} .respec-
tively. Then S(t, $1) Sp X(t) and S(t, So) Sp (X(t) + Z(t)). Since eat and
[X(0), Y(0)] are both orthogonal matrices, [X(t), 0], IX(t), Y(t)]-1 is the orthogonal
projection onto S(t, $1). Since IX(t) + Z(t), 0], IX(t) + Z(t), Y(t)]-1 is a projection
onto S(t, So) (in general not orthogonal), it follows from a basic property of the gap
metric 14, p. 361 that

p(S(t, s), s(t, So)) < Ills(t), 0]IX(t), Y(t)]-1

-[X(t)+Z(t), O][X(t)+Z(t),

II[x(t), 0](Ix(t), Y(t)]-l-[x(t)+Z(t), Y(t)]-1)

-[Z(t), O][X( t) + Z( t), Y(t)]-lll
-< II[x(t), 0]11 II[x(t), Y(t)]-ll II[x(t)+ Z(t), Y(t)]-ll II[z(t), 0]11
/ II[/(t), 0]ll IlEx(t)/ z(t), Y(t)]-ll

Since IX(t), Y(t)] is an orthogonal matrix and the orthogonal group is compact, it
follows that [X(t),0] and [X(t), Y(t)]-1 are bounded. The compactness of the
orthogonal group together with the fact that Z(t) 0 as oo implies that IX(t)+
Z(t), Y(t)]-1 is bounded. Then the fact that Z(t)O as too implies that
p(S(t, S1),S(t, So))O as to. Thus, IT(T(I))_W(T(I)) which shows that
WS(T(I)) W(T(l)) and completes the proof of (a).

The proof of (b) is completely analogous to the proof of (a).
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Remark 1. We have defined WS(T(I)) only in terms of asymptotic convergence.
However, it follows easily from the inequality in the proof of Theorem 2 that W (T(1))
has the additional property that given any e > 0, there exists > 0 such that if So e
W(T(l)) with d(So, T(/))< , then d(S(t, So), T(l))<e, for all t->_0. Corresponding
statements apply to W"(T(l)).

COROLLARY 1. The sets {W(T(I))} are a partition of Gn(Rn+m). The sets
{W"(T(I))} are also a partition of Gn(R"+m).

For a flow Ct on a manifold M, x e M is called a wandering point [2], [42] if there
exists a neighborhood U of x in M and some to> 0 such that Ct(U)fq U is empty
whenever tl > to. The subset of M consisting of all points which are not wandering
points is called the nonwandering set. The next corollary follows immediately from
Theorem 1 and Corollary 1 of Theorem 2.

COROLLARY 2. The nonwandering set of the ERDE is the disjoint union ] T(l)
of the invariant tori.

We will use II to denote the nonwandering set of the ERDE.
From the proof of Theorem 2, we know that if So e W(T(1)), then there exists

Se T(l) such that S(t, So)-> S(t, S) as t-> c. Similarly, if Soe W"(T(I’)), then there
exists SEe T(l’) such that S(t, So)-> S(t, $2) as t->-c. Let r/j denote the projection
onto the subspace Ej along the subspace )=,i,,j E, j 1,. ., r. Define a mapping
II+ Gn(+") -> 12 by

II+(S) rl,(S (’1M,) n2(S fl M2). .( n(S f’l M).

From the construction of the subspace S in the proof of Theorem 2, it follows that
S=II+(So). In other words, S(t, So)->S(t, II+(So)) as t->oo. Similarly, we define a
mapping II_" Gn(n+m) -> l’ by

II_(S) rl S f’l Nr O) rl2 S f’l Nr_,)t" "{) nr S ["1 N,).

It is easily seen that $2 II_(So). Thus, S(t, So)-> $(t, II_(So)) as t->-o.
The problem we now consider is: given .$1 e T(l), describe the subset II_I(s) of

W(T(l)) (II-I(S) of W(T(l)) which contains those subspaces So with the property
that S(t, So)-> S(t, 51) as t->o (t->-oo).

Let T(l) be an invariant torus, and let $1 be a given point in T(I). Let Ws(S1)=
II;(S1), and let W(S) II,(S).

THEOREM 3.
(a)

Ws(S1) Se W(T(l)) dimSf’l[Mk_(Sf’lEk)] li, k=l,. .,r
i=1

(b)

Wu(S1) Se W"(T(I))" dimSf’l[Nk_(S, fqEr_k+,)]= ’. l_,+,k=l,. ,r
i=1

Proof. (a) Suppose S e W(S1). Then it follows from the proof of Theorem 2 that
there exists a basis for S of the form {vo + wo: 1 <- <-_ r such that l # 0; j 1,. , l}
where voe E, woe M_, and {v0} is a basis for S. It follows immediately that
Sf’l[Mk_lO)(Slf3Ek)]=Sp{vij+wo: l<-_i<-k such that/ #0;j= 1,..., li} which has
dimension k l.i=1 k

Conversely, suppose Se W(T(l)) and dim Sf’l[Mk_O)(SfqEk)]=,__ li, k=
1,..., r. Then dimSf’l[Mk_(SfqEk)]=dimSf’lMk, so Sfq[Mk_O)(Sf’lEk)]
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Sf3 Mk. Hence, Ik(Stq Mk)= Ik(St3[Mk_I@(Sl f’] Ek)])_ "tlk(Mk_,@(S, f’] Ek))
$1 f] Ek, which implies that II+(S)= $1, completing the proof of (a).

The proof of (b) is analogous to the proof of (a). [3

It is worth noting that the last conclusion in Theorem 1 implies that if S # $2,
then Ws(S) and Ws(S2)(Wu(S) and Wu(S2)) are disjoint.

3.2. Topology of the stable and unstable manifolds. Next we consider the topologi-
cal structure of the subsets {W(T(l))} and of the subsets {W(T(1))}, and their
relationship to the topology of the Grassmann manifold G’(’+m).

Let X be a locally compact topological space. A cell decomposition ofX is partition
{X} of X into disjoint subsets such that (1) {X} is locally finite; (2) X is
homeomorphic to , for some n; (3) X-X is the union of some of the cells
{X" dim X < dim X}.

There is a well-known cell decomposition ofG("+’) which is sometimes referred
to as the Schubert cell decomposition of the Grassmann manifold. (See e.g. 15, p. 194].)
It is constructed by first choosing a flag of subspaces 0 Vo V V2 V+m-1
V+m =+m such that dim V =j,j =0,. , n + m. To emphasize that this flag contains
a subspace for each dimension between 0 and n + m, we will refer to it as a complete
flag. (If B has any nonreal eigenvalues, then r< n + m, so the flags {M} and {N} are
not complete.) For each (n+m)-tuple a=(al,"., a,+,,) such that a=O or a= 1

n-l-rnand ..=1 a n, let U(a) {S G("+") dim S f’l V =1 a, j 1,. ., n + m}.
Then the (+,’) sets { U(a)} partition G’(’+m), and it is not hard to show that U(a)

-, n-i-
is homeomorphic to Euclidean space of dimension =1 a(J-=l a) To show this,
we observe that by choosing a basis, we may assume that V Sp {el,.-. ej}, where
e,..., en+ are the standard basis vectors for +". Let j <j2<" "<j, be the n
elements of the set {j: a=l}. Then each S U(a) has a unique (n+m)xn basis
matrix Zs in column echelon form. Specifically, rows j,...,j of Z form an n x n
identity submatrix, and Zk 0 if > jk. Otherwise Zk is arbitrary. For example, if n 2,
m 3, and a (0, 1, 0, 0, 1), then each S U(a) is spanned by a unique matrix of the
form

Z11 2]
0 |.

0

The correspondence S (--> Zs gives a homeomorphism (in fact, a real-analytic isomorph-
?n+m ai). Thisism) between U(a) and Euclidean space of dimension ,-,=1 aj(j--=l

dimension is also given by the formula k= (jk- k).
The decomposition Gn(n+m)=lla U(a) is the Schubert cell decomposition of

Gn(n+m). The closure of the cell U(a) is the set {S s G"("+") dim S f) V->=1 a,
j 1,. ., n + m}. It is called a Schubert variety.

Let T(l) be a given invariant torus. Refine {M} to a complete flag by inserting a
subspace Mj between M_ and M whenever dim E 2. Since W(T(1))
{S . G (n+m).. dim S fq M

__
l, j 1;. ., r}, it follows that W (T(1)) is a union

of one or more of the (+,m) cells U(a) which correspond to the complete flag. Let
S W(T(1)). Then the dimensions of each of S f’)M (j 1,..., r) are completely
determined by the assumption that S belongs to W (T(1)). Let j be given, and suppose
that dim E 2. Then there is a subspace M which is between M_ and M in the
complete flag. There are three cases to consider.
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(1) If/j 0, then dim S f’) M dim S fq M_I, and this must also be the dimension
of SM.

(2) If/ 2, then dim S M dim S M_I + 2, which implies that dim S M
dim S M_I + 1.

(3) If/ 1, then dim SM =dimS M_I+ 1, and there are two possibilities:
dim S tM dim S t’) M_I or dim S M dim S M.

Suppose that the given invariant torus T(I) is k-dimensional. Then {j" lj 1 and
dim Ej 2} contains exactly k elements, say j,’’’,jk. If S WS(T(1)), the analysis
in the preceding paragraph shows that there are 2k possible choices for the set of
dimensions in which S intersects the n + m subspaces in the complete flag. Thus,
WS(T(1)) is the union of exactly 2k cells U(a) which correspond to the complete flag.
Each cell is given by fixing a vector b (b, , bk) with bj equal to 0 or 1, and setting
W(T(1)),b)={S W(T(1)) dimSMv=dimSMv_+b, ,=1,...,k}.

To determine the dimension of WS(T(I), b), we determine the vector a=
(a,.. ",an+m) which corresponds to the given vectors 1=(1,.. ",lr) and b=
(b, bk). Letj e {1, r} and setj’ j-1

i= dim Ei + 1 dim Mj_ -- 1. If dim E 1,
then a, =/j. If dim Ej 2 and / 0, then a, 0 and a,+ 0. If dim E 2 and /j 2,
then a, 1 and a,+ 1. If dim Ej- 2 and /j 1, then j =j for some ,, and we have
a,=b and a:+l 1-b. With this definition of a, it follows that. WS(T(I), b) is
analytically isomorphic to Euclidean space of dimension y.n+mv___l av(Y----1 ai). It is
straightforward to show that the dimension of W(T(I), b) can be reexpressed as

dimM_,- X li +k- ’, b.
j=l i=1 v--1

This proves part (a) of the next theorem. The proof of part (b) is completely analogous
to the proof of (a).

THEOREM 4. Let T(I) be a k-dimensional invariant toms. Then (a) W(T(I)) is
the disjoint union of 2k kcells. Exactly () ofthese cells have &menston =1/j(dim M_-
Y.i=-I li) / ,, , 0,. ., k. (b) WU(T(1)) is the disjoint union of 2k cells. Exactly (k) of

j--1these cells have dimension ’-j=l l_j+(dim Nj_I-i=I lr_i+l)-}" V, V--0,""", k.
The next result describes the topology of the sets W(S) and Wu(S).
THEOREM 5. Let T(1) be an invariant toms, and let S T(l). Then (a) W(SI) is

j--1
analytically isomorphic to Euclidean space of dimension j__/j(dim/V/_l-i= li). (b)
W(S1) is analytically isomorphic to Euclidean space ofdimension ,j=i /_+l(dim Nj_I-
j--1)’"/= lr--i+l).

Proof. Let k dim T(l), and letj,. ., jk be the elements of {j:/ 1 and dim Ej
2}. Refine {M} to a complete flag in two steps. First, define Mv= M_I)(S1 f’)E)
and insert it between Mj_I and M, ,= 1,..., k. This refines {Mj} at each j such
that dim Ej 2 and lj 1. Second, if dim Ej 2 and/j 0 or 2, insert any subspace MJ
between M_ and M. The refined flag is now a complete flag, and with respect to this
flag, we have W(S1) W(T(I), b) provided that b-(1, 1,..., 1). It then follows
from the proof of Theorem 4 that W(S1) is analytically isomorphic to Euclidean space

j--1of dimension Yj=I/j(dim M--1-Y.i=I/,).
The proof of (b) is analogous to the proof of (a).
The next result shows that the ERDE has either a unique asymptotically stable

equilibrium point or a unique orbitally asymptotically stable periodic orbit, but not
both. In fact, somewhat more than this is true.

THEOREM 6. (a) If j=,/l dim Ej n for some v, then there exists an equilibrium
point whose stable manifold is open and dense. Otherwise, there exists a periodic orbit
whose stable manifold is open and dense. (b) If

__
dim Ej n for some ,, then there
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exists an equilibrium point whose unstable manifoM is open and dense. Otherwise, there
exists a periodic orbit whose unstable manifold is open and dense.

Proof. (a) Suppose that Y.j--v+ dim Ej n for some ,. Let/ 0, j 1,. ., , and
let/ dim E, j , + 1,. , r. Then T(l) is a 0-dimensional invariant torus, and hence

kan equilibrium point. By Theorem 2, S W (T(I)) if[ dim S f’l Mk ,__ , k 1,. , r,
which implies that W (T(l)) {S e G (Rn+m)" dim S f’l My 0}. Since dim M m,
the complement of W(T(l)) is therefore a proper subvariety of G"(R+m), which
shows that W(T(l)) is open and dense in Gn(g"+m).

Now suppose that there does not exist , such that Y--v+ dim E n. Since dim E
is 1 or 2, there must exist , such that dim E+I 2 and Yj=+l dim E n + 1. Let/ 0,
j 1,. , ,, let/+1 1, and let/ =dim E,j ,+2, ., r. Then T(1) isa 1-dimensional
invariant torus, and hence a periodic orbit. S W(T(l)) iff dim S My 0, dim S
M+ 1, and dim S Mk 1 + .jk=v+2 dim E, k v + 2," , r, or equivalently
W (T(l)) {S.s G"(Rn+m)" dim S M 0, dim S M+I 1 }. Since dim Mv+
m + 1, it follows that dim S M+I ->- 1 for every S G"("+m). Thus, the complement
of WS( T( I)) is {S G(g"+m) dim S M >- l} O {S G"(gn+"): dim Sfq M+->2},
which is a subvariety of G(R"+m). Since dim M m- 1 and dim Mv+l m + 1, this
is a proper subvariety. (Alternatively, note that W (T(l)) is nonempty since it contains
the periodic orbit T(l).) This completes the proof of (a). The proof of (b) is completely
analogous.

If T(l) is a k-dimensional invariant toms, Theorem 4 describes the stable manifold
W(T(l)) of T(l) as the union of 2k cells. We now describe the topology of W(T(l))
in greater detail. To avoid cumbersome notation and to serve as an illustration, we
consider a concrete example. However, the example contains all of the features of the
general case. Furthermore, it will become obvious that the proof for the general result
follows step-by-step the analysis of the example.

Let n 3 and rn 5, so the ERDE is a differential equation on G3(Rs), which is
15-dimensional. Let r 6, and suppose that dim E1 1, dim E2 2, dim E 1, dim E4
2, dimEs=l, dimE6=l. Let l=(l,...,16)=(O,l,O,l,0,1). Then /2=1, /4=1,
dim E2= 2, dim E4 2, so T(l) is a 2-dimensional invariant torus. By Theorem 4,
W(T(l)) is the union of 4 open cells of dimensions 9, 10, 10, 11. By changing basis,
we may assume that when the flffg M0 c M1 C M2 M3 M4 M5 c M6 is refined to
a complete flag by inserting subspaces M and M between M, ME and between M3,
M4 respectively, the flag Vo c V1 c V2 c: V3 c V4 t::: V5 c: V6 V7 c: Va is obtained, where
V=Sp{el,..., e}. (ej is the jth standard basis vector of Rs.) The 4 cells are
given by

U {S G3(Ra): dim S f’l V 0, dim S f’l V2 1,

dim S f’l V3 1, dim S V4 1, dim S V5 2,

dim Sf’l V6=2, dim S V7=2, dim S Va 3},

U2 {S Ga(ga): dim S f’) V1 0, dim S f’l V2 0,

dim S f’) V3 1, dim $ fq V4 1, dim S f’l V5 2,

dim S V6 2, dim S V7 2, dim S f’l Va 3},

Ua {S Ga(R8): dim S V 0, dim S f’) V2 1,

dim $ f) V3 1, dim S f’l V4 1, dim S f’l V 1,

dim Sf’l V6=2, dimS V7=2, dim S f’l V8=3},
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U4 {S E G3(R8) dim S VI 0, dim S V2 0,

dim S V3 1, dim S f’) V4 1, dim S (’1 V5 1,

dim S CI V6 2, dim S V7 2, dim S Vs 3}.

These cells are isomorphic to R9, RI0, R10, R11 respectively. They are parametrized
using column echelon form as follows:

Sp

x yl z
1 0 0

0 Y3 z3
0 Y4 2’4
0 1 0

0 0 Z6

0 0 z7
_0 0 1

u

Sp

x y z
X2 Y2 Z2
1 0 0
0 Y4 Z4
0 1 0
0 0 z6
0 0 Z7

0 0 1

Sp

xt yl zt"
1 0 0

0 Y3 Z3
0 Y4 z4
0 Y5 z5
0 1 0

0 0 Z7

0 0 1

U3

Sp

x y z
X2 Y2 Z2
1 0 0

0 y4 z4
0 Y5 z5
0 1 0

0 0 Z7

0 0 1

These 4 cells can be modified in an obvious way to obtain 4 charts W, W2, W3, W4
which cover W (T(l)).

Sp

xl y
1 0 0

X3 Y3 Z3
0 Y4
0 1 0
0 Y6 z6
0 0 Z7

.O 0 1.

Sp

XI Yl z
X2 Y2 Z2
1 0 0
0 y4 z4
0 1 0
0 Y6 Z6
0 0 Z7

0 0 1

Sp

X y. z
1 0 0

x3 Y3 z3
0 Y4 z4
0 Y5 z5
0 1 0
0 0 Z7

.0 0 1

Sp

x y z
X2 Y2 Z2
1 0 0

0 y4 z4
0 Y5 z5
0 1 0

0 0 z7
_0 O 1

Each of these charts is a submanifold chart relative to one of the standard charts for
G3(Rs). (The standard charts for the Grassmann manifold are described in Appendix
A.) Thus, WS(T(1)) is an embedded submanifold of G3(Rs).

T(l) is itself covered by 4 submanifold charts W1, W2, W3, W4 defined by

Sp

0 0 0"
1 0 0
X 0 0

Sp
0 0 0

0 1 0
0 Y6 0
0 0 0

0 0 1

0 0 0

x2 0 0

1 0 0
0 0 0

0 1 0
0 Y6 0

0 0 0

0 0 1

Sp

0 0 0

1 0 0
X3 0 0
0 0 0

0 Y5 0
0 1 0
0 0 0

_0 0 1_

W3

Sp

X2 0

1 0
0 0
0 y5

0 1
0 0

.0 0

w

0

0

0

0
0

0
0

1

The mapping II+ "G"(R"+’’) 13 maps W(T(I)) onto T(1). We will also use II+
to denote its restriction to W T(l)). If $1 E T(l), then II($1 W"($1). Consequently,
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the fiber II_(Sl) is isomorphic to Euclidean space of dimension .j__/j(dim Mj_-
j--1

___
l), which in this example is equal to 9. It is clear that II() W, 1, 2, 3, 4.

Also there is an obvious isomorphism /" W xR9 with the property that if p" I x
R9 is the natural projection, then p y is the restriction of II+ to W. For example,
let 1, let S denote the element of W whose coordinates are (x, x3, y, Y3, Y4, Y6,

z, z3, z4, z6, ZT), and let ,. denote the element of ff’ whose coordinates are (x3, Y6).
Then yt(S)= (S, (x, y, Y3, Y4, Zl, Z3, Z4, Z6, Z7)).

The analysis given for the preceding example can be applied essentially unchanged
to describe the structure of W(T(1)) for an arbitrary invariant torus T(1). If k denotes
the dimension of T(1), then by Theorem 4, W(T(l)) is the union of 2 cells, the

j--Ilargest of which has dimension __/(dim M_-___ l)+ k. From these cells we
obtain 2k submanifold charts for W(T(l)). Thus, W(T(l)) is an embedded submani-
fold of G"("+m) of dimension Y,=I/(dimM_ -i= li) d- k. The projection
II+" W(T(1))-> T(l) is defined as above. If S T(l), then II(S) W(S) which is
isomorphic to Euclidean space of dimension d = (dim M__-1 l) Each chart
W (i= 1, ..., 2k) for W(T(1)) is the inverse image of a chart for T(l). Also,
there exist real-analytic isomorphisms y" W--> Ixa such that p y II+ W. Thus,
II+" W(T(l))--> T(I) is a locally trivial bundle with d, as fiber. It is easy to see that
the transition functions for this bundle are invertible polynomial mappings of d,
(rational functions in which the denominators are functions only of base point).

The next theorem summarizes these conclusions as well as the analogous results
for the unstable manifolds.

THEOREM 7. Let T(1) be a k-dimensional invariant torus. Then
(a) W( T(1)) is an embedded submanifold ofG"("+m) ofdimension k+ d,, where

j--1d ,j=l /j(dim Mj_-,=
(b) II+" W’(T(1)) T(1) is a locally trivial bundle with fiber a and polynomial

transition functions.
(c) WU( T(1)) is an embedded submanifold ofGn(n+m) ofdimension k + d, where

-E,=, 1,-,+).du ’.j=,/r-j+l(dim/N/j_,
(d) II_" W(T(1)) T(l) is a locally trivial bundle with fiber a and polynomial

transition functions.

3.3. Morse theory and structural stability. Next, we wish to determine exactly
when the ERDE is a Morse-Smale vector field. By definition [42], a Morse-Smale
vector field is a smooth vector field on a compact manifold with the following 3
properties" (1) The nonwandering set is the union of a finite number of equilibria
xl,"’, Xm and a finite number of closed orbits yl,’", /, of the flow. (2) Every
equilibrium point and every closed orbit is hyperbolic. (3) The stable and unstable
manifolds of the x, ,j intersect each other only transversally.

We start with a lemma. Suppose that Rk= FIO)" "Fk with dim F 1 for each
j. Define two complete flags {V}k, {Wj}k such that =1 F,, :=1 Fk-i+l" Let
a=(al,’’’,ak) and fl=(fl,.. ",ilk) be such that a=0 or 1, fl=0 or 1, and
k k

,=1 a, n E,=I fl," Define X(a) {S G"(k) dim S =1 a,, j 1,..., k}
and Y(fl) ={S G"(k): dimSO =E= flk-,+,J 1,’’" ,k}.

LEPTA 1. (a) X(a)O Y() is nonempty iff= a,= fl,, j= 1,..., k.
(b) X(a) and Y(fl) intersect transversally.
oof (a)First suppose that the intersection is nonempty, and let S

X(a)O Y(). By construction, W_=k. Thus, dimSO +dimS.Wk_
dimS=n, which implies that =1 a+=flk_+ln. Hence, =a
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Conversely, suppose that E=I ai <==1/3i, j 1,..., k. Let j: <... <j, be the
elements of {j" aj 1}, and let l: <... < I, be the elements of {/: fit 1}. Then jp
min {j: =: a,=p} and lp =min {l" ,=:/3, =p}. Since Y=l a,_-< Y=/3,, it follows that
Ip.<=jp for all p. Let f be a basis vector for the 1-dimensional subspace F, 1,. , k.
Define a subspace S by S=Sp{f,+jS,, f2+f2," ",f.+JS.}. We claim that S:
X(a)f’) Y(fl).

Since j <... <j, and l <=j for all i, it follows immediately that dim S n v] 0
for j <j, dim S fq V] 1 for j <_-j <j2,. ’, dim S f’) V n 1 for j,_l _-< j <j,, dim S
V] n for j, _-<j. But this is equivalent to the condition that $ belong to X(a). We also
have k- I, + 1 <. < k- l + 1 and k-ji + 1 -< k- li + 1 for all i. This implies that

dimSf’lW=0 for j<k-l,+l, dimSfqW=l for k-l,+l-<_j<k-l,_+
1,... ,dim Sf’l W= n-1 for k-12+l<=j<k-ll+l, dimSO W=n for k-ll+l<-_j.
But this is equivalent to the condition that $ belong to Y(/3). Thus, S e X(a) tq Y(/3),
so the intersection is nonempty.

(b) If X(a) and Y(/3) are disjoint, the assertion is trivially satisfied, so we can
assume that X(a)f’)Y() is nonempty. Then (a) implies that E= ai<-.= ,, i=

1,. -., k. Define jl,... ,j, and 1,. , 1, as in the proof of (a). Also define f,... ,fk
as in (a). Let SoX(a)fq Y(fl). Let J={j,... ,j,}. Since SoX(a), So has a basis
of the form {f, +U- zf,f+v- z2f, f. +z-’i=l,iJ /-i=l,iJ zi,f}. Let Zo be the k x n
rank n matrix whose columns are the coordinates of these basis vectors with respect
to the basis (fl,""" ,f} for R. Then the ipth entry of Zo is 1 if i=jp, 0 if i>jp, zip if
i<jp and iJ, and 0 if i<jp ind ieJ.

Now, let M Sp {f,. .,f.} and let N Sp (f: i J}. Corresponding to the
indicated bases for M and N is a chart for G"(R) which parametrizes all the subspaces
which are complementary to N. In particular, So is contained in this chart. This chart
associates the (k n) n coordinates {ap: 1 <= <= k with J, 1 _<- p =< n} with the subspace

+ kSp{fjp i=.l,ijaipf:p= 1,... ,n}. It follows that if v is an arbitrary tangent
vector to G(R") at So, then there exist {aip} such that v d/ dt[t=oS( t), where S(t) is
the curve in G(R") with S(0)= So described by

Let - }S(t)=Sp + . zipf + a,f p= l, n
i=1 i=1
i;J iJ

S2(t)=Sp f+ E zipfi+t
i=1
iJ

v &(t),

Then $1(0) S2(0) So, and v +

S(t)=Sp + E (zip+ta,)f’p=l,"’,n
i=1
iJ

E a,,,f,’p=,...,n,
i=jp+
i.J

v2 S2(t).

It is clear that S(t) X(a) for all t. Thus, Vl is a tangent vector to the submanifold
X(a) at So. We claim that S2(t)e Y(/3) for all t, which implies that v2 is a tangent
vector to the submanifold Y([3) at So. This would show that Tso(X(a))+ Tso(Y(fl))
Tso(G"(Rk)) and thereby complete the proof.

To prove the claim, let Z2(t) be the k n rank n matrix whose columns are the
coordinates of the indicated basis vectors for $2(t) with respect to the basis {f,. , fk}
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for Rk. Then the ipth entry of Z2(t) is 1 if i=j, 0 if i J but ijp, zip if i<jt, and
itJ, and ta, if i>jp and iJ. Let Z(t) be the submatrix of Z2(t) consisting of its
first q rows, q= 1,..., k. The matrix Z2(t) maps R" isomorphically onto the n-
dimensional subspace ofk consisting of all k-tuples which give the coordinates (with
respect to the basis {fl,""" ,fk} for k) for vectors belonging to $2(t). If y ", then
22(t)y represents a vector in S2(t) f’l Wk_q itt y ker Z(t). Thus, dim S2(t) fq Wk_q

dim ker Z(t) n rank Z(t).
To show that S2(t) Y(/3) is equivalent to showing that dim SE(t)fq W=

dim S0f3 W, j= 1,..., k. In turn, this is equivalent to showing that rank Z(t)=
rank Z(0) for all t. Observe that rows jl," ",j, of Z2(t) form an identity submatrix.
Consequently, row operations can be performed on ZE(t) to remove every entry of the
form taip and thus obtain the matrix Z2(0). Furthermore, note that in each column,
the entry "1" occurs above every entry of the form tamp. This means that the row
operations used to reduce ZE(t) to Z2(0) are such that the row operations applied to
the submatrix Z(t) involve only rows in the submatrix. This implies that the rank of
each such submatrix is preserved. Hence, rank Z(t) rank Z(0) for all t, q 1,. , k.
This completes the proof, l-1

It follows easily from Lemma 1 that stable and unstable manifolds for the ERDE
always intersect transversally.

PROPOSITION 1. Let T(l) and T(l’) be invariant tori. Then WS( T(l)) and WU( T(l’))
intersect transversally.

Proof. We have E10)" "0)Er- n+,,. Obtain a refined direct sum decomposition
F).. "0)F,+,, =R,+m by decomposing Ej into a direct sum of 2 1-dimensional
subspaces whenever dim Ej 2. In doing this, we preserve the ordering so that it still
corresponds to increasing real part of the eigenvalues. Define complete flags { V;} "+m
{Wj} ln+m by V== F, W== F,+,,_,+. Then {V} and {W} refine the stable
and unstable flags {M} and {N} respectively. By Theorem 4, W (T(1)) and W (T(l’))
are each disjoint unions offinitely many cells corresponding respectively to the complete
flags { V} and { W}. In the notation of Lemma 1, each cell for W(T(l)) is of the form
X(c) for some a, while each cell for Wu(T(l’)) is of the form Y(/3) for some ft. By
Lemma 1, X(a) and Y(/3) intersect transversally. Since X(c) and Y(/3) are embedded
submanifolds of W (T(l)) and W (T(l’)) respectively, we conclude that W (T(l))
and W"(T(l’)) intersect transversally, l-]

The next question we consider is whether or not every equilibrium point of the
ERDE is hyperbolic. Suppose that So is an equilibrium point. Then So is of the form
So EI" "Ek for some k and indices jl,’’’,jk. Let J={jl,... ,jk} and let
W0=);=l,jrj Ej. Then Wo is an m-dimensional B-invariant subspace which is com-
plementary to the n-dimensional B-invariant subspace So. Let {a}’ and {/3;} denote
the eigenvalues ofthe restrictions BISo and B Wo respectively. A calculation ofHermann
and Martin [ 19] shows that the eigenvalues of the linearization of the ERDE at So are
{/3;- a" 1,. , n; j 1,. ., m}. It follows that if B satisfies Assumption A1, then
none of these nm eigenvalues have zero real part. Thus, we have

PROPOSITION 2. Every equilibrium point of the ERDE is hyperbolic.
If T(1) is a 1-dimensional invariant torus, then T(l) is a periodic orbit. For the

ESRDE, Hermann and Martin [19] have discussed the Poincar6 map associated with
such a periodic orbit. We use a similar approach here to analyze the Poincar6 maps
for the ERDE. It is worth noting that periodic orbits may lie on invariant tori of
dimension 2 or greater. However, if this is the case, there are uncountably many
periodic orbits.
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Let T(I) be a 1-dimensional invariant torus. Then there exist indices jo,""" ,jk
such that the elements of T(l) are the s.ubspaces of the form SE,...E where= dim E, n-1, dim Eo 2, and S is any 1-dimensional subspace of Eo. Let
a a + ib and a- ib denote the pair of complex conjugate eigenvalues of BIEo
chosen so that b>0, and let = /b. Let a2,..., a, denote the eigenvalues of
B[Eg,... E. Let J {jo, j,"" ,j}, let V==,z E, and let 2,’" ", denote
the eigenvalues of B]K By making a change of basis, we may assume that Eo=
Sp {e, e,+l}, E,.. E Sp {e:,. ., e.}, and V Sp {e,+:, ., e.+}. We may
also assume that

B
k B21 B22

where Bl=diag{a, D1) with D (n-l) x(n-1), B12 is 0 except for the (1, 1) entry
which is equal to b, B2 =-B2, and B22= diag {a, D2} with D2 (m-l)x(m- 1). Let

[C(t) C:(t)]C21(t) C22(t)

Then C11(t)=diag {eat cos bt, e,’}, C12(t) is 0 except for its (1, 1) entry which is
eat sin bt, C2(t) -C:(t), and C:2(t) diag {et cos bt, e’}.

We construct a Poincar6 map at the point So Sp {e,. ., e,} e T(I). So corre-
sponds to the origin in the chart YSp[y] for G"("+"), where Ye"". Let W
denote this chart. The z-periodic solution eS’(So) is contained in this chart except for
those values of t~for which cos bt 0. The expre.ssion for ea’ (So) in the local coordinates
of this chart is Y(t) where the m n matrix Y(t) is 0 except for its (1, 1) entry which
is -tan bt.

Let U denote the subset of W consisting of the subspaces of the form Sp [y]
where yl =0. Then U is a codimension 1 submanifold of W which intersects the
periodic .orbit transversally at So. Let S Sp [y]e U. eS’(S1) e W iff C(t)+ Cl:(t) Y
is nonsingular, which is equivalent to cos bt being nonzero. If this is the case, then

eSt(S)=SP
(C21(t)+C22(t)Y)(Cll +C12(t)Y)-"

Then eat U if[ the (1, 1) entry of (C21(t) + C22(t) Y)(Cll(t) + C2(t) Y)- is 0. This is
equivalent to having tan bt 0. It follows that if -, ea’(S1) U. Thus, the restriction
of es, to the submanifold U is a Poincar6 map for the periodic orbit T(I). Since
C2(z) 0 and C2()= 0, the Poincar6 map is given in local coordinates by the map
Y C22(z) YCI(’)-1, which is a linear map. Here Y is an m x n matrix with y 0.
It is easily verified that the eigenvalues of this linear map (and hence of the derivative
of the Poincar6 map at So) are as given in the following result. Note that e-,= -e
and ez," e a,.

PROPOSITION 3. Let T( I) be a 1-dimensional invariant torus. Then (using the above
notation) the mn- 1 eigenvalues of the derivative of the associated Poincarg. map are
{e%-,>’: i= 1,..., n; j= 1,..., m and (i,j) (1, 1)}.

COROLLARY. El)ely 1-dimensional invariant torus is a hyperbolic periodic orbit.

Proofi It follows from Proposition 3 and Assumption A1 that none of the mn- 1
eigenvalues of the derivative of the Poincar6 map are on the unit circle.

We can now state necessary and sufficient conditions for the ERDE to be a
Morse-Smale vector field. Recall that B has p real eigenvalues and 2q nonreal
eigenvalues.
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THEOREM 8. The ERDE is a Morse-Smale vector field iff either of the following
two conditions is satisfied" (i) min (n, m) _-< 1, (ii) q -<_ 1.

Proof. If either (i) or (ii) is satisfied, there can be no invariant tori of dimension
greater than one. From Propositions 1, 2, 3, it follows that the ERDE is Morse-Smale.
On the other hand, if n_->2, m->2, and q >-2, the nonwandering set of the ERDE
contains at least one invariant torus of dimension greater than one and therefore cannot
be Morse-Smale.

Remark 2. In the case where B has only real eigenvalues (i.e. q 0), the nonwan-
dering set contains only equilibrium points. In this very special case, C. R. Schneider
proved that the ERDE is Morse-Smale and described the phase portrait [33]. By
demonstrating the existence of invariant tori of dimension greater than one, Hermann
and Martin showed that the ERDE is not Morse-Smale if min (n, m)>= 2 and q_>-2
18]. However, Theorem 8 includes a new result, namely that the ERDE is Morse-Smale
whenever there are no invariant tori of dimension greater than one.

We now consider the structural stability of the ERDE. Let b and b be two flows
on a manifold M. b and b are said to be topologically equivalent if there exists a

into orbits of bhomeomorphism of M which sends orbits of b, [42]. Let x(M)
denote the set of all C ", r > 0, vector fields on M. x(M) forms a vector space, and
given a C norm, r < c, a Banach space. A vector field X x(M) is said to be structurally
stable if there is some neighborhood N of X in x(M) such that every vector field
X N is topologically equivalent to X.

It is also useful to define a weaker form of equivalence. Let O(b) and f(b)
and b topologicallyand b2. We say [42] that bt aredenote the nonwandering sets of

equivalent on l-I if there exists a homeomorphism of l’l(b) onto l’l(b2) which maps
orbits into orbits. Then X x(M) is said to be O-stable if there is a neighborhood N
of X in x(M) such that every vector field X N is topologically equivalent on ll to X.

We recall that each ERDE corresponds to an infinitesimal generator B
gl (n + m, ). (gl (n + m, ) denotes the vector space of all (n + m) x (n + rn) real
matrices, which is the Lie algebra of the general linear group G1 (n / m, ).) We will
say that the ERDE determined by B is structurally stable within the class of ERDE’s
if there exists a neighborhood N of B in gl (n + m, ) such that the vector field
determined by B is topologically equivalent to the vector field determined by every
B N. By replacing "topologically equivalent" with "topologically equivalent on
we obtain the definition of the ERDE determined by B being fl-stable within the class
of ERDE’s.

THEOREM 9. Suppose that B gl n + m, satisfies Assumption A1. Ifmin (n, m) _-<

1 or q <- 1, the associated ERDE is structurally stable. Otherwise, the associated ERDE
is not ll-stable within the class of ERDE’s.

Proof. If min (n, m)_-< 1 or q_-<l, then the associated ERDE is Morse-Smale by
Theorem 8. This implies that it is structurally stable [30]. Now suppose that min (n, m) _->
2 and q->2. Then the nonwandering set contains at least one invariant torus of
dimension k_>-2. Let al + ibl,’", aq 4-ibq be the nonreal eigenvalues of B. Given any
neighborhood N of B in gl (.n + , ), we can find/,/ N such that the imaginary
parts of the eigenvalues of B~(B)., are all commensurable (all noncommensurable).
Then every invariant torus of B (B) of dimension at least 2 contains periodic (almost
periodic) orbits. Thus, the ERDE’s .associated with / and / are not topologically
equivalent on f/. Hence, the ERDE associated with B cannot be O-stable within the
class of ERDE’s.

Remark 3. It was conjectured in the recent paper [9] that the ERDE is structurally
stable provided that the generator B has distinct eigenvalues. However, Theorem 9
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shows that this conjecture is false. The assumption of distinct eigenvalues does not
even imply O-stability within the class of ERDE’s.

We have considered structural stability of the phase portrait in the global sense.
One can also consider structural stability in a local sense by investigating what happens
to the phase portrait in a neighborhood of an equilibrium point when the differential
equation is perturbed. Local structural stability of the Riccati equation is studied in [6].

Morse theory relates the global phase portrait of a gradient vector field to the
topology of the underlying manifold. This was extended by Smale [43] to the class of
Morse-Smale vector fields. Let X be a Morse-Smale vector field on a compact
v-dimensional manifold M with equilibria Xl, X and closed orbits Yl,"" ", Y,.
Let WS(xi) and WS(/j) denote the stable manifolds of xi and yj respectively. Define
the index of xi to be Ind (x)-dim W’(xi), and define the index of /; to be Ind (3’j)=
dim W(y;)-dim y;- dim W(y;)- 1. Define the Morse series for the vector field X
to be the polynomial

Mx(t)=, tIndx’)+E (1 + t)tInd(v).

Let b(M, K) denote the ith Betti number ofM for the coefficient field K. Let Pr(M; t)
denote the Poincar6 polynomial of M for the coefficient field K. In other words,

Pr(M; t)= b,(M, K)t’.
i=0

Then it follows from Smale’s result that each coefficient of Mx(t) is greater than or
equal to the corresponding coefficient of Pz(M; t). In other words, the coefficient of

in Mx(t) is greater than or equal to b(M, Z2). Further generalizations of the theory
of Morse index are described in [10].

As an application of Theorem 8, we will obtain a new calculation of the mod 2
Betti numbers of the Grassmann manifold based on the phase portrait of the Riccati
differential equation. We will use the following result due to E. E. Floyd [13]:

THEOREM. If a transformation ofperiod 2 acts on a compact manifold M, and if
F is its fixed point set, then

E b,(F, Z2) E b,(M, Z2).

Using Floyd’s theorem, we can obtain a lower bound on the sum of the mod 2
Betti numbers for the Grassmann manifold.

LEMMA 2. i bi(Gn(ln+m), Z2) >- (n+nm).
Proof. The proof is by induction on n + m. If n + m 1, the assertion is trivial.

Suppose that the assertion holds for Gk(Rp) whenever p<n+m. Let P=
diag{dl,..., d,/m} with d=d2 d,,+m_l=l and d,/,,=-l. P induces a
diffeomorphism of G"(R"+m) (which we also denote by P) given by S--> P(S), where
P(S) is the image of the subspace S under P. Let F denote the fixed point set of this
period 2 transformation. F consists of all n-dimensional P-invariant subspaces. Let
V=Sp{e,.. ",e,+m-} and let W=Sp{e,+m}. Then F={SIS2: SIEGn(V), $2
GO( W)} .J {Sl) S2" S Gn-l(V), S2 GI( W)}. Thus, F is isomorphic to Gn(n+m-1)L_]
Gn-(n+m-). By the induction hypothesis,

Z b,(F, Z2) ->- +
n n-1 n
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Applying Floyd’s theorem, we obtain

E b,(a"(R’+m), Z2) -->

which completes the proof.
THEOREM 10. bs(Gn(Rn+m),/2) is equal to the number of partitions of s into n

parts of size less than or equal to m.
00 Choose B to have distinct real eigenvalues. Then the ERDE has (’)

equilibrium points and no other invariant tori. Also, dim E1 1 for all j, r n + m, and
n+mdim =j or all j. Let

+meorem ?, dim WTl== j-l-= l. This expression can be simplified
j--1

b lettinjj. j denote
-1, we obtain the ormula

us, Tl is an quilibrium point o index s i =j-= s. This shows ht
j-l, j-2,...,j-n is a ition o s into n pas o size a mos m wih
j-l...j-n. On the other hand, suppose that c,..., c is a paition o s
into n pas o size at most m wih c. c. Dnej c+ , l, , n. Then
1j. j n + m. This means that
are the elements o j: l. Fuhermore, the index o the corresponding equilibrium
point is s. Consequently, he number o quilibrium points o index s is equal o the
number o aitions o s into n pas o size t most m. Le m denote this number.
us, m is the coecient o in he Morse series othe vector field we are considering.
The sum m must equal the number o equilibrium oints m. B Theorem 8, the
vector eld is Morse-Smale. Hence, m +m,Z or all s. Alin8 Lemma
2, we haw

=
which implies that bs(Gn(n+m), Z2)= ms for all s, completing the proof.

As we have seen, the ERDE is not generally Morse-Smale, due to the existence
of invariant tori of dimension greater than one in the nonwandering set. However, we
propose to define a Morse series MB(t) for the ERDE with generator B as follows:
For each invariant torus T(l), define the index of T(l) to be Ind(T(l))=
dim WS(T(l))-dim T(l). Then we define the Morse series to be

MB(t)= (1 + t) dim T( l) tlnd T( l)

Note that if every invariant torus has dimension less than 2, this definition coincides
with the definition of the Morse series for a Morse-Smale vector field. Also note that
the factor (1 + t) dim T(t) is precisely the Poincar6 polynomial for the invariant torus
T(l). Thus, our definition of Mn(t) is analogous to the definition of the Morse series
for the gradient vector field corresponding to a Morse-Bott function, i.e. a function
with nondegenerate critical submanifolds.

Having defined a Morse series for the ERDE, it is natural to ask whether Morse-
type inequalities hold. The next result shows that this is indeed the case. In fact, if Z2
is the coefficient field, the ERDE satisfies Morse-type equalities.
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THEOREM 11. Suppose that B gl n + m, g satisfies Assumption A1. Then

Ms(t) Pz2(G"(a"+m); t).

Proof. In 3.2, we discussed how the choice of a complete flag of subspaces gives
a cell decomposition of G"("+m) into the union of (,+,m) cells { U(a)}. Ifj <j2 <" "<
j, are the n elements of the set {j" aj 1}, then we noted that dim U(a) Y.,=I (js- i).
By an argument analogous to the one used in the proof of Theorem 10, it follows that
the number of cells of dimension s is equal to the number of partitions of s into n
parts of size less than or equal to m. Thus, the number of cells of dimension s is equal
to b(G"("+"), Z2). Hence,

Pz2(Gn(Rn+m); t) /dim cell.
all

cells

In the special case where the complete flag is chosen so as to refine the stable flag
M0c M1 c" M we know from Theorem 4 that each stable manifold WS(T(1)) is
a disjoint union of cells. Furthermore, if dim T(l)= k, then WS(T(l)) is the union of
2k cells, and (k) of these cells have dimension equal to dim W(T(I))-k+ v=
Ind T(l) + v, v 0, , k. The Binomial Theorem then implies that

(1 + t) k Ind (T(I)) E tdim cell.
all cells

inWS(T(I))

If we sum this equation over all the invariant tori T(1), the left-hand side gives the
Morse series MB(t) while the right-hand side gives Pz(Gn(gn+m); t). U

4. Phase portrait of the extended symplectic Riccati differential equation. In this
section, we determine the complete phase portrait for the ESRDE on the Lagrange-
Grassmann manifold (n). We make the following assumptions which we denote
collectively as Assumption A2: (1) the 2n eigenvalues of the infinitesimal generator
H [_ -,] are distinct, (2) if As and Aj are a pair of eigenvalues with the same real
part, then As j, and (3) H has no eigenvalues on the imaginary axis. Note that we
place no individual restrictions on the matrices A, L, Q other than requiring that L
and Q be symmetric. Assumptions (1) and (2) are relaxed considerably in 6.

As discussed in 2, the ESRDE is the differential equation on (n) whose flow
is given by S(t, So)= eUt(So). However, it will be convenient to extend the ESRDE to
a differential equation on Gn(2"). The flow on G"(2) is given by S(t, So)= eUt(So),
but where we now permit the initial point So to be any element of G"(2n). Regarded
as a differential equation on G(2"), the ESRDE is a special case of the ERDE, so
all the results of the preceding section apply to characterize the phase portrait. Since
?(n) is an invariant manifold of the ESRDE on Gn(R2), the phase portrait for the
ESRDE on (n) is the intersection of the phase portrait on G(2n) with the submani-
fold (n). For example, the nonwandering set on (n) is the intersection of (n)
with the nonwandering set on G"(2). The corresponding statement applies to the
stable and unstable manifolds. Thus, from a set-theoretic point of view, the phase
portrait of the ESRDE on (n) is immediately obtained from the results in 3.
However, these results do not furnish a geometric description of the phase portrait.
For example, we know that the nonwandering set is the intersection with ?(n) of
finitely many tori, but we do not know the topological structure of these intersections.
It is the problem of describing the geometry of the phase portrait which we consider
in this section.
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Since the Hamiltonian matrix H belongs to the Lie algebra sp (n, R), i.e. JH +
H’J 0--it follows that the eigenvalues of H come in pairs. If h is an eigenvalue,
then so is -A. Let 2p denote the number of real eigenvalues of H, and let 4q denote
the number of nonreal eigenvalues of H. Let El,"’, E, Er+l,’’ ", EEr denote the
primary components of H. (Thus, when we apply results from 3, we must use 2r in
place of r.) We assume that the order of the indexing is determined by increasing real
part of the corresponding eigenvalues. This implies that if Ej corresponds to a real
eigenvalue A, then EEr-j+l corresponds to -h. Similarly, if E; corresponds to a conjugate
pair A, X, then EEr-j+ corresponds to -h, -. In particular, dim E; dim EEr-)+. Note
also that El,... ,Er correspond to eigenvalues with negative real part, while
Er+,.’. EEr correspond to eigenvalues with positive real part.

4.1. Noawaaderiag set. We begin by describing two known results. The first lemma
was proved by A. C. M. Van Swieten [46] and generalizes a result of J. E. Potter [31]
and K. Mrtensson .[25]. (A proof is included in [35].)

LEMMA 3. LetH sp n, ) and letp( s) denote its characteristicpolynomial. S.uppose
that p(s)=pl(-.s)pE(s) with p(-s) and pE(s) relatively prime. Let S1 ker p(H) and
let $2 ker p2(H). Then xJXl O, Vx S1, tx2 $2.

Let L+(H) denote the direct sum of the primary components of H corresponding
to its eigenvalues with negative real part, and let L-(H) denote the direct sum of the
primary components of H corresponding to its eigenvalues with positive real part.
Since H is assumed to have no eigenvalues on the imaginary axis, L+(H) and L-(H)
are each n-dimensional. It then follows from Lemma 3 that L+(H) (n) and L-(H) e
(n). The next result was proved by Shayman [3.7].

LEMMA 4. Let IYI sp n, g and suppose that H has no eigenvalues on the imaginary
axis. Let r > 0 be fixed. There exists a bijection. 8 of the set of n-dimensional Lagrangian
el-invariant subspaces onto the set of all em-invariant subspaces of L+(/), which is

gi.ven by 8(S)= S L+(.IYI) and 8-(N) NO)([J(N)]+/- L-(I-TI)). Furthermore, S is
H-invariant iff 8(S) is H.invariant.

We will first characterize the nonwandering set of the ESRDE under the additional
assumption that the imaginary parts of all the eigenvalues of H are commensurable.
Later we will remove this assumption.

2rLet 1=(I,..., 1,, Ir+,’’’, 12r) be such that= l=n and 0_-< 1-< dim E, Vi. The
corresponding invariant torus for the ESRDE on G"(R2") is

T(I) G"(E1) x... G"(Er) G"+’(Er+,) ’" X G2(E2r).

If dim T(l)= O, then T(l) consists of a single equilibrium point. Otherwise, the addi-
tional assumption we have made concerning the imaginary part of the eigenvalues
of H implies that every motion on T(1) is periodic with the same minimum period
r>0.

Let S T(1). For the moment, suppose that dim T(I)> 0, so that $ generates a
periodic motion of period r > 0. Let S S. Sr$r+1" 2r with S
G(Ej). By Lemma 4, $ (n) iff $r+1" " $2r [J($’" " Sr)] +/- L-(H). Since

H"H"$ is e -invariant, it follows that $1... Sr is e -invariant. Since JH+ H’J 0, it
follows that [J($...$r)] is also en-invariant. It is clear that em has the same
primary components as does H, namely El,"’" E2r. This implies that [J($...
Sr)]+/- 0 L-(H) ([J(S. .03 Sr)] +/- (’ Er+l)(" "( ([J(Sl)" ") Sr)]+/- E2r). It is an
easy consequence of Lemma 3 that J(Ei)+/-E; provided that j # 2r-i+ 1. It follows
that [J(SI’’ "0)St)]+/- L-(H)=([J(Sr)]+/-f"1Er+l)q)"" "0)([J(S1)]+/- G EEr). We con-
elude that S (n) if[ SEr-i+ [J(S)] +/- E2r-+, 1,. ., r.
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We claim that dim [J(Si)] +/- E2r-i+l dim E2r_+l-dim Si. To show this, we note
that the eU-invariance of S implies the eu-invariance of S which implies the
eU-invariance of [J(S)]+/-. It follows that

[J(S,)] [J(S,)] E E ([J(S,) F e,_,+,).
j=l j=l

j2r--i+l

Thus, 2n-dim S 2n-dim E2r_i+1+dim [J(Si)]+/-f E2-+ which establishes the
claim. We conclude that T(l)(n) is empty unless 12,._+l=dimE2,._i+l-l, i=
1, , r. Since dim E dim E2r-+l, this is equivalent to the condition that I + 12r-+1
dim E, 1,. ., r. If satisfies this constraint, then

T(1) CI (n) {S, EE)" "S,([J(S)] +/- CI E+,). .( ([J(S1)] +/- CI E2,):

S,E Gt’(E,), i= 1,’’’, r}.

This shows that T(l) fq .(n) is isomorphic to Gt,(E) x. x G1r(E,.) and is therefore
a torus. Since dimEi=dimE2r_+ and l+12,._+l=dimE, dim T(l)fq(n)=
1/2 dim T(I).

The above conclusions were derived under the assumption that dim T(l)> 0. If
dim T(l) 0, then T(l) consists of a single equilibrium point $. Since S is H-invariant,
S is em-invariant for any z, and all of the preceding arguments remain valid. Thus
S E (n) itt li + 12r-i+ =dim E, 1,. , r. If this condition is satisfied, then S S0)..SO) ([J(Sr)] f’l E+)O)’" 0) ([J(S1)] +/- fq EEl). If l, 0, then S, 0 and [J(S,)]+/- (q

EEr-i+l E2-+l, while if/ dim E, then S= E and [J(Si)]-UfqE2_+ =0.
Now we will remove the additional assumption that the imaginary parts of all the

eigenvalues of H are commensurable. We need the following lemma. Recall that the
real canonical form for a semisimple (i.e. diagonalizable real matrix is a matrix which
is zero except for 1 1 blocks and 2 x2 blocks centered on the main diagonal. Each
2 2 block is of the form [_g ] and corresponds to the pair of complex conjugate
eigenvalues a 4- lb.

LEMMA 5. Let H E sp n, R) and suppose that H is semisimple and has no eigenvalues
on the imaginary axis. Then there exists P ESp (n,R) such that P-IZIP has the form
[o _,], where (1) D is a semisimple matrix in real canonicalform; (2) every eigenvalue
of D has negative real part; (3) the blocks on the main diagonal of D are ordered by
increasing real part of the corresponding eigenvalues.

Proof Clearly there exist P G1 (2n, ) and D as above such that

Let/3 [ V, W] with V, W each 2n x n, and let R V’JW. Then V VD and W
WD’. Hence, 0 V’(JH + H’J) W -RD’+ D’R, showing that D’ commutes with R.

Since Sp V= L+() and Sp W= L-(), it follows from Lemma 3 that V’JV=O
and W’JW 0. Consequently,

P’JP
-R’ 0

which implies that R is nonsingular. Define P=[V, WR-1]. Then P’JP=J, so
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P Sp (n, R). Also, it follows easily from the fact that D’ commutes with R-1 that

IYtP_ p D 0

0 -D’

which completes the proof.
Wc can now prove the following result.
PROPOSITION 4. Let T(1) be an invariant torus for the ESRDE on G"(Ru"). Then

T( l) (n is nonempty iff l + lu,_+ dim E,, = 1,. ., r. If satisfies this condition,
then T(1)(n)={Sl...S([Y(S)]zE+I) .([Y(S1)] Eu): S
Gt’(E,), i= 1,’’’, r}.

Proo We have already proved this result in the special case where the imaginary
pas of all the eigenvalues of H are commensurable. If H does not satisfy this
condition, use Lemma 5 to express H in the form

H=P
0 -D’

with P e Sp (n, N) and D as described in the statement of the lemma. Modify D by
changing te imaginary pas of its complex eigenvalues so that they are all commensur-
able. Let D denote the resulting matrix, and set

=p D p_

en sp (n, ). If 1,’", 2 denote the primary components of ordered
according to increasing real a of the corresponding eigenvalues, then E E, V i.
us, the invariant tori for H are the same as those for H. Since we already know
that the result holds for H, it must hold for H as well.

Given any integers l, , l satisfying 0 l dim E, there is obviously a unique
choice for /r+l,"" ", lEt such that l+/2r-i+ =dim E, i= 1,..., r. Fuhermore, this
choice of l+,..., 12 is such that the conditions l= n and 0/ dim E (i r+
1,..., 2r) are satisfied. Consequently, there is exactly one invariant torus for the
ESRDE on (n) for each choice of integers 11,’’ ", l which satisfy 0 l dim E,
i= 1,..., r. This implies that there are (1 +dim El)’’’ (1 +dim E) invariant tori in
all. This number is equal to 2p 3 q.

Suppose that corresponds to an invariant toms T(l) (n). By Proposition 4,
it is clear that dim T(l) (n) is equal to the cardinality of the set {j" 1 j r, . 1,
dim E 2}. us, a k-dimensional invariant torus is specified by choosing l,..., l
as follows: (1) Choose 1,..., 1 where j,... ,jk are such that dim E
2,- , dim E 2. (2) For j {jl,"’" ,jk}, choose either 0 or dim E. It follows
that the number of k-dimensional invariant tori for the ESRDE on (n) is ()2p+q-,
k=O,...,q.

Suppose that T(1) (n) is a k-dimensional invariant torus (k> 0), and let
j <j2 <" <j denote the elements of {j: 1 j r, 1, dim Ej 2}. Let iw be
the conjugate pair of eigenvalues corresponding to the 2-dimensional prima com-
ponent E, 1,..., k. T(l) is a 2k-dimensional invariant toms for the ESRDE on
G (R2,). Since the pair of complex conjugate eigenvalues corresponding to the prima
component E2-+1 is- iw, it follows from Theorem 1 that each S T(l) generates
a periodic motion if the 2k numbers w, , w, w, , w are commensurable, in
which case the period is given by the least common multiple of /w,’’ ", /w.
Otherwise each S e T(l) generates an almost periodic motion. However, this motion



PHASE PORTRAIT OF THE MATRIX RICCATI EQUATION 25

is never dense in T(I) since each imaginary part is repeated twice in the list t%, ,
t%,. ., t%. It also follows from Theorem 1 that if $, T(l) and eH’() era(S) as

or -, then S S. We obtain the following theorem.
THEOREM 12. (a) The nonwandering set of the ESRDE on ,,(n) is a union of

invariant tori. There are exactly ()2p+q-k tori of dimension k, k=0,..., q. (b) If
T(1) 0(n) is a O-dimensional invariant torus, then T( l) fq Sf( n) is an equilibrium point.
(c) IfT( l) f’) (n) is a k-dimensional invariant torus with k > O, and if {t%" 1,. ., k}
are commensurable, then each S T( l) f’l &( n) generates a periodic motion with period
equal to the least common multiple of {r/t%" v= 1,..., k}. Otherwise, each S
T( l) f’) ,( n generates an almost periodic motion which is dense in T( l) fq &e( n iff no
pair ofthe toj are commensurable. In all cases, ifS, T( I) fq (n with em g) era(S)
as o or -o, then S S.

Proof. (a) All that remains to be proven is that the ()2p+q-k invariant tori exhaust
the nonwandering set of the ESRDE on (n). By Corollary 2 of Theorem 2, the
nonwandering set of the ESRDE on Gn(R2") is the union of the invariant tori {T(/)}.
Since T(1)fq Sf(n) is either empty or is one of the ()2p+q-k invariant tori for the
ESRDE on (n), these tori exhaust the nonwandering set. (b) Already proven. (c)
All of the assertions follow from the corresponding statements for the flow in T(I)
except the claim that each S e T(l)fq (n) generates a dense trajectory itt no pair of
the t% (v 1,..., k) are commensurable. T(l)f3 (n) is a k-dimensional torus by
the isomorphism T(l)fq(n)=Gl(E,)x xGl(E). If S T(l)fq(n), then by
Proposition 4, S has the form S=SIO). "O)SrO)([J(Sr)]-fqEr+l)O)"
([J(S1)]1 f’l EEr). The isomorphism identifies S with (S,, ., S)
Gl(Ej.) x. x GI(Ej) and the motion ent(S) with the motion me (S),..., em(S)).
The motion en’(S) traverses the circle Ga(Ej) with period 7r/t%. It follows immedi-
ately that (en’(S), em(Sk)) winds densely in GI(Ej) x. x Gl(E) itt no pair
of the t% are commensurable. By the isomorphism, the same conclusion applies to
the motion en’(S) in T(l) f’) (n).

4.2. Stable and unstable manifolds. In 3.2, we described how the choice of a
complete flag ofsubspaces gives rise to a cell decomposition ofthe Grassmann manifold.
In particular, any complete flag for R2n gives a cell decomposition of G"(2n). However,
if we wish to obtain a cell decomposition for the submanifold .T(n) from the cell
decomposition for G"(2"), we must choose the complete flag in a special way.

Let Vl ’’ " V2 be the complete flag for - given by V =Sp {el, e2,’" ", e}
for j 1, 2,. ., n, and V Sp {el, e2," ", en, e2n, e2-l, ", e3,-+l} for j n + 1,
n+2,... ,2n. We will call {V}" the standard symplectic flag for 2. Let a
(al," ", a2n) be such that ai--0 or 1 and "___n a n. Let U(a) {S Gn(2n): dim S CI
V =l a, j 1,..., 2n}. Let j min {j" ’.___ a, ,}, ,-- 1,..., n. As noted pre-
viously, U(a) is real-analytically isomorphic to Euclidean space of dimension
"laj(J-=l a). This dimension is also given by the expression "=1 (J-’). Let
N denote this dimension. Also define d =1 a. Note that jd <- n and jd+l > n.

Let Z(a) denote the set of all 2n x n rank n matrices X which have the following
form" (1) Rowsjl, jE,’’’,ja, 3n-j,+l, 3n-j,_l+l,.’., 3n-ja+l+l form an nxn
identity submatrix. (2) LetJ {jl,j2, ",jd, 3n--j,, + 1, 3n --j,_l + 1,. ,3n--ja+l + 1}.
If j J and k _-< d, then Xjk is 0 if j >jk and is arbitrary otherwise. If j J and k > d,
then Xjk is 0 if n <j <3n--jn+d-k+l + 1 and is arbitrary otherwise. Then the mapping
X->Sp X maps Z(a) isomorphically onto U(a). Note that we are parametrizing the
subspaces in U(a) by associating each S U(a) with the unique matrix X in "’modified
column echelon form" whose columns span S. By saying that X is in "modified column
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echelon form," we mean that X would be in column echelon form if the order of rows
n + 1, n + 2, , 2n and of columns d + 1, d + 2,. , n were reversed. The reordering
of the rows corresponds to the fact that the standard symplectic flag is derived from
the ordered basis {el, e2,’", e,, e2n, e2,-1," ", e,/l} for R2" rather than from the
standard ordered basis for R2,.

Example 1. Let n =5, a (0 1 1 00 1 1 00 1).Thenjl=2,j2=3,j3=6,j4=7,j5 10,
and d 2. Then the matrices in Z(a) are those which have the form

Xl X12 X13 X14 X15
1 0 0 0 0
0 1 0 0 0

0 0 X43 X44 X45
0 0 X53 X54 X55
0 0 1 0 0

0 0 x73 0 0

0 0 x83 0 0

0 0 0 1 0

0 0 0 0 1

In this case, U(a) is isomorphic to 13.
We wish to determine the structure of the intersection of U(a) with the Lagrange-

Grassmann manifold (n).
LEMMA 6. U(a)f’l&(n) is empty unless ai+a2,_i+l 1, i= 1,. .,n.
Proof. Let $ U(a) and let X be the unique matrix in Z(a) such that $ Sp X.

Partition X as [] with a, /3 each n x n. Suppose that the condition ai+ a2n-/ 1
does not hold for all i. Then there exists an integer j with 1-<j-< n such that aj 1
and a2n_j+ 1.

Now, S is Lagrangian itt X’JX 0, which is equivalent to the condition that
be symmetric. Since a 1, the jth row of c is one of the rows from the n x n identity
submatrix in X. Consequently, there is some k <-d such that c 1. It then follows
from the structure of X that Ck =0 for all i>j. Since a2,-+1 1, the jth row of/3 is
also one of the rows from the n x n identity submatrix in X. Hence, there is some v > d
such that/3j 1. It follows from the structure ofX that/3 0 for all <j. This implies
that the (k, v)th entry of a’/3 is 1. On the other hand, the (,, k)th entry of a’/3 is 0
since k -< d and the first d columns of/3 are identically 0. Hence, a’/3 cannot be
symmetric. Thus, S &(n).

We now assume that a=(al,"’, a2,) satisfies the additional condition that
ai+ a2n-i+--1, i= 1,"" ", n. Let S U(a), and let X be the unique matrix in Z(a)
such that S Sp X. We will determine the equations which the N free parameters in
X must satisfy in order for S to be Lagrangian. Note that if P Sp (n, ), then S s (n)
iff P(S) ?(n).

It is trivial to verify that if 0 belongs to the orthogonal group O(n) then the matrix

P= 0 0

is symplectic. In particular, P1 is symplectic if 0 is a permutation matrix. It is also
trivial to verify that for any j such that 1 -<j -< n, the matrix P which is obtained from
I by replacing row j with row n +j and replacing row n +j with -(rowj) is symplectic.
We can choose P1 Sp (n, R) such that the first d rows of PX are the first d rows of
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the n x n identity matrix. Since ai + a2n-i+l 1, 1, , n, it follows that the jth row
of X belongs to the identity submatrix of X iff the (n +j)th row of X does not belong.
Since

with 0 a permutation matrix, it follows that the identity submatrix of PIX consists
of rows 1,2,...,d, n+d+l, n+d+2,...,2n. Let " be the matrix
P+P+... P’PX. Then the first n rows of " form an identity submatrix. Rows
n+l,..., n+d of are the nontrivial rows from among rows n+l,...,2n of X.
Rows n + d + 1, , 2n of " are the nontrivial rows fro among rows 1, , n of X,
each multiplied by -1. Write " in partitioned form as X ] with Y n x n. Then S
is Lagrangian itt Y is symmetric.

Example 2. Let X be the matrix in Example 1. Then

1 0 0 0 0

0 1 0 0 0
0 0 1 0 0

0 0 0 1 0

0 0 0 0 1
0 0 X73 0 0

0 0 x83 0 0

Xll X12 X13 X14 X15
0 0 --X43 --X44
0 0 --X53 --X54 --X55

We see that if S=Sp X with X given by Example 1, then S(n) iff Xll-"--X73
X12 =--X83, X4 X43, X15 X53, X45 X54. Thus, if n 5 and a (0 1 1 0 0 1 1 0 0 1), then
U(a) f) (n) is isomorphic to R8.

The preceding example actually includes all of the features of the general case
which we now consider. It is not hard to see from the structure of X that the zero
entries of Y occur symmetrically with respect to the main diagonal. Also, the number
of zero entries on the main diagonal is equal to d. The total number of zero entries in
Y is n2-dim U(a) n2- N. Thus, the number of parameters in Y which are above
the main diagonal is 1/2n(n-1)-1/2(nE-N-d)=1/2(N+d-n). This is the number of
independent linear constraints imposed by the requirement that Y be symmetric. It
follows that U(a)f’l(n) is isomorphic to Euclidean space, of dimension N-
1/2(N + d n) 1/2(N + n d). This proves the next lemma.

LEMMA 7. Suppose that a+ a,_,_+ 1, i= 1,. , n. Then U(a)fq(n) is isomor-
phic to Euclidean space of dimension

n-d+ a -2 a2 = i=

Lemmas 6 and 7 show that the intersections of the (2) cells U(a) with .(n) gives
a partition off(n) into 2 disjoint subsets (U(a) (n): a + a2,_+ 1, 1,. ’, n},
with each subset isomorphic to Euclidean space of some dimension.

We are now in a position to describe the geometric structure of the stable and
unstable manifolds for the ESRDE on .(n). Let l=(l,..., 12) with l,..., 12
nonnegative integers satisfying li + 12-+ dim E, 1, , r. (This condition implies
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that Y,2. li n.) By Proposition 4, T(l)f’)(n) is an invariant torus for the ESRDE
on (n) and dim T(l) f’) .(n) 1/2 dim T(l). Let k denote the dimension of T(l) fq (n).
Define the stable flag of subspaces M1 c M2 c" c M2r 2, by setting = E,
j 1,. , 2r. Define the unstable flag of subspaces N N2 N2 2, by setting

==1 E2-+1, j 1,..-, 2r. As in the discussion preceding Theorem 4, we refine
{} to a complete flag by inseing a subspace Mj between

_
and whenever

dim E 2. Since dim T(l) 2k, the set {j: 1 and dim E 2, j 1,. ., 2r} contains
2k elements, say j,’’’,j2k. Then W(T(l)) is the union of exactly 22k cells U(a)
which correspond to the complete flag. Each cell is given by fixing a vector b
(b, b2k) with b 0 or 1, and setting W(T(I), b)={S W’(T(I)) dim S Mj
dim S

_
+ b. v 1,..., 2k}. e analysis preceding Theorem 4 shows that the

dimension of W (T(/), b) is

2 dim_- 1 +2k- b.
i=1

It follows from Lemma 5 that by ming a symplectic change of coordinates in
2, we can require that the complete flag be the standard symplectic flag V
defined at the beginning of this subsection. Using the fact that dim E dim E2r_j+
and our assumption that +/2-+ dim E, it follows that jk+l 2r--jk
2r--jk-I + 1,’’" ,j2k 2r-jl + 1. In the discussion preceding Theorem 4, it is shown
that each choice of the vector b uniquely determines a vector a =(a,..., a2n such
that W(T(l), b) U(a). By Lemmas 6 and 7, it follows that U(a) (n) is nonempty
iff ai + aEn-i+ 1, i= 1,’’’, n. Using the facts that dim E=dim EEr_j+ and
/2,-+ dim E, it is easily seen from the procedure for determining a from and b
that a+a2,_+=l, i=l,...,n iff bEg-+l=b, =l,...,k. Thus, W
(n) is nonempty iff bEg_v+ b, 1,..., k. Hence, exactly 2k of the 22k cells in
W T(l)) intersect (n).

Suppose that bEk-+ b, 1,..., k, so that W(T(l), b) (n) is nonempty.
Using the fact that ,1 a ==1 , it follows from Lemma 7 that W(T(1), b)O(n)
is isomorphic to Euclidean space of dimension (N+ n d), where N is the dimension
of W(T(I), b) and d =1 . Using the assumption that bEk-+l b, 1,..., k,
the dimension is given by the formula

2
n- + dim_l 1 +k- b.

j=l j=l

is proves pa (a) of the next theorem.e proof ofpa (b) is completely analogous.
THEOREM 13. Suppose that T(1) (n) is a k-dimensional invariant tos. en
(a) e stable manifold W(T(1)) (n) is the disjoint union of 2k cells. Exactly

() of these celb have dimension

n- + dim_- l +, =0,...,k.

(b) e unstable manifoM W (T(I)) (n) is the disjoint union of 2k cells. Exactly
() of these cells have dimension

n- 12r-j+ + E 12r-j+ dim _- E /z-,+l + v,
j=l j= i=

=0,. , k.
Suppose that T(l)O(n) is a k-dimensional invariant toms, and let S

T(l)(n). Recall from 3.1 that W(S)=HI(s)={So G"(2) ent(So)
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grit(S1) as t--) oo}, and Wu(Sl)=III(Sl)={So_ Gn(2n): em(So) era(S1) as -oo}.
By Theorem 5, W ($1) and W"(S) are isomorphic to Euclidean space of dimensions
]=a/j(dim Mj_I-E-I l,) and ]21/2r_j+l(dim/V_ J--Y-i=1/2r-i/) respectively. The
next result describes the topology of the sets Ws(S1)OS(n)={So(n): em(So)
em(S) as to} and W"(S)O(n)={So(n): em(So)em(S) as t-}.

THEOREM 14. Let T(l) 0 (n) be a k-dimensional invariant toms, and let S
T(I) (n). en

(a) W(S1)0 (n) is analytically isomorphic to Euclidean space ofdimension {n-
=a + (dim _-/)}.

(b) W"(S1)O(n) is analytically isomorphic to Euclidean space of dimension

{n-E=l 12-+1 +EI/2_j+(dim -1 -Ei=lJ-1/2-i+1)}.
oof From Lemma 5, it follows that by making a symplectic change ofcoordinates

in R2, if necessary, we may assume that H has the form [Y _,] with D as described
in the statement of that lemma. is means that the standard symplectic flag V1 = =
V2. refines the stable flag MI=’" M2, It follows that the cell decomposition of
G"(R2") determined by the standard symplectic flag decomposes W(T(l)) into a
union of 22k cells { W (T(I), b)}.

Let m=dim M for i=0, 1,...,2r. (So mo=0.) It is not hard to see that by
making an additional symplectic change of coordinates given by a matrix of the form
0 diag {0,. ., 0, 0,. ., 0} where 0 is a special ohogonal matrix of size equal
to dim E, we may also assume that S1 is spanned by {e,_+: 1 r such that l 0;
j= 1,. ., l}U {e3,_,_+_: r+li2r such that I0; j= 1,..., 1}. (Note that 0
commutes with H, so H is unaffected by the additional change of coordinates.) It then
follows that the standard symplectic flag can be obtained by using S to refine the
stable flag by the procedure described in the proof of Theorem 5. This implies that
W(S1) W(T(I), b) for the choice b=(1,..., 1). By the proof of Theorem 13,
W (T(l), b) (n) is isomorphic to Euclidean space of dimension (n = +

(dim

_ --=1/)}, which completes the proof of (a).
The proof of (b) is completely analogous to the proof of (a).
eorem 6 shows that the ERDE has either an equilibrium point or a periodic

orbit whose stable manifold is open and dense. The next result shows that the ESRDE
always has an equilibrium point whose stable manifold is open and dense in the
Lagrange-Grassmann manifold.

THEOREM 15. e ESRDE has an equilibrium point whose stable manifoM is open
and dense in (n), and an equilibrium point whose unstable manifold is open and dense
in (n).

oof Let (1,. ., 12) with 0, j 1,. ., r and dim E, j r+ 1,. ., 2r.
en T(I) (n) is a 0-dimensional invariant torus, and .hence an equilibrium point.
By an argument similar to that used in the proof o. Theorem 6, S W(T(I)) iff
SOM=O. (Recall that M is the n-dimensional subspace Ea...E,) Thus,
W(T(l))O(n)={S(n): SO M=0}, which is open and dense in (n).

To obtain an equilibrium point whose region of attraction in backward time is
open and dense in (n), redefine to be (I, , 12) with =dim E,j= 1,..., r and
=0, j= r+l,... ,2r. Then T(l)O(n) is an equilibrium point. (Recall that N is
the n-dimensional subspace Er+l" "E2) en W(T(l)) (n) {S (n): S
N 0}, which is open and dense in (n).

If T(l) (n) is a k-dimensional invariant tos, Theorem 13 describes the stable
manifold W (T(l)) (n) as the union of 2k cells. We will now show that W (T(l))
(n) is an embedded submanifold of (n) and is a bundle over the torus T(l) (n).
Rather than introducing additional and cumbersome notation, we analyze a concrete
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example which illustrates all of the features of the general case. In fact, the proof of
the general results follows step-by-step the analysis of the example.

Let n=5. (5) is a 15-dimensional submanifold of Gs(RI), which is itself
25-dimensional. Let r 3, and suppose that dim E1 2, dim E2 1, dim E3 2, dim E4
2, dim E5 1, dim E6 2. By Lemma 5, there is no loss of generality in assuming that
E1 Sp { el, e2}, E2 Sp { e3} E3 Sp { e4, es}, E6 Sp { e6, e7}, E5 Sp { es}, E4
Sp {e9, eo}, where {e,. ., e,} is the standard basis for R2".

Let /=(1, 0, 1, 1, 1, 1). Then T(/) fq (5) is a 2-dimensional invariant torus. By
Theorem 13, WS(T(1)) f’) (5) is the union of 4 cells of dimensions 8, 9, 9, 10. Refine
the flag M c M2 c M3 M4 M5 M6 to the standard symplectic flag V . c Vo.
Relative to this complete flag, WS(T(l))f3Sf(5) is the union of the 4 cells defined
by

U1 {S s (5): dim S fq V1 1, dim S f’) V2 1, dim S f’) V3 1,

dim S fq V4 2, dim S f’) V5 2, dim S f’) V6 3,

dim S fq V7 3, dim S fq V8 4, dim $ f’) V9 5, dim $ f’) Vo 5},

U:={S(5):dimSfq V=l, dimSfq V2=l, dimSf") V3=l,

dim S f’l V4 1, dim $ fq V5 2, dim S fq V6 2,

dim S fq V7 3,dim S fq V8 4, dim S fq V9 5, dim S fq Vo 5},

U3={S(5):dimSO Vl=0, dimSf") V2=l, dimSfq V3=l,

dim $ f) V 2, dim S f’) V5 2, dim $ fq V6 3,

dim S f) V7 3, dim $ fq V8 4, dim S V9 4, dim S f’) Vo 5},

U4 {S 0(5): dim S fq V 0, dim S fq V2 1, dim S f’) V3 1,

dim S fq V 1, dim $ fq V5 2, dim S fq V6 2,

dim S fq V7 3, dim S fq V8 4, dim S fq V9 4, dim S fq Vlo 5}.

These cells are isomorphic to R8, R9, R9, R I0 respectively. To parametrize each cell,
we first parametrize the corresponding cell for GS(R1) as in Example 1. Then we

impose the linear constraints which must be satisfied in order for the subspaces to
belong to 0(5). The linear constraints are determined as in Example 2. We obtain

Sp

0 0 0 0

0 X93 X23 X24 X25

0 X94 X24 X34 X35

0 0 0 0

0 0 X25 X35 X55

0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 X93 94 0

0 0 0 0

u

Sp

0 0 0 0

0 --Xl03 X23 X24 X25

0 Xl04 X24 X34 X35

0 --Xl05 X25 X35 X45

0 0 0 0

0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 Xl0 Xl0 Xl0

u2
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Sp

--X73 --X93 X13 X14 X15

0 0 0 0

0 --X94 X14 X34 X35

0 0 0 0

0 0 x15 x35 x55
Sp

--X73 --XIo XI3 XI4 XI5

0 0 0 0

0 DXI04 X14 X34 X35

0 -Xlo xt5 x35 x45

0 0 O 0

0 0 0 0 0 0 0 0

0 0 X73 0 0 0 0 X73 0 0

0 0 0 0 0 0 0 0

0 0 X93 X94 0 0 0 0 0

0 0 0 0 0 0 x03 x104 x105

U3 U4

These 4 cells can be modified in an obvious way to obtain 4 charts W1, W2, W3, W4
which cover W(T(l))fq(5). They are given by

Sp

0 0 0 0

X63 X93 X23 X24 X25

0 --X94 X24 X34 X35

0 0 0 0

0 --X95 X25 X35 X55

0 0 X63 0 0

0 0 0 0

0 0 0 0

0 0 X93 X94 X95

0 0 0 0

wl

Sp

0 0 0 0

--X63 Xlo X23 X24 X25

0 --Xl04 X24 X34 X35

0 --X05 X25 X35 X45

0 0 0 0

0 ’0 X63 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 Xo Xto4 Xo

W2

Sp

--X73 --X93 X13 XI4 X15

0 0 0 0

0 reX94 X14 X34 X35

0 0 0 0

0 --X95 XI5 X35 X55
Sp

--X73 --XIo XI3 X14 X15

0 0 0 0

0 XI04 XI4 X34 X35

0 --XIo X15 X35 X45

0 0 0 O

0 0 0 0 0 0 0 0

0 0 X73 0 0 0 0 X73 0 0

0 0 0 0 0 0 0 0

0 0 X93 X94 X95 0 0 0 0

0 0 0 0 0 0 Xo3 Xo4 Xo5

W3 W4

Each of these charts is a submanifold chart relative to one of the standard charts for
(5). (The standard charts for the Lagrange-Grassmann manifold are described in
the appendix.) Thus, W(T(l))fq(5) is an embedded submanifold of (5).
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Sp

T(I) fq (5) is itself covered by 4 submanifold charts W1, W2, W3, W4 given by

0 0 0 0

-x63 0 0 0 0

0 0 0 0 0

0 0 0 0

0 -x95 0 0 0

0 0 X63 0 0

0 0 0 0

0 0 0 0

0 0 0 0 X95

0 0 0 0

Sp

0 0 0 0

-x63 0 0 0 0

0 0 0 0 0

0 -x05 0 0 0

0 0 0 0

0 0 X63 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0 X105

Sp

-x73 0 0 0 0

0 0 0 0

0 0 0 0 0

0 0 0 0

0 -x95 0 0 0

0 0 0 0

0 0 x73 0 0

0 0 0 0

0 0 0 0 x95

0 0 0 0

Sp

-x73 0 0 0 0

0 0 0 0

0 0 0 0 0

0 -x105 0 0 0

0 0 0 0

0 0 0 0

0 0 X73 0 0

0 0 0 0

0 0 0 0

0 0 0 0 Xlo5

w
Let fl denote the nonwandering set of the ESRDE on Gn(2n). Then II fq (n)

is the nonwandering set of the ESRDE on (fl). We have the mappings II/" G"(2") -->

II and II_" G"(2")--> II defined earlier. Let II/ and 1I_ denote the restrictions to (n)
of II+ and II_ respectively. II+ maps W (T(1)) f’l (n) onto T(l) f’l (n). We will also
use II+ to denote its restriction to W(T(1)) f’) ..(n). If $1 T(l) fq (n), then III(s)
W(S) f’)&f(n). Thus, the fiber II(S) is isomorphic to Euclidean space of dimension

2r j--1{n-=/+_/(dm Mj_-Y._/)}, which n ths example s equal to 8. It s clear
that II (/) IV/, 1, 2, 3, 4. Fuhermore, there is an obvious isomorphism y: W/-->
x8 with the property that if p: /x8--> is the natural projection, then p y

is the restriction of H/ to W/.
The analysis of the example can be applied essentially unchanged (but at the

expense of introducing some rather cumbersome notation) to describe the structure
of W (T(l)) fq Z(n) for an arbitrary invariant torus T(l) fq (n). If k is the dimension
of T(l)fq(n), then by Theorem 13, W(T(1))fq(n) is the union of 2k cells, the
largest ofwhich has dimension 1/2{n -=/+Y]/(dim M_I-- 1)} + k. From these
cells we obtain 2k submanifold chars for W (T(l)) f’l (n). Thus, W (T(I)) f’) (n)
is an embedded submanifold of .(n) of dimension 1/2{n -Y.=/j +
]/.(dimM_--/)}+k. We have the projection II+ W(T(l))fq(n)-->
T(l)fq(n). If Sic T(l)fq..(n), then II1($1) W’(S1)fq(n) which is isomorphic
to Euclidean space of dimension ds 2r j--1{n-__/J")-’j=l/(dm Mj_I-)-’/= 1)} Each
chart W/ (i= 1,... ,2k) for WS(T(l))fq(n) is the inverse image of a chart / for
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T(l)f’l (n). Also, there exist isomorphisms yi: W--> xRas such that pio y I+l W.
Hence, II+ W (T(l)) f’l (n) --> T(l) f’l (n) is a locally trivial bundle with Ras as fiber.
The transition functions for this bundle are invertible polynomial mappings of a,.

The next theorem summarizes these conclusions as well as the corresponding
results for the unstable manifolds.

THEOREM 16. Let T( l) fq (n) be a k-dimensional invariant torus. Then
(a) WS(T(l))fq(n) is an embedded submanifold of (n) of dimension k+ds,

where d 1/2{l--j=lr l +Y]=I /(dim Mj_ _i=l
(b) lI+ W( T(1)) f’l &(n)-> T(l) f’l (n) is a locally trivial bundle with fiber Ras

and polynomial transition functions.
(c) W (T(l)) [q (n) is an embedded submanifold of (n) of dimension k + du,

where du =1/2{n-j=l 12r_j+ "’j2..r /2r-j+(dim/V-- 12r-i+)}.
(d) II_ WU(T(l))f’lo(n)--> T(l)f’l(n) is a locally trivial bundle with fiber au

and polynomial transition functions.

4.3. Morse theory and structural stability. Next we determine exactly when
the ESRDE is a Morse-Smale vector field on (n). We start with a lemma. Let
V c c V_, be the standard symplectic flag defined at the beginning of 4.2. Define
a second complete flag W. W2n with W {en+, en+2, , en+ } for j _-< n and
W ={e,+, e,+2,’", e2,, e,, en_l,..., e2,_+} for j> n. Let a (al,’’’, a,_,) and

1," ", 2n) be such that a 0 or 1,/3 0 or 1, a + O2n_i+ 1,/3i +/32,-+ 1,
2n 2ni=l,...,n. It follows trivially that =a=n==l/3. Define X(a)=

{S G"(2) dim Sfq V == a,,j=l,...,2n} and Y(fl)={SG(U2n) dim Sf’I
Wj ’=1 fl2,-i+,,j 1,’’ ", 2n}.

LEMMA 8. X a (n and Y(fl) f’l (n intersect transversally as submanifolds
of(n).

Proof. If X(a) f’l (n) and Y(/3) f’l o(n) are disjoint, then the assertion holds
trivially. So we may assume that X(a)f’l(n) and Y(B)f’l(n) have nonempty
intersection. Since X(a)f’l Y(/3) is nonempty, it follows from Lemma 1 that --1 a-<
__/3,,j 1,. ., 2n. Let jl <" <jn be the elements of {j: a 1}, and let 11 <" < In
be the elements of {/:/3= 1}. Since Y--1 a, -<- Y]= /3, for all j, it follows that lv<=j,,
p=l,...,n.

Let Sos (X(a)f’l(n))f’l(Y(B)fl(n)). We must show that Tso(X(a)O(n))+
Tso( Y() f’l .(n))= Tso(o(n.)). The proof of this requires only slight modification of
the proof ofpart (b) of Lemma 1. To each subspace $ belonging to the cell X(a) f’l (n)
is a 2n n matrix Z such that Sp Z $. If ja <= n and ja+ > n (i.e. i= a d), then
rows jl,j_, ,ja, 3n -j + 1, 3n -j,_ + 1,. , 3n -ja+l + 1 form an n n identity
submatrix. (See e.g. the parametrization of the cells U, U2, U3, U4 in the discussion
prior to Theorem 16.) There is also a standard chart for (n) whose elements are
described by 2n n matrices with an identity submatrix in these same n rows. (The
standard charts for (n) are described in the appendix.) Let v be an arbitrary tangent
vector to (n) at So. Then there is a curve $(t) in (n) with S(0)= So such that
d/dtJ,=o $(t) v. Furthermore, we can choose S(t) so that it corresponds to a straight
line in local coordinates. Analogous to the procedure used in the proof of Lemma 1,
we construct curves S(t) and S2(t) in .(n) with S(O)=S2(O)=So and such that
1(0)+2(0) (0)= v. By construction, it is clear that S(t)sX(a)f’l(n) for all t.
Thus, 1(0) Tso(X(a) fl .(n)).

It remains only to show that S2(t) Y(/3) f’l (n) for all t. Since So Y(/3), it
suffices to show that dim S2(t) fl V dim So VI W,j 1,. ., 2n. Let Z2(t) be the 2n n
full rank matrix which corresponds to S2(t) via the chart described above. For each
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q{1,.’., n}, let Zz(t) denote the submatrix of Z2(t) consisting of its first q rows.
For each q {n + 1,. , 2n}, let Z(t) denote the submatrix of Z2(t) consisting of the
first n rows of Z2(t) together with the last q-n rows of Z2(t). Now, Z2(t) maps
isomorphically onto S2(t). Furthermore, Z2(t) maps ker Z(t) onto S2(t)f3 W2n_q. It
follows that dim S2(t) f3 W2,_q dim $2(0) f’l W2,_q itt rank z2q(t) rank Z2(0). It fol-
lows easily from the structure of Z2(t) that row operations can be used to transform
Z2(t) to Z2(0). Furthermore, the row operations are such that row operations applied
to the submatrix Z(t) involve only rows in the submatrix. Thus, rank Z2q(t)
rank Z(0) for each q. We conclude that dim S2(t)fq W. =dim So fq W, j 1,..., 2n
which completes the proof.

Using Lemma 8, we can show that stable and unstable manifolds for the ESRDE
always intersect transversally.

PROPOSITION 5. Let T(1) f’) .( n) and T( l’) fq .(n) be invariant torifor the ESRDE
on .(n). Then W (T(l)) fq (n) and W (T(l’)) [q (n) intersect transversally.

Proof By making a symplectic change of coordinates, if necessary, we may assume
that H has the form [ _,] with D as described in the statement of Lemma 5. Then
the complete flags { V}I2" and { W}I2" defined prior to Lemma 8 refine the stable and
unstable flags {M}I2 and {N}2 respectively. By Theorem 13, W(T(l))fq(n) and
W(T(I’)) fq (n) are each disjoint unions of finitely many cells corresponding respec-
tively to the complete flags { Vj}2n 2nand { W}I In the notation of Lemma 8, each cell
for W (T(l)) fq (n) is of the form X(a) fq (n) for some a, while each cell for
W(T(l’))fq&(n) is of the form Y(fl)fq(n) for some/3. By Lemma 8, X(a)f3&(n)
and Y(/3) f’l (n) intersect transversally. Since X(a) f’) (n) and Y(/3) fq (n) are
embedded submanifolds of W (T(1)) f’l (n) and W (T(l’)) f’l ?(n) respectively, it
follows immediately that W"(T(l)) f’) (n) and W (T(l’)) f’l (n) intersect trans-
versally.

From Proposition 2, we know that if the ESRDE is considered as a differential
equation on Gn(REn), then every equilibrium point is hyperbolic. Since every equili-
brium point of the ESRDE on (n) is also an equilibrium point of the ESRDE on
G (2,), we have.

PROPOSITION 6. Every equilibrium point of the ESRDE on (n) is hyperbolic.
In a recent paper [19], Hermann and Martin have discussed the Poincar6 map

associated with a 1-dimensional invariant torus (i.e. a periodic orbit) for the ESRDE
on (n). However, there is an error in the analysis which results in an incorrect
conclusion regarding the eigenvalues of the derivative of the Poincar6 map.

Let T(l)fq (n) be a 1-dimensional invariant torus. It follows from Propositi.on
4 that each element of T(1)f’)(n) is of the form
([J()]+/- f’) E2r-o+l) wherej {jl,..- ,jr-l} iff 2r-.+ 1 {j,..’, jr-1},jo and 2r-jo+ 1

do not belong to {j,’." ,jr-}, dim Eo 2, and S is any 1-dimensional subspace of

Eo. Let h a + ib denote one of the pair of complex conjugate eigenvalues of HIEo
chosen so that b>0. Let h2=-a+ib, and let r= rr/b. Let h3,’", h, denote the
eigenvalues of HIE@." "@ E_. The proof of Lemma 5 is easily modified to show
that by making a symplectic change of basis, we may assume that Eo Sp {el, en+2},
E2r-jo+l-- Sp {e2, e,+l}, Ej. .Er= Sp {e3," ", e,}, and E2r-j+"
Sp {en+3, , e2n}. We may also assume that

[H H121H
kH21 H22J

where HI =diag {a,-a, D1} with D1 (n-2) x(n-2), H12 is 0 except for its (1,2) and
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(2, 1) entries which are equal to b, H21 =-H12, and H22---HI. Let

eHt__ [Cll(t) C12(t)]C21 (t) C22(t)

Then Cll(t) diag {eat cos bt, e-at cos bt, elt}, C12(t) is 0 except for its (1,2) and (2, 1)
entries which are eat sin bt and e-at sin bt respectively, C21(t)=-C2(t), and C22(t)=
diag {e-at cos bt, e at cos bt, e-t}.

We construct a Poincar6 map at the point So=Sp {el,’", e,} T(l)f’l (n). So
corresponds to the origin in the chart Y--> Sp [g] for (n), where Y S(n). Let W
denote this chart. The r-periodic solution eHt(So) is contained in this chart except for
those values of for which cos bt 0. The expression for eHt (So) in the local coordinates
of this chart is ’(t) where the n x n symmetric matrix I7"(t) is 0 except for its (1, 2)
and (2, 1) entries, which are -tan bt.

Let U denote the subset of W consisting of the subspaces of the form Sp [g]
where Yl2 Y21 --0. Then U is a codimension 1 submanifold of W which intersects the
periodic orbit transversally at So. Let $1 Sp [g] U. ent(S1) W iff C11(t)+C12(t)Y
is nonsingular, which is equivalent to cos2 bt-yllYE2 sinE bt being nonzero. If this is
the case, then

e’(S1)=SP
(C1()+ C(t)Y)(Cll(t)+Cl(t)Y)-I

Then eHt(S1)U if the (1,2) and (2,1) entries of (C21(t)+CE2(t)Y)
(C11(t)+ C12(t) y)-i are 0. This is equivalent to having cos bt sin bt(1 +YllY22) =0. It
follows that if =z, era(S1) U. Thus, the restriction of em to the submanifold U is
a Poincar6 map for the periodic orbit T(l) fq (n). Since C12(z) C21(z) 0, the
Poincar6 map is given in local coordinates by the map Y-> CE2(Z) YCll(z)-1, which is
a linear map. Here Y is a symmetric matrix with Yl2 "-Y21 0. It is easily verified that
the eigenvalues of this linear map (and hence of the derivative of the Poincar6 map
at So) are as given in the following result. Note that e-xl"= -e and e-xE"= -e

PROPOSITION 7. Let T( l) f’) (n) be a 1-dimensional invariant toms. Then (using
the above notation) the 1/2 n(n + 1)-1 eigenvalues of the derivative of the associated
Poincard map are {e-<X,+x)’: l <-_ i<-j<- n and (i,j) # (1, 2)}.

COROLLARY. Every 1-dimensional invariant torus for the ESRDE on (n) is a
hyperbolic periodic orbit.

Proof It follows from Proposition 7 and Assumption A2 that none of the 1/2 n(n /
1)- 1 eigenvalues of the derivative of the Poincar6 map are on the unit circle.

We can now obtain necessary and sufficient conditions for the ESRDE to be a
Morse-Smale vector field. Recall that H has 2p real eigenvalues and 4q nonreal
eigenvalues.

THEOREM 17. The ESRDE is a Morse-Smale vector field on .(n) iff q <-_ 1.

Proof If q -<_ 1, there can be no invariant tori of dimension greater than one. From
Theorem 12 and Propositions 5, 6, 7, it follows that the ESRDE is Morse-Smale. On
the other hand, if q >-_ 2, it follows from Theorem 12 that the nonwandering set of the
ESRDE contains at least one invariant torus ofdimension greater than one and therefore
cannot be Morse-Smale.

We now consider the structural stability of the ESRDE on (n). Every ESRDE
corresponds to an infinitesimal generator H sp (n, R). We will say that the ESRDE
determined by H is structurally stable within the class of ESRDE’s if there exists a
neighborhood N of H in sp (n, R) such that the vector field determined by H is
topologically equivalent to the vector field determined by every H N. By replacing
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"topologically equivalent" with "topologically equivalent on f," we obtain the
definition of the ESRDE determined by H being f-stable within the class of ESRDE’s.
To avoid any possible confusion, let us recall that except in these definitions, the
symbol "f" is used to denote the nonwandering set of the ESRDE on Gn(R2"). The
nonwandering set of. the ESRDE on (n) is therefore f f’) (n).

THEOREM 18. Suppose that Hsp(n;R) satisfies Assumption A2. If q<- l, the
associated ESRDE is a structurally stable vectorfield on (n). Otherwise, the associated
ESRDE is not f-stable within the class of ESRDE’s.

Proof. If q <- 1, then the associated ESRDE is Morse-Smale by Theorem 17. This
implies that it is structurally stable [30]. On the other hand, if q >= 2, then the nonwander-
ing set contains at least one invariant torus of dimension at least 2. Let
ibq be the nonreal eigenvalues of H in the first quadr,ant,, of the complex plane. Given
any neighborhood N of H in,sp (n, g), we can find H, H N such that the imaginary
parts of the eigenvalues of H (H) in the first quadrant are all commensurable (all
noncommensurable). Then every invariant torus of /-)() of dimension at least 2
contains periodic (almost periodic) orbits. Thus, the ESRDE’s associated with H and

are not topologically equivalent on f. Hence, the ESRDE associated with H cannot
be f-stable within the class of ESRDE’s.

Remark 4. If q 1, then by Theorems 17 and 18, the ESRDE is a Morse-Smale
vector field on (n) and is structurally stable. However, considered as a vector field
on G"(2"), the ESRDE is neither Morse-Smale nor structurally stable. The reason
for this is that f contains at least one 2-dimensional invariant torus, while f fl (n)
contains only invariant tori of dimensions less than or equal to 1. Note that by saying
that q 1 for the ESRDE, we mean that H has 2 pairs ofcomplex conjugate eigenvalues,
or a total of 4 nonreal eigenvalues. This is different from saying that q 1 for the
ERDE, which in 3 we took to mean that B has a single pair of complex conjugate
eigenvalues.

The Betti numbers of the Lagrange-Grassmann manifold (n) were determined
by A. Borel [4]. In the case where the coefficient field is Z2, the Poincar6 polynomial
of (n) was found to be (1 + t)(1 + 2) (1 + t"). As an application of Theorem 17,
we will obtain a new calculation of this result based on the phase portrait of the
ESRDE. We need the following lemma which gives a lower bound for the sum of the
mod 2 Betti numbers of the Lagrange-Grassmann manifold.

LEMMA 9. Yi b,((n), Z2)2n.
Proof By induction on n. Let n 1. (1)= G1(2), which is the projective line.

The projective line is homeomorphic to S1, for which the sum of the mod 2 Betti
numbers is 2. So the assertion holds for (1).

Suppose that the assertion holds for W(n-1). Let P be the 2n 2n matrix
diag {d,. , d2,} with d 1 for 1,. , n 1, n + 1, , 2n 1 and d, d2n -1.
P induces an isomorphism of G"(2,) onto itself by S -> P(S). Since P Sp (n, ), it
follows that P maps (n) onto itself. Let F {S G"(")" P(S) S}, the fixed point
set of the mapping P. Let V= Sp {e,..., e,_, e,+l,’", e2,,-} and let W=
Sp {e,, e2,}. V and W are the eigenspaees of P corresponding to the eigenvalues 1
and -1 respectively. Since F is the set of all n-dimensional invariant subspaces of P,
it follows that F is the disjoint union {S1@$2" SIG"(V),S2G(W)}LA
{SI()S2 SI. Gn-I(v), S2GI(W)}I I{SI@S2 SIGn-2(V),S2GG2(W)}, where
G(V) and G(W) denote the Grassmann manifolds of all j-dimensional subspaces
of V and W respectively,

Let S F. Write S S10)$2 with $1 =V, $2 W. Since PJ JP, we have J(S)=
J(S)O)J(S) with J(S)= V, J(S) W. Since V+/-W, J(S)+/-S iff J(S)+/-S and
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J(S2)+/-S2. A necessary condition for J(Sl).t.Sl and J(S2)+/-S2 is that dim Sl-<1/2dim V
and dim $2 -< 1/2dim W. Thus, if S F fq (n), then dim S f’) V n 1 and dim S fq W 1.
So F t’) (n) {$1 $2:$1 s G"-I(V), $2 s GI(W), J(S1)+/-S1, J($2)+/-$2}, which shows
that F fq (n) is isomorphic to (n 1) (1). Applying the induction hypothesis,
we conclude that the sum of the mod 2 Betti numbers for F f)(n) is at least 2"-1.
2 2". Applying Floyd’s theorem (see 3.3) to the period 2 mapping P: (n)- (n),
we conclude that the sum of the mod 2 Betti numbers for (n) is at least 2", completing
the proof.

THEOREM 19. The Poincard polynomialfor ..(n) using Z2 as the coefficient field is

Pz((n); t)= (1 + t)(1 + t2) (1 + t").

Proof Choose H to have distinct real eigenvalues. (Since H sp (n, R), this implies
that 0 is not an eigenvalue.) Then the ESRDE has 2" equilibrium points and no other
invariant tori. Also, dim Ej 1 for allL r n, and dim M j for allj. Let (11,. , 12,)
be such that/j 0 or 1 and/ +/2,_.+1 1,j= 1,..., n. By Theorem 16, dim WS(T(l))f’l

2n j--1.T(n)={n-d +j=l/(J- 1-Y-i=1/,)}, where d =lJ=l/" Let J1 <j2<’’ "<j. denote
the elements of {j:/ 1}. Using the fact that v=- li u-1, we obtain

dim w(r(l))Cl(n)=- n-d+ (L-’)

It is easy to see that the condition lj +/2,-j+1 1 implies that

d

v=l v=d+l
(2n + 1 -j) j n(n + 1).

j=l

Using this equation to substitute for ya= j, and simplifying gives

dim WS(T(l))fq(n) (j-n),
v=d+l

which is the sum of an (n- d)-element subset of {1, 2,. ., n}. Letting take on each
of its 2" possible values, dim WS(T(l)) 71 (n) takes on the values of the sums of each
of the 2" subsets of {1,2,..., n}. Since dim WS(T(l))fq(n) is the index of the
equilibrium point T(l)f’)(n), this implies that the Morse series for the vector field
corresponding to H has factored form

Mn(t) (1 + t)(1 +/2) (1 + t").

By Theorem 17, the ESRDE which corresponds to H is Morse-Smale. Let ms
denote the coefficient of in the polynomial MH(t). Then the Morse-Smale inequalities
give ms >= bs(.(n), Z2). To show that this is actually an equality for each s, it suffices
to show that Ys ms =Ys bs(.(n), Z2). Since s ms =2", this follows immediately from
Lemma 9. Thus, ms bs(,.(n), Z2) for all s, which is equivalent to the conclusion that
the Poincar6 polynomial for (n) using Z2 as coefficients is (l+t)
(l+t2) (l+t"). l’]

We have seen that the ESRDE is not generally Morse-Smale, due to the existence
of invariant tori of dimension greater than one in the nonwandering set. However, we
can still define a Morse series MH(t) for the ESRDE corresponding to the generator
H. For each invariant torus T(l) fq (n), define the index of T(l) tq (n) to be
Ind T(l) f3 (n )) dim W T(l)) tq (n dim T(l) f’) (n ). Then define the Morse
series to be

mn(t) =Y (1 + t)dim T(l)N(n)tlnd(T(l)lq(n)),
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where the sum is over all (I, , 12r such that li + 12r-i+ dim E, 1, , r.
The following result shows that the ESRDE satisfies Morse-type equalities provided
that Z2 is used as the coefficient field.

THEOREM 20. Suppose that H sp (n, ) satisfies Assumption A2. Then

MH(t) Pz((n); t).

Proof. Let { V}=" denote the standard symplectic flag for R2, described at the
beginning of 4B. Corresponding to this complete flag is a cell decomposition of (n)
into the union of 2" cells. The cells are given by U(a)f3 (n) where a (a, , a2,)
is such that a + a,_+ 1, 1,. , n and U(a) {S Gn(2n): dim S fq V = ai,

j= 1,... ,2n}. By Lemma 7, dim U(a)fq(n)=1/2{n-d +"_= a(j-= a,)}, where
d ==1 a. This formula can be simplified by letting jl<j2<"" "<j, denote the
elements of {j: a 1}. By the same manipulations used in the proof of Theorem 19
(but with a in place of/), we obtain

dimU(a)fq&(n)= (j- n).
v=d+l

It follows that

E tdim cell== (1 + t)(1 + t2) (1 + t"),
all

cells

which is equal to Pz((n); t).
By Lemma 5, there is no loss of generality in assuming that the complete flag

{V}2" refines the stable flag {Mi} which corresponds to H. Then by Theorem 13,
each stable manifold WS(T(1))C1 (n) is a disjoint union of some of the 2" cells
corresponding to the complete flag { V}21
(n) is the union of 2k cells, and (k) of these cells have dimension equal to
dim W (T(l)) fq (n) k + v Ind (T(I) f3 (n)) + ,, v 0,. ., k. The Binomial
Theorem then implies that

(1 + t)ktInd(T(l)fq*(n))-- E tdim cell"
all cells in

WS T( l))Cl.(

If we sum over all the invariant tori T(l) VI (n), the left-hand side gives Mu (t) while
the right-hand side gives Pz(&t(n); t).

5. Phase portrait of the sympleetie Rieeati differential equation. In this section, we
determine the phase portrait for the SRDE, i.e. for the differential equation

Ii -Q- A’K KA+ KLK
on the vector space S(n) of real symmetric n n matrices. As was described in 2,
there is a natural embedding of S(n) in the Lagrange-Grassmann manifold (n) given
by b" S(n) (n), where b(K) Sp [K]. The image of b is the open and dense subset
o(n) of (n) consisting of those n-dimensional Lagrangian subspaces which are
complementary to Sp {e,/,..., e2,}. Let K(t, Ko) denote the solution of the SRDE
with initial condition Ko. The solution $(t, b(Ko)) of the ESRDE on (n) with initial
condition b(Ko) is given by S(t, k(Ko))=ent(ck(Ko)) where H=[_Ao -_,,]. The sol-
utions K(t, Ko) and S(t, b(Ko)) are related by the equation

(.) b(K(t, Ko)) S(t, b(Ko))

which holds whenever K (t, Ko) exists. Equivalently, the equation holds for the largest
time-interval containing 0 for which S(t, &(Ko)) remains in the subset o(n).
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It is important to note that the phase portrait of the SRDE is by no means the
same as the phase portrait of the ESRDE, and by themselves the results in 4 do not
characterize the phase portrait of the SRDE. Firstly, the nonwandering set 1) (n)
of the ESRDE may intersect (n)-o(n). Thus, there may be equilibria, periodic
solutions, and almost periodic solutions which are contained in (n)-o(n) and
hence correspond to no solutions in the phase portrait of the SRDE. Also, there may
be points in the nonwandering set of the ESRDE which are contained in o(n) but
which generate periodic or almost periodic solutions which intersect (n)- ?o(n).
The corresponding points in S(n) are not nonwandering points since they generate
solutions which escape in finite time. Thus, the first obstacle to recovering the phase
portrait of the SRDE from that of the ESRDE is the possibility that fl f’) (n) intersects
(n)-o(n).

The second obstacle is that even if f/f’)(n) is completely contained in o(n),
there may be solutions of the ESRDE which cross the hypersurface (n)-o(n) in
the process of converging to invariant tori in 1/f’)(n). The corresponding solutions
of the SRDE do not converge to the corresponding invariant tori for the SRDE. Rather,
the solutions escape in finite time.

It is clear that the phase portrait of the SRDE can be recovered from that of the
ESRDE provided we can determine which nonwandering points of the ESRDE belong
to o(n) and provided we can identify which solutions of the SRDE escape in either
finite forward or backward time. This will be done in the next two subsections. It is
interesting to note that it is at this final stage that system-theoretic concepts play a key
role in the solution of the mathematical problem. The results for the ESRDE place no
individual restrictions on L and Q other than the requirement that they be symmetric.
In particular, they apply even when the SRDE is a linear Lyapunov differential equation
(L-0) or when the SRDE corresponds to a zero-sum differential game (L indefinite).
However, when we seek to recover the phase portrait of the SRDE from that of the
ESRDE it becomes important that the SRDE correspond to a control (or filtering)
problem (L nonnegative definite) and not to a differential game. Controllability of the
associated linear system also becomes important. No assumption on Q is required in
order to obtain the phase portrait of the SRDE. Thus, the characterization we obtain
is applicable to Riccati equations which correspond to control problems with conflicting
objectives (Q indefinite). However, if we wish to obtain results concerning the
asymptotic signature of solutions, then it becomes important that Q be nonnegative
definite and that the associated linear system be observable.

5.1. Nonwandering set. By Theorem 12, the nonwandering set ofthe corresponding
ESRDE is a union of invariant tori. Furthermore, there are exactly ()2p+q-k tori of
dimension k, k 0,..., q. In particular, there are 2p+q equilibrium points. However,
it is by no means clear that this is the nonwandering set of the SRDE. The problem
is that some or all of the points of a given invariant torus (for the ESRDE) may belong
to (n)-&o(n) and therefore not correspond to any points in the space S(n) of
symmetric matrices. For example, it is easy to construct a matrix H which satisfies
Assumption A2 but for which L 0. Then the corresponding SRDE is

g=-Q-A’K-KA

which is a linear matrix equation. We can arrange to have all the eigenvalues of A
belong to the open left half plane. It follows immediately that the SRDE has a unique
equilibrium point. Since the corresponding ESRDE has 2p+q equilibrium points, it
follows that 2p+q- 1 of these must belong to (n)-&o(n). We see that Theorem 12
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cannot tell the whole story of the nonwandering set for the SRDE since it evidently
fails to distinguish between linear and quadratic matrix differential equations. To say
this another way, the extension ofthe Riccati equation from S(n) to the compactification
(n) blurs the distinction between linear and quadratic equations.

The main result of this subsection is that Theorem 12 does describe the nonwander-
ing set of the SRDE provided that a controllability condition is satisfied. Recall that
the pair (A, B) is controllable if the matrix [B, AB,..., A"-IB] has full rank. It was
proven independently by Shayman [41], [35] and by Lancaster and Rodman [23] that
if L= BB’ with (A, B) controllable, then every n-dimensional Lagrangian H-invariant
subspace is complementary to Sp {en+l, eEn}.

Thus, every equilibrium point for the ESRDE actually belongs to the subset o(n)
and hence corresponds to an equilibrium point for the SRDE on $(n). This result was
generalized by Shayman [37]. It was proved that if L= BB’ with (A, B) controllable
and if H has no eigenvalues on the imaginary axis, then for any T> 0, every n-
dimensional Lagrangian e/T-invariant subspace is complementary to
Sp {e,+, ., e2n}. Hence, every periodic orbit for the ESRDE belongs to o(n) and
therefore corresponds to a periodic orbit for the SRDE on S(n).

The following result generalizes the existing results to show that in the presence
of controllability, every nonwandering point for the ESRDE is contained in o(n)
and thus corresponds to a nonwandering point for the SRDE on S(n). Recall that
Lr(H) (L-(H)) denotes the invariant subspace associated with the eigenvalues of H
with negative .(positive) real part.

LEMMA 10. Suppose that L BB’, A, B) is controllable, and H has no eigenvalues
on the imaginary axis. Let S (n and suppose that S is of theform S Sr) S- where
S+

_
L+(H) and S-_ L-(H). Then So(n).
Proof. Since (A, B) is controllable and H has no imaginary axis eigenvalues, it

is well known (see e.g. [47]) that the SRDE has a unique equilibrium point Kr (K-)
which has the additional property that every eigenvalue of A-BB’Kr (A-BB’K-)
is in the open left (right) half-plane. Furthermore, the ditterence A Kr K- is positive
definite. It is also well-known (see e.g. [35]) that b(K+) Lr(H) and b(K-) L-(H).

Let k denote dim Sr. Then there exist n x k andn (n k) full rank matrices Dr,
D- such that

S+=SP K+D+ and

Since S (n), we must have J(S+)_t.S-, which implies that (D-)’AD+ 0. Now,

D D- ]S Sp K+D+ K-D-

so $ o(n) if and only if the n x n matrix [Dr D-] is nonsingular. Suppose there
exists y Rk and z R,-k such that [Dr D-][zy] 0. Then Dry -D-z. Premultiplying
both sides by z’(D-)’A gives 0 =-z’(D-)’AD-z. Since A> 0, this implies that D-z 0
and hence D+y =0 as well. Since Dr and D- each have full rank, y 0 and z =0.
Thus, [Dr D-] is nonsingular, which completes the proof. [3

COROLLARY. Suppose that H satisfies Assumption A2 and that L BB’ with A, B)
controllable. Then the nonwandering set of the ESRDE is contained in o(n).

The following theorem completely characterizes the nonwandering set of the
SRDE.
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THEOREM 21. Suppose that H satisfies Assumption A2 and that L BB’ with A, B)
a controllable pair. Then

(a) The nonwandering set of the SRDE on S(n) is a union of invariant tori. There
are exactly ()2p+q-k tori of dimension k, k 0,..., q.

(b) Each invariant torus is given by dp-l(T(l)f’l(n)), where l=(ll,’" ,lEt) is
such that li +/2r-i+l dim Ei, 1,. , r, and T( I) f’) (n is as described by Proposition
4.

(c) Ifdp-( T( l) fq (n)) is a O-dimensional invariant torus, then it is an equilibrium
point.

(d) If qb-l(T(l)fq(n)) is a k-dimensional invariant torus with k>0, and if the
associated imaginary parts {toj , 1,. ., k} are commensurable, then each K
k-(T(l)fq(n)) generates a periodic motion with period equal to the least common
multiple of {Tr/tojv ,= 1,’.., k}. Otherwise, each K dp-l( T(l) f’) (n)) generates an
almost periodic motion, which is dense in dp-l(T(l)fq(n)) iff no pair of the to; are
commensurable. In all cases, if K, K2 dp-( T(l) f’l (n)) with K(t, K2)-> K(t, K) as

--> o or --> -o, then K1 K2.
Proof. It follows from (.) and Lemma 10 that b is a real-analytic isomorphism

of the nonwandering set of the SRDE onto the nonwandering set of the ESRDE. Since
the restriction of b -1 to the nonwandering set of the ESRDE (which is compact) is
uniformly continuous, it follows from AP 5 (see Appendix B) that b -1 takes almost
periodic motions to almost periodic motions. All of the other assertions follow from
the corresponding results for the ESRDE (Theorem 12).

Remark 5. It is proven in [35] that if H has no imaginary axis eigenvalues, then
at least 2p+q-1 of the equilibrium points of the ESRDE are contained in (n)-o(n).
Since they do not belong to the image of b, these equilibrium points do not correspond
to equilibrium points of the SRDE on S(n). Thus, controllability is necessary as well
as sufficient for b to be an isomorphism of the nonwandering set of the SRDE onto
the nonwandering set of the ESRDE.

If C is a p n matrix, the pair (C, A) is said to be observable if the pair (A’, C’)
is controllable. The following result describes the signatures of the points on the
invariant tori for the SRDE.

THEOREM 22. Suppose that H satisfies Assumption A2 and that L BB’, Q- C’C
with (A, B) controllable and (C, A) observable. Then if K dp-l(T(l)fq(n)), then K
is nonsingular and has exactly =1 l positive eigenvalues.

Proof It is well known (see e.g. [48]) that if L-BB’, Q= C’C with (A, B)
controllable and (C, A) observable, then K/> 0 and K-< 0. Let k i=l l. From the
proof of Lemma 10, there exist n xk and n (n-k) full rank matrices D+, D- with
(D-)’AD+ 0 such that

Sp
K

=Sp K+D+ K-D-

Thus, K [K+D+ K’-D-][D+ D-]-. Let M Sp D+. Then A-I(M+/-) Sp D-. Since
[D+ D-] is nonsingular, M and A-I(M+/-) are complementary subspaces in R". It is
easy to verify that if x M, then x’Kx= x’K+x, while if xA-(M+/-), then x’Kx=
x’K-x. The assertions of the theorem follow immediately from this together with the
fact that K+ > 0 and K- < 0. [3

Using Proposition 4, it is easy to actually compute the invariant tori for the SRDE
on S(n). The first step is to determine the primary components E,..., EEr of H.
Choose (11, , lEr) such that l +/2-+ dim Ei, 1, , r. Next, construct the
elements ST(1) f)(n) by forming the direct sums S=S1)...0)S
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([J(Sr)] +/- Er+l)@)" .([J(S1)]+/- E2r where Si is any /i-dimensional subspace of
Ei, i= 1,..., r. Given any S T(1)f)(n), choose any basis for $ and let [xy] be the
2n xn matrix whose columns are this basis. (X and Y are each n xn.) Since S o(n)
by Lemma 10, X is automatically nonsingular. Then b-l(S) is the symmetric matrix
YX-1. By this method, we can construct each invariant torus b-l(T(l)f’l (n)). This
procedure is illustrated in detail in 5.4. In the special case where T(1)f’l (n) is
0-dimensional, this procedure is the well-known eigenvector method for constructing
the equilibrium points of the SRDE [24], [31], [25].

5.2. Stable and unstable manifolds. In this subsection, we describe the stable and
unstable manifolds for the SRDE on S(n). The following lemma is an easy consequence
of the results in [7] and [26]. Let K/ and K- denote the unique stabilizing and
destabilizing equilibrium points as referred to in the proof of Lemma 10.

LEMMA 11. Suppose that L BB’ with A, B) controllable and H has no eigenvalues
on the imaginary axis. Then K(t, Ko) has no finite escape time in forward time if and
only if Ko <= K/, and has no finite escape time in backward time if and only if Ko >= K-.

Suppose that H satisfies. A2 and that L= BB’ with (A, B) controllable. Let
F/ {K S(n)" K+>= K} and let F_= {K S(n)" K >= K-}. Thus, K(t, Ko) has a finite
escape time in forward (backward) time iff Ko F/ (Ko F_). By Theorem 21, the
nonwandering set ofthe SRDE is a union oftori, with one torus for each (l, , 12r)
which satisfies li +/2-i+ dim Ei, 1,. , r. For each such l, let R (l) (R (l)) denote
the stable (unstable) manifold of the invariant torus qb-l(T(1)O(n)). In other
words, Rs(I)= {Ko S(n): K(t, Ko)--> b-(T(l)(n)) as t-->oo} and Ru(I)= {Ko
S(n)" K(t, Ko)-->qb-(T(1)fq(n)) as t-->-o}. By (,), it follows immediately that
R(I) k-I( W*( T(1)) (n)) F+ and that RU(l) dp-l( WU( T(l)) ,(n)) f"l F_.

As in 4, we let f denote the nonwandering set of the ESRDE regarded as a
differential equation on G" (R2"). Then f f’) (n) is the nonwander,,ing set ofthe ESRDE
on (n). We recall from 4.2 the definition of the projections II/ "(n)-> f f’)(n)
and II_" (n)--> f f’)(n). Let r/j denote the projection onto the subspace Ej along

Oi=l,i#jthe subspace 2 Ei,j 1 2r. Then II+(S) 71(S M)@. .@ r/2(S M_),
and II_(S)= (S N2r)’’ "@ r/2r(S (q N). We can now prove the following result
which describes the asymptotic behavior of every solution of the SRDE.

THEOREM 23. Suppose that H satisfies Assumption A2 and that L BB’ with (A, B)
a controllable pair. Let Ko S(n) and let/i dim b(Ko) Mi-dim b(Ko)fq Mi_, i=
1,. ,2r, and let l’i dim b(Ko) f’) N2_i+ -dim b(Ko) fq N2-i, 1,. , 2r. Let
l ., 12) and let l’ l ., l). Then

(a) If Ko#- F+, then K (t, Ko) has a finite escape time in forward time.
(b) IfKo F+, then Ko R(I). Furthermore, K(t, Ko)--> K(t, b-l(I*I+(b(Ko)))) as

(c) If Ko: F_, then K(t, Ko) has a finite escape time in backward time.
(d) If Ko F_, then Ko R"(I’). Furthermore, K(t, Ko) K(t, 6-(1"I_(6(Ko))))

as t-->-oo.

Proof. (a) and (c) follow immediately from Lemma 11. (b) From the definition
of I, we have dim b(Ko) Yi= li, j 1,..., 2r. By Theorem 2, this implies that
ck(Ko) W’(T(l))fq(n), so KoR’(1). Let S=II+(ck(Ko))T(l)f’)(n). Then
ck(Ko) W(S)fqo(n), so p(S(t, b(Ko)), S(t, S))->O as t--> oo. (Recall that p denotes
the gap metric.) Since -’o(n) is an open subset of the metric space (n) and T(1)
(n) c o(n), there exists an open set U such that T(l) fq .(n) U U c o(n).
Since S(t,S) T(1)fq(n), it follows that S(t, ck(Ko)) U for sufficiently large t.
Since the restriction of b-1 to the compact set 0 is uniformly continuous, the fact
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that p(S(t, ck(Ko)), S(t,S,))->O as t->oo implies that
4,-’(s(t,s,))ll-o as t-->. Thus, IIK(t, Ko)-K(t, -’(fi+((Ko))))ll-0 as
which proves (b). The proof of (d) is analogous to the proof of (b). E!

We recall from 4.1 that the total number of invariant tori for the ESRDE on
(n) and hence for the SRDE on S(n) is II= (1 + dim Ej) 2P.3 q. Theorem 23 describes
2 partitions of S(n) determined by the phase portrait of the SRDE. The first partition
consists of the stable manifolds {RS(/)} together with the region S(n)-F+ of points
which generate motions which escape in finite forward time. The second partition
consists of the unstable manifolds {RU(/)} together with the region S(n)-F_ of points
which generate motions which escape in finite backward time. Each partition contains
14- 2p3q sets.

Theorem 23 describes the asymptotic behavior of every solution of the SRDE. If
K (t, Ko) converges to an invariant torus as -> oo (or as --> -oo), the theorem specifies
not only which torus b-l(T(l)f3 (n)) it converges to, but also which motion on the
torus K(t, Ko) approaches.

An interesting implication of Theorem 23 is that no trajectories of the SRDE
approach infinity asymptotically. A trajectory either reaches infinity in finite time or
converges to an invariant toms. This behavior is very. different from that of a linear
matrix differential equation. In the linear case, there can be solutions which grow
exponentially and hence approach infinity in the limit as t--> oo. It is the assumption
of controllability which prohibits this behavior for the SRDE. The convergence of
solutions when (A, B) is stabilizable (rather than controllable) is considered in [8].

A classical result in the theory of the Riccati equation is that K (t, Ko)-> K- as
t-oo iff Ko<K+, and K(t, Ko)-> K+ as t->-oo iff Ko> K-. (See e.g. [47].) It is easy
to show how these results follow from Theorem 23. We noted earlier that oh(K-) is
the sum of the primary components of H which correspond to its right half-plane
eigenvalues. In other words, b(K-)= Er+" "(EEr. Thus, the equilibrium point
4(K-) of the ESRDE is the invariant torus T(l) f3 (n) for (11," ", lEt) with l, =0,

1,. , r, and l dim E, r+ 1,. ., 2r. By Theorem 23

Rs(I)={KoeF+: dim 4(Ko)N M E l,j=l,... ,2r}.
i=1

For the given l, the condition that

dim b(Ko)f3M= ’. l,
i=1

j= 1,. ,2r

is equivalent to the condition that (Ko)Mr=0. Since (K+) is the sum of the
primary components of H which correspond to its left half-plane eigenvalues, we have
Mr E0)...0)Er (K+). Since P(Ko)f’l (K+)=0 iff K+-Ko is nonsingular, we
have RS(l)={KoeS(n): K+>-Ko and det(K+-Ko)#O}={KoS(n): Ko<K+}. By
an analogous argument, it follows from Theorem 23 that the unstable manifold of K+

is {Ko S(n): Ko> K-}.
The following result describes the asymptotic signature of every solution of the

SRDE which does not have a finite escape time. It follows immediately from Theorem
22 together with the fact that the set of nonsingular symmetric matrices of a given
signature is open in S(n).

THEOREM 24. Suppose that H satisfies Assumption A2 and that L BB’, Q C’C
with (A, B) controllable and C, A) observable. IfKo R(l) R"( l)), thenfor sujficiently
large positive (negative) t, K t, Ko) is nonsingular and has exactly =1 l positive
eigenvalues.
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5.3. Generieity. Theorems 21 and 23 give a complete description of the phase
portrait of the Riccati equation

(**) g -Q- A’K KA+ KBB’K
provided that Assumption A2 is satisfied and (A, B) is controllable. If we fix m and
consider those Riccati equations for which B is n x m, we can specify each such
equation by a triple (A, B, Q)R"" R"" xS(n). It is clear that an open and dense
subset of triples satisfy the controllability condition and conditions (1) and (2) of A2.
However, the set of triples (A, B, Q) which violate condition (3) of A2 has nonempty
interior in "" x"m S(n). To see this, note that since H sp (n, ), its spectrum

Ao -o-iis symmetrical with respect to both coordinate axes. Hence, if [-Oo -A has an
imaginary axis eigenvalue with multiplicity one (or more generally, with any odd
multiplicity) the same is true for [_Ao -_f’] provided (A, B, Q) is sufficiently close to
(Ao, Bo, Qo). This is easily illustrated by the case where n m 1. Let H [_q Z].
It is straightforward to check that H has imaginary axis eigenvalues itI a2+ bEq <=0.
This inequality defines a region with nonempty interior in x R x.

The preceding analysis shows that although Theorems 21 and 23 apply to a very
large class of Riccati equations of the form (**), they do not apply to an open and
dense subset.

However, the Riccati equation which arises in optimal control and filtering prob-
lems is more specialized than (**). It is of the form

(***) / -C’C A’K KA+ KBB’K.

If we fix m and p and consider those Riccati equations for which B is n m and C
is p n, we can specify each such equation by a triple (A, B, C)e xmx.
As before, it is clear that an open and dense subset of triples (A, B, C) satisfy the
controllability condition and conditions (1) and (2) ofAssumption A2. Wonham proved
[49] that stabilizability of (A, B) and detectability of (C, A) imply the existence of a
stabilizing solution to the algebraic Riccati equation. It is well known [21] that the
existence of a stabilizing solution implies that H has no imaginary axis eigenvalues.
Since stabilizability and detectability are generic properties, we conclude that the set
of triples (A, B, C) which satisfy condition (3) of Assumption A2 contains a subset
which is open and dense. Thus, we obtain

PROPOSITION 8. The subset of ffnxnxnxmxffpxn consisting of those triples
(A, B, C) for which (A, B) is controllable and Assumption A2 holds contains a subset
which is open and dense in "" xmxp".

Thus, Theorems 21 and 23 give a complete description of the phase portrait for
an open and dense subset of the Riccati equations of the form (***).

The following result is an interesting consequence of Proposition 8.
PROPOSITION 9. Let H sp (n,R) with H =[_ao _-,,]. If L and Q are nonnegative

definite, then every imaginary axis eigenvalue ofH has even multiplicity.
Proof. Suppose H has an i.rnaginary axis eigenvalue of odd multiplicity. Then the

same is true for every matrix H in some neighborhood of H in sp (n, ). If L and 0
are nonnegative definite, we can express L and Q as. L= BB’, Q C’C for some B
and C. By Proposition 8, arbi.trarily small perturbations in A, B, and C can be chosen
so that the resulting matrix H sp (n, ) has no imaginary axis eigenvalues, a contra-
diction.

5.4. Example. In this subsection, we illustrate how our results are applied to a
concrete example. Consider the SRDE

f( -Q- A’K KA+ KLK
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where

-426 26 -6 -16 28 -8 4
1 -70 -30 -16 L=I -8 28 4

A=-18 2 -153 80 4 34[2424 24-45

0
0

0

18

-56 22 -110 60

1 22 -168 -68 -4

’= -110 -68 -704 420

L 60 -4 420-292

By direct calculation, the eigenvalues of H are determined to be -2 + 2i, -1 + 4i, 1 + 4i,
2 + 2i. Thus, Assumption A2 is satisfied. Furthermore, it is easily verified that L> 0. If
we set B L1/2, then BB’= L and (A, B) is trivially controllable since B is nonsingular.

Since p =0 and q 2, we conclude from Theorem 21(a) that the nonwandering
set consists of 4 0-dimensional invariant tori, 4 1-dimensional invariant tori, and 1
2-dimensional invariant torus. The 0-dimensional invariant tori are equilibrium points,
and they correspond to (2, 2, 0, 0), (2, 0, 2, 0), (0, 2, 0, 2), and (0, 0, 2, 2).
The 1-dimensional invariant tori are isolated periodic orbits, and they correspond to
/=(2, 1, 1, 0),/= (1, 2, 0, 1),/=(1, 0,2, 1), and/=(0, 1, 1,2). By Theorem 21(d), they
have periods r/4, r/2, r/2 and r/4 respectively. The 2-dimensional invariant torus
corresponds to (1, 1, 1, 1). Since the imaginary parts {4, 2} are commensurable, it
follows from Theorem 21(d) that every motion on this torus is periodic with period
7r/2. Thus, the Riccati equation has uncountably many periodic orbits.

Using the procedure described in Lemma 5, we can find a symplectic matrix P
such that

-2
-2
0

0
pHp- 0

0
0

0

2 0 0

-2 0 0

0 -1 4
0 -4 -1

0 0 0
0 0 0

0 0 0

0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

2 2 0 0

-2 2 0 0

0 0 1 4

0 0 -4 1

One such P is given by

-4

2
-4
0

1

-2
1

-2
0

3
-6

-6
0

2
-4
-4
0

-10

-10

5
-6

-8

-8
4

-6

4

4

-2
9

4

4

-2
6

-2 1 -2 0

1 -2 -2 0

-2 -2 1 0

0 0 0 3

-2

1

-2
0

1

-2
-2
0

-2
-2

1

0
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which has as its inverse the matrix

-2 1 -2
1 -2 -2

-2 -2 1

0 0

0
0

0
0 3

2 -1 2 0

-1 2 2 0

2 2 -1 0

0 0 0 -3

2 -1 2 0

-2 4 4 0

8 8 -4 6

-4 -4 2 -6

-4 2 -4 0

3 -6 -6 0

-10 -10 5 -6

4 4 -2 9

From p-1 it follows that the primary components of H are

Sp

-2 1
1 -2

-2 -2
0 0

2 -1

-2 4

8 8

-4 -4

Sp

"-2 0
-2 0

1 0

0 3
2 0

4 0

-4 6

2 -6

Sp

2 0
2 0

-1 0

0 -3
-4 0

-6 0
5 -6

-2 9.

Sp

2
-1
2
0

-4

3
-10

4

-1
2
2
0

2
-6

-10

4

E E2 E3 E4
We have K+ b-l( T((2, 2, 0, 0)) f’l 0(4)) b-(E03 E2). Using the bases for E

and E2 given above, we can write El0)E2 as Sp [] with X and Y each 4 4. By
Lemma 10, E@ E2 is complementary to Sp { es, e6, eT, es}, so X is nonsingular. Using
the formula K/= YX-, we obtain

-1 0 0 0

K/
0 -2 0 0

0 0 -4 2
0 0 2 -2

We have K- 4)-1( T((0, 0,2,2)) f’) (4)) b-l(E30) E4). Let K1 b-l( T((2, 0,2, 0)) 71
(4))=b-(E0)E), and K2=b-(T(0,2,0,2)tq(4))=b-(E20)E,). Using the
same method as was used to compute K/, we obtain

K1

-13 -4

1

-i
-22

0

-2 0 0 0

K-=
0 -3 0 0

0 0 -5
O 0 2

2 -14

2
K2 1-37 18

018 -27

4

-23
-2
0

-2
-2
-44
18

0
0

18
-18
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Next, we consider the 2-dimensional invariant torus, -I(T((1, 1, 1, 1)) (4)).
By Proposition 4, T((1, 1, 1, 1)) .(4) consists of those 4-dimensional subspaces of
Rs which are of the form SIS2([J(S2)]+/-"1E3)([J(Sl)]+/-I E4) where Sl and S2

are 1-dimensional subspaces of E1 and E2 respectively. These subspaces are precisely
those of the form

S(01, 02) Sp p-1

cos 01 0 0 0

-sin 01 0 0 0

0 cos 02 0 0

0 -sin 02 0 0

0 0 sin 01 0
0 0 cos 01 0
0 0 0 sin 02
0 0 0 COS 02

=Sp

-2 cos 01-sin 01 -2 COS 02
cos 01 + 2 sin 0 -2 COS 02

-2 cos 01 + 2 sin 01 cos 02
0 -3 sin 02

2 cos 01 + sin 01
2 cos 01 4 sin 01
8 cos 01- 8 sin 01
-4 cos 01 -I-4 sin 01

2 cos 02
4 cos 02

-4 cos 02 -6 sin 02
2 cos 02-- 6 sin 02

2 sin 01 cos 01
-sin 01 "" 2 cos 01
2 sin 01 "+" 2 cos 01

0

2 sin 02
2 sin 02
-sin 02
-3 cos 02

-4 sin 01 "" 2 cos 01
3 sin 01- 6 cos 01

-10 sin 01 10 cos 01
4 sin 01 + 4 cos 01

-4 sin 02
-6 sin 02

5 sin 02--6 COS 02
-2 sin 02"- 9 cos 02

Let X(01, 02) and Y(01, 02) denote the upper and lower submatrices respectively in
the indicated basis matrix for S(01, 02). By Lemma 10, S(O1, 02) is complementary to
Sp (e, e6, e7, es}, so X(O, 02) is nonsingular for all 01, 02. Since b-l(s(0, 02))=
Y(01, 02)X(01, 02)-1, the 2-dimensional invariant torus for the SRDE is given by
{ Y(01, 02)X(01, 02)-1: 0-<_ 01, 02 < r}.

Next, we consider the 1-dimensional invariant tori. We could use Proposition 4
to describe each of the 4 1-dimensional invariant tori in a manner analogous to the
description of the 2-dimensional invariant torus given above. Each torus would be
described in the form {Y(O)X(O)-I: 0_-< 0< r} where X(O) and Y(O) are each 4 x4
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matrix functions of O, and X(0) is invertible for every 0. However, there is an alternate
method for computing the 1-dimensional invariant tori which has the advantage of
not requiring the inversion of a matrix function of 0. The procedure is described in
our paper [37].

In [37], the procedure is used to compute every periodic orbit under the additional
assumption that if Aj and Ak are eigenvalues of H such that Re Aj > 0, Im A >0,
Re Ak > 0, Im Ak > 0, then Im A and Im ’k are noncommensurable. This assumption
implies that the motion on every invariant torus of dimension greater than 1 is almost
periodic. Consequently, the only periodic orbits are the 1-dimensional invariant tori.
Without the additional assumption, the procedure can still be used to compute every
1-dimensional invariant torus. However, it cannot be used to compute periodic orbits
which lie on invariant tori of dimension greater than 1.

The general idea is that each 1-dimensional invariant torus is bounded by a pair
of equilibrium points, and these equilibrium points can be used to determine the torus
in a computationally attractive way. To use this method, we find those pairs of
equilibrium points K, Ks satisfying K -< Ks, dim ker (Ks K) n -2, and such
that there are no other equilibrium points K which satisfy K-<_ K-<_ Ks. There are
q2p+q-1 such pairs K, Ks. Given one such pair, we find an orthogonal matrix Z such
that Z’(K,-K)Z=diag{y, 8,0,...,0} with 0<8<_- y. Let

x(o) [1/2 +1/2v cos 0

1/24- sin 0

and let )(0) be the n x n matrix which has X(0) as its upper left-hand 2 x 2 submatrix
and has zeros for all its remaining entries. Then the unique 1-dimensional invariant
torus {K (0)" 0-<_ 0 < 2r} satisfying K _-< K (0) _-< Ks for all 0 is given by K(0)

+ ZYC( O)Z’.
It is easily checked that the pairs (K1, K/), (K2, K+), (K-, K1) and (K-, K2)

each satisfy the 3 conditions on the pair (K, Ks) described above. Thus, the 4
1-dimensional invariant tori can be computed from these 4 pairs of equilibria. We will
use this procedure to compute the 1-dimensional invariant torus -1(T(2, 1, 1, 0)CI
(4)). It follows from the analysis in [37] that this periodic orbit is bounded by the
equilibrium points -1( T((2, 0, 2, 0)) fq (4)) and b-l( T((2, 2, 0, 0)) f) 5(4)), i.e. by
K and K+. Thus, it is this pair of equilibrium points which is used to compute
-1(T((2, 1, 1, 0)) f3 (4)). We obtain

-22 4 cos 0

1 !-4-4cos0

K(0)=-// 2+2 cos0

L 6sin 0

-4-4 cos 0 2 + 2 cos 0 6 sin 0

-40-4cos0 2+2cos0 6sin0

2 / 2 cos 0 -73 -cos 0 36- 3 sin 0

6sin0 36-3sin0 -45+9cos0

The 3 other 1-dimensional invariant tori can be computed in a similar way.
Next, we illustrate the convergence results. Let Ko be the matrix

-2 0 0 0

0 -4

0 2

and suppose we want to determine the behavior of the solution K (t, Ko) as -.
Since Ko- K- is nonnegative definite, Ko F_. In other words, K (t, Ko) has no finite



PHASE PORTRAIT OF THE MATRIX RICCATI EQUATION 49

escape time as decreases from 0. Consequently, K (t, Ko) must approach one of the
9 invariant tori as t->-oo. To determine which torus the solution approaches, we use
the unstable flag N1 c N2 c N3 c N4, where N E4, N2 E30)E4, N3 E20)E30)E4,
and N4 E0)EE0)Ea()E4=R8. By straightforward linear algebra, one finds that
dim b(Ko) f’l N 0, dim O(Ko) CI N2 1, dim (h(Ko) f’) N3 2, and dim b(Ko) N4
4. Applying Theorem 23(d), we conclude that Ko belongs to the unstable manifold of
b-l(T((2, 1, 1, 0))C1(4)), which is the 1-dimensional invariant torus described in
detail above.

At this point, we know that K(t, Ko) approaches the invariant torus
b-(T((2, 1, 1, 0))fq(4)) as t-o. However, we can actually determine exactly
which motion on the torus it approaches. To do this, we first compute the subspaces
b(Ko) fq N1, b(Ko) fq N2, b(Ko) fq N3, b(Ko) fq N4, and then their images under the
projections 74, r/3, r/2, 7 respectively. From this, we obtain

I*I_( (Ko)) Sp

-4 -1 0

5 -1 0

2 -4 0

0 0 1

4 1 0

-10 2 0

-8 16 2
4 -8 -2

Let X and Y denote the upper and lower submatrices of the indicated matrix. Then

-l(fi_((Ko))--- yX"-’-1-
9

2
-1

0

-4
-6

5
-2

We see that this matrix is in fact K(O) for 0=0. By. Theorem 23(d), the solution
K(t, Ko) converges to the periodic solution K(t, b-l(II_(b(Ko)))) as t-.

6. Generalizations. In this section, we generalize the results in 3, 4, and 5 to
permit the infinitesimal generator (B or H) to have multiple eigenvalues. The results
extend naturally provided we assume that the generator is semisimple (diagonalizable).

6.1. Extended Riccati differential equation. In this subsection, we generalize the
results in 3 concerning the phase portrait of the ERDE on G"(Rn+"). In place of
Assumption A1, we assume only that the (n + m) x (n + m) matrix B is semisimple.

Let /x </x2<’’’ </xr denote the distinct real parts of the eigenvalues of B.
Redefine Ei to be the direct sum of the primary components of B corresponding to
all those eigenvalues of B with real part/zi, and let n denote the dimension of E. Let
l= (l,..., lr) and T(I) be defined as in 3.1 (but using the new definition of E).
T(l) is no longer a torus. Instead, T(1) is isomorphic to the product of Grassmann
manifolds GII(nl) x. X Glr(nr) which has dimension equal to ’.=1 li(n-l).

It is clear that T(l) is both positively and negatively invariant with respect to the
flow of the ERDE. The argument given to establish the almost periodicity assertion
in Theorem 1 is easily adapted to show that every motion on T(l) is at worst almost
periodic. It should be noted, however, that in contrast to the situation when Assumption

-13 -4 2 0

2 -37 1

0 18 -1
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A1 is in force, a given T(1) may contain equilibria, periodic motions of different
periods, and nonperiodic almost periodic motions. Thus, the generalization ofTheorem
1 is the following:

THEOREM 1’. T(1) is a product of Grassmann manifolds G,(R",) x... Gr(R
ofdimension Y.j= l nj l) which is both positively and negatively invariant. Every motion
on T(1) is almost periodic.

Let WS(T(l)), WU(T(l)), (MI, II/, II_, Ws(S1), Wu(S) be defined as in 3.1.
(Of course, the new definition of Ej must be used.) Trivial changes in the proof of
Theorem 2 show that it holds in the new setting with no change in wording. Furthermore,
S(t, So)-* S(t,.II/(So)) as t-* oo, and S(t, So)-* S(t, II_(So)) as t-*-oo. No changes are
required in either the statement or proof of Theorem 3.

To decompose the stable manifolds into cells, refine the stable flag {M, to a
complete flag

Mll(Z M12CZ "C Mlnl c M21(Z M22 tZZ .(Z M2n2 (Z .tZZ Mrl(Z Mr2CZ...C Mrn
where M,,- M. Let 1=(I,..., 1) be fixed. Let b=-{bs’j- 1,..., n; i- 1,...,
be such that bij-O or 1 and Ygl b0 1, i- 1,..., r. Let W(T(I), b)--
{S G"("+) dim St M,--Y.-o/4-Y.s= bo, Vi, k} where we define 1o=0 for
venience. Then W(T(I), b) is a subset of W(T(I)), and is a Schubert cell with respect
to the complete flag {M}. It is straightforward to show that

bo (nk lk) + (1 b,k)
i=1 k=0 k=l

where we define no 0 for convenience. It follows immediately from this formula that
W(T(l)) contains a unique cell of lowest dimension, and this dimension is equal to

i--1Yi=, l, Zk=O (nk-- lk).
Recall from 3.3 that b(M, K) denotes the ith Betti number of the manifold M

for the coefficient field K, and b(G"("+"), Z2) is equal to the number of partitions
of s into n parts of size less than or equal to m. From the formula above for
dim W(T(1), b) together with some combinatorial analysis, we obtain the following
generalization of Theorem 4. (The result for W(T(1)) is obtained in a completely
analogous manner.)

THEOREM 4’. W (T(I)) W (T(I))) is the disjoint union of (’ ";) cells.
The number of cells of dimension

li (nk--lk)q" P dimension lr-i+l (tlr-k+l--lr-k+l) q- 1;

i=1 k=0 i=1 k=0

’=0, 1,"" ", li(ni- li),
is equal to =

Z fi b,(G"("’), Z2),
(v,’",9) i=1

where the summation is over all (,,..., ,) satisfying ,+... + , , and 0 <- ,
li(ni-li), i= 1,..., r.

The generalization of Theorem 5 is as follows:
THEOREM 5’. Let S T(I). Then
(a) W(S) is analytically isomorphic to Euclidean space of dimension

i--1

li E (nk--lk).
i=1 k=0
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(b) W’(S1) is analytically isomorphic to Euclidean space of dimension
i--1

Ir--i+l ’. (nr-k+l--lr-k+l).
i=1 k=0

Proof. To prove (a), refine {M} by first inserting the subspace M_10)(S CI Ej)
between M_I and M, j 1,. ., r. Then refine the resulting flag to a complete flag in
any way. It follows from Theorem 3 and the proof of Theorem 4’ that Ws(S) coincides
with the unique lowest-dimensional cell in the decomposition of WS(T(1)) determined
by the complete flag. The assertion then follows immediately from Theorem 4’. (b) is
proved analogously. V1

It is no longer true that the ERDE has either an equilibrium point or a periodic
orbit whose stable (unstable) manifold is open and dense. Instead, there is an invariant
Grassmann manifold whose stable (unstable) manifold is open and dense. The proof
of Theorem 6 can be modified in an obvious way to obtain

THEOREM 6’. (a) Suppose that Yj--+2 n < n -< Y.=+I n, let k n -=+2 n, and
let/j=0 forj <- v,/+1 k,/= nforj >- v+2. Then T(1) is isomorphic to Gk(R"+) and
W (T(l)) is open and dense.

--1 ,--1

--j--1 nj, and let l njforj t,- 1,(b) Suppose that= nj < n < ’.j= nj, let k n
l= k, l=O forj >- ,+ 1. Then T(l) is isomorphic to Gk() and W(T(1)) is open and
dense.

Let l= (/1, , lr) be fixed. From Theorem 4’, W(T(l)) is the union of (7) (t";)
cells, with a unique highest dimensional cell which has dimension Y= l k=O (nk- lk)"
By an obvious generalization of the argument preceding Theorem 7, the other
(7)"" (:)-1 cells can be "thickened" to give (7)" (";) submanifold charts for
WS(T(I)) (relative to the standard charts for G"("+m)). Thus, W(T(1)) is an
embedded submanifold of G"(R"+") of dimension i=1 l k=O (nk--lk). H+ maps
W’(T(1)) onto T(l), and if S T(l), then by Theorem 5’, III(s1) is isomorphic to

i--1 nEuclidean space of dimension d ’.= l k=O (nk lk). Each of the )- (g) charts
W for W(T(l)) is the inverse image of a corresponding chart W for T(l)-
G(R") . x G(R). Furthermore, there exist real analytic isomorphisms y" W
ff/ Rd, such that p % II+l W, where p" xRd, I is the natural projection.
Hence, II+" W (T(l)) - T(I) is a locally trivial bundle with Ra, as fiber. The transition
functions are invertible polynomial mappings ofRa,. Thus, Theorem 7 generalizes to give

THEOREM 7’.
(a) WS(T(l)) is an embedded submanifold of G"(R"+’’) of dimension

E=x li Ek=O (nk- lk).
(b) l-I+ W(T(1))- T(l) is a locally trivial bundle with fiber Rd and polynomial

i--1
transition functions, where ds i= li E k=O (rig lk ).

(C) W(T(l)) is an embedded submanifold of G"(R+’’) of dimension

Ei=I /-i+1E’k=0 (nr-k+l lr-k+l).
(d) II_" WU(T(l))--> T(l) is a locally trivial bundle with fiber au and polynomial

,-1
-l-k+)transition functions, where d, Ei=l lr-i+ Ek=0 (n_k+

Lemma 1 is unaffected by the relaxation of the assumptions. Consequently,
Proposition 1 generalizes to give

PROPOSITION 1’. For any pair l=(l, l) and l’ =(/,..., l’), W(T(l)) and
W (T(I’)) intersect transversally.

In contrast to the situation when Assumption A1 is in force, it is no longer true
that every equilibrium point is hyperbolic. Let So be an equilibrium point, let {ai}’
denote the eigenvalues of the restriction BISo, and let {fl} denote the remaining
eigenvalues of B. It is easily shown that even if B is nondiagonalizable, the eigenvalues



52 MARK A. St-IAYMAN

of the linearization of the ERDE at So are {/3j-a," i= 1,..., n; j= 1,..., m}. It
follows immediately that So is hyperbolic if and only if {So} T(l) for some I. Thus,
the correct generalization of Proposition 2 (which is valid even if B is not semisimple)
is

PROPOSITION 2’. The hyperbolic equilibrium points of the ERDE are
{ T(1)" dim T(I) 0}.

If dim T(l) 1, then there exists jo {1," ., r} such that/o 1, njo 2, and l 0
or l- n for ijo. Topologically, T(l) is a circle. There are 2 cases to consider
depending on whether BIEo has-a real eigenvalue of multiplicity 2 or a pair of complex
conjugate eigenvalues. In the first case, every point on T(l) is B-invariant and hence
an equilibrium point. In the second case, T(l) is an isolated periodic orbit. The
construction of a Poincar6 map for T(l) and the calculation of the eigenvalues of its
derivative are identical to the construction and calculation which establish Proposition
3. Consequently, in place of the corollary to that result we have

PROPOSITION 3’. If dim T(l)= 1, then either every point on T( I) is an equilibrium
point, or T( l) is a hyperbolic periodic orbit.

Under the assumption that B is semisimple, it follows from Theorem 1’, Proposition
1’, Proposition 2’, and Proposition 3’ that the ERDE is Morse-Smale if and only if
each T(I) has dimension at most 1 and each 1-dimensional T(l) is a perjodic orbit
rather than a circle of equilibria. It is clear that excepting the trivial cases where n 0
or m 0, a necessary condition for the ERDE to be Morse-Smale is that Assumption
A1 be satisfied.

By analogy to the definition of the Morse series for a Morse-Bott function (i.e.
a function with nondegenerate critical submanifolds), we define the Morse series for
the ERDE with semisimple generator B to be

Ms(t) =, Pz( T(l); t)tInd(T(l)),

where Pz(T(1); t) is the Poincar6 polynomial of T(l) for the coefficient field Z2
and Ind (T(l))=dim WS(T(l))-dim T(l). By Theorem 1’, Pz(T(l); t)=
II=l Pz(G’(Rn’); t). In the special case when T(1) is a k-dimensional torus, this
simplifies to (1 + t) k. Thus, the definition of Ms(t) given here reduces to the definition
given in 3.3 if Assumption A1 is satisfied.

The next result generalizes Theorem 11 to show that the ERDE satisfies Morse-Bott
type equalities.

THEOREM 11’. Suppose that B gl n + m, is semisimple. Then

Ms(t) Pz(G"("+"); t).

Proof. By refining the stable flag to a complete flag, we obtain a decomposition
of Gn(n+m) into (+,m) cells. As in the proof of Theorem 11, we have

Pz(Gn(n+m); t) dimcell.
all

cells

It follows from Theorem 4’ that

tInd T(I) I Pz2(Gl’(,n’); t)= E tdimcell"
all cells

in IVS(T(l))

Summing this equation over all choices for l, the left-hand side gives Ms(t) while the
right-hand side gives Pz2(G"(R"+"); t). ]
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6.2. Extended symplectic Riccati differential equation. In this subsection, we gen-
eralize the results in 4 concerning the phase portrait of the ESRDE on (n). In
place of Assumption A2, we assume only that the 2n 2n matrix H is semisimple and
has no eigenvalues on the imaginary axis.

Let /zl </z2 <’’" </z2r denote the distinct real parts of the eigenvalues of /-/.

Redefine Ei to be the direct sum of the primary components of/-/corresponding to
all those eigenvalues of H with real part/zi, and let n denote the dimension of E.
Since H s sp (n, R),/zi -/z2r-i+l and n n2_i+.

Let l= (l,..., 12r) and T(l) be defined as in 4.1. T(1) is isomorphic to the
product of Grassmann manifolds GI(R"1) . Gl2r("2r) which has dimension equal
to y,2. l(n-1). Essentially the same argument as that given in 4.1 shows that
Proposition 4 holds with no change in wording. Thus, T(l) (n) is nonempty if and
only if l +_+ n, 1,. , r, in which case T(l) (n) is isomorphic to Gl()

x Gl(",). In paicular, dim T(l)O(n)=dim T(l). We obtain the following
generalization of eorem 12.

THeOReM 12’. e nonwandering set of the ESRDE has (n + 1)... (n+ 1) con-
nected components, { T( l) (n)" I + _+ n, 1,. ., r}. T( l) (n is isomor-

phic to Gl() . G(",). Eve motion on T(l) (n) is almost periodic.
Next we consider the structure of the stable manifold W(T(l)) (n) and the

unstable manifold W"(T(l)O(n)) of T(l)(n), where 1+_+= n, i= 1,..., r.
Refine the stable flag {M}2 to a complete flag {M’j= 1,..., n, i= 1,...,2r}. By
making a symplectic change of basis if necessa, we may assume {M } is the standard
symplectic flag for 2,. From 6.1, we know that W(T(I)) is the union of

[( l) ( lr) 2
cells {W(T(1),b)}. It follows from Lemmas 6 and 7 that W(T(l),b)(n) is
nonempty if and only if bo+ b2-+,-+--1, all i, j. Thus, exactly () () cells
have nonempty intersection with (n). Suppose that b + b2-+,-+ 1, all i, j. Using
the formula for dim W(T(I), b) from 6.1 together with Lemma 7 gives

dim W(T(l),b)O(n)= n- l,+ E b, (n-l)+ (1-b,)
i=1 j=l k=0 k=l

e following generalization of Theorem 13 is an easy consequence.
ThEOrEM 13’. Suppose that l+_+l=n, i=l,...,r. W(T(l))(n)

W (T(I)) (n)) is the disjoint union of

e number of cells of dimension

dimension n- -,+,+ -,+, 2 (n_+,-_+,) +
i=l i=l k=0

=0, 1,..., l(n,-l,),
i=1
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is equal to

(I b,(G’,(Rn,), Z2),
(vl,"’,vr) i=1

where the summation is over all (vl,"" ", vr) satisfying ,+...+ vr= v and 0<-_ vi <-

/,(ni-l,), i= 1,..., r.
The generalization of Theorem 14 is as follows:
TVlEOREM 14’. Suppose that l + 12_+ n, 1, ., r. Let S T(1) f’] (n). Then
(a) Ws(S) f’] (n) is analytically isomorphic to Euclidean space of dimension

n- l,+ l, (nk--lk)
2 i=1 i=1 k=O

(b) Wu(S1)f’I (n) is analytically isomorphic to Euclidean space of dimension

2
n- /2-,+1+ Y /2,--,+ Z (n2,-k+l /2,.-k+1)

i=1 i=1 k=O

Proof. (a) As in the proof of Theorem 14, it is clear that by making a symplectic
change of coordinates, we may assume that the standard symplectic flag refines the
stable flag {M}2a and that $1 is spanned by {e,,,_l+j" 1 <_-i<= r such that li 0;j=
1,...,li}(.J{e3n_m,_+l_j’r+l<-i<-_2r such that /0; j=l,...,/} where m=
dim Mi. Then (as in the proof of Theorem 5’) Ws(S1) coincides with the lowest
dimensional cell in the decomposition of W (T(1)) induced by the standard symplectic
flag. In other words, W(S) W(T(l),b) where b= 1 for j= 1,..., l and bi=0
for j l + 1,. ., n. Then W (S) f’] (n) W (T(1), b) fq (n) coincides with the
lowest dimensional cell in the corresponding decomposition of W(T(l)) f] (n), and
is therefore isomorphic to Euclidean space. The dimension formula follows immediately
from Theorem 13’.

The proof of (b) is analogous to the proof of (a).
Theorem 15 remains true under the weaker assumptions, and its proof is

unchanged. Thus, the ESRDE has an equilibrium point whose stable manifold is open
and dense in (n), and an equilibrium point whose unstable manifold is open and
dense in (n).

Theorem 16 generalizes to give the following result in a manner which is analogous
to the generalization of Theorem 7 to give Theorem 7’.

TVIEOREM 16’. Suppose that l +/2r-+ ni, 1,. , r. Then
(a) W(T(1))f’l(n) is an embedded submanifold of(n) of dimension

n /,+ Y l, (nk--lk)
i=1 i=1 k=0

(b) +" W (T(1)) f’l (n) --> T(l) 71 (n) is a locally trivial bundle with fiber Rd,
and polynomial transition functions, where

d= n- /,+ Y l, (nk--lk)
i=1 i=1 k=0

(c) W"(T(l))fq SF(n) is an embedded submanifold of(n) of dimension

n 12r-i+l + Y L2r-i+ (n2r-k+- /2r-k+l)
2 i=1 i=1 k=O
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(d) II_" W’( T(1)) fq (n) T(l) f’l (n) is a locally trivial bundle with fiber Raw
and polynomial transition functions, where

i=1 i=1 k=0

Lemma 8 is unaffected by the weakened assumptions. Consequently, Proposition
5 holds with no changes required in the proof other than the replacement of Theorem
13 by Theorem 13’. Hence, W(T(l))O(n) and W(T(l’))O(n) intersect only
transversally.

It is no longer true that every equilibrium point of the ESRDE is hyperbolic. Let
So be an equilibrium point and let {h} denote the eigenvalues of the restriction HlSo.
It is easily shown that even if H is nondiagonalizable, the eigenvalues of the lineariz-
ation of the ESRDE at So are {-h h: 1 j n}. It follows immediately that the
correct generalization of Proposition 6 (which is valid even if H is not semisimple) is

PROPOSIWON 6’. e hyperbolic equilibrium points of the ESRDE are { T(/): 0
or n and + l:_+ n, j 1,..., r}.

Thus, the ESRDE has exactly 2 hyperbolic equilibria.
If dim T(l) (n) 1, then each element of T(l) (n) is of the form E.

E_,g([J()]OE2_o+l) where j{jl,"" ,j-l} iff 2r-j l{jl,""" ,j-l}, jo
and 2r-j0.+ 1 do not belong to {jl,""" ,j-l}, dim Eo 2, and S is any 1-dimensional
subspace of Eo. Topologically, T(l) (n) is a circle. There are 2 cases to consider
depending on whether HIEo has a real eigenvalue of multiplicity 2 or a pair of complex
conjugate eigenvalues. In the first case, every point on T(l) (n) is H-invariant and
hence an equilibrium point. In the second case, T(1) (n) is an isolated periodic
orbit. The construction of a Poincar6 map for T(l) (n) and the calculation of the
eigenvalues of its derivative are identical to the construction and calculation which
establish Proposition 7. Consequently, in place of the corollary to that result we have

PROPOSIO 7’. If dim T(l) (n) 1, then either every point on T( l) (n is

an equilibrium point, or T( l) (n is a hyperbolic periodic orbit.
Under the assumption that H is semisimple and has no eigenvalues on the

imaginary axis, it follows from Theorem 12’ and Propositions 5, 6’, 7’ that the ESRDE
is Morse-Smale if and only if T(l)(n) has dimension at most 1 and each 1-
dimensional T(l) (n) is a periodic orbit rather than a circle of equilibria. It is clear
that a necessary condition for the ESRDE to be Morse-Smale is that Assumption A2
be satisfied.

We define the Morse series for the ESRDE with semisimple generator H to be

Mn(t) =E P( T( l) (n); t) nd T(l)o(n))

where P(T(l) (n); t) is the Poincar6 polynomial of T(l) (n) for the coecient
field Z2, Ind (T(I) (n)) dim W (T(I)) (n) dim T(I) (n), and the
summation is over those satisfying l+/2-+1= n, i= 1,..., r. By Theorem 12’,
P(T(I)(n); t) =H=I P(G’(R"’); t). The definition of Mn(t) specializes to that
given in 4.3 if Assumption A2 is satisfied.

The next result generalizes Theorem 20 to show that the ESRDE satisfies Morse-
Bott-type equalities. It is proven by using Theorem 13’ in place of Theorem 13 in the
proof of Theorem 20.

THEOREM 20’. Suppose that H sp (n, ) is semisimple and has no eigenvalues on
the imaginary axis. en

Mn(t) P((n); t).
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6.3. Symplectic Riccati differential equation. In this subsection, we generalize the
results in 5 concerning the phase portrait ofthe SRDE on the space S(n) of symmetric
matrices. From Lemma 10 and Theorem 12’, we immediately obtain the following
generalization of Theorem 21.

THEOREM 21’. Suppose that H is semisimple and has no eigenvalues on the imaginary
axis, and that L BB’ with (A, B) controllable. The nonwandering set of the SRDE has
(hi+l)’" "(nr+l) connected components, {b-l(T(l)f’l&f(n)): lid-12r_i+l-’ni, i--
1," ", r}. b-l(T(l) fq .(n)) is isomorphic to G(Rn’) x. x Gr(Rnr). Every motion on
b-l(T(l) CI (n)) is almost periodic.

No change in proof is required to show that Theorem 22 remains true under the
weakened assumptions that H is semisimple and L= BB’, Q-C’C with (A, B)
controllable and (C, A) observable.

Let F+, F_, RS(/), RU(l) be as defined in 5.2. No essential changes in the proof
of Theorem 23 are required to show that it holds under the weakened assumptions
that H is semisimple with no eigenvalues on the imaginary axis and L= BB’ with
(A, B) controllable.

Since Theorem 22 holds under the weakened assumptions stated above, it follows
immediately that Theorem 24 holds under the assumptions that H is semisimple and
L- BB’, Q C’C with (A, B) controllable and (C, A) observable.

Theorems 21’ and 23 describe the nonwandering set and the asymptotic behavior
of every solution of the SRDE assuming only that H is semisimple with no eigenvalues
on the imaginary axis and that L BB’ with (A, B) controllable. If in addition Q C’C
with (C, A) observable, then Theorems 22 and 24 describe the (constant) signature of
every nonwandering solution as well as the asymptotic signature of every solution.

While Theorem 21’ shows that every nonwandering solution is almost periodic, it
does not specify which of these solutions are actually constant or periodic. However,
prior results are available which do this. Since they apply even when H is not
semisimple, their description is deferred to the next subsection.

6.4. Nondiagonalizable case. The phase portraits of the ERDE, ESRDE, and
SRDE are considerably more complicated when the infinitesimal generators (B for
the ERDE, H for the ESRDE and SRDE) are not semisimple.

First we consider the ERDE in the case where the (n + m) x (n + m) matrix B is
nondiagonalizable. The sets {T(I)} can be defined as in 6.1. As before, T(l) is
isomorphic to the product Gl,() x. x G/r(r) and is both positively and negatively
invariant under the flow of the ERDE.

In contrast to the case where B is semisimple, it is generally not true that every
motion on T(l) is almost periodic. For example, if n m 1 and

then the ERDE is a differential equation on G(N), which is topologically the circle
S. The only choice for is (1) for which T(1) G(N). It is clear that T(1) contains
exactly 1 equilibrium point,

and that every motion converges to this point as t--> +o.
In general, when B is not diagonalizable, the motion on T(l) can be quite

complicated. For example, the set of equilibria is the subvariety of Gn(R"+m) consisting
of all n-dimensional B-invariant subspaces. The geometric structure of this subvariety
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is still not completely understood although a number of results have been obtained in
recent years. (See e.g. [11], [45], [44], [20], [39]). Similarly, given T>0, the set of
points on nontrivial T-periodic orbits consists of those n-dimensional subspaces of
R"+m which are enT-invariant but not B-invariant.

We next consider the ESRDE assuming only that the Hamiltonian matrix H has
no eigenvalues with zero real part. Proposition 4 remains valid as stated with only
minor modification of the proof required. Thus, the ESRDE has (nl + 1)... (nr + 1)
invariant manifolds given by {T(l)O(n): li +/2r-i+l ni, i= 1,. ., r}, with T(l)f3
(n) isomorphic to G(g") x. x G(). Of course, T(I) f’l (n) now may contain
wandering points.

Since the equilibrium set of the ESRDE consists of {S(n): H(S)_ S}, it is
clear that the equilibrium set is contained in the union of the { T(l) f’) (n)}. By Lemma
4, the mapping S- S f3 L+(H) is a bijection of the equilibrium set onto the set of all
invariant subspaces of the restriction H[L/(H). It is shown in [36] that this bijection
is actually an isomorphism of projective varieties. Hence, the problem of describing
the structure of the equilibrium set reduces to that of describing the variety of invariant
subspaces of H[L+(H), and the results in the papers referred to above can again be
applied.

If $ (n) generates a nontrivial periodic orbit of period T> 0, then $ is
enr-invariant, but not H-invariant. It is clear that all such $ belong to the union of
the {T(l)f3.(n)}. By Lemma 4, the mapping S Sf3L+(H) gives a bijection of the
set of points which generate nontrivial T-periodic orbits and the set of all subspaces
of L/(H) which are enr-invariant but not H-invariant.

Finally, we consider the SRDE assuming only that L BB’ with (A, B) controllable
and that H has no eigenvalues on the imaginary axis. By Lemma 10, each invariant
manifold T(l)f3 .(n) for the ESRDE is completely contained in -o(n) and hence
corresponds to an invariant manifold d-(T(l)f3.(n)) for the SRDE. ck-(T(l)f3
(n)) is isomorphic to G,("’) x... x G("), and the union of the manifolds
{-(T(/) (3 .(n))} contains all of the equilibria and periodic orbits.

Let A+= A-BB’K+. A well-known result of J. C. Willems [47] states that there
is a bijection of the set of all A/-invariant subspaces of " onto the equilibrium set
of the SRDE. This bijection is given by M- K+P(M) + K-(I P(M)), where P(M)
is the projection onto the A+-invariant subspace M along A-(M;). (Recall that
A K+ K-.) It is shown in [36] that by identifying the equilibrium set with its image
under the embedding b, the bijection is an isomorphism of projective varieties. Con-
sequently, the geometric structure of the equilibrium set is the same as that of the
variety of invariant subspaces of A+. This fact is used in [36] to obtain a description
of some of the .geometric properties of the equilibrium set.

In [37], we have generalized Willems’ result to classify the periodic orbits as well
as the equilibrium points. Given any T> 0, the mapping M- K+P(M)+ K-(I- P(M))
is a bijection of the set of eA r-nvariant subspaces of R onto the set of points which
generate T-periodic motions. Of course, the subspaces which are eA+r-invariant but
not A+-invariant correspond to the points which generate nonconstant T-periodic
motions.

More generally, let M be an arbitrary subspace of ", let P(M) denote the
projection onto M along Zk-I(M), and let K =K+P(M)+K-(I-P(M)). Then it
follows easily that

I] =S+SSp
K
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where

S+=Sp K+ P(M) and S-=Sp
K-

From the definition of P(M) it follows that P(M)’A(I-P(M))=0, which implies that
S-c_[J(S+)]+/-L-(H). Define a new Hamiltonian matrix by setting iix=-x,
Vx L+(H) and IJIx x, Vx e L-(H). The -invariance of S+ implies the/-invariance
of [J(S+)] +/-. Consequently, [J(S+)]- ([J(S+)]- C’I L+(II))@([J(S+)]- Cl L-())
L+(H)@([J(S+)]-C? L-(H)), which implies that dim [J(S+)]+/- L-(H)= n-dim S
dimS- Hence, S-=[J(S+)]+/-L-(H). Thus, if K is of the form K+P(M)+
K-(I-P(M)) with M an arbitrary subspace of R", then 4(K) is of the form
([J(S+)]+/- V L-(H)) with S+ an arbitrary subspace of L+(H). In other words, 4 gives
a one-to-one correspondence between the set of symmetric matrices of the form
K+P(M) + K-(I-P(M)) and the subset of (n) consisting of subspaces of the form
S+O) ([J(S+)]- fq L-(H)).

Now, S+O)([J(S+)]+/-L-(H)) T(1),(n) if and only if S+ is of the form
S+ S10)" "03 S with S G,(E,). It is well-known that A+ is the matrix for H]L+(H)
with respect to the basis given by the columns of [r+]. (See e.g. [35].) Let F, denote
the A+-invariant subspace of R" corresponding to the eigenvalues of HIEs. In other
words,

K+ (Fi)=E,,i=l,’’’, r.

Since

K+ (M),

it follows that &(K)e T(l)f’l(n) if and only if M is of the form W10)’’ "03 Wr with
W e G,(Fi), 1,. , r. We obtain the following result, which extends to the invariant
manifolds {&-l(T(l)f3 (n))} the classification theorem in [47] for the equilibria and
in [37] for the periodic orbits.

THEOREM 25. Suppose that L= BB’ with (A, B) controllable and that H has no
imaginary axis eigenvalues. Then K b-l(T(l) (n)) if and only if K is of the form

K K+P(M) + K-(I P(M)),

where M is of the form M =)=1 W with Wie Ot’(Fi) and P(M) is the projection onto
M along A-I(M-).

The proof of Theorem 22 remains valid if the assumptions are weakened to include
only that L- BB’ with (A, B) controllable and Q= C’C with (C, A) observable. Thus,
under these assumptions, every K &-(T(l) CI 5f(n)) is nonsingular and has exactly
Y= l positive eigenvalues. This result is also an easy consequence of Theorem 25
together with the fact that K+> 0 and K-< 0.

7. Conclusion. In this paper, we have given a complete description for the phase
portraits of the extended Riccati differential equation (ERDE) on the Grassmann
manifold, the extended symplectic Riccati differential equation (ESRDE) on the
Lagrange-Grassmann manifold, and the symplectic Riccati differential equation
(SRDE) on the space of real symmetric matrices. The results are true under very general
conditions. In particular, our characterization ofthe phase portrait ofthe SRDE applies
to an open and dense subset of the Riccati equations which arise from the optimal
control and filtering problems.
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Let us briefly recapitulate the principal features of the three phase portraits. Under
Assumption A1, the nonwandering set ofthe ERDE is a union of finitely many invariant
tori of various dimensions. The 0-dimensional invariant tori are the equilibrium points.
The 1-dimensional invariant tori are isolated periodic orbits. The motion on an invariant
torus of dimension greater than one is either periodic or almost periodic, depending
on whether or not the imaginary parts ofthe associated eigenvalues are commensurable.

The key to describing the stable and unstable manifolds of the invariant tori is to
associate with the ERDE a stable and unstable flag of subspaces. Each flag induces a
partition of the Grassmann manifold into disjoint subsets. In the case of the stable
(unstable) flag, the induced partition is precisely the partition of the phase space into
the stable (unstable) manifolds of the invariant tori. By refining the stable (unstable)
flag to a complete flag, a Schubert cell decomposition of the Grassmann manifold is
obtained. The stable (unstable) manifold of a k-dimensional invariant torus is decom-
posed into the union of 2k cells.

Although the ERDE is generally not a Morse-Smale vector field, it has several
properties which bear striking resemblance to important properties of Morse-Smale
vector fields. The nonwandering set of a Morse-Smale vector field is by definition the
union of finitely many equilibrium points (0-dimensional invariant tori) and periodic
orbits (1-dimensional invariant tori). As noted above, the nonwandering set of the
ERDE is a union of finitely many invariant tori, but whose dimension may be greater
than one. The stable and unstable manifolds of a Morse-Smale vector field are
embedded submanifolds. We have proven that this is the case for the ERDE. For a
Morse-Smale vector field, each stable (unstable) manifold is a bundle over the corre-
sponding connected component of the nonwandering set (point or closed orbit) with
Euclidean space as fiber. We have proven that each stable (unstable) manifold for the
ERDE is a bundle over the corresponding invariant torus with Euclidean space as
fiber. By definition, the stable and unstable manifolds of a Morse-Smale vector field
always intersect transversally. We have shown that the same is true for the stable and
unstable manifolds of the ERDE. The global phase portrait of a Morse-Smale vector
field is related to the topology of the underlying manifold by the Morse inequalities
for a dynamical system. We have seen that the ERDE satisfies a natural generalization
of these inequalities. In fact, for the ERDE, they are actually equalities.

The ESRDE is a differential equation on the Lagrange-Grassmann manifold (n).
But it is useful to extend it to a differential equation on the Grassmann manifold
Gn(RE"). When viewed as a differential equation on Gn(REn), the ESRDE is a special
case of the ERDE. Thus, the results for the ERDE give a complete description of the
phase portrait for the ESRDE on Gn(2"). To obtain the phase portrait for the ESRDE
on (n), we make use of the fact that the submanifold (n) is both positively and
negatively invariant under the flow of the ESRDE on Gn(En). Consequently, the
nonwandering set of the ESRDE on (n) is the intersection with (n) of the
nonwandering set of the ESRDE on Gn(En). Under Assumption A2, we have shown
that a given invariant torus for the ESRDE on G"(g2") either does not intersect (n)
or intersects (n) in a torus of one-half its dimension. Thus, the nonwandering set of
the ESRDE on (n) is a union of invariant tori. In fact, if 2p (4q) denotes the number
of real (nonreal) eigenvalues of the associated Hamiltonian matrix H, then there are
(,)2p+q-k invariant tori of dimension k, k-0, 1,. ., q.

It follows from the invariance of (n) under the flow that the stable (unstable)
manifolds of the invariant tori for the ESRDE on (n) are obtained by intersecting
with (n) the stable (unstable) manifolds of the corresponding invariant tori for the
ESRDE on Gn(RE"). If the stable (unstable) flag is refined to a complete flag in a way
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which respects the symplectic structure, then the stable (unstable) manifold of each
k-dimensional invariant torus (for the ESRDE on (n)) is the union of 2k cells in
the decomposition of (n) determined by the complete flag.

The ESRDE is generally not a Morse-Smale vector field. However, like the ERDE,
it exhibits properties which resemble those of a Morse-Smale vector field. The stable
and unstable manifolds are embedded submanifolds of .(n), and are bundles over
the corresponding tori with Euclidean spaces as fibers. The stable and unstable mani-
folds always intersect transversally. In addition, .the phase portrait of the ESRDE is
related to the topology of (n) by generalized Morse inequalities. In fact, for the
ESRDE, they are actually equalities.

There is one interesting ditterence between the phase portraits of the ERDE and
the ESRDE. The ERDE has either an equilibrium point or a periodic orbit whose
stable (unstable) manifold is open and dense in the phase space. However, the ESRDE
always has an equilibrium point whose stable (unstable) manifold is open and dense.

Finally, we turn to the symplectic Riccati ditterential equation (SRDE) on the
space S(n) of real symmetric n n matrices. It is this differential equation which is
crucial to the optimal control and filtering applications. We have given a complete
description of the phase portrait. We have shown that if (A, B) is controllable, the
nonwandering set of the SRDE is analytically isomorphic to the nonwandering set of
the corresponding ESRDE. Thus, under Assumption A2, there are ()2p+q-k k-
dimensional invariant tori, k =0, 1,..., q. Altogether, there are 2P3 q invariant tori.
The asymptotic behaviour of a given motion at --> oo (t --> -oo) can be determined from
the asymptotic behavior of the corresponding motion of the ESRDE, provided the
former motion does not escape in finite positive (negative) time. Either the motion
converges to a motion on one of the 2P3q invariant tori as oo (t --> -oo), or it escapes
in finite positive (negative) time. By combining our characterization of the stable and
unstable manifolds for the ESRDE with a known result concerning finite escape times,
we have described the asymptotic behavior of every solution of the SRDE.

We have a comment regarding the computational problems involved in determining
the phase portrait for a given Riccati equation. To determine the number of invariant
tori only requires determining how many of the eigenvalues of the Hamiltonian matrix
H are real. To actually construct the invariant tori and their stable and unstable
manifolds, it is necessary to find the eigenvectors of H. (See 5.4 for an example.)
Since H is assumed to have distinct eigenvalues, both of these tasks are reasonable
from a numerical standpoint. In contrast, it is not reasonable to ask for the number
of periodic orbits. There are either finitely many (in fact, q2p+q-1) or uncountably
many periodic orbits. Unless q-< 1, there exist arbitrarily small perturbations of H
which produce either situation. Thus, it is not numerically feasible to determine whether
or not there are finitely many periodic orbits.

The results for the ERDE extend in a natural way to the more general case where
Assumption A1 is replaced by the assumption that the generator B is semisimple. The
invariant manifolds in the nonwandering set are now products of Grassmannians
instead of tori, and there is an invariant Grassmann submanifold which has a stable
(unstable) manifold which is open and dense in G"(R"+"*). The stable and unstable
manifolds remain unions of Schubert cells. If a Morse series is defined by analogy to
the Morse series for a Morse-Bott function, the ERDE satisfies Morse inequalitiesmin
fact as equalities.

The results for the ESRDE extend naturally to the case where Assumption A2 is
replaced by the weaker assumption that the generator H is semisimple and has no
eigenvalues on the imaginary axis. The connected components of the nonwandering
set are now products of Grassmann manifolds, but as before, there is an equilibrium
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point whose stable (unstable) manifold is open and dense in .(n). The stable and
unstable manifolds are again unions of cells, and Morse inequalities are satisfied as
equalities.

The results for the SRDE are generalized to the case where H is semisimple
(diagonalizable) with no imaginary axis eigenvalues, and L- BB’ with (A, B) control-
lable. In this case, the connected components of the nonwandering set are products
of Grassmann manifolds. A given solution either escapes in finite forward (backward)
time or converges to an almost periodic solution on one of these products as t-

(t - -). For a convergent solution, our results give an explicit formula for the limiting
motion. If Q C’C with (C, A) observable, then our results also describe the constant
signature of every nonwandering solution and the asymptotic signature of every
nonescaping solution.

When the generator matrices are nondiagonalizable, the phase portraits of the
ERDE, ESRDE, and SRDE are considerably more complicated. There are still invariant
manifolds which are products of Grassmannians and which contain all of the equili-
brium points and periodic orbits. However, in contrast to the semisimple case, these
invariant manifolds may contain wandering points. An indication of the degree of
complexity resulting from nondiagonalizability is given by the complicated geometric
structure of the variety of invariant subspaces of a nondiagonalizable matrix.

In this paper, we have not dealt explicitly with the RDE defined on the space
mxn of real m x n matrices. However, it should be clear that our description of the
phase portrait of the ERDE will yield the complete phase portrait of the RDE provided
two results become available: (1) A description of which nonwandering points for the
ERDE belong to Gn(,n+m)-G(n+m) (the hypersurface at infinity) or a sufficient
condition on the generator matrix B for the nonwandering set of the ERDE to be
completely contained in G(R"/") (and hence correspond to the nonwandering set
of the RDE); (2) A description of exactly which initial points Ko generate solutions
which escape in finite forward or backward time. Some work in the direction of these
problems is described by J. Medanic [28].

Appendix A. Standard charts for the Grassmann and Lagrange-Grassmann mani-
folds. First we describe the so-called standard charts for the Grassmann manifold
Gn(n+m) of all n-dimensional subspaces of ,+m. Let a (al,. an) be a multi-
index. (I.e. al, , an are integers satisfying 1 _-< al < a2 (" ( On n-I- m). Let
el,’’’, en+, denote the standard basis vectors for n+m, and let L denote the
m-dimensional subspace Sp{ej’j{cl,.. ",an}}. Let W denote the subset of
Gn(n+") consisting of those subspaces which are complementary to L. In other
words, W {S Gn([n+m): S ["1L 0}.

Let S W,,, and let X be any (n + m) x n full rank matrix such that Sp X S. In
other words, the columns of X form a basis for S. Since S is complementary to L,
rows al, , an ofX form a nonsingular n x n submatrix. It follows that by,performing
column operations on X, we can obtain a new basis matrix for S, call it X, such that
rows a1,. ., an form an identity submatrix.

Let W denote the set of all (n + m) n matrices such that rows a1," a form
an identity submatrix. We have seen that each S W is spanned by some X W.
Furthermore, it is clear that no two matrices in W can span the same subspace. Thus,
there is a bijecti.on b" W - ff’ with b(S) the unique matrix in I’ whose columns
span S. Since W can be identified with ,n in a natural way, we can regard b as a
bijection of W onto ,n. It can be shown [3] that b" W,"n is actually a
homeomorphism. The pair (W, b) is called astandard chart for Gn(n+"). By
associating each S W with a point in mn, the mapping b parametrizes the subset
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W of Gn(Rn+"). Since any S Gn(R"+’) must be complementary to L for some a,
the (n+") open subsets { W,,} cover G("+’). Thus, the standard charts parametrize
all of G"("+").

As an example, suppose that n- 2 and m 3. There are ()= 10 standard charts
for G2(g5). If a (2, 5), then W consists ofthose S G2(R5) which are complementary
to the subspace L Sp {el, e3, e4}. The mapping bS is given by

-Xll X12
X31 X32/

_X41 X42_]

Sp
Xlll X2]
X31 X32/

X410 X142J
We now describe the standard charts for the Lagrange-Grassmann manifold (n),

which is an embedded submanifold of G"(R2). Gn(n) is covered by (2,) charts
{W} as described above. As in 4.2, we define the standard symplectic flag

}j=l by V=Sp{el, e2,...,ej} for j=l,2,...,n, and V=Sp{el,e2,...,e,,
e2,, e2,_, , e3,-+l } for j n + 1, n + 2, , 2n. This complete flag determines a
cell decomposition of G"(2") into (") cells. There is a cell U(a) for every a=

2n(a,..., a2,) such that a=0 or 1 for each and =1 a= n. Specifically, U(a)={S
G"(2") dim S =1 a,j 1,. ., 2n}. Let jl <" "<j, denote the elements of
the set {j: a= 1}. Let d == a. Set a=j for i= 1,..., d and a=3n+l-j,+d+_
for d + 1, , n. It is straightforward to show that if S U(a), then S is complemen-
tary to L and hence an element of W. Thus, U(a) W.

Lemma 6 shows that U(a)O(n) is empty unless a+ a2,-+1 1, i= 1,..., n.
This condition on a (al, ", a2,) is equivalent to the requirement that a,...,
ad+l--n,’’’, a,--n are all distinct. Since G"(R2") is covered by the cells { U(a)}, it
follows trivially that (n) is covered by the cells {U(a)O(n)" a+a2,_+l 1, i=
1,...,n}. Since U(a)c W, (n) is covered by the open sets {W(n)"
al,’", ad, ad+l- n,’’’, a,-n are all distinct}, where we define d max {j" a n}.
It is clear that there are 2" choices for a (a,. ., a,) which satisfy the additional
requirement that a,. ., aa, aa+- n,. ., a,-n be distinct. Thus, there are 2" open
sets W (n) in the covering of (n).

Fix a =(al,..., a,) such that a,..., ad, ad+--n,’’’, a,-n are distinct. Let
S W, and let X be the unique matrix in W such that S Sp X. By a procedure
analogous to the one described immediately prior to Example 2 in 4.2, we can find
P p (n, ) such that the matrix X PX has the following structure" The first n rows
of X form an identity submatrix. Rows n + 1, , n + d of X are the nontrivial rows
from among rows n + 1, , 2n of X. Rows n + d + 1, , 2n of X are the nontrivial
rows from among rows 1,. ., n of X, each multiplied by -1.

For example, suppose that n 3 and that a (1, 2, 6). Note that d 2 and that
al, a2, and a3-3 are distinct. X W iff X is of the form

1 0 0

0 1 0

X31 X32 X33

X41 X42 X43

X51 X52 X53
0 0 1
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Then

1 0 0

0 1 0

0 0 1

X41 X42

X51 X52

X43

X53

--X31 --X32 --X33

Since P Sp (n, R), S is. Lagrangian if[ P(S) is Lagrangian. If we write X in
partitioned form as . [.], then P(S) is Lagrangian if[ Y is symmetric Thus, the
condition that Y Y’ gives the conditions which the n2 coordinates in the matrix X
must satisfy in order for the subspace $ to belong to (n). In the example, it follows
that S (3) if[ xs x42, x31- -x43, and X32----X53. Thus, the subset We f’) (3) is
parametrized by the matrices of the form

1 0 0

0 1 0

X43 X53 X33

X41 X42 X43

X42 X52 X53
0 0 1

which may be regarded as points in R6. In exactly this way, 2" charts which cover
(n) are obtained by intersecting with (n) those standard charts We for
for which a satisfies the additional requirement that a,..., ad, aa+--n,..., a,-n
be distinct. The image of the restriction b We f’) (n) may be identified with
It is the 2" submanifold charts {(We VI (n), b] We f’l (n))} which we refer to as
the standard charts for (n).

Appendix B. Properties of almost periodic functions. It is straightforward to show
that many of the basic properties of complex-valued almost periodic functions general-
ize to the case where the values are in a complete metric space. (For properties requiring
algebraic structure, one takes X to be a Banach space.) By making obvious changes
in the proofs of the corresponding results for complex-valued almost periodic functions
in [12, Chaps. 1 and 2], the following properties can be verified:

AP 1. Let (X,/9) be a complete metric space and letf: -> X be continuous. Then

f is almost periodic if and only if given any e > 0, there exists L L(e) such that given
any s, there exists r[s,s+L] such that p(f(t),f(t+z))<e for all t.

AP 2. Let (X, p) be a complete metric space and let f: R--> X be a continuous
periodic function. Then f is almost periodic.

AP3. Let {(Xi, pi)}= be complete metric spaces and let f:-->Xi be almost
periodic, i= 1,..., r. Iff:- X X X X is defined by f(t)=(fl(t),"" ,fr(t)),
then f is almost periodic (relative to the product metric).

}= be Banach spaces, and let a’X1 X2 X3 be a product map-AP 4. Let {Xi
ping. (That is, c is bilinear and Ila(Xl, x2)ll =< IIx ll IIx=ll.) If f :-X (i 1, 2) are
almost periodic and if f: R - X3 is defined by f(t) a (f (t), fE(t)), then f is almost
periodic.
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AP 5. Let (X1, pl) and (X2,/92) be complete metric spaces, and let f:R--> X1 be
almost periodic. Let l-I be a subset of X1 which contains the image of f If F:I’I--> X2
is uniformly continuous, then F f is almost periodic.

AP 6. Let (X, p) be a complete metric space, and let f --> X be almost periodic,
i= 1,2. If p(fl(t),f2(t))O as t-, then f(t)=f2(t),
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AMBUSH STRATEGIES IN SEARCH GAMES ON GRAPHS*

STEVE ALPERN" AND MIROSLAV ASIC*

Abstract. A blind searcher and a blind hider move at below unit speed along a finite length graph Q
known to both, until the first time T .when they meet. A two person zero-sum game arises if the searcher
pays the hider T units. We consider circumstances under which it may be optimal for the searcher to "lie
in wait" at a node of Q, hoping the hider will come to him. We also explicitly define a notion of "equilibrium
in distribution" for such games, which has been implicit in the literature. We show that for the graph
consisting of two nodes connected by three arcs of equal length there are optimal ambush strategies but
there is no equilibrium in distribution.

Key words, search, game, graph, zero-sum

1. Introduction. Let Q be a graph with known arc lengths and a distinguished
point qo. A search (or "hide and seek" or "Princess and Monster" [8]) game may be
played on Q as follows. The searcher starts at qo at time 0 and moves about Q at unit
speed until the first (capture) time T that he coincides with the hider. Meanwhile the
hider may move in any continuous way about Q. Both players know Q and qo but
they cannot see each other. This scheme defines a two person zero-sum game with the
capture time T (or an increasing function U(T)) as the payoff to the maximizing hider.
The existence of the minimax value V V(Q, qo), and of optimal searcher strategies
and e-optimal hider strategies, has been recently established by S. Gal [7, Appendix
1] using Ky Fan’s minimax theorem. The existence question is also dealt with in [3],
[41.

Search games have been analyzed for several specific graphs but up to now
solutions (optimal strategies and V) have been obtained only by imposing an additional
"nonloitering" assumption which prevents the searcher from waiting at any node. The
"nonloitering" assumption is pragmatic in that it seems to make solutions easier, indeed
possible. A better justification is that in some cases [5], [6] it gives an accurate model
when graphs are used to analyze search games in multidimensional regions, where
there is no analogue of waiting at a node. However it cannot be denied that in analyzing
search games on graphs per se, an essential question is at which nodes, when, and
how long the searcher should wait "in ambush." This is a problem which should not
be assumed away.

In this paper we present the first analysis of a search game on a graph which
obtains a solution without the "nonloitering" assumption. The graph we study consists
of two nodes (one is q0) joined by three unit length arcs (Fig. 1).

Our analysis of the search game on this graph has another feature which also
distinguishes it from all previously studied search games. For those games [7, p. 51]
"... there exists a function P(t), which decreases exponentially in t, such that for all
both the searcher and the hider can keep the probability of capture after time

around P(t) we use this property to show that optimal strategies for U(T) T are
still optimal for more general cost functions U(T)." This important property, which
we formalize in 2 as an "equilibrium in distribution" does not hold for the search
game on the "three arc" graph and hence the strategies we find optimal there when

* Received by the editors October 17, 1983, and in revised form July 31, 1984.
f London School of Economics, Houghton. Street, London WC2A 2AE, England., University of Belgrade, Belgrade, Yugoslavia.
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FIG. 1. "Three arc" graph.

U(T) T are not uniformly optimal for all U. It is probably the lack of an equilibrium
in distribution for this game that makes our solution so technically difficult.

The questions dealt with here were inspired by suggestions in Gal’s book [7] and
in fact our initial results were obtained in the course of writing a review [2] of that
book. Some "of our results were first announced in that review and the details have
appeared in the working paper [3].

The paper is organized as follows" Section 2 gives the formal definition of a search
game on a graph and includes our new definition of an "equilibrium in distribution."
Section 3 gives an analysis of ambush strategies on the k-arc graph. Section 4 gives a
complete solution of the search game on three arcs.

2. Formal definition of a search game. In this section we describe the formal game
theoretic background we will need to solve the "k-arc" games. We closely follow the
presentation and notation of Gal’s book, "Search Games" [7]. A search game F will
be described by specifying a search space Q, pure strategy sets S and , and a
nondecreasing utility function U. In this paper we will always take Q to be a graph
with its shortest path metric d, although other metric spaces may be used. The pure
searcher () and hider () strategy sets are given subsets of the space Coat (Q)
consisting of all continuous functions from the nonnegative real numbers into Q. We
endow 5e and with the relative topology coming from the topology of "uniform
convergence on compact subsets" on Coat (Q). It is customary to assume that the
searcher has unit maximal speed, or that Sc where

={f Coat (Q): d(f(tl),f(t2)) <- It1- t21 for all t, t2}.

To each pair of pure strategies S in 5e and H in (capital letters will denote
pure strategies) there corresponds a unique "capture time" T= T(S, H) defined as
the least such that S(t)= H(t). If no such exists then we define T to be infinity.
We then define F to be the two person zero-sum game with the payoff to the maximizing
hider given by C(S, H)= U(T(S, H)). More generally we allow the players to choose
mixed strategies. Let * and * denote respectively the spaces of all regular Borel
probability measures on 6e and . If the players choose "mixed strategies" s in
and h in * (lower case for mixed strategies) then the expected payoff to the maximizing
hider is

c(s, h)= [ C(S, H) d(s x h).

If
inf sup c(s, h) sup inf c(s, h),
seSe* he’* hR’* seS/’*

then we call this common number the value of the game and denote it by V, or by
V(U) if we wish to emphasize its dependence on U for fixed Q, 5e and . Gal [4]
has applied Ky Fan’s Minimax Theorem to establish sufficient conditions for the
existence of a value for .search games.
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GAL’S THEOREM. Suppose F F(Q, , , U) is a search game satisfying
(i) is compact and
(ii) U is left continuous.

Then F has a talue.
Condition (i) will be satisfied in practice by taking 5e to be a closed subset of ,

since any such set is compact by the Arzela-Ascoli theorem. In order to find explicit
solutions to certain search games on graphs, it has been necessary to restrict the searcher
to pure strategies which are "nonloitering." Formally S is nonloitering if (t: S(t) is a
node of Q (of degree>2)} has Lebesgue measure zero. The anomaly is that this
assumption, which in practice helps us to find the value, at the same time removes the
condition (compactness of ) which theoretically enables us to assert the existence of
the value. Specifically the nonloitering strategies in do not form a closed subset of

Condition (ii) above is our replacement for Gal’s requirement that C(S, H) be
lower semicontinuous in both variables. However, our condition implies his because
T(S, H) is lower semicontinuous and a nondecreasing left continuous function of a
lower semicontinuous function is lower semicontinuous.

Gal’s theorem allows for the possibility that the value is infinite although for
combinatorially finite graphs the value is always finite (see [4, 3]).

In estimating the function c(s, h) for specific graphs it is helpful to use the formulae

c(s, h)= U(t) dF(s, h)(t) and

c(s, h)= (1-F(s, h)(t)) dt when U=I

(I(t)-- t) where F(s, h) is the cumulative distribution of capture times corresponding
to the mixed strategies .s and h,

F(s,h)(t)=Pr(r-t)=(sxh){(S,H): r(s, t.

For any cumulative probability distribution F we write U(F) =Io U(t) dF(t), which
is the payoff corresponding to that distribution. For s in 5e* and h in * we define

[F-(s)](t) =inhfF(s, h)(t) and

[F+(h)](t)=sup F(s, h)(t).

Intuitively F-(s) is the distribution the searcher can guarantee by playing s, and
similarly for F+(h). An estimate on the distribution of T yields an estimate on the
expected value of U(T) so that if the value exists then we always have:

sup U(F+(h)) <- V( U) <- inf U(F-(s)).
he R’* e9

If the left and right side of this inequality are equal, then we will say the game
F(Q, 5e, , U) has an "equilibrium in distribution," which is a strictly stronger property
than merely having a value. This notion has appeared in the search game literature as
early as 1] but we make it precise for the first time here. All the search games which
have been explicitly solved prior to this paper have equilibria in distribution. However
the search game on three arcs solved in 4 does not have an equilibrium in distribution
and for that game, suph U(F/(h))< V(U) =infs U(F-(s)) in the case that U- I.
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Associated with every game F(Q, 6e, , U) where S is compact is a distribution
E of capture times which we call the "equilibrium distribution." For all this distribu-
tion satisfies sups [F-(s)](t)= E(t)=infh [F+(h)](t). The existence of each number
E(t) follows from applying Gal’s theorem to the game F(Q, S, , Ut), where Ut is the
characteristic function of (t, c), and setting E(t) equal to the value. We emphasize
that E does not depend on the utility function U and that its existence is more general
than that of an equilibrium in distribution for the game.

Suppose we can find mixed strategies s in Sf* and h,, in *, m 1, 2, 3,..., such
that F-(s)= E and F/(h,,) converges in distribution to E. (The latter assumption
means that [F+(hm)](t) converges to E(t) at all continuity points for E.) It then
follows for all continuous U for which U(E) is finite that

U(F-(s)) U(E)= lim U(F+(h,,)),

or that F(Q, 5e, , U) has an equilibrium in distribution and value U(E) 0 UdE(t).
We call the situation described in this paragraph a "uniform equilibrium in distri-
bution."

To illustrate the above ideas on equilibria in distribution, we consider the simple
class of games F played on the closed unit interval [0, 1] with the searcher starting
at the point a. By symmetry we may assume that 0 <-a-< 1/2. Every hider pure strategy
is dominated by one of the immobile strategies H,, 0, 1, which stay at forever. So
we restrict our attention to the mixtures hp pHo+ (1-p)HI for 0-< p-< 1. Similarly
let S,, i= 0, 1, be the pure strategy of going at unit speed first to end and then to end
1 i, and let Sq qSo + (1 q)

In the symmetric case a =1/2 we have F-(Sl/2) F+(hl/2) E, where E(t) is respec-
tively 0, 1/2 and 1 on the intervals [0, 1/2) [1/2, ), and [, 0). Hence F1/2 has a uniform
equilibrium in distribution. In fact for any utility U we have U(F-(sl/2))= U(E)=
1/2U(1/2) +1/2U() U(F+(hl/2)).

If 0 < a < 1/2 then for 0 -< < 1 a the hider can ensure E(t)= 0 by using H1 (waiting
at the further end). For 1-a <_- < 1 + a the strategies sl/. and hl/ ensure that E(t)=1/2.
For _-> 1 + a the searcher can ensure that E (t) 1 by using So. The thing to observe
is that for both players the strategies needed to optimize E (t) depend on t, so there
is not a uniform equilibrium in distribution. If the utility function U has zero variation
outside one of the three intervals determined by 1-a and 1 + a, then the strategies
given above for that interval are optimal and produce an equilibrium in distribution.
Suppose however that this is not true of U, for example if U(T) 0 for T < 1/2, U(T) 1
for 1/2 <_- T < 1, and U(T) 2 for 1 <_- T. This corresponds to the hider getting one utility
unit if uncaught at time 1/2 and another unit if still uncaught at time 1. The payoff matrix
in this case is given by

Ho H1

S1

It is easily computed that the value V is ] and that the unique optimal strategies are

sl/3 and hi/3. To check that this game does not have an equilibrium in distribution,
consider the conservative distributions F/(hv), 0 <= p <= 1. Observe that (F/(hp))(1/2) p
with the supremum achieved by So, and (F+(h))(1) max [p, 1 -p] with the supremum
achieved by S_t2p. Since for this U we have U(F+(h))=(1-(F+(h))(1/2))+
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(1-(F/(h))(1)) it follows that U(F+(hp))=(1-p)+(1-max[p,l-p]). Therefore
SUph U(F+(h))=sup, (2-p-max [p, l-p])= 1 which is strictly less than the value
V(U) =], and Fa(U) does not have an equilibrium in distribution. For the sake of
completeness we conclude by observing that in the trivial end-starting game Fo there
is a uniform equilibrium in distribution and V( U)- U(1).

3. Searcher ambush strategies for the k-are game. Let Fk denote the search game
on the graph consisting of k unit length arcs between two nodes A (searcher starting
point) and B. From this point onwards the utility function U is identical with the
capture time T. S. Gal [5], [6] has shown that the nonloitering version of this game
has a uniform equilibrium in distribution with E(t)= 1-((k-1)/k)Ctl and hence a
nonloitering value V* equal to k. For this nonloitering game he established that the
searcher "random oscillation" strategy s* of going back and forth between A and B
at unit speed with equiprobable and independent choices among the k arcs satisfies
F-(s*) E and is therefore optimal. An e-optimal hider mixed strategy h*(e) with
conservative distribution F+(h*(e)) approaching (as e ->0) E is to wait at B until time
1-e and then use a random oscillation.

In this section we implicitly (using Gal’s Minimax Theorem) define an ambush
mixed strategy k for the searcher which waits at A for 0_-< t-<_2 with positive
probability. Our analysis (Lemma 1) of shows that for k > 3 (more than three arcs)
the searcher can improve by loitering and that the (unrestricted) value Vk satisfies

Vk < V*k- k, where V* denotes nonloitering value. For k- 3 our analysis gives that
V3-<-3 which shows that there are optimal search strategies which loiter but leaves
open the question (settled negatively in section four) of whether the searcher can
strictly improve his performance in the three arc game by loitering.

LEMMA 1. The (unrestricted) value Vk of the search game on k arcs satisfies
Vk <- (2k +Pk 1 / (2 2pk) where Pk (k2 k + 1)- 1. In particular V3 <- 3 and Vk < k (k
is the nonloitering value) for k > 3.

Proof. Consider the following searcher mixed strategy (which of course depends
on k): In the first two units of time either wait at the starting point A, with probability
Pk’, or randomly pick two distinct arcs and take the first to B and the second back to
A, each at unit speed, with probability 1--Pk. In either case (2)= A. Starting at time
2, pretend the game is just beginning and play any fixed optimal strategynwhich exists
by Gal’s Theorem.

To estimate c(, H) we first partition o= 3Y1LJ 2 where H 1 if and only if
H(t) A for some with 0 _-< _-< 2. Observe that for any H

1 F(, H)(1) arob (T> 1)<=(1)(pk)+((k 1)/k)(1-pk).

Now suppose H1 1 and consider Prob (T> 2), that is, 1 F(s, H1)(2). If the searcher
was waiting at A, then Prob (T> 2)- 0. On the other hand, if the searcher searched
distinct arcs, then the best case for the hider occurs when he is on distinct arcs at 1
and t- 2. In this case the probability that T> 2 is given by (k2-3k+ 3)/(k2- k) which
is the probability that two independently chosen, random distinct pairs of numbers
from {1,..., k} disagree in both coordinates. Therefore for all HI we have

1 F(, H1)(2) Prob (T> 2) _-< (0)(pk)+ ((k2- 3k + 3)/(k2- k))(1 --Pk).

If HE 2 then

1 F(, HE)(2)-- arob (T> 2) _-< (1)(pk)+ ((k-2)/k)(1 --Pk).

We have chosen Pk SO that our estimates on Prob (T> 2) are the same for ’ and 2.
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For any H we may estimate c(s, H) by the formula

c(, H) -< 1 + 1(1 F(, H)(1)) + Vk(1--F(, H)(2))

because if T> 2 then since the searcher is playing optimally from time 2 the expected
value of T-2 is no more than Vk. Thus by separately estimating c(s, H) for H 1
and H 2 by our above formulae, and obtaining the same result in each case (by
choice of Pk), we obtain for all H in that

c(s, H) <- 1 + [Pk + (( k 1 )/k)( 1 --Pk)] + [(Pk + 1 --Pk)((k- 2)/k)) Vk].

It now follows from the definition of Vk that

Vk <- 1 + [Pk + ((k- 1)/k)(1 --pk)]+[(pk / (1 --pk)((k--2)/k)) Vk].

The desired estimate on Vk is now obtained by solving for Vk-in the above inequality.

4. Counter-ambush hider strategies in the 3-are game. In this section we give a
complete solution, without employing the nonloitering assumption, to the search game
on the three arc graph. We have already indicated (in 3) two distinct searcher
strategies, one nonloitering (s*) and one ambush (), which ensure that the expected
capture time will not exceed 3 (on average). The hider strategy h*(e) which Gal showed
to be effective (guarantees T_>- 3) against all nonloitering strategies gives only T 2- e

against the (admittedly bad) strategy SA of waiting at A. However (Theorem 1) the
hider still has strategies which guarantee that the expected capture time is not much
less than 3, and hence V 3, even if the searcher is allowed to loiter.

The basic idea for the hider in countering ambush strategies is simple. The random
oscillation strategy h*(e) sometimes (actually one third of the time) involves going to
and leaving a node by the same arc. But this is foolish since now the searcher could
be waiting at that node, so that nodes should be entered only when required to change
arcs. So it is preferable for the hider to modify h*(e) by choosing the sequence of arcs
at say time zero and, when the same arc occurs consecutively, waiting a small distance
from the intervening vertex for a period of length 2& At the end of that waiting

period he should resume the oscillation strategy. For technical reasons we have not
been able to establish directly that this modified strategy h*(e, 15) guarantees that
c(s, h*(e, 5))>_-3-e for all s. The problem is that once e and 5 (or their distributions)
are known, it is perhaps possible for the searcher to search points B-near the vertex
in the hope of finding a waiting hider.

To get around this problem, we use Gal’s Minimax Theorem and show that against
any given searcher strategy s (in particular an optimal one) there is a hider mixed
strategy similar to what we have described above as h*(e, 5) in which the distributions
of e and 5 depend on the searcher strategy s. The dependence of e on s is described
in the measure theoretic Lemma 3. This and the other technical result, Lemma 2, are
perhaps best left until after Theorem 1, which will motivate their use.

Our final result, Corollary 1, shows that while both the nonloitering and unrestric-
ted version of the 3-arc game both have value 3, only the former has an equilibrium
in distribution.

LEMMA 2. Let X {x (x1, x2," "): x =0 andfor all i, xi =0 or 1 and XiXi+ --0.
Let qb’X- g be defined by b(x)==11-[,=l r,(x), where r,(x) ()x,() 1-x,-’,+l. Then
for all x in X, dp (x) 2.

Proof. We will define vectors e(q) in X, 0-<_q_-<, such that b(e(q)) =2 for all
q, and such that for all x in X, b(x)= ck(e(q)) for some q.
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If q=0, 1,2,’’ ", let e=e(q) be defined by el =e2 eq=O and for m=
1, 2, "; eq+2m 1 and eq+2m-1 --0. For example e(3) (0, 0, 0, 0, 1, 0, 1, 0, 1,. .). We
define e(o) (0, 0,. .).

Fix any finite q and let ri ri(e(q)). Then ri = for 1 <- <= q and for m 1, 2,
we have rq/2m = and rq+2m- 1. It follows that I-Ii_- r ()" for n 1,..., q and
that for m 0, 1, 2,... we have

Therefore

q+2m q+2m+l

II r,
i=1 i=l

Y r r + r +
n=l i=1 i=1 m=0 i=l

n=l m=0

() (-)----- + 2()"/ (1

2- 3()q + 3()q 2.

Thus (e(q)) =2 for q<m. For q=m we have

q+2m+l

i=l
0)

b(e()) b((0, 0,...)) E (-) 2.
n=l i=l

To show that for all x in X, 4(x)= (e(q)) for some q, we introduce a map
g" X X such that b is constant on orbits of g and such that each orbit converges to
some e(q), with respect to the metric p(x, y)=Y 2-’lx,-y,I on x. Since the function
b" X R is continuous with respect to 19, this will imply that 4(x)= lim 4(g(x))=
(e(q)) 2.

Define the map g=XX by = g(x), where is determined as follows. If
x e(q) for some q, set x. Otherwise there is a least m such that Xm 1, X+ =0
and Xm+2=0. Define by m =0, m+l 1 and x for all other i. For example
g((0, 0, 0, 1, 0, 1, 0, 0,...))= (0, 0, 0, 1, 0, 0, 1, 0,...). To establish that (g(x))
6(x), fix any x in X and write g(x). Let r r(x) and r(). Obsee that for
not equal to m-1, m, or m + 1 we have r, because r depends only on x and

x+. For the remaining three indices we have rm- 1, rm =, rm+l , m-1 , m 1=. Obsee that r_rr+ r_rr+ so that " r="and rm+ =1 = ? for n not
equal to m- 1 or m. Next compute

r+ r= r (r-l+ rm-rm),
i=1 i= i=1

i=1 i= i=1

+
ki=l

Since r_ + r_r -a+ -1 it follows from the above calculations that

n=m--I i=1 n=m--1 i=1
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Hence

(g(x))= i +
n=l i=1 n=l n=m--1

+ E 5
n=m+l i=1

+E+E
n=l n=m-1 n=m+l i=1

=(x).

Finally, we must show that lim gJ(x) is always one of the e(q). Let q,(x) be the
number of ones in the first 2n coordinates of x. Clearly n- q,(x) is a nondecreasing
sequence of natural numbers with a limit (possibly c) which we denote q(x). If q q(x)
is finite, then the sequence gJ(x) is eventually equal to e(t]) where el= 2q or 2q-1.
If q(x) is infinite then gi(x) converges to e(o)=(O, 0,...). Hence for all x in X,

(x) (!im g(x)) (e(q(x))) 2.

LEMMA 3. Given any mixed strategy s in * there exist arbitrarily small positive
numbers e such that the following condition holds for s-a.e, pure strategies S in

(4.1) Iffor some positive integer m, S m e) is a vertex, thenfor all with 0 < -< 1,
d(S(m-e), $(m-e+))<ll.

Proof. For any S in 6e and any positive integers m and n, let J(S, m, n) be the
subset of[0, 1] consisting of all e such that S(m e) is a vertex (A or B) and d(S(m e),
S(m-e + I/n))= 1In. Clearly the distance between distinct points of J(S, m, n) is at
least 2/n so certainly J($, m, n) is finite. Consequently the set J(S) (.J,,,, J(S, m, n)
is countable and so/z(J(S)) =0, where/z denotes Lebesgue measure on [0, 1]. Let F
be the subset of [0, 1 x 6e defined by letting (e, S) belong to F if and only if e belongs
to J(S). Observe that (e, S) belongs to F exactly for those pairs which fail to satisfy
condition (4.1). Applying Fubini’s theorem to the characteristic function f of the set
F yields

f(e,S) dsdtz= f(e,S) dtzds= .tx(J(S)) ds=O.

Hence for/.e-almost all e in [0, 1] we must have sef(e, $) ds =0, or s({S: e belongs
to J(S)})= 0 completing the proof.

THEOREM 1. For the search game on three arcs (without the nonloitering assumption)
the value is 3.

Proof. The existence of a value V and an optimal searcher mixed strategy g is
guaranteed by Gal’s theorem [7, Appendix 1]. It was shown in Lemma 1 that V-<_3.

We will now show that given any e* we can find a hider mixed strategy/-/(g, e*)
such that c(g,/) >= 3- e*. Since g is assumed optimal, we will then have V >- c(g, ),
or V-> 3 e*.

The hider strategy h is defined as follows. Choose a small positive e which satisfies
condition (4.1) for g-almost all searcher pure strategies $. Lemma 3 ensures that this
choice can always be made with arbitrarily small e. Denote ti i-e for all integers
and let Zi denote either A or B respectively, depending on whether is odd or even.
Let 81 0 and for i= 2, 3,... choose > 0 sufficiently small so that

(4.2) g({S: 0 < d(S(t,), Z,) -< 2t,}) < e2-(

This is always possible since for fixed the sets with say/i 1/n are decreasing
and have empty intersection. To choose a pure hider strategy H according to h, proceed
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as follows (this procedure defines h). First pick a pure strategy H using the oscillation
strategy h*(e) of staying at B until time 1 e and then oscillating randomly as described
in 3. Let t-= ti-3, and t ti + 3,. Define/, given H, by (t)= H(t7,)= H(t) for
t- _-< -< t if H(t-) H(t) and/(t) H(t) otherwise. This is perhaps easier in words"
If the same arc is chosen for the transit just before ti and for just after ti, then do not
go all the way to Zi H(ti) but instead wait at distance from Z during the interval
tT, <_t<=t-.

Let denote the subset of 6e consisting of all S satisfying condition (4.1) with
respect to the e chosen above, and such that

(4.3) For all i, either S(t,)= Z or d(S(ti), Zi)> 2;.

Our choices of e and the ; ensure that

(4.4) s() > 1 e/2.

We will show that

(4.5) c($,/) >= 3 2e for all S in S.
It will then follow from (4.4) and (4.5) that V>-c(S, h)>=(e/2)(O)+(1-e/2)x

(3-2e) for all S in . By choosing e sufficiently small we thus have V>=3-e*. It
remains only to demonstrate (4.5).

Fix any S in 6e and define a vector x (xl, x2,’’ "), which depends on S, by x 1
if S(ti)= Z and x =0 otherwise. Observe that xl =0 and that

(4.6) xxi/l 0 for all

because of condition (4.1) with i 1. We shall use the notation Pr to denote the
probability of various events assuming that the searcher is using the pure strategy S
and the hider is employing the mixed strategy/. In particular we will need the following
two important equations, which we justify below.

(4.7) Pr(T> tz,+l/ T> ti) () 1-x’-x’+l,
(4.8) Pr T> t-/T> t-) (1/2)x,.

Since the hider always chooses his next arc equiprobably out of the three choices,
and independently of his current arc, the respective probabilities of switching arcs
(and thus going through a vertex) and staying on the same arc (avoiding the vertex)
are and . To justify equation (4.7), suppose the hider is "alive" at time t. Since S
satisfies (4.1) and (4.3) the hider will certainly still be alive at time t, i.e. T> t. Of
the three possible paths that the hider may take from t to t+l at most one will intersect
S. If neither S(t)= Zi nor S(t+)= Zi+, then exactly one will intersect S (otherwise
none will intersect S). In the former case Pr (T> t7,+/T> to,) is equal to ; in the latter
it is equal to 1. To establish (4.8), simply observe that condition (4.3) guarantees that
the only way the hider can be caught between times t- and t- is if the hider switches
arcs at Z at time t (which has probability ) and the searcher is also at Z at time t
(in which case x 1). Equations (4.7) and (4.8) may be combined to give

(4.9) Pr T> t,-+i/ T> to,)= (1/2)xi(-) 1-xi-xi+t.

We also make the obvious remark,

(4.10) Pr (T> t-) 1.
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Let pi Pr(T> tT) so that Pl 1 and pi+l=piri, where ri= r(x) ()"() 1-x’-x’+’

It follows that p fir2.., ri-1. We may estimate

c(S,/) >_- E t Pr (t: < T <= t,,+)
tl--1

(4.11) E (n-e-$.)(p.-p.+l)
n=l

_->(1-e-B2)+ E p.>=(1-2e)+ E p..
n----2 n=2

But
n--1 IY’. p,,(x)= E[I r,(x)= E r,(x)=b(x),

n=2 n=2 i=1 n=l i=1

where b is defined as in Lemma 2, and hence b(x)= 2. Thus (4.11) implies (4.5)
completing the proof.

COROLLARY 1. The search game on three arcs (without the nonloitering assumption)
does not have an equilibrium in distribution.

Proof. Since V= 3 (Theorem 1) it is sufficient to find a 3>0 such that for
any h in *, U(F+(h))<-3 & It follows from the definitions that for any h in *,
(F+ h))(t) >_- sups (F-(s))(t) so that in particular 1 (F+(h))(t) <_- min 1 (F-(s*))(t),
1-(F-())(t)] where s* is Gal’s oscillation strategy ( 3) and is the strategy of
Lemma 1. Recall that 1-(F-(s*))(t)=()Etl so that U(F-(s*))=3. The estimate for
T>2 in Lemma 1 shows that for in the interval [2,3), 1-(F-())(t)=, while
1-(F-(s*))(t)=. Therefore

U(F+(h)) 1-(F+(h))(t) dr<-_ rain [1-(F-(s*))(t), 1- (F-())(t)] dt

[-(-(s*)(]at- [(F-(f))()-(F-(s*))(t)]d

3- (-) 3-3.
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LIMITING DISTRIBUTION FOR RANDOM OPTIMIZATION METHODS*

CHANG C. Y. DOREAt

Abstract. Let f be a function defined on some domain t c Rd. We consider the problem of finding the
global minimum off subjected to some constraints, say gi(x)-<0, i= 1,..., m. When diiterentiability is
not assumed random optimization methods provide an alternative way to estimate the minimum. For two
such methods we study the existence of the limiting distribution and the estimation of the parameter of the
limiting distribution.

Key words, random optimization, limiting distribution, order statistics

1. Introduction. Let f be a measurable function defined on some domain fl c Rd,
we like to find the global minimum off subjected to some constraints represented by
a measurable set A. That is, find such that

(1) /=lim f(x), A={g,(x)<-_O, i= 1 k}.
xA"

The standard methods such as the gradient method or the steepest descent method,
all require thatf satisfies some differentiability property. In the cases where diiterentia-
bility is not assumed random optimization methods could well be applied. Consider
the random procedures described below.

Method (A). Let 7, 72, be iid random vectors with a common distribution
G. Let Xo, X,... be defined by

step 0. Xo =f(U), where U is uniformly distributed over A.
step k + 1. Having defined Xk, let Xk+ be defined by

(al) Xk+t =f(Tk+), if k+ cA and
(a2) Xk+ Xk, otherwise.

Method (B). Let sr, sr2, be iid random vectors with a common distribution H.
Let W, W, wE, be defined by

step 0. W U, where U is uniformly distributed over A.
step k+ 1. Having defined Wk, let Wk+ be defined by

(bl) Wk+= wk’’k+l, if (wk+k+l)A.
(b2) Wk+= Wk, otherwise

For n >- 0 define Yn min {f(W), f( Wn)}.
Note that the upper indices have been used to denote sequences of random vectors

and the lower indices to denote sequences of random variables. For related results on
Method (B) see Baba [1], Dorea [2] and Solis-Wets [6]. In fact, Method (B) can be
viewed as a particular setting of the conceptual random algorithm considered by
Solis-Wets [6].

Now a confidence statement for can be made if the limiting distribution of X,
(or Y.) properly normalized exists and the parameters of this limiting distribution can
be estimated.

Notice that X, =min {Xo,’’’, X,}-> min {f( U), f( l), ,f(/n)} with equality
holding if P(A) 1. Since the X’s are not independent the usual extreme value theory
cannot be directly applied. Also W is not exactly a random vector whose components
are partial sums of independent random variables or randomly stopped subsequences
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f Departameto de Matematica, Universidade de Brasilia, 70910 Brasilia-DF, Brazil. This research was
carded out while the author was at Iowa State University, Ames, Iowa 50011.

76



LIMITING DISTRIBUTION FOR. RANDOM OPTIMIZATION METHODS 77

of partial sums. And again the results on the minimum of functions of partial sums
cannot be used. In fact, W" can be regarded as a partial sum of randomly selected r.v.’s

W"= U+
i=1

where :o 0, r(i) if Wi-1 + :i A, otherwise tr(i) 0.
Thus our problem reduces to finding conditions on f and G (or H) that assure

weak convergence under this dependence setting. In the next section it will be shown
that if Condition (A) (Condition (B)) is satisfied then X,(Y,) properly normalized
converges weakly to a distribution of type 1 b exp (-x), where 0 < b <- 1 and a > 0.
Finally in 3, following the approach of de Haan [4], we provide an asymptotic
estimate ofthe parameter a based on the limiting behavior ofthe ratio ofthe differences
of small order statistics.

2. Limiting distribution. Our problem is to find conditions under which there exist
norming constants a. > 0 that will assure the existence of a nondegenerate limiting
distribution for (X,- l)/a, (or (Y,- l)/a,). The introduction of norming constants is
made necessary since in general we have convergence to the degenerate distribution,
that is, lim,_.o P(X, 1)= 1 (see Dorea [2]).

Let A Rd be a bounded and measurable set, say A [-L, L]a, andf a measurable
function defined on f/ A. Let

Condition (A). (al) G= rG is a distribution such that P(A)>0.
(a2) There exists a positive function v(t), > 0, with lim,o v(t) 0

and a > 0 such that for all y > 0 we have

m(At(y)) y as t$0,
()

At(y)={u tu(O, 1) a, G*(tu)fi,f(G*(tu))<=l+ yv(t)}.

where G= rG indicates that G is the product of its marginal distributions; tu

(tul,. ., tua); m stands for the Lebesgue measure; and for s (0, 1)a, G*(s) {G*(si),
1 <= <= d} with G*(s,) inf{r" G,(r) >= s,}.

Condition (B). (bl) H has a density function h(x)>=8>0 for xs[-2L, 2L]a.
(b2) There exists a positive function v(t), > 0, with

lim v(t) 0
t$o

and a > 0 such that for all y > 0 we have as 0,

(3) m{u:tuA,f(tu)<-l+yv(t)}y’.

Although conditions (2) and (3) are not easy to verify, examples (a) and (b) below
show that they are not too restrictive. Note that if G’(x)> 0 on A then (2) reduces to
(3). And, for (3)fneed not satisfy sided Lipschitz type conditions or even be continuous.
In de Haan [4, p. 469] we can find sufficient conditions for f to satisfy (2) when G is
the uniform distribution on A and there exists Xo A, f(xo)= and f(x)> l, x ys Xo.
Namely, there exists v(t) > 0, v(t) 0 such that

f(Xo+ t)-
(4) lim

,o v(t)

exists and is positive for all x 0.
Examples. (a) Let A [-1, 1]2 andf(x, y) max (Ixl, lyl). Then (4) is verified with

v(t)=t.
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(b) Let A =[-1, 1] and Q be any distribution with density q(x)> 0 on A. Let

x -1 -<x-<0,

and v(t)=(t/g(O))2 then (2) is satisfied with =1/2. Let fl>0 andf(x) 1, -1 <_-xN0,
f(x)=x. 0<x_<- 1, then (3) is satisfied with v(t)= o and 1/ft. Note that in both
cases de Haan’s condition (4) is not satisfied.

Let E [-2L, 2L]a, a,, v(n -1/d),
(5) ..,, a-’(X,,- l) and I7,, al( gn l).

THEOREM (A). Let X, be defined by Method (A) and assume that Condition (A)
holds. Then

(6) lim P(’, _-< y) 1 b exp (-y), y > 0.

THEOREM (B). Let Y, be defined by Method (B) and assume that Condition (B)
holds. Then for y > 0

(7)
1 -exp (-cy) <_-lim inf P( Y, _<- y)

_-< lim sup P( Y, <- y) <= l -exp (-Cy’),

where c infx h(x) and C supx h(x).
COROLLARY (B). If H is such that it is uniform on E then for a, v(n-1/a)c-1/

we have for y > 0

(8) lim P( Y, -< y) 1 -exp (-y).

Remarks. Although we were not able to find the limiting distribution for Method
(B) except for those satisfying Corollary (B), it is worth pointing out that with respect
to the expected number of steps required to reach an e-neighborhood of l, the uniform
distribution on E is the optimizing one and it satisfies Corollary (B) (see Dorea [2]).
If general distributions are considered in Condition (A) by dropping the requirement
G rGi, the results of Theorem (A) can still be obtained. In this case one needs to

replace (2) by a condition on the distribution off(r/):

P(n A,f(rl) <- l+ yv(t))- y".

An alternative approach is to express the required dependence of G by means of
constraint functions gi that determine A.

Proof of Theorem (A). Let r/be a r.v. with distribution G and let

(9)

Then we can write

(10)

PA P(I A), qA 1 PA,

fl,, P(f(rt) > + a,,y, n A),

y,, P(f( U) > + a,,y).

P(. > y) P(f( U) > + a.y, rl, A, i= 1,..., n) +

+ P(f( U) > l+ a.y,f(rt,) > l+ a.y, q, A, i= 1,..., n)

"y,(qA + ,,)".
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(al) Since U is uniformly distributed and a,0 we have

(11) lim /, b, 0<b-<l.

Note that since (2) is satisfied we have b 1 whenever G’(x)> 0 on A.
(a2) Let Ft(y)={u uA,f(u)<=l+yv(t)} so that

fln Pa- P( Tq Fn-l/d(y)).

Let V (V1, , Vd) be uniformly distributed on [0, 1]d. Then, since G 7rGi we
have r/ and G*(V)= {G*(V1),..., G*a(Va)} with the same probability distribution.
Hence we can write

P( q Ft(y)) P( G*( V) Ft(y))

P( G*(V) A,f( G*(V)) <- + yv(t)) tam(At(y)).

From (2) it follows that

1 yt-TP(n e Ft(y))

hence

(12) n log (1- P(r/ Fn-,/(y))-y

and

(13)

(14)

(15)

and

as t0;

as tl --- oo.(a3) Finally from (10), (11) and (12) we have

P(Xn <-- y)= 1- /n(1- P(I Fn-I/d(Y)))

lim P(Xn <- y) 1 b exp (-y).

Proof of Theorem (B). First notice that Yo->- Y ->-" "-> Yn and

(bl) By (3)

P(Yn> y)=P(Yn_I> y)-P(Yn<-y, Yn_l> y).

P( Yo> y) P(f( U) > + any) /n ,1.

(b2) Clearly for all x A the conditional density of wk" k+l given Wk is

hwk+k/lwk(ZlX h(z- x)

inf h(z-x)>=c>->O,
(16)

zeA,xeA

sup h(z- x) <- C.
zA,xA

Now let F_I denote the distribution of W-. Then by (15)

P( Y <- y, Y_, > y) h(z x) dz dF_,(x)
\Q, Q,

where Qn {u: u A,f(u) <-_ + yah}.
By (16) we have

(17) cm(Q,)P(

_
> y) <- P( <-- y, -> y) <- Cm(On)P(-> y).
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From (13), (14) and (17) we have

y(1 Cm(Q)) <-_ P( Y > y) <- 5,(1 cm(Q)).

Now from (3) it follows that nm(Q) y, so that (7) follows.

3. Estimatioa of the parameter. Let Z, Z2," be iid r.v.’s with common distribu-
tion F and let Z(x)<-Z(E)<-...<-_Z() denote the order statistics from (Z,..., Z).
From de Haan [4] it follows that if for some c > 0 we have

F(l / tx)
(18) lim x for all x 0,

o F(I+ t)

then for

(19) qz(n) log

we have for all e 0

/log k(n)
Z(2 Z(1 /

(20) lim P(I,(n)- 1/1> )=0

provided k(n)oo and k(n)/n-O..
It is easy to verify that (20) remains true if (18) holds with a positive function

v(t) with limo v(t) 0 in place of L We shall adapt the above results to our dependence
setting of Methods (A) and (B). For j_-> 1 define the following stopping times

crj inf{i" i> o’j_l, ]i E A}, o=0,

=inf{i" i_, W-,+A}, o=0.
For k 1 let Rk =f() and Sk =f( W) and define (n) and s(n) analogously

as in (19).
PROPOSITION (A). Suppose Condition (A) is satisfied. en

(21) limP(s(n)-l/ae)=0 VetO.

PROPOSITION (B). Suppose Condition (B) is satisfied and H has a density h(x) with
h(x)=cO,-2Lx2L. en
(22) lim P(ls(n)-l/ale)=O

Proof of Proposition (A). First we will show that R, R2,’’" are iid with the
distribution

F(X) p(’A)
This follows from the relation

p(,/, < x k < xk

where

qA 1 P(A), pA(X)=
dt

dG(u).

li<i2<...<i
P(o)= i, n<-x,j= l, k

q lpA(X lpA(X

dG(u) and (r/<=x)={r/=<x,,i=l,’",d}.
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It remains to show that FR satisfies (18.); now

1
Fg( + yv( t)) p() P( 71 A, f( 71) <_ + yv( t)).

Proceeding as in step (a2) of Theorem (A) we can write

1
FR(I + yv( t)) p(A),tdm(At(y)).

Now from (2)

m(A,(y))
lim y,
,o m(A,(1))

so that (18) follows.
Remark. If we assume FR absolutely continuous we have

P(R(1 < R(2 <" < R(,)) =1

and (21) can be translated in terms of X,’s of Method (A). Let
sup {k: k < pj_, Xk Xpj_,} and from (21) log ((Xpk,.,-X)/(X-X))/Iog k(n) con-
verges in probability to 1/a. Analogous results hold for the Y,’s of Method (B).

Proof of Proposition (B). Notice that

and

k k)P( W" < x) E P( U+ <- x, ’r
i=1

P(U+k<-x, ,rl=k)=(1-cm(A))k-lp(u+k<--x, u+keA)
since

P(u+’kA)=IA j
So we can write

c
du dx cm(A).

xeA\um(A)

1
P( W" _-< x) p(:l, s1 e A, : -< x).

P(A)

Now proceeding as in Proposition (A) we can show that W*,, W*2, are iid
r.v.’s. Moreover

c
Fs(x) m{u: ueA,f(u)<=x}

P(A)

and (18) follows from (3).
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ON THE INTERPLAY OF SINGULAR PERTURBATIONS
AND WIDE-BAND STOCHASTIC FLUCTUATIONS*

MOHAMED EL-ANSARY" AND HASSAN KHALIL

Abstract. A class of nonlinear singularly perturbed systems driven by wide-band noise is considered.
The asymptotic behavior of the slow variables is studied when the fast variables are sufficiently fast
(represented by 0) and the wide-band noise is sufficiently wide (represented by e 0). A reduced-order
Markov model which represents the behavior of the slow variables is derived. It is shown that the slow
variables converge weakly to the solution ofthis reduced-order model as e and/ tend to zero. The coefficients
of this reduced-order model depend, in general, on the speeds of e and as they approach zero. The
implication of such dependence on the engineering practice of neglecting parasitic elements is discussed.
Special cases where the model is independent of the speeds of e and/z are explored.

Key words, asymptotic methods, model order reduction, singular perturbation, wide-band stochastic
fluctuations

1. Introduction. The purpose of this paper is to highlight the interplay of two
asymptotic phenomena which arise in the analysis and design of control systems. The
first phenomenon arises in singular perturbation analysis of deterministic systems
containing parasitic elements while the second phenomenon arises in asymptotic
stochastic analysis of systems driven by wide-band noise.

Consider the singularly perturbed system

(1.1) (t)=f(x(t), y(t), u(t)),

(1.2) /)(t) g(x(t), y(t), u(t)),

where/ is a small positive parameter representing parasitic elements. If the input u (t)
is smooth and deterministic, a reduced-order model of this system can be obtained by
neglecting the parasitic elements, i.e. by setting / 0. Assuming that the algebraic
equation

(1.3) 0= g((t), )5(t), u(t))

has a unique root

(1.4) 35(t) h((t), u(t)),

the reduced-order model is given by

(1.5) (t) f(.(t), u(t)).

The literature on singular perturbation theory (see [ 1] for a survey) is full of analyses
validating this order reduction procedure. In particular if both x(t) and (t) start from
the same initial conditions, then under certain stability conditions imposed on the
boundary layer system, x(t) (t) as/ 0, on compact time intervals.

Consider next a system described by the differential equation

(1.6) Yc( t) f(x( t)) + G(x( t))v( t)
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where v(t) is a wide-band stationary process in the sense that its spectrum is flat up
to a frequency of order 1/e where e is a small positive parameter. The process v(t)
is not white noise but it tends to white noise as e- 0. Asymptotic stochastic analysis
(cf. [2]-[4]) shows that x(t) converges weakly to a diffusion process g(t) as e-0,
where g(t) satisfies the Ito equation

(1.7) d(t) (f(,(t))+ g((t))) dt + G((t)) dw.

The vector g(), which is usually referred to as the correction term, is formed of the
elements of G and their partial derivatives with respect to x. Since most ofthe stochastic
stability and control results have been developed for systems driven by white noise
[5], the importance of the above limit is in extending the range of those results to
cases when the noise is not white but only approximately so (see [3] for details).

The study of systems where both parasitic parameters and wide-band noise are
present has been initiated in [6], [7]. The first paper treated linear systems and the
second one nonlinear systems. The results of [6] and [7] did not show the interaction
between the two asymptotic phenomena in which we are interested in this paper. Such
interaction could not appear in [6] anyway since, as it will be shown, it is tied in with
nonlinearities. The approach adopted in [7] did not reveal such interaction because
implicit in that approach there was a sequential ordering of the two asymptotic
phenomena in the sense that order reduction as in singular perturbation methods was
performed first, followed by asymptotic stochastic analysis to compute the diffusion
limit. The interaction between the two asymptotic phenomena has been brought to
attention after a paper by Razvig [8]. In that paper Razvig considered the second order
equation

(1.8) 15i(t)+ (t) a(x(t))+ b(x(t))v(t)

where v(t) is exponentially correlated noise with correlation time e. He studied the
asymptotic behavior of x(t) as e and/z tend to zero and suggested that for sufficiently
small e and/z, x(t) can be approximated by a diffusion process (t) defined by the
Ito equation

(1.9) d(t) [ a((t))--0.5 Ob(E(t))b(E(t))S(O)] dt+b(x(t))/’(O) dw(t)
1+ e//z

where S(to/e) is the spectrum of v. In deriving this reduced-order model Razvig
employed a formal intuitive reasoning. He assumed that over a time interval At which
is very small with respect to the relaxation time of x(t) while very large with respect
to/z and e, the process x(t) will behave like a Markov process. With that assumption
he went on to compute the.first and second moments of x(t + At) x(t) given x(t) x
which resulted in the drift and diffusion coefficients of (1.9). Razvig did not prove that
x(t) converges to g(t) as e,/z-} 0 in any stochastic sense. The remarkable feature of
the reduced order model (1.9) is its dependence on the ratio e//z hinting to the
interaction between the two asymptotic phenomena. Our work has been motivated by
Razvig’s example. Our objective has been to generalize the reduced-order model of
Razvig to a wider class of systems and to provide a rigorous proof of convergence of
x(t) to the diffusion process defined by the reduced-order model. Section 2 gives a
reduced-order model and convergence proof for a class of nonlinear singularly per-
turbed systems driven by wide-band noise. The class of singularly perturbed systems
considered is a special case of (1.1), (1.2) in which y appears linearly. The linearity
in y is assumed to avoid technical complications; yet, it is a realistic assumption and
parasitics in many physical systems appear in this form. The convergence proof adapts
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a martingale method developed by Kushner [9] for proving weak convergence of a
sequence of non-Markovian processes to a diffusion process. In 3 we discuss the
implication of the results of 2 on the robustness of the well established engineering
practice of reducing the order of physical systems by neglecting parasitic elements.

2. Reduced-order model and convergence result. Consider the singularly perturbed
system

(2.1) ’g(t)=al(x’(t))+alE(X’t’(t))y’(t)+Bl(x’t’(t))v(t), x’’(0) Xo,

(2.2) tz.fi’"(t)=aE(x’"(t))+a_y’(t)+BE(x’t’(t))v(t), y’"(0) yo

where x R", y R and Xo, Yo are bounded random vectors. The stochastic process
v R is defined as

1
(2.3) v t) e v( t/

where v(t) satisfies:
(A1) v(t) is a stationary, zero mean, right continuous, uniformly bounded process

on [0, o). The r-algebras induced by v(t) are assumed to have a mixing property with
an exponential mixing rate 10],

(2.4) sup IP(A=/A,)- P(A=)I--< K e
Ai,

for some a >0, where A tr{v(s), s-< t} and AEe tr{v(s), s>= t+z}. The exponential
mixing rate assumption is taken for convenience but can be replaced by a more general
mixing rate as in [2]-[4]. The process v(/’) is said to be wide-band noise since its
power spectral density matrix S(to)=S(to/e) will have a frequency band of too/e
when S(to), the spectral matrix of v, has a frequency band tOo. Indeed, the process
v(t) converges to Gaussian white noise by the central limit theorem [2].

We make the following assumptions:
(A2) The coefficients al, a_, A, B and BE are continuous in x and have

continuous partial derivatives up to the second order which are bounded uniformly
in x;

(A3) The constantmatrix AE is Hurwitz, i.e. Re A (AE)< 0;
(A4) The positive parameters e and /z satisfy e >/Z3’o where 3,0> 0 is arbitrary

but fixed.
Under the smoothness conditions spelled out in (A2), the usual existence and

uniqueness theory for ordinary differential equations gives us a solution for (2.1) and
(2.2) on [0, T] for each sample path of v(. ). Condition (A3) is needed to guarantee
asymptotic stability of the boundary-layer phenomena associated with y. Condition
(A4) excludes the case e//z 0 as/z 0. This technicality is needed in the convergence
proof as it will be pointed out later.

Our objective is to study the asymptotic behaVior of x’"( as e 0 and/z 0.
The main result of this paper shows that x’" (.) converges weakly to a diffusion process
(. with initial condition (0)= Xo. The infinitesimal generator associated with (. ),
whose form will follow from the proof of the result, is given by

(2.5) L’f(x) b,(x) Of (x)+ 1
a,j(x) OEf (x),ox, oX,i=1 i,j=l

where

(2.6) b(x) ao(x) + h(x) A2(x)AlhE(X) + ha(x),
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(2.7) A(x) Bo(x)S(O)B(x) a__ [ao(x)],
(2.8)

(2.9)

ao(x) al(x) A,2(x)Ala2,(x),
Bo(x) B,(x)-A,2(x)AIB2(x),

S(to) is the spectral matrix of v,

(2.10) hi, tr [DBo W’+DA2AIX],
(2.11)

(2.12)

’Bo W’+ E’h2i tr E iA12AI,],

h3, tr [-F:Bo W’B’2(A’2)-- FBo ,’ (A’2)- +FA2A P],

(2.13) D,=
nxr

(2.14) E,= VxillVx’l]i21 IVx’lir 12-’[ij]mxr
nxr

(2.15) F= Vx ,11Vx :21 IVxim A12=[ij]nxm,
nxm

W= R(’r) d’r, R is the correlation matrix of v,

(2.16) X= eA" B2R’(’r) d,r for some 3’[Yo, oo), yo>0,

(2.17) P eA2’ (B2X’+ XB’2) eA’ dA.

We require that
(A5) b(x) and Bo(x) satisfy the growth and Lipschitz conditions

[b(x)l + IBo(x)l K(1 +

Ib(x) b(z)l + no(x) no( z)l glx zl
Condition (A5) implies that the martingale problem corresponding to Lv is well-posed
[ 11 ]. Condition (A5) follows from the smoothness condition (A2) if A12 is independent
of x or if a2 is bounded and B2 is independent of x. It is, however, a restrictive
requirement that eliminates some interesting problems. For example, it does not allow
both A2 and B2 to be linear in x simultaneously.

Our main result is the following theorem.
THEOREM 1. Under the assumptions (A1) to (A5), x’’( converges weakly to (.

as e 0, - 0 and e./ la, 3’.
Proof We utilize a technique for proving weak convergence of a sequence of

non-Markovian processes to a diffusion process which was introduced by Kurtz [12]
and further developed by Kushner [4], [9], [13]. The version used here is due to
Kushner [9]. Our proof, in fact, follows Kushner’s method step-by-step as it was
applied in [13]. There are, however, two additional levels of complexity in our proof.
The first one is due to the singularly perturbed equation (2.2). The second one is in
computing the explicit form of the operator Lv, which required lengthy and detailed
manipulations. Before we state Kushner’s method we need to introduce some definitions
and terminology which are recalled from [9].

(,) denotes transposition.
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Truncated processes. For every positive integer N, let SN {x Rn, x N} and
define the truncated process x’(t) to be the solution of (2.1), (2.2) with the right-hand
side of (2.1) multiplied by qv(x), i.e.,

(2.18) q(x)[a(x)+A1E(X)y + B(x)v], x(0)= Xo,

(2.19) ) a2(x) +A2y + B2(x)v, y(0)= Yo,

where q(x)=l for xS,q(x)=O for xeR-S+ and q(x)[0, 1] and has
third derivatives that are bounded uniformly in x and N. For each N, {x( )} is
bounded uniformly in and e. As it will be seen, the actual technical proof involves
only the truncated processes {x( .)}. See [9], [13] for similar treatment.

Terminology. Let (fl, P, ) be the probability space in which v(. is defined and
let t, be the -algebra induced by {x(s), y(s), v(s), 0 <= s <= t} and E ’t, the
corresponding conditional expectation. Let o be the class of measurable (, t) real
valued functions such that iff(. othen EIf(t + s) -f( t)l 0 as s 0+, sup, Elf( t)l <

and f(t) is adapted to t,. We say p limof=Osup,tEff(t)]< and
Eff(t)lO as s0+. Define an operator A and its domain D(A) as follows:
f D(A) and Af g g o and

e

P [
Etf(t + r) -f(t)

g(t) 0.

Let L be a diffusion operator of the form (2.7) such that the coecients of L and
L are equal for x S. Let o be the space of continuous functions f: R" R which
have compact suppo and g be the space of functions which belongs to o together
with its paial derivatives up to the third order.

The following lemma is eorems (1) and (2) of [9] adapted to our case.
Lepta 1. Assume that the martingale problem associated with Ly is well-posed.

For eachped N, let (x (.)} be the solution of (2.18) and (2.19). Suppose that for
each f g, there is a sequencef( D(A) and a random variable Mr(f), for
each T> O, such that

(2.20) p lim [f(t) -f(x(t))] 0,
e,0

(2.21) p- lim [Af(t) -Lf(x(t))] =0,
e,0

(2.22) p {sup lf(t)-f(x"(t))l }0 as e, 0, e/g y,
tT

(2.23) sup IA"f"(t)l
tT

(2.24) supp{Mr(f) K}0 as K.
en {x’"( )} converges weakly to (. as e 0, 0 and e/ y.

For notational convenience we write x(t), y(t), A’", Lv, (t) and Et instead of

" ’" respectively but we are always working withx"(t), y"(t), A", L, f,,(t) and E
the tncated process {x"( )}. Moreover, we omit the q terms for fuher sim-
plification. Now we proceed with the proof of the theorem. Letf be given, then
the test function f’(t) is constructed in three steps as in [13]. First, we have

V(x(t))[a(x(t))+ A(x(t))y(t)+
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The last two terms on the right-hand side of (2.25) are not uniformly bounded in e

and/z and cannot be part of the operator L, so they are averaged out by defining
f(x, t) as:

(2.26) fl(x, t) E, (x)[A12(x)[(t + s, x) +A a2,(x)] + B,(x)v(t+ s)] ds

where

(2.27)
j(t + s, x) eA’-s/" y(t) + (eAs/ I)Aa2(x)

1 I++-- eA<’+-)/" B2(x)v(r) dr.

Here, j3(t + s, x) is the solution of the singularly perturbed equation (2.19) starting at
s 0 from initial condition y(t) with x, on the fight-hand side of (2.19), being frozen
at x=x(t). Subtracting the term -Aa2(x) in (2.26), in a sense, centers at its
steady-state mean. Using (2.27), it is straightforward to show that f(x, t) is given by

A(x, t) -(x)A2(x)A[y(t)+Aa2(x)]
(2.28)

+ B(x) ,v(t + s) d.

But direct solution of (2.19) staing at 0 shows that y(t) is given by

(. y(=e’/"y, e’-’/" a(x(,+(x(,v(,/

Using the boundedness f v and y, the boundedness of a and B, which follows
from the boundedness of the truncated process, and the exponentially decaying nature
ofthe transition matrix exp [A/], it can be shown that y(t) is uniformly bounded
in e and . Hence, using the mixing propey (2.4), the compact suppo of (Of/Ox)(x)
and the boundedness of the tncated process x(t), we get

e restrictin/ N >0 guarantees that the right-hand side of (2.30) is bounded
by C+C; that is why this restriction has been imposed. Thus we have shown
that

(2.31) If(t)l If(x(t), t)lK(+).
K> 0 is independent of e, and .

Operating on f(t) by A’, we get

A’A(t) -(x)[A2(x)y( t) + AI2(X)A a2(x)+ B(x)v( t)]
(2.32)

+O (x, t)[a(x)+ A(x)y(t)+ B(x)r(t)].
Ox

Adding (2.25) to (2.32) yields

(2.33) A’(f(x)+(t))=(x)ao(x)
ox



SINGULAR PERTURBATIONS AND WIDE-BAND STOCHASTIC FLUCTUATIONS 89

The last two terms of (2.33) are, again, not uniformly bounded in e and tt and cannot
be part of Lv, so we average them out by defining f2 as

f2(x, t) EtOf’(x, + s)(A,2(x)(t + s, x) + A,2(x)A;
Ox

az,(x) + B,(x)v(t+ s))

(2.34)
+ -f(x)a(X)ox L(/"F(x)] d.

The form of L(/, as defined by (2.5)-(2.17) with e/ replacing % results as a by
product of showing that f(x(t), t)l is o( + e), i.e., by identifying the pas of the
first three terms on the right-hand side of (2.34) which are not O(e) or O(). is
involves lengthy calculations which are given in detail in [17]. Using the compact
suppo off and f, the mixing propey (2.4) and the boundedness of the tncated
process, it can be shown that

(2.35) If=(t)l If=(x(t), t)l K=e + K3
where K= and K are positive constants independent of e, and . Operating on f=(t)
by A’" yields

A’%( t) L(/f(x)-tx, t)(A,(x)y( t) + A,(x)A’a,(x) + B,(x)v( t))
(2.36)

-Of(x)ao(x)+(x,’ t)(a,(x)+ A,=(x)y(t)+ B,(x)v(t)).
Ox dx

Adding (2.33) to (2.36) we get

(2.37)
A’" (f(x)+fl(t) +f2(t))

We define

(2.38)

Of(x, t)ao(x)+-(x, t)[a,(x)+ A,2(x)y(t)+ B,(x)v(t)].L/"f(x)+x
ff’t’(t)=f(x(t))+f(x(t), t)+f2(x(t), t) for 0-< -< T.

Then condition (2.20) of Lemma 1 follows directly from (2.31), (2.35) and (2.38).
From the mixing property, the compact supports of the partial derivatives off up

to the third order and the boundedness of the truncated process we can show that

(2.39)

and

of (x, t)ao(x) Of(x, t)(A12(x)y(t)+ B,v(t))

(2.40) < K68 + KT/x,

where the positive constants Ki are independent of e,/z and to.

By the smooth dependence of Lv on 3’ (see (2.16)), it follows that there exists a
constant c > 0 such that

(2.41) IL/")f(x) Lf(x)l <- c
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From (2.37), (2.38) we have:

Ia’"f’’( t) Lf(x( t))l

(2.42) Of (x, t)ao(x)+Of2 (x, t)(a(x)+A12(x)y(t)+ B(x)v(t))<-- x Ox

+ L(/’)f(x(t)) LVf(x(t))

Then (2.21) of Lemma (1) follows immediately from (2.39)-(2.42).
Now we need to verify (2.22)-(2.24) of Lemma 1. The limit (2.22) follows directly

from (2.31) and (2.35). Also (2.23) and (2.24) follow easily from (2.39)-(2.42) and
the compact support of f Thus the proof of the theorem is completed by applying
Lemma 1. Q.E.D.

From the proof of Theorem 1 it is apparent that if Lv is independent of the
parameter 7 then the requirement e/ix 3’ in Theorem 1 can be dropped.

COROLLARY 1. Suppose that assumptions (A1) to (A5) hold and that L= L
(independent of y). Then x""( converges weakly to (. as e 0 and tx O.

In Theorem 1 we employed the noise condition (A1) which requires the noise
process v(. to be a stationary, uniformly bounded, b-mixing process. The use of
4-mixing processes is typical in asymptotic stochastic analysis (e.g. [2]-[4]), although
in those references b does not have to be exponentially decaying. It is obvious, however,
from Kushner’s work [4] that the noise process v(. can be a stationary Gaussian
process with rational spectra. Since this type of unbounded noise process very often
is more important in applications, we extend our result to that case.

Suppose that the initial states Xo and Yo are Gaussian random vectors with bounded
second moments. Assumption (A1) is replaced by

(A1)’ The process v(t) is defined by

d Qdt + Udw,
(2.43)

v(t)=F(t),

where w(. is a vector Brownian motion, Q, U and F are constant matrices and Q is
Hurwitz.

THEOREM 2. Under the assumptions (A1)’ and (A2)-(A5), x’’( converges weakly
to a diffusion process ,(. with initial condition (0)= Xo and infinitesimal generator
defined by (2.5).

Remark. A corollary similar to Corollary 1 holds in this case as well.
Proof. The proof is almost the same as that of Theorem 1. The only difference is

that instead of using the mixing property we use inequalities that follow directly from
(2.43), e.g., [E,v( + s)l <- K e-l(t). Proceeding as in the proof of Theorem 1 we arrive
at four inequalities similar to (2.31), (2.35), (2.39) and (2.40) with the left-hand side
replaced by its expectation. For example, (2.31) is replaced by

ElA(t)l_-< K,(x/+x/).
Conditions (2.20) and (2.21) of Lemma 1 follow immediately from these four
inequalitios. To verify conditions (2.22)-(2.24) of Lemma 1, we use the fact that there
is a finite w.p.1 w-function C such that Is(t)l c for all [0, T] w.p.1. This fact
leads to four inequalities similar, again, to (2.31), (2.35), (2.39) and (2.40) which hold
w.p.1 and the right-hand side constants (e.g., K in (2.31)) are replaced by finite w.p.1
w-functions. These inequalities lead easily to (2.22)-(2.24). Q.E.D.
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3. Discussion and conclusions. Our main motivation for studying the asymptotic
behavior of singularly perturbed systems driven by wide-band noise has been to
highlight the interplay of the two asymptotic phenomena involved in the problem. The
explicit form ofthe limiting diffusion model derived in 2 clearly shows such interaction
through the dependence of the matrix , defined by (2.14), on 3/= lim._,o e//. Such
interplay becomes significant when we study its impact on the well-established engineer-
ing practice of neglecting parasitic elements when writing down differential equations
representing electrical networks, mechanical systems, etc. According to that practice,
in modeling the singularly perturbed system (2.1), (2.2), the parasitic elements represen-
ted by/ are neglected. This is equivalent to setting/ 0 in (2.2) replacing (2.2) by
the algebraic equation

(3.1) 0= a2(x) + A2y+ B:(x)v.
Since A2 is nonsingular, (3.1) can be solved to get

(3.2) y -a[a2(x) + B2(x)v’].

Substituting (3.2) in (2.1) results in the reduced-order model

(3.3) = ao(x)+ Bo(x)v

where ao and Bo are defined in (2.8) and (2.9). Although in deriving the reduced-order
model (3.3) we started with the higher-dimensional model (2.1) and (2.2) and arrived
at (3.3) through the formal procedure of setting/z 0, it is typical in practical modeling
situations that such order reduction is done even before writing down any equations
representing the system. Parasitic elements are usually neglected by omitting them
from the physical description of the system (e.g., omitting parasitic inductances or
capacitances from electrical networks descriptions). As a result of that it is not
uncommon that the only available mathematical model to describe the system is the
reduced-order model (3.3). Using (3.3) to characterize the behavior of x may lead to
wrong conclusions. In particular, since our interest here is in the case when e is
sufficiently small, we can study the asymptotic behavior of x as e0 using well-
established techniques (e.g. [2]-[4]). As e0 the solution of (3.3) converges weakly
to a diffusion process with infinitesimal generator L given by

_
1 lij(x)C92f(x)(3.4) f(x)=bi(x)i=l (x)+

i.J=, OxiO-----
where

(3.5)

(3.6)

(3.7)

(3.8)

and

(3.9)

/= ao+ ]1- A12A’I/2+
A= BoS(O)B,

hli tr DBo W],
hEi tr E Bo W],

h’3, tr [-F’,Bo WB.Af ].

Obviously this diffusion limit is different from the right diffusion limit given in 2. In
fact, comparing (3.5)-(3.9) with (2.6)-(2.12) shows that the two operators coincide
only as ),-> (i.e.,/z/e ->0), indicating that the use of the reduced-order model (3.3)
is acceptable only if/x << .
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As a generic example that illustrates the above situation consider the feedback
control system of Fig. 1. Our interest here is not in designing such a control system,
although this is an interesting problem for which the order reduction results of this
paper could be useful, but in analyzing the behavior of x once the system has been
built. The singularly perturbed equation in the forward loop represents actuator
dynamics, amplified dynamics or RC or RL sections, which typically have small time
constants represented here by the small parameter /z. In modeling such feedback
systems, it is the practice of engineers to simplify the model by neglecting the fast
dynamics of actuators, amplifiers, etc., when the time constant/z is sufficiently small
with respect to the relaxation time ofthe plant. Such simplification leads to the feedback
system of Fig. 2 in which the dynamic equation /zp Hy + Ke is replaced by the
algebraic equation y =-H-1Ke. Readers who are not familiar with this engineering
practice can realize how common that practice is by noticing that whenever an amplifier
in a control system is modeled by a constant gain k, such model simplification has
been already employed since a more realistic model of the amplifier would be the
first-order transfer function k/(1 + s’) or even higher-order transfer functions. If the
driving inputs r and n are smooth deterministic functions of time, neglecting parasitic
elements is justified by invoking singular perturbation results [1]. To analyze the
situation when n is wide-band noise that can be modeled as n(t)= (1/x/)v(t/e), we
invoke the result of 2. The feedback system of Fig. ! is represented by

(3.10) :=f(x) + G(x)y,

(3.11) tz’ K r- x) + Hy + Kn,

which fits the structure of equations (2.1), (2.2). Suppose that f(x) and G(x) are
smooth enough that our technical conditions are satisfied, H is a stability matrix, and
r is a constant set point. Then, for sufficiently small e and/z, the behavior of x can
be approximated by a diffusion process with infinitesimal generator (2.5) which is
dependent on 3’. If the simplified feedback system of Fig. 2 is used to analyze the
behavior of x, then for sufficiently small e, x can be approximated by a diffusion
process whose infinitesimal generator is given by (3.4). This shows the invalidity of

n[noise]

Lj J Hy ke

Plant

FIG.

n[noise]

-1 fix]

FIG. 2
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the simplified feedback system of Fig. 2 as a model for analyzing x. To make the
example more transparent, let us consider a specific situation where x e R, y e R2,

G(x) c ,1], H=[-10 -2’O] K=[1]I
and suppose that the correlation function R(r) is given by R(z)= tr

2 e-I1. Then, as
e,/z --> 0, x(. converges weakly to (. which satisfies the Ito equation

If ( -)(r-:)-3y2+6y+2 o’2e--tr2e-2e]dtd ()+ + e
3(,+ 1)(23 + 1)

+x/tr2[+e-] dw, (O) =Xo

where y lira .,_,o e //z. ).
On the other hand, the diffusion process corresponding to (3.4) satisfies the Ito

equation

d;=[f()+(1/2+e-)(r-.)+1/20"2 e-- tr
2 e-2] dt+4-tr2[1/2+e-] dw, ;(0) Xo.

It is apparent that for all finite y > 0, the two Ito equations are different. They coincide
only as 3’ -> oo.

The above discussions have shown that reducing the order of dynamic systems
driven by wide-band stochastic inputs via neglecting parasitic elements is, in general,
valid only when the frequency band of the neglected fast dynamics is much wider than
the frequency band of the input. There are, however, several interesting special cases
where neglecting parasitic elements is valid even when the frequency band of the input
is of the same order of the frequency band of the fast dynamics. These are the special
cases for which the operator L is independent of y. Using the explicit form of the
operator Lv given by (2.7)-(2.17), we can easily identify such special cases. For instance,
it is apparent that for linear systems, as long as the behavior of the slow variable x is
concerned,/z can be set to zero. This conclusion for linear systems can be interpreted
in the following way. Although replacing the differential equation (2.2) by the algebraic
equation (3.1) cannot be used to approximate y, it can be used as an input to the slow
equation (2.1) since the error resulting from this approximation will be filtered out by
the slow equation. The same conclusion holds even when the input is modeled as white
noise [14]. From (2.7)-(2.17), we can see also that the nonlinearity of al and a21 is
not the source of the inconsistency encountered here. It is the nonlinearities in B, B2
and A12 that give rise to the correction terms hi, h2 and h3, respectively, bringing in
the dependence on y through the matrix E. Recall that

, eAEv" B2R’(’r dr

and suppose, without loss of generality, that R is normalized in such a way that B2 is
proportional to the root-mean square of the noise input. It is apparent that if BE-- 0
(no noise input to the singularly perturbed equation) or BE is sufficiently small (small
noise input to the singularly perturbed equation), then the dependence of L on y
will either vanish or be insignificant, respectively. The small noise case is particularly
important and arises frequently in applications cf. [ 15]. For example, in the feedback
system of Fig. 1, let n(t) have a correlation function A 2 e-Il/0 where A is of order one
and 0 is sufficiently small. The power spectrum of n(t) is 20A2/(1 -I-(0202) which is flat
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over a frequency band of order 1/0. As 0- 0, n(t) does not tend to white noise but
n/x/ tends to white noise. Taking e 0, n(t) can be modeled as n(t)= v(t/e) where
v(t) has A 2 e as its correlation. For this n(t), equation (3.10), (3.11) take the form

yc f(x) + G(x)y,

tzp K r x + Hy +4e Kv,
which is of the form (2.1), (2.2) except that B2 is multiplied by

Checking the proof of Theorem 1, it can be easily seen that the following corollary
holds for the small noise case.

COROLLARY 2. Consider the system (2.1), (2.2) except that BE is replaced by
Assume that (A1)-(A5) hold. Let( be a diffusion process whose infinitesimal generator
is given by (2.7)-(2.17) with BE=O and let x(0) =Xo. Then x’"’( converges weakly
to (. as e O, Ix 0 and O.

A similar corollary holds for the Gaussian case of Theorem 2.
Finally, we conclude our discussions by pointing out that the restriction e//z => y >

0 which has been imposed in this paper is purely technical and that the form of the
operator L derived in 2 is actually valid as 3’ 0. This can be shown by studying
the case e//z-0 as two sequential limiting processes e-0 followed by /z- 0, and
employing asymptotic results from [3]-[5], [16]. The details of that are given in [17].

REFERENCES

1] P. V. KOKOTOVIC, R. E. O’MALLEY, JR. AND P. SANNUTI, Singular perturbation and order reduction
in control theory--an overview, Automatica, 12 (1976), pp. 123-132.

[2] G. C. PAPANICOLAOU AND W. KOHLER, Asymptotic theory of mixing stochastic ordinary differential
equations, Comm. Pure Appl. Math., 27 (1974), pp. 641-668.

[3] G. BLANKENSHIP AND G. C. PAPANICOLAOU, Stability and control ofstochastic systems with wide-band
noise disturbance, SIAM J. Appl. Math., 34 (1978), pp. 437-476.

[4] H.J. KUSnNER, Jump-diffusion approximationsfor ordinary differential equations with wide-band random
right hand side, this Journal, 17 (1979), pp. 729-744.

[5] ., Stochastic Stability and Control, Academic Press, New York, 1967.
[6] G. BLANKENSHIP AND S. SACHS, Singularly perturbed linear stochastic ordinary differential equations,

SIAM J. Math. Analysis, 10 (1979), pp. 306-320.
[7] G. BLANKENSHIP, On the Separation of Time Scales in Stochastic Differential Equations, Proc. 7th

IFAC Congress, Helsinki, 1978, pp. 937-944.
[8] V. D. RAZVIG, Reduction ofstochastic differential equations with smallparameters and stochastic integrals,

Int. J. Control, 28 (1978), pp. 707-720.
[9] H. J. KUSHNER, A martingale methodfor the convergence of a sequence ofprocesses to a jump.diffusion

process, Z. Wahrsch. Verw. Gebiete, 53 (1980), pp. 207-219.
[10] P. BILLINGSLEY, Convergence of Probability Measures, John Wiley, New York, 1968.
[11] D. W. STROOCK AND S. R. S. VARADHAN, Multidimensional Diffusion Processes, Spdnger-Verlag,

New York, 1979.
12] T. G. KurtTZ, Semigroups of conditioned shifts and approximation of Markov processes, Ann. Probab.,

3 (1975), pp. 618-642.
[13] H. J. KUSrlNER AND Y. BAR-NESS, Analysis of nonlinear stochastic systems with wide-band inputs,

IEEE Trans. Automat. Control, ACo25 (1980), pp. 1072-1078.
[14] A. HADDAD, Linear filtering of singularly perturbed systems, IEEE Trans. Automat. Control, AC-21

(1976) pp. 515-519.
[15] Z. SCHUSS, Singular perturbation methods in stochastic differential equations of mathematical physics,

SIAM Review, 22 (1980), pp. 119-155.
[16] G. C. PAPANICOLAOU, D. STROOCK AND S. R. S. VARADHAN, Martingale approach to some limit

theorems, Statistical Mechanics and Dynamical Systems, Duke Turbulence Conference, M. Reed,
ed., Duke Univ. Mathematics Series, 3 (1977), Durham, NC.

[17] M. G. EL-ANSArtY, Stability and control of nonlinear singularly perturbed stochastic systems, Ph.D.
Dissertation, Michigan State Univ., East Lansing, 1983.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 24, No. 1, January 1986

(C) 1986 Society for Industrial and Applied Mathematics
O05

ON SEMINORMALITY OF INTEGRAL FUNCTIONALS
AND THEIR INTEGRANDS*

E. J. BALDERf

Dedicated to E. J. McShane on the occasion of his 80th birthday.

Abstract. We present a definition of seminormality which extends classical notions due to Tonelli
[Fondamenti di Calcolo delle Variazioni, 1921], McShane [Ann Scuola Norm. Sup. Pisa (2), 3 (1934), pp.
181-211,287-315] and Cesari [Trans. Amer. Math. Soc., 124 (1966), pp. 369-412; J. Optim. Theory Appl.,
6 (1970), pp. 114-137; SIAM J. Control Optim., 9 (1971), pp. 287-315], and applies to both integrands
("seminormality in the small") and their integral functionals ("seminormality in the large"). Our main result
states that under very general hypotheses seminormality in the small and large are equivalent. By introducing
a notion called Nagumo tightness, we show that the usual sufficient conditions for the lower semicontinuity
of an integral functional also imply a form of seminormality of the integral functional. Necessary conditions
for the lower semicontinuity of an integral functional can also be obtained from our results.

Key words, seminormality, integral functionals, lower semicontinuity, lower closure, tightness, property
(Q).

1. Introduction. Let (X, d) be a metric space and (V, P, (.,.)) a pair of locally
convex spaces paired by the strict duality (or nondegenerate bilinear form) (.,.) on
V x P. Let R--[-oo, +] denote the set of extended real numbers; we shall use the
convention (+) (+o) + throughout.

A function a" X x V--> R is defined to be simple seminormal (on X x V) if there
exist a lower semicontinuous function f: X--> and p P such that

a(x, v) =f(x) + v, p).

A function a: X x V-+ R is defined to be seminormal (on X x V) if it is the (pointwise)
supremum of a collection of simple seminormal functions on X x V.. An equivalent,
more traditional definition of seminormality will be given in 2, where this property
will be studied in detail.

Now suppose in addition that X, V and P are Suslin spaces (Appendix B). Let
(T, ,/z) be a tr-finite measure space and let be a decomposable set of equivalence
classes of (, (X))-measurable functions, equipped with the essential supremum
metric

d,(x, y) -= ess sup d(x(t), y(t)).
tT

Also, let (F, , (.,.)) be a pair of decomposable vector spaces of equivalence classes
of scalarly ft-integrable functions (cf. Appendix B) going from T into V and P
respectively, paired by the strict duality

(v, p)=- f (v(t), p(t))tz(dt),
T

where it is assumed that for every vV, p the function t-->(v(t),p(t)) is p-
integrable.

Let 1: T x X x V be a function which is such that for some Po and bo 6

(1.1) l(t,x, v)>-_(v, po(t))+do(t) for all xX and v V/z-a.e.

* Received by the editors August 16, 1983, and in final revised form February 4, 1985.
t Mathematical Institute, University of Utrecht, Utrecht, the Netherlands.
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By means of outer integration (Appendix A) we define the integral functional It" x
N as follows:

I/(x, O) =--- f l(t, x(t), v(t))/z (dt).
T

We can now view seminormality at the following two levels:
(i) Seminormality in the small: seminormality of the function l(t, .,. )" X x V

R/z-a.e. (i.e., for/z-almost every e T). Here seminormality is defined with respect to
the framework consisting of (X, d) and (V, P, (.,.)).

(ii) Seminormality in the large" seminormality ofthe integral functional It" x
R of/. Here seminormality is defined with respect to the framework which is composed
of (, d) and (, , (.,.)), introduced above.

While seminormality in the small has a long history, starting with the seminal
work by Tonelli [27] and McShane [21], seminormality in the large seems to be an
entirely new concept. The main explanation for this rather surprising observation can
undoubtedly be found in the traditional occupation with integral functionals of a single
variable, such as exemplified by

I(x) =- l( t, x( t), :( t)) at

where x ranges over a set of smooth curves; e.g. cf. [10].
The principal result of this paper, which will be presented in 3, states that under

quite general hypotheses seminormality in the small and in the large are equivalent.
There are essentially two ways in which this result can be used to shed new light on
lower semicontinuity and lower closure questions for integral functionals ( 4). The
most important one is as follows. A function h: V (-, +o] is said to be of Nagumo
type on V if h is convex and sequentially inf-compact on V for every slope. A subset
o of T" is defined to be Nagumo tight if there exists a x (X)-measurable function
h: T x V [0, +c] such that

h(t,. is of Nagumo type on V/z-a.e.,

sup Ih (V) < q-O0.
//’o

Also, //’o c o//. is defined to be almost Nagumo tight if there exists a nonincreasing
sequence {Bi} in -, whose intersection is a/z-null set, such that for every i 1 the
restrictions to T\Bi of all elements of o form a Nagumo tight set. Important examples
of almost Nagumo tightness are the following. (a) A subset o of is Nagumo tight
if there exists a scalarly measurable multifunction F" T:= V having (sequentially)
compact convex values such that v(t) F( t) /z-a.e. for every v o. (b) In case V is
a separable reflexive Banach space, P its topological dual V’ and T’-= Levy, -=,,
a subset //’o of is Nagumo tight if it is relatively (sequentially) compact for the
weak topology tr(,, Le,). (c) In the same ease as in (b) a sequence in o has an
almost Nagumo tight subsequence if it is uniformly bounded in Ll-norm.

Now suppose that l: T x X x VR satisfies the following well-known sufficient
conditions for sequential lower semicontinuity of It on x :

l(t,.,. is sequentially lower semicontinuous on X x V/z-a.e.,

l(t, x,. is convex on V for every x X/z-a.e.
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Define 11" TxX x Vx,-->R by

l(t,x, v, ,) max (/(t, v,x),,).

Then it follows from the main result that for every Vo V, o such that Vo is
almost Nagumo tight and {A-" A e o} is uniformly integrable, I has the following
coincident seminormality property:

I1 coincides on x Vo x o with a seminormal function,

where I," x Vx is defined by

I(x, , A) -= / ll(t, x(t), t(t), A(t))/ (dt),
T

and seminormality is considered with respect to the framework consisting of (, d,)
and the pair (V x,. x), equipped with the duality

((v, A; p, q))-= ((v(t), p(t))+ A(t)q(t))l (dt).
T

Coincident seminormality being a much stronger property than relative lower semicon-
tinuity, one thus generalizes a whole class of results. These ideas can be carried over
to the subject of lower closure without much difficulty.

The second way in which the main result can be used concerns the usual necessary
conditions for lower semicontinuity of integral functionals. This line of approach could
be of some interest as a contribution to unifying necessary and sufficient conditions
for lower semicontinuity of integral functionals. Although our result is. quite general
in most respects, the boundedness condition (1.1) makes it somewhat incomparable
to similar results obtained elsewhere.

2. Seminormality. In this section we study several aspects of seminormality. We
introduce the seminormal hull of a function and show it to be representable by
semicontinuous hulls and Fenchel conjugation. Also, we give some sufficient conditions
for seminormality to hold. Finally, we show the close relationship which exists between
the notion of seminormality developed here and Cesad’s property (Q) for multifunc-
tions [8]. Let us note in advance that although this section is strictly treated in terms
of the framework for seminormality in the small most results obtained here can be
used in connection with seminormality in the large by a simple substitution of
framework.

Let (X, d) be a metric space. For every x X and 8 > 0 the set of all y X such
that d(x, y) < 8 (d(x, y) <- 8) will be denoted by B(x; 8) (B(x; 8)). Also, let V, P, (.,.))
be a pair of locally convex spaces, paired by the strict duality (.,.)" V x P--> R. The
topologies on V and P are understood to be compatible with the duality; note that
strictness of the duality causes these topologies to be Hausdorff [9, 5.22].

Let a:X x V-> be a given function. Following Tonelli [27] and McShane [21]
(see also Cesari [8]), we introduce a notion of seminormality for extended real-valued
functions by defining a to be seminormal at the point (x, v) X x V if for every a ,
a < a(x, v), there exist p P,/3 , 8 > 0 such that

(2.1) a _-> (., p)+/3 -X(’; B(x, 8)),

(2.2) a < (v, p)+ fl.
As usual, the indicator function X(’; B) of a subset B of X is given by X(Y; B)=-0 if
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y B, X(Y; B) =- +o ify B. Also, we say that a:X xV is seminormal (on X x V)
if a is seminormal at every point of X x V. The following observation is obvious, but
important.

Remark 2.1. The (pointwise) supremum of an arbitrary collection of seminormal
functions on X x V is seminormal. Also, the sum of a finite collection of seminormal
functions on X x V is seminormal, provided that no addition of values /c and -c
takes place. [q

As a consequence of this remark, it makes sense to define the seminormal hull
a" X x V of the function a" X x V- to be the supremum of the collection of all
seminormal functions on X x V which are (pointwise) no larger than a; note that a
is seminormal on X x V by Remark 2.1 and that

(2.3) a<-_a.

By means of the hull concept we can take a different look at local seminormality.
PROPOSITION 2.2. For every x X, v V the following are equivalent"

(2.4) a is seminormal at (x, v),

(2.5) t(x, v)= a(x, v).

Proof. If (2.5) holds, then (2.3) and seminormality of imply (2.4) directly.
Conversely, if (2.4) is true, then for every a , a < a(x, v), there exist p P,/3 ,
>0 such that e<=a and e(x, v)> a, where e is the function on the right in (2.1).
Since e is obviously seminormal on X x V, we find a(x, v)> a, which shows that
(x, v)>= a(x, v). By (2.3) we thus have (2.5). [3

Remark 2.3. The above proof shows that the seminormal hull of a is precisely
the supremum of all functions e=(.,p)+-X(.;B(y;n-1)), peP, , nell,
satisfying e <= a; note that the latter inequality implies

-fl >- c(n, y, p)=- sup
zX,wV

Hence, we obtain

[(w,p)-a(z, w)-x(z; B(y; n-l))].

(x, v)= sup [(v, p)-c(n, y, p)-x(x; B(y; n-l))].
t,yX,pP

Further, note that e as above is evidently simple seminormal, as defined in 1. Hence,
it has been shown in the above proof that the seminormal hull of a is the supremum
of the collection of all simple seminormal functions on X x V which are (pointwise)
no larger than a. By Proposition 2.2 this shows the equivalence of the seminormality
definitions given in 1 and 2.

Let us now express the seminormal hull a of in terms ofthe functions b" X x P
and/: X x P , which we define as follows by Fenchel conjugation of a with respect
to the variable v and semicontinuous hulls with respect to the variable x [7, 1.4]:

b(y, p)=- a*(y, p) sup [(v, p)-a(y, v)],

/(x, p) lim sup b(y, p).
y-

THEOREM 2.4. For every x X, v V

(2.6) (x, v) =/*(x, v) sup [(v, p)-/(x, p)].
pep

Proof. By definition of/ we have/ >_- b; this implies/* <_- b* a** _<- a. From (2.6)
it is clear that /* is the supremum of a collection of simple seminormal functions.
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Hence, /* is seminormal (cf. Remark 2.3). By the above this implies _->/*. On the
other hand, let e be a simple seminormal function on X x V such that e -< a. For such
a function one has trivially that e*" X x P is upper semicontinuous in the variable
x. Hence the obvious inequality e* >- b implies e* ->/. By [7, 1.4] (or ad hoc inspection)
we have e e**. Combined, this gives e _<-/*. By Remark 2.3 we conclude that t -<_/*.
This finishes the proof.

Remark 2.5. It will be convenient to rewrite (2.6) in the following two ways"

t(x, v)=sup lim ’ inf [(v-w,p)+a(y, w)+x(y; B(x; n-l))]
pep noo yX,w V

lim ’ sup inf [(v- w,p)+a(y, w)+x(y;/(x; n-l))].
n-oo pep yX,w V

Remark 2.6. For every function f: X- R, considered as a function on X x V, we
have that the seminormal hull f off is given by

f(x) lim inff(y) =- f(x).
y-x

Also, for every function g" V R, considered as a function on X x V, we have that the
seminormal hull of g is given by

,(v)=g**(v).

Hence, the seminormal hull of f: X- coincides with its lower semicontinuous hull
f, and the seminormal hull of g: Vo coincides with the Fenchel biconjugate g**;
the latter is known to be the lower semicontinuous convex hull of g, provided that g
is affinely bounded from below [7, 1.5]. Thus, the seminormal hull concept straddles
two important hulls.

Let us observe that for every x X seminormality of a at every point of {x} x V
implies trivially that a is lower semicontinuous at every point of {x} x V and that
a(x,.) is convex on V. We shall now establish a kind of converse to this implication,
which in a somewhat less general form constitutes a classical sufficient condition for
seminormality [8], [27]. Let us recall that a function h" Vo (-, +] is said to be
sequentially inf-compact on Vfor every slope if for every p P, 3’ the set of all v V
such that h(v)-(v, p)<-_ 3’, is sequentially compact [7], [20]; of course then for every
p P there exists/3 such that

(2.7) h >-_ (., p)+ fl

since the infimum of h-(., p) over V is attained somewhere (Weierstrass’ theorem).
A function from V into (-, +o] which is both convex and sequentially inf-compact
on V for every slope will be called of Nagumo type on V in this paper; cf. [22].

Example 2.7. Suppose that (V, P, (.,.)) is specified as follows: V is a reflexive
aanach space, whose norm we denote by I1" II, P is the topological dual V’ of (V, II" II),
(., .) is the usual duality, and the topology on V is tr(V, V’). Then a function
h: V (-c, +] is of Nagumo type if there exists a nondecreasing lower semicon-
tinuous convex function h’= [0, /)- (-, +] such that h( v) =- h’(llvll) and

(2.8) lim 3’-1h’(3’)

Of course, this follows from the fact that every norm-bounded subset of V is relatively
sequentially compact for the topology tr( V, V’) on V 16].
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(2.11)

(2.12)
then

From now on until Remark 2.14 we make the additional assumption (cf. [14,
p. 30 ft.]):

(C) V has countably determined compactness.

THEOREM 2.8. For every x X we have that if
(2.9) a is sequentially lower semicontinuous at every point of (x) x V,

(2.10) a(x,. is convex on V,

and if there exist a function h: V (-o, +oo] and 8 0 such that

h is sequentially inf-compact on Vfor every slope,

a(y, >- h for all y B(x; 8),

a is seminormal at every point of (x) x V.

COROLLARY 2.9. For every x X and e0 we have that if (2.9)-(2.10) hold, if
further there exist Po P, flo R and 8 0 such that

(2.13) a(y, v)>-(v, po)/flofor all yB(x; 8) and v V,

and if h: V- (-, /] is of Nagumo type on V, then

a + eh is seminormal at every point of (x)x V.

Proof. The conditions (2.9)-(2.12) of Theorem 2.8 are obviously satisfied if we
substitute a + eh for a and (., po)+ flo+ eh for h.

Remark 2.10. By assumption (C) any subset of V is (relatively) sequentially
compact if and only if it is (relatively) compact. Hence, (2.9)-(2.12) in Theorem 2.8
imply

(2.10’) a(x, .) is lower semicontinuous and convex on V.

A similar observation holds for a + eh in Corollary 2.9.
We shall prepare the proof of Theorem 2.8 by giving a simple but very useful

generalization of Dini’s theorem. This result can also be regarded as a generalization
of the well-known "theorem of the maximum" [2], [20, p. 358]; it is a special case of
[29, Thm. 1 ].

LEMMA 2.11. Let E be a topological Hausdorff space and (fn) a nondecreasing
sequence offunctions from E into (-o, /o]. If
(2.14) lim ’ fn(x)=fo(x) for every x E,

(2.15) ,/ =- inf f(x) - for every n

and if there exists 1 c E such that for every n

(2.16) f is sequentially lower semicontinuous at every point of
and such that for every e 0 and every sequence (x,,) E which satisfies
(2.17) fn(x)<=’y/e for every nN,

there exists a subsequence of {xn) which converges to some point in 1). Then

lim ’ 7n inf fo(x).
n--oo
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Proof. Let us write Yo--infnfo; it is obvious that yo>= limn %. Conversely, for
arbitrary e > 0 there exists by (2.15) a sequence {x,} satisfying (2.17). By hypothesis
there exists a subsequence {x,} of {x.} which converges to some point x. in . By
using (2.14), (2.16) we find for every kM

lira inff.,(xn,) -> lim inffk(X,) >=fk(X.).

By (2.14), (2.17) this gives lira, Yn >=fo(x.)-e. It is now easy to finish the proof.
Proofof Theorem 2.8. Let v e V be arbitrary. If a(x, v)= +oo, then seminormality

of a at (x, v) is a consequence of (2.3) and Proposition 2.2. So suppose now that
(x, v)< +oo. Let p P be arbitrary. We define

f,,(y, w)=-(v-w,p)+a(y, w)+x(y; /(x; n-)),

fo(Y, w)=-(o-w,p)+a(Y, w)+x(y; {x}).

We shall apply Lemma 2.11 with E -= X x V and fl {x} x V (note that we could also
have worked with open balls B(x; n-) in the definition off,). The conditions (2.14)-
(2.16)obviously hold by virtue of (2.8)-(2.9) and (2.11)-(2.12). Let {(y,, wn)} be as in
(2.17) (viz., a sequence of e-almost minimizers of {f,}). Then by Remark 2.5, (2.12)
and evident properties of indicator functions we have for every n e [

h(w,)-(w,, p) <- fit(x, v)-(v, p)+ e,

y,(x;n-).
From (2.11) and the above it follows that {(yn, w,)} has a subsequence which converges
to some point in {x} x V. Hence we may apply Lemma 2.11 and we obtain

lim’ inf f(y,w)= inf fo(y,w).
n.-->oo yeX, V yX, V

By Remark 2.5 this gives

(x, v) sup [(o, p)- b(x, p)] a**(x, o).
p.P

By [7, 1.4] it follows from (2.10’) that a**(x, v)= a(x, v). In view of Proposition 2.2
this finishes the proof.

Thus far, we studied seminormality of a in the framework composed of (X, d)
and V, P, (.; )). Next to this, we shall now also consider the seminormality of functions
from X x V x into with respect to the framework which consists of (X, d) and
(V x, P x, ((.;.))), where the duality ((.;.)) is defined by

((v, A; p, q))--(v, p)+ Aq.

Let a" X x Vx- correspond to a by the relation

a(x, v, A)= max (a(x, v), A ).

We shall first present two analogues ofCorollary 2.9. The first ofthese is straightfor-
ward and will not be used later on. The second analogue shows that it is possible to
relinquish the boundedness condition (2.13) by adding to a an additional growth term
for the negative part of the variable A.

PROPOSITION 2.12. For every x X and e >0 we have that if (2.9)-(2.10) and
(2.13) hold and if h: V-. (-oo, +o] is of Nagumo type on V, then

a + eh is seminormal at every point of {x} x V.
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Proofi We have by definition of

(a + eh)(x, v, A) max ((a + eh)(x, v), eh(v) + h ).

By Corollary 2.9 the function (x, v, h)(a + eh)(x, v) is seminormal at every point of
{x) x V x . The function (x, v, h) eh(v) / h is simply seminormal. Hence, the result
follows by Remark 2.1.

THEOREM 2.13. For every x X and e >0 we have that if (2.9)-(2.10) hold, if
h" V-> (-o% +] is ofNagumo type on Vand ifh" [O, +o)-> (-, +] is nondecreasing
lower semicontinuous and convex, satisfying (2.8), then for thefunction a," X x V x ->

ff, defined by

a,(x, v,A)=-al(x, v,A)+eh(v)+eh’(A-),

where A max (-A, 0), we have

a, is seminormal at every point of {x} x V x

Proofi Let v V, A be arbitrary. Let al. be the seminormal hull of a.. If
,(x, v, A)= +o, then seminormality of a. is immediate by (2.3) and Proposition

(x, v, A) < +o. Let p P, q be arbitrary and define2.2. So suppose now that al,

g.(y, w, )-= ((v- w, A -; p, q))+ al,(y, w, ) +X(Y;/(x; n-)),

go(Y, w, r)--- ((v- w, A- r; p, q))+ al,(y, w, r)+X(y; {x}).

The first case to be considered is when q < 1. We can then apply Lemma 2.11 with
E -= X x V x , fl -= {x} x V x . Namely, conditions (2.14)-(2.16) hold obviously. Also,
if {(y., w., r.)} is a sequence of -almost minimizers of {g.} (cf. (2.17)), then by Remark
2.5 and obvious properties of indicator functions we have for every n

eh( w.) + eh’(r :) + (1- q)r -(w,,, p) <- I,e(X,
y.(x;n-).

From the Nagumo type property for h and h’, and the inequality q < 1 it follows then
easily that {(y., w., r.)} contains a subsequence converging to some point {x} x V x
By applying Lemma 2.11 we find

(2.18) lim’ inf g.= inf go.
n-} X Vx X Vx

Next, we consider the case q= 1. Then (2.18) continues to hold since for every
n t k.J {0}, y X and w V with a(y, w) < +:

inf g,,(y, w, K)=(v- w, p)+ A + eh(w)+ eh’(O)+x(y;/(x; n-)).

So this time we can apply Lemma 2.11 for E X x V and f {x} x V, in complete
analogy to what was done in the proof of Theorem 2.8. It remains to consider the case
when q > 1. Then it is easy to see that infxvR gn =-oo for every n U {0}; hence
(2.18) continues to hold. We conclude that (2.18) holds in all three cases. By Remark
2.5 this leads to

ax. (x, v, h) sup [((v, h" p, q)) a*,(x, p, q)] **(x, v, h).al,e
pP,ql

By [7, 1.4] it follows from (2.10) and the properties of h and h’ that a**,(x, v, x)
a.(x, v, h). The proof is finished by applying Proposition 2.2.
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Remark 2.14. The additional assumption (C) will now be dropped. For later
reference we point out that (C) holds in either of the following two cases:

(i) P is separable (for example, Suslin).
(ii) V is normable for some topology for which P is its dual.

This follows from the Eberlein-Smulian theorem [14, p. 39].
The remainder of this section will be used to demonstrate the strong connections

which exist between the notion of seminormality developed here and property (Q) for
multifunctions, due to Cesari [8]. These connections can be phrased as follows:
seminormality of a finite-valued function is equivalent to property (Q) of its epigraphic
multifunction (cf. [8b, p. 134], [8d, p. 486] and Proposition 2.20 below) and property
(Q) of a multifunction is equivalent to seminormality of the indicator function of the
multifunction (cf. Proposition 2.15 below). Although these connections will not play
a role further on, they do clarify the position of the present section in relation to a
substantial part of the literature on lower semicontinuity and lower closure.

Let Q" X== V be a given multifunction; we shall not exclude the possibility that
some or all values of Q are empty. Following Cesari [8] we say that the multifunction
Q: X V has property (Q) at x X if

(2.19) Q(x) -6-6 Q(x; 8),
3>0

where we denote the union of all sets Q(y) with d(y, x) < 8 by Q(x; 8). Note that one
inclusion holds trivially in (2.19); as will soon be apparent, this corresponds precisely
to (2.3) (note that the implicit hull concept thus given has not been used at all in the
literature on property (Q)). We define the indicator function Xo: X xV of the
multifunction Q by

0 if v Q(x),
if v : Q(x),

In terms of our previous notation this means that Xo(x, v)=X(v; Q(x)). Our next
result states that property (Q) of Q is in fact a seminormality property of the indicator
function Xo.

PROPOSITION 2.15. For every x X the following are equivalent:

Q has property (Q) at x,

XQ is seminormal at every point of {x} x V.

Proof. It is easy to see that

bo(y, P) =- X(y, p) X*(P; Q(y)),

o(x, p) lim sup bo(y, p) inf X*(P; E-6 Q(x" 8)).
3>0yx

For every closed convex subset C of V we have X**(" C) X(’; C) by [7, 1.4]. Thus,
by Theorem 2.4 the seminormal hull )o of Xo is given by

v)=sup X(V;-e’6 Q(x; 8))=x v. f] -e6 Q(x; 8)
3>0 3>0

Hence, the desired equivalence follows directly from Proposition 2.2 by obvious
properties of indicator functions. [
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We shall now work towards a characterization of seminormality in terms of
property (Q). For this purpose, let Q"X:: vx R be a given multifunction. Of course,
the definition of property (Q) extends to Q by an obvious substitution of framework.
Following [lb], we define the modified Lagrangian ’tl" X x V x R->R of Q1 by

QI(X, v, A)--inf{/" _-> A, (v, /) Q(x)}.

It is useful to express ’o, differently. For every subset C of V x we define the function
’(., .; C)" Vxa-> by

(2.20) ’(v, A; C) -= inf [/+g(v, ?; C)];

then clearly we have ’o,(x, v, A) ’(v, A; Q(x)). For every subset C of V x R we shall
use the following terminology: the section of C at v e V is the set, denoted by C,
which consists of all A such that (v, A) C; we shall say that Co is closedfrom the
right if for every nonincreasing sequence {Ak}c Cv with Ao -= limk_, ’k , We have

LEMMA 2.16. If C, C’c VxR are such that

(., .; c)= (., .; c’),

C, C’ are closed from the right for every v e V,

then C C’.
Proof. The result follows directly from the fact that if Co is closed from the right,

the infimum in (2.20) is attained, provided that it is finite.
Remark 2.17. Closedness from the right of the v-sections is an essential condition

for the above lemma. Consider for instance the case where C V x Q, C’-- V x (\),
with Q denoting the set of rational numbers.

PROaOSITION 2.18. For every x e X we have

is seminormal at every point of {x} x V x

(Q(x))o is closed from the right for every v Y

(2.21)

(2.22)

if and only if
(2.23) Q1 has property (Q) at x.

Proof. An easy computation shows

X*(P, q- 1; C)*(p, q; c)
t+oo

Since we have

this gives

bq,(y, p, q)--- ’,(y, p, q)= ’*(p, q; QI(y)),

inf *(p, q; 6-6 Q(x" )),/o,(x, p, q)=-- lira sup bo,(y p, a)
8>0

where Q(x; ,) stands for the union of all sets Q(y) with d(y, x)< & By [7, 1.4] we
have for every closed convex subset C of V x that ’(., C) ’**( .,. C). Therefore,
the seminormal hull ’o, of ’o, is given by

(2.24) o,(x, v, A) sup ’(v, A; Q(x; )),
8>0
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as follows from applying Theorem 2.4. We can rewrite this as

(2.25) o,(x, v, A)= lim ’ inf [ +X(v, /; -6 Q(x; n-))].
n A

If o,(x, v, A)= +, then it follows trivially from (2.24) that

o,(x, v,A)= v,A; Q,(x;)
>o

is identity remains valid if o(x, v, A) < +, since it then follows from (2.25) by an
obvious application of Lemma 2.11 (or Dini’s theorem). Taking into account the fact
that (2.23) trivially implies (2.22), we conclude from Lemma 2.16 and Proposition 2.2
that (2.21 )-(2.22) are equivalent to (2.23).

Our next result states that seminormality for a and seminormality for a are ve
closely related. Here we use the effective domain multifunction D" X defined by

Da(x)dom a(x, .){v V: a(x, v) < +}.

PROPOSITION 2.19. e seminormal hull ofa is given by

(x, (x,v, A) =max v) A +Xo(x, v)).

oofi We define bl, "X x P x by

bl(y,p,q)a(y,p,q) sup [((V,A;p,q))-a(y,v,A)],
X

6(x, p, q) lira sup b(y, p, q).

asy computation shows

(1 q)g(x, p(1 q)-) if 0 q < 1,
gl(X, p, q)=(x,p) if q 1,

[+ if q < 0 or q > 1.

is yields directly

gx, v, ) max (g*(x, v), +x%x, v)).

Hence, the result follows by applying Theorem 2.4.
As a ceain converse to Proposition 2.15 we can now demonstrate that seminor-

mality of the function a" X x V can be characterized in terms of propey (Q) for
the epigraphic multifunction Q" X Vx of a, defined by

Q(x) epi a(x, .) {(v, ) Vx" a(x, v)}.

PoaosIO 2.20. For eve x X we have that if
(2.26) a is seminormal at every point of {x} x V,

then

(2.27) Q has property Q) at x.

Moreover, if a(x, v)<+ for all v e V, then (2.26) and (2.27) are equivalent.
oof emodified Lagrangian ofQ is easily seen to be precisely the function

a. Since Qa obviously satisfies (2.22), the result follows immediately from combining
Propositions 2.2, 2. i 8 and 2.19.
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We shall now briefly discuss the connections between the results of this section
and work by others. Surprisingly enough, the adaptation of the seminormality concept
of Tonelli and McShane to extended real-valued functions seems not to have been
considered before. Hence, our results can only be compared to results which have
been formulated in terms of property (Q) for multifunctions. Because of Propositions
2.2, 2.15, Theorem 2.4 generalizes [15, Thm. 3.1] (see also [8d, 17.6]). Also by Proposi-
tion 2.15 we can observe that Theorem 2.8 is well-known, albeit in slightly weaker
forms [8d, 10.5i], [13, VIII.2.1], [26, Thm. 2.1], [3, Lemma 0.7]. It should be observed
that Theorem 2.8 can also be extended as in [8d, 10.5ii] by the introduction of
monotonicity in certain components of the variable v (the proof then follows again
by Lemma 2.11 and Remark 2.5--this goes similar to the more subtle proof of Theorem
2.13). We also wish to point out that the result of [26, Thm. 2.1], which at first sight
appears to belong to a class of more general results, is indeed covered by Theorem
2.8. This can be seen by invoking Proposition 2.20 and constructing a suitable minorant
function h under the conditions given in [26]; the details are left to the reader.

Propositions 2.12, 2.19 and especially Theorem 2.13 all seem to be new. Proposition
2.15 is also a novel result; observe that it crucially depends on defining seminormality
for extended real-valued functions. Finally, Propositions 2.18 and 2.20 are related to
similar, more involved characterizations of seminormality in the sense of Tonelli and
McShane, which were given in [8b], [8d, 17.3].

3. Seminormality in the small and in the large. In this section we Shall establish
the connections between seminormality in the small and in the large, announced in
the introduction. We shall repeatedly use results involving outer integration and
measurable selections; we refer to Appendices A and B for some basic definitions in
this regard.

Let (T, if,/z) be a tr-finite measure space. For the moment we shall also assume
that the tr-algebra ff is/z-complete; later, we will show how this assumption can be
lifted. Let (X, d) be a metric Suslin space (Appendix B) and let (V, P, (.,.)) be a pair
of locally convex Suslin spaces, paired by the strict duality (.,.) (i.e., V and P are
Suslin for topologies compatible with (.,.)).

Let be a decomposable set of equivalence classes of (if, 3(X))-measurable
functions from T into X (the equivalence relation being equality/z-a.e.), which we
equip with the essential supremum metric

d,(x, y) ess sup d(x(t), y(t)).
tT

Also, let (T’, , (.,.)) be a pair of decomposable vector spaces of equivalence classes
ofscalarly/x-integrable functions (Appendix B) going from T into V and P respectively,
paired by the duality

(v, p)= I (v(t), p(t))lz(dt),
./T

where it is assumed that for every ve T’, pc the function t-->(v(t), p(t)) belongs to
(this function is certainly -measurable by [7, 111.36]). As a consequence of the

decomposability hypothesis, the duality (.,.) is strict [7, VII.5].
Let l: T x X x V--> R be a given function. By means of outer integration (Appendix

A) we define the integral functional It" x T’-> as follows:

It(x, v) ir l(t, x(t), v(t))tz(dt).
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We can now consider seminormality of the integrand with respect to the framework
consisting of (X, d) and (V, P, (.,.)) (seminormality in the small) and seminormality
of the integral functional I with respect to the framework which consists of (, g) and
(V, , (.,.)) (seminormality in the large). Our main result on the relationship between
seminormality in the small and seminormality in the large can now be stated.

THEOREM 3.1. For every x Y such that there exist Po , Oo and > 0 with

(3.1) l(t,y,v)>=(v, po(t))+Oo(t)forallyB(x(t);) andv V/.-a.e.,

we have that if
(3.2) l(t, .,. is seminormal at every point of {x(t)} x V/-a.e.,

then

(3.3) I is seminormal at every point of {x} x

Moreover, if
(3.4) is x 3(X x V) -measurable,

(3.5) I(x,. is not identically equal to +oo on V,

then (3.2) and (3.3) are equivalent.
We shall avail ourselves of some lemmas to prove this main result.
LEMMA 3.2. If (3.4) holds, then for every n [ and x
(a) The function l.,x: T x X x V-> , defined by

w)=_l(t,y, w) if d(y,x(t))<=n -1,
l.,(t,y,

is x 3 X x V) -measurable.
(b) The function m.,x: T x P-> , defined by

m,,,x(t, p) -= sup [(w, p)-/.,x(t, y, w)],
yX,wV

is x ()-measurable.
(c) The function m.*,x" Tx V->, defined by

m*,x(t, v)=- sup [(v, p)- m,x(t, p)],
pP

is Yx 3 V)-measurable.
Proof. (a) A simple consequence of [7, III.36]. (b) (Compare with the proof of

[7, VII.l].) By the von Neumann-Aumann theorem [7, III.22] the epigraphic multifunc-
tion t->epi l.,x(t,., .), whose graph is x(Xx Vx)-measurable by (a), has a
sequence.{(y, w, r)} of measurable selections such that for every T the sequence
{(y(t), w(t), r(t))} is dense in epi l.,x(t, .,. ). By continuity of (., p) this gives

m.,x(t, p) sup [(w(t), p)- r(t)],

so measurability of m., is evident from [7, III.36]. (c) The proof here is entirely similar
to that of (b).

Let us introduce the function l: T x X x V--> by setting

l(t, .,. -= seminormal hull of l(t, .,. ).

LEMMA 3.3. if (3.4) holds, then the function is x 3(X x V)-measurable.
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Proof. By Remark 2.3 we know

l(t, x, v)= sup [(v, p)-c(t, n, y, p)-x(x; B(y; n-l))]
ll,y X,pP

with c: T x N x X x P R defined by

c(t,n,y,p) =- sup [(w,p)-l(t,z, w)-x(z;B(y;n-1))].
zX,wV

Let us first show that c(., n, .,. is ff x (X x P)-measurable for arbitrary n N. By
the von Neumann-Aumann theorem [7, III.22] the epigraphic multifunction t--
epi l(t,., .) has a sequence {(z, w, r)} of (if, (Xx VxR))-measurable selections
such that for every T the sequence {(z(t), w(t), r(t))} is dense in epi l(t, .,. ). By
continuity of (., p) and upper semicontinuity of the indicator function of an open set
this gives

c( t, n, y, p) sup [(w( t), p)- ( t) x(z( t); B(y; n-l))].

The desired measurability of c(., n, .,. is now obvious by [7, III.36]. The measurability
proof for now proceeds by an obvious repetition of moves, which is left to the
reader.

Note that the crucial difference between Lemmas 3.2 and 3.3 is that Lemma 3.2
is concerned with closed balls in the space X, and Lemma 3.3 with open balls. The
reasons for this distinction will be apparent in the proof of the following key result.

LEMMA 3.4. If (3.1), (3.4) hold, then

Proof. Let x and v V be arbitrary. By Remark 2.5 we have

I(x, v)= lim ’ sup a,p,

where

a.,, inf [(v- w, p)+ I(y, w)].
y,d(x,y)<-- l/n,w V

By definition of the essential supremum metric d we have

inf [( v w, p) + I:. (y, w)],Oln,P y , Or

with l,, as defined in Lemma 3.2(a). If a.,, >-, it follows from Lemma 3.2(b) and
the decomposability of and by the reduction theorem (Theorem B.1) that

,,p=<v,p>-Im,.(p).
Note that by (3.1) for n large enough

m,( t, po(t)) -o(t);

hence, it follows from the above, Lemma 3.2(c) and decomposability of @ that

sup a., sup [<o, p>- I,x(p)] Im,(V)

by yet another application of the reduction theorem. Note that by the above inequality

m,x(t, v(t))(v(t), po(t))+o(t)
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for n large enough. Hence, it follows by the monotone convergence theorem that

lim ’ sup a,.p= f lim ’ m$,,(t, v(t))g(dt).
n-x P JTn

By combination of the definitions leading up to that of m,*, in Lemma 3.2 and Remark
2.5 it is easily seen that

lim ’ m*,x( t, w) l( t, x( t), w).

Hence, we may conclude that
At the present stage we can prove Theorem 3.1 under the additional hypothesis

that (3.4) be valid throughout:
Proof of Theorem 3.1 (simplified version). Here we suppose that (3.4) is valid

throughout. By Proposition 2.2, (3.2) is equivalent to

(3.6) l(t, x(t),- l(t, x(t),. )/z-a.e.

Thus, if (3.2) holds, Lemma 3.4 gives

I,(x, )= IT(x, )= I,(x, .).

Hence (3.3) follows by invoking Proposition 2.2. Conversely, if (3.3) holds, then
Proposition 2.2 and Lemma 3.4 give

I,(x, )= It(x, )= I?(x, ).

Hence, (3.6) follows by Theorem B.2 from (3.5), Lemma 3.3 and the decomposability
of .

We shall now introduce an additional lemma that will enable us to remove
condition (3.4) in proving one of the implications in Theorem 3.1.

LMMA 3.5. There exists a
such that

(3.7) (t, .,. is seminormal on X x Viz-a.e.,

(3.8) ( t, .,. >= l( t, .,. iz-a.e.,

(3.9) It= I?.
Proof. Consider the set d of all normal integrands g on T ( X P) ofthe type

g(t, n, y,p)---(v(t),p)-p(t)-X(x(t); B(y; n-))
for all x , v o//. and all if-measurable functions o" T satisfying o(t) >=
l(t, x(t), v( t)) /z-a.e. By Theorem B.3 there exists a countable subset do of such that

-= sup g satisfies the inequality (t,. => g(t,. )/z-a.e. for every g d. We define

f(t, z, w)-- sup [(w, p)-,(t, n, y, P)-X(Y; B(z; n-i))].
l,y X,pP

Since l(t, ,. is the supremum of a collection of simple seminormal functions on
X x V, (3.7) follows immediately. Also, is by its definition a normal integrand on
T x (N x Xx P); hence the desired measurability of is proven in complete analogy
to what was done in Lemma 3.3. Also, it follows from the definition of that

ff,(t,n,y,p) <- sup [(w,p)-l(t,z, w)-x(z;B(y; n-))].
zX,wV

Therefore it follows by Remark 2.3 from the definition of ’ that for/z-a.e, T the
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seminormal hull of l(t, .,. ), which is l(t, .,. itself, is no larger than ’(t,.,.). This
proves (3.8). Finally, let x e and v e be arbitrary. For every -measurable function

o" T- such that (t) > l(t,x(t), v(t)) -a.e. we have for -a.e. te r
q(t)>=(v(t),p)-ff,(t, n, y,p)-x(y; B(x(t); n-l)) for all n,yX, pe P,

by the essential supremum property of ; this implies (t)=> f(t, x(t), v( t)) /-a.e. By
definition of outer integration this means that I?(x, v) >= It(x, v); the converse inequality
follows directly from (3.8) and measurability of We conclude that (3.9) has been
shown to hold. [3

Proof of Theorem 3.1 (remainder). Let correspond to as in Lemma 3.5. Since
(3.2) holds, we have (3.6). In view of (3.9) this gives

(3.10) I(x, )= It(x," ).

As is fix (X x V)-measurable, substitution of ’ in lieu of in Lemma 3.4 gives

It It by using (3.7). This shows It to be seminormal on x (Proposition 2.2). By
(3.9) and (2.3) we have It >- It. By Proposition 2.2, (3.3) thus follows from (3.10). [3

From the proof of Theorem 3.1 it is evident that the following result also holds;
its proof will be left to the reader.

THEOREM 3.6. For such that. there exist Po and qo with

(3.11)

we have that if
(3.12)

then

(3.13)

l( t, y, v) >-_ (v, po( t))+ qo( t)

l( t,’," is seminormal on X x V-a.e.,

I is seminormal on

Moreover, if (3.4) holds and

It is not identically equal to +o on

then (3.12) and (3.13) are equivalent.
We can rid Theorems 3.1 and 3.6 of the completeness assumption for the measure

space (T, ,/z), hitherto in force.
Remark 3.7. Theorems 3.1 and 3.6 continue to hold if (T, if,/) is not assumed

to be complete. This follows from the fact that every equivalence class of ff-measurable
functions in , or has a if-measurable representant by [7, 111.36] and elementary
facts concerning completion. Here r,, stands for the/-completion of the tr-algebra
Y. Further details are left to the reader.

4. Seminormality and semieontinuity of integral funetionals. In this section we shall
combine the results of 2, 3 so as to obtain very general sufficient conditions for
coincident seminormality, lower closure and lower semicontinuity of integral func-
tionals (of course the point of these conditions is that they do not explicitly refer to
seminormality). At the same time, a new approach is initiated to necessary conditions
for the lower semicontinuity of integral functionals.

Let (T, if,/z) be a finite measure space; in contrast to {} 3, this measure space is
supposed to be finite, since we shall work with weak convergence in Lel-spaces.
Otherwise, the framework of this section is that of 3: (X, d) is a metric Suslin space,
(V, P, (.,.)) is a pair of locally convex spaces, paired by a strict duality (.,.), such
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that V and P are Suslin spaces for topologies that are compatible with the duality.
Further, is a decomposable set of equivalence classes of (if, (X))-measurable
functions from T into X, and (V, , (.,.)) is a pair of decomposable vector spaces of
equivalence classes of scalarly if-measurable functions, going from T into V and P
respectively, equipped with the strict duality

(v, p)-- | (v(t), p(t))/z(dt).
T

We recall from 2 that a function h: V- (-0% +c] is said to be of Nagumo type
if h is convex and sequentially inf-compact on V for every slope. A subset
is defined to be Nagumo tight ifthere exists a
[0, +o] such that

(4.1) h(t,.) is of Nagumo type on V/z-a.e.,

(4.2) sup Ih(1)) <
veVo

Further, Vo is defined to be almost Nagumo tight if there exists a nonincreasing
sequence {Bi} in if, whose intersection is a/z-null set, such that for every e N there
exists a fix (V)-measurable function hi: Tx V[0, +c] with

(4.1)i hi(t," is of Nagumo type on V/z-a.e.,

sup f hi(t, v(t))/z(dt)<
t/’o ,)T\B

The following examples show that (almost) Nagumo tightness occurs in some interesting
cases.

Example 4.1. Every subset o of for which there exists a scalarly -measurable
multifunction l: T::: V having (sequentially) compact convex values, such that for
every e > 0 there exists a set A in ,/z(A) -e, with

v(t) F(t) for all v //’o for every T\A,

is almost Nagumo tight, as is seen by taking Bi to be the intersection of the sets A1/j,
j <- i, and hi to be the indicator function Xr of F; note that Xr is " x ( V)-measurable
by [7, 111.37].

Example 4.2. Suppose that (V, P, (.,.)) is specified as follows: V is a separable
reflexive Banach space, whose norm we denote by [1.11, P is the topological dual V’
of (V, 1[. [[), (.,.) is the usual duality, V is equipped with the topology tr(V, V’) and
P with the topology tr(V’, V) (in this case V and P are both locally convex Suslin
[7, p. 202]). Suppose further that (V, , (.,.)) is as follows: V is the usual Ll-space
of ., of equivalence classes of/z-integrable functions from T into V (note that strong
and scalar/z-integrability coincide here by separability of (V, 11.1[)), and is the usual
L-space , of equivalence classes of essentially bounded scalarly if-measurable
functions from T into V’.

Then every subset Vo ofv which is relatively compact or relatively sequentially
compact for the weak topology tr(], ,), is Nagumo tight. Namely, by the Dunford-
Pettis theorem [12, IV.2.1] the set of all functions tllo(t)ll, o to, is uniformly
integrable. Hence, there exists by the de la Vall6e Poussin theorem [11, II.22] a
nondecreasing continuous convex function h’: [0, +oo)--> [0, +o) satisfying (2.8), such
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that

sup
vo T

Setting h(v) =- h’([lvll), we see that Nagumo tightness holds by Example 2.7.
Example 4.3. Suppose that (V, P, (.,.)) and (T’, , (.,.)) are as in Example 4.2.

Then for every sequence {Vk} in r such that

sup Ir IIv( t)llx(dt) < +,

there exists a subsequence {k’} of {k} such that {Vk,} is almost Nagumo tight. Namely,
the set of all functions tllv(t)ll, k, is uniformly bounded in in Ll-norm.
Hence by the biting lemma of Chacon [4] there exist a nonincreasing sequence {Bi}
in 3r, having a/x-null set as its intersection, and a subsequence {k’} of {k} such that
for every i the restrictions of the functions t--> o ,(t)II to T\Bi form a uniformly
/x-integrable sequence. At this point the previous example can be taken up in an
obvious way.

Let l" T x X x V--> R be a given function; correspondingly we define the function
l" TxXx VxR--> by

l,(t, x, v, A)-= max (l(t, x, v), A).

The integral functional It," x T" x ->, of course defined by

It,(x, v,A)= I l(t,x(t), v(t),A(t))tz(dt),
T

will be considered in connection with the seminormality framework which consists of
(,’, d) and the pair (T" x, x ’, ((.;.))) of decomposable vector spaces, whose
duality (strict) is given by

(4.5)

(4.6)

we have

((v, A; p, q))--- fr (<v(t), p(t)>+ A(t)q(t))lz(dt).

THEOREM 4.4. For every x g if
l( t,.,. is sequentially lower semicontinuous at every

(4.3)
point of {x(t)} x V tz-a.e.,

(4.4) l(t, x(t),. is convex on V tz-a.e.,

then for every T’o c T" and o satisfying

o is almost Nagumo tight,

ff--{A-: A e *o} is uniformly -integrable,

(4.7) h, coincides on o eo with a function which is
seminormal at every point of {x} x T" x.

Proof. To simplify matters, we shall first assume that T’o is Nagumo tight. Let h
be as in (4.1)-(4.2). By (4.6) there exists a nondecreasing continuous convex function
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h" [0, +c)-> [0, +oo), satisfying (2.8), such that

(4.8) sup f h’(A-(t))tz(dt)<+,
A ,.’o T

as follows by the theorem of de la Vall6e Poussin. For every e > 0 we define the function

l." TxXx VxR-->R by

l,,(t,y, v,A)l,(t,y, v,A)+eh(v)+eh’(A-).

In view of (4.3)-(4.4) and the properties of h and h’ we have by Theorem 2.13 that

ll,e(t, ", "," is seminormal at every point of {x(t)} x V x R/z-a.e.

Hence condition (3.2) of Theorem 3.1 holds. Also the boundedness condition (3.1)rain
fact (3.11)--is valid, since we can take po(t) 0, qo(t) -= 1 and tpo(t) -= 0 for all T.
By Theorem 3.1 we obtain

It,. is seminormal at every point of {x} x x.
Let tr stand for the value ofthe supremum in (4.2) and tr’ for the value ofthe supremum
in (4.8). The function J:x //’x ->I defined by

sup (It,,, eo"- ecr’),

is seminormal at every point of {x} x o//. x &e, as follows from the above by Remark
2.1. It is also elementary to verify that

J(y, v, A )= It,(y, v, A) for every y , v ro and A e o,
so the proof under the simplifying assumption has come to an end. Next, we suppose
that merely (4.5) holds. Let {Bt} be as asserted in the definition of almost Nagumo
tightness. For every [ we define It" x x --> by

(4.9) Ii(y, v,A)--= fr lr\a,(t)l,(t,y(t), v(t),A(t))l(dt)+ f A(t)t(dt).
Bi

From the above it follows by making an obvious substitution for the integrand that
for every i N, It coincides on x Wo xo with a function Jr:x Wx --> which
is seminormal at every point of {x} x W x. By Proposition A.1 and the monotone
convergence theorem we have It, limt ’ I on x T" x (pointwise), so the desired
result now follows by Remark 2.1.. E]

In complete analogy to the derivation of Theorem 4.4 from Theorem 3.1 we can
now obtain the following result from Theorem 3.6.

THEOREM 4.5. /f

l( t, ., is sequentially lower semicontinuous on X x V tz-a.e.,

1( t, x, is convex on Vfor every x X tz-a. e.,

then for every oc and oc. satisfying (4.5)-(4.6) we have

It, coincides on YT x o xo with a seminormal function.
Remark 4.6. The coincident seminormality results obtained in Theorems 4.4 and

4.5 immediately imply lower semicontinuity results for I,. For instance, (4.7) implies

It, is lower semicontinuous at every point of {x} x Y’oX .%, relative to the set
x oX.o,



114 E.J. BALDER

where is equipped with the d-topology and o//. x with the weak topology tr(//" x,, x ’).
Rather than the modes ofconvergence employed in the above remark, it is desirable

to work with weaker modes of convergence. For this purpose we shall work from now
Xon with given sequences { k}O in and {Vk} in o//. (formally we could consider

generalized sequences, but with little effect---see our comments below). We shall say
that the sequence {Xk} almost converges in to the function Xo if there exists a
nonincreasing sequence {B} in T, whose intersection is a/z-null set, such that for
every N

ess sup d(x(t), Xo(t))--,O.
t. T\B

We shall also say that the sequence {v} almost converges in cr(T’, ) to v o//, if
there exists a nonincreasing sequence {Bi} in if, whose intersection is a/z-null set,
such that for every N

(Vk(t), p(t))/z(dt)--> [ (v(t), p(t))/z(dt) for every pc .
T\Bi JT\BI

Example 4.7. If the sequence {x} converges in measure/z to Xo then there exists
a subsequence {} of {k} such that {x} almost converges in. to Xo. Namely,
contains a subsequence {} such that {x} converges to Xo/z-a.e. Therefore there exists
by Egorov’s theorem 23, II.4 a sequence {Aj} in , /z(Aj)<-_j-, such that
ess SUpT\A d(x(I), Xo(I))--> 0 for every j aN. Now take B to be the intersection of the
sets Aj, j <- i.

Example 4.8. Suppose that (V, P, (.,.)), (V, , (.,.)) and { vk} are as in Example
4.3. Then {k} contains a subsequence {g} such that {v} almost converges in tr(,, ,)
to some v. ,. Namely, let {k’} and {B} be as in Example 4.3. For every N the
restrictions of the functions t--llVk,(t)ll to T\B form a uniformly/z-integrable subset
of, so by the Dunford-Pettis theorem [12, IV.2.1] a subsequence of the sequence
of restrictions of Vk to T\B, keN, converges in tr(lv(T\B), ,(T\B)) to some
element of ,( T\B). By the obvious extraction of a diagonal sequence one thus finds
the desired {g} and v., (/z-integrabiliiy of v. follows from the uniform L1-

boundedness of the initial sequence).
Note that neither example above--nor any other of which we know--applies to

generalized sequences. Thus, apart from Theorems 4.4, 4.5 and Remark 4.6, nothing
new ensues for generalized sequences.

THEOREM 4.9. If

(4.10) l(t, "," is sequentially lower semicontinuous at every point of {x0(t)} x V
/z-a. e.,

(4.11)

if also
l( t, Xo( t), is convex on V/z-a.e.,

{Xk}7 almost converges in d to Xo,

{ Vk}7 almost converges in tr(t/’, ) to v F,

{Vk}U {v} is almost Nagumo tight,

and if there exists a uniformly/z-integrable sequence {hk} in f such that

(4.12) l( t, Xk( t), Vk( t)) >-- hk(t) I-a.e. for every k ,
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then

(4.13) lim inf Ii(Xk, Vk) >- It(Xo, V).

Proof. Suppose first that (Xk} converges in
to v. Let a stand for the left side in (4.13). There exists a subsequence (k’} of { k} such
that limA, It(Xk,, Vk,) Ce. By the Dunford-Pettis theorem there exist a subsequence {k"}
of {k’} and A. such that {k"} converges to A, in cr(, ). Hence the sequence
{(Vk,,, Ak,,)} converges to (v, A.) in the topology cr(Fx, x). By Remark 4.6
this gives (4.13), in view of the definition of 11. Next, we prove the result in full
generality. Let {Bi} be as in the definitions of almost d-convergence and almost
cr(F, )-convergence; rather than taking unions pairwise, we may work with one such
sequence. Since (4.9) is also valid here (admittedly with a different interpretation of
the Bi), the result follows now from the above by imitating the final step in the proof
of Theorem 4.4.

COROLLARY 4.10. If (4.10)-(4.12) hold, if also

{Xk} converges in measure I to Xo,

{ Vk}

and if there exists a scalarly measurable multifunction F: T::; V having compact convex
values, such that for every e > 0 there exists A in , tx(A) <- e, with

Vk( t) F(t) for all k N t_J {0} for every T\A,

then

lim inf It (Xk, Vk >= It (Xo, VO).
kx

Proof. Combine Examples 4.1, 4.7 and Theorem 4.9. ]

COROLLARY 4.11. Suppose that (V, P, (.,.)), (F, , (’,’)) are as in Example 4.2,
that V is the Cartesian product of two separable reflexive Banach spaces U and W and
that P is the direct sum of their topological duals U’ and W’. Correspondingly, we write

Vk =- (Uk, Wk). If (4.10), (4.12) hold and

(4.11’)

if also
l( t, Xo( t), is convex on V i-a.e.,

{Xk}7 converges in measure to Xo,

{Uk}7 converges in tr(&e, ,) to UoS &,

sup f Ilwk(t)llwt(dt)< +,
kl .]T

then there exists a function w. lw such that

lim inf It (Xk, (Uk, Wk)) >- I(Xo, (U0, W.)).
k-,oo

Proof. By Examples 4.2-4.3 it is easy to see that the set o consisting of all (Uk, Wk),
kl, and (u0, w.) is almost Nagumo tight. Combine now Examples 4.7-4.8 with
Theorem 4.9.

It is a simple exercise to merge Corollaries 4.10-4.11 into one lower closure result,
using Theorem 4.9; we shall leave this to the interested reader.
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Our next subject concerns necessary conditions for the lower semicontinuity of
the integral functional I. These will be derived in a very simple way from Theorem
3.1, which would seem to open up a new approach to the subject.

TI-IEOEM 4.12. Suppose that V, P, (.,.)), Y’, , (.,.)) are as in Example 4.2. For
every x we have that if (3.1) and (3.4)-(3.5) hold, and if
(4.14)

(4.15)

then

It is lower semicontinuous at every point of {x} x ,
the measure tz is nonatomic,

(4.16) l( t, .,. is sequentially lower semicontinuous at every point of
{x(t)} x V tz-a.e.,

(4.17) l( t, x( t), is convex tz-a.e.

Proofi By (3.5) there exists Vo T" such that /(x, Vo)< +o. The singleton {Vo}
beingcompact for tr(.,, ,), there exists a nondecreasing continuous convex function
h’:[0, +oo)-->[0, +oo), satisfying (2.8), such that Ih(Vo)<+oO where we have set h -=
h’(ll" II) (Example 4.2). It follows directly from the norm continuity and convexity of
h that the integral functional Ih is lower semicontinuous and convex on Le, (for
instance, directly by Theorem 3.1). For arbitrary p ,the function y--> h’(y)- IIp Iloo
satisfies the growth condition (2.8). Hence, it follows by the Dunford Pettis theorem
[12, IV.2.1] and the above that

Ih is of Nagumo type on

Also, it follows from (4.14)-(4.15) that

I(x,. is convex on F.

To see this, note that the epigraph epi I(x,. of It(x," is closed in &el,x by (4.14).
Hence, for epi It(x," to be convex, it is enough that for every m 1 and {p,. ., Pro} c, and every p eR the set consisting of ((v, p),. ., (v, Pm), pr)Rm+, for all (v, r)
epi It(x,. ), is convex. The latter is evident from (4.15) by Lyapunov’s theorem [7].
Further, by (3.1) there exist Po ,/30 and 8 > 0 such that

/(y, v) _-> (v, po)+/30 for all y , d(y, x) < 8, and all v T’,

where we take/3o=r Po d/x. Thus all conditions of Corollary 2.9 (cf. Remark 2.14)
have been shown to hold. It follows that for every e > 0

It + eIh is seminormal at every point of {x} x .
By Theorem 3.1 this implies that for every e > 0

l(t, .,. is seminormal at every point of {x(t)} x V/z-a.e.

where l" T x X x V--> is defined by

l(t, y, v) =- l(t, y, v)+ eh(v).

From this it follows obviously that (4.16)-(4.17) are valid with replaced by l; letting
e go to zero then gives (4.17). Also, since h: V--> (-oo, +oo] is nondecreasing (4.16)
follows directly by using the uniform boundedness principle, letting e go to zero
[16].

We shall now briefly discuss the main results of this section. The tightness concept
introduced in the beginning is in the spirit of [le], [lf]; nevertheless the difference
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with the tightness concept given there, which does not require superlinear growth of
the function h, is considerable. Also the way in which tightness is made to work here
is completely different from the approach followed in [l e], [If]. The coincident
seminormality result of Theorem 4.4 is quite new. The abstract lower closure and lower
semicontinuity result in Theorem 4.9 is also new (but well-known in less general forms,
of course). The lower semicontinuity result of Corollary 4.10 generalizes [la, Case 2]
and [6, Thms. 4, 5, 7, 8, 9]; cf. If]. The lower closure and lower semicontinuity result
of Corollary 4.11 generalizes a multitude of results, e.g. [8d, 10.6i-ii, 10.7i-ii, 10.8i-ii],
[17, Thm. 1], and the sufficiency part of [24b, Thm.] (where the space V is finite
dimensional) and [5, Thm. 4.1(ii)] and the sufficiency part of [3, 1.0] (the latter two
results on semicontinuity deal with a separable reflexive Banach space V). Note that
none of the above results deals with outer integration. More importantly, none of the
lower closure results mentioned abovemnor any other of which we know---has been
formulated for infinite-dimensional V, the one exception being If, Thm. 3.1], due to
the present author. This result coincides precisely with Corollary 4.11, even though it
was derived by a totally different approach. The necessary conditions for sequential
lower semicontinuity obtained in Theorem 4.12 are quite general but for the bounded-
ness condition (3.1); this makes the result somewhat incomparable to similar results
obtained by others; e.g., of. [17, Thm. 2], [24b, Thm.].

Appendix A. Let (T, 5r,/z) be a tr-finite measure space. For every --measurable
function o" T--> R we define

(A.1)

where o+-- max (o, 0), t-= max (-o, 0). Note that we use the convention (+oo)-
(+oo)-= +oo. Next, we define for every function @" T-->R

(A.2) q d/z -= inf 0 d/z" 0" T--> is --measurable, 0 >=
T T

This notion of outer integration can be seen as an extension of the outer measure of
/z. Note that outer integration in the sense of (A.2) reduces to integration in the sense
of (A.1) for if-measurable functions.

PROr’OSITION A.1. For everyfunction : T--> there exists a -measurablefunction

" T-> , tp >- , such that

(A.3) i ladlz I 1Bdlz for every B T.
T T

Proof. Let q3 be the essential infimum of the collection of all --measurable
functions
Let B s -be arbitrary. For every -measurable function o" T--> with o >-1B we
have evidently that the function tO" T--> , defined by o’(t)= 0(t) if B and o’(t)
q3(t) if B, belongs to the set . Hence 0’-> q3/z-a.e., and-in particular 0(t)=> q3(t)
for/-a.e, teB. Since o(t)=>0 for every tt:B, this proves that jr od/z>-r laq3d/x.
Thus one inequality in (A.3) has been proven, and the converse inequality holds
trivially.

Appendix B. Let S be a Suslin space; by definition this-means that there exist a
Polish space R and a continuous surjection ,r from R onto S. Let 3(S) denote the
Borel tr-algebra on S. Let (T, ,/) be a it-finite complete measure space and let Ms
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be the set of all (3, (S))-measurable functions u" T S such that u(T) is a relatively
compact subset of S. A set q/ of (3, (S))-measurable functions from T into S is
said to be decomposable if for every u s q/, v s Ms and A s 3,/z(A) < +, the function
u" T S, defined by u’(t) v(t) if s A, u’(t) -= u(t) if A, belongs to . For every
function g" T x S R and every set V of (, (S))-measurable functions the integral
functional Ig: VR is defined by

Ig(v) =- [ g(t, v(t))#(dt),
dT

where we use outer integration (cf. Appendix A). Our first result is due to Iotte-
Tikhomirov and Rockafellar [18], [25]; its present general form can be gleaned from
the work by Castaing-Valadier [7, VII].

THEOREM B.1 (reduction theorem). For every x(S)-measurable function
g: TxS- and every decomposable set all of (;3r, (S))-measurable functions from T
into S we have

(B.1) inf Ig(u)= / inf g(t, s)tz(dt),

provided that the left-hand side does not equal +o.
Proof. Define y: T by 3’(t) infs g(t, s); then it follows immediately from a

well-known projection theorem [7, 111.23] that 3’ is if-measurable. Evidently, one
inequality in (B.1) is trivial; to prove the other, let a s be arbitrary, a > r 3’ d/z. We
will show that there exists u s q/such that I(u) < c. By hypothesis, there exists Uo
such that I(uo) < +. As/x is a tr-finite measure, there exists a strictly positive function
Oo in . Define for every e > 0 the function o" T by

tp(t)-- etpo(t) + max (3’(t),-e-l).
For e > 0 small enough o will satisfy T o d/z < a by the monotone convergence
theorem. Since o(t)> 3’(t) for all s T, the multifunction F" T::: $, defined by

F(t) {s S S" g(t, s) < tp(t)}

is nonempty-valued. By measurability of g, 0o and % the graph of F is
(S)-measurable. Hence, it follows from the Von Neumann-Aumann theorem
[7, Ill.22] that there exists a (Sr,(S))-measurable function v: TS such that
g(t, v(t)) < o(t) for every s T. Consider now the image/z of the measure/z under
the mapping v. Since $ is Suslin, every finite measure on (S, (S)) is Radon [11,111.69];
tz being g-finite, this quickly gives the existence of a nondecreasing sequence
of compact subsets of S such that/zv( T\U i__1 Ks) 0 and/z(Ks) < +oo for every
Define T s to be the inverse image of K under v. Then clearly v(T) is relatively
compact in $ and/z(T) < +c for every s 1; also,/z T\ tA ioo__ T) 0. Defining u" T
by u(t) -= v(t) if s T, us(t) -= Uo(t) if T, we know that u s 0//for every s by the
decomposability of . Now

ig(u,)<__f g(t, Uo(t))tz(dt),
T T\T

so for is sufficiently large it follows from the above that Ig(u)< c.
It is easy to see that theabove result applies to taking suprema as well, mutatis

mutandis.
THEOREM B.2. For every pair of x 3 S)-measurable functions g, g2: T x X ->

(-0% +oo] and every decomposable set ll of r, S)).measurablefunctionsfrom T into
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S such that g _-< g2 and

we have

Igl(U) Ig2(u) for all u all,

(B.2) g(t," )= g_( t, Ix-a.e.,

provided that there exists Uo ll for which both t->g(t, Uo(t)) and t-->g2(t, Uo(t)) are
tz-integrable.

Proof. If (B.2) were false, there would exist a set B in , 0</x(B) < +, such
that for every B the set

A(t) (s S" g(t, s) < g2( t, s)}

is nonempty. By the von Neumann-Aumann theorem [7, 111.22] there would exist a
if-measurable function v: B --> S such that v(t) A(t) for all B. Just as in the proof
of Theorem B.1, the fact that S is Suslin implies the existence of a nondecreasing
sequence {B} of if-measurable subsets of B, limi/z(Bi)=/x(B) and with v(Bi)
relatively compact in $ for every N. We now define a nondecreasing sequence {B}
of if-measurable sets by

B’=-{tB," -i<=g(t, v(t))<-i}.

It is easy to see that lim/x (B’) /x(B)andthatBl BforeveryiN. Definingu T->S
by u(t)--v(t) if tB and u(t)=-Uo(t) if tC=B’i, we have u by decomposability
and the above. Finally, this gives Ig,(Ui)<Ig(U) for every iN such that/z(B’i)>0,
since we obviously have gl(t, Uo(t))= g2(t, Uo(t)) /x-a.e. Thus we have arrived at the
desired contradiction.

A function g" T S--> is defined to be a normal integrand on T x S if g is
-x 3(S)-measurable and g(t, .) is lower gemicontinuous on S for every t T. The
following result can be found in [ld]; it is also known for multifunctions in a rather
similar form [28].

THEOREM B.3. For every collection of normal integrands on T x S there exists a
countable subset 3o of 3 such that if, =-SUpg,3o g satisfies

ff, t, >-- g( t, tx-a.e, for every g

Proof In case S is a metric Suslin space, the result follows by [ld, Thm. 2.2,
Example A.2]. In general, let the Polish space R and the continuous surjection 7r" R -> S
be as at the beginning of this appendix. Define a collection of normal integrands on
T x R by setting g(t, r)--- g(t, 7r(r)), g 3; the result then follows directly from the
preceding one.

Let V, P, (., )) be a pair of Suslin locally convex spaces, paired by a strict duality
(., ), equipped with topologies which are compatible with the duality and which make
V and P into Suslin spaces. A (’, (V))-measurable function v: T--> V which is such
that for every peP the function t(v(t),p)n--measurable by [7, III.36]--is
integrable is said to be scalarly tz-integrable. Incidentally, note that the obvious notion
of scalar --measurability coincides with (if, (V))-measurability [7, 111.36].
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Abstract. One of the major difficulties in designing implementable finite-dimensional controllers for
distributed parameter systems is that such systems are inherently infinite dimensional while controller
dimension is severely constrained by on-line computing capability. While some approaches to this problem
initially seek a correspondingly infinite-dimensional control law whose finite-dimensional approximation
may be of impractically high order, the usual engineering approach involves first approximating the
distributed parameter system with a high-order discretized model followed by design of a relatively low-order
dynamic controller. Among the numerous approaches suggested for the latter step are model/controller
reduction techniques used in conjunction with the standard LQG result. An alternative approach, developed
in [36], relies upon the discovery in [31] that the necessary conditions for optimal fixed-order dynamic
compensation can be transformed into a set of equations possessing remarkable structural coherence. The
present paper generalizes this result to apply directly to the distributed parameter system itself. In contrast
to the pair of operator Riccati equations for the "full-order" LQG case, the optimal finite-dimensional
fixed-order dynamic compensator is characterized byfour operator equations (two modified Riccati equations
and two modified Lyapunov equations) coupled by an oblique projection whose rank is precisely equal to
the order ofthe compensator and which determines the optimal compensator gains. This "optimal projection"
is obtained by a full-rank factorization of the product of the finite-rank nonnegative-definite Hilbert-space
operators which satisfy the pair of modified Lyapunov equations. The coupling represents a graphic portrayal
of the demise of the classical separation principle for the finite-dimensional reduced-order controller case.
The results obtained apply to a semigroup formulation in Hilbert space and thus are applicable to control
problems involving a broad range of specific partial and functional differential equations.

Key words, optimality conditions, finite-dimensional fixed-order dynamic compensator, infinite-
dimensional system, distributed parameter system, semisimple operator, oblique projection, Drazin general-
ized inverse

1. Introduction. One of the major difficulties in designing active controllers for
distributed parameter systems is that such systems are inherently infinite dimensional
while implementable controllers are necessarily finite dimensional with controller
dimension severely constrained by on-line computing capability. As pointed out by
Balas ([1], see also [2]), control design for distributed parameter systems entails the
practical constraints of 1) finitely many sensors and actuators, 2) a finite-dimensional
controller and 3) natural system dissipation. The validity of 2) is apparent from the
fact that processing and transmitting electrical signals by conventional analog or digital
components constitutes finite-dimensional action. Although distributed parameter
devices can also be utilized, their fabrication and implementation can incorporate at
most a finite number of design specifications. Hence, although distributed parameter
systems are most accurately represented by infinite-dimensional models, real-world

* Received by the editors December 6, 1983, and in revised form September 15, 1984. This work was
performed at Lincoln Laboratory/MIT and was sponsored by the Department of the Air Force.

Harris Corporation, Government Aerospace Systems Division, Controls Analysis and Synthesis Group,
Melbourne, Florida 32901.

Examples of such components include tapped delay lines and surface acoustic wave devices. Although
acoustoelectric convolvers I-3, p. 465] can perform continuous-time integration, synthesis of the desired
impulse-response kernel can incorporate only finitely many specified parameters. The obvious fact should
also be noted that physical limitations impose an upper bound on the number of design parameters that
can be incorporated in the construction of any device. For an extensive treatment of this subject, see [72].
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constraints require that implementable controllers be modelled as lumped parameter
systems.

Clearly, the above observations effectively preclude the possibility of realizing
infinite-dimensional controllers that involve full-state feedback or full-state estimation
(see, e.g., [4]-[6] and the numerous references therein). Although finite-dimensional
approximation schemes have been applied to optimal infinite-dimensional control laws
([7]-[9]), these results only guarantee optimality in the limit, i.e., as the order of the
approximating controller increases without bound. Hence, there is no guarantee that
a particular approximate (i.e., discretized) controller is actually optimal over the class
of approximate controllers of a given order dictated by implementation constraints.
Moreover, even if an optimal approximate finite-dimensional controller could be
obtained, it would almost certainly be suboptimal in the class of all controllers of the
given order.

Although the usual engineering approach to this problem is to replace the dis-
tributed parameter system with a high-order finite-dimensional model, analogous,
fundamental difficulties remain since application of LQG leads to a controller whose
order is identical to that of the high-order approximate model. Attempts to remedy
this problem usually rely upon some method of open-loop model reduction or closed-
loop controller reduction (see, e.g., [10]-[15]). Most of these techniques (with the
exception of 11 ]) are ad hoc in nature, however, and hence guarantees of optimality
and stability may be lacking.

A more direct approach that avoids both model and controller reduction is to fix
the controller structure and optimize the performance criterion with respect to the
controller parameters. Although much effort was devoted to this approach (see, e.g.,
[16]-[30]), progress in this direction was impeded by the extreme complexity of the
nonlinear matrix equations arising from the first-order necessary conditions. What was
lacking, to quote the insightful remarks of [24], was a "deeper understanding of the
structural coherence ofthese equations." The key to unlocking these unwieldy equations
was subsequently discovered by Hyland in 31] and developed in 32]-[36]. Specifically,
it was found that these equations harbored the definition of an oblique projection (i.e.,
idempotent matrix) which is a consequence of optimality and not the result of an ad
hoc assumption. By exploiting the presence of this "optimal projection," the originally
very complex stationary conditions can be transformed without loss of generality into
much simpler and more tractable forms. The resulting equations (see [36, (2.10)-(2.17)])
preserve the simple form of LQG relations for the gains in terms of covariance and
cost matrices which, in turn, are determined by a coupled system of two modified
Riccati equations and two modified Lyapunov equations. This coupling, by means of
the optimal projection, represents a graphic portrayal of the demise of the classical
separation principle for the reduced-order controller case. When, as a special case,
the order of the compensator is required to be equal to the order of the plant, the
modified Riccati equations immediately reduce to the standard LQG Riccati equations
and the modified Lyapunov equations express the proviso that the compensator be
minimal, i.e., controllable and observable. Since the LQG Riccati equations as such
are nothing more than the necessary conditions for full-order compensation, the
"optimal projection equations" appear to provide a clear and simple generalization
of standard LQG theory.

The fact that the optimal projection equations consist of four coupled matrix
equations, i.e., two modified Riccati equations and two modified Lyapunov equations,
can readily be explained by the following simple reason. Reduced-order control-design
methods often involve either LQG applied to a reduced-order model or model reduction
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applied to a full-order LQG design, and hence both approaches require the solution
of precisely four equations: two Riccati equations (for LQG) plus two Lyapunov
equations (for system reduction via balancing, as in [12], [14]). The coupled form of
the optimal projection equations is thus a strong reminder that the LQG and order-
reduction operations cannot be iterated but must, in a precise sense, be performed
simultaneously. This situation is partly due to the fact that the optimal projection matrix
may not be of the form [ o] even in the basis corresponding to the "balanced"
realization [12], [14]. This point is explored in [37], [37a] where the solution to the
optimal model-reduction problem is characterized by a pair of modified Lyapunov
equations which are also coupled by an oblique projection.

Returning now to the distributed parameter problem, it should be mentioned that
notable exceptions to the previously mentioned work on distributed parameter control-
lers are the contributions of Johnson [38] and Pearson [39], [40] who suggest fixing
the order of the finite-dimensional compensator while retaining the distributed para-
meter model. Progress in this direction, however, was impeded not only by the
intractability of the optimality conditions that were available for the finite-dimensional
problem (as in [16]-[30]), but also by the lack of a suitable generalization of these
conditions to the infinite-dimensional case. The purpose of the present paper is to
make significant progress in filling these gaps, i.e., by deriving explicit optimality
conditions which directly characterize the optimal finite-dimensional fixed-order
dynamic compensator for an infinite-dimensional system and which are exactly
analogous to the highly simplified optimal projection equations obtained in [31]-[34],
[36] for the finite-dimensional case. Specifically, instead of a system for four matrix
equations we obtain a system of four operator equations whose solutions characterize
the optimal finite-dimensional fixed-order dynamic compensator. Moreover, the
optimal projection now becomes a bounded idempotent Hilbert-space operator whose
rank is precisely equal to the order of the compensator.

The mathematical setting we use is standard" a linear time-invariant differential
system in Hilbert space with additive white noise, finitely many controls and finitely
many noisy measurements (thus satisfying the first practical constraint mentioned
above). The input and output maps are assumed to be bounded. Since the only explicit
assumption on the unbounded dynamics operator is that it generate a strongly con-
tinuous semigroup, the results are potentially applicable to a broad range of specific
partial and functional differential equations. The actual applicability of our results is
essentially limited by practical constraint 3). Since we are concerned with the steady-
state problem, we implicitly assume that the distributed parameter system is stabilizable,
i.e., that there exists a dynamic compensator of a given order such that the closed-loop
system is uniformly stable. We note that stabilizing compensators do exist for the wide
class of problems considered in [41] and [42] which includes delay, parabolic and
damped hyperbolic systems. The question of how much damping is required for
stabilizability of hyperbolic systems is a crucial issue in designing controllers for large
flexible space structures [7], [43]-[49a].

It is important to point out that the results of this paper can immediately be
specialized to finite-dimensional systems by requiring that the Hilbert space characteriz-
ing the dynamical system be finite-dimensional. Then all unboundedness considerations
can be ignored, adjoints can be interpreted as transposes and other obvious sim-
plifications can be invoked. The only mathematical aspect requiring attention is the
treatment of white noise which, for general handling of the infinite-dimensional case,
is interpreted according to [6].2 For the finite-dimensional case, however, the standard
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classical notions suffice and the results go through with virtually no modifications.
The contents of the paper are as follows. Section 2 contains preliminary notation

in addition to particular results for use later in the paper. Section 3 presents the optimal
steady-state finite-dimensional fixed-order dynamic-compensation problem and the
Main Theorem gives the necessary conditions in the form of the optimal projection
equations (3.15)-(3.18). We then develop a series of results which serve to elucidate
several aspects of the Main Theorem. Section 4 is devoted to the proof of the Main
Theorem. The reader is alerted to the two crucial steps required. The first step involves
generalizing to the infinite-dimensional case the derivation of the necessary conditions
in their "primitive" form (see (4.27)-(4.29) and (4.48)-(4.53)). The derivation in
[31]-[33], [36] involving Lagrange multipliers is invalid in the infinite-dimensional
case due to the presence of the unbounded system-dynamics operator. Instead, we use
the gramian form of the closed-loop covariance operator to obtain a dual problem
formulation and then proceed to derive the primitive necessary conditions by means
of a lengthy, but direct, computation (Lemma 4.7). The second crucial step involves
transforming the primitive form of the necessary conditions to the final form given in
the Main Theorem. This laborious computation was first carried out in [31], [32] and
was subsequently facilitated in [33], [36] by means of a judicious change of variables
(see (4.32), (4.33)). Finally, some concluding remarks are given in 5.

2. Preliminaries. In this section we introduce general notation along with basic
definitions and results for use in later sections. Our principal references are [6], [50]
and [51].

Throughout this section let , ’ and " denote real separable Hilbert spaces
with norm I1" and inner product (.,.) and let (, ’) denote the space of bounded
linear operators from into ’. For L (, ’), LII is the norm of L, (L) is the
range of L, A;(L) is the null space of L, p(L) is the rank of L (set p(L)=c if L does
not have finite rank), L- is the inverse of L when L is invertible, i.e., when L has a
bounded inverse, L* is the adjoint of L and L-* & (L*)-. Recall that IILII IIt*ll and
that p(L) p(L*) [50, p. 161]. Now suppose that =’ so that L ()&(, ).
If LL*= L*L then L is normal and if L L* then L is selfadjoint. If L is selfadjoint
and (Lx, x)>= O, x , then L is nonnegative definite. Note that the selfadjointness
assumption is included in the definition since the Hilbert spaces are assumed real. If
L is nonnegative definite then L/2 denotes the (unique) nonnegative-definite square
root of L. Call L semisimple (resp., real semisimple, nonnegative semisimple) if there
exists invertible S () such that SLS- is normal (resp., selfadjoint, nonnegative
definite). This implies that SLS-1 has a complete set of orthonormal eigenvectors and,
in the real-semisimple or nonnegative-semisimple cases, has real or nonnegative eigen-
values.

Recall that if L() is compact then L has at most a countable number of
eigenvalues and all nonzero eigenvalues have finite multiplicity. Hence, for L
(, ’) compact, let {ai} be the (at most countable) sequence of eigenvalues of
(LL*) 1/2 with appropriate multiplicity and a1>=c2=>...>0 [50, p. 261]. Then
(, ’) denotes the set of trace class (or nuclear) operators, i.e., the set of compact

Alternatively, we could have adopted the white noise formulation of [4]. The main difference between
the two white noise formalisms is that Balakrishnan works with finitely additive rather than countably
additive measures. Strictly speaking, then, even in finite dimensions Balakrishnan’s white noise is different
from the standard notion (see [6, pp. 307, 315]).
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L Yd (Y(, Yg’) for which i ai < [50, p. 521]. 1(, ’) is a Banach space with norm

A

If Yi a2i<c then L 2(, ’), the set of Hilbe-Schmidt operators, which is a
Banach space with norm

IlLll=

Note that Iltll Iltll= Iltl], Iltll IIZ*[I, Iltll IIt*ll and IILIl=: IIL*II=, If = ’,
then we write 1() and () for (, ) and (, ), respectively. Note that
if nonnegative-definite L() then L/ ().

If L(, ’) and S (’, ") then

and hence SL(, ’). Similarly, under suitable hypotheses,

and

IILSII,. IISII Iltll,

IlSZlll
LEMMA 2.1. Suppose L 31(Yg) and let {hi} denote the nonzero eigenvalues of L

with appropriate multiplicity. Then [51, p. 89]

Z Ix,l-<- IILII,.

If L is selfadjoint then [50, p. 522]

If L is nonnegative definite then

Let L l(Y(). Then define [50, p. 523] the trace functional tr: ()R by

tr L a__ E (L6,, 6i),

where the summation is independent of the choice of oahonormal basis {}. The trace
satisfies tr L tr L*, tr SL tr LS for all S (), tr ST tr TS for all & T ()
and tr(aT+BS)=a(tr T)+#(tr S) for all a,#R and & T ().

LZMM 2.2. Suppose L() and let {A} denote the nonzero eigenvalues of L
with appropriate multiplicity. en [51, p. 139]

tr L=A

and hence (by Lemma 2.1)

Itr L[ 1Lll.
If L is nonnegative definite then

tr L LII,.
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COROLLARY 2.1. For each S (Y() the linear functionals
Ltr SL: l(oqa) "-) 1,

Ltr LS" I(Y()

are continuous. For each L 1() the linear functionals
Str LS" Y() - ,Str SL: Y() -are continuous.

Although showing that a bounded linear operator is trace class, is slightly more
involved than the above characterizations of I(Y(), the following result will suffice
for our purposes (see [52, p. 96], or [52a, p. 171]).

LEMMA 2.3. Let L Y() be nonnegative definite. Then

Z (L4,,

whetherfiniteor infinite, is independent of the orthonormal basis {bi}. The summation is

finite if and only if L (().
Many of the operators introduced in the following section have finite-dimensional

domain or range space and hence are degenerate, i.e., have finite rank. Recall that
degenerate operators are necessarily trace class. The following result, which generalizes
[53, Thm. 2.1, p. 240] in certain respects, will be fundamental in decomposing finite-rank
operators.

LEMMA 2.4. Suppose L,..., Lr B(, ;’) have finite rank. Then there exists a
finite-dimensional subspace t c such that Li+/-= 0, 1,. ., r. Furthermore, if

Y(’ then can be chosen such that L c, 1,. , r.

Proof It suffices to consider the case r= 1. Writing L for L1, note that since
p(L*) < oo, (L)+/- (L*) [50, p. 155] and W(L) is closed, the first statement holds
with =(L)+/-. When =’ set =(L)+/-+(L) and note that t+/-=

(L)f) (L)+/- c (L) and Lt c (L)= t. [3

The following generalization of Sylvester’s inequality [54, p. 66] will be used
repeatedly in handling finite-rank operators.

LEMMA 2.5. Let L Y(, Y(’) and S Yd( Y(’, "). Then

(2.1) p(SL) <= min {p(S), p(L)}.

If dim ’= v < oo, then

(2.2) p(s) + p(L) <= p( SL).

Proof If either S or L does not have finite rank then (2.1) is immediate. If both
S and L have finite rank then the standard arguments [54] used to prove the finite-
dimensional version of (2.1) remain valid. To prove (2.2), note that Lemma 2.4 implies
that there exist orthonormal bases for and ’ with respect to which L has the matrix
representation [ 0], where P. Similarly, there exist orthonormal bases for ’and W’ with respect to which $ has the matrix representation [], where q.
Since the two cited bases for ’ may be different, let orthogonal U be the matrix
representation (with respect to either basis for ’) for the c.hange in orthonormal basis
[6, p. 100]. Hence SL has the matrix representation [govt o] and (2.2) follows from
the known result [54, p. 66]. [3

As in the proof of Lemma 2.5, we shall utilize the infinite-matrix representation
of an operator with respect to an orthonormal basis. All matrix representations given
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here will consist of real entries since the Hilbert spaces involved are real. When the
orthonormal bases are specified and no confusion can arise, we shall not differentiate
between an operator and its matrix representation. We shall use the infinite identity
matrix Io interchangeably with the identity Ie on .

When dealing with finite-dimensional Euclidean spaces the notation and ter-
minology introduced above will be utilized with only minor changes. For example,
bounded linear operators will be represented by matrices whose elements are deter-
mined according to fixed orthonormal bases and hence we identify Rm" (R",
Note that if L (", ) and S(, rn) then SL is an m x n matrix which is
independent of any particular orthonormal basis for . The transposes of x
and Mm, are denoted by xr and Mr and M-T a-- (M7")-1. Let I, denote the n xn
identity matrix.

To specialize some of the above operator terminology to matrices, let M "".
We shall say M is nonnegative (resp., positive) diagonal if M is diagonal with
nonnegative (resp., positive) diagonal elements. M is nonnegative (resp., positive)
definite if M is symmetric and xrMx >-0 (resp., xrMx> 0), x g". Recall that M is
symmetric (resp., nonnegative definite, positive definite) if and only if there exists
orthogonal U e R"" such that UMU7" is diagonal (resp., nonnegative diagonal, positive
diagonal). M is semisimple [55, p. 13], or nondefective [56, p. 375], if M has n linearly
independent eigenvectors, i.e., M has a diagonal Jordan canonical form over the
complex field. M is real (resp., nonnegative, positive) semisimple if M is semisimple
with real (resp., nonnegative, positive) eigenvalues. Note that M is real (resp., nonnega-
tive, positive) semisimple if and only if there exists invertible S R"" such that SMS-1

is diagonal (resp., nonnegative diagonal, positive diagonal). Alternatively, M is real
(resp., nonnegative, positive) semisimple if and only if there exists invertible S
such that SMS- is symmetric (resp., nonnegative definite, positive definite).

LEMMA 2.6. The product of two nonnegative- (resp., positive-) definite matrices is

nonnegative .(resp., positive) semisimple.
Proof. If S, LR"" are both nonnegative (resp., positive) definite then by [55,

Thm. 6.2.5, p. 123] there exists invertible bR"" such that Dsa-qb-’Sd?- and
DLa-4-qbTLqb are nonnegative (resp., positive) diagonal. Hence, SL=bDsDLdp-’ is
nonnegative (resp., positive) semisimple, as desired. Alternatively, if either S or L is
positive definite, then the result follows from SL= L-I/2(L’/2SL/2)L/2 if L is positive
definite or SL= S’/2(SI/2LS’/)S-/2 if S is positive definite. [3

3. Problem statement and the Main Theorem. We consider the following steady-
state fixed-order dynamic-compensation problem. Given the dynamical system on
[0, )

(3.1) ( t) Ax( t) + Bu( t) + H, w( t),

y( t) Cx( t) + H2w( t),

design a finite-dimensional fixed-order dynamic compensator

(3.3) c(t) Acxc(t)+ Bcy(t),

(3.4) u(t)=Cxc(t)

which minimizes the steady-state performance criterion

(3.5) J(Ac, B, C) a-- lim _[(R,x(t), x(t))+u(t)rR2u(t)].
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The following data are assumed. The state x(t) is an element of a real separable
Hilbert space and the state differential equation is interpreted in the weak sense
(see, e.g., [6, pp. 229, 317]). The closed, densely defined operator A: (A)c ’generates a strongly continuous semigroup eat, >= O. The control u(t) R", B
(Rm, ) and the operator RI l(ff( and the matrix R2.rnxrn are nonnegative
definite and positive definite, respectively, w(. is a zero-mean Gaussian "standard
white noise process" in L2((0, oo), ’) (see [6, p. 314]), where ’ is a real separable
Hilbert space, HI 2(’, ), HE (’, t) and ":" denotes expectation. We assume
that HIH*2 0, i.e., the disturbance and measurement noises are independent,3 and
that V2 & HEH is positive definite, i.e., all measurements are noisy. Note that
V a_ HH*I () is nonnegative definite and trace class.4 The initial state x(0) is
Gaussian and independent of w(. ). The observation y(t) and C (, R). The
dimension of the compensator state Xc(t) is of fixed, finite order nc--< dim and the
optimization is performed over Ac s "c"c, Bc s "c and Cc 1mnc.

To handle the closed-loop system (3.1)-(3.4), we introduce the augmented state
space -a 0), which is a real separable Hilbert space with inner product (;, 2) __a

T =a(xl, x2)+xcxc2, i (xi, xci). An operator L() has a "decomposition’ into
operators L1 (), L12 (R", ), L2 (, ,c) and L2 "" in the sense that
for a__ (x, xc) , L (Lx + L2xo L2x + L2xc), or, in "block" form,

[L, L,2]L=
L2 /-.]"

For later use note that

IILII IIZ, / IIL,=II / IIL=,II / Ilz==ll
and

We can similarly construct unbounded operators in . Hence, define the closed-
loop dynamics operator ," ()c --> on the dense domain ()_a_ (A)
by (Ax + BCxo BcCx + Ac). Since can be represented by

[ A ] [A0 ] [ 0 BCc], BCc_ +
BcC Ac J BcC Ac J

and since the closed-loop operator

generates the strongly continuous semigroup

[eatO ] t>--O,
0 t_.’

it follows from [50, Th.rn., p. 4.97] that A is also closed and generates a strongly
continuous semigroup eAt (ff’), _-> 0. To guarantee that J is finite and independent

3This assumption and its analogue, the lack of a cross-weighting term x(t).l2u(t in (3.5), are for
convenience only. See 5.

4 We must require that R and V be nuclear since covariance operators in the white noise formulation

of [6] are not necessarily trace class as they are in the formulation of [4].
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of initial conditions we restrict our attention to the set of admissible stabilizing
compensators

M & {(Ao Bo C)" eA’ is exponentially stable}.

Hence if (A,, Bo Co) M then there exist cz > 0 and/3 > 0 such that

(3.6) ea’ll <- a e-s’, >= O.

Since the value of J is independent of the internal realization of the compensator, we
can fuher restrict our attention to

M+ & {(Ao B, Cc) M" (Ac, B) is controllable and (C, A) is obseable}.

The following lemma is required for the statement of the Main Theorem.
LeMMA 3.1. Suppose Q, P () have finite rank and are nonnegative definite.

en O is nonnegative semisimple. Furthermore, if p(O)= n then there exist G,
F (, ") and positive-semisimple M "" such that

(3.7) 0= G*MF,

(3.8) rG* .,.
Prooy Lemma 2.4 there exists a finite-dimensional subspace M such that

OM c M, QMx =0, #M c M and #Mx =0. Hence there exists an ohonormal basis
for with respect to which and # have the infinite-matrix representations

0 0

where , 1 rxr are nonnegative definite and r dim . Since by Lemma 2.6 there
exists inveible eN such that=-1 is nonnegative diagonal, we have

P= o o o ’which shows that 0 is nonnegative semisimple. If, fuhermore, 0(0)= n then it
is clear that can be chosen (i.e., modified by an ohogonal matrix) so that

where A eN is positive diagonal. Hence,

-1

o I I’

which shows that (3.7) and (3.8) are satisfied with

,7- 0
M=S-1AS, F=[[S-1 0] 0G=[[S 0] 0

0 Lo’ L’
for all invertible S

We shall refer to G, F e N(, R"c) and positive-semisimple M e N"" satisfying
(3.7) and (3.8) as a (G, M, F)-factorization of. For convenience in stating the Main
Theorem define

BRB*, C*VC.
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MAIN THEOREM. Suppose (Ac, Be, Cc)E M+ solves the steady-state fixed-order
dynamic-compensation problem. Then there exist nonnegative-definite Q, P, Q, P ()
such that Ac, Bc and Cc are given by

(3.9) Ac=F(A-QE-,P)G*,

(3.10) Bc=FQC*V1,

(3.11) Cc -RIB*PG*,

for some (G, M, F)-factorization of Off, and such that, with z a-- G’F, the following
conditions are satisfied"
(3.12a, b)

(3.13a, b)

(3.14a, b, c)

(3.15)

(3.16)

(3.17)

(3.18)

Q" (A*) - (A), P- (A) (A*),

0" (A), /5: (A*),

(O) (P) (QP) .,
O= (A-zQ)Q+ Q(A-zQ)* + v + QQ*,

0 (A- EPr)*P + P(A-EPr)+ R, + r*PEPr,

0= [(A-EP)O + Q(A-EP)* + QQ]r*,
0 [(A- Q)*fi+ fi(A- Q) + PEP]r.

The content of the Main Theorem is clearly a set of necessary conditions which
characterize the optimal steady-state fixed-order dynamic compensator when it exists.
These necessary conditions consist of a system of four operator equations including
a pair of modified Riccati equations (3.15) and (3.16) and a pair of modified Lyapunov
equations (3.17) and (3.18). The salient feature of these four equations is the coupling
by the operator r E () which, because of (3.8), is idempotent, i.e., r2 r. In general,
r is an oblique projection and not an orthogonal projection since there is no requirement
that - be selfadjoint. Additional features of the Main Theorem will be discussed in
the remainder of this section. For convenience, let G, M, F, r, Q, P, Q and P be as
given by the Main Theorem and define A-a diag (A,..., A,c) where A=>A2 ->.. .=>
A, > 0 are the eigenvalues of M.

We begin by noting that if xc is replaced by Sxc, where SR"c" is invertible,
then an "equivalent" compensator is obtained with (AoBc, Co) replaced by
(SACS-’, SBo CoS-l).

PROPOSITION 3.1. Let (Ao Be, Co) +. If S ’* is invertible then
(SACS-, SBo CoS-) M+ and

(3.19) J(Ac, Be, C)= J(SAcS-’, SBo CS-’).

Proof. Although the result is obvious from system-theoretic arguments, we shall
prove it analytically by utilizing elements of the development in 4. Define

e ()

and note that replacing (Ac, Be, Co) by (SAcS-l, SBc, CoS-) is equivalent to replacing
*, I7’ and/ by -, Q* and -*/g-, respectively. If a,/3 > 0 satisfy (3.6) then
a straightforward application of the Hille-Yosida theorem [57, pp. 153-5] shows that

(3.14a) refers to p(0)= no etc.
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the strongly continuous semigroup generated by ;;-1 satisfies
Ilgll I1-11 e-m, which proves the first assertion. Since g eatg-1, >= O, is also a strongly
continuous semigroup with generator -1, it follows that e"-= eg-l’. Hence

ea-’(gfg*) e(g’g-’)*’ dt gOg*

and (3.19) follows from tr /=tr (g(*)(-*/-l). lq

In view of Proposition 3.1 one would expect the Main Theorem to apply also to
(SACS-, SBo CS-). Indeed, it may be noted that no claim was made as to the
uniqueness of the (G, M, F)-factorization of (/3 used to determine Ao Bc and C in
(3.9)-(3.11). These observations are reconciled by the following result which shows
that a transformation of the compensator state basis corresponds to the alternative
factorization /3= (S-rG)r(SMS-)(SF) and, moreover, that all (G, M, F)-factoriz-
ations of QP are related by a nonsingular transformation. Note that - remains invariant
over the class of factorizations.

PROPOSITION 3.2. IfS " is invertible then a__ S-rG, . a__. SF and lffl a__ SMS-
satisfy

(3.7)’ (/3 (*hr,
(3.8)’ (* I,.
Conversely, if d, ’(,) and invertible lffl satisfy (3.7)’ and (3.8)’, then
there exists invertible S such that S-rG, ’ SF and 1QI SMS-.

Proof. The first part of the proposition is immediate. The second part follows by
taking S a--I-I’G*M-, noting S-=M’(*/r- and using the identities
G’MrO* and Mr* r*.

The next result shows that there exists a similarity transformation which simul-
taneously diagonalizes 0/3 and .

PROPOSn’ON 3.3. There exists invertible do (g() such that

(3.20a, b) ( do_[A0 ;] do-* /3 do* [A0
(3.21a, b) QP do- do, z do-

0
do,

0

where AO, AORncn are positive diagonal and AoAp= A. Consequently,

(3.22a, b) r, /3 fir.

Proof. Proceeding as in the proof of Lemma 3.1, choose an orthonormal basis for
with respect to which

O= 61 0
and /3= P1

0 0 0

where 01, 1ERrxr are nonnegative definite. By [55, Thm. 6.2.5, p. 123], there exists
Tinvertible Rr such that 0 a17- and =-p-i are nonnegative

diagonal. Because of (3.14), it is clear that can be chosen so that

and o=
0
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where A0, A#eR "c"c are positive diagonal. Thus (3.20) holds with

From (3.20) it follows that

Now define G=[I, 0]-*, M AoA and F =[I-c 0] so that (3.7)’ and (3.8)’ are
satisfied. By the second part of Proposition 3.2 there exists invertible S e R "c"c such
that G Sr, M S-lhrS and F S-1. Since M and hr have the same eigenvalues,
M A (modulo an ordering of the diagonal elements) and thus (3.21a) holds. Finally,
(3.21b) follows from

r= G*F= *=-’[
Remark 3.1. Proposition 3.3 shows that A,..., A,c are the positive eigenvalues

of QP.
Remark 3.2. The simultaneous diagonalization in (3.20) has been effected by a

contragredient transformation [55], [58]. For applications of this type of transformation
to model reduction and realization problems see [12], [59]-[61]. Simultaneous

diagonalization of operators is discussed in [53., p. 181].
The following result validates the precise handling of the unbounded operator A

in (3.9), (3.17) and (3.18).
PROPOSITION 3.4. The following relations hold"

(3.23a, b, c) p(G) p(F)= p(

(3.24a, b) r: Y(- (A), z*"- (A*),

(3.25a, b) G* "" (A), F*’" (A*).

Proof From (3.8) and (2.1) it follows that n p(FG*)_-<min {p(F), p(G*)}. Since

p(F)<- no p(G)= p(G*) and p(G) <- n, (3.23a) and (3.23b) hold. To show (3.23c)
either note (3.21b) or use (3.143) and (3.22) to obtain

O) p( <-

To prove (3.24a) note that (3.22a) implies (0) 9() and thus p())= p(m) implies
(t) (z), and similarly for (3.24b). Finally, (3.25) follows from (3.23), (3.24), the
definition z G*F and the fact that z*= F* G.

Since the domain of A may not be all of , expressions involving A require special
interpretation. First note that because of the range condition (3.25a), the expression
(3.9) indeed represents an nc x nc matrix (see, e.g., [6, p. 80]). Similarly, because of
(3.25b), A is given by

(3.26) A G(A* ,Q PX)F*.

With regard to (3.15), note that because of (3.12a), the right-hand side of (3.15) is a

linear operator with domain (A*). Since 19 & -zQ,Q- Q,Qz* + v1 + zQ,Qz* is

continuous on (A*), AQ+ QA* has a continuous extension on given precisely by
-19. Similar remarks apply to (3.16). Analogous domain conditions were obtained in

[5] for a deterministic infinite-dimensional linear-quadratic control problem with
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full-state feedback. Finally, because of (3.24) the right-hand sides of (3.17) and (3.18)
denote bounded linear operators on all of .

It is useful to present an alternative form of the optimal projection equations
(3.15)-(3.18). For convenience define the notation

I-.
PROPOSITION 3.5. Equations (3.15)-(3.18) are equivalent, respectively, to

(3.27) 0 AQ+ QA* + V1 Q,Q+ z+/- Q,Qz,
(3.28) 0 A*P + PA+ R1- PEP+ rP,P’_,
(3.29) 0= (A-,P)O+ O(A-EP)* + Qf,Q-rQ$,Qr*,,

(3.30) 0 (A Q,)* fi + (A- Q,) + PEP z*, PEP’+/-.

Proof. The equivalence of (3.27) and (3.28) to (3.15) and (3.16) is immediate.
Using (3.22a) in the form Q= Qz*, we obtain (3.17) (3.29) z*. Conversely, from
(3.22a) and [(A-EP)0]* Q(A-Xp)* (see, e.g., [6, p. 80]) it follows that (3.29)=
(3.17)+(3.17)*-z(3.17). Similarly, (3.18) and (3.30) are equivalent. F1

The form of the optimal projection equations (3.27)-(3.30) helps demonstrate the
relationship between the Main Theorem and the classical LQG result when dim n <. In this case we need only note that the (G, M, F)-facrization of 0/3 in the
"full-order" case n n is given by G F I, and M QP. Since -= I,, and thus
z 0, (3.27) and (3.28) reduce to the standard observer and regulator Riccati equations
and (3.9)-(3.11) yield the usual LQG expressions. Furthermore, note that in the
full-order case

(3.31) Ac=A+BC-BC
and (3.29) and (3.31) can be written as

(3.32) O (A + BcC)O. + O(A + BcC)T + BcV2BTc
(3.33) 0 (Ac BCc)r+ (Ac BCc)+ CfR2Cc.
Since, as is well known, the stability of A corresponds to the stability of A+ BC
A+ BcC and A-BcC A- BC, it follows from standard results (e.g., [62, pp. 48,
277]) that the positive-definiteness conditions (3.14a, b) are equivalent to the assump-
tion that (Ac, Be, C) is controllable and observable.

To obtain a geometric intepretation of the optimal projection we introduce the
quasi-full-state estimate

( t) a-- G*xc( t)

so that ’:(t)= :(t) and x(t)= F:(t). Now, the closed-loop system (3.1)-(3.4) can be
written as

(3.34) :(t) Ax( t) BCc’X( t) + HI w(t),

(3.35) c( t) -(A +B cC)’( t) + Zc(Cx( t) + H2w( t)),

where (3.35) is interpreted in the sense of (3.34) since (t) and where

j a__ QC, Vfl Cc / *P.-RB
It can thus be seen that the geometric structure of the quasi-full-order compensator is
entirely dictated by the projection z. In particular, control inputs ’:(t) determined by
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(3.35) are contained in (r) and sensor inputs zBcy(t) are annihilated unless they are
contained in [(z)]+/-=(z*). Consequently, (-) and (z*) are the control and
observation subspaces, respectively, of the compensator. Since r is not necessarily an
orthogonal projection, these (finite-dimensional) subspaces may be different.

From the form of (3.35) it is tempting to suggest that the optimal fixed-order
dynamic compensator can be obtained by projecting the full-order (infinite-
dimensional) LQG compensator. However, this is generally impossible for the following
simple reason. Although the expressions for Ac, Bc and C in (3.9)-(3.11) have the

form of a projection of the full-order LQG compensator, the operators Q and P in
(3.9)-(3.11) are not the solutions of the usual LQG Riccati equations but instead must
be obtained by simultaneously solving all four coupled equations (3.15)-(3.18). This
observation reinforces the statement made in 1 that the optimal fixed-order dynamic
compensator cannot in general be obtained by LQG followed by closed-loop controller
reduction as in [14] and [15].

We now give an explicit characterization of the optimal projection in terms of Q
and/3. Since QP has finite rank, its Drazin inverse (QP) exists (see [63, The;, 6, p.
108]) and, since ((/3)2 G.M2F, and hence p(0/3)2= p(QP), the "index" of QP (see
[63], [64]) is 1. In this case the Drazin inverse is traditionally called the group inverse
and is denoted by ((/3)# (see, e.g., [64, p. 124] or [65]).

PROPOSITION 3.6. The optimal projection r is given by

(3.36) QP(QP)#.

Proof. It is easy to verify that the conditions characterizing the Drazin inverse
[63] for the case that 0/3 has index 1 are satisfied by G*M-1F. Hence (0/3)# G’M-IF
and (3.8) implies (3.36).

We now give an alternative characterization of the optimal projection by introduc-
ing the following notation from [51, p. 73]. For b,
() by

(4,(R),)x -(x, 4,)4,, xe,
and note that p(4(R)@) 1 if b and @ are both nonzero and (b(R)q)* @(R)b. Using
this notation, (3.21a) can be written as

(3.37) QPcb- i=1

where {i}i is an orthonormal basis for . In terms of the Riesz bases (see e.g., [52,
p. 309])

(3.37) is equivalent to

(3.38) QP hb,(R) ,,
i=1

which can be regarded as a specialized spectral decomposition of a semisimple operator.
We emphasize that, in contrast to the singular value decomposition for compact,,
nonnormal operators (see, e.g., [50, p. 261]), the A in (3.38) are eigenvalues of QP
(see Remark 3.1), not singular values. Moreover, although {bi}1 and {}o= are bases
for , they are not necessarily orthogonal. They are, however, biorthonormal, i.e.,
(bi, @j)= 8ij, and hence (iQcli is a rank-one projection and (tiQcli)()jQrlj)--0, #j.
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Since z is a rank-no projection, it is not surprising that z is given precisely by

(3.39)
i=l

The following result summarizes the above observations.
PROPOSItiON 3.7. There exist biorthonormal linearly independent sets

(A) and {i}%1c (A*) such that (3.38) and (3.39) hold. Furthermore, if the
(G, M, F)-factorization of QP is chosen such that M A, then, for all x

Ox ((x, q,>, (x,

rx ((x, 6),""", (x,

Remark 3.3. Note that/3( and z* are given by

PQ E A,0, (R) 6,, r* Z 0, (R) b,,
i=1 i=1

and, for all y a___ (Yl," ",Y-c) r R,o, G* and F* satisfy

G*y=y,,, F*y= y,,.
i=1 i=1

4. Proof of the Main Theorem. We state and prove a series of lemmas which allow
us to compute the Frechet derivatives of J with respect to Ac, B and C. Requiring
that these derivatives vanish leads to the necessary conditions in their "primitive"
form. A transformation of variables then leads to the form of the necessary conditions
(3.9)-(3.18).

Let "u-lim" denote the uniform limit (i.e., limit in operator norm) for bounded
linear operators [50, p. 150] and, for strongly continuous S(t) (), t-> 0, interpret
the strong integral jt S(t) dt according to tt2 S(t)z dt, z [50, p. 152]. Also recall

tl
the standard fact [6, p. 186] that (e’t)*= e"a*t and similarly for A. Throughout this
section let (A, B, Co) M+ and let a,/3 > 0 satisfy (3.6).

To begin, note that the closed-loop system (3.1)-(3.4) can be written as

(4.1)

where

: : + IYtw( ),

/=a[ H’ ] )’
BH2

3:,( 1).

For convenience define the nonnegative-definite operator

e ,().
0 nCvn

In terms of the augmented state (t), the performance criterion (3.5) becomes

(4.2) J(Ac, B, C)= lim :(/(t), 2(t)),
t->oO

where the nonnegative-definite operator/ is defined by

/ [R= 0 ]0 C[R2C ’()"
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To write (4.2) in terms of the covariance of ;(t), recall [6, p. 308] that the
covariance "z[(-zs)(s-)*]" of a Hilbert-space-valued weak random variable
is defined to be the nonnegative-definite operator S which satisfies

(Sy, z)= [E(-[Es, y)(-[E, z)

for all y, z in the Hilbert space. Hence define [6, p. 317]

0(t) :[((t) -:(t))((t) -:( t))*].

LEMMA 4.1. 0 a_ u-lim,__, O(t) exists and is given by

(4.3) 0 ea’ Qe*’ dt.

Furthermore,

(4.4) J(Ao Bo C)= tr (/.

Proof. First compute (as in [6, p. 317])

(( t))7, ) [E(Y(t) ea’zY(O), )7)((t) ea%;(O),

</o’ ></o
+(0(0) e*t, e*t)

+ (ea’0(0) ea*’, )

(e(’- Pe*(’-% as + (e’0(o e*’, ,
which shows that ((t) is given by

O(t) e’O(O) ea*’ + eas ea*s ds.

Clearly, (4.3) makes sense as a strong integral since

IlOll IleA’eA*’ll dt =11 11 e-=t3’ dt<o.

To demonstrate uniform convergence it need only be noted that

lid- ((t)ll sup

sup e
IIll=
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Next, let {bi}i=l be an orthonormal basis for and use Parseval’s equality to obtain

J(Ac, Be, C) lim l[[/l/2(t)[I 2 lim : (R1/2(t), i)2.
too too i=1

Since

f,(t) a-- . (I/2;(t), b,)2, t->0,
i=1

is nonnegative for each n and is increasing in n for each with limit (R;(t), (t)),
monotone convergence permits expectation-limit interchange. Hence using (t)=
ea’:5(O) we have

J(Ao Bo C)= lim Z :(;(t), R1/Eb,)2
t-o i=1

lim Z [(O(t)/2qb,,//2b,)+(e’’:;(0),
too i=1

lim {tr [1/20(t)1/2]+
t---,

which by Corollary 2.1 yields (4.4). [3

We shall also require the "dual" of Q given by

(4.5) P= e e dt.
J0

Since Q and / are nonnegative definite it is readily seen that ( and /3 are also
nonnegative definite.

Lzua 4.. 0, 1().
Proof. It suffices to consider Q only since the situation for P is exactly analogous.

Since Q is nonnegative definite, Lemma 2.3 can be used. Letting {b}= be an
orthonormal basis for , we have

i=1 i=1

lim Ve’*t b,, ea*t)i dt.
i=1

Let fn(t) denote the above integrand. Since Q is nonnegative definite, {fn(.)} is a
mon.otoni.cally increasing sequence of nonnegative functions such that f,(t)
tr eAt leA-t, >= O. Hence, by monotone convergence and Lemma 2.2,

tr ( tr e’t Qea-t] dt

e"t Qe’*’ll dt < a 211 f’lll e -23t dt <.
LZMMh 4.3. With 0 and given by (4.3) and (4.5) it follows that

(4.6) tr (/ =tr ,/3.
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Proof For any orthonormal basis {bi} i1 of e we have

)i=1

lira ( e e*’,, 4,} dr.
n i=1

Lettingf (t) denote the above integrand it follows thatf(t) tr ea’ Pea*’, t O, and

If(t)[ E [<eA’ re’*tti, ti)l < 2[[ 11 e-" E
i=1 i=1

If {} is chosen to be the set of ohonormal eigenvectors of then Lemma 2.1
implies E,= 11,11:1111 and thus If(t)l is bounded on [0,) by an integrable
function. Hence by dominated convergence,

Io Io iotr 0= tr[ ea’Qea*’] at= tr [ea*’ ea’Q] dt= E (Vi, ea*t ea’) dt.
i=1

And again using dominated convergence,

iotr QR E (V,, e ,) dt E %,, e*’ e’, dt tr fi.
i=1 i=1

The next result is impoant in that it allows us to treat and as solutions of
dual algebraic Lyapunov equations. For a similar result involving groups rather than
semigroups see [50, pp. 555-557].

LEMMA 4.4. 0 is given by (4.3) and only () satisfies

4.7 . A* A,
4.8 o= AO+ 0A* + ,
where (4.8) holds in the sense discussed in 3. Furthermore, is given by (4.5) if and
only if P 3 ) satisfies

(4.9) /3. () ._> (.),
(4.10) 0 A*/3 +/3, +/.

Proof We consider 0 only. To prove necessity let t’> 0. Then for all [0, t’)
and (A*) we can write

Hence,

ea’ O. ea*" e(’+) "ea*(’’+); ds

d at t,:= f(4.11) d-’- e ( eA* e

eA’QeA* eg*(t’-);

AZeA* eA*("-’)A*:do’--eA’’reA* X,

which shows that eA’O eA*’’ is strongly differentiable with respect to for all [0, t’).
In particular, setting =0 it follows that ( e’*t’ () for all (*) (see, e.g.,
[6, p. 173] or [50, p. 485]). Performing the differentiation on the left-hand side of
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(4.11) and setting 0 yields

(4.12) ,t e’*" e’Qe* e’*"A* do’-

Now fix (A*). Then for {ti},, ti>0, t,0, we have

( ea*’, e (), i=1,2,3,...,

eA*t-’-l t’Now consider the sequence {AQ xl=. Letting t in (4.12) and using dominated
convergence to interchange limit and integration (A* is a fixed element of ), it
follows that

(4.13)

Since , is closed, t (). This proves (4.7). Also, since A is closed we have

which with (4.13) implies

and hence

as desired.
To prove sufficiency let ; (A). Then ea*’; (A*), >=0, and hence

Thus

d ei,t) ea., ea,(,t + (A*)
dt

ea’( ea*t t= eS(,O+ O,g,*) e’*s ds, (*).

Extending 0+* to all of we obtain

ea’O ea*’ 0 e
a, Qea* ds, .

Letting yields (4.3). U
We now introduce some notation which will prove to be most convenient in the

following results. For (A, B, C)-,,c x-, xm, define

’-B, cAC-CA Ac, a B

and

Fuhermore, let A’, V’ and R’ denote A, V and R with (A, B, C) replaced by
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(A’, B’, C’) and define

x,_i= [ 0

f,_ f,= [o
0

(_ A_ fi’__ fi
0 C T T TcR2 cR2tcc + t Cc + R2tcc

We shall also write 0’,/5, for 0, ,5 as given by (4.3) and (4.5) with , ,/ replaced
by .’, Q’,/’ and define

LEMMA 4.5. M is open.
Proof. Let (Ao B,, Cc) M be arbitrary and consider the open set

Bc1
A J’

o ]TB,V25 + 8BcV2BT + 5sV3s

(4.14) Na--((A’,B’, c’) n"o"o xn"o’ xn’"o:

where y--a max {1, Ilnll, IICIIL Then, since ’=+ax and aa() it follows from
Theorem 2.1, p. 497 of [50], that for all (A, B’,, C) N and >= 0,

Ilea"ll
Hence, N M, as desired.

LEMMA 4.6. ere exists c > 0 such that

(4.15)

(4.16)
% c II(Ac, (Bc, tCc)ll,

for all (A’, B’, C’c) N, where N c M is the open neighborhood of (Ao Bo C,) defined
by (4.14).

Proof. We consider (4.15) only. Since Ilea"ll-<_ e-’/’-, t>0,= (A’, B’, C’) N, it
follows that

io-<- {llea"ll ’11 ex’*’- ea*’ll + eX"ll Ilall eX*’ll + liex’’- ea’ll 1111eX*’ll dt

(4.17) (11 11 + I111) ea*+**’- ea*’ll e-’/ dt

+ =llall e-3’/=dt+llll Ile(a+a)’-eX’ll e-m/2 dt

2a2
(21 11 + I111) liea+’- eX’lle-’/d+ I111.

From [50, p. 497], k follows that the peaurbed semigroup ea+a has an expansion

e (a+aa)t ext + , Ui(t), >- O,
i=1
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where Ui(t) (), _--> O, satisfy the estimates

Hence, for all (A’, B’, C’)e N,

(4.18)

-#tti/i[.

lie </w,_ e,ll E U,(t)ll ae-m[e ’llxlt’- 1].
i=1

From (4.17), (4.18) and the relations I111 11(, , )11 < fl/2a and

[e 1111’- 1] e-3m/2 at <fl- 1l(6Ac, 6Be, c)ll

it follows that

2t3y
I1oll--< "3= (211 11 + IIII)II(A, , c)ll

212+ 3---(211nV=ll I111 + V.ll

which yield.s (.4.15). F1
Since Q, P e () we can write

Q=
Q*2 Q2J’ Pl*2 P2.]’

where Q1 (), Q12 E ([nc, fits), Q2 R"x"c and similarly for P1, P12 and P2. Note
that Q1, Q2, P1 and P2 are nonnegative definite. Also, define the notation

where

[z, l
Z21 Z2J’

Z A. P1 Q1 -I- P12Q,*2,

Z21 P*2Q, + P2Q*2,

and, for (A’, B’, C)e , let

Z2= P1Q12+ PiEQ2,

Z2 _a_ P*EQ12+ PEQ2,

(4.19)

where

(4.20)

and

(4.21)

tJ(tAc, (Bc, 6c) a--J(A’c,B’, Cc)-J(Ac, Bc, Cc).

LEMMA 4.7. Let (A’, B’c, C’) M. Then

8J(SAc, 8Bc, 8Cc)= (Sac, 8Bc, 8Cc )1- O(]](Sac, 8Be, c)ll),

.(tAc tBc Cc)-- 2 tr [Z.SA] +2 tr[(V_BrP2+ CZ2*I)S]
+2tr[Q2CTR2+ Z*EB)Sc]

lim II(’A, ., ac)ll-’o(ll(a, .o, )11)-- o.
A,ac,Cc -0

Proofi Combining (4.8) and (4.10) with (4.6), J can be written as

J(A, B, C) tr [t/ +/I7’] +1/2 tr [( el (,,/3 +/3/) +/3 cl (,0+ t/*)],
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and likewise for (A’, B’, C’), where "cl" denotes closure (i.e., extension) of a bounded
operator to all of . Now using the identity

tr [ (’/’ +/5, I7"] tr [ t/ +/317"] tr [(8+/3] + tr [60/’ + 6
we can compute

8j(6a, 8,, 6Cc)= tr [06 +/56,] +1/2 tr[0 cl (.(/3 + 8) + (/3 + 6)’)]
+1/2 tr [60 el (,./3, +/3,,,)]
+1/2tr [/3 el (’(0+60)+(0+60),’*)
+1/2 tr [6 el (,’t’ + 0’/’*)]
-1/2 tr[0 cl (,./3 +/3,) +/3 cl (,O+ 0,*)]
+ tr 60/’+ 6 I7’].

Using ’= ,+ 6a and combining the second, fourth and sixth terms yields

tj Ac, tBc, tCc A+1

where

and

A & tr [(6 +/36e] +1/2 tr 0(6,/3 +/36a) +/3(6a0 +
tr [Q6 + P6] + 2 tr[6,QP]

fl -a-- 1/2 tr [( cl ("6+ 6{’) +/3 cl ({’60+ 60’*)]
+tr [60 cl (’*’+ #’’)+ 6 cl (’O’+O’’*)]+tr[6o’+6OQ’].

Computing

tr Q6k + P6] 2 tr V2B
and

2 tr [6aO#] 2 tr [Z26A]+ 2 tr [CZ6n]+ 2 tr [Z2B6c]
and retaining first-order terms, we obtain (4.20).

To evaluate fl, use (4.8) and (4.10) to replace R’ and V’ in the last term in and
write ’ + 6A, to obtain

fl =tr[O cl (’6+6)+ cl (60+ 60*)]
(4.22) - tr [60 cl (’*fi’ + ’’) +6 el (’O’ + O’’*)].

(4.23) tr[t cl (’6+*)] tr [6 cl (,( + 0*)].
To see this we observe that by arguments similar to those used in the proof of Lemma
4.4 and the fact that 6" ({)--> (,*) it follows that

=- ea*’ cl (’6+) e’t dt.

Now, using the technique of Lemma 4.3 with the role of/ played by -cl (*g0 + 6),

Next we note that
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we see that

tr [( cl (*+,)] -tr[ I7’] tr[ el (0+ 0,*)].
Similarly, it can be shown that

(4.24) tr[t5 el (0+ 0,*)] =tr[0 cl (,./5 +/3,)].
Now substitute (4.23) and (4.24) into (4.22) and rearrange the second term in (4.22)
so that

= tr [O cl (*+)+ cl (0+ *)]
+} tr [O(+a)+(aO+ O)]- tr [O cl (’*fi’ + fi’’) + cl (’0’+ 0’’*)]

=- tr [0 cl (’*p+’)+ cl (’0+ 0’*)].
Using (4.8) to obtain

and (4.10) to obtain a similar relation involving , we have
," ,

tr 80(SaP + fi$x + )]+ tr [0+ 08a+ 8)]-

Restricting (A’, B’, C’) to N (see (4.14)), using Lemma 4.6 and noting that A and
$ have finite rank, it follows that there exists c > 0 such that

(4.25)

Combining ll with the second-order terms in A yields the desired result.
LEMMA 4.8. M+ is open.
Proofi From the "generic" property of controllability and observability [62, p. 44]

there exists an open neighborhood of (Ac, Be, C) each of whose elements is minimal.
Combining this fact with Lemma 4.5 yields the desired result.

LEMMA 4.9. Q2 and P2 are positive definite.
Proof. First note that expanding the R"c"c-component of the Lyapunov equation

(4.8) yields (4.50) below. By a minor extension of results from [66] or [67], (4.50) can
be rewritten as

0 (A + BCQ,2Q-)Q2+ Q2(A + BcCQ,2Q-) + BV2Br,
where Q- is the Moore-Penrose or Drazin generalized inverse of Q2. Next note that
since (A, Be) is controllable then so is (A + BcCQ12Q, BV/2). Now, since Q2 and
BcV2B are nonnegative definite, it follows from [62, Lemma 12.2] that Q2 is positive
definite. Similar arguments show that P2 is positive definite.

Having established Lemmas 4.1-4.9, we can now proceed with the proof of the
Main Theorem. Let (A, Be, C) M/ be as in the Main Theorem and consider (4.19)
with (A’, B’, C’) confined to +. Because : R"cnc x"ct x""--> is a bounded
linear functional and M/ is open, the convergence in (4.21) implies that is precisely
the Frechet derivative of J with respect to (A, Be, Co). Since M+ is open, the optimality
of (A, B, C) implies

(4.26) (Ac, Bc, Cc) 0

for all (A, B, Cc)" Clearly, (4.26) is equivalent to

(4.27) Z2=0,
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(4.28)

(4.29)

Thus, Bc and Cc are given by

(4.30)

(4.31)

vfP+ cz* 0,

Q2CrR2 + Z*:B

B -PZ:C*V,
C -RIB*Z2Q.

Although Bc and Cc are now determined in terms of t and/3, A remains to be
found. Moreover, ( and /3 themselves depend (via (4.8) and (4.10)) on Be and C.
Hence our task now is to consolidate and simplify (4.7)-(4.10), (4.27), (4.30) and (4.31)
to obtain the more tractable conditions (3.9)-(3.18). To this end let us define new
variables

(4.32a, b) Q a--Q-Q2QQ*2 P a=P-P2PP*2,

(4.33a, b) Q Q2Q Q2, PEP P2.
lerly, and fi are nonnegative definite and have finite rank. Since by Lemma 4.2
Q, P (), it can be seen that Q, P1 (), which implies Q, P (). To show
that Q and P are nonnegative definite, note that Q is the ()-component of the
nonnegative-definite operator* (), where

A [I _QQI]
Similarly, P is nonnegative definite.

From the domain conditions (4.7) and (4.9) it follows that

(4.34a, b) Q" (A*) (A), P "(A) (A*),

(4.35a, b) Q"" (A), P2" "" (A*),

which lead to (3.12) and (3.13).
Next note that (4.27) is equivalent to (3.8) with

(4.36a, b) G QIQ:, F g -PP:
and that (3.7) holds with

(4.37) M & Q2P:.

Since Q2 and P2 are positive definite, Lemma 2.6 implies that M is positive semisimple.
We can also define z= G*F which, by (3.8) satisfies z2= . It is helpful to note the
identities

(4.38a, b)

(4.39a, b)

(4.40a, b)

(4.41a, b)

Q Q,2G G* Q*2, /3 -P,:r -r*P*2,

0 o*0_a, r*Pr,

"rG* G*, F’r F,

Q= ,rQ, /3=

(4.42) 0/3 Q2P*2.

From (3.8) and (2.1) it follows that

(4.43a, b) p(G) p(F)= n,

(4.44a, b) p(Q2) p(P2)= n.
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Hence, (2.2) and (4.38) imply nc p(QI2) + P(G) nc <- p(Q) <- p(Q12) no, which
yields (3.14a). Similarly, (3.14b) holds and (3.14c) follows from (2.2) and (4.42).

Using (4.38) and (4.39), the components of ( and/3 can be written in terms of
G, F, Q, P, ( and/3 as

(4.45) Q, Q + Q, P1 P + P,

(4.46) Q12 Qr, P12 -fiG*,
(4.47) Q2 rot*, P GG*.
Now (3.10) and (3.11) can be obtained by substituting (4.45)-(4.47) into (4.30) and
(4.31).

Expanding the (), (,c, ) and R "c"c components of (4.8) and (4.10) yields

(4.48) 0 AQ + QA*+ BCQ*2+ Q2(BC)* + V,

(4.49) 0- AQ12+ QIEA+ BCQ2+ QI(BC)*,

(4.50) 0- AcQ2/ QEA+ BcCQ12/ Q*E(BC)* / BV2BT
(4.51) O=A*P+P1A+(BC)*P*z+PEBC+R,

(4.52) 0= PIEAc/A*PE+(BC)*P2+ P1BC,

Ac P+PA/ (BCc)*P12/ P*EBC + CRECc.(4.53) 0 7-

Substituting (4.45)-(4.47) into (4.48)-(4.53), using the identities

BcC FQ,, BC -,PG*,

BV2BT FQQF*, CTRCc GP,PG*,
and defining

we obtain

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

Ao a--A-Q,, ApAA-EP,

0= AQ + QA* + AeO+ QAp + V,

0 [ApO + Q,Q + 0(r’ActO+ Q)]r*,

0= F[G*AcF( + Q,O + Q,Q+ O(F*ATG +Q)]F*,
0 A*P+ PA+ AoP+ fiAo + RI,

0 -[A+ PEP+ (G*Ar+ZP)] G*,
0 G[F*ArGfi+ PXfi + PEP+ (G*AF+ ZP)] G*.

We are now in a position to determine A by computing (4.56)-F(4.55) which
yields (3.9). Alternatively, Ac can be obtained by computing (4.59)+G(4.58). As
mentioned in 3, (3.9) is valid since G*’N" (A) and Ar is given by (3.26).

Next we substitute the expressions for A and Ar into (4.55), (4.56), (4.58) and
(4.59) and compute the relations (4.55)G, G*(4.56)G, -(4.58)F and F*(4.59)F to
obtain, respectively,

(4.60)

(4.61)

(4.62)

(4.63)

0 [ApO. + O.A*p + Q,O]’r*,

0 r[Ap( + (A*+ Q,Q]’r*,

0 [A+Ao + PEP]z,

0 "r*[A+Ao + P,P]’r.



OPTIMAL PROJECTION EQUATIONS 147

Note that (4.60)-(4.63) are equivalent to (4.55), (4.56), (4.58) and (4.59) since G and
F have full rank. Since (4.61)= ’(4.60) and (4.63)= ’*(4.62), (4.61) and (4.63) are
superfluous and can be omitted. Thus we have derived (3.17) and (3.18).

To obtain (3.15) and (3.16) we need only compute the relations (4.54)+ -(4.60)-
(4.60) (4.60)* and (4.57) + -*(4.62) (4.62) (4.62)* and use (4.41).

Finally, to show that the preceding development entails no loss of generality in
the optimality conditions we now use(3.9)-(3.18) to obtain (4.7)-(4.10) and (4.27)-
(4.29). Let Ac, Bc, Cc, G, F, -, Q, P, Q, P be as in the theorem statement and define
Q1, Q12, Q2, P, P2, P by (4.45)-(4.47). Note that (3.12) and (3.13) imply (4.34) and
(4.35) and hence (4.7) and (4.9). Using (3.8), (3.10), (3.11) and (3.22) it is easy to
verify (4.27)-(4.29). Finally, substitute (4.32), (4.33) and (4.36) into (3.15)-(3.18),
reverse the steps taken earlier in the proof and use (3.9)-(3.11) to obtain (4.8) and
(4.10), which completes the proof.

5. Concluding remarks. This paper has considered the problem of quadratically
optimal, steady-state, fixed-order dynamic compensation for linear infinite-dimensional
systems. The Main Theorem presents the stationarity conditions of the optimization
problem in a highly simplified and rigorous form. The "optimal projection equations"
(3.15)-(3.18) (or, equivalently, (3.27)-(3.30)) of the Main Theorem reveal the essential
structure of the first-order necessary conditions and display the central role played by
the optimal projection ’. The relationship of the Main Theorem to the standard
finite-dimensional steady-state LQG problem can be demonstrated by replacing " with
the identity matrix and noting that (3.27) and (3.28) reduce immediately to the familiar
pair of operator Riccati equations and that (3.29) and (3.30) yield the controllability
and observability gramians of the controller.

Inasmuch as the Main Theorem is a fundamental generalization of classical
steady-state LQG theory, a number of issues must be reexamined. Hence, in conclusion
we should like to point out some possible extensions of the Main Theorem along with
directions for further research.

1. Sufficiency theory. Although sufficient conditions for the existence of an optimal
compensator were not investigated in this paper, auxiliary conditions based upon the
structure of (3.15)-(3.18) could perhaps be imposed upon Q, P, 0 and/3 to single out
the global optimum from amongst the local minima. This would be similar to the
situation in LQG theory where, under stabilizability and detectability hypotheses,
optimal stabilizing Q and P are identified as the unique nonnegative-definite solutions
of the pair of algebraic Riccati equations.

2. Stabilizability. Just as in the full-order LQG problem, one would expect a
natural relationship between the structure of the optimal solution and stabilizabil-
ity/detectability hypotheses. The results of [41], [42] and [68] could serve as a starting
point in this regard.

3. Numerical algorithms. In practical situations, the distributed parameter system
would be replaced by a high-order discretized model for which the matrix version
(rather than the operator version) of the optimal projection equations could be solved
numerically. A numerical algorithm for solving the matrix version of the optimal
projection equations has been developed in [32] and [34]. The proposed computational
scheme is fundamentally quite different from gradient search algorithms [17], [18],
[21], [22], [24], [25], [28], [30] in that it operates through direct solution of the optimal
projection equations by iterative refinement of the optimal projection.

4. Convergence. One of the principal uses for the optimal projection equations
will be to understand the relationship between fixed-order dynamic-compensator
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designs which are optimal with respect to approximate models and the optimal
fixed-order dynamic compensator for the distributed parameter system itself. By con-
sidering a sequence of nth-order approximate models which converge to the distributed
parameter system, conditions would be sought guaranteeing that the sequence of
fixed-order compensators based on each approximate model approach the optimal
dynamic compensator based upon the distributed parameter system (see [38]-[40]).
This approach is analogous to the convergence results obtained in [7], [8] with the
major difference being that the optimal projection equations permit the order of the
compensator to remain fixed in accordance with real-world implementation constraints
whereas in [7]-[9] the order of the compensator increases without bound.

5. Unbounded control and observation. An important generalization of the problem
considered in this paper involves the case in which the input and output operators B
and C are unbounded. The mathematical details for this problem are considerably
more complex (see, e.g., [69]).

6. Singular observation noise/singular control weighting. As pointed out in [22],
[33], [36] the assumptions of nonsingular control weighting and nonsingular observa-
tion noise preclude the use of direct output feedback as in

(5.1) u(t) Ccxc( t) + Dcy( t)
since J is undefined unless

tr[DrR2DV2] 0(: R2DV2 0).

Although with due attention to (5.1) direct output feedback can be used in the singular
case, the nature of the problem forebodes all of the difficulties associated with the
singular LOG. problem. Note that the deterministic output feedback problem [70],
when viewed in this context, is highly singular.

7. Discrete-time system/discrete-time compensator. Digital implementation can be
modelled by a discrete-time compensator with control of a continuous-time system
facilitated by sampling and reconstruction devices. See [71], [73] for results in this
direction.

8. Cross weighting/correlated disturbance and observation noise. This extension is
straightforward and entirely analogous to the LQG case (see, e.g., [18, p. 351]).
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AN EXAMPLE ON THE EFFECT OF TIME DELAYS IN BOUNDARY
FEEDBACK STABILIZATION OF WAVE EQUATIONS*

R. DATKO’, J. LAGNESEf, AND M. P. POLIS*

Abstract. This note is concerned with the effect of time delays in boundary feedback stabilization
schemes for wave equations. The question to be addressed is whether such delays can destabilize a system
which is uniformly asymptotically stable in the absence of delays.

Key words, boundary stabilization, delay systems
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This note is concerned with the effect of time delays in boundary feedback
stabilization schemes for wave equations. The question to be addressed is whether
such delays can destabilize a system which is uniformly asymptotically stable in the
absence of delays. It will be shown by example that for "almost" arbitrary delays such
destabilization can indeed occur in certain otherwise stable boundary feedback schemes
for both undamped and damped wave equations. Although the examples involve only
one spatial dimension, it is to be expected that a similar phenomenon occurs in higher
dimensions. This suggests that certain boundary stabilization schemes which have been
proposed for various classes of hyperbolic systems [1]-[2], [5]-[7] may not be robust
to the small delays which might well occur in computing feedback controls.

Consider the equation

(1) utt Uxx + 2aut + a2u 0, 0 < x < 1, > 0,

with boundary conditions

(2) u(O, t) =0, t>O,

(3) Ux(1, t) -ku,(1, t), > O,

where a >_- 0 and k >= 0. The question to be treated is the effect on the stability of (1)-(3)
of a time delay in the right side of (3) when k> 0. If k =0 and a > 0 Datko [3] has
shown that the system (1)-(3) will be destabilized by a time delay in the velocity term
of(l).

When a > O, (1) contains both viscous damping and a restoring force proportional
to displacement. If k > O, (3) represents boundary damping in the system. It is known
that (1)-(3) is uniformly asymptotically stable as long as a2+ k2> 0 (see e.g. [1]) and
that

(4) E(u, t) <= C e-atE(u, O)

for some positive constant c, where E is the usual energy functional for (1) defined by

E(u, t)= (u2, + u,,+ u2) dx.
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A necessary condition for (4) is that spectrum of (1)-(3) lie in a half-plane
Re to <_-Const. < 0. The spectrum can be exhibited by setting u e’’c(x). The eigen-
values to and eigenfunctions b are then determined by the problem

(5) ch"(x)-(a+to)zch(x)=O, 0<x<l,

(6) 4(0) 0, 4’(1) + kto4(1) O.

From (5), (6), the eigenvalues are the solutions of

(7) e2(’+a)
(k 1 )to a.
(k+l)to+a

If a =0 and k # 1, (7) can be solved explicitly to yield

1 k-1
<0oReto log k+l

When a-0 and k- 1, all solutions of (1)-(3) can be shown to vanish identically for
> 2. When a # 0 the solutions ton of (7) can be shown to lie in a half-plane Re to _-< a < 0

and to satisfy tim .1- +.
Now let e > 0 and suppose the boundary condition (3) is replaced by

(8) u,(1, t)=-ku,(1, t-e), t> e.

The following result will be established.
THEOREM. Let K =e-2". The system (1), (2), (8) has the following stability

properties:
(i) If 0 < k < (1 K)/(1 + K), for each e > 0 there exists fl (e) > 0 such that the

spectrum of the system lies in Re to <_--/3.
(ii) If k (1 K)/(1 + K), for each e > 0 the spectrum lies in Re to < 0, but there

is a countably dense set R in (0, o) such that for each e in R there is a sequence {ton}
in the spectrum such that

lim Re ton 0.

(iii) If k> (1-K)/(I+.K), there is dense open set D in (0, o) such that for each
e in D the system admits exponentially unstable solutions.

To prove the theorem, two lemmas will be needed. The first lemma is a special
case of [4, Lemma 2.3].

LEMMA 1. Let

h(e, to) to[1 + K e-2 -b ke-’(1 -K e-2)] + a(1 + K e-2’)
(9)

tof(e, to)+ a(1 + K e-Z’).

If for fixed e, f(e, to) has a zero at Wo o+ irto, then for any ,5 > 0 the vertical strip
{ to: sCo 6 < Re to < :o+ 6} has an infinite number of zeros of both f(e, to) and h (e, to).

LZMMA 2. Let K e-2a and k > (1 K)/(1 + K). Then there exists for each such
k an open dense set, , in (0, c) such that for every e in , f(e, to)= 0 has at least one
solution with Re to > 0.

ProofofLemma 2. Let K and k satisfying the hypotheses of the lemma be fixed.
Consider the mapping from the complex to-plane into the complex e-plane defined
implicitly by

l+Ke-2,o

(10) k= e.Ke-2,O_l
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For to S0 solutions of equation (10) can be found among the infinite family of
meromorphic functions given by the equations

(11) e log k + log -2to + 2mTri
to Ke +

where log is the principal value ofthe logarithm (see e.g. [9]) and m is a positive integer.
Now let n be a fixed positive integer and

(2n+ 1)
(12) to to+7ri, to > 0.

2

Then e in (11) has the form

log k + log ((K e-2’, + 1)/(1 K e-2’)) + (2m + 1)Tri(13) e
tol + ((2n + 1)/2)7ri

When to satisfies the equation

(14) to=2(2m+l) logk+log i---e--_-r.]
equation (13) satisfies

2(2m + 1)
(5)

2n+l

Equation (14) always has a solution for some to > 0. To see this, notice that because
k>(1-K)/(I+K) the right side of (14) is positive for to=0 and as to tends to
infinity the right side tends to (2n+ 1)/(2(2m + 1)) log k.

Next observe that points ofthe form (15) are dense on (0, c). Furthermore because
of the open mapping property of meromorphic functions (see e.g. [9, p. 116] about
each point of the form (15) there is an open interval, with 2(2m+ 1)/(2n+ 1) as its
center which is contained in the image, under the mapping (11), of some open ball in
Re to > 0. This completes the proof of the lemma.

Remark. It is tempting, and indeed it is probably correct, to state that the dense
set in Lemma 2 is (0, ). However the proof of the lemma does not justify this
statement.

Proofof the theorem. The spectrum of (1), (2), (8) is determined by the eigenvalue
problem consisting of equation (5) together with the boundary condition b(0)=0,
oh’(1) + kto e-b(1) 0. The equation .for .the eigenvalues is therefore obtained by
replacing k in (7) by k e-’. The result is equivalent to

(16) h(e, to)=O

where h is defined by (9) and K e-2a.
(i) Suppose k<-_(1-K)/(I+K) and e>0. Since to=0 is not a solution of (16),

that equation can be rewritten as

Ke-2’-I a
(17) l=ke ---.

K e-20" + 1 to

If (17) has a solution to- :+ it/ with so>0, then

[ K e-2"- l ] a I + K e-2 I + K
< k < 1(18) 1 k Re e

K e-20’ + 1 :2 + r/2
< k

1 K e--e 1 K
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which is a contradiction. Thus (16) has no solution with Re to >0, for any e >0,
provided k<_- (1 K)/(1 + K). Also, if k < (1 K)/(1 + K) the string of inequalities in
(18) again leads to a contradiction whenever := Re to>_-0, so that all zeros of (16)
must satisfy Re to < 0 when k < (1 K)/(1 + K). Moreover, in this case it is not possible
for a sequence of such zeros to accumulate at the imaginary axis. For suppose there
were a sequence to. s. + i% of zeros such that lim :. 0, lim In.I > 0. From (17)

1 =<lim {k Re [e-’- K e-2’%- 1]K e-2% q- 1 . "4- T
2

l+Ke-2- I+K
=k <1,--< lim k

1 K e-2. 1 K

a contradiction. Thus for e>0 and k<(1-K)/(I+K), the spectrum of (1), (2), (8)
must lie in a half-plane Re to-<-/3,/3 > 0.

(ii) From the proof of (i), if k=(1-K)/(I+K) and e>0 the spectrum lies in
Re to <=0. If (16) has a zero to=i,/, 70, then from (17)

(19) 1+ k e --2irlt e +
Taking the modulus of each side of (19) results in the contradiction

a2 k21+K2-2Kcos2r/ k2 (I+KK):1 +--i= K2
--<

r/ 1+ +2K cos 2r/ 1-
=1.

However, it is easily seen that

[2(2m+ l) (2n+l)Tri)=02-7i 2

where f is defined in (9) and m, n are arbitrary. Thus, by Lemma 1, given any 6 > 0
the vertical strip {to"-6 < Re to <0} contains an infinite number of points of the
spectrum of (1), (2), (8).

(iii) Let k>(1-K)/(I+K). By Lemmas 1 and 2 it follows that for each such k
there is an open dense set, @, in (0, c) such that (16) is satisfied for each e in and
some to with Re to > 0. This completes the proof.

Remark. One possible interpretation of the destabilizing effect of arbitrarily small
time delays is that a delay e will excite a high frequency mode (i.e., a mode with
frequency 1/e) by causing the control force to be in phase rather than out of phase
with the velocity of the mode in question. That is, time delays cause phase shifts in
the control force which can have the effect of exciting rather than damping the high
frequency modes of the system.
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OPTIMAL INTERPOLATION WITH CONVEX SPLINES OF
SECOND DEGREE*

LAKSHMAN S. THAKUR"

Abstract. Estimation of a convex function interpolating its known values and satisfying certain smooth-
ness properties is needed in some applications and has been investigated in many studies from various

perspectives. Without the convexity assumption, Karlin’s theorem characterizes the solution to the problem
studied here while under convexity, the analogous result is due to Smith and Ward. The aim of this paper
is to give a convex programming characterization that can be used to calculate an optimal spline which

solves a given problem of degree 2. Specifically, our aim is to determine a smooth (f, f(1) absolutely
continuous) convex spline f of second degree, which interpolates (r+ 2) given points in [a, b], and minimizes
the Tchebycheff norm ]}f(2)]l, with f(2) essentially bounded in [a, b]. The convexity of the formulation
enables us to calculate an optimal spline using widely available computer routines for nonlinear optimization.
The approach is illustrated by providing the convex programming formulations and the computer-obtained
optimal solutions for two numerical examples.

Key words, convex programming, function estimation, spline functions, convex functions, convex
splines, optimal interpolation

AMS(MOS) subject classifications. Primary 26A51; secondary 41A15, 90C25

1. Introduction. Let F")[a, b] be a subset of the real Sobolev space

W)[a, b] {fe C(n-1)[a, b]lf("-’) abs.cont.; f(") e L[a, b]}

defined by

F)[a, b]= {fe W)[a, b]lf convex; f(xi) yi, i= 1,’’’, n+ r}

where {X,}’+r n+r Rn+r.{Yi}l e r >= 1; {Xi )’n+rJ1 is a strictly increasing sequence with xl a,
Xn/r b, xi a, b] for all i. Then the problem of degree n can be defined as

(1) Minimize {llf(’)llo: fe F)[a, b]}.

Without the convexity condition on the functions, the work of Karlin [23], [24]
and others [9], [14], [15] has established the existence of a perfect spline solution of
(1). Under the convexity constraint, Smith and Ward [43 have given a natural analogue
(given in 3, for n 2) of Karlin’s theorem.

For n 2, the case treated in this paper, Iliev and Pollul [22] have independently
used a similar approach and have shown that the problem has a quadratic spline
solution, characterized by the existence of a core interval 15] where all solutions must
be the same and where the second derivative of the solution is the positive part of a
perfect spline. Though not giving any computational results, they also state briefly an
algorithm to find an optimal solution of (1). However, it uses their Lemma 3 and
Lemma 4 [22, pp. 52-53]--("with Lemma 3a), 3b) define..., with the help of Lemma
4... try to decrease..." [22, p. 55])mwhich involve 21 different graphs given in their
descriptions, several graphs having 3-4 different cases in turn. Thus some 20-30 different
situations may have to be considered, and the algorithm, as given, does not seem to
be easily implementable.

* Received by the editors August 20, 1981, and in final revised form April 29, 1985.
t Yale School of Management, Yale University, New Haven, Connecticut 06520. On leave from

Department of Management Science, Shippensburg University, Shippensburg, Pennsylvania 17257.
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Two further remarks about this work also deserve mention. First, their Theorem
3, giving the number of knots of the quadratic spline solution, (a) is not the tightest
(r+2) knots, vs. (r-l) given in Theorem 2 here); and (b) does not assert the
"perfectness" of the spline, as is done in our theorem. When "perfectness" is enforced
in Remark 6, the knot count jumps to a much larger value: (2r+ 2). Theorem 2 here
combines the tightest knot count with "perfectness" and presents a much stronger
result. Second, [22] considers the data which is strictly convex (d <d2 <’’" < dr+l,
where di (yi+l-yi)./(Xi+l-Xi), i-- 1,..., r+ 1) whereas we assume only nondecreas-
ing di’s: d <_- d2 -<. <= dr/l (see Lemma 2 and Theorem 1). Inclusion of this data may
require some changes in the analysis of [22].

In this paper, for degree n 2, a concrete nonlinear convex programming formula-
tion of the problem is given, enabling us to determine an optimal convex spline by
the use of easily available computer-based optimization techniques [26], [42], [48].

There is. a great deal of other work on related problems. Therefore, a brief review
may be appropriate in order to differentiate the results presented here from this work.
The main differences arise from the numerous combinations .of differences in (i)
problem definition, (ii) the norms considered, (iii) the emphasis on existence and
characterization rather than computation, (iv) the emphasis on approximation rather
than interpolation, (v) the lack of the convexity requirement, or (vi) the methods used
in the computational scheme. We will refer to the most pertinent literature and point
out these differences.

In [49] optimal convex splines are characterized but the norm considered is
L2-norm, and the suggested quadratic programming approach, based mainly on [25]
(and [39], [46], [47]), is for the L2-norm. The joint work of Passow, Roulier, and
McAllister 30], 32], 38 (and the references there) on the shape preserving, monotone,
and convex interpolating splines, deals with the existence and construction of such
splines with given, prechosen smoothness, with no attempt to minimize IIf()ll, as is
the case with our problem. Regarding the lower order derivatives, in [40] Roulier and
McAllister present estimates of max,l<__,,<=Xr+ [ftJ)(x)-sJ)(x)l, j =0, 1, where s is the
spline produced by the algorithm in [32]. Such results as in [34], [35], [36], [37], and
[50] require the monotonicity of the spline, but not its convexity. Therefore, they are
related but different. In [2], [3], [16], and [41], where conditions on derivatives (which
can be used to imply convexity) are considered, the emphasis is on the question of
the existence of certain polynomials (not splines) and on the degree of approxima-
tion.

Among the papers on "optimal recovery" of smooth functions, parallel results
given in [6], [17], and [33] deal with the related problem of finding the smallest interval
of possible values off(xo), when a point Xo, the function values f(xl),’’’ ,f(x,), and
a bound on IIf)ll (k<= m) is given. The computational routines for optimal recovery
(based on Newton’s method) are given in [10], and [11]. Spline computations involve
numerical evaluation of B-splines, which can be carried out by.the use of divided
differences, or by a more stable, efficient (and essentially the same) method presented
in [7], [8], and [27].

Thus, many related problems have been studied in the literature. The use of
mathematical programming techniques in the study of an optimal spline is also not
new. For example, linear programming is used for best spline function approximation
in [13], and for a discrete approximation problem with constraints in [1]. The Kuhn-
Tucker conditions are used in [28], cubic and bicubic spline interpolation is studied
via dynamic programming in [4], [5], and the use of quadratic programming in [25]
has already been mentioned.
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Finally, the literature dealing with the application of an optimal convex spline
should be mentioned. It is easy to show (use [44, p. 706]) that if f is the piecewise

1. r+2linear function obtained by connecting the adjacent points {(xi, yi)j1 then a solution

f* of (1) for n--2 gives the following bound Ey. on the function error

max [f*(x)-f(x)l <- Ef. Ky.62/8
a--xb

where K.= IIf*(2ll, 6 =maxl_+l (X+l-X). And, since we obviously have E.<_-
E Vf F[a, b], one specific use of such a solution f* is in investigating minimal
error bounds on piecewise linear approximations in the. error analysis of convex
separable programs [44], [45]. But the major impetus to this paper, besides the perfect
spline literature cited above, is provided by the same underlying motivations of such
other work as" a quadratic programming formulation for obtaining a nonnegative,
nondecreasing, or convex piecewise linear function minimizing the least-square.norm
[12]; its recent generalization to n variables via a variant of generalized programming
formulation [18]; and an algorithm where the function is assumed, in addition, to have
a polynomial form [21].

2. Preliminary analysis. If we define G)[a, b] for degree n, and p given points
{Xi}, {yiIP Rp, p => n + 1 as

G()[a, b] { g(x) W)[a, b][g(x) nondecreasing in [a, hi;

g(x) dx (Yi+I-Y), i= 1,. ., p- 1

then it is easy to verify that for n 2, a solution of (1), if it exists for the given data,
can be obtained by integrating the solution of

(2) Minimize {11 g)]]: g(x) G)[a, b]}.

If g*(x) is the solution of (2), a solution f*(x) of (1) for n 2 is given by f*(x)=
g*(x)dx+y. In addition, IIf*(=)lloo [Ig*(1)lloo. Now problem (2)is simpler than

(1), in that it can be attacked directly as shown below. We begin by obtaining the
optimal solution of a problem closely related to (2) in a single interval, i.e., for p 2.

LEMMA 1. For degree n and p 2 points {xi}, {y}2 e R2, xl < x, let

(3)

Then" (i) There exists a nondecreasing continuous function g(x) 1) iff (a) (x-xl)zl
(Y2- Yl) (xz- xl)z2, if z2 zl, or (b) (x2- x)zl < (y.- yl) < (x2- x)z2 if z2 > z.

(ii) The value of min{llg()ll: g(x)} is given by IIg*(>ll defined as follows
(when (i)(a) or (i)(b) above is satisfied)"

O if s s=O,

(4) IIg*’ll (S, + $2)2/4S1 if 0< sl--<-- s2,

[.(sl+s)/4s2 if sl>=s>O,
where Ax=x-x, Ay=yz-y, Az=z-z, s=2[(Ay/Ax)--z]/Ax, s=
2[z2--(Ay/Ax)]/Ax.

Proof (i) Necessity. Due to the the nondecreasing property, we cannot have
z2 < zl. If z2 zl, the nondecreasing property implies that g(x) is constant in Ix1, x2]"
g(x) z z2, and (a) follows immediately. For z2 > z, let us take an arbitrary g(x)
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G)[a, b]. Since g(x) is nondecreasing, we have sin {g(x)" x[xl, x2]}--g(xl)--z,
and we get (y2-yl)= g(x)dx>-x zl dx=(x2-x)z. But the center equality is
impossible since it leads to a contradiction as follows. g(x)dx= z dx implies

x (g(x) z) dx 0, and since g(x) is nondecreasing (thus (g(x) zl) >= 0), this means
g(x)-z =0 a.e. in [x, x2]. Now by the continuity of g(x), this implies that g(x) is
constant in [x, x2], giving g(x) zl g(x2) z2, which is contrary to our assumption
z2> z. Thus (y2-y)> (x2-x)z, the left inequality in (b). Similarly, considering
max {g(x): x [xl, x2]} g(x2) z2, we can show the right inequality: (y2-y) <
(x2-x)z2, completing the’proof of (b).

Sufficiency. (a), the case for z2=z, is obvious since the function g*(x)=
(y2-y)/(x2-xl), x <= x <= x2 satisfies all the requirements. For (b), the z2> z case, it
is lengthy but easy to construct a nondecreasing continuous function g*(x), given
below, and to check that it belongs to .

If s <
x<=x<=,

(5) g*(x)
l(x), <- x <- x2,

where l(x) is defined by 1(;) z, l(x) z2, /l)(x) Az/(x2-)) x R, and 5=
X2--[2AXSl/ (S -b s2) ].

If s _->

t(x), x, <- x <- ,
(6) g*(x)

Z2, ) X X2,

where 12(x) is defined by 12(xl) Zl, /2(9) 22, l(21)(X)-’Az/(--X1) tXG R, and Y=
(2x2-x)-[2hxs/(s + s2)].

(ii) By noting that Zz/(x2-Y) (s + s2)2/4Sl, Az/(-x1) (s + S2)2/4S2, we can
check directly that [[g.(1)[[ is given by (4) for the functions defined by (5) and (6).
What remains to be shown is that [[g*(1)l[ is sin {[[g()[[: g(x)e 11}. There are two
cases to be considered.

Case Sl < s2. Note that for this case g*(x) is given by (5). Take any g(x) g*(x),
g(x)efl. Then either g(x)-g*(x) in [Xl,:], or g(x) g*(x) in [Xl,)?]. First, let
g(x)= g*(x) in [x, Y]. Considering points (Y, zl), (x2, z2) through which both the
functions pass, we see that [[g()(x)ll-> IIg*()(x)l[ in (9, x2), because g*()(x)=
[(z2-z)/(x2-Y)], the minimum possible [[f()[[oo for any function f passing through
(Y, zl), (x2, z2). Now let g(x) g*(x) in [x, 2]. Since (i) g and g* are nondecreasing,
(ii) they are continuous, (iii) g(x)= g*(x)= z, the minimum value of g(x), g*(x) in
[x,x2], and (iv) g*(x)= z, /x[x,Y], we must have some 26 (xl, Y) such that
g,(x)>g*(x)tx[5,:] and in particular g(Y)>g*(Y). This gives ,g(x)dx>x, g*(x)dx, implying that - g(x)dx <x g*(x)dx, which shows that there exists a
c (, x2) such that g(c) < g*(x). Thus, at Y, g(Y) > g*(;), and at c, g(c) < g*(c), which
together imply that there is a d 6 (2, c) c (Y, x2) such that g(d) g*(d). Now consider-
ing points (d, g*(d)), (x2, z2) through which both the functions pass, we see that
[[g()(x) [[oo_-> []g*(1)(x) 1[ in (2, x2) because g*()(x) (Z2 Zl)/(X2 )
z2 g*(d ))/(x2 d ), the minimum possible f()[[ for any functionf passing through

(d, g*(d)), (x2, z2). Thus for s < s2, Ilg*()l[o--< [[g(1)[] for any g(x) 1. The case s >- s2
can be proved similarly.

The following lemma considers several intervals together. Since the result is
intuitive, for brevity, we will omit its proof, which involves many seemingly unavoidable
details. The basic arguments used are clear: since d’s are the first divided differences
of the data, condition (a) is true if and only if g(x) G[a, b] is nondecreasing, and
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any (1 <=i=< r-2) such that di di+ d+2 d+3, forces a discontinuity of g(x) at
xi/2, justifying condition (b). Note that in Lemma 2, there is no attempt to minimize
IIg()ll. It only considers the existence of a nondecreasing, continuous function in
G)[a, b]. For a related result for strictly convex data (d < d/, 1,. , r+ 1) see
[36, Thm. 1], [38, Thm. A].

LEMMA 2. For n 1 and p (r+ 2) points {Xi} r+2 +2 r/2,{yi} R ,xi<x+l, l<=i<=
r+l, there exists a nondecreasing, continuous function g(x)6G)[a, b] iff (a) the
sequence {d (y+ y)/ (x+ x)}+ is nondecreasing, and (b) there is no (1 <= <= r-
2) for which di di+ # di+2 di+3 holds.

For the following main results, we will employ similar notation, especially the si’s
of Lemma 1 and z,, z2,+, where for each interval [x, x+], 1 <-i<_-r+ 1, z,i, z2,+
represent the values corresponding to the z, z2 values of Lemma 1, satisfying conditions
(i)(a) or (b) given there. Theorem 1 combines the ideas of Lemma 1 (minimization of
IIg)[[ in a single interval), and Lemma 2 (problem data over several intervals) to
provide a framework for solving problem (1) for n 2.

3. Convex programming characterization: the main results.
THEOREM 1. For n=2 and (r+2) given points {x}+2, {yi}rl+2ER r+2, Xi<Xi+,

i= 1,’’", r+ 1", if {d=(y+-yi)/(x+-x)} is a nondecreasing sequence such that
there is no (1 <-_ <- r- 2) for which d d+l # di+2 di+3 holds then a solution f*(x) of
(1) exists and can be found by solving the following convex programming problem (7).
Problem (7) has a linear objective function, (r + 1) variables (to, q, , tr), 2r main
constraints ((a), (b), (c)), and r lower and r upper bounds on the variables (d). The
optimal value of IIf*<)ll is given by the optimal value of to, and the optimal convex

function can be constructed from the optimal values of t, i= 1,..., r (as shown in
Corollary 1):

Minimize to
Subject to"

(a) to- tl >-0, to-(dk-tr)>-O,

(7)
(b) t-[(’k’-^t’+t’+l)2/4(’k’-b"t’)]>--O’} i=1 ...,r-l,
(c) to-[(,,k- t,+ t,+)2/4t,+]>-O,
(d) (,/b)k,>-_ t,->_O, i= 1,..., r.

The constants ,, and k, 1,..., r are calculated from the data as follows"
i (mxi "q- mXi+l)/mXi+l, i (mxi/mxi+l),

k, 2(Ay,Ax,+, Ax,Ay,+)/[(x2+l x,2.)hx,+ ( 2x,+- x,+)ax,],

Axi xi+ xi, Ayi Yi+ Yi.

Proof Lemma 2 implies that a convex function fE F)[a, b] through the (r+2)
given points exists. As noted before, if g*(x) is the solution of (2),
Therefore, the optimal value IIf*<2)[[ can be determined by finding the optimal values
of { Zl,i, Z2,i+ 1} r+l such that max {[[g’>ll: 1 --<_ i_--< r+ 1} is minimized under the constraints

(8)
(xi+-xi)z’i<- yi+l- yi<-(xi+-x)z’i+’ ! i= 1,..., r+ 1,
(Z2,i+

where IIgl)lloo in the ith interval is given by (4) of Lemma 1. Note that the first constraint
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implies the conditions (i)(a) if z2,i+ ---Zl,i, or (i)(b) if z2,i+ > z.i, of Lemma 1. This
insures that {z,i, z2,+} r+l values chosen will be such that we have an appropriate
convex function within each interval [xi, xi+l], l=<i--<r+l. The second condition
insures that when these intervals are considered together this convexity extends to the
entire domain [x, Xr+2]. Thus, a solution of (1) can be obtained by solving:

Minimize to max [max {((si+ Si+l)2/4si), ((si+ Si+l)2/4Si+l)}]
i= 1,3,5,--.,2r+

under the above constraints. Note that for the minimization of IIg)[[, an optimal
value of z2,2 implies that sl s2 IIg])ll in the first interval. Similarly, we have
s=/2 s=/, -(’)/, I1 in the last interval. Hence, eliminating s2, S2r+2 and renumbering
the s’s ([(s, s2), s3," ", (Szr+t, Szr+2)]--- [s, s2," ", Szr]), the objective function can
be written as:

Minimize to max [max {s, ((si + si+l)Z/4si), ((si + s+a)2/4si+,), s2}].
i--2,4,---,2r--2

Now we can directly check by their definitions that

sAx, + s+Ax,+ (Ax)+ Ax+)k,
(9)

i= 1, 3, , 2r- 1, j(i)=(i+l)/2,

or

si+ ji)k)i)- i)si, i= 1, 3," ", 2r- 1,

where k)) is a constant representing f2) of the second degree polynomial through
three consecutive points (xj), yji)), (xj+, Yj)+I), (xji)+2, Yj)+2). We can also check
that constraints (8) hold itt s >=0, i= 1,-.., 2r.

Now if we give the name t for the variable s2-1, i= 1,..., r and use (9) to
eliminate s2, s4," , S2r, we can write the problem (after some simplification) as

Minimize to max [max {h, ((,ki-lt,+ t+)2/4(ki-t,)),
l<_i<_r--1

(10) ((k,- it, + t,+l)2/4t,+), (rkr- /t)}]
Subject to: ki >-/t >= 0 i= 1," ., r.

Problem (10) can now be written in the form (7) given in the theorem.
To show that a minimizing problem given by (7) is convex, we need to demonstrate

that its constraints are concave and the objective is convex [29]. Being linear, the
objective of (7) is convex, and constraints (a) and (d) are concave. Therefore, we have
only to show that (b) and (c) are concave for all i= 1,..., r-1. Since the form of
the constraints (b) and (c) is the same for all i, it is, obviously, sufficient to show
concavity for a single value of i. If H is the Hessian of constraint (b) for i= 1, we see
that

0 0 0

2(,k,-/, t,) 2(tl kl- b, tl
--glt2 --1

2(1kl girl)2 2(alkl -/, t,)

Let G =-H. Then it is easy to see that G is symmetric, all its diagonal elements are
nonnegative, and all its leading principal determinants are also nonnegative for all
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values of t2, (tlkl-/ltl)>= 0. Thus G is semipositive definite, implying that function
(-b) is convex, and therefore, (b) is concave for 1. Similarly, the Hessian for (c),
i=1, is

0 0 0

-/21 -/1(1kl-/1 tl).
2t2 2t22

--/1(1kl -/1tl) -(1/1 -/1tl)2

2t 2t32

which implies that function (c) is also concave for i- 1. This completes the proof of
the theorem.

It should be noted that the convexity of this formulation is very valuable for
numerical computations, since it implies that any local minimum of the problem is
also its global minimum.

We can use the following corollary to calculate an optimal convex spline f*(x).
In view of Lemma 1 and 2, the corollary is evident by noting that t*’s here correspond
to the si’s of Lemma 1.

COROLLARY 1. Let optimal values z* z i-1 r+ 1 be given in terms of1,i, ,i+1,

the optimal values of the variables t* i= 1,..., r of Theorem 1 as follows:

(11)

where y (yi yi-1), x (xi Xi_l) 2," , r + 2. Let g* be defined in each interval

[xi, xi+l], 1, ,r+l, by (5) and (6) (ofLemma 1) with Zl Z*l,i, z2 z2,i+l.* Then
an optimal convex spline, solving the problem (1) for n=2, is given by f*(x)=

xx g*(x) dx + el.
Now we mention two common special cases. If {di=(Yi+l-Yi)/(Xi+l-Xi)}rl+1 is

strictly increasing, obviously, there is no such that d di+l y di+2-di+3 (1i r--2),
so that a solution of f*(x) of (1) exists and can be found by solving the convex

programming problem (7) and using Corollary^ 1. For equidistant data, it is easy to

check that and b values simplify to i 2, b 1, i= 1,. ., r, in formulation (7).
The above results help find any solution f* F)[a, b] which minimizes

There is no emphasis on determining the maximum number of knots f* may need, or
on finding an f* analogous to the perfect spline of Karlin’s theorem [23] which
characterizesf* without the convexity requirement onf*. Under convexity, it is natural
that a perfect spline f* (which has by definition a single value for If*(2) with

having opposite signs on the different sides of a knot) should be replaced by a spline
where f,(2) takes only two values, either f,(2)> 0 or 0, with different values on the
different sides of a knot. For completeness, the following theorem is given which states
the result analogous to Karlin’s theorem for n 2. It is due to Smith and Ward [43]
who prove it for general n. We give it in our notation for n 2.

THEOREM 2 (Smith and Ward). For n 2 and (r+ 2) points {Xi}+2, {yi}+2 e Rr+2,
x < X+l, i= 1," ", r+ 1, if there is somef(x) F)[a, hi, then there exist a solution f*
of (1) and values , k with k <= r 1, such that a x o< <" "< k < k+
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Xr+2-- b, and either

*2)1[oo for x e (:2i, 2i+1),f*2)(x)
0 for x (2i+, i+2),

or

(2i+ 1)-<_ k+l,
(2i+2)_-< k+ 1,

f*’(x)={f, forxe(,,,+,), (2i+l)M k+l,

11oo forxe(2,+l,2,+), (2i+2)<-k+1,

for 0,. ., i(k), where i(k) k2 if k is even, and (k) (k 1)/2 if it is odd.
Proof. We will prove the theorem by showing that if g* is any solution of (1) for

n 2 with IIg*-ll--, then, as described in the statement, there is also a "perfect"
convex spline solution f* of (1) having less than or equal to (r-1) knots with

IIf*=ll= . This is done by considering the following related problem:

(1)’ Minimize {llfll: f W)[a, b],f(x,) y,-(fl/2)(x/2), i= 1,..., r+ 2},

whose perfect spline solution can be used to obtain f*(x). Note that problem (1)’ does
not have the convexity requirement, therefore by Karlin’s theorem [23] there is a
perfect spline solution F* of (1)’ with number of knots (r-1). Now we can show
that (i) liF*2)ll=/2, and (ii) then the desired f* is given by f*(x)=
F*(x) + (/2)(x/2).

(i) Let G*(x)= g*(x)-(fll2)(x12). Then G*(x)e W)[a, b], it interpolates the
data of problem (1)" G*(x,)= g*(x,)-(/2)(x12) =y,-(fll2)(x12), and since
G*2)(x) g*)(x)-fll2, we get G*211 1g*211-/2 /2. Thus, G*(x) would
be a solution of (1)’ if IIF*=ll= /2, that is, IIF*=>ll is not less than /2. We will
prove this by showing that F*II </2 leads to the contradiction that g*, an assumed
solution of (1), is not a solution of (1). Let F*=II< /2 /2- , where (/2) e >
0. Consider h(x) F*(x)+(12)(xZl2). Then h(x) W)[a, b], it interpolates the data
of problem (1): h(x,) F*(x,) + (/2)(x12) y,- (12)(x12) + (12)(x12) y,, and
since h2)(x)= F*Z)+/2, we get h2)(x)0 (hence h(x) is convex), and IIhll=
IIF*=)ll+ /2 /2- +/2 -e. Thus h(x) is a solution of (1) with
which contradicts the fact that g*(x) is a solution of (1) with lig*2)ll . Therefore,

(ii) As shown for h(x) above, f*(x) defined by f*(x)= F*(x)+ (/2)(xZ/2) is a
solution of (1). Now since f*2)(x) F*2)(x) + /2 and F*(x) is a perfect (F*2)(x)
/2, or (-/2)) spline of degree 2 with number of knots (r-1), we see that f*(x)
has the same number of knots with f*2)(x)=0 or . This proves the theorem.

4. Numerical examples and a computer implementation. Since the capability of
available computer software to find a local minimum far exceeds that of finding a
global one, convexity of the formulation is very helpful in actual calculations. Here,
we provide two examples for illustration and initial numerical validation. Each example
is such that its optimal value tlf*=)ll can also be directly found. This allows a
comparison with the optimal value obtained by computer routines using our formu-
lation.

(i) Consider a 4-point problem, p 4, n 2, r 2"

{x,} {0, 1, 2, 3}, {y,}7 {0, 10, 28, 4}.

We can calculate k ke 8, using the easily derived expression

(y,- y,+,)(x,+,- x,+:) (y,+,- y,+:)(x,- x,+,)
(12) k,=(x x,+,)(x,+,- x,+:) -(x+,- x,+)(x,- x,+,)
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Recall that the constant ki represents f(2) of the second degree polynomial through
these consecutive points" (xi, y), (x+l, y+l), and (xi+2, Yi+2). Since the points lie on a
second degree polynomial g(x)= 4x2 +6x, it is obvious that the optimal value IIf*(2)[[o
is g(2)_ 8. The formulation (7) with 2, /i- 1 for equidistant data gives

Minimize to

Subject to"

g to- tl => 0,

g2-- to- [(16- t + t2)2/4(16 q)] >-- 0,

g3-= to-[(16-q + tE)2/4t2] >-- O,

(13)
g4---- to- (16- tz)----> 0,

gs---- 16-

g6 -= 16- t: _-> 0,

g7 --- t _>- 0,

g8--= t:---->0.
It is easy to check that (13) has an optimal solution at (to* 8 IIf*llo, t*--8,

t* 8). This can be done (as follows) by verifying that the Kuhn-Tucker conditions
sufficient for a solution to be an optimal solution of a convex program are satisfied at
(to 8, t 8, t2 8) with dual variable values A1 A2 A3 A4 1/4, A5 ,6 --/7 ,8
0. Substituting to-t t2 8, we see that this is a feasible solution since all the
constraints g through g8 are satisfied. Since g g2 g3 g4 0, and g5 g6- g7- g8 >
0 at this solution, we have the complementary slackness conditions" gA-0 for
i= 1,..., 8. Finally using * to denote the value at (to t rE---8), we see that the
following gradient conditions are also satisfied:

.-= 1 A1-t- A2+ A3+A4,
i=1 ’Oto

Otto
Ot - A,

Og*i
O---h +h3,

i= Ot

Ot*-A, Og*i
0 _A2_I_ A4"

Ot2 i=1 Ot2
=-

Thus our formulation solves the problem, and its optimal value to* gives the optimal
value of

Now using a computer routine for constrained optimization given in [26, pp.
386-398, Constrained Rosenbrock HILL ALGORITHM] we obtain the same solution.
Several initial (starting) solutions were tried, all converging to the optimal values
shown in Table 1.

(ii) We take a 7-point problem for our second example, p--7, n- 2, r-5:

{x,}7 -= {0, 1, 2, 3, 4, 5, 6},

{yi}---{16, 12, 10, 9.5, 10, 12.5, 18}.
We can calculate k 2, k2 1.5, k 1, k4-2, k 3 as before. It is easy to verify,
this time geometrically, that there is a convex function f* F)[a, b] such that
I[f*(l[ 3. This implies that f* is an optimal solution with [{f,(2)[[= 3, since for
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TABLE

Initial solution

1.0 1.0
5.0 5.0

12.0 12.0

8.0000000
8.0000010
8.0000000

Optimal values

t

8.000009 7.999994
8.000009 7.999993
7.999999 8.000001

any j F[a, b], obviously, IIf(2’lloo>-maxl<=i<_5 {ki}=3. Thus, the formulation, with
6 variables in this case, must have optimal to* 3. Note that optimal values of tl, , t5
are not unique for this example.

The computer routine mentioned above (Rosenbrock HILL ALGORITHM) again
gives the desired optimal values shown in Table 2 from several initial solutions. For
brevity, explicit formulation is not given for this problem.

TABLE 2

Initial solution

t

1.0 1.0 1.0 1.0 1.0
3.5 2.5 1.5 3.5 5.5
3.8 2.8 1.8 3.8 5.8

3.0000696
3.0000019
3.0005379

Optimal values

tl* t t3* t4* t

2.280090 7.855989 1.009406 1.040345 2.999885
2.455462 8.606190 1.711703 1.007163 2.999999
2.418691 1.069808 1.230089 1.112060 2.999463
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ON THE REGULARITY OF THE KUHN-TUCKER CURVE*

A. L. DONTCHEV" AND H. TH. JONGEN

Abstract. We consider twice continuously differentiable finite dimensional optimization problems,
depending on a real parameter. Besides a discussion of (local) Lipschitz continuity of the Kuhn-Tucker
curve, we present conditions under which the Kuhn-Tucker curve is piecewise continuously differentiable.
Throughout the paper we assume the linear independence ofthe gradients of the binding constraint functions.
We use Kojima’s concept of strongly stable Kuhn-Tucker points and present a new equivalent formulation
of this concept.

Key words. Kuhn-Tucker curve, Lipschitz continuity, piecewise continuous differentiability, strongly
stable Kuhn-Tucker points, critical points

1. Introduction. Let C2(R n, R) denote the space of real valued twice continuously
differentiable functions on the n-dimensional Euclidean space R n. By z we denote a
vector in Rn+, and z will always be partitioned as z (x, t), where x R, R. The
real number will be considered as a parameter. Let I, J be finite index sets, I
{1,. ., m}, J {1,. ., s}, and let f, hi, gj C2(Rn+, R), I,j J.

We define

(1.1) M(t) {x R"lhi(x t) 0, gj(x, t) >- 0, I, j J},

(1.2) Jo( z) {j JIg( z) O}.

For every e R we have the following optimization problem P(t):

(1.3) P(t): Minimize f(., t) on M(t).

In the sequel we denote by D(z) the (n / 1)-row vector of the first partial derivatives
of d evaluated at z, and by DEt(z) the (n+ 1)x (n+ 1)-matrix of the second partial
derivatives. Similarly, Dxd(z), Dido(z), D,td(z) will correspond to the partial
derivatives with respect to x and t.

For an r x q-matrix A, the set Ker A will be:

(1.4) Ker A { RlAsr 0}.

If B is a symmetric n x n-matrix and L a linear subspace of R ", then by Bit. we mean
some matrix of the family o//., y._ { VrBVI V is a matrix with n rows, whose columns
form a basis for L}. In view of Sylvester’s theorem (cf. [12]) the number of negative
(resp. zero, positive) eigenvalues of VrBV does not depend on the incidental choice
of V. We say that BI. is (non)singular (resp. positive) (semi-) definite if VTBV is so,
where VTBV l/’.

In this paper we are concerned with a local analysis thereby assuming the linear
independence of the gradients of the binding constraint functions. In this spirit we
simply assume throughout the whole paper that the following Condition A is satisfied.

Condition A. The set {Dxh(z), Dxgj(z), I,j Jo(z)} is linearly independent at

all z (x, t) for which x s M(t).

* Received by the editors March 6, 1984, and in revised form November 21, 1984.
t Institute of Mathematics, Bulgarian Academy of Sciences, Sofia, Bulgaria.
; Department of Applied Mathematics, Twente University of Technology, Enschede, the Netherlands.
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DEFINITION 1.1 [8]. A point is called a critical point for P(t-) if ff M(t-) and
if there exist (unique) real numbers i, Ij, i I,jJo() satisfying

(1.5) D,,f
iE jEJo()

The numbers A i, j are called Lagrange parameters. A critical point is a Kuhn-Tucker
point (KT-point) if 0 for all j Jo().

A critical point ff is called nondegenerate if the following two conditions hold:
ND1. j 0,j
ND2. DL()lr is nonsingular,

where the (Lagrange) function L and the linear subspace T c R are defined as follows:

(1.6) L(z)=f(z)- E Xih,(z)- E fig(z),
ie,

(1.7) T Ker Dxh() Ker D,g().
il Jeo(e)

A point (2, D is called a (nondegenerate) critical point if is a (nondegenerate)
critical point for P(D. Let c R"+ denote the set of critical points and KT be the
subset of consisting of the KT-points.

Remark 1.1. If one would like to drop Condition A, then there are two possibilities.
Either one imposes a weaker constraint qualification guaranteeing that local minima
are Kuhn-Tucker points (for example the Mangasarian-Fromowitz constraint
qualification, as used by Kojima [9] and Kojima and Hirabayashi 11 ]). Or one studies
generic one-parameter families, but then the whole concept of critical points has to
be weakened (cf. [6], [7]).

If in some neighborhood of (,, D the Kuhn-Tucker set KT can be parametrized
by t, ranging in some interval, then we will speak about "the Kuhn-Tucker cue."
In this paper we discuss the regularity propeies of the KT-cue (local Lipschitz
continuity, piecewise Cl-differentiability). We emphasize that this kind of investigation
is impoant for sensitivity analysis, which is basic in optimization. Therefore, we feel
that every new insight in this area has its own relevance. A basic tool in sensitivity
analysis is the idea of implicit function theorems. This was already recognized by
Fiacco and so, let us sta with the following profound result (a similar result holds
for all nondegenerate critical points, cf. [8]).

THEOREM 1.1 (Fiacco [1]). Let (, D be a nondegenerate critical point, 0
for all j Jo() and D]L()r positive definite. en in some open neighborhood of $
the Kuhn-Tucker curve depends C on the parameter t, KT {(X(t), t), e (a, b)}.
Every x( t) is a strict local minimumfor P( t) and the corresponding Lagrange parameters
a(t), ( t) depend C on t.

The paper is organized as follows. In } 2 we apply a beautiful abstract theorem
of Hager in order to obtain Lipschitz continuity for a cue which is continuously
selected from a finite number of Lipschitz continuous cues. In } 3 we prove an
equivalent formulation for Kojima’s concept of strong stability. In } 4 we show that
local Lipschitz continuity ofthe Kuhn-Tucker cue is adirect consequence of Kojima’s
continuity result and a continuous curve selection (here the result of } 2 is used).
Finally, in 5 we deduce fairly weak conditions for piecewise C-differentiability of
the Kuhn-Tucker cue. Under these conditions it might be possible to adapt appropri-
ately numerical schemes, as used in solving ordinary differential equations, for tracing
the Kuhn-Tucker curve. Such an analysis would be relevant especially in optimal
control computations. The latter fact will be the basis for future research.
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2. On the Lipschitz continuity of a continuous selection. The idea of the result in
this section is based on Hager’s theorem which we will state first. Let 6e be a Banach
space, 9 be a convex subset of a Banach space, and z" 9 - 6e be continuous. Moreover,
let c: 9 2l"’’’’m power set of {1, , m} have the following property"

(2.1) If { dk} c 9, dk -> d 9 as k -> c, and I C(dk) for all k, then I c c(d).

Given d, e @, let (d, e) denote the ordered pair and define the segment:

[d, e] {(1 h)d + xel0<_- x _-< 1}.

The points d, e 9 are called compatible if c(d) c(e) and c(8) c c(d) for all 8 [d, e].
THEOREM 2.1 (Hager [3]). If 3’ satisfies

(2.2) z(d)- z(e)II ,ll d e[l

for all compatible d, e 9, then y satisfies (2.2) for all d, e
As a consequence of Theorem 2.1 we obtain the following result.
THEOREM 2.2. Let In, b] R be an interval and let Yi’[ a, b]--> R" be a Lipschitz

continuous function with Lipschitz constant ai, i= 1,..., r. Let y:[a, b]--> R" be a con-

tinuous function having the property that for all t[a,b]" y(t)=yi(t) for some

{1,’’’, r}.
Then y is Lipschitz continuous with Lipschitz constant

Proof. We reformulate Theorem 2.2 in terms of Hager’s theorem. Put 9 In, b],
=R". The map c is defined as follows. Put m:r and c(t)=
{i {1,..., r}[y(t)= yi(t)}. Let {tk} [a, b] be a sequence and suppose that for some
j, y( tk) y(tk) for all k. If tk -> , then by continuity, y( tk) -> y( t-) and y( tk) --> y(t--). This
establishes (2.1). The map y plays the role of the map z. Finally, it suffices to show
the inequality Ily(t)-y(t=)ll <- alto- tl for all tl, t2 In, b] with C(tl)= c(t). But the
latter fact is obvious since a maxi=l,....r ai. l-]

3. An equivalent formulation of Kojima’s strong stability concept. In [9] Kojima
introduced strongly stable Kuhn-Tucker points. In fact, Kojima states the concept of
strong stability in a more or less topological way (which incorporates continuous
dependence on the data) and then he shows the equivalence of it with a condition on
corresponding partial derivatives. We take this equivalent formulation as a definition.

DEFINITION 3.1 (cf. [9]). Let be a critical point for P(t-) with Lagrange para-
meters ,/2 satisfying (1.5) and suppose that is a Kuhn-Tucker point (i.e.
Jo()). Put Jg-() {j Jo()l/2 >0}. Let L be the Lagrange function (cf. (1.6)) and for
all . with J-() . Jo() define

(3.1) T(]) f’! Ker Dxh()f’) f’) Ker D,gj().
i j.

Then g is strongly stable if for all with J-()c c Jo()"
K1. D2L()Iry)is nonsingular
K2. sign det (D2L()Iry)) is constant.
We will present a new condition which is equivalent with K1, K2. In fact, this

condition clarifies some ideas behind Kojima’s work, such as the stationary index,
introduced in [9]. We show that D2L()IT-j:e)) is in a certain sense a "positive
extension" of D2xL()IT(.o(e))"

THEOREM 3.1. Let be a Kuhn-Tucker point for P(t-). In the terminology of
Definition 3.1, let V be a matrix whose columns form a basis for T(J-()). Moreover,
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let T(J-()/Jo(.)) denote the orthogonal complement in T(J-()) of T(Jo()). Then,
is strongly stable iff KI*, K2* hold

T 2KI* V DxL() V is nonsingular.
K2*. VTDxL(e) V) -1

IT(rS(e)/Jo()) is positive definite.
The proof of Theorem 3.1 is a direct consequence of Theorem 3.2 below. But first,

we need the following lemma (cf. [6], [7] for a proof).
Let Ind (index) denote "the number of negative eigenvalues" and let 3_ denote

the orthogonal complement.
LEMMA 3.1. Let A be a nonsingular symmetric n x n-matrix, L be a linear subspace

of R". IfAI is nonsingular, then we have"
a. Air is nonsingular.
b. Ind (A)= Ind (Air)+ Ind (Ak).
Let La, Lb be linear subspaces of R n, La c Lb and La Lb. A finite sequence of

linear subspaces L1, L2, , Lp of R is called a simple chain from L to Lb if L1 L,
Lp=Lb, L,c L,+I and dim (Li+l) =dim (Li)+ 1 for i=1,...,p-1.

THEOREM 3.2. Let A be a nonsingular symmetric n x n-matrix and L c R" a linear
subspace. Then Ak is positive definite iff there is some simple chain L1," Lr from L
to R such that:

S1. Air is nonsingular for 1,..., r.
S2. sign det (ALL,) is constant, i= 1,. ., r.

Proof. The theorem in the cases dim (L)=0, n being obvious, we assume that
0< dim (L) < n.

The "only if" part. Suppose that Ak is positive definite and let L1,’" ", Lr be
any simple chain from L to R ". Since L-c L it follows that AI is positive definite
as well. From Lemma 3.1 we conclude that AlL is nonsingular and

(3.2) Ind (A)= Ind (ALL,)+ Ind (A)= Ind (ALL,).

But (3.2) and the fact that both A and Air are nonsingular imply that sign det (A)=
sign det (Air ).

The "if part". Let L1,’’ ", L be a simple chain from L to R" such that S1, $2

hold. From S1 and Lemma 3.1a we conclude that AI is nonsingular. If we can show
that Ind (Air,)= Ind (Air,+) i= 1,’’ ", r-1, then we are done. In fact, in that case,
it follows that Ind (Air)= Ind (Air); hence, Ind (Air)= Ind (A).

Now we can apply Lemma 3.1b and conclude that Ind (A)=0. This implies
that A-1 is positive semi-definite on L+/-. But since we already know that Ak is
nonsingular, it follows that Ak is positive definite.

So it remains to show that Ind (ALL,) Ind (AIL,+). Let V, V+I be a matrix whose
columns form a basis for Li, L+I V/I extending V), and let T be the one-dimensional
linear subspace of L/I orthogonal to Li. From $1 we see that both V.r,AV and TV+IAV+I
are nonsingular. Now we replace in Lemma 3.1 the matrix A by (Vr+IAV/I)-1, the
linear space L by T and obtain from Lemma 3.1a, in view of the nonsingularity of
VfAV, that r -1Vi/AV/I) is nonsingular. Keeping this result in mind, we replace in

V/AV/, the linear subspace L by L and we obtain"Lemma 3.1 the matrix A by

(3.3) Ind (VIAV+)= Ind (VrAV)+ Ind (( V,r+A V+1) i-r1,.,).

Since T/is one-dimensional, we see that in (3.3) is a number which is either equal
V+IAV+I) is even (resp. odd) wheneverto one or zero. If equals one, then Ind r
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Ind (VirAV) is odd (resp. even). Consequently, we obtain:

(3.4) sign det rV,+AV+I) =-sign det VrAV).

However, (3.4) is in contradistinction to $2. Hence, we obtain i =0 and (3.3) yields
the desired result.

Remark 3.1. From the proof of Theorem 3.2 we see that we may replace in the
formulation of Theorem 3.2 "itt there is some simple chain..." by "itt for every
simple chain L,. ., Lr from L to R" the conditions S1, $2 hold’".

Remark 3.2. A special case of Lemma 3.1 is obtained as follows: A nonsingular
symmetric n n-matrix A is positive definite itt for some (and hence every) linear
subspace L c R we have: AlL and AL are positive definite. This particular case has
been proved by Fujiwara et al. [2] by means of tools from optimization theory. Finally,
we mention the following: at the level of positive (semi-) definiteness there is an
interesting extension proved by Han and Mangasarian [4] where linear subspaces are
replaced by certain cones.

4. On the local Lipschitz continuity of the Kuhn-Tucker curve. Strong stability of
a Kuhn-Tucker point implies continuity of the Kuhn-Tucker curve. This is an immedi-
ate consequence of Kojima’s theory [9]. We show by means of application of Hager’s
theorem to certain canonical curves, that local Lipschitz continuity of the KT-curve is
then automatically true. We mention that local Lipschitz continuity is also established
by means of two different approaches, in fact by Kojima and Hirabayashi [10] and
Robinson [ 13 ].

TnEOREM 4.1. Let be a Kuhn-Tucker point for P(t-) which is strongly stable.
Then, in some neighborhood of (, t") the Kuhn-Tucker set can be parametrized as
a continuousfunction ofthe parameter t, say {(x(t), t), (a, b)}. Moreover, thefunction

x(t) is locally Lipschitz continuous. The same holds w.r.t, the corresponding Lagrange
parameters Ai(t), [bj( t) under the convention that [dbj( t) 0 if gj(x( t), t) O.

For the proof ofTheorem 4.1 we need the following simple lemma (see for example
[5]).

LEMMA 4.1. Let A be a symmetric n x n-matrix, B be an n x k-matrix, and let V be
a matrix whose columns form a basis for Ker B r. Then the matrix Q,

is nonsingular iff rank B k and VrAV is nonsingular.
Proof of Theorem 4.1. As we mentioned in the beginning of this section we only

show that the continuity of the Kuhn-Tucker curve [9] automatically implies local
Lipschitz continuity. Note that for every ], J-()c ] Jo(), the point is a critical
point for P(?)"

/3 t-)" Minimize f(x, t-) subject to hi (x, t-) 0, e I, gj (x, t--) 0, j e .
Otherwise stated, (g, , i, /,/2j, j ) is a zero point of the C-map :

./Dx g(x, t)x t)-,I AiDrxhi(x’

.: -hi(x, t), I
i

\tz,j -g(x, t),j J

where Xi, I,/2j, j Jo() are the Lagrange parameters corresponding to as a critical
point for P(t-).



174 A. L. DONTCHEV AND H. TH. JONGEN

The map - is of class C lo Since is strongly stable, we see that the Jacobian
matrix of - w.r.t. (x, hi, I,/xj, j ) at (, ?, i, I,/2j, j ) is nonsingular, thereby
using Lemma 4.1. By means of the implicit function theorem we obtain locally a unique
Cl-curve ((t), t,.i(t), iI, I(t),.]) along which vanishes identically. In par-
ticular, (t), i(t), i I, /(t), j J, are locally Lipschitz continuous.. For in some
open neighborhood (a, b) of ? the Kuhn-Tucker curve {(x(t), t) (a, b)} obviously
has the property that x(t)= (t), where (t) corresponds to some ], Jff()cc Jo().
But then, Theorem 2.2 implies.that t- x(t) is locally Lipschitz continuous. With the
convention that/.7. (t) 0 ifj J, the corresponding result for the Lagrange parameters
follows in a similar way.

5. On the piecewise Cl-differentiability of the Kuhn-Tucker curve. In general,
under the assumptions of Theorem 4.1, local Lipschitz continuity of the Kuhn-Tucker
curve will not imply piecewise Cl-diiterentiability (shortly pC1). So, we need an
additional condition in order to guarantee the latter fact. The idea behind such an
additional condition comes from the recent investigations of Jongen et al. [7] where
generic properties of (generalized) critical point sets are studied. On the other hand
and independently from [7], this is also connected with assumptions on regular values
of certain maps used by Kojima and Hirabayashi 11]. Let us start with an illustrating
simple example.

Example 5.1. Consider f(x, t):= xE-ck(t)x-min, x->_0. Put b(t) 6 sin (l/t),
# 0 and b(0) 0. Then, f is of class C2. Clearly, 0 is the unique minimum as the

parameter equals zero. Moreover, 0 is then strongly stable, but the Kuhn-Tucker
curve is merely local Lipschitz continuous and not PC. A similar example can be
constructed with b (and hence f) being of class C. So, smoothness of the. data is
not sufficient for guaranteeing the KT-curve to be PC. Note, on the other hand, that
a similar example cannot be constructed with b analytic.

Let be a Kuhn-Tucker point for P(t-) which is strongly stable. In view of
Theorem 4.1 the Kuhn-Tucker curve is locally Lipschitz continuous in a neighborhood
of (, t-). In order to study the local PC 1-ditterentiability we obviously may restrict
ourselves to the case that J-()# Jo(), i.e. the strict complementarity is violated. In
fact, if J-() Jo(), then the KT-curve is locally already of class C. Now, we introduce
the following conditions B1, B2.

Condition B1. Jo()\J() is a singleton (i.e. the strict complementarity is violated
for exactly one binding inequality constraint).

Without loss of generality, we put (if Condition B1 holds)"

(5.1) Jo() {1, ,p}, J-() {1,.’. ,p- 1},

(5.2) B() [Dhl, rDx gp]le.

Condition B2. Adopting the notation of (5.1), (5.2) the matrix H is nonsingulaL
where

B D,DTL

-g,j= 1," ,p
(0,...,0,1) 0

We need the following simple lemma (without proof).
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LEMMA 5.1. Let A be a nonsingular n x n-matrix, k > n and Q a k x k-matrix:

AQ--(E
Then 0 is nonsingular iff D- EA-C is nonsingular.

TEORE 5.1. Let be a Kuhn-Tucker poin for P( which is scrongly stable. If
Conditions B1, B2 hold at =(, , then the Kuhn-Tucker curve is locally PC-differentiable.

Proo Let I, e I, , j e Jo(ff) be the Lagrange parameters corresponding to .
From B1 and the convention (5.1) we see that =0 and > 0 for j 1,..., p-1.
Let P(t) be a problem the only difference of which from P(t) is that the constraint g
is considered as an equality constraint. Then, is a Kuhn-Tucker point for P( which
is nondegenerate as a critical point. But then, in some open neighborhood of ff the
KT-cue w.r.t. (t) is of class C (cf. proof of Theorem 4.1), say t
[(t), t, i(t), e I, j(t), j eJo()]. For in some neighborhood of ? we obsee:
(Y(t), t) is a critical point for P(t) as well and it is a Kuhn-Tucker point for P(t) iff
p(t) O. Since p(D p 0, a moment of reflection shows that we are done if we
can show that flp(D dp(D/dt O.

The derivatives (D, ,(, flj(D are obtained as the solution of the system:

,j=l,. ,P -Dg,j=l,. ,p

with B as in (5.2). The system (5.3) is determined by means of the implicit function
theorem, introducing a corresponding map ff as in the proofofTheorem 4.1. We denote:

B r br bthelastcolumnofB(ff),

(5.5) -D,h,, I
-D,gp()

D,gj, j Jo() e

From Lemma 4.1, Condition B1 and the fact that 2 is a strongly stable KT-point it
follows that in (5.4) both A and (T ob) are nonsingular.

Now we can compute:

Ip( t) bTA-b)-1(-D,g. (e) b TA-l v).

However, using Lemma 5.1, it follows that the matrix H (cf. Condition B2) is nonsin-
gular if[ (bTA-b)-(-D,gp(5)-bAv)O. This completes the proof of Theorem
5.1. [3

Remark 5.1. In the proof of Theorem 5.1 we used the fact that tip(t--) is unequal
to zero. It is easily seen that the corresponding derivative in Example 5.1 actually
vanishes!
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THE GENERIC LOCAL TIME-OPTIMAL STABILIZING
CONTROLS IN DIMENSION 3*

ALBERTO BRESSANf

Abstract. This paper studies the control system

:(t)=X(x(t))+ Y(x(t))u(t), X(po)-O, lu(t)l<- l,

where X and Y are o vector fields on a 3-dimensional manifold . Under generic assumptions on X, Y,
the structure of the time-optimal stabilizing controls is completely determined in a neighborhood of P0. The
proofs rely on a systematic use of a local asymptotic approximation of X and Y by means of vector fields
which generate a nilpotent Lie algebra.

Key words, nonlinear control system, time optimal trajectory, asymptotic nilpotent approximation
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1. Introduction. Let t be a 3-dimensional manifold, poe d/t and let X, Y be
smooth vector fields on 5t with X(po)= 0. Consider the control system

(1.1)
)(t) X(y(t))+ Y(y(t))u(t),

y(0) =Po,

where the scalar control u(. is measurable and satisfies lu(t)l =< 1 almost everywhere.
This paper provides a description of all admissible controls that steer the system (1.1)
in minimum time from Po to any point p in a neighborhood of Po. We show that the
structure of the local time-optimal trajectories is completely determined by the Lie
brackets up to order three of X and Y at Po, under the generic assumptions

(A1) The vectors Y, [ Y, X] and [[ Y, X], X] are linearly independent at Po,
(A2) Y, Y, X]](po) k- Y(Po) + k[ Y, X](po) + k-3[[ Y, X], X](po) with Ik-31 1.

For the system (1.1), a numerical algorithm yielding a stabilizing control was studied
in [7]. Sussmann 12] provided a complete description of time-optimal trajectories for
analytic systems in the plane. The present work is part of a general program of research
whose goal is to determine the local properties of control systems of the form (1.1)
from the linear relations among the Lie brackets ofX and Y at Po. Our main technique
is the local approximation of (1.1) by means of a nilpotent system defined on the same
state space [1]. Somewhat different approximations were discussed in [3], [6] and
applied in [8], [11] to obtain results on local controllability. From (1.1), a suitable
rescaling of time and space coordinates leads us to the system

(1.2)
(1, 2, 3)-" (U, Xl, X2 -I" k.X12/2)
(X1, X2, X3)(0 (0, 0, 0), [0, 1 ],

where k k3, and the vector field h(.) is as small as we please, together with all of
its high-order partial derivatives. In the special case h 0, the trajectories of (1.2) are
easily computed as integrals of the control. The time-optimal controllability problem
can therefore be explicitly solved applying Pontryagin’s maximum principle. We use
the directional convexity of the reachable set and a global necessary condition [2] to
rule out the optimality of bang-bang controls with more than two switchings. In the

* Received by the editors July 17, 1984, and in revised form December 20, 1984. This research was
sponsored by the U.S. Army under contract DAAG29-80-C-0041.

f Istituto di Matematica Applicata, Universith di Padova, Padova 35100, Italy.
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general case, h can be regarded as a small perturbation. Repeated applications of the
implicit function theorem complete the proof. The asymptotic approximation technique
used here appears to be quite general and might be effective in the study of higher
dimensional systems as well.

2. The main theorem. As a preliminary, note that if (A1) holds, by the implicit
function theorem the equation

(2.1) [Y,[Y,X]](y)=k(y)Y(y)/kE(y)[Y,X](y)+k(y)[[Y,X],X](y)

uniquely defines the smooth functions hi(y) in a neighborhood V of Po. If (A2) holds
with [31> 1, we can also assume [ka(y)l> 1 for all y V. Two special families of
trajectories will be considered.

DEFiNiTION. Let y(. be an absolutely continuous, map from [0, T] into with
y(0) Po. We say that y is a BBB-trajectory for the system (1.1) if there exist 0 -< ’ -< ’ -<

T such that

(2.2) 20 X(y)+ Y(y) or 3)= X(y)- Y(y)

on each one of the (possibly empty) subintervals (0, ’), (’, ’2), (’, T). We call y(.
a BSB-trajectory if there exist 0=< ’ < ’-< T such that (2.2) holds on (0, rl) and on
(r, T), while

(2.3) y X(y)+ kl(y) Y(y)

on (, -).
Our main result states that the bang-bang and the partially singular trajectories

just defined are locally the only optimal ones.
THEOREM 1. Consider the system (1.1) and let (A1), (A2) hold.
i) If 131< 1, then there exists a neighborhood V of Po in J/l such that every

time-optimal trajectory steering Po to a point p V is a BBB-trajectory.
ii) If Ik31> 1, then there exists a neighborhood V of po such that every trajectory

steeering Po to a point p V in minimum time is either a BBB- or a BSB-trajectory.
By inverting time and the vector fields X, Y, Theorem 1 thus yields the solution

ofthe generic local time-optimal stabilization problem in dimension three. A noteworthy
consequence is that, at least for analytic X and Y, this solution can be written in
regular feedback form 13]. When I/1 < 1, (1.1) behaves essentially like a linear system.
Part i) in Theorem 1 could already be deduced from [10]. When I/31> 1, the non-
linearities begin to play a major role, and a careful analysis is required. In 3, 4 we
prove that Theorem 1 is a consequence of an analogous result (Theorem 2) concerning
the system (1.2). The main steps in the proof ofTheorem 2 are collected in 5. Technical
details are then worked out in 6-10, which may be skipped in a first reading.

3. An equivalent result. By introducing a suitable set of coordinates, (1.1) will be
transformed into a more tractable system on N3. In the following, the variable in N3
is x=(x, x2, x3) and {e, e, e3} denotes the canonical orthonormal basis. Given a
smooth vector field g (g, g, g3) on N3, its partial derivatives are written

Ogi 192gi
gi,

19Xj
gi,jk

19Xj 19Xk

Vg denotes the 3 x 3 matrix (gij) of first order partials of g. Consider the map

(3.1) O’(s,s2, sa)(expsY).(exps2[Y,X])’(expsa[[Y,X],X])(po),
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where (exp sZ)(p) is the value at time s of the solution of the Cauchy problem

y(t)=Z(y(t)), y(O) =p.
Because of (A1), 0 defines a local chart of a neighborhood of Po. In this chart,

the system (1.1) becomes

(3.2) =f(x) + elu, .x(0)--0R3.

The vector field f can be written in the form

(3.3) f(x)=(lX/2, Xl+2Xl/2, XE+aX/2)+f(x)
with f,d(0)=f,,11(0)=0 for i= 1, 2, 3, j= 1, 2.

Since the problem is local, we can assume that 0 is defined on some open ball
Br R3 centered at the origin with radius r, and that f can be extended outside Br to
a r vector field, still called f, with compact support. We now apply to (3.2) the
asymptotic rescaling procedure discussed in [1]. Consider the orthogonal decomposi-
tion 3__ WI( W2( W3 with W/= {ei; scaR}. Let 7/’i R ") W/be the canonical projec-
tions. Given an admissible control u(. ), let t- x(u, t) be the corresponding trajectory
of (3.2). If u is defined on the time-interval [0, e], construct the rescaled control
u’[0, 1]- by setting u(t)= u(et). Moreover, set

(3.4) x(u, t)= E-i’B’i(X(U,, et)).
i=1

A direct computation shows that x is the response of the system

(3.5) (t)=ff(x(t))+elu(t), x(O) =0[

with ff (f, f., f),

(3.6) fT(x) el-( ecrj(x)).
j=l

For every e > 0, (3.5) is merely a linear rescaling of (3.2). Therefore, a control u
is time-optimal for (3.2) on [0, e] if and only if the corresponding u, is time-optimal
for (3.5) on [0, 1]. Because of (3.3), the main result proved in [1] now implies that,
as e- 0, ff converges to the vector field

(3.7) f(x)--(0, Xl, X2 -/3X12/2)
together with all partial derivatives, uniformly on bounded sets. Theorem 1 thus
becomes a consequence of the following result concerning the system (1.2). If k-> 0,
we write fk for the open box (-2, 2) x (-1, 1) x (-1 k, 1 + k) c 3, rca(fk for the
Banach space of three times continuously differentiable vector fields on fk, and we
let ff be the family of all neighborhoods of the null vector field in (3(-k).

THEOREM 2. a) If 0 <= k < 1, then there exists 7/" such thatfor all h , 0 <= T <- 1,
every time-optimal control u(.) for (1.2) on [0, T] is bang-bang with at most two

switchings.
b) If k > 1, then there exists 7/" such that, given any h t/’, every time-optimal

control u for (1.2) on [0, T]
_

[0, 1] has the following property. Either u is bang-bang
with finitely many switchings on [0, T], or there exists 0 <- tl < t2 <- T such that u(t) is

constantly equal to +1 or -1 on [0, tl] and on It2, T], while u(t) kl(x(t)) on (h, t2).
Here ka(x is the third coefficient in the linear relation

(3.8) [e,, [e,, g]](x)= kl(X)e, + k2(x)[el, g](x) + k3(x)[[e,, g], g](x),

with g--f+ h.
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c) If k > 1, then there exists V such that, if h V and u is a bang-bang control
with initial switchings at times 0 < < t2 < t3--1, then u is not time-optimal for (1.2)
after time 1.

As usual, statements concerning controls in 1 are always meant "up to l-
equivalence."

4. Proof of Theorem 1. Let Theorem 2 hold. By possibly replacing Y with -Y in
(A2) we can assume k30. Consider the case 0<= k3 < 1 first. Set k k and choose
the neighborhood V according to a) in Theorem 2. Choose e > 0 so small that the
reachable set at time e for the sytem (1.1) is contained within the range of the chart
0, i.e. R(e)c O(Br), and such that efc B,, h =f-f V. This is possible because, as
e o 0, the convergence off to f in (3.6), (3.7) is uniform on the bounded set fk 1 ].
If the control u steers the system (1.1) from Po to some point p R(e) in minimum
time r/_<-e, then the control to u(t)= u(et) is time optimal for the system (1.2) on
the interval [0, r/e -] c_c_ [0, 1]. By a) in Theorem 2, u is bang-bang with at most two
switchings, hence the same holds for u. Taking V= R(e), this proves i) in Theorem 1.

The proof of ii) is similar. If k-3 > 1, set k k-3 and choose according to b)
and c) in Theorem 2. Choose e>0 such that R(e) O(Br), efk C B, f’-fe l/" for
every r/ [0, e]. If0< r/_--< e and the control u is time-optimal for (1.1) on [0, r/], then,
setting h=f-f, the control to u(t)-u(et) is optimal for (1.2) on [0, r/e-l]

_
[0, 1].

By b) in Theorem 2, either u is partly singular, or u is bang-bang with finitely many
switchings, hence the same holds for u. In the first case, comparing (3.8) with (2.1)
one concludes that u generates a BSB-trajectory, because the linear relations among
the Lie brackets of the vector fields f, el are preserved under the transformation (3.6).
In the second case, if u has more than two switchings inside [0, r/], let 0 < t < t2 t3
r/’ < r/be its first three switching times. The control o u,,(t) u(r/’t) has then its third
switch at 1. Since f’-f , using c) we see that u,, is not optimal after time 1,
hence u is not optimal at time r/> r/’, a contradiction. Taking V R(e), this completes
the proof of part ii).

5. Sketch of the proof of Theorem 2. In the following, we denote f(x) the vector
field with components (0, Xl, x2+ kx/2); h is the small perturbation and g =f+ h. We
write B for the open ball centered at the origin with radius e. When h---0, the exact
solution of (1.2) is

Xl(U, t)= u(s) ds,

(5.1) X2(U, t)= (t-s)u(s) ds,

llo klo(fo )2x3(u, t)= (t-s)2u(s) ds+- u(r) dr as.

If u is an admissible control, i.e. if lu(t)l <- 1 almost everywhere, then for [0, 1 the
trajectory ox(u,t) is contained inside the closed box [-1,1]x[-1/2,]x
[-(k+ 1)/6, (k + 1)/6]. By a classical perturbation theorem [5], there exists a bounded
neighborhood Vo such that, if h Vo, every admissible trajectory for (1.2) remains
inside fk during the time interval [0, 1]. The neighborhood Vo now chosen will be
kept fixed throughout. The first part of our proof will single out all solutions of the
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Pontryagin’s equations for (1.2) on any interval [0, T] c_ [0, 1].

(5.2)1 (,, :2, :3) u + h,(x), Xl + h2(x), x2+x1 - h3(x)

(5.2)2
3 )(,,,X2, X31 A2+kx,A3+ E h,.,A,,A3+ E h,.2A,, E h,,3A,

i=1 i=1 i=l

(5.2) (x,, x, x)(0)= (0, 0, 0), (Xl, A2, A3)(T) (X1, X2,

(5.2)4 u(t)esgnAl(t) a.e. on[0, T],

where X-- (X1, X2, X3) Y (0,0,0), 0<T-<I and the convention sgn0=[-1, 1] is used.
Notice that for every data and T, (5.2)1_4 has at least one solution. Indeed, the
compactness of the reachable set R(T) implies the existence of a control t for which
x(ff, T)=max {(, x); xe R(T)}. Such t clearly yields a solution of (5.2). Different
types of extremal controls arise, depending on the direction of X.

PROPOSITION 1. There exists Y’ e such that, if h e l/’ and <-

(12k + 16)-2(12 +), then the solution (u, x, A) of (5.2) is unique and the corresponding
control u is bang-bang with at most one switching.

PROPOSITION 2. For every e > 0 there exists t/"2 e ; such that, if h e 1/"2 and >-

(12k+ 16)-2(2+22), then any solution (u, x, A) of (5.2) satisfies
(5.3) X,(t)e[(1-ksgnA,(t))+B]3 a.e. on[O, T].

The two above results together imply part a) of Theorem 2. Indeed, let 0 =< k < 1
and choose the neighborhoods o//., oV2 according to Propositions 1 and 2 with e

(l-k)/2. If h e o//. f-)oV2 and if (u, x, A) is a solution of (5.2), then either 32_-<
(12k + 16)-2( 2 + 2) and by Proposition 1 u is bang-bang with at most one switching,
or 32->(12k+ 16)-2(2+22). In this case, by (5.3) and the choice of e, ;’(t) has a.e.
the same sign of A3(T)= 3 0. Hence A is either strictly concave-or strictly convex
on [0, T] and can vanish at most at two distinct points. The corresponding control u
is therefore bang-bang with no more than two switchings. Next, we assume k > 1 and
study the case where the third component of X is large compared with the others.

PROPOSITION 3. If k > 1, there exists 1/" e such that every solution (u, x, A) of
(5.2) with he 0//3, _->(12k+16)-2(1+), 3<0, has the following property. There
exist 0 <- ’1 <= r2 <- Tsuch that u is constantly equal to +1 or -1 on [0, rl] and on It2, T],
while u(t)= kfl(x(t)) on (r, z2). Here k3(x is the scalar function defined at (3.8).

PROPOSITION 4. If k > 1, there exists t/’4 e such that, for every solution u, x, A)
of (5.2) with he V4, 32>_-(12k+ 16)-2(+2) and 3>0, either the control u is bang-
bang with finitely many switchings on [0, T], or u(t) kfl(x(t)) throughout [0, T].

Propositions 1, 3 and 4 clearly imply part b) of Theorem 2. To prove c), define
the set of vectors

A={w (Wl, w2, w3) e R3; w3>-- (12k+ 16)2(w12+ w22)}.
Choose V1 e according to Proposition 1. An application of Theorem 2 in [2] yields

COROLLARY 1. Ifh e V, then the reachable set R(1) for the system (1.2) is A-convex,
i.e. R (1) contains the point p + (1 )q whenever p, q e R(1), e [0, 1 and p q e A.

Let now u be a bang-bang control satisfying Pontryagin’s conditions and having
a third switch at time 1. To prove that the value x(u, 1) of the corresponding
trajectory at time 1 lies in the interior of R(1), it suffices to exhibit a second admissible
control, say u’, such that

(5.4) xi(u’, 1) xi(u, 1) for 1, 2, x3(u’, 1) > x3(u 1).
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Indeed, if (u, x, A) is a solution of (5.2). and if the vector field h(. is sufficiently small,
then A3(1)>0 because of Propositions 1 and 3. The vector w=x(u’,l)-x(u, 1)=
(0, O, X3(U’ 1)--X3(U, 1)) therefore has a positive inner product with A(1) and lies in
the interior of A. By [2, Thm. 1], x(u, 1)eint R(1). To complete the proof, we only
need to show that such a control u’ always exists. For a, b, c-> 0 define the control
u/ u/(a, b, c) by setting

u+(a,b,c)(t)=l

u+(a,b,c)(t)=-I

for t[0, a)LJ[a+ b, a+ b+ c),

for t[a, a+b)U[a+b+c,o).

If ce, fl, y_->0, define u-(a, fl y)(t) -u+(a,/3, y)(t). Call x+= x+(a, b, c) the point
reached by the system (1.2) at time T a + b + c, subject to the control u/(a, b, c) and
define x-=x-(a,, y) similarly. In the special case h=0, the components of x/, x-
can be explicitly computed from (5.1)"

+x =a-b+c, x2 =(a+b+c)2/2-(b+c)Z+c2,

+=1/2{1/2(a+b+c) (b+c)3+c3+k[a3+(b-a)3+1/2(c-b+a)3]},X3
(5.6)

x? -a +/3 y, x; -(a +/3 + y)2/2 + (fl + y)2_

The three conditions

+ + x a+b+c=a+fl+’y=TX --Xl X2(5.7)

imply the relations

(5.8)

(5.9)

a =bc/(a + c), fl=a+c, y= ab/(a + c),

a=fly/(a+y), b=a+y, c=afl/(a+y).
+ x-) and aWhen these are satisfied, we have Ax x+(a, b, c) x-(a, , y) (0, 0, x3

direct calculation (see Appendix) shows that

+-x- [(a + b+ c)- k(a b+ c)]abc/(a + c)X3
(5.10)

=[(a + # + y)+ k(a -# + y)]afly/(a + y).

If a, b, c > 0 and u+(a, b, c) satisfies the maximum principle on [0, T+ e] for some
e > 0, then the corresponding adjoint variable A in (5.2) satisfies

A3(t)=X3>0 Vte[0, T],

A,(a)= A,(a+b)= h,(a+b+c)=0,

)’l(t) (1 + k)]3 forte(a,a+b),

,(’l(t)=(1-k)3 forte(a+b,a+b+c).

The above relations imply (k+ 1)b=(k-1)c. Using this equality in (5.10) we obtain

+-x- (1 k)abc/ (a + c) < O.(5.11) x3

If u u+(a, b, c), consider the control u’= u-(a, , 3’) with a, /3, y defined at (5.8).
When T=a+b+c=l, (5.7) and (5.11) imply (5.4). Therefore u cannot be optimal
after time T 1. The case where the bang-bang control u takes initially the value -1
can be treated similarly. Let u=u-(a,, 3’) for some a, fl, 3,>0. If Pontryagin’s
equations (5.2) are satisfied, then (k-1)fl=(k+l)y. Consider the control u’-
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u/(a, b, c) with a, b, c defined in terms of a,/3, 3’ at (5.9). From (5.10) and the above
equality we now obtain

+ x- (k + 1 )nEff3’/( a q- 3’) > 0.(5.12) x3

When T=a++3"= 1, (5.7) and (5.12) imply (5.4). Therefore u= u- cannot be
optimal after time T 1. This establishes part c) of Theorem 2 in the case h 0. Thanks
to the implicit function theorem, the abovearguments remain valid when a small
perturbation h is added to the vector field f in (1.2).

PROPOSITION 5. There exists se ; such that, if h e 5 and if u is a bang-bang
control with initial switchings at time ti" 0< tl < t2 < t3 1 which satisfies Pontryagin’s
equations (5.2) on [0, 1 with Al(1)- 0, then there exists a second admissible control u’
such that (5.4) holds.

This will complete the proof of Theorem 2.

6. Proof of Proposition 1.
LEMMA 1. Let k >=0, A eR with IAI (A] + A+ A)1/2= 1. Set r/= (12k+ 16) -1 and

assume A32<_-r/E(A] + A). Then at least one of the following holds
i) [AI_->IAI/(2k/ 1)lAal+(2k+4)r/;
ii) [A21 => (2k + 1)lxl + (2k + 4),.
Indeed, if ii) fails, since IA3[ <= r/we have

IAll > 1- IA2I- IA31 >- 1- [(2k+ 1)IA31 + (2k+4)rt]- rt

>_- (8k + 10) r/ _>- =1 + (2k + 1)IA3I + (2k + 4)r/.

LEMMA 2. There exists a constantM > 0 such that every solution u, x, A of (5.2) 1-4

with IXl- 1, h e 7/’0, satisfies
(6.1) M-’<=lh(t)l<=M VteEO, T],

(6.2) 12,(t)l--< M, IX,(t)[ _-< M, i= 1, 2, 3, e [0, T].

Proof. Since Vo is bounded in 3(fk), the operator norms of the matrices Vg(x)
of first order partial derivatives of g=f+ h satisfy a uniform bound, say IVg(x)[ <_-N,
for all he Vo, X e fk.

By (5.2)2, (6.1) holds with M eN. The bounds in (6.2) follows from (5.2)1_2 and
(6.1), with a possibly larger constant M.

To prove Proposition 1, it clearly suffices to consider the case IXl- 1. Set r/=

(12k+ 16)-1 and define r/’= q/3M, with M being the constant in (6.1), (6.2). Choose
a neighborhood V1 Vo in such that Ihid(x)[ < r/’ for all x e k, h e l/’1, i,j e {1, 2, 3}.
By Lemma 1, two cases must be considered.

Case 1. Let IX,l->_lX=l+(2k+ 1)l.31+(2k+4)r/, Then for te[0, T]c_[0, 1], using
(5.2)2 we obtain

X3(t)l _-< 3r/’M r/,

(6.3)

(6.4) (2(t)[ <-_ IX31 + + 3,’M,

A(t)[-<_ IXl / IX31 / 2r,

Xl(t)l _-< IX=I + ILl + 2n + 2k(lXl + ) + 3n’M,

A(t)l-> IXll- (IX_l + IXI + 2,)- 2k(IXl + n)- >_- n>0.
Therefore hl(t)0 throughout the interval [0, T]. From (5.2)4 we deduce u(t)=
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sgn A l(t) sgn ,kl. The control u is thus uniquely determined and constant throughout
[0, T].

Case 2. Let ILl >- (2k + 1)1X31 + (2k + 4),/. From (5.2)1_2, using (6.3) and (6.4) we
now obtain

IA2(t)l >= 1,21- IX31- 2r/,
(6.5)

I,(t)l --> (IX=l- ILl- 2,)- 2k(IXl + r/)- 3rt’M->- r/>0.
By (6.5), AI(’) is a strictly monotone function, with at most one zero. By (5.2)4, the
corresponding control u(. is bang-bang with at most one switching inside [0, T]. We
claim that such a control u is unique, whenever h 1, for a suitably small neighborhood
1 . To set the ideas, assume 2> 0, the case 2 < 0 being entirely analogous. Define
the set

r- {x 3; Ixl- 1, A <- r/2(A21 + A), 12_> (2k+ 1)IA31 + (2k+a)r/}

and fix X e F, 0< T <-1. For z e [0, T] define the control u(r,.) by setting u(z, t)= 1
when re[0, -], u(-, t)=-I when te(r, T], and let x(r, .), A(r, .) be the solutions of
(5.2)1_3 corresponding to the control u(r, .). Since . e F, we already know that any
solution of (5.2)1_4 is of the form (u(r,.), x(r,. ), A (z,.)) for some z e [0, T]. Notice
that (5.2)4 holds itt either r=0 and 11(0, 0)-<0, or 0< r< T and Al(’, r)=0, or z= T
and AI(T, T)-> 0. Uniqueness will be established by proving that

d
(6.6) d-"Al(’/’, ’)<0 ’’z[0, T].

When h-= 0 in (1.2), a direct calculation yields

(6.7)

xl(-,s)=2--s Vs[’, T],

;(, s) , ;(, s)=+(r-s),

AI(r, t) =Xl+ [i2+(T-sl.3+k(2’-s).3] ds,

d
dA(r, z)=-2-(T-z)X3-kX3+2k(T-r)X3

-2+ (1 +2k)3 +k -(k+3) < 0.

This proves (6.6) when h 0. To cover the general case, notice that (6.7) holds uniformly
as (, T, ) range in the compact set {z, T;0zT l} x F. Moreover, by the
implicit function theorem, the total derivative of A l(r, z) w.r.t, r depends continuously
on r, T, and on the paial derivatives of order 2 of the vector field h. Therefore,
if the neighborhood 1 is suitably small, (6.6) still holds for any h . This
completes the uniqueness proof.

7. Proof of Proposition 2. Again it is not restrictive to assume 1. In this case,
X(12k+16)-2(X+) implies 13(24k+32)-. Let M be the constant in (6.1),
(6.2) and choose some > 0 for which

(7.1) (24k + 32)(9 +9M + 10k)M e.

Choose 2 contained in o such that

(7,2) Ih,(x)l , Ih,(x)l , Ih(x)l
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for all h V2, x fig, i,j, {1, 2, 3}. Since the right-hand side of (4.3)2 is absolutely
continuous, we can differentiate (4.3)2 once more"

(7.3) ;1-- -X2- klh3- kxlX3- 2 2 hi,lj(X)YCjAi- , hi,l(X)fi.
i=lj=l i=1

Using the bounds (6.1), (6.2), (7.1), (7.2) and the relations

--i2-- k1/3 ,3 / E hi,2(x)Ai- kuA3- khl(x)A3,
i=1

(7.4)

we obtain

-< 3crM, /A3(t) 1--< 3trM, Ix1[ _-< 2,

ku( t))X3l (9+ 10k +9M)Mo’-<_ e(24k + 32)-1<- el3I.
8. Proof of Proposition 3. Set e (k 1)/2 and choose OV’ according to Propo-

sition 2. Choose V" so small that, whenever h V" and g f/ h, the following
conditions hold at every point x fig.

i) The vectors el, [el, g](x) and [[el, g], g](x) are linearly independent.
ii) In (3.8), ka(x)> 1.

Such a V" exists. Indeed, when h-=0 we have g--f and [el, f](x)=(O, 1, kxl),
[[el, f], f](x)= (O, O, 1), [el,[el, f]](x)= (O, O, k). In this case the coefficients of the
linear combination (3.8) are kl(x)= kE(X)=0, ka(x)- k> 1. By continuity, the condi-
tions i) and ii) remain valid when h ranges within a suitably small neighborhood of
the null vector field in 3(f/k). Now set Va OV’ f3 OV" and let (u, x, h) be a solution of
(5.2) with -_> (12k+ 16)-2(2+22), 3<0. We claim that S={t[0, T]; Al(t) =0} is
a closed interval, possibly empty. If tl, t2S, let [Al(Z)l-max {Ix(t)l; tl<----t <- t2}. If
AI(’) 0, then u(t)=sgnAl(t) is constant on a neighborhood of r, hence A1 is twice
differentiable at r. Since A"3 < 0, (5.3) and the choice of e imply that sgn )’1 (r) sgn A (r),
a contradiction that proves our claim. If S is empty, Proposition 3 trivially holds by
setting rl r2 0. If S contains a single point -, set ’1 =r2 z. Finally, let S be a
nondegenerate interval, say [’1, r2]. We need to show that u(t)= kl(x(t)) a.e. on S.
The relations Al(t)= ,kl(t) ,’l(t)=0 imply

(A (t), el) O,

(-,k(t), el)=(A(t), Vg(x(t))el)=(A(t), [el, g](x(t)))=O,

d(,’l(t), el>-- --(A(t), [el, g](x(t))>

(A (t), Vg(x(t))" [el, g](x(t))

(A (t), [[ el, g], g](x(t)) u( t)[ eli el, g]](x(t))) 0.

Since A(t) never vanishes, for t(zl,’2) the vectors el, [el, g](x(t)) and
lie1, g], g](x(t))-u(t)[el, [el, g]](x(t)), being orthogonal to A(t), are linearly depen-
dent. Because of the assumption i), u(t) is uniquely determined and thus coincides
with kl(x(t)), defined by (3.8).

9. Proof of Proposition 4. Some preliminary technical results are needed.
LEMMA 4. Let z > 0 and let dp be a twice differentiable concave scalarfunction, with

qb(O) oh(r)= O, (b(O) > O, and let tr, ml, m2 be positive constants such that

(9.1) -m2 <_- (t) -< -m < 0, I(t) (t’) <_- rlt- t’l
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for all t, t’ [0, ’]. Then

(9.2) (r)l->_ , (0)- 4r(ml + 2m2) m]-z(0).

Proof The first assumption in (9.1) implies r [2(0)/m, 2,(0)/m]. Let a
-(0)> 0 and define the energy E(t)= ,2(t)/2+ ack(t). Then

dE(t) (dt
I(t)(b(t) + a) _-< (0) 1 +2m2 trt.

Integrating from 0 to " we obtain

(9.3) IE (r) E (0)]-< 2tr(ml / 2m2)m ]-3 3(0).
This implies (9.2) because

-< 21E(r) E (0)11, (o)1-’.
LEMMA 5. Let (dn)n>_ be a sequence of strictly positive numbers such that dn+l >=

d, Cd for some constant C > and all n >-_ 1. Then ,= dn +c.
Proof. If the series converges, then dn - 0, hence dn <_- 1/2C for all n ->_ N, with N

suitably large. We claim that dN+, >- n-ldN+l for all n->_ 1. Indeed, if this inequality
holds for some n, then

dN+n+l =>min {x--Cx2" dN+l/n <=X<= 1/2C}

----ldN+l--n._d2N+l>-- dv+ > dN+l/(n+ 1)
n n n2

By induction, our claim holds for every n => 1, showing that the series diverges, a
contradiction.

LEMMA 6. Let h t/’o and let (x( t), A t)) be any local solution ofthe autonomous
differential equation on R6:

( t) g(x( t)) + el, t( t) -A(t) Vg(x( t))

obtained by setting u(t)-- 1 in (5.2)1_2. There exists a constant or’ such that

(9.4) <- o"lA(t)l,
d
"A3(t) o"lA(t)l

whenever x(t) Ok. The smallest possible constant tr’ in (9.4) approaches zero as the
vector field h =g-f tends to zero in c3(l)k). The same holds for the system

:( t) g(x( t)) el, k(t) =-A(t)" Vg(x(t)).

All of the above is clear because the left-hand sides in (9.4) depend continuously
on x, A and on the vector field h (3(k) and vanish identically when h 0.

Proposition 4 can now be proved. Fix e (k- 1)/2, choose V2, Va ff according
to Propositions 2 and 3 and set OV4 OV2 fq 7/’3. Let h OV4 and let (u, x, A) be a solution
of (5.2) with I1 1, . satisfying the assumptions made in Proposition 4. If Al(t) =0
for all [0, T], then (u, x,-A) is another solution of (5.2); hence by Proposition 3
u(t) k-l(x(t)) for all t. Now assume A l(r) # 0 for some r [0, T]. Then -, T] contains
only finitely many zeros of A1. To see this, set ml =(k-1--e)3, m2=(k+ 1+ e)3.

Whenever Al(t)0, u is constantly equal to sgn Al(t) on a neighborhood of t; hence
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h is three times differentiable at t. By (5.3)

d2

(9.5) -m2<=-lxl(t)l<=-ml <0.

If h vanishes infinitely many times inside -, T], let ’o be the smallest time. Recursively,
set z,+l inf{t (z,, T]; hi(t) =0}. By (9.5), ,1(’o) 0 and Zo is an isolated zero of h.
By induction, one easily checks that the same holds for every n; hence the sequence
(’,),__>1 is strictly increasing. We now apply Lemma 4 to the function
for each interval Jr,, z,/]. The second estimate in (9.1) is obtained from (9.4) and
(6.1), setting tr Mtr’. Using (9.2) we deduce

I,,(.+,)1 -> I,,(.)1- 4r(m + 2m2)m-3lJt(7"n)[ 2.

If infinitely many ’, were defined, by Lemma 5 ,__o11(-,)1=+oo. From (9.5) it
follows that ’,+1- ’, => 2lJl(’,)lm 1, hence lim,_.oo ’, +oo, providing a contradiction.
An analogous argument shows that 1 can have only finitely many zeros inside [0, ’].
Hence the corresponding control u is bang-bang with finitely many switchings.

10. Proof of Proposition . We restrict the analysis to the case where u(t)= +1
on the initial interval [0, tl). When u(t)=-1 on [0, q) an entirely analogous argument
applies.

LEMMA 7. For every h in a suitably small neighborhood V , there exists a unique
one-parameter family of bang-bang controls u()= u+(a(), b(), c()), [0, 1/2],
having a first switch at time and a third switch at 1, which satisfy Pontryagin’s
equations (5.2) on the time interval , 1 with A (1) O.

Proof Whenever h is small enough, the proofs of Propositions 1 to 3 show
that the adjoint variable ) (.) in (5.2) corresponding, to a bang-bang control with at
least two switchings inside [0, 1] must satisfy

(10.1) h3(t) > 0, 1,’1(t)/h3(1) (1 ku(t))l <= (k- 1)/2

a.e. on [0, 1]. To construct the one-parameter family u(:), for a fixed he c3(k),
g =f+ h and [0, ], let u u+(:, t2- :, 1 tz) be the control whose value is initially
+1 and has switchings at times :, t2, 1, as in (5.5). Consider the Cauchy problem on
6, starting at time :"

:(t) g(x(t)) + eu(t), Jr(t) -h(t)Vg(x(t)),
(10.2)

x(C)=(exp sC(g+e,))(0), (:)=(0, u, 1)

for some , . The above data determine uniquely a trajectory (x(t), (t)). From
(10.1) it is clearthat the control u =u+(, t2--, 1- t2) satisfies the Maximum Principle
(5.2) on a neighborhood of the interval [, 1] itt 1(t2) AI(1) 0. We claim that for
7/" ff suitably small, the conditions

(10.3) hi(t2) hi(l) 0, <t2<1
implicitly define t2, u uniquely as functions of h, sc, for all h V, : 6 [0, 1/2]. Indeed,
when h 0, the equations (10.1), (10.3) can be solved explicitly, first for u as a function
of t2 and :, then for t2 in terms of :
(10.4) hi (t_) (t- :)(- , ksc) + (t2- )2( 1 k)/2.

The right-hand side of (10.4) vanishes at the point t2 (:, 1) if[ ,= (tz- so)(1 k)/2- k.
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In this case

(10.5) ,(1) (1 t2)(t2- so)(1 + k)/2 + (1 t2)2(1 k)/2.

Hence X(1)=0 iff

(10.6) (t2- s)/(1 t2) (k- 1)/(k + 1).

The exact value of t2 as a function of s is immediately obtained from (10.6). From
(10.6) it also follows that

(10.7) (t2-)>(k-1)/4(k+l), 1+-2t2>0, 1-t2>_-1/4

for all :e[0, 1/2], Differentiating (10.4) and (10.5) w.r.t v and t2 respectively and
using (10.7) we obtain

0Al(t2) k-1
(10.8) - t2<-<0,Ov 4(k+ 1)

OAI(1)
(10.9) (1 +-2t)(k + 1)/2 + (k- 1)(1 tu) > (k- 1)/4 > 0.

B th implicit function theorem, thr xists a neighborhood o 3; such that
(10.2), (10.3) determine (t, v) uniquely as functions of (h, se) in x [0, 1/2]. This
proves Lemma 7, by setting a()= :, b()- t()- :, ()- 1- t().

Next, it will be shown that Proposition 5 holds if the bang-bang control u belongs
to the one-parameter famil u+((), b(:), c(:)) just defined. To this purpose we need
a technical result, whose proof is straightforward.

LEMMA 8. Let l/’e and let (h, )- b(h, ) be a (2 map from //’x[0, 1/2] into
R such that b (h, O) 0 for all h l/" and ch (0, :) > 0 for all (0, 1 / 2]. Assume that
either i) (Ob/Osc)(0, 0)>0 or ii) (Oc/O)(h, O) O for all h l/" and (O2b/0sc2)(0, 0)>0.
Then dp(h, )> 0 for all (0, 1/2] and all h in some neighborhood of the null vector

field in
For h suitably small, we now construct a second one-parameter family of

bang-bang controls u’() u-(a(:), fl (:), y(:)), choosing a,/3, 3’ such that a + fl + 3’
1 and the equalities in (5.4) hold, i.e.

7r,(exp 3’()(g- el))(exp fl(s)(g + el))(exp a()(g- e,))(0)
(10.10)

r,(exp c()(g + el))(exp b(sC)(g- el))(exp a(sC)(g + el))(0)

for i= 1, 2. When h-= 0, (10.6) implies

(10.11) a(:) :, b()=(k-1)(1-)/Ek, c()=(k+l)(1-)/Ek

and a(:), fl(sc), 3’(:) are obtained substituting the values (10.11) in (5.8). By the
implicit function theorem, the condition a(:)+/3()+ 3’()= 1 together with (10.10)
defines a r3 map (h, :) (a,/3, 3’) on //’x [0, 1/2], for a suitably small neighborhood
o//. :. Notice that when h--0 and : ranges inside [0, 1/2], ct(:) and/3(:) are strictly
positive, while 3’(:) > 0 for : > 0. Moreover, (d3’/d:) (k 1)/(k + 1) > 0 at : 0.
Setting b 3’ in Lemma 8, we deduce 3’(:) > 0 for all (h, :) //" x [0, 1/2] with o//. small
enough. Therefore the bang-bang control u’(:)= u-(a(:), fl(:), 3’(:)) is well defined.
To prove the last inequality in (5.4), set b(h, :)= Xa(U’(:), 1)-x3(u(:), 1). For any
fixed h, when :=0 (10.10) has the obvious solution a(0)= b(0), fl(0) c(0), 3’(0)=
a(0)=0. Call t the control u+(a(0), b(0), c(0)), which coincides with
u-(c(0),/3(0), 3’(0)) for all [0, 1], and let (;(t), .(t)) be the corresponding
trajectory and adjoint variable in (10.2). Since 1 vanishes at times 0, 2-- b(0), 1, as

: 0 we have
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(X(1),x(u/(a(), b(), c()), 1)-(1))-
,(t)[u+(a(), b(), c())(t)-u+(a(O), b(O), c(O))(t)] dt+O() -o().

The same holds for u-(a(), (), y()), therefore

(10.12) lim((1),x(u’(),l)-x(u(),l))(-=(1)(O/O)(h,O)=O.
#0

From (10.12) we deduce (O/O)(h, 0)=0. en h0, (5.10) and (10.11) imply

(k- 1)Z(k+ 1)(1- ):
(0, )

2k[2k+ (k + 1)(1 )]’
hence (O:/O:)(O,O)=(k-1):/k>O. By Lemma 8, x(u’(), 1)-x(u(), 1)>0 for
all (0, 1/2] and h in a neighborhood of the null vector field.

To conclude the proof of Proposition 5, notice that for eve constant e’> 0, in
(5.3) we can choose e > 0 so small that the conditions

]’()/L-(1-k) e for (0, ,) (:, 1),

]’()/L-(+)] for (,, :)

together with h(t) h(t:) h(1) =0, h(t)>0 on (0, t) imply

(10.13) ](tz-t)/(1-tz)-(k-1)/(k+l)e’, t (1- t:)+ e’.

For e’>0 suitably small, (10.13) implies t [0, 1/2]. erefore, if h is small
enough, a bang-bang control u, which is initially positive and has switchings at times
0< t < tz < t 1, can satisfy Pontryagin’s equations (5.2) only if t 1/2. But in this
ease u is the member of the one-parameter family of control functions
u+(a(), b(), c(5)) obtained by setting = t. Hence Proposition 5 holds for u.

AOOndix. The equalities (5.10) are obtained from (5.6) to (5.9), using the relations
ab fly, a bc, as follows.

(x x;) (a + b + c) (b + c) + c ( +)+
+ k[a + (b a)-.-( )+ (a b + c)]
a+3a2(b+c)+3a(b+c):+(b+c)-(b+c)+c-fl-3fl:y
-3y:-y+ y+k[a+(b-a)-a-fl+3flza-3fla:

+ a+ c c:(b a) + c(b a):- (b a)]
a + 3a:b + 3aZc+ 3ab +6abc+ 3ac + c-(a +3aZc+ 3ac + c)
3a:b/(a + c) 3(a:b + abe)

+ k[a-(a+3a:c+3ac:+ c)+3(abc+ bc:)-3bZcZ/(a+ c)

+ c-3bc:+ 3ac2+ 3b:c-6abc + 3a:c]
3ab + 3abe 3a:bZ/(a + c) + k[-3abc 3b:c:/(a + c) + 3 b2c],

+-x=(abx + able+ a:bc+ abe aZb:)/(a + c)

k(aZbc + abe + b2c abZc b:c:)/(a + c)

ate
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AN OPTIMIZATION PROBLEM WITH VOLUME CONSTRAINT*
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Abstract. We consider the optimization problem of minimizing Dirichlet integral Jn IVul with volume
constraint on the set {u > 0}. We use a penalization method which for small values of the penalization
parameter leads to a solution of the original problem.
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1. Introduction. A classical variational problem asks for the properties of the
following optimal configuration"

Given a perfect conductor Fo 0l, 11 a bounded or unbounded domain, find a
second one F [l OD, D a subdomain of l-I containing Fo as boundary, such that
their mutual energy is minimized among all bodies D with a prescribed volume Oo.

Mathematically the problem under consideration is the following:
Let [l c R" be a domain with bounded Lipschitz boundary 0g-l, 1 being bounded

or unbounded, and Uo Hl’2([) nonnegative. We assume that Uo is strictly positive in
a neighborhood of at least one C2-regular point of 0[l. Furthermore let 0
where n denotes the n-dimensional Lebesgue measure. We look for a function
u H’2(g’I) with

U=Uo on 011 and "({u>0})=tOo

minimizing Dirichlet integral among all functions with these properties, that is,

where

(u)<=(v) forall v Ko,

Iv l
Ko := {v Loc(gl); Vv L2(1), v Uo on 0[l, v >- 0, and "({v > 0}) Wo}.

Although the existence of a weak solution is not hard to prove, the regularity propeies
of such a solution and its free boundary O{u > 0} fl are not easy to establish, mainly
because it is hard, at this stage, to make volume preseingpeurbations.

Formally, by Hadamard’s variational formula (see [3]), the solution u satisfies
the free boundary condition

-0u=A on0{u>0}fl

for some h > 0. Solution to such a free boundary problem can be obtained by minimizing
the energy functional

on the convex set

K := {v Lo (); Vv L2(), v Uo on 0, and v0}.

* Received by the editors June 13, 1984, and in revised form October 30, 1984.
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A complete mathematical description, has been given by two of the authors ([A-C]),
who proved that a minimizer t of is Lipschitz continuous. Furthermore, the free
boundary O{t > 0 f) is, if n -> 3 except for a closed set of n 1 HausdortI dimension
zero, an analytic hypersurface, on which -Ot A is satisfied.

The relation between solutions of the original functional and solutions of ,,
is clear. If, for a choice of the parameter A, we have ."((t > 0) tOo, then t becomes
a minimizer of. Unfortunately, given a value of tOo, it is not clear that a corresponding
value of A exists, even if f is the unit ball (see [A-C, 2.6]). However for the exterior
problem, for instance if R"\f is starlike, the existence of A is guaranteed (see [A]).

To solve the original problem in a way that will allow us to perform nonvolume
preserving variations, we will use a penalization technique. Therefore for e > 0 we
consider the functional

with

for v K

1
(s-too) fors>=tOo,

f(s) :=
e(s- too) for s <_- too.

We will show that minimizers u of,, are weak solutions of the free boundary problem
-au A for some A in the sense of [A-C] and therefore the theory established
there can be applied.

Finally, we like to fetch from u a solution u to our original variational problem
for . Perhaps the most interesting feature of this note is the fact that it is not necessary
to pass to the limit in e to obtain u, since for e small enough the volume of {u > O}
automatically adjusts to tOo.

The reason is that by a simple comparison argument A stays away from zero and
infinity independently of e, that is,

0 < c <= he -< C < oo for all small e.

Then using the fact that f’(s) jumps from a small to a large number at s tOo we
conclude that "({u > 0}) tOo. In fact, if we assume that "({ u, > 0}) > tOo, then an
inward perturbation of {u > O} with volume change $V will induce a change 8f
-(1/ e) 5 V, while the Dirichlet integral will change by A 2 5V _-< C2 V for (1 / e) > C2 a
contradiction to u being a minimizer. If "({u.> 0})< tOo we argue similarly.

2. Solution for the functional .
THEOREM. There exists a minimizer u 77{ of with the following properties:

0,11) Lipschitz continuity" u Coc(f).
2) Nondegeneracy: c dist (x, a{u > 0}) _-< u(x) <-_ C dist (x, 0{u > 0}) for x D.
3) Positive density: c<-_"(Br(x) f’l{u>O})/"(Br(x)) < 1-c for Br(x) c D.

Here D is any relative compact subdomain of f, and the constants c, C depend on D
and e.

Proof. The proofs follow exactly those in [A-C, 1-3]. Here are some details:
If we choose Uo with "({Uo> 0}) -< tOo we get (Uo)<-C (uniformly in e). Also
(v)->_-tOo for all v ’c. Therefore a minimizing sequence Uk exists, and
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Hence for some u Y/" and a subsequence

Consequently

V Uk --> VU weakly in L2(F),

Uk "-> U almost everywhere in

"((u > 0}) <-lim inf "({Uk > 0}),

lVu 12 <- lim inf | IV Uk 12,
k-

so that u is a minimizer.
Using the fact that

1
e(S2 S1) fe(s2-- S1) -- (S2 $1) for S $2,

we obtain the propeies 1)-3) as in [A-C, 3].
This puts our solution u under the hypothesis of [A-C, 4] and therefore rep-

resentation Theorem 4.5 and Theorem 4.8 are valid.
THEOREM 2. 1) "-l(DO(u>O})<forD.
2) ere is a Borel function q such that in the sense of distributions

that is, for C() we have

In VueV, J ,qu dn-a.

3) For D (C) 1 there are constants 0 < c <-C < o depending on u, l-l, D such that
for balls Br(xo) C D with center Xo O{u > O}

c <- qu(Xo) <- C,

cr"-l <= n-l(Br(xo) fq O{u > O}) <_ Cr"-1.

4) For- almost all Xo Ored{Ue > O}

Tan (0{u > 0}, Xo)= {x; x. vu(Xo)=0},
which determines the outward normal v of {u > 0} at Xo, and

u(xo+x)=q,(xo)max (-x. v(Xo),O)+o(x) asx-->O.

5) "-l(O{Ue > 0}\0red{t/e > 0}) 0.
The last statement is a consequence of the positive density property (see proof of

[A-C, 5.5]).
With this theorem at hand it is not difficult to identify qua.
THEOREM 3. For some positive constant A > 0

q, h "- almost everywhere on 0red{Ue > 0}.

Proof. We write u instead of u. Let Xo, X1 be two points in 0red{U > 0} at which
u behaves as in Theorem 2.4.

Assume that qu(Xo)> qu(x). We construct a perturbation outwards to {u > 0} at
Xo, inwards at x that preserves volume up to higher order terms. That is, we replace
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u for small p by the function

where

vo(o(x)) := u(x),

x + Kp u, (Xo) for x e Bo (Xo),
P /

u(x) forxe Bo(x),x- Kp
P

x elsewhere.

is a small positive constant and is a nonnegative C function, O, supported
in the unit interval. If is small enough (independent of p) then ’o is a ditteomorphism
with

DG(x) I + Drh (x- xi) in Bo(xi),
P

rti(Y) := (-1)’(lyl).(x,).
Introducing the normalized functions

1
U,o(y):=--u(xi+py),

P

the first part of Theorem 2.4 says that the set Bl(0)f-){uio > 0} approaches

{y e Sl(O); y. u, < 0}, /"i :-" lu(Xi),

as p -> O. Therefore

p-""(Bo(x, f’l {vo > 0}) p-" f get Dro(x + py) dy
Bl(O)(-I{uio.O}

--> l+(-1)’’(lyl):- ", dy.
y. ui<O}

Since the last integral is independent of the direction of u, we conclude

p-"("({vo > o}) e" ({u > o})) -, o;
therefore

1
L ("({vo > o}))-L("({u > o})) _-<- o(p").

E

We now compute the change in the Dirichlet integral. Again we normalize to the unit
ball and obtain

From Theorem 2.4 we know that

u,o(y)--> q.(x,) max (-y. u,, 0)
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uniformly in any bounded domain. Also for any 6 > 0

u,p(y) > 0 for y B2(0), y. v, <-6/2,

u,p(y)=O fory B2(O), y.

provided/9 is small enough. Hence

Vuo --,-q(x,),,

uniformly in BI(O)f3 {y. ui <-6}. Since Vuio are uniformly bounded, we conclude

VUip "-) -q,(xi)uiX(Bl(O) f’) {y" u, < 0})

in LP(BI(O)) for any p < oo. Therefore the above expression converges to

or

/( IBl(0)f’){y-
ui<O}

q.(xi)Z(7 qi 2u,Drl,u,) + o(

-Kq"(xi)2 IBl(0)fq{y.
ui<0}

O uiTl II "4r- O K

-----(--1)iqu(Xi)2 IB,(O)O{y.
vi=O}

6(lyl) d"-l(Y) + o(),

Ia ]VvlZ- f IVul2=P" ( (q"(xl)2- q"(x)Z) f 6(lyl) d"-l(y)+o())+(p").
n(O)

If qu(Xl)< qu(xo) then the main term becomes negative if we choose K small enough.
For small p this contradicts the minimum property of u. This proves the theorem.

With the last theorem we complete the proof of the fact that u satisfies the
properties of a weak solution in [A-C, Def. 5.1]. Therefore [A-C, Thms. 8.3, 8.4] apply
to it: The free boundary of u .is a locally smooth surface, except possibly for a closed
set of n- 1 Hausdortt measure zero. Along the regular part of it

-Ou A.

3. Behavior of the solution for small e. To complete our study we will now show
that for e small enough

"({u > 0}) Oo.

Remark. 0 < c -< "({u > 0}) <-_ too + Ce.
Proof In the proof of Theorem 1 we saw that

(u)<=(Uo)<-- c,
where C is independent of e. Hence

f(f"({.u > O})) <= C,

which proves the estimate from above. Also
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Since u takes values Uo on Of we obtain integrating along lines with D := f f)B(Of)

Uo <- C(5)" "(D f’l {u > O})
fl D

the last integral being bounded uniformly in e; hence the estimate from below is proved.
As a consequence we obtain
LEMMA 5. Ae C, where C is independent of e.

Proo First we consider the case that is bounded, and let w be the harmonic
function in with boundary values uo. Then w > 0 in . Next choose > 0 so that
the measure of the set

exceeds o, and "(D) is smaller than th constant c in Remark 4. Then
for small

o+"(D{. > 0}) o+C< "(D)
2

and

"(D CI {u > 0}) ->_ "({u > 0})- "(FI\D) >- c- Y"(tl\D) > O.

Therefore by the isoperimetric inequality

n-l(D ["l O{ue > 0}) _>-- c("(D FI {u > 0})) (n-1)/n c > O.

Since u have bounded Dirichlet integrals, we conclude using Theorem 2.2

C>- InV(u-w)Vu= Ino{u>0}
-> A inf w. "-(D f’l O{u, > 0}) -> cA.

D

In the unbounded case we choose a fixed ball B(0) containing 01I with
"(fI B(0)) > Oo. We argue with fI fq B(0) instead of fI, let w 0 on OB(O), and
compute

n
V min (u w, 0)Vu.

Furthermore we use the fact that in Remark 4 the measure of {u > 0} was estimated
from below near 0fl.

We remark that if Uo is strictly positive on 0fI and 01-I is smooth, the proof can
be performed as follows:

=> infuo" o 0u :infuo y, 0_ud"-l:A infuo"-’(fl0O{u>0}).

LEMMA 6. A c > 0, where c is independent of e.

oo Let Bo(Yo), Yo be a ball such that B(yo) is C2 and Uo Co> 0
in B(yo). First let us assume that u > 0 in a neighborhood of Yo. Let Yl be any free
boundary point of u in OB(O), independent of e (see proof of Lemma 5; in the
exterior case y also should be bounded uniformly in e). Choose a smooth family of
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smooth domains D, c fLl B,o(Yo) such that Do Bm(yo)\12 touching Ol at Yo and
Yl c D1, the smoothness not depending on e. Let be the first value for which D,
touches a free boundary point Xoe OD, flO{u, > 0}.

Consider the harmonic function w in D,\Do with boundary values Co on ODo and
0 on ODt. Then

0_W(Xo) >-- c Co,

where c depends only on n and the geometry of Do and D,, therefore c is independent
of e. Since u => w on d(D, CI ) we have u -> w in D, C112. Hence if Xo is a regular free
boundary point ,, a_.u, (Xo) a_.w(xo) _-> c > 0,

where c is independent of e, proving the lemma. However since we do not know it,
we have to work more.

For small r > 0 we have writing u instead of u

fou>fow -cr.=Br(xO) Br(xO)

Here denotes the mean value. Let Vo be the harmonic extension of u on OBr(xo) into
Br(xo). Then (see [A-C, 3.2])

r(XO) Br(xo) Br(xo)

>-- C,,n(Br(Xo) {U 0}),

where c is independent of e. Consider now a free boundary point xl away from Xo.
We can choose x to be regular, say, 0{u>0} is smooth in B,o(X) for some small to.
Near x we make a smooth perturbation of the set {u > 0} decreasing its volume by
where

tr’.- ,n(Br(Xo) l’l {u -O}).

Let v be the harmonic function in the perturbed set vanishing on its boundary and
equal to u on OB,o(Xl). Then

"-’a,,,+O(,r).
B,.o(X

Since the function

v in Br(Xo),
v:= inBro(X),

elsewhere,

satisfies n({ v > 0}) "({ u > 0}) we obtain

o<-(v)-(u)

r(XO) Bro(Xl

<=-c8+,:8+ o(8),

that is, A _-> c.
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To prove that u is positive near Yo we remark that the above estimate

u (D, FI{u o})-_<c Iv(u-no)l=
Dr

is true for any domain D, with smooth boundary, where Vo is the harmonic extension
of u on OD, into D. The constant C depends only on the geometry and C2 smoothness
of the set

1
-D, := {x "; rxD,}.

If we choose D, with l f3 B(yo) D Bzr(yo) we obtain using the minimum propey
of u

-- (Dr n {u 0})"

hence u > 0 in 0 B,(yo) for small r (depending on e).
We are now ready to prove
YnoM 7. For e small, "({u>0})=Wo, that is, u minimizes our original

functional on Ko.
Proof By Lemmas 5 and 6

c& C.

Choose a regular point of the free boundary O{u > 0}. Since the solution is smooth in
a neighborhood of it, we can make regular peurbations as pointed out in the
introduction.

We should remark that our results also apply if we replace the volume "({u > 0})
by

px({u > 0})

with a smooth positive function p.
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THE DIRICHLET-NEUMANN BOUNDARY CONTROL PROBLEM
ASSOCIATED WITH MAXWELL’S EQUATIONS

IN A CYLINDRICAL REGION*

D. L. RUSSELLf

Abstract. In a cylindrical region we consider electromagnetic fields independent of the axial coordinate:
controlling the time evolution of such fields by means of boundary currents, likewise independent of the
axial direction, is equivalent to controlling, simultaneously, two wave equations; one with boundary control
of Dirichlet type, the other of Neumann type. In this paper we provide a preliminary study of control
problems of this type and indicate what is necessary for extensions of our work.
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equations, electromagnetic equations

1. Background. In this paper we consider a region f___ R3, not necessarily
bounded, having piecewise smooth boundary F and almost everywhere uniquely defined
unit exterior normal vector 7 if(x, y, z), (x, y, z) F. It is assumed that the region
is occupied by a medium having constant electrical permittivity e and constant magnetic
permeability/z. We have then, in f, the paired electric and magnetic fields

E=E(x,y,z,t),

H=H(x,y,z,t),

having finite energy

1.1 E(t) / II/ =)

where I[" denotes the usual Euclidean norm in R3. As is well known ([4], [9]),
and H satisfy, in ll, Maxwell’s equations

dE
(1.2) curl H

Ot

(1.3) curl

(1.4) div/ p,

(1.5) div/-) O,

where p p(x, y, z, t) is the electrical charge density in f/--which is zero throughout
this paper. (That (1.5) might eventually have to be modified to account for magnetic
monopoles will trouble us not at all here!)

Control problems associated with Maxwell’s equations have been of interest
primarily in connection with nuclear fusion applications--in which case /9 is not
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Force Office of Scientific Research under grant AFOSR-79-0018.

f Department of Mathematics, University of Wisconsin, Madison, Wisconsin 53706.
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identically equal to zero and the Maxwell equations are coupled with the dynamical
equations governing the plasma evolution. In this connection we cite the work of P. K.
C. Wang [29], [30], [31]. The point of view which we take here is that we cannot hope
to treat these more complicated problems until we have a firmer grasp on the control
theory of Maxwell’s system in its own right. In this direction some work on controllabil-
ity with control influence distributed throughout f has been carried out by G. Chen
[2], [3]. We are primarily concerned here with the possibility ofinfluencing the evolution
of the fields/ and H by means of an externally determined current ](x, y, z, t) flowing
tangentially in F so that

(1.6) J(x, y, z, t). 7(x, y, z) 0,

for (x, y, z) F where if(x, y, z) is defined. Then we have the boundary condition (see
e.g. [4], [281)

(1.7) /x/-]r,(x, y, z, t)= if(x, y, z) x Y(x, y, z, t)

for (x, y, z) F such that if(x, y, z) is well defined. Here, and subsequently, the subscript
z refers to the component of the vector in question which is tangential to F. Similarly,
the subscript u will denote the normal component. Writing

H=H,,+H.,

J Jv+J J onF,

we see that (1.7) becomes /x, x , so that /, is a vector tangential to F and
perpendicular to J J.

The state space in which we study solutions of the above system will be denoted
by HE.d(f); it is a closed subspace of the space HE(f) of square integrable six-
dimensional fields (/(x, y, z, t), (x, y, z, t)) with the inner product and norm

(1.8) ((/1,/)1); (/2,/2))= fff (el ]2-FP’/’ /z) dr,

(1.9)

Clearly HE(I)) is a real Hilbert space with this inner product. Where a complex space
is required, we employ conjugation as usual. The state space HE,d(I’) is the closed
span in H(I)) of those continuously differentiable fields ((x, y, z, t),/(x, y, z, t))
for which

div/ OE,, OEy OEz=++ "-=0,
Ox Oy Oz

div/ OH OHy+OHz=/ --0o
Ox Oy Oz

If Eo, Ho and E, H are two smooth solution pairs for (1.2)-(1.5), (1.7), the first
corresponding to J-= 0 on F, we see easily that

d
--]((Eo, o); (/,/))

fII( [ i ] [r- Ot-’’-’Ote ,o OE OEo OH OHo+" I1 dv"--+--" -’1 -F" ].
ot ot
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(using (1.2), (1.3))

=fll (/o" curl ,-curl/o./-, +curl/-o./1-/-o curl ?,) dv

(using div (E x H) curl/./-) -/. curl/)

(1.10) =-III [div (/ x/’)+div (/’ x/)] dv

(using (1.7) and noting that --0 for/o,/o)

F

If we go through the same computation with Eo, Ho, E, H both replaced by the same
E, H satisfying (1.2)-(1.5), (1.7), (1.8), we find that

dt- (if, x Ft ds ff,, Yds.
F F

For .f=0 generalized solutions of (1.2)-(1.5), (1.7), (1.8) can be discussed in the
general context of partial differential equations and strongly continuous semigroups.
The generator

(1.12) A(/,/) ( curl/, 1 curl/)
with domain consisting of/,/ in the Sobolev space H,d(f)( Hr,d(f)f’l H(f))
having zero divergence and satisfying (cf. (1.7))

(1.13)

is antisymmetric and generates a group of isometries in HE.d(f). (See [32], [33], [34]
for related work.) Sufficient conditions on J so that solutions of the inhomogeneous
system (1.2)-(1.5), (1.7), (1.8) lie in H.,d(ft) and are strongly continuous there may
be obtained much as in [18], [19] but it is not easy to specify necessary and sufficient
conditions. Indeed, this is already difficult for the much simpler, but related, wave
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equation

02W 02W O2W 02W
Otz OX2 Oy2 Ozz

with boundary forcing terms. We will make some comments related to this in 6.

2. Control problems in a cylindrical region. The main point in this paper is to
study the question of controllability of the electromagnetic field E, H by means of the
boundary current_. J J. By controllability we mean the possibility of transferring an
initial field E(x, y, z, 0), H(x, y, z, 0) HE.a([I), given at time t=0, to a prescribed
terminal field/(x, y, z, T), (x, y, z, T) HE,a (f/), specified at T> 0, by means of
a suitable control current ](x, y, z, t) defined for (x, y, z) F, [0, T]. Because the
homogeneous Maxwell equations correspond to a group of isometrics in H,a(f), it
is enough to consider the special case wherein

(2.1) ff(x, y, z, O)=-O,

(2.2) ffI(x, y, z, O)=-O.

For a given space, J, of admissible control currents .f(x, y, z, t) .re(x, y, z, t) defined
on F x[0, T] we define the reachable set R(T,J) to be the subspace of
consisting of states reachable from the zero initial state using controls J J. Following
earlier definitions [26] our system is approximately controllable in time T if R(T, J) is
dense in Hw,d(f) and exactly controllable in time T if R(T,J)= H,d(f) (or some
precisely designated subspace of Hv.,d(fl)).

At this writing we are not able to discuss the general three-dimensional problem
wherein the vector fields E and H are unrestricted and 12 has a general geometry. We
hope in later work to consider at least some three-dimensional cases which arise for
special domains f/. For the present we must content ourselves with an analysis of
certain cases in which 11 is a cylinder:

l’l R x (-o, c) {(x, y, z) (x, y) R R, z real}

R being an open connected region in R with piecewise smooth boundary B. Thus

af oR x (-oo, oo) B x (-oo, oo).

Even here we can give results only for special two-dimensional regions R.
The two-dimensional problem in the cylinder f/= R x (-,) occurs when we

confine attention to fields

E=E(x,y,t), H=H(x,y,t)

which do not depend on the coordinate z corresponding to the axial, or longitudinal,
direction of the cylinder. (Note that this is not at all the same thing as requiring that
Ez, Hz, the field components in the z direction, should be zero.) We correspondingly
consider only control currents

f%(x,y,t)
which do not depend upon z.

We will see in 3 that the only "interesting" control problems occur in the case
where .f is not permitted to be an arbitrary vector tangent to ol-I but, rather, has a

preassigned direction in the tangent space (but arbitrary sign and magnitude). In this
section and 3 we will see that this case reduces to control of two separate wave
equations with a single control function entering into both of them.
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Then, in 5 and 6 we will investigate the case where f is a rectangle and the
control boundary is one side and the case where f is a disc and control is applied on
the whole boundary, respectively. In the first instance we obtain an approximate
controllability result and in the second, an exact controllability result relative to transfer
between finite energy states. In each case the minimum time for control turns out to
be twice the time required for control of a single wave equation under comparable
circumstances. It is our expectation that this will turn out to be a general rule but, for
the present, this can only be offered as a conjecture.

It is relatively easy to replace the requirement that the fields should be constant
relative to the z-direction by the requirement that they should be periodic in the
z-direction. This work will appear separately.

Of course the energy E in the cylinder 1 is infinite if E, H are not identically
zero. We redefine E to be the energy per unit length of cylinder:

(2.3) E(t) = R

e[lff,(x, y, t)ll = + II/(x, y, t)ll 2) dx dy.

The space HE.d(f) is now replaced by HE.d(R). Because

OEz(x,y,t) OHz(x,y,t)
=13, =13,

Oz Oz

we have

(2.4) div/ OEx OEy OHx+OHy=- div H
Ox Oy Ox Oy

The curl expressions simplify to

curl (OEz OEz OEy OEx
Oy Ox Ox -y ]’

curl H :\ yy Ox’ Ox -0-7/’
so that the equations (1.2), (1.3) become

OE OHz OH OEz(i) e (iv) t,=
Ot Oy Ot Oy

(2.5) (ii) e OEy= OHz (v) Ix
OHy-OEz-

Ot Ox Ot Ox

Oz oH ot-lx oI-lz oG oG(iii) e (vi) /x
Ot Ox Oy Ot Ox Oy"

It is clear from (2.5) (i)-(vi), that if /(x, y, 0), /-)(x, y, 0) are given, then the
subsequent evolution of Ez (x, y, t), Hz (x, y, t) determine all of the other components.
As for these components themselves, differentiating (2.5)(iii) and (2.5)(vi) with respect
to and then substituting (2.5)(iv), (v) and (2.5)(i), (ii) into the respectively resulting
expressions, we obtain the familiar wave equations

02Ez 02Ez 02F_,z
(2.6) /xe +

0 2 Oxz Oy2
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(2.7) 02Hz 02Hz 02Hz
O 2 OX2 Oy2

valid for (x, y) R, 6 [0, oo), provided Ez, Hz have enough derivatives, or provided
the equations are interpreted in the distributional sense. Assuming the initial states
/(x, y, 0), (x, y, 0) are divergence-free, we compute (cf. (2.4))

O (Ol,x.l_OEy (02nz 02Sze0S\--x --y] =(using(2.5)(i), (ii))= ek /=0
and similarly

0 (OH OHy]

and we conclude that the fields remain divergence-free for all time.
Suppose, then, that divergence-free initial states /(x, y, 0), (x, y, 0) are given.

Then Ez(x, y, 0), Hz.(X, y, 0) are known and (2.5)(iii), (vi) determine (OEz/Ot)(x, y, O)
and (OH/Ot)(x, y, 0). If (2.6), (2.7) are then solved with these initial conditions, and
appropriate boundary conditions, the complete solution of Maxwell’s equations
(2.5)(i)-(vi), can be obtained by integrating (2.5)(i), (ii), (iv), (v). Thus it is enough
to work with (2.6), (2.7), and it should be noted that the divergence condition does
not have any bearing on Ez, Hz; it can be ignored henceforth.

f =Rx(-oo,

o
F. 1. The region R.

It is important to recast the boundary condition (1.7) so that it provides boundary
conditions for (2.6), (2.7). We ask the reader to consult Fig. 1, where the region R
with boundary 0R B is shown. At a point (x, y) B we let i if(x, y) denote the unit

exterior normal to B and we let 6 (x, y) denote the positively oriented unit tangent
vector to B there. With the unit vector in the positive z direction, 7, 6, (form a

positively oriented orthogonal triple of unit vectors. Given an arbitrary vector w, we
can decompose it as

=(w, wo, w(=Wz)),
2 2I11 1}2 W2u -I" Wcr "q" W

The tangential part of , which we have designated as ,, may now be represented as

(2.8) ffI Hz+ Ha
and the current . may likewise be represented as

L z(+a.



THE DIRICHLET-NEUMANN BOUNDARY CONTROL PROBLEM 205

Then

(2.9) 7 ff . 7 (Jz(+ Jt$)= -Jzt$ +J
Combining (1.8), (2.8), (2.9), we see that on B

(2.10)

(2.)

Represent 7, c7 as

(2.12)

(.3)

Then compute

(2.14)

H(x,y,t)=J(x,y,t),

H(x,y,t)=-Jz(x,y,t).

OEz OEz OEz
Or- Ox

v+
Oy

(using (1.3))

ot

aJz
(using (2.11))

Ot

The equations (2.10), (2.14) provide the needed boundary conditions for (2.6), (2.7)
respectively. For Hz we have the Dirichlet-type boundary condition (2.10) while for
Ez we have the Neumann-type boundary condition (2.14). If we let

OJO(x, y, t)=--(x, y, t),

and differentiate (2.10), we have the more symmetric form

aHz(2.15) (x, y, t) U(x, y, t), U=(x, y, t), (x, y) B.
Ot Ov

We complete this section by discussing the question of expression of the energy
per unit cylinder length, (2.3), solely in terms of Hz and Ez.

We consider the equations (2.6), (2.7) with homogeneous boundary conditions

(x, y, t) 0, _-7-(x, y, t) 0, (x, y) B.
Ot

We use the symbol A for the Laplacian:

02 02
A=--OX2 Oy2"

Initially we take Hz, Ez to lie in the Sobolev space H2(R). This space must be
decomposed in order to attach a meaning to A-1.

The boundary condition for H may be rewritten as

Hz(x, y, t)= h(x, y), (x, y) B,
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where, by the trace theorem, h H3/a(B). Then we can write

Hz(x, y, t)= I2Iz(x, y, t)+ Iz(X, y)

where Hz (x, y) is the solution of

AIz(X, y)= O, ITIz(x, y)= h(x, y), (x, y) B

and

Hz(x, y, t) O, (x, y) B.

The inverse Laplacian A-1 is well defined on the functions z. For E we may write

Ez(x, y, t)= .z(X, y, t)+ z( t)

where/, as indicated, is constant with respect to (x, y) R and

Ez(x, y, t) ds=O.

It is well known that A-1 is well defined on the functions/z.
We proceed first on the assumption that

Hz(x, y, t)= IPt(x, y, t), Ez(X,y,t)=z(X,y,t).
We form new solutions of (2.6), (2.7) by setting

oG OFz
i= -Ez, e= Hz,

Ot Ot

Gz= eA-IOEz, Fz= tXA-OHz

We then determine Gx, Gy, .Fx, Fy, using the equations (2.5) with t replacing
replacing/, so that/3 and G satisfy Maxwell’s equations:

oG OF
/x -curl F, e= curl G.

ot ot

It will then be found that

E curl F, H curl G.

Following this, (2.3) can be written as

E(t) Ilcurl 11 = / [Icur1011 =) dx dy
R

(2.16)

+ x
\ ox / +\--y/ o-}/ dxdy.
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Then from (2.16) we have

=1 2

/
R

Now consider the quadratic form, for Ez =/z and the inner product in L2(R),

(since G satisfies the wave equation e OGz/Ot= AG
and the boundary conditions G(x, y, t) O, (x, y) e B)

,u, 2 ,u, : L\-x! +\y/ dx dy.

R

Similarly

R

from which it follows that

\-y/ dx dy

2 \--’ ---/+ \---, -A- "----j "-’ [,(F_,,z)2.-t.-j.ll,(Hz) 2] dxdy.

R

It is necessary to modify this expression for general E=, H=. We begin with

Ez(x,y,t)=Ez(t).

The only possible solutions of the wave equation (2.6) satisfying OEz/OUlB =0 and
having this form are

Ez(x, y, t) eo + el

where eo and el are constants. (Such solutions are consistent with a constant boundary
current J for which J-= 0.) The corresponding Ex, Ey, Hz are zero but

OEz OHy OHx
Ee E

ot ox oy

It is not possible to express this quantity in terms of Ez itself or H. It is better to leave
it in the form e. OE/Ot. Solutions of Maxwell’s equations with E having this form
have energy expressible as aquadratic form in E and OE/Ot.

Next we consider Hz H as described earlier. Such a solution is consistent with
a boundary current for which J 0, constant with respect to time but possibly varying
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with (x, y)e B. We may take Hx, Hy, Ez all zero. However,

OEx OHz eOEy Onz
Ot Oy Ot Ox

so we may not assume that Ex and Ey are equal to zero. The energy associated with
solutions of this type is expressible in terms of

R

if integration with respect to is permitted. In the sequel we will not explicitly consider
the timewise linear electric fields satisfying the above equations.

We see then that a norm involving only E and H and compatible with the energy
(2.3) may be expressed as

I(Ez, H)I= (/xe) k’ ot / +k’

(2.17) + II [e(,z)2+tx(I?-Iz)2 +po(z)2
R

(ocq +plk/ +ok/ +,k/ dxdy

where po, pl, o, are positive numbers. It will be seen that this is a weaker norm
than the one associated with a pair of wave equations, viz.:

R

We will denote the Hilben space of states Ez, Hz, OEz/Ot, OHz/Ot lying in H’(R),
H’(R), L(R), L(R), respectively, by . This space will be very convenient for use
in the remainder of this paper. In some cases we will add boundary conditions to the
specification of H, the space with norm 1.1, without changing the symbol, to correspond
to an agreed specification of the states in H by similar boundary conditions.

3. Some control configurations. We describe here two possible realizations of the
control problem which we have posed and indicate why we have chosen the mathemati-
cally more interesting (i.e., more dicult) one to work with in this paper.

Let us assume that F=0O B x (-, ) is covered by one or more layers of
conducting bars, arranged in rows as shown in Fig. 3.1. In the case of a single layer
of conducting bars shown in Fig. 2(b), the bars are arranged so that they make an
angle 0, 0< 0 < =/2, with the vector # (cf. Fig. I), while in the double layer case
(Fig. 2(a)) they are arranged so that the bars in the second layer make an angle
0<][< =/2, if# 0, with the vector #. The current in any row of bars parallel to the
z-axis is independent of z; i.e., constant for all bars in that row. As we consider
successively smaller bars we obtain, as an idealization, the boundary current vector

(3.) ](x, y, t) ](x, y, t)(cos 0a + sin

in the single layer case, J(x, y, t) denoting the current strength with the sign determined
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FIG. 2(a). Double layer control. FIG. 2(b). Single layer control.

so that J positive yields a positive current component in the direction. The correspond-
ing formula in the double layer case is

(3.2) ](x,y, t)-Jl(x,y, t)(cos 0c+sin O)/J2(x,y, t)(cos @tT+sin ().
The current components are, in the single layer case

J(x, y, t)= J(x, y, t) cos O,

Jz(x, y, t)= J(x, y, t) sin O,

and in the double layer case,

(3.3)
\J(x,y, t) sin 0 sin q \J2(x,y, t)

The determinant of the matrix in (3.3) is sin (4-0)0 if 4 0 in the range 0<101<
r/2, 0 < I1 < ’/2. Thus in the double layer case J and J are independent if J1 and
J are independent while in the single layer case J and J are fixed nonzero multiples
of each other.

The double layer case is easily disposed of in the light of earlier work on boundary
control of the wave equation. Referring back to (2.10), (2.11), we now have, for
(x, y) e B OR, e [0, ),

OHZ(x,y,t) U(x, y, t)=cos Ou(x, y, t) +cos Ou2(x, y, t),
Ot

OE(x, y, t)=-Uz(x, y, t)=-sin Ou(x, y, t) +cos #lug(x, y, t),

OJ OJ2u,(x, y, t)=--(x, y, t), u(x, y, t)=-(x, y, t).

Since U and U are independent if u and u are, the control problem splits into two
uncoupled wave-equation problems, one for Ez and one for H. These have been
discussed thoroughly in [2], [3], [15], [16], [22], [23], [25] with affirmative controllabil-
ity results for various control configurations and will not concern us further here.

In the remainder of this paper we study the single layer case. If we let

OJ
(3.4) u(x, y, t)=’-(x, y, t)
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we now have the wave equations (2.6), (2.7) for Ez, Hz and the boundary conditions

(3.5) gz(x,
at

y, t)= cos O(x, y, t)=--cu(x, y, t),

(3.6) 0Ez (x, y, t)= -sin O_--,(x, y, t)= flu(x, y, t).
Ov

The control problems for Ez and Hz are now coupled because the single control
function, u(x, y, t), appears in the boundary conditions for both Ez and Hz; we have
to control both systems simultaneously using the same control function.

If we rely on experience in a single space dimension, which has proved generally
quite helpful in the control theory of a single wave equation, we are led to believe
that systems like (2.6), (2.7), (3.5), (3.6) may, in fact, be controllable. Replacing u(x, y, t)
by Uo(t), ul(t) and taking 0-< x =< 1, the one-dimensional equations are, using variables

02v oZv
O,(3.7) Pot2 Ox2-

(3.8)
Ov

(0, t) aUo(t),
Ov

0-- -(1, t) au( t),

02W 02W
=0(3.9) p

Ot2 Ox2

(3.10) 0---w(0, t)=-Uo(t) O--w(1, t)= u(t),
Ox Ox

(note that -Ow/Ox corresponds to the exterior normal derivative at 0). Letting

(3.11) t=--
OX’

OW
(3.12) ff Ot’

we find that

(3.13)

and

02 021
(3 14) p

Ot2 OX2

Differentiating (3.11) with respect to and using (3.8), we have

(3.15)
1 020

(0, t)
1 Z(O, t)

a
U’o( t),

(3.16)
1 02v 10 a

Ox2(1,_ t)=---(1, t)=-u’(t),
P p Ox p

while differentiation of (3.12) along with (3.10) yields

(3.17)
Ot Ox



THE DIRICHLET-NEUMANN BOUNDARY CONTROL PROBLEM 211

(3.18)
ot ox(1, t)= _---(1, t)= flu(t).

Ox

Combining (3.13) with (3.14), (3.15), (3.16), (3.17), (3.18), we see that +a/p,
-a/p both satisfy the wave equation and

o
/3+-ff (O,t)=O, /3t+-ff (1 t)=u(1),

Ox p p p

Ox
O U -x (1, t)=O.

Thus the control problems for [3+ a/p and [3-a/p are both of Neumann type
and are uncoupled. Affirmative controllability results are then available from [20], [21],
[24].

If we replace Uo(t) (or u,(t) by 0 in the above, then [3-a/p (or [3+a/p)
will become completely uncontrollable and our original system must therefore be
uncontrollable. This result at first seems to predict failure for the enterprise which we
now undertake for the two-dimensional case.

4. Approximate boundary controllability. By a simple change of scale in the
variable, and renaming of the independent variables, we may assume that the system
of interest is

021) 021) 021)
(4.1) 05 --x+y,

oZw oZw 02W
(4.2) S-- x2+y2,J
with boundary conditions

t-->0, (x,y)ER,

(4.3) - (x, y, t)= au(x, y, t),
t>=O, (x,y)Ea=ol.

Ow
(4.4) (x, y, t)= u(x, y, t),

Ov

We will not, in general, assume that u(x, y, t) can be selected at will for all values of
(x, y, t) shown. More on this later.

Because the system is time reversible, it is sufficient to analyze controllability in
terms of control from the zero initial state

(4.5)

(4.6)

to a final state

v(x, y, O)=--(x, y, O)= O,

Ow
w(x, y, O)=-(x, y, O)=O,

(x, y) E R,

(4.7)

(4.8)

v(x, y, T)= Vo(X, y),

w(x, y, T)= Wo(X, y),

--(x, y, T)= DI(X y),

(x, y, T)= Wl(X y),

(x, y) E R.
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We have noted in 2 that the I[" [[-finite states are dense in the l" I-finite states. In the
present context this means that we can work with the Hilbert space of states v, Ov/Ot,
w, Ow/Ot with the inner product

(4.9)

JJ Ot Ot Ot Ox Ox Ox Ox Oy Oy Oy
R

the space which we refer to as . The norm is II" (cf. (2.18)) with/xe 1. As we have
indicated, this is a dense subspace of H, the Hilbert space obtained by use of the norm

I-I (cf. (2.17)).
The final states (4.7), (4.8) are not quite arbitrary in H if the control u is restricted

so that its support is contained in a proper relatively closed subset B1 c B. Since the
condition

-(x, y, t)= au(x, y, t), (x,y)B

applies, we may as well adjoin the additional condition

(4.10) Vo(X, y) O, (x, y) B-B Bo.

The trace theorem 1 ], 19] assures us that this describes a closed subspace of H, which
we will call 1. The only restriction on/-it1 is (4.10); Vo is permitted to have arbitrary
values in H1/2(B1) and Wo, Wl are unrestricted in Hi(B), H(R)= L2(R), respectively.

Let U be a given space of admissible control functions, about which we will
shortly have more to say. For each control u U we assume the existence of a unique
solution vu, wu of (4.1)-(4.6) for >- 0, (x, y) R. Very general sufficient conditions for
this to be the case are given in [19]. We define the reachable set at time T, R( U, T),
to be the set of all final states v(x, y, T), (Ov,/Ot)(x, y, T), w,,(x, y, T),.,(Ow,/Ot)(x, y, T)
which may be realized in this way. The set R U, T) is a subspace of H1 if U is a linear
space, which we will ass.ume, and our system is approximately controllable in time T
if R(U, T) is dense in H (then R(U, T) is also dense in H because 1.,’1 is a weaker
norm than [[. and 1 is dense in H). Evi}ently R(U, T) is dense in H1 just in case,
given an arbitrary state (o, 1, fro, ff) in H,

(4.11)

v,(x, y, T),--(x, y, T), w,,(x, y, T), --(x, y, T) (o, , fro, fib) O, u e U

(o, ,, o, ,,) o.

Let t3(x, y, t), if(x, y, t) be the unique solution of (4.1), (4.2) satisfying the terminal
conditions at time T:

a
(4.12) t(x, y, T)= t3o, -(x, y, T)=/1, (X, y, T)= fro, ---(x, y, T)=
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and the homogeneous boundary conditions

(4.13) O--(x, y, t) O,
Ot

(4.14) --(x,y,t)=O,

Computing the quantity

(x, y) e B, t>_-0.

v,(x, y, t),--(x, y, t), w,(x, y, t), "--(x, y, t)

(x, y, t), -;(x, y, t), if(x, y, t),--(x, y, t)

using familiar duality theorems involving the Laplacian and integrating from 0 to T
(see [22], [23], [26] for details in the case of a single wave equation) we see that

v,(x, y, T), y, T), w,(x, y, T),-yy(x, y, T) ;(o, 1, fro, if1)

(4.15) Ior fa [0 O v.__._ x Y, + O___ x Y,--(x’y’t)o, Ou --(x,y,t)

+(x,ot y’ t)(x, y, t) + (x, y, t) (x, y, t) J ds dt.

Then using the boundary conditions (4.3), (4.4), (4.13), (4.14), we see that the above
reduces to

x, y, t)+ fl(x, y, t) u(x, y, t) ds dt.

If, as discussed above, we suppose that B has the disjoint decomposition

B Bo U B,
with B relatively open in B, and that u(x,y, t)O, (x,y)Bo while on B1 u is
unrestricted save for the specification of the admissible space (e.g., we might take

(4.17) U= C(B x [0, T]), U= L(B x [0, T]),

or any of many other possibilities), and if we suppose the first equation in (4.11) to
hold, we conclude that (4.16) vanishes for all u U. We know from the trace theorem
([ 1 ], 19]) that the paial derivatives

a a a a
at’ Or’ at Or’

restricted to B, all lie in H/2(B) for [0, T] and vary, with respect to the norm in
that space, continuously with respect to t, i.e. they lie in C(H/(B); [0, T]). We
suppose, as is the case for (4.17), e.g., that U includes a total subspace of the dual
space of C(H1/2(B); [0, T]). Then the fact that (4.17) is zero for all u U implies

a
(4.8) --(x,,)+ )=o, (x,)e,, e[o, ]
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We also have (cf. (4.13), (4.14))

(4.19) -(x, y, t) 0, (x, y, t) 0, (x, y) B1, [0, T].

The boundary values of t and ff are therefore overspecified on B1 x [0, T]. The proof
of approximate controllability, where it can be carried through, depends upon being
able to use this overspecification to show that

t(x, y, t) =- O, ff(x, y, t) O, (x,y)R, t[0, T],

and therefore to conclude that the implication (4.11) is indeed valid so that R( U, T)
is dense in H1 and hence in H. We carry this argument out for the case in which R is
a rectangle and B1 is one of its sides in 5.

Following the development in [6], it may be seen that our system is exactly
controllable in 1, using the control space U L2(B [0, T]), just in case

(4.20)

for some K > 0. In general this is a very difficult result to obtain but we are able to
obtain exact controllability, by other means, for the case where R is a disc in Re and
Ba B is its boundary, a circle. This result is developed in 6 where it will be seen
that it is heavily dependent on certain properties of the Bessel functions.

5. The case R = a rectangle, B =one side. The work here can be carried out for
a rectangle with arbitrary dimensions, but all essential ideas are contained in the
notationally simpler case

R= {(x, y)lO<--_x <- ,n’, O<-- y<= r}

to which attention is restricted henceforth. We will assume that B, the portion of the
boundary on which control is exercised, is one side of R; without loss of generality it
is the set

(5.1) B {(r, y)10 -< y-< r}.

We considerthen 5, ff satisfying (4.1), (4.2) in Rx[0, T] for some T>0, and also
satisfying boundary conditions

o
(5.2) --(x, y, t) O, -- (x, y, t) O,

a Ot3(Tr’o-- y’ t)+
0ff
#(, y, t)

(x;y) 6B=0R, t[0, T],

O_-<y_--<-, te[O,T].

We may assume without loss ofgenerality, since the wave equation is,time reversible
with either Dirichlet or Neumann boundary conditions, that and are extended to
satisfy (4.1), (4.2) on -<t<e and that the boundary conditions (5.2) hold for
(x,y)6B, t(-,). We may not assume that the boundary condition (5.3) is

applicable beyond [0, T], however, if controls are restricted to have support in B x
[0, T]. Let 6 > 0 and let s(t) be an arbitrary function in C(-, c) with support in
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(-6, 6). Define

(5.4)

(5.5)

Then v, are solutions ofthe wave equations (4.1), (4.2) satisfying boundary conditions

(5.6) -(x,y,t)=O, --(x,Y,ou t)=O, (x,y)eB=OR, -oo<t<oo,

while

a a,
(5.7) a--(r,y, t)+ (r, =y=r, t

Ox - y, t) =0, 0 < < [6, T-6].

Moreover, it can be shown that v, are of class C for (x, y)e R, -< < o. If we
can show 3 0, b 0 for any such choice of s, then 0, ff 0.

Let us define, for (x, y) e R, -o < <,
(5.8) 6{x, y, t) a-y-(x, y, t) + fl-y’5(x, Y, t).

dX

From (5.7.) we have

(5.9) 6(Tr, y, t)=0, 0-<_y_-<Tr, te[a, T-a].

Since a and/3 are constants, we have

(5.10) a2b- 02b+ 02b (x, y) R, -c< <.
at2 OX2 Oya

Let us note that, since satisfies the wave equation in R U B,

02/ 02
a(x’ y’ t) + fl2 ox(X’ y’ t)

(5.11)

[a: a2
:a (x, y, t) + (x, y, t) + (x,y,t).

Ox2 Oy2 at ox

Setting x= r in (5.11) and differentiating the identities in (5.6) with respect to t, we
see that the left-hand side vanishes. Then, comparing (5.11) with (5.8)

(5.12) Oqb(Tr, y,t)=-a (r,y,t)=-a(y), 0-<_y-< 7r, a<=t<- T-a,
ox y

the last identity being valid as a consequence of the first condition in (5.6).
The two conditions, (5.8) and (5.12), satisfied by b at the boundary x r enable

us to use Holmgren’s uniqueness theorem (see [5] or [13], e.g.) in much the same way
as it was used in the proof of the approximate controllability of the wave equation in
[22], [23] to see that if

(5.13) T>2+26

then b must be independent of for 1 + 6 _-< -< T- 1 3, i.e.

(5.14) 6(x, y, t) 6(x, y), (x, y) R, 1 + 6 <= <= T- 1 6.
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Because 3 and satisfy the wave equation in R with the homogeneous boundary
conditions (5.6), and are of class Coo in R U B, we have C-convergent expansions

(5.15) 6(x,y,t)=o(x,y)+ (vkje"k/+kje-’k/)sinkxsinjy,
k=lj=l

_,o..t e-’’k/) cos kx cos jy,(5.16) (x, y, t)= o+ E Z (Wkje + Wk
k=lj=l

where

(5.17) Wk X/kz +jz,
t3o(X, y) is a Coo function in R U B such that (el. (4.10))

(5.18) Vo(x,y)=O, (x,y)B-{(Tr, y)lO<-y<=r}
and o is a constant. Then, from (5.8),

Oo(x, y)
c(x, y, t)-a--

(5.19) Y cos kx (kVk sinjy+
k=l j=l

+ Y (akSkj sin jy iflOkg% COS jy) e-"/
j=l

still Coo-convergent for (x,y)eRUB, -oo<t<oo. Noting (5.14), we see that the
left-hand side takes the form

(5.20) b(x, y, t) c
O3o(X, y) Ov"o(X, y)

ck(x, y)-a=- (x, y),
Ox Ox

l+6<__t<__T-1-6.

We now strengthen (5.13) to

(5.21) T>4+26

and we see that the time interval in (5.14), (5.20) has length >2, i.e.

T-1-6-(1+6)= T- (2+26) > 2.

Since the functions x//r cos kx are orthonormal on 0<_-x <- 7r, we conclude from
(5.19), (5.20) that for k 1, 2, 3,.

a ktgkj sin jy + ifltOkjWkj COS jy)
j=l

(5.22) + (ak6k sin jy ifltOkk COS jy) e
j=l

2
th(x, y) cos kx dx =- tYPk(y 1 + 6 < < T- 1 6.

Classical results of Levinson and Schwartz ([17], [27]), which have frequently
been used in control studies of this type (see, e.g., [12], [21]), can now be used to

show that for each fixed k, the exponential functions

exp(+/-iwkjt)=exp(+x/k2+j2t), j=1,2,3," ’’,
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together with the constant function 1 are strongly independent in L2(I) for any t-interval
I of length >2. This clearly contradicts (5.22) unless we have

(5.23) k(y)----O, O<-- y<= Tr

and

akVkj sin jy + ifltOkjWkj COS jy 0, 0 _--< y _--< r, j 1, 2, 3, .
Since, for each j, sin jy and cos jy are independent on 0_-< y _-<

k,/3, tOkj are zero, we conclude that

(5.24) Vk=O, Wk=O, k=1,2,3,’’’, j-1,2,3,’’’.

Since (5.22), (5.23) show that

h(x, y)- Y k(Y) COS kx O,
k=l

(5.19) gives

Oo(X,y)
(5.25) b(x, y, t) b(x, y) c, (x, y)

Noting (5.15) and (5.16) and the fact that (0, y, t)-= 0, we conclude from (5.23) that

(x’ y’ t)=- .,(x’ y) } 1+8__< t_<_ T_l_8.(5.26)
(x, y, t)-- Wo

Since v(x, y, t)=- Vo(X, y) is a solution of the wave equation with (cf. (5.18))

o(X, y) =0, (x,y)B-{(my)lO<-_y<-_r}
it must in fact be a solution of Laplace’s equation there. Then we compute

\ Ox
(x, y) + (x, y) + o(X, y) (x, y) +(x, y) dx dy

\ Oy \ 012 Oy2

(5.27) In div (3o(X, y) grad 3o(X, y)) dx dy

Vo(X, y) grad o(x, y)" (x, y) ds o(r, Y)--x (Tr, y) dy.

Combining (5.9) and (5.25) with the fact that 3o satisfies Laplace’s equation, we
conclude from (5.27) that

. \-x(X, + \-y (x, dxdy=O

and this, together with (5.18), implies

(5.28) v%(x, y) =- o.
Combining (5.26) and. (5.28), we conclude that

(5.29)
3(x, t, t) --- 0 } (x, y)
(x, y, t)-- o

the result for -oo < < oo being an immediate consequence of the result for 1 + 8 <- -<

T-1- 8. Since this is true for every 8> 0 and every s(t) in (5.4), (5.5), we conclude
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that a comparable result obtains for 3, in (4.11), (5.2), (5.3). It follows (since
w =constant is a zero state in and in H) that (cf. (4.9) ft.)

II(tSo, 6,, Wo, ,)11 II(tSo, ,7,, o, =o
and, from the discussion in 4, the approximate controllability result follows for
u L2(B1 x[0, T]), T> 4. The comparable result for a single wave equation appears
in [22], [23] where a control time T> 2 (in the same geometrical context) is seen to
be required. Thus the "critical control time" for the combined Dirichlet-Neumann
problem, which we have seen to be equivalent to the Maxwell system under the
restrictions which we have imposed, is exactly twice the critical control time for the
(single) wave equation.

The approximate controllability just established cannot be strengthened to exact
controllability when the controlled portion of the boundary, B1, is just one side of the
rectangle. This follows from the result [8] of Fattorini who has shown that only a very
weak form of approximate controllability obtains for the (single) wave equation under
these circumstances. It is known from [2], [3], [25] that exact controllability of finite
energy states for the (single) wave equation is obtained with control on at least two
sides of the rectangle. The question as to whether this remains the case for Maxwell’s
equations, with the doubled time interval again, is not completely clear at this time
but seems likely to be answered in the affirmative.

The difficulty in such work, which would be approached in much the same mnner
as Graham and the present author treated the wave equation in 12], lies in the imperfect
state of the literature as regards the eigenfunctions of the Maxwell system in three-
dimensional regions. No definitive description of the complete set of eigenfunctions
appears to exist for such a basic region as the three-dimensional ball. The nature of
the eigenfunctions in the case of a rectangle can be sorted out with some difficulty
and work on the control problem is under way in this direction. Results for general
regions, comparable to those in [2], [3], [15], [16], [25] are hampered by the lack of
a general energy decay result similar to what is available for the (single) wave equation.
We see in the next section, however, that we can obtain exact controllability results
for the two-dimensional problem corresponding to the circular cylinder.

6. Some exact controllability results in the case of a circular cylinder. We consider
now the case 12 R (-c, c) with

R={(x,y)lx2+y2<l},
B=OR= {(x, y)lx+y= 1}.

With introduction of the usual polar coordinates r, 0, the equations (4.1), (4.2) now
become

02/) 02V 1 0V 1 02 V(6.1) +-- --+--
Ot2 Or2 r Or r2 002,

02w 02w 10w 1 02w(6.2) +- --+--
Ot2 Or2 r Or rE 002

and the boundary conditions (4.3), (4.4) are transformed to

(6.3) Ov
-(1, O, t)=au( O, t),

(6.4) Ow(1,O,t)=u(O,t).
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Writing

(6.5) v(r, O, t)= Vk(r, t) e ik, l)-k k,

(6.6) w(r, 0, t)= Z Wk(r, t) eik, W-k #k,

(6.7) U(0, t) E Uk(t) e ’k,

we arrive at an infinite collection of control problems in the single space dimension, r"

(6.8)
2Vk (92Vk 10Vk k2

f
r2 vk O, -00 < k < c,

Ot2 Or2 r Or

02Wk 02Wk 1 (9 Wk k2

(6.9)
Ot2 Or2 - r Or rE

wk O, --00 < k < o,

(6.10) OVk(1, t) aUk(t), --0< k < o,
Ot

(6.11) OWk(1, t)=flUk(t), --C < k <c.
Or

We will first treat the equation (4.1) with the boundary condition (4.3) which, as
we have seen, reduces to the set of problems (6.8), (6.10), -oe< k < ee. With

z(r, O, t)= E zk(r, t) e’k= Z
OVk(r, t) eikO =--Ov

k=-c k=-o Ot Ot
(r, O, t)

we have the equivalent first order systems

(6.12)
O (Vk(r, t)) (0 Io)(Vk(r, t)) (Vk(r, t))c9-- Zk(r, t) Lik Zk(r, t) Llkl Zk(r, t)

where Lik is the differential operator on the right-hand side of (6.8). The boundary
conditions (6.10) become

(6.13) Zk(1, t)=OtUk(t), -c< k<.

The eigenvalues of the operator tlk with the corresponding homogeneous boundary
condition

(6.14) Zk(1, t)=0

are

O, 5=itOikl,l, 1, 2, 3,’. ",

where tOlkl, is the /th positive zero of the Bessel function Jikl(r) of order Ik[. The
corresponding vector eigenfunctions are

0 "+’itOikl,ltlkl,l(r)

where

(6.15)

-oo<k<oo, 1=1,2,3,...,

(lkl,o( r) Alkl,O rlkl, --oo< k<oo,

blkl,t(r) Alkl.Jlkl(tOlkl,tr), -oo< k<oo, 1= 1,2,3,...
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The normalization coefficients Alkl,O, Alkl. are chosen so that

(6.16) r[qblkl,o(r)l 2 dr- rl4ll,,(r)l dr=,
o 27r 27r

Thus

1
(6.17) Alkl,o -m< k < o,

I= 1,2,3,....

while, as may be seen from [5], e.g.

tOIkl,!(6.18) Alkl’! /-Jlkl,,(w Ikl,/)"
The state space in which we wish to work, for the present at least, is (cf. (2.18))

with the inner product

((1)21 (2))=(22 "22l)dxd

and associated norm. Since the 11, satisfy the homogeneous boundary condition
(6.14), one easily sees that

0 .o e(,o e) dx dy

(6.19) + I0 lkl,O e’kOtk’"O e-’kO do+ lk’+ Io Ikl dO
n Or

while

(6.20)

where

+ itOIkl,ltlkl,!

+ I V4’ll" Vkll" dxdy=2all" I 14l’l’’lg dxdy--2a’ll’’’
R

Alkl.t (wlkl.)2 -m<k<m, 1=1,2,3,....

The state (.o) has zero norm in . Nevertheless we will not neglect this component.
If v, t; both satisfy the wave equation and (6.3), (4.13) on 0R with initial state

(4.5) for v we have (cf. (4.16))

(6.21)
z(, ,T (, ,T

a u(x, y, t)-(x, y, t) ds dt.
=OR

It may be shown that this result is valid for all u for which the solution (in the
generalized sense) v lies in/-) and varies continuously with respect to t. This class of
controls u is discussed in [19] and is known to include, e.g., u C([0, T]; H/2(B)).
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If we assume () given by the H-convergent series

))v(’, ,t)
z( ,t k=-c

Vk,o( t)(dlkl,O eik)

+ E + tplkl.t e dplkl,! e ikO

Vk,,( t) ikO. -4t- DI t) _ikOi
k=-oo 1=1 itOikl.ltPlkl.l e / --itOikl,lClkl,l e /

and successively let

(6.22)
( t) 0

exp (itOikl,t(t-- T))
itOIkl,tblkl,t eikO],

ikO \

tplkl,/e
exp (--itOikl.t(t-- T)) ,kO,,

gtOlkl,iq)lkl, e /

for T> 0 we arrive at the equations

(6.23)
Ior lo’r O kl e-ikO21k](Ik + 1)vk.o(T) a u(0, t) ,o (1) dO dt

Or

2ra 0blkl’(1) Uk(t) dt,
Or

/=1,2,3,"

(6.24)

+ O(lkl’! (1) e-ik dO dt2A ikl,/tk,/(T) a u( 0, t) exp (iWlkl.t T- t))
Or

2ra 04’lkl’(1) exp(iOlkl,t(T--t))Uk(t) dt,
Or

2Aikl,lV-,t( T) a u(O, t) exp (-itoll,l( T- t)) OdPlkl’t (1) e-’k dO dt
Or

(6.25)
2ra 04lkl’t (1) exp(--iWlkl.l(r--t))uk(t) dr.

Or

Thus the Dirichlet boundary control problem for (6.8), (6.10) is reduced to a
moment problem (6.23), (6.24), (6.25) for which Uk(t) must be a solution. We proceed
in much the same way with the Neumann boundary control problem for (6.9), (6.11).
We let

(r, O, t) E k(r, t) eik Z OWk(r, t) ikO OW
e =(r,O,t)

k=- k=- Ot Ot

and obtain, in place of (6.12),

(6.26) O k(r, t) Mik k(r, t) Mlkl Zk(r, t)

The boundary conditions are now

ow(1, t) u( t), -< k <.
Or

The eigenvalues of Mik with the corresponding homogeneous boundary condition

w(1, t)=0
Or
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are, for k 0,

O, + iuo.l, 1=1,2,3,...,

where uO.l is the /th zero of the differentiated Bessel function, j(r), of order 0, and,
for k0,

+ iVlkl,l, 1, 2, 3, ,
where Vk, is the /th zero of J’k(r). In the case k =0 the eigenvalue 0 has double
multiplicity. The special solutions taking the place of (6.22) in this case are

(’, t) @oo
where oo is such that (cf. (6.16))

1
i.e.,

1rgoa , .
In all of the other cases the vector eigenfunctions take the form

(,,.,(r)) -< k <, l 2, 3
ilkl,/ll,(r)

where

@lkl,(r) Bll,Jlkl(vll,r),
the normalization coefficients

-m<k<m, 1=1,2,3,-..,

/’[,kl,/(6.28) Blkl"--x/- (/xlkl, k2)l/2Jlkl(Plkl,t)
selected so that

1
rllkl.l(r)l dr-

27r

The corresponding special solutions of the homogeneous equation are

g( t)
exp (ivll,l(t T)) e]’iUlkl,lOIkl,

(6.29)
ikO

lkl,l e
exp (-ill,t(t- T) ,kO

[lkl,llkl,l e ]

As in (6.20) it may be seen that

I1( =
2lkl,/, lkl,! (lkhl)2"

Let w satisfy the wave equation and (6.4) with w(x,y,O)O, (x,y, 0)=
(Ow/Ot)(x, y, 0) 0 in R. We expand () in the form

(w,.,.,t,) (o)C( t)
Woo(t) o + Coo(t) oo

+ 2 121 + lkl,l e
+ W,l(t) @lkl’l eikO

k=-
Wk,t(t)

ilkl,@lkl, eikO] --ilkl,@lkl, eikO
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If ff satisfies the wave equation and the homogeneous boundary condition (cf. (4.14))

re(x, y, t) 0, (x, y) B, _>- 0,

we find (cf. (4.16), (6.21)) that

w(’, ", T) ,(’, ", T)
fl u(x, y, t)--(x, y, t) ds dt.(6.30)

’(’, ", T)

Employing (6.29), (6.3) successively for (), we arrive at the equations, for
/=1,2,3,. .,

2l,w,(T) u(O, )ill,,exp(ill,,(r-t))ll,(1 e-’ dOdt

(.3

2i11,11,(1) exp(ill,(r-t))u(t) dr,

2ll,w,(T)= - u(O, t)ill, exp (-i,(r- t)),() e-’ dO d

(.3

-2i11,,1,,(1 exp(-ill,(r-))u(t dr.

We find also, taking ( )g in the second form given in (6.27), that

(6.33) ffoo(T) fl u(O, t)oodOdt=26oo Uo(t) dr.

Since this must be true for all T and (d/dt)woo(t)= oo(t), we have also

(6.34) woo(T) 2oo T- )uo() de.

Since ,= (11,), (6.31), (6.32) become

1, ,+ T) 11,,(1) exp(ill,(r-))u() dt

(6.35)

(6.36)
i

w,,(T) -BII,JII,,(11,) exp (-il,,( T- t))u() dr.

Taking account of the fact that

0,(1 OJ,
Or lkl’IAIkl’l Or

(lkl,/),

(6.24) and (6.25) yield

+ OJll’( ,) exp (i ,(T- t))u() dr,(6.37) lkl,l
Vk,l( r) Alkl, Ikl Ikla Or

OJ,( exp (-i,(T- t))u( t) dr.(6.38) lkl’lv,l(r) Alkl,l Ikl,lOr
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On the other hand

’0blkl’ (1) Alkl,ol k
Or

so (6.23) gives

(6.39) ]kl +----l vk,o( r) Alkl,O Uk( t) dt.

Using the formula (6.18) and (6.28) for Alkl, and Blkl, we have

(6.40) ’lkl, Wl(T) ’lkl,/

7ri x/(P.lkl,l_ k2)/2 exp (i,lkl,,( T-- t))U( )dt,

(6.41)
i (lkl,/- k2)/2

exp (--ilkl,( T- t))u(t) dt,

(6.42) vl(T) exp iw kl,l( T t))u(t) dt,

(6.43) 11, 1 forv(T) exp (-i I(T- t))u,(t) dt.Ikl,

The equations (6.39) become, in view of (6.17),

(6.44)
44lkl(Ikl + 1)

vk,o( T)
4-21kl Iozra x/ Uk at.

This is valid, but meaningless, for k 0. It is easy to see that in the case k 0 we
should use

(6.45)
1 Iorx/---- Voo( T) Uk (t) dt.

The equations (6.33) and (6.34) are left as they appear. We note that all ofthe coefficients

k0, 2r/3
k’-)

are bounded away from zero, uniformly with respect to k.
It is also possible to show, using the work [10], 11] of K. D. Graham, that the

numbers

0, /lkl,1, tOIkl,1, /"lkl,2, tOIkl,2, /lkl,j, tOIkl,j,"

are separated by a gap at least equal to 7r/2, again uniformly with respect to k. Applying
the result 14] of A. E. Ingham along with the work of Duffin and Schaeffer [7], much
as in [12], [2], [3], we conclude the existence of functions Uk(t) in L2[0, T], for any
fixed T> 4, solving the above moment problems, -c < k <. Moreover, the result of
Ingham implies as explained in [12], [26], that for each k

c-N <= lu(t)l: at <= C2N2k
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where

/=1 1=1

-}- E ,tlkl,/I + 2w,,,(r)l + Y /zt,,l,llW;,l(T)[ 2
i=l l=l

k +/- 1, +/-2,.... For k 0 we must add I’oo( T)I + IWoo( T)[=. Since

/or/o(6.46) lu( O, t)l dO dt lu(t)l dt

we see that the above moment problems, equivalent to the control problem, can be
solved with (6.46) finite, provided that

Z N<,

which is the same as saying that the norm of the final state in H should be finite. We
have, ten, the exact controllability result that any H state may be controlled to any
other H state during a time interval of length T> 4 with the control configuration we
have described here. As discussed in connection with the wave equation in [2], [3],
and 12], one cannot be sure that the state of the system remains in H for all [0, T].
However, in the present case of the Maxwell equations one can show that these states
do lie in H H,a(R). Again this is exactly twice the critical control time for the
(single) wave equation under the same circumstances, as established in [10], [12].

7. Concluding remarks. The approximate controllability results of 5 would
appear to be extendable to domains other than rectangular ones but the precise method
of extension remains to be worked out. We will indicate some aspects of this problem
which are clear from our current work.

First of all, the result of 5 is almost trivially extended to the case where control
is exercised only on a subset {(,y)]0ayba}, b>a, of {(,y)0ayS}.
The only change is that the inteal l+a t T-l-a appearing in (5.14) and
subsequently must be modified to d + a a T-d- where

d= inf { sup {[(-)+(-y)]l/}}.
0

If 6(mY, t)(6/x)(m y, t)O for Bt T-B, ayb, the Holmgren theorem
will still apply to show that 6(x, y, t) O, (x, y) R, d + B T- d . After that
the remainder of the proof is the same: the same eigenfunctions and frequencies must
be dealt with, the functions sin jy, cos jy are still independent on a y b and b > a
and the conditions

o(X,y)=0, (x,y-{(,y)lay}

(my) =0,ox

still show o(x, y) 0 in N.
The first limitation of the method which we have used in 5 lies in its dependence

on the construction of (x, y, t) as a linear combination of paial derivatives of and. It is necessary to have a solution of the wave equation to which Holmgren’s theorem
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may be applied. This part of the proof can still be used for nonrectangular domains as
long as a portion of the boundary on which control is applied is a straight line segment.
Assuming the segment parallel to the y-axis, one can construct 4 by the formula (5.8)
again and show that 4 and O4)/Ox both vanish on the straight line segment in question,
allowing subsequent application of the Holmgren theorem to show O(x, y, t)---0 for
(x, y) R and in some interval d + 6 _-< _-< T- d 6, with d depending on the geometry
of R. But then we are faced with a second limitation.

The second limitation of the method which we have used lies in its reliance on
the specific form of the eigenfunctions and frequencies to pass from b(x, y, t)--0 to
the conclusion that both t3(x, y, t) and (x, y, t) are likewise identically zero. It needs
to be emphasized that no local analysis will suffice here. In the one-dimensional case
(see our remarks at the end of 3) if the control problem is stated for boundary
conditions

(7.1) v(0, t) 0, _-7(1, t) au(t),
Ot

OW OW
(7.2) xx(0, t) 0, (10x t) flu(t)

the t, constructed as in 4 will satisfy the wave equation and

(7.3) t3(0, t) 0, -(1, t) 0,

(7.4) (0, t) 0, m(10x t) O,

(7.5) aO(1 t)+
Off

Ox -0--(1’ t)--- d(l’ t) 0"

Here if we take to be a nonzero solution of the wave equation satisfying (7.4) and
take

(x, t)= -,- fo o(, t),

we clearly have t(0, t)= 0,

(0, t)- (1 t) =0,

[ --021 (X, t) "-’02 (x, t)
a Ot Ox Ox2

so that t satisfies the wave equation and, clearly, (7.5) is also satisfied. Thus the wave
equation with (7.1), (7.2) is not approximately controllable; b(x, t)---
a(O/Ox)(x, t)+ fl(O/Ot)(x, t)--0 but this does not imply that t or are identically
equal to zero. The additional condition which makes this work in (3.7)ff. is the fact
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that one can show there that

---(0, t) + --(0, t) O.
Ox

It seems likely that the question of whether or not b 0 implies that both 3 and
equivalently and if, are both zero must eventually reduce to a boundary value problem
of an as yet unidentified type.

At the present writing there is only one, rather curious, result which we can offer
which yields approximate controllability for a domain R of rather general shape. We
suppose that the"control boundary".B1c B 0Rincludes twononparallel line segments,
11 and 12, with unit exterior normals Vl and v2. Proceeding as before we can show,
applying the Holmgren theorem together with

--=0 on 11, 12,
Ot

0, i= 1, 2 on 11, 12, respectively,
0 ’i

that both

i= 1, 2 on 11, 12, respectively,

(7.6)

a3 a,
(7.7) b2 a+fl-
must vanish identically in R for d + 6 <_- -< T- d 6, 6 > 0 arbitrary, d > 0 depending
on the geometry of R and B, the location of 11 and 12 within B, etc. But then both bl
and bz must vanish on 11 (say) for these values of t. Subtracting (7.6) from (7.7), we
see that

a =0 on l x[d+a, T-d-a].

This shows, since 11 and 12 are not parallel, that a nontangential derivative of 3 vanishes
on 11 [d + , T-d-6]. Combining this with O/Ot =0 on l and applying the Holm-
gren theorem to 3 alone, much as in [5], [13], we are able to conclude 3-=0, provided
T is appropriately large. Then one easily has the same result for b and approximate
controllability follows.

This result gives approximate controllability for R equal to the interior of any
closed polyhedron in R2 with control on at least two sides.

Further inspection of this argument shows that only 2 needs to be assumed to be
a line segment. That is needed in order to identify b2 as a solution of the wave equation.
We may then take 11 to be any smooth portion of B which is never parallel to l and
achieve the same result.

Finally, let us indicate that we are very much aware of the limitations, from the
point of view Of actual implementation, of the control configuration discussed in this
paper. In principle, at least, the boundary conditions (1.7), (1.8), along with the further
"single layer" condition discussed in connection with (3.1), could be achieved with
conducting bars attached to terminals as shown in Fig. 3.



228 D.L. RUSSELL

FIG. 3. Conducting bar and busses.

We have not considered any effects of propagation delays in the controlling
circuitsni.e., we have not assumed that these are distributed parameter systems. This
assumption, and evident limitations on the speed with which prescribed currents can
be computed and established in the controlling circuits together with sensing limitations,
place admittedly severe limitations on what can be done "open loop." It is likely that
the eventual significance of our results will be most evident in connection with closed
loop behavior wherein time varying magnetic fields near the boundary of 12 induce
currents in the bars B which, being resistive, will then act as energy dissipators. We
hope to discuss this topic in later work.

Another control configuration may be obtained by supposing the boundary of It
to be a sheet of material to which electromagnets are attached in a dense array as
shown in Fig. 4. If J denotes the current through, the windings of the electromagnets,
then we shall have

H aJ

where a is dependent on the electromagnet’s configuration. The theory in this case
will take much the same form as the one discussed in this paper.

FIG. 4. Electromagnet array.
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LOCAL REALIZATIONS OF NONLINEAR CAUSAL OPERATORS*

BRONISLAW JAKUBCZYKt

Abstract. We give necessary and sufficient conditions for a causal operator to have a local realization
of class Ck(k 1,..., 0% to) of the form

: f(x, u), y h(x).

We show that two minimal local realizations of the same response map are locally diffeomorphic.

Key words, causal operators, nonlinear systems, nonlinear realization theory, existence and uniqueness
of realizations

1. Introduction. Let II, Y be sets and let R, be sets of functions [0, T)-> f and
[0, T]--> Y, respectively. We shall assume that OR contains all piecewise constant
functions and Y R r. An operator F: -> is called (strictly) causal if ulto t)= vlto, t)

implies (F(u))(t)=(F(v))(t) for any u, v OR and 0=< t-< T (here has interpretation
of time).

In this paper, for general classes of functions R, we give necessary and sufficient
conditions for the operator u--> y F(u) to be locally represented by a system of the
form

(1) : f(x, u), x(O) Xo, y h(x),
where x(t) V and V is an open subset of R" for some n > 0. "Locally" means "for
small times" here.

The problem arises in the system theory, where f, Y are input and output spaces,
respectively; u,y-are input and output signals; and F is an operator describing
input-output behavior of a system (black box). Then (1) is a desired internal description
of the system (called realization), which is to be found.

A solution of a global version of the problem was given in [14] (uniqueness) and
[8] (existence). Related results may be found in [1]-[7] and [9]-[13]. In the global
version of [8] the time horizon is infinite, T 00, the realization is sought with the
state space V being any differentiable manifold and system (1) obtained is complete
(has solutions forward and backward for all times). In this case the response map is
required to have an extension to an "input group". The construction of the realization
is obtained via a certain factorization (Nerode equivalence) of this group.

The main difficulty of the local problem is that it is hard to localize the group
argument. Therefore, another construction has to be used. The construction used in
this paper is completely elementary and given explicitly in terms of functions, which
is an advantage from the point of view of possible practical computations. Another
advantage of the approach presented in this paper is that it requires minimal hypotheses
on the response map, only. regularity and finiteness of the response map (the extension
assumption of [8] is dropped). However, under these assumptions it is not possible
to obtain a realization which is good for all inputs, at least in the C case. Thus, we
construct a realization which is good after some transient behavior. In the analytic
case this transient behavior can be dropped.
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Another approach to the local problem was presented in [5], where the operator
F is given by a series with iterated integrals and f is analytic of the form f(x, u)=
fo(x) +i uigi(x). The analytic version of our result (Theorem 2) can be used to derive
the existence result in [5].

A strictly causal operator F can be uniquely represented by a map P: -> Y (called
"response map", "input-output map" or "causal functional" if Y R), where is
the set of all functions being restrictions to [0, t), 0<_- <- T of functions in , and

P(a)=(F(u))(t), t/-- t/][o, t).

We shall formulate our results in terms of the map P. Note that P defines F by the
formula (F(u))(t)= P(uito,,), u t.

In the paper we use the norm Ixl [x[+... + Ixnl in R and the norm IIAII of a
matrix A denotes the norm of the corresponding operator in such normed spaces.
Composition of functions is denoted by o.

2. Main results. Assume that 0 p, where pc consists of all piecewise constant
functions [0, T) -> , with T> 0 fixed, and let pc be the corresponding class ofrestricted
function. Let R+ [0, c). For at=(al,’’’, Up), t-(tl," ", tp) we denote by

(2) a=at(t)=(tl, Ol)’’’(tp, Op), p>=l, tieR+, ct,,
the function in p given by a(t)=a for t[t+... + t_, t+... + t). Denote
lal- t + + tp.

The elements a, b ep can be multiplied; by ab we mean the concatenation of
a and b (writing one sequence (2) after the other). If lal/lbl <-T, then ab p. We
include the function e with empty domain (empty sequence (2)) in p, it plays the
role of identity.

DEFINITION 1. Let P=(P,..., Pr) be a map P:pc- Rr. We say that E=
(V, f, h, Xo) is a local realization ofP of class Ck after function c p if

(i) Xo Vc R" and h: V- R is a function of class C k,
(ii) f(., a), a , are vector fields on V of class Ck- and their local flows

(t,)(x) are of class C k with respect to (t, x),
(iii) P(ca)= ho(Xo)

for a =at(t) with any sequence at (al, , Up) and t in a neighborhood of0 RP+. Here

We also say that E is a local realization aroundfunction c (s*) if (iii) is satisfied
for all c- (s) and a =at(t) with s, t in a neighborhood of (s*, 0) Rx RP+ where
Xo Xo(S). Finally, E is called a realization ofP on an interval [0, tr] if (iii) is satisfied
for all a p with

In case k 1 one should read in (ii) "there exist local flows I,. (x) of class C
of f(., a)". The number n is called dimension of the realization, n dim E.

Let E be the simplex E (t RP+ Iltl < }. We shall use the following assumptions
on P.

(A1) Functions tP(at(t)) are of class Ck on Er for any sequence at=

(a,..., a), ai, and p>= 1.
Here and below a function defined on a (partially) closed polyhedron W is called

of class C k if all partial derivatives (directional partial derivatives) up to order k exist
and are continuous on W. For k to we require that the Taylor series taken at any
point of W is convergent in a neighborhood of this point.
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(A2) The functions P(t(t)) and their partial derivatives (O/Oti)P(t(t)) satisfy the
Lipschitz conditions

[P(,(t))- P(,(t’))l--< Lit- t’l,

P(.(t))- P(a(t’)) =< MIt-t’l, i= 1,’’ ", p,

on ET with constants L, M independent of the sequence
Let b= (b,,..., bq), b, 6tp and take T-max {[b,I,..., Ib, l}. Define a map

: E Rq,
(t) (P(a(t)b,), , P(t(t)bq)).

Define

rank P sup rank d(t),
at, li,

where dU bat denotes the Jacobian of the map and the supremum is taken over all
finite sequences a, I, t such that (t) makes sense.

We say that the rank ofP is attained atfunction c 9pc if there exist a representation
c=[$(s)=(s,fl)’’ (s,fl,) of c and a sequence b such that rank d(s)= rank P.

THEOREM 1. If the map P:p R satisfies condition (A1) and rank P is finite,
then there exists a local realization E ofP of class ck(k 1, 2, , , ), with dim E
rank P, after (as well as around) any function c at which the rank is attained.

I additionally, condition (A2) is satisfied, then E is a realization on an interval
[0, ] and f(x, u) is bounded on V x and Lipschitzian with respect to x.

Remark 1. From regularity propeies of solutions of differential equations one
can see that, if the map P is defined by a realization E via formula (iii), then (A1) is
satisfied and rank P dim E.

In the (real) analytic case, k , we can strengthen condition (A1).
(A1)’ There exist a function p’O(0, ) and a >0 such that the functions

tP(a(t)) are of class C on Er and have analytic extensions to E
{t Rlp(a,)lt,[+ + p(p)[tpl< .

THEOREM 2. e map P has a local realization of class C (after the identity e) if
it satisfies condition (A1)’ and rank P is finite. If P satisfies also (A2), then it has a
realization on an interval [0, ], > 0. Conversely, if P is given by a C realization via

(iii) with c e, then (A1)’ is satisfied and rank P is finite.
Remark 2. This theorem is a generalization of the analytic version of the existence

theorem of Fliess [4], [5] (one can prove that our rank is equivalent to the rank used
in [4], [5]).

To formulate a uniqueness result, we introduce the following definitions Let pc

denote the set of all a p such that lal r. For a map P:p R" define a local rank
by

ranko P= inf rank
0<zT

The maximal value of r at which the infimum is attained is denoted by r*; then

ranko P rank
Any quadruple E (V, h, Xo) defines a map P given by

for all a (t, a) (tp, ) p such that the right-hand side makes sense. Assume
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that P is well defined for all a 6epic. Then rankloc P is well defined, with the infimum
taken over r [0, 6].

DEFINITION 2. A realization E is called locally minimal if dim rankoc P.
DEFINITION 3. Realizations and are called locally diffeomorphic at points

Xl V and 1 Q if there is a local ditteomorphism g of a neighborhood U c V of
the point xl onto a neighborhood / c V of the point 1 such that X(xl)= 1 and

(3) h(x)=hox(x), dx(x)f(x, a)=f(x(x), a),

for x U and a 1".
THEOREM 3. Let E and . be realizations of class Ck(k 1,..’, , to) on an

interval [0, or] ofa map P" pc Rr (after the identity e). If g and E are locally minjmal,
then they are locally diffeomorphic (ofclass C k) at the points Xl f(xo) and1 qf(o),
where c 6fpc is any function at which the rank of the map Plb"pc is attained with
6 min {or, -*}.

Let us formulate an existence result for a general class of functions a//. Assume
that f is a metric space. Let a//be a subfamily of ([0, T]; 1") (the space of measurable
functions the image of each is contained in a compact subset of 1" a.e.) and contains
all piecewise constant functions a//p c q/. As before, 6e denotes the set of restrictions
to the intervals (0, t), 0_-<t<_-T, of functions in 0//. For a Ulto, t we denote lal t.

The term "realization on the interval (0, or]" means now that (iii) is satisfied for
all a such that lal_-< or, where qf(x) denotes the point after time t= lal of the
trajectory of system (1) starting from x, with u- a.

Additional problems which appear now are to guarantee that the function f(x, u)
is continuous with respect to u in order to (1) have a solution and to guarantee that
(iii) is satisfied for nonpiecewise constant a. Thus we put the following additional
conditions.

(A3) Functions (t, t) P(t(t)) are continuous as maps Er ’)P R together
with partial derivatives (O/Ot)P(o(t)), i= 1,..., p.

(A4) If [al-la l-la=l ,where a, a,, the images of a and a, are in a
common compact subset of f and a- a pointwise on [0, lal), a.e., then P(a) P(a).

THEOREM 4. If the function P: b- R satisfies assumptions (A1), (A2), (A3), (A4)
and rank P is finite, then there exists a realization E ofP of class ck(k 1," ", o, to)
on an interval [0, cr] after anyfunction c p at which the rank is attained. Additionally,
dim E rank P and thefunctionf x, u) is bounded, continuous with respect to x, u) and
satisfies the Lipschitz condition with respect to x uniformly on u f.

If k= to and assumption (A1) is replaced by (A1)’, then we can take c= e. If,
additionally, f is compact then assumption (A2) can be replaced by (A3) strengthened
to second order partial derivatives.

3. Proofs.
Proof of Theorem 1. Let c I(s*), s* (Sl*, ", s*), 13 (/31, ",/3,) and b

(bl,"’, bq) be such that rank d(s*)= rank P n. Enlarging, possibly, the number
of b in b we can assume that one of the b is identity e.

There exists a n n, nonsingular submatrix A of the Jacobian J d(s*). Assume
that A consists of the first n rows and the first n columns of J. Define functions
rl" R -> R m, : R -> R, v rq, by

"0 r’l’l, "l’n "El,’’’, Tn, Sn+1,’’’, Sm),

(y,’’’, y,,)= (y,,..., y,,).
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Then the composition

(4) () oo r/(,r)

has a nonsingular Jacobian at "r ,r* such that r/(x*) s*. Thus, there exists a neighbor-
hood V of "r* such that is a ditteomorphism of V onto an open subset U of R",
rank d()= n for ecl V and is a homeomorphism :cl Vcl U. For technical
reasons it will be convenient to take V of the form

where 0< C < min {r*, ., r,*} (the further construction can be also carried out for
more general V).

If the submatrix A consists of the columns il,’’ ", i, and the rows jl,"’,j, of
J, then one defines r/by putting the variables -1,. , r, in place of s,. ., s and
is the projection onto the coordinates yj,,..., yj..

Now we can define our realization E (V, f, h, Xo). We take as the state space the
set V defined above. Take Xo .r* e V. We shall denote the state by x instead of x. Define

h(x) P(l(r/(,r))), .re V.

From (A1) it follows that h is of class C k. For a=(tl, al)...(tp, ap)=x(t) define

.() -,oo,.o(),
where

(6) , ,(s) (P(l(s)ab,),..., P([(s)abq)).

Note that q, q,,(0)=.
The expression a(’r)= ,(t)(’r) is well defined for (% t) in a neighborhood W of

the set V x {0} c R" x RP+, defined by the condition o, ao r/(.r) c (V). In particular,
,,(o) is the identity on V. The function (x, t)->,(,)(x) is of class C k on W since-, are of class C k and the function (t, s)-> ,,(t)(s) is of class C k (this follows
from assumption (A1)).

Assume that we have proved that

(7) l)a,lffa("t’ (I)aa,(/’)

for a =(t), a’=’(t’) and (% t,t’) in a neighborhood of the set V x{O} x{O} in
R" R"+ x RP+’. Then we obtain that

(I)(,, c) (I)(t’,
for (% t, t’) in a neighborhood of the set V x {0} x {0} in R" x R+ x R+. This together
with (o,,)= idv implies that ,,,) is a local (semi) flow of class C k. Thus, we can
define the corresponding vector field

d
(8) f(’r, a) =- (,.)(’r)l,=o+, .re V,

which is of class Ck-1. This completes the construction of the realization E.
From the construction it follows that (Y,, .)(’r)= (,, .)() for (, t) in a neighbor-

hood of the set V x {0} R"x R+. This and successive application of (7) gives that

(9) (,,,) s ,)()
for (% t) in a neighborhood of the set V x {0} R"x RP+.
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To prove that E is a local realization of P after the function c and to show (7)
we use the following lemma.

LEMMA 1. For any or, t’ there exists a neighborhood N of the set V x {0} x {0} in
R" x RP+ x RP+ such that for a t(t), a’= t’(t’) and (,r, t, t’) N we have that

(10) b, ’ T] (a(’T , ,

(10)’ *, ’ n ea((S)) *, aa’(S)

To show (7) it is enough to compose both sides of (10) with -1o on the left
and use the definition of .

Taking x x*, a’= e in (10) and considering the component of the functions
and , corresponding to b e, we obtain from the lemma that

(11) P((n((x*))) P((n(x*))a)

i.e. hOa(X*)=P(ca for a=a(t)and t in a neighborhoodof 0eR. This together
with (9) means that is a local realization of P after the function c. The realization
around c is obtained using equality (10)’ instead of (10). We postpone the proof of
the second claim in Theorem 1 after the proofof Lemma 1.

Remark 2. In the above construction we used the lengths of time inteals of the
input for the local coordinates of our realization. One can also use components of the
output for the local coordinates, taking (V), o (*) and

(x) P((n(-(x)))),

Then h o) is also a realization of P after the function c, where f is obtained
from via (8). This construction is, perhaps, more natural when P is given by results
of experiments which are points in the output space Y R.

Lemma 1 will follow from the following lemma. For C > 0, 8 > 0 define the sets

Wc, {(z, x, y) e R" x R x Rg’[Iz- Zol + alxl+alyl c},

Vc,={(z,x)R"xR%llz-zol+lxlC}, Vc={zR"llZ-ZolC}.
LEMMA 2. Let Wc, R be a function of class C, k 1, 2,. , , . Assume

that

(12) rank do rank
Oq O

n rank
Oz

on Wc, 8, where : Wc, --> RTM is the function
,(z, x, y)= ((z, x, o), (z, x, y))

and (O/Oz, O/Ox) denotes its partial Jacobian with respect to z and x. Then, there
exists a constant 0 < A <- 6 and a function y: Vc, --> R" such that the equation

(13) q(5, O, y) (z, x, y)

has the solution y(z, x) for all (z, x, y) Wc, x. Ifthefunction z --> q(z, O, O) is injective
on Vc, then the function ), is unique and of class C k.

Additionally, ifeach component , 1,. ., m, of satisfies the Lipschitz condition
on Wc,
(14) Ioi(z,x,y)-oi(z’,x’,y’)l<=L(Iz-z’]+lx-x’]+Iy-y’l)
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and the same condition is satisfied for the partial derivatives (o/Ozj)r,oi(z, x, y), j=
1,..., n, with constant M, then h can be taken

where Ami is the infimum of the sum of squares of all n-minors of (O/Oz)o(z, O, O) over
zEVC.

The same result holds for the spaces Re+, Re+ replaced by Rp and Rp’. The lemma
also holds ifthe condition rank Oq/Oz n is satisfied on Wc, f’) {(z, x, y)lx 0, y 0} only.

Proof Let I=(il,...,i,) be any sequence of numbers 1-<il<...<i,=<m.
Denote all such sequences by I1,’’’, I,,/z (,m). Define a function qt: Wc, R",

(16) (0i (Z X y) (0i (Z X)= ((0i,(Z X 0), (4i. (Z X 0)).

Let V c Wc. be the set of points on which the function Ai det (O/OZ)q3Ii is different
from zero. From the last equality of (12) and the definition of it follows that, on V,

OI/’ (0 ) -1 0 OXI
0, i= 1, ", /.t.(17)

OZ
qI, -X p" 0-

The second equalityin (12) gives that the function A A2+... +A2 is nonzero on

Wc . Define/i 2 --1AA Then we have that zl +. + zt, 1. Note that Ai((a/Oz)cp,)-is well defined and of class C on Wc,. Multiplying equations (17) by i and summing
them up over i, we obtain that

0xtr
A

xIr
O,

Oz Ox

on Wc,, where A is the matrix

A {Ao} Y ’ "z lr "X lr
r=l

In particular, we have that

a axIr
Z a-=0, j=l,...,p.

OZi OXj

This means that the function xt is constant along trajectories of the vector fields

gj= A)
a O

i= Ozi Oxj
j=l ...,p.

which are of class Ck-1 on Wc, 8. Denote the local flow of g by . Denote

(18) Dj sup (IA,I+’’’ + IA.I),
Vc,

D=max {D1,..", Dp},

where the supremum over Vc, equals the supremum over Wc, since the functions (I

given by (16) do not depend on y. Take A =max {D, 8}. The vector fields g point in
the set Wc,x (or are tangent to the boundary) at the boundary points (z, x, y) such that

Iz- Zol/  lxl/ Alyl- c and x, # O# yi. Thus the trajectory {(z, x, y) of g starting in
Wc,a does not leave Wc,x until x. Combining p trajectories, we obtain, by the form
of g, that

(19) dpPxpo, dp x, y)=(Y., O, y)
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where (, O, y) Wc,;,. So defined gives the solution /(z, x, y) of (13) for (z, x, y)
Wc. since the function is constant along the trajectories of gj and in particular,
(, 0, y)= (z, x, y). The function 33 is independent of y as the vector fields gj do

not depend on y.
The function y(z, x)= (z, x, 0) gives the desired solution. If the function z

0(z, 0, 0) is injective, then the solution of (, 0, 0) (z, x, 0) determines the function
y(z,x) uniquely and assures that it is of class C because, locally, y(z,x)=
AloI(Z, x, 0), where A(z) (z, 0, 0).

To prove the last pa of the lemma, it is enough to majorize the constant D in
(18) using constants L and M. The constant D defined as a supremum (18) over Vc,
(instead of Vc, ) is also good and we shall majorize such D computing at the same
time A. We have that

(20) D n max sup IA,l
ia Vc,

and A max {D, 8}. From the definition of A it follows that

where by B* we denote the adjoint matrix of B (it consists of (n- 1)-minors of B r).
From inequality (14) it follows that and (o/ox) N L, on Vc,,. Therefore,
from the definition of determinant it follows that N n L. Thus, we obtain easily that

(21) IAN -lnLn(n- 1) L-L (n)L-.
To majorize -, we shall compute the Lipschitz constant for +... +.

Note that nKN- is the Lipschitz constant for the product ff...f, if K is the
Lipschitz constant for f,... ,f and N max sup I. Thus the definition of deter-
minant and I(O/Oz)]NL gives that the Lipschitz constant for can be taken
n nML-. Therefore, the Lipschitz constant for is

La 2n nML"- n L 2n(n ])2ML2n-.
--1Now we can majorize - over Vc.a for X > ami. LaC

(22) sup - inf -LaCA- (m.-LaCA-)-.
v Vc.

Taking into account (20), (21) and (22), we obtain that

D n(nt)L"(mi.- CA-a2n(nt)ML2"-)-.
If we put D, we obtain

i (n n(1 + 2CML-).

This means that I given by (15) satisfies the asseions of the lemma.
The proof in case of Rg, Rg’ replaced by R, R’ is analogous.
If the condition rank 0/0 n is satisfied on Wc, {(, x, y)lx =0, y =0} only,

then is positive on this set. From its compactness it follows that is also positive
on a set Wc, , with a ’ . Thus (12) is satisfied on Wc, ,. In the Lipschitzian case
it is enough to take any ’ >= such that ’>- CL.

Proof ofLemma 1. Consider the function
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We shall see that q satisfies the assumptions of Lemma 1 with z ,r, x t, y t’ and
z0 ,r*. In fact, is well defined on the set Wc,, where C is taken as in the definition
(5) of the set V and 1. Since q(.r, 0, 0) r/(,r), then it follows from the choice
of V that rank 0/0x(, t, t’) n for x cl V, t 0, t’= 0 and so for (,r, t, t’) Wc, with
some 6 -> 1.

From condition (A1) it follows that q is of class C k.
We have that rankOo/Ox<=rank do =<rank P and rank

rank (O/Ox, O/Ot)_-<rank P, where is defined as in Lemma 2. The last inequality
above follows from the definition of rank P and the equality

(x, t, t’) 3"i3’bb’ (r/ (x), t),

where bb’= (bt, , bo, a’b,..., a’bq), a’ ’(t’) and I--(1,""" jrn, O1, Op).
The above inequalities together with rank Oo/Ox rank P on Wc, imply that o satisfies
condition (12) in Lemma 2.

From Lemma 2 we deduce that there exists a unique function y(’r, t) such that

(24) b b
[i,a’(t’) n((, t)) (’r)I,a(t)a’(t’)

for (x, t, t’) in a neighborhood of the set U {0} {0} in R RP+ R’+’. Taking t’= 0,
we obtain a simpler equality

(25) o r/(y(.r, t)) bo,a r/ (’r), a a(t).

Composing both sides with -o on the left and taking into account the definitions
of and a, we find that

y(’r, t) (’r)

and so formula (10) is proved.
The proof of formula (10)’ is analogous, except that we take the function of

the form

p(.r,x, t, t’) bxi i,(t)a,(t,)(.
where x’= s’-s’* and z x, x (x’, t), y t’, Zo x*, where s’ denotes the m n variables
in s complementary to x (see the definition of the function r/ at the beginning of the
proof of Theorem 1). Then instead of equality (25) we obtain

o r/(7(x, x’, t)) b (X, X’I, + s’*), a a(t),

and so

y(,r, ,r’, t) I/’-1 7]-o I)’bfl,a (’r, ,].t _+_ St,

xI.r- 71. xI? g,a (,l. (S), St*

o((s)), s (, ’+s’*).

Here the implicit function x(s) exists since the function -orob
,a is regular (of full

rank) with respect to the first argument. The proof of Lemma 1 is complete.
Now we shall prove the second claim in Theorem 1. Condition (A2) implies that

the function in (23) satisfies the Lipschitz condition with constant L and the paial
derivatives O/Oz satisfy this condition with constant M. Therefore, we can apply
formula (15) in Lemma 2 to deduce that A does not depend on the sequences a and
a’ in (23). Therefore, equality (10) in Lemma 1 holds for (x, t, t’) in Wc,x, in paicular,
for (x*, t, t’) such that Itl+ Itl’ cx -a= where C is taken as in (5). This implies that
(7) holds for such t, t’ with a a(t), a’= a’(t’) and x x*. A successive application of
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(7) together with (,. ) (,. 5) give (9) with tl + + tp <-_ r and .r .r*. We have also
that (11) holds for [a[_-< cr CA -1, so we obtain that the realization X constructed in
the course of proving Theorem 1 is a realization of P on the interval [0, or], where
cr CA -. If we take into account that q(’r, 0, 0)=or/(.r), then formula (15) gives
the following formula for r

tr min { C, or1}

where

tr=A,,,,(n(n!)(’)L")-(C-+2ML-1)- n rank P,

where Am. is the infimum over cl V of the sum of squares of all the n-minors of the
Jacobian matrix d( ).

Condition (A2) and the definition of imply also that the map ,. )(x) satisfies
the Lipschitz condition with respect to with a constant independent of a and x 6 V
(note that - and are Lipschitzian with the constants Ll=SUp v
and L 1). Thus, definition (8) of f(x, a) gives that f is bounded by the constant
qLL1. The Lipschitz propey off can be proved analogously. The proof of Theorem
1 is complete.

Remark 3. In the proof of Theorem 1 we did not use any other propey of the
expression a besides the propeies following from Lemma 1. Therefore, (10) can be
used for the definition of ,. Also, due to Lemma 2 and the proof of Lemma 1, the
following simpler equation

o(())=,an()
determines uniquely (x). The definition of by the above equation gives, in general,
a bigger domain V for our realization. Namely, here should be in a set V on which
the map go is injective (to have uniqueness), while previously we required that
there exists a projection such that $o is a diffeomorphism on

Proof of eorem 2. Necessity. Let f h, Xo) be a realization of P of class C
and dimension n. Let > 0 be a constant such that V contains the closed ball B of
radius and the center at Xo. Define

o() =sup IIf(x,
xB

where [1" is the Euclidean norm in R". Then the solution of the equation

=f(x, a), x(O) Xo

is well defined and stays in B for lal, for any a (tl, a)... (tp, ap) such that

f fMoreover, (Xo) B for such a and h o(Xo) h o,.,)o.. o,,,,)(Xo) is analytic
with respect to (q,..., tp). Thus condition (A1)’ is satisfied.

Define functions and by (t) t)(Xo), (x)
(ho(x),...,ho,(x)). One can easily see that (t)=o. Thus,
rank d(t) rank d(t) n and we conclude that rank P is finite.

Sufficiency. If (A1)’ is satisfied, then the expressions

(26) P((t,, a) (t.,

are well defined for t= (tl, , tp) E.. Now the argument (q, a) ...(tp, ap) a(t)
is not treated as a function but as a finite sequence with values in R x . We multiply
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such sequences by concatenation. Before constructing the realization we note that

(27) P(a’(tl, t) (tp, ap)(-tp, ap) (-tp, ap) (-tl, t)a") P(a’a")

where a’= t’(t’), a"= ot"(t"), and t’ Rp’, t" Rp’, t (t,..., tp) are such that 21,(t)l, +
la’l, + I"1 < . For p 1 this follows from the following equalities, by taking t -t
in the first one,

P(a’(tl, a)(f, a)a")= P(a’(t + , a)a"),

P(a’(O, a)a")= P(a’a").

Each of these equalities is true for t’ RP+’, t" RP+ and tl, ’ -> 0 since both arguments
represent the same functions. They extend to all t’, t", t, fl by the analyticity. The proof
of (27) for general p follows by induction with respect to p.

The extension of the domain of the expressions (26) gives that the functions
are well defined on the sets oEa,, c Rp, A 8 max {[b]o, ., ]bqlp}, where b, are finite
sequences with values in R x II such that Ib, l, < . The function ba.,(s) given by (6)
is well defined for a=t(t) and sR", tRp such that lal,/ll()l,_-<-max (Ibl,’’’, Ibl. Thus, the whole construction in the proof of Theorem 1 can
be carried out with replacing R/ by R, and replacing the positive cones by the whole
spaces.

Let rank dt,g(s*) rank P, I (/31, .,/3"). From the analyticity of the function
it follows that this equality is satisfied for s* R’ arbitrarily close to 0, in particular,

we can assume that II(s*)l, <&x. Take the sequences I]’= (1,""", m, m,""", 1)
and b’=(cb,’.., cbq), where c=(s*l,fll)’" (s*..,"). Consider the function ’,-

’,(s, ). From (27) and the definition of the function ’, it follows that

I, ’,(, *) ,I,(),
where * (-s*, ., -s*). Therefore,

rank d ’,(s*, * rank d (s*) rank P.

Now we can construct our realization E as in the proof of Theorem 1, starting
with the function ’, instead of and taking the sequence

c’= (s*,/) (s*,/)(-s*,/) (-s*,

instead of c= (Sl*, ill)""" (s*,/3,.). From the form of c’ and property (27) it follows
that P(c’a) P(a), so such realization E is a realization after the identity e. The proof
is complete.

Remark 4. From the analyticity it follows that condition (iii) is satisfied for a t(t)
for all t Rp such that P(a) and Ya(X0) are well defined.

Proofof Theorem 3. Consider the map P PI: and restrict all further consider-
ations to the domain 5p%. Let c=l(s*) and b be such that Icl+lb, l-<_ and
rank d(s*)= rank P. Define functions r and as at the beginning of the proof of
Theorem 1. Then the function

is a local diffeomorphism defined on a neighborhood of the point .r* R", where
7(’r*) =s* and n =rank P, ranklo P. Define functions a and b by

l(s) f((Xo), *’(X)=(hOfb,(X),’’’, h ofbo(X))
and, analogously, functions t and r corresponding to the second realization .
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Then t(s*)= xl c(Xo), ta(s*)= , (o) and we have that

,I,o,I,(s) ,I, (s) o(s),
and so

ooon() () oo n()
for, in a neighborhood of * R". From the minimality of it follows that dim n,
i.e. the maps ao and $o are "into R"" and "from a subset of R"". Since their
composition is a local dieomorphism of R", they are local diffeomorphisms too.
Define the local diffeomorphism

x ono(o n)- (o)-,oo.
Then we have that X(x)= Xl. From the definition of functions , a, a and
definition (6) of a, it follows that

p,oB oo oao B

locally around *, for a=a(t) with t suciently small. Composing the above
expressions with (o)-1 on the left and (ao)-1 on the right, we obtain

tting a (t, a) and taking the derivative of both sides with respect to at 0 gives
the second equality in (3).

We have also that

ho.o() p(g(()))= oo()

for in aeighborhood of *. Composing both sides with ( B)-I on the right gives
that h h X in a neighborhood of x. The proof is complete.

Proof of eorem 4. Assumptions (A1), (A2) and Theorem 1 imply that there
exists a realization E of class C k of the map PI after a function c, on an inteal
[0, $]. From the definition of in the proof of Theorem 1 and from (A3) it follows
that the function t,() is continuous with respect to (, t, a) together with the
paial derivative with respect to t. This and definition (8) of f(, a) imply that f is
continuous with respect to (, a).

Condition (A2) implies, additionally, that f(, a) is bounded and Lipschitzian
with respect to . To see the latter, it is enough to use the definitions of and f(, a)
and to note that the maps -1, and are Lipschitzian together with the first derivatives.

From the continuity and the Lipschitz propey of f it follows that, if functions
a, a have values in a compact subset of and a a pointwise almost everywhere,
then () () provided all the terms are well defined. Let a E be any function
such that [al = . There exists a sequence of functions ai E pc, [ai[ a such that ai a

pointwise. From the fact that E is a realization of P], the continuity propey
mentioned above and condition (A4) it follows that P(ca)= ho(*). Thus E is a
realization of P after the function c, on the internal [0, ].

The proof of the second claim in Theorem 4 is analogous to the proof of Theorem
2. If condition (A3) is strengthened to the second order paial derivatives, then f(, a)
is continuous together with the first order paial derivatives with respect to . This
and the compactness of fl implies the Lipschitz propey of

Acknowledgment. The author is grateful to Professor Cz. Olech for helpful dis-
cussions and comments concerning the paper.
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THE VALUE FUNCTION IN OPTIMAL CONTROL:
SENSITIVITY, CONTROLLABILITY, AND TIME-OPTIMALITY*

FRANK H. CLARKE," AND PHILIP D. LOEWEN"

Abstract. We consider a general optimal control problem in which the constraints depend on a parameter
a, and the resulting value function V(a). A formula for the generalized gradient of V is proven and then
used to obtain results on stability and controllability of the problem. A special study is made of the
time-optimal control problem, one consequence of which is a new criterion assuring local null-controllability
of the system and continuity of the minimal time function at the origin.

Key words, sensitivity analysis, perturbation, generalized gradients, time-optimality, controllability

1. Introduction. The value function plays a central role in optimization. To illus-
trate this, let us consider a standard problem P(a) in optimal control theory, indexed
by a parameter a as follows"

minimize L(x(t), u(t), a) dt

P(a)
subject to (t) (x(t), u(t), a),

u(t)U(a),

x(O)e Co(a), x(1) C(a).

The minimum in the problem P(a) defines V(a). The first role of V is evident: it
measures the sensitivity of the problem (more precisely, of the problem’s optimal
outcome) to perturbations of the objective function and the various constraints. Knowl-
edge of how V behaves is therefore useful in problems of design or error analysis.
Particularly interesting is the derivative of V, a measure of what has been called
"differential stability." In the quest for differential properties of V, however, we must
face the fact that not only will V not generally be differentiable, it can easily fail to
be continuous or even everywhere finite. (By the usual convention, the minimum over
the empty set is +, so that V(a) + whenever P(a) admits no feasible (x, u).) The
very fact that V is finite near a given a is in many cases a coveted conclusion, implying
as it does a type of local controllability of the constraints.

In studying differential properties of V then, whether for sensitivity analysis, or
to explain results such as the maximum principle geometrically, or in connection with
the well-known role that V plays in verification techniques (i.e., the Hamilton-Jacobi
equation as a sufficient condition, see [4, 3.7]), or in Constructing feedback laws (as
in dynamic programming), one must consider derivatives in other than the classical
sense.

Following a seminal paper by Gauvin [6], a great deal of progress has recently
been made in studying the value function V of a perturbed mathematical programming
problem based on its generalized gradient V. (See [2], [4, 6.5], [7], and especially
Rockafellar [20], in which the issue is surveyed.) In [4, 3.4], Clarke obtains a formula
for V for a general fixed-time control problem, subject however only to additive

* Received by the editors April 1, 1984, and in revised form November 15, 1984. The authors gratefully
acknowledge the support of the Natural Sciences and Engineering Research Council of Canada under grant
number 9082 and a 1967 Science Scholarship.
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perturbations of the endpoint constraints. See [1], [3], [5], [13], [15], [18], [19] for
results related to stability of control problems.

Our first purpose in this article is to obtain a formula for the generalized gradient
of the value function of a general fixed- or free-time control problem in which all of
the constraints (including the dynamics) are subject to (nonadditive) peturbation.
Secondly, we will explore some of the major consequences of this characterization. In
3 we derive a series of conditions under which, successively, V is locally finite (which,

as mentioned above, has implications for controllability), locally Lipschitz, admits
directional derivatives, or actually diiterentiable. Section 4 is devoted to an example
illustrating the main theorem. In 5 we undertake a special study of the time-optimal
control problem. The special case of this problem in which the dynamics are linear
and V reduces to the minimal time function T has been extensively studied [8], [9],
[11], [16], [17]. Using the general theorem of 3, we are able to extend to nonlinear
systems the main results of the linear theory. In particular, we derive a new criterion
assuring the continuity of T at the origin and the local null-controllability of the system.

We now proceed to describe the context in which we shall work.
The Problem. The object of our study is a relative of the standard optimal control

problem known as the differential inclusion problem:

(P) min (f( T, x(O), x( T)): (t)F(x(t)) a.e. on [0, T], and T, x(O), x( T)) S).

The objective of problem (P) is to choose a (nondegenerate) time interval [0, T] and
an arc (i.e. an absolutely continuous function) x: [0, T]- X

_
R satisfying the end-

point constraints (T, x(0), x(T)) S and the dynamic constraint (t) F(x(t)) a.e. on
[0, T], and providing a minimum for the function f( T, x(0), x(T)). Here F: X - R is
a multifunction, a mapping which carries a point x in R into a nonempty compact
subset F(x)

_
R. To see the relationship between (P) and a more conventional optimal

control problem, suppose the Mayer problem below is given"

min (f( T, x(0), x(T)): :(t) (x(t), u(t)) a.e. on [0, T],
q)

where u(t) U a.e. on [0, T], and (T, x(0), x(T)) S}.

We may then define a version of (P) with the same f and S, and with F(x):= (x, U).
Any arc admissible for (Q) is also admissible for (P), where it is assigned the same
value. Conversely, reasonable hypotheses on imply that if x:[0, T]- R" is an
admissible arc for (P), then there is a measurable function u:[0, T]- U such that
(t) (x(t), u(t)) a.e. on [0, T]. (This is Filippov’s lemma. In the sequel, any and
U for which F(x)= (x, U) for all x X, will be termed a classical representation of
F.) Thus the Mayer problem (Q) is a special case of (P). Of course, nonautonomous
versions of both problems exist. The techniques presented below require very few
modifications to be applied to such problems: we have chosen the simple form of (P)
to ease the exposition.

Hypotheses. The following mild conditions govern the data comprising problem
(P). Throughout this paper, B denotes the open unit ball of the appropriate Euclidean
space.

(h) There are a closed set X
_
R" and an e > 0 such that the multifunction F is

defined on X + eB; the values of F are nonempty compact convex subsets of R".
(h) F is locally Lipschitz on X + eB. (A multifunction F :R R is Lipschitz of

rank K on a set C
_
R if F(x2)

_
F(xl) + KIx2- xIlB for all xl, x2 in C.)

(h3) F obeys a linear growth condition: for some c >_-0, k>_-0, one has F(x)_
(klxl + c)B for all x X / eB.
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(h4) The constraint set S R x R" x R" is a closed set, and {(t, x)’(t, x, y) S} is
compact.

(hs) The objective function f: S--> R is locally Lipschitz on S.
Remark. The requirement in (hi) that F be convex-valued means that we are

working in this .article with the "relaxed" problem in the sense of Warga [22]. (See
also [4, 5.5], in which classical representations of standard relaxed problems are
discussed.) The state constraint x(t) X is admitted to allow consideration of local
minima. Our hypotheses will limit attention to arcs lying in int X, hence excluding
binding "unilateral" state constraints.

The growth condition (h3) allows us to use Gronwall’s inequality to estimate the
modulus of continuity of any trajectory for F. Here is the result.

LEMMA 1.1. Suppose x’[0, T] R" is an arc with (t) F(x(t)) a.e. on [0, T]. Then

[x( t) x(a)[ <- (,x(a)[ +)(e(’-- l)

for all 0 <- a <- <- T.
The following result concerning the sequential compactness oftrajectories is crucial

to the theory of existence of solutions to (P) and to the sensitivity analysis of Part 3.
It is the autonomous case of [4, Thm. 3.1.7].

PROPOSITION 1.2. Let F" R--> R be an upper semicontinuous multifunction with
nonempty compact convex values defined on a set of the form C + eB, where C

_
R is

closed and e > O. Let x" [0, T]- R be a sequence of arcs for which T--> T> O, and
satisfying the following hypotheses"

(i) x( t) C for all [0, T];
(ii) there is a constant M > 0 such that F(x(t))

_
MB for all [0, T], and

Iu(t)l_-< M a.e. on [0, T];
(iii) j(t) F(xj (t)) + r. (t)B a.e. on O, T] VI[O, T], where { t)} is a sequence of

measurable functions on [0, T] converging uniformly to zero;
(iv) the sequence {xg(0)} is bounded.

There there is a subsequence of {x} along which xlto,] converges uniformly to an arc
x" [0, T] C obeying Yc( t) F(x(t)) a.e. on [0, T]. Along this subsequence, xg( T) -+ x(T).
(If T. < T, then xlto.r should be interpreted as the extension of xj which obeys
;(t) := x( T) for T, T].)

Proof. Conditions (ii) and (iv) imply that ; xlto, is a uniformly bounded
equicontinuous family of functions, whence it has a uniformly convergent subsequence.
By (i), the limit function x lies in C. Moreover, the Dunford-Pettis criterion applies
(along the subsequence) to show that {:} is weakly compact in LI[0, T], so that x is
actually an arc. Finally, a support function argument shows that g(t) F(x(t)) a.e. on
[0, T], just as in [4].

The existence theory for problem (P) is a simple consequence of Proposition 1.2.
PROPOSITION 1.3. Suppose that the data ofproblem (P) satisfy (h)-(hs), and that

there is at least one feasible arc for (P). Suppose also that degenerate arcs are ruled out,
i.e.

(h6) Sf3{(O,x,x)’xR"}=.

Then problem (P) has a solution.
Proof Let xj: [0, T] R" be a sequence of feasible arcs for (P) such that

f( T, x(0), x(T)) - inf (P) < +.
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Then {(Tj, xj(0))} lies in a compact set by (h4), so we may pass to a subsequence if
necessary and assume that xj(0)->XoR" and T--> T_->0.

Note that T 0 is impossible, since Lemma 1.1 implies that

Ix(Tj)-Xol<-Ix( T)-xj(O),+lx(O)-xo, <- (,xj(0), +)(ekr- 1 )+,x(0)--Xo].

So if T-->0, then x(T/)--> Xo and the sequence {( Tj, x(0), x( Tj))} in the closed set S
would converge to a point (0, Xo, Xo) outside $ by (h6). This is absurd: we must have
T>0.

Hypotheses (i), (ii), (iv) of Proposition 1.2 are now evident; condition (iii) follows
readily from Lemma 1.1 and the growth condition (h3). We deduce that a subsequence
of {x} converges to a feasible arc x: [0, T]--> R" which solves (P). gl

2. Techniques. This section summarizes the techniques of nonsmooth analysis
which are central to the sensitivity results of 3.

Generalized gradients. The calculus of generalized gradients, presented in detail
in [4], has a well-developed geometric aspect which is the foundation of the arguments
in 3.

Let C be a nonempty closed subset of Rm, with xe C. The vector v e R" is
perpendicular to C at x, written v_l_ C at x, if ](x + v) x]-< [(x + v) c for all c e C,
with strict inequality for c x. (I.e. the closed ball of radius [vl and centre x + v meets
C in the single point x.) In terms of the Euclidean distance function dc(z):=
inf {]z- cl: c e C}, v_t_ C at x if x is the unique point of C at which the infimum defining
dc(x + v) is attained. This hints at a profitable link between perpendicularity and a
problem of minimization.

LEMMA 2.1. Let C be a nonempty closed subset of Rr’, with x C. If v_l_C at x,
then (v, c x) <= 1/2l c x[ 9 for all c in C.

Proof. Write the definition of v_L C at x in terms of the inner product. Yl

The collection of all perpendiculars to C at base points near x defines the normal
cone to C at x, denoted Nc(x), as follows: Nc(x) is the closed convex cone generated
by the set

{ lim v’ }i l) "-> O 1.) l C at x -> x U{0}.

The first set in this union consists of all unit vectors which can be obtained by computing
limits of normalized perpendiculars: the perpendiculars must diminish in length and
their corresponding base points xi in C must co.nverge to the given point x.

Now let an extended-real-valued function f be defined on Rm. Suppose f(x) is
finite, and that epif is locally closed near (x,f(x)). Then the generalized gradient off
at x is the (closed, convex) set

Of(x)= {C Rm: (, -1) Nepif(x,f(x))}.

Extremely bad behaviour off near x is captured by the asymptotic generalized gradient
off at x, namely

Of(x) {r e R": (’, 0) e Sepif(x,f(x))}.

Note that Of(x) is a closed convex cone containing the origin. It reduces to {0} if
and only if f is Lipschitz near x ([4, Prop. 2.9.7]).

Necessary conditions. The calculus of generalized gradients allows the formulation
of general first-order necessary conditions for problem (P) without any assumptions
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of smoothness or differentiability beyond (hl)-(hs). The principal figure in these
conditions is the Hamiltonian H" R"xR" R, defined by

H(x, p):= sup {(p, v): v e F(x)}.

When F(x) admits a classical representation q(x, U), H is a function sometimes
referred to as the "maximized Hamiltonian" in the literature:

H(x, p):= sup {(p, p(x, u)): u e U}.

TI-IEORM 2.2 (Necessary Conditions). Suppose that the arc x" [0, T] int X solves
(P). Then for all r sufficiently large, there exist a scalar h {0, 1}, an arc p" [0, T] R",
and a vector R x R x R such that conclusions (a)-(d) below hold with h + [[Pll > 0.

(a) (-/(t),)(t)) e OH(x(t), p(t)) a.e. on [0, T].
(b) There is a constant h such that H(x(t), p(t))= h for all e [0, T].
(c) " Of( T, x(O), x(T)).
(d) (h, p(O),-p(T))e A+ r Ods(T, x(O),x(T)).
Proof Evidently x" [0, T]- R" is an interior solution for (P) if and only if the

arc (x(0), x(. ))" [0, T] R" x R" is an interior solution for the related problem

min {f(r, yo(r), y(r))" ())o(t),)(t)) e {0} x F(y) a.e. on [0, r],

(yo(O), y(O))e D f) MB, (% Yo(’), y(z)) St,

where D {(y, y): y e R"} and M > 0 is chosen so large that MB includes the whole
second component of S (which can be done by (h4)). This related problem has precisely
the form for which [4, Thm. 3.6.1, Corollary], provides necessary conditions. A
straightforward translation of terms yields the version of the result stated above. [3

Remarks. Since (in general notation) Nc(z) is the closed convex cone generated
by Odc(z), condition (c) is often replaced at very slight expense by

(c’) (h, p(O), -p( r)) A+ Ns( T, x(O), x(T)).

The pair (p, sr) satisfying conditions (a), (b), and (c’) is called an index h multiplier
corresponding to x. The multiplier is normal if h 1 and abnormal if h 0; if no
solution of (P) admits a nontrivial abnormal multiplier, we say that problem (P) itself
is normal It follows from condition (a) [4, Prop. 3.2.4(b)] that the arc p satisfies
I[( t)l <= KIp( t)l for some constant K. This observation, together with Gronwall’s lemma,
implies that an arc p satisfying (a) is either identically zero or else nonvanishing on
[0, T].

We refer to [4] for a complete discussion of the relationship between this theorem
and the celebrated Maximum Principle of Pontryagin.

3. General sensitivity analysis. We are now prepared to investigate the sensitivity
of the differential inclusion problem (P) to small changes in its objective function,
dynamics, and constraints. Specifically, we will compute the generalized gradient at 0
of the value function V:R" RU {+oo} defined in terms of the following perturbed
optimization problem"

P(a)
V(a):= min{f( T, x(O), x(T), a)" 2(t) F(x(t), a) a.e. on [0, T],

and T, x(0), x(T), a) e S}.

The main result, presented in Theorem 3.3 below, is that 0V(0) is captured by an
extension of the multiplier rule, Theorem 2.2, which incorporates elements which
monitor the effects of the perturbation along the optimal arc.
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Multipliers. An index h multiplier corresponding to an admissible arc x: [0, T]-
int X for P(0) is a triple (p, q, ’) satisfying conditions (a)-(d) below.

(a) (p, q): [0, T]- Rnx R is an arc obeying the Hamiltonian inclusion

(-( t), -l( t), ( t)) O(x( t), O, p( t)) a.e. on [0, T],

where the Hamiltonian for the perturbed problem P(a) is

W(x, a, p):= sup {(p, v)" v F(x, a)}.

(b) There is a constant h such that (x(t), O, p(t))= h for all in [0, T].
(c) " Of( T, x(O), x(T), 0).
(d) (h, p(0), -p(T), -q(T)) Asr 4- Ss( T, x(O), x(T), 0).

The collection of all such triples is the set M (x), the index h multiplier set corresponding
to x. We shall later be concerned with the set Y of all solutions to P(0) and the
corresponding collection of multipliers

M(g)- M(x).
xY

Hypotheses. The following modifications of hypotheses (h)-(h6) above ensure
that for each a R near the nominal value a- 0, problem P(a) is amenable to the
techniques of 1 and 2. In particular, they imply that whenever V(a)< +o, then
P(a) has a solution. We retain them throughout 3.

(H1) The R-valued multifunction F is defined on X x eB
_
RxR for some

e > 0, where X
_
R is closed. The values of F are nonempty compact convex sets.

(H2) The multifunction F is (jointly) locally Lipschitz on X x eB.
(H3) There are constants c _-> 0, k _-> 0 such that F(x, a)

_
(k[x[ + c)B for all (x, a)

XxeB.
(H4) The constraint set S c_ R x R x R x R is closed, and its projection

{(t,x)’(t,x, y, a)S} is compact.
(H5) The objective function f: S R is locally Lipschitz on S.
(H6) Degenerate arcs are inadmissible, i.e.

S (’l {(O, x, x, a)’x e X, a e eB}=fg.

In addition to the hypotheses stating that P(a) is well-behaved for each fixed a,
we demand that the perturbation structure ofthe problem vary reasonably as a changes.
This requires three more hypotheses.

(H7) Problem P(0) has a feasible arc. By Proposition 1.2, it follows that P(0) has
a solution. We also assume that every arc solving P(0) lies entirely inside int X.

(H8) For every arc x’[0, T] R" in Y, the multifunction (t, x, y, a)- Ns(t, x, y, a)
is closed at the point (T, x(0), x(T), 0).

(H9) The perturbation structure is nondegenerate, i.e. every triple (p, q, sr) in
M(Y) with q(0) 0 also has p -= 0.

To understand (Hg), suppose first that the unperturbed data f, F, and S of problem
(P) in 1 are forced into the shape of P(a) by imposing trivial a-dependence. Then
an arc x" [0, T]- R is admissible for P(0) if and only if it is admissible for (P), and
every index h multiplier (p, q, sro) corresponding to x must have q 0 and ’o (’, 0)
Of(T, x(0), x(T))x {0}. These multipliers are in one-to-one correspondence with the
mulipliers (p, r) for (P) defined by conclusions (a), (b), (c’), (d) of Theorem 2.2. Hence
in the case of trivial a-dependence, (H9) reduces to the assumption that P(0) is normal.
If P(a) has nontrivial a-dependence, (H9) is strictly weaker than the assumption that
P(0) is normal because of the additional condition q(0) 0. Indeed, there are perturba-



THE VALUE FUNCTION IN OPTIMAL CONTROL 249

tion schemes (such as the additive endpoint perturbation studied in [4, 3.4]) which
are always nondegenerate but in which the normality of p(0) is determined by other
features of the problem’s data.

Hypothesis (H8) is a mild condition which is satisfied automatically if,for example,
the cone Ns( T, x(0), x(T), 0) is pointed. In many cases, such as the additive endpoint
perturbations studied in [4, 3.4] or the minimal time problem of 5, (H8) can be
verified directly. A detailed discussion of conditions which imply (H8) is given in 14].

Hypothesis (H7) is required because problems whose solution arcs spend some
time on the boundary ofX obey a more complicated multiplier rule than that described
by Theorem 2.2. (This amounts to allowing abstract state constraints in problem (P)"
the interested reader may consult [4, Thm. 3.6.1].) The proof techniques presented
below can be extended to this setting, but (H7) eases the exposition considerably.
Proposition 3.2 below shows that (H7) implies that the perturbed problem is tame in
the sense of [20].

LEMMA 3.1. Assume (HI)-(H6). Then there exists a positive constant To such that
if x" [0, T] - R" is admissible for some P(a), a eB, then T >- To.

Proof If this statement were false, then there would be a sequence {ai} in eB
with corresponding trajectories xi: [0, T] R admissible for P(ai) while T-0. By
passing to a subsequence if necessary, we may assume x(0)Xo (by (H4)) and
a a eB. But then Lemma 1.1 would imply that x(T) Xo, and we would reach the
absurd conclusion that the sequence {( T, xi(0), x(T), a)} in the closed set S converges
to a point (0, Xo, Xo, a) which lies outside S by (H6).

PROPOSITION 3.2. Assume (H1)-(H7). Then there is some (0, e) such that a
and V(a)< V(0)+ t imply that all solutions of P(a) lie in int X.

Proof Suppose not. Then there is a sequence {aj} with lajl < j and V(a) < V(0)
for which there exist corresponding solutions x: [0, T]- R of P(a) which all fail to
lie in int X. By passing to a subsequence if necessary, we may assume that x(0)- Xo
and T- T>0. According to Proposition 1.2 (with F(x):= F(x, O) and r(t):= Klajl
for some fixed K > 0), a further subsequence (which we do not relabel) converges
uniformly to an arc x" [0, T] R" admissible for P(0) and obeying

V(O) <-f( T, x(O), x(T), O) =< lim f( T, xi(O), xi(T),
j-

=lim V(a)_-<lim V(O)+ V(O).
joo je3

Hence the arc x is a solution of P(0). But this contradicts (H7), since any arc which
is the uniform limit of arcs not contained in int X cannot lie in int X. [3

Theorem 3.3 below is the main result of this section. It relates the differential
properties of V to the arcs q in the multiplier sets introduced above. For any index A
multiplier (p, q,’) corresponding to an arc x:[0, T]R" for P(0), we define
Q(p, q, ):=-q(0). The notation Q[Ma(x)] designates the set of all possible values
of-q(0) obtained in this way, and Q[Ma(Y)] denotes klxy Q[Ma(x)]. The proof
of Theorem 3.3 occupies the remainder of 3.

THEOREM 3.3. Under hypotheses (H1)-(H9), thefunction V is lower semicontinuous
near O, and one has

0 V(O) c- { Q[M’( Y)] fq 0 V(O) + Q[M( Y)] fq 0 V(O)}.

If the cone Q[M( Y)] is pointed, the closure operation is superfluous and one also has

OV(O) co { Q[M( Y)] (q 0 V(O)}.
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(A subset of R is pointedif zero cannot be obtained as a positive linear combination

of its nonzero elements.)
COROLLARY 1 (Lipschitz behaviour of V). IfQ[M(Y)] {0}, then V isfinite and

Lipschitz near O. In particular, if P(0) is normal (i.e., Q[M(Y)]={0}) then P(0)is
locally controllable, in the sense that P(a) admits feasible arcs for all a near O.

Proof. The cone {0} is certainly pointed, so (9V(0)= {0} by Theorem 3.3. This
implies that V is finite and Lipschitz near 0 [4, Prop. 2.9.7]. [3

COROLLARY 2 (Existence of nontrivial multipliers). If x’[0, T] R solves P(0)
then it has an index A multiplier (p, q, ) with A + Iq(0)l > 0.

Proof. If Y {x} the proof is simple: either Q[M(x)] is different from {0}, whence
the conclusion is immediate, or Q[M(x)] {0}. In the latter case, (9 V(0) {0} implies
that (9 V(0) is nonempty [4, Prop. 2.9.7]: thus

(9 V(0) co {Q[M(x)] f’l (9 V(0)},

and we find M(x) ;.
If x is not the only solution to P(0), a bookkeeping device allows the formulation

of a problem related to P(0) for which x is the unique solution. Transposition of the
preceding argument into this, case yields the desired result, as in [4, Thm. 3.5.2]. [3

The following immediate consequences of the formulas in the theorem are proven
just as in [4, Thm. 6.5.2, Corollaries 2, 3]. As in that reference, we use the notation
V’, V/, V/ to denote (respectively) the usual one-sided directional derivative, upper
right and lower right Dini derivatives (see [4, p. 242]).

COROLLARY 3 (Directional derivatives of V). Suppose that Q[M( Y)] {0}. Then
one has for each u in R’"

V+(0; u)_< inf sup (u, Q[MI(x)]),
xY

V+(0; u)>_- inf inf(u, Q[MI(x)]).
xY

If Q[MX(x)] is a singleton Q(x) for each x in Y, then V’(0; u) exists for each u in R
and one has

V’(0; u)= inf (Q(x), u).
xY

COROLLARY 4 (Differentiability of V). If Y is a singleton {x}, and iffor this x one
has Q[M(x)]={O} and Q[M(x)]={}, then V is strictly differentiable at 0 with
DV(0) ’. (Strict differentiability is defined in [4, 2.2].)

Proof of Theorem 3.3. To prove Theorem 3.3, we will calculate the generalized
gradients of V by appealing to the definitions given in 2. The first step is to establish
that epi V is locally closed near (0, V(0)).

LEMMA 3.4. The function V is lower semicontinuous on tB, where is given by
Proposition 3.2.

Proof. Fix any a in B. Given any sequence aj a, we must show that V(a)<=
lim infj_. V(a). If the right side is +o, there is nothing to prove; otherwise, we may
pass to a subsequence if necessary and assume that lim_.oo V(a) exists. Let x/[0, T]
R solve P(aj)" Proposition 1.2 implies that a subsequence of these arcs converges to
an F-trajectory x" [0, T]- R" admissible for P(a), with T=> To> 0 by Lemma 3.1. Then

V() <-f( T, x(O), x( T), a) lim f( T, x(O), x( T), a) lim V(a),

as required.
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The proof of Theorem 3.3 is built on the following geometric proposition of
Rockafellar [20, Prop. 15].

PROPOSITION 3.5. Let D and D be closed subsets of R" such that D is a cone
containing the point 0 and the recession cone of D. For the closed cone

in R" x R, one has

N:= {r(sr, -1)" r>0, sre D}U{(r, 0)" sre D}

{’" (st, -1) e co N}=co(D+D).

If the cone D is pointed, the closure operation on the right-hand side is superfluous, and
one also has

{sr’(sr, 0) e co N}=co D.
To complete the proof, we must successfully identify D with Q[M( Y)]0 0 V(0)

and D with Q[M(Y)]fqOV(O). Both these sets are closed, being the intersections
of closed sets. (Q[Ma( Y)] is closed by Proposition 1.2.) Moreover, D is the intersec-
tion of two cones containing 0, and is therefore such a cone itself. Thus we only need
to show that

Nepi v(0 V(0)) co (N,U N2),

where

N, := {r(sr, -1)" r> 0, " e Q[M’( Y)]fqO V(0)}

N2 := {(sr, 0)’sr e Q[M( Y)]fqOV(O)},

and then check that D is the recession cone of D.
The definitions of 0 V(0) and OV(O) imply that

Nep V(0, V(0)) CO (N, U N2).

To prove the reverse inclusion, we will use the definition of the normal cone in terms
of limits of normalized perpendicular vectors given in 2. It motivates the following
lemma.

LEMMA 3.6. Suppose (fl, -u)_Lepi Vat (a, v), where v < V(0)+ 6 and a 6B. Then
there exists a solution x" [0, T]- R" to P(a) (for some T >- To) to which there correspond
a scalar h {0, }, an arc p, q)" [0, T] R" x R", and a vector R x R" x R" x R" such
that I[(P, q)ll+A/l(fl,-u)[ >0 and (a)-(e) hold.

(a) (-p(t), -dl(t), (t)) OYg(x(t), a, p(t)) a.e. on [0, T].
(b) There is a constant h such that Yg(x(t), a, p(t))= h on [0, T].
(c) sr=(r,, rl, rl,)Of(T,x(O),x(T),a).
(d) (h, p(O), -p(T),-q(T)) X(u/l(fl, -u)[)’+ Ns(T, x(O), x(T), a).
(e) q(O) -h( fl/l(fl, -u)l).
Proof By Proposition 3.2, V(a) v < V(0) + 6 implies that problem P(a) has a

solution x" [0, T]-R" lying entirely inside int X. Now for any a’ 6B, every F-
trajectory y: [0, T’] R" admissible for P(a’) obeys

V(a’) <-f( T’, y(O), y(T’), a’)
<-f( T’, y(O), y(T’), a’) + v f( T, x(O), x(T), a ),
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i.e. (a’,f(T’,y(O),y(T’), a’)+v-f(T,x(O),x(T), a))epi V. Replacing c in Lemma
2.1 with the left side of this expression yields the inequality

uf( T, x(O), x( T), a)-(a, fl) <= uf( T’, y(O), y( T’), a’)-(a’, fl)

+1/2l(a ce’, f( T’, y(0), y(T’), a’) -f( T, x(0), x(T), a))l 2.

Note that equality holds when a’= a and y= x (so T’= T). Thus (x(.), a) is an
interior solution for the (unperturbed) problem in which

jT( t, x, Xl, y, Yl) := uf( t, x, y, yl) -(fl, Xl)+ 1/2[(Yl a,f(t, x, y, Yl) -f( T, x(0), x(T), a ))l z,
P(x, x,) := F(x, Xl) x {0},

S := {(t, x, Xl, y, yl) (.t, x, y, Yl) e S, x e 6B}.

The Hamiltonian for this new problem is

/-it(x, Xl, p, q) sup {((p, q), (v, 0)): v F(x, x,)} Yg(x, Xl, p).

Hypotheses (hx)-(h) of 1 are easy to verify, so by Theorem 2.2, there exist a scalar
A {0, 1}, an arc(p, q)" [0, T]-->R" R", and a vector (RR" xR" R"R such
that Z + II(P, q)ll > 0 and conclusions (i)-(iv) below hold.

(i) (-p(t), -t(t), (t), 0) Yg(x(t), a, p(t)) {0} a.e. on [0, T].
(ii) There is a constant h such that Yg(x(t), a, p(t))= h on [0, T].
(iii) " u(r, sc, 0, rt, rtl)+ (0, 0,-/3, 0, 0) for some (r, sc, , ) in Of(T, x(O),

x(T), a).
(iv) (h, p(0), q(0), -p(T), -q(r)) )t(+ N( T, x(0), a, x(r), a).

Condition (iv) implies that q(0)--Aft and
(iv’) (h, p(O), -p(T), -q(r))Au(r, , rl, rll)+Ns(T, x(O), x(r), a).

Replacing the arc (h, p, q) by the scaled version (h, p, q)/[(fl,-u)l yields the desired
conclusions.

Suppose now that a sequence (/3,-u) of vectors perpendicular to epi V at
corresponding points (ai, vi) is given, where (fli,-ui)(O, 0), (ai, vi)-(O, V(0)), and
the limit of (fl,-u)/](i,-u)] exists and equals (say) (/30, Uo). Since Npi v(0, V(0))
is precisely the closed convex cone generated by such limit vectors, we need only prove
(flo, -Uo) N1 [.J N2. This is a consequence of the following lemma.

LEMMA 3.7. Let , -Uo) be the unit vector introduced above. Then there is a solution
x:[0, T] - R" to P(0), an arc (p, q), and a vector R R" x R R" such that

(a) (-/i(t), -t)(t), 2(t))6OW(x(t), 0, p(t)).a.e, on [0, r],
(b) there is a constant h such that ?((x(t), O, p(t))-h on [0, T].
(C) (7, , T], T]I Of( T, x(O), x(r), 0),
(d) (h, p(O), -p(T), -q(r)) Uo + Ns( T, x(O), x(r), 0),
(e) q(0) -flo.
Proof For all sufficiently large, Lemma 3.6 applies to the perpendicular vectors

(/3i,-ui) to provide solutions xi" [0, T]-->R" (with T=> To>0) for P(ai) with corre-
sponding quantities )ti, (hi, pi, qi), and ’i satisfying Lemma 3.6(a)-(e)" note that

f( T, x,(0), Xi( Ti) oli) V(oli) v --’-> V(O).

Observe that A # 0 for all sufficiently large. For if this were false, then there
would be a subsequence with Ai =0 for all (we do not relabel). Then condition (d)
implies q(0)= 0 for all and the nontriviality condition forces pi(0) 0 for all i. We
may therefore scale the arcs (hi, Pi, q) by Ipi(0)l -" the result is a sequence of arcs
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(hi, Pi, qi): [0, T] -* R x R" x R" such that

(-ti( t), -dli( t), i( t)) O(xi( t), ai, pi( t)) a.e. on [0, T],

Yg(xi(t), ai, p,(t)) h, on [0, T],

(hi, pi(0),-pi(T),-qi(T)) Ns(T,x,(O),xi(T), ai), and

Ip,(0)l- 1 while q,(0)=0.

For these arcs, {(pi(0), qi(0), xi(0))} is a bounded set (by (h4)). Since9 is a multifunc-
tion satisfying the hypotheses of Proposition 1.2, a subsequence (which we do not
relabel) of {(Pi, qi, xi)} converges uniformly to an arc (p, q, x) on some interval [0, T]
T->- To) such that x is admissible for P(0) and (-p, -, 2) e O(x, O, p) a.e. on [0, T].

Thus the sequence hi also converges to some constant h such that f(x(t), 0, p(t)) h
on [0, T]. The note above implies that f(T, x(0), x(T), 0)<= V(0), so that x actually
solves problem P(0): the problem with this is that hypothesis (H8) allows us to take
the limit of the transversality condition above and deduce that

(h, p(O), -p(T), q(T)) Ns( T, x(O), x(T), 0).

This contradicts the nondegeneracy of problem P(a), since Ip(0)l 1 while q(0)=0
and h 0. So we must indeed have hi 1 for all sufficiently large.

Likewise, the sequence {pi(0)} must be bounded. Otherwise, there would be a
subsequence along which Ip,(0)l-/ (we do not relabel). Scaling the arcs
by the factor [p,(0)l- gives a sequence of solutions and "multipliers" obeying

(-/i,(t), -t)i(t), 2i(t)) OYg(x(t), ai, pi(t)) a.e. on [0, T],

Y((x,(t), a,, p,(t)) h, on [0, T],

-Aui 1
and qi(0)=l(fll _u,) ip,(0)l-0.

Passing to a uniformly convergent subsequence of {(Pi, qi, xi)} by Proposition 1.2 leads
once again to a solution x: [0, T] - R" for problem P(0) and an arc (p, q) with Ip(0)l 1
but q(0) 0. The limit of the transversality condition above shows that (H9) is violated.
Thus {pi(0)} is bounded.

Therefore the sequence {(p(0), q(0), x(0))} is bounded as it stands, and Ai 1
for all sufficiently large i. A final application of Proposition 1.2 yields a subsequence
of {(p, q, xi)} which converges uniformly to a solution x for problem P(0), and the
adjoint arc (p, q) described in the conclusions ofthe lemma. (This last limiting argument
depends upon the fact that since f is locally Lipschitz, the multifunction Of is upper
semicontinuous, hence closed. See [4, Prop. 2.1.5].)

Lemma 3.7 allows us to prove that (/3o,-Uo) lies in N1 (.J N2. Suppose first that
Uo0. Upon scaling the arc (h, p, q) by 1/Uo in conclusions (a)-(e) and renaming the
resulting adjoint arcs as (h, p, q), we obtain a multiplier of index 1 for the solution
x(. ), with -q(p)= o/Uo. But by construction,

Uo(-o, -1)=(/30,-Uo)a Nepi v(0 V(0)),
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so -q(0)=/3o/Uo lies in 0 V(0). In other words,

-2 Q[M’( Y)] VI O V(O),
1,lo

i.e. (/30, -Uo) N,.
Second, assume Uo 0. Then (h, p, q) is an adjoint arc associated with an index

0 multiplier for the solution x(. ), and -q(0) =/30. Since (/3o, 0) lies in Nepi v(0, V(0))
by construction, we also have /3o0V(0). Hence oQ[M(Y)]f’IV(O) and
(o, 0) N2.

We have finally established that Nep v(0, V(0)) co(N _J N2). Since the reverse
inclusion is obvious, equality holds. Only one technical verification remains in the
proof of Theorem 3.3.

LEMMA 3.8. The set Q[M(Y)]f-IOV(O) contains the recession cone of the set
Q[M’( Y)] f-IO V(O).

Proof. Recall that the recession cone of a set C in R is the cone

0+C :=/limti- iyi’yieC,

Since OV(O) automatically contains 0/ 0V(0), it suffices to prove that Q[M(Y)]
contains O/Q[MI(y)]. Any element q of the latter set must be obtained as q=
limi_,- 8iqi(0) for a sequence of solutions xi: [0, T] R for P(0) with corresponding
multipliers (Pi, % ’i) of index 1 and a sequence of scalars 8i$0. When we replace
(Sihi, 8iPi, 8iqi) by (hi, Pi, qi) in conditions (a)-(d) defining a multiplier, the Hamiltonian
inclusion is unchanged and the transversality condition takes the form

(hi, pi(O), -Pi( Ti), -qi( Ti)) hSii + Ns( T, xi(O), xi( Ti), 0).

Under this scaling, we have q=limi_-qi(0). In particular, {qi(0)} is a bounded
sequence. Now the sequence {xi(0)} is bounded by (H4), and the sequence {pi(0)} is
bounded by an argument identical to that of Lemma 3.7. Hence the arcs
have a uniformly convergent subsequence by Proposition 1.2. Since 8i $ 0, the limit of
this subsequence is an arc (p, q, x) on some interval [0, T] for which x solves P(0)
and (p, q) is an adjoint pair satisfying the limiting transversality condition

(h, p(O), -p( T), -q( T)) e Ns( T, x(O), x(T), 0).

Moreover, one has q=limi_-qi(O)=-q(O). That is, q lies in Q[M(Y)] as
required, l-I

The proof of Theorem 3.3 is complete.

4. Example: sensitivity to discount rate. In this section we apply Theorem 3.3 to
a well-known optimal control problem. The discussion illustrates the theorem’s utility
and also demonstrates how it can be applied to many nonautonomous, fixed-time
problems by introducing auxiliary state variables.

The model. Consider a factory whose productive capacity at time is x(t). At
each instant, a certain fraction u (t) of the factory’s output may be reinvested to increase
its capacity for production: the capacity then grows according to the law 2(t) u( t)x(t).
The remaining output is to be sold at a fixed price: hence the total profits over the
preassigned time interval [0, r] amount to (1- u(t))x(t) dt. The manager’s objective
is to maximize his company’s profit over the time period [0, z] by judicious choice of
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the fraction u(t) in [0, 1]. It can be posed as follows:

rain (u(t)-l)x(t)dt’2(t)=u(t)x(t)a.e. on[O,r],

0 < u(t) < 1 on [0, r], x(0) c > 0]
To keep the problem interesting, we assume the given stopping time exceeds 1.

We will use Theorem 3.3 to investigate the marginal loss of revenue incurred when
a discount rate a > 0 forces the inclusion of the factor e-’ in the objective integrand.
This loss is measured by the function

V(a) := min e-(u(t)-l)x(t) dt’2(t)=u(t)x(t)a.e, on[O, r],

0 --<_ u(t) _--< 1, x(0) c > 0},
which measures the negative of the factory’s profit under the optimal reinvestment
policy.

Sensitivity analysis. The control problem defining V(a) can be solved directly by
the Maximum Principle. After some calculation, one can define a switching time

rs r+ 1/a log (1-a) and discover the optimal strategy u(t)= lto,sl(t). The value of
the optimal policy comes to V(a)=-c(1-a)1-)/ e1-). L’Hospital’s rule gives
V(0) -c e"-1 and V’(0)= c(r-1/2) e.-.

To calculate 0 V(0) using Theorem 3.3, we must express V as the value function
of a differential inclusion problem. This can be done by introducing new states Xo
(which measures the time) and xl (which accumulates the objective integral) so that
the state space is X [-1, + 1] x R2

_
R3, and defining

F(xo, x,, x, a):= {(1, e-*’o(1 v)x, vx) v [0, 1]},

f( T, Xo, Xl, x, Yo, Yl, Y, a):= -y,

s := {t x {(0, 0, c)} x R x R.

Then clearly

V(a) min {f( T, Xo(0), x(0), x(0), Xo(T), x(T), x(T), a):

(o, 1, ) F(xo, Xl, x, a) a.e. on [0, T],

T, Xo(0), Xl(0), x(0), Xo(T), Xl(T), x(T), a) S}.

Hypotheses (H1)-(H8) are evidently satisfied by these data, and (H9) will be verified
shortly. The Hamiltonian for this perturbed problem is

(Xo, x, x, a, Po, Pl, P) max {((Po, P, P), (1, e-’o(1 -v)x, vx))" 0<= v <= 1}

Po+ max {px, plx e-Xo}.

At any base point sS, Ns(s)=RR3{(O,O,O)}{O}; also gf(r)
(0, 0, 0, 0, 0, -1, 0, 0) for all r.

The formula for 9 V(0) given by Theorem 3.3 involves only multipliers correspond-
ing to solutions of P(0)--the easy problem in which a 0. Suppose, therefore, that
(Xo, X1, X)" [0, "/’]"- R is an admissible arc for P(0) with a corresponding index A
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multiplier (Po, Pl, P, q, ’). Then the transversality condition

(h, po(0), pl(0), p(0), -Po(7.),-Pl(7.),-P(7.),-q(r))

cA(0, 0, 0, 0, 0,-1, 0, 0)RR3{(0, 0, 0)} {0}

implies that pl(7.)=A while po(7.)=p(7.)=q(7.)=O. Since has no Xl-dependence,
the Hamiltonian inclusion implies that J[Jl "-0 a.e. on [0, 7.], whence Pl on [0, 7"].
Thus the Hamiltonian inclusion becomes

0, A, -AXoX, 1, x, 0) if p < A,
(-Po, -P,, -P, -4, o, ,, ) (0, O, p, O, 1, O, x) ifp > h,

(convex hull of these ifp h.

Hence po(t) =-- Po(7") =0.
Note that A 0 implies 0 so q 0; also, Pl =- A 0. By Gronwall’s inequality,

p 0 when A 0. Thus X 0 implies (Po, Pl, P) -= 0 for any arc x: in particular, (H9)
holds and Q[M( Y)] {0}.

Now that (H1)-(H9) are verified, Theorem 3.3 applies. Corollary 2 asserts that
any solution for P(0) has an index A multiplier with A + Iq(0)l > 0. We have just seen
that this condition must fail if A 0, so any multiplier corresponding to a solution
must have A 1. Then p(7")=0< A implies that p =-1 on (r-1, 7.] and p =-p on
[0, 7.-1). Consequently x on [0, 7"-1) and =0 on (7"-1, 7"], while 1 =0 on
[0, r- 1) and x(7.) on (7"- 1, 7"]. We also obtain 0 0 on [0, 7"- 1) and 0 tx(t)
on (7"-1, 7"]. Integrating these equations gives the unique multiplier of index 1 for
problem P(O):

p(t)
on [0, 7"- 1),
on 7"- 1, 7"],

C(21-- 7") e-1 on [0, 7"- 1),
q(t) [1/2c e-’(t2- 7"2) on 7"- 1, 7"].

Thus multiplier corresponds to an arc (Xo, Xl, x) which must be the unique solution
to P(0), where Xo(t)= and

{ on[0, 7"- 1),
XI(/) r-1e (t-7"+l) on [7"-1,

c e on [0, 7"- 1),
x(t)= ce_ on[7"-1,7"].

Hence V(0) -x(7") -c e-1 and Q[MI( Y)] {-q(0)} {c(7"-1/2) e-l}. Theorem 3.3
asserts that ,9 V(O)= {c(r-1/2) e-}, as expected.

5. The minimal time function.
The problem. The standard minimum time problem in optimal control theory

requires that the state of a given dynamical system be steered to its nominal value, say
0, from some given initial state a # 0 in the least possible time. Of course, different
initial values a generally require different control strategies and take different times
to reach the origin. In a differential inclusion formulation, this variation defines a
function T:R" R {+} via

T(a) := min {T:c(t)F(x(t)) a.e. on[0, T], x(O) a, x( T) O}.

T(a) assumes the value + if[ there is no possibility of steering a to 0. Thus the very
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finiteness of T is related to controllability properties of the system, a fact which we
shall exploit presently. The other issues we shall discuss are the differential properties
of T (or equivalently, the sensitivity of the problem with respect to the initial state),
and the behaviour of T at the origin.

The function T has received attention especially in the linear case [1], [8], [9],
[16], [17], in which F(x) is of the form Ax+ BU for an n x n matrix A, an n x rn
matrix B, and a compact convex subset U of R (i.e., the case of a standard linear
control system Ax + Bu, u e U). We shall recover in this section many of the results
for the linear problem, but more importantly we shall develop a methodology for the
much more complex nonlinear case. (See [3], [11], [18], [19], [21] for somewhat related
results in a nonlinear setting.) An important issue here is the continuity of T at the
origin. It is possible for T to be finite everywhere and yet not go to zero as a approaches
zero.

An example of this situation can be based upon the vector field :R2- R2 defined
by q(x, y)= (O(y), 0), where

O(y) := max {0, min (1, 2-y)};

the nature of p is indicated in Fig. 1. We define a multifunction consistent with our
hypotheses via

F(x, y):= y)+(u,

2

FIG.
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We can think of , as the current in a river, and of (u, v) as the natural velocity of a
boat; thus F(x, y) is the set of possible resultant velocities depending on the steering
angle. It is easy to see that starting from points (0,-r) (for r> 0) the origin can be
reached in time r, whereas, for some positive m, it is the case that from points (e,-r),
for any e > 0, it will require time in excess of r/ m to reach the origin. Thus T is
discontinuous at 0 despite being finite everywhere. (Note also that 0 F(0)" this
hypothesis figures in some of the results below.)

The generalized gradient ofT. Let us fix ao R"\{0 with the property that T(ao)<
+c. We posit the usual hypotheses (H1)-(H3) regarding F; these simplify somewhat
because now F does not depend on a. Upon fixing any M :> T(ao), we may define

S:={(m, ao+a,O,a)" m[O,M],aB}

and in doing so recognize that the minimal time problem is a special case of P(0) for
(H4)-(H6) are satisfied. The problem defining T(ao) (namely, P(0)) admits a solution
by Proposition 1.3; we adopt the hypothesis that all solutions lie in the interior of X,
which gives (H7) (and implies that 0int X necessarily). It turns out that (HS) is
automatically satisfied for this problem, since Ns(s) is given by ((0, fl, v,-fl): v
R", fl R") for any s in rel int S.

Let us now examine multipliers corresponding to a trajectory x: [0, T]-> R obey-
ing x(0) ao, x(T) 0. A multiplier of index A corresponding to x consists of a triple
(p, q, sr) obeying

(a) t(t) 0 and (-(t), (t)) cH(x(t), p(t)) a.e. on [0, T], where H(x, p):--
sup {(p, v): v e F(x)};

(b) H(x(t), p(t))= h on [0, T], for some constant h;
(c) " e ((1, 0, 0, 0)} Of( T, Co, 0, 0);
(d) (h,p(O), -p(T), -q( T)) e ;t (1, 0, 0, 0) + {(0, /, v,-/):/ eR",

Condition (d) implies h A and q(T)= p(0), so we have q-= p(0) by (a). Moreover,
q =0 implies p(0)=0, whence p--0 by Gronwall’s inequality: thus (Hg) holds.

We have now shown that an element ofM (x), a multiplier of index A correspond-
ing to x, is in essence an arc p satisfying

(1) (-O(t), (t)) OH(x, p), a.e. on [0, T],

(2) H(x(t), p(t))= A on [0, T].

Since we have verified all the hypotheses, we may deduce from Theorem 3.3 the
following result.

THEOREM 5.1. One has

0 T(ao) c- { Q[MI( Y)] fq 0 T(ao) + Q[M( Y)] (q OT(ao)},

where Y is the set of solutions to the minimal time problem beginning at ao, and where
Q[M’ (Y) signifies the set

U {-p(0)" the arc (x, p) satisfies (1) and (2)}.
xY

If Q[M( Y)] is pointed, the closure operation is unnecessary and one also has

OT(ao) co Q[M( Y)] VI OT(ao)}.

Normality. As in the case of Theorem 3.3, a variety of consequences can be drawn
from these formulas. We shall limit ourselves here to those bearing upon the Lipschitz
character of T. An arc x admissible for P(ao) is temed normal if whenever conditions
(1) and (2) hold with A =0, then p-=0; i.e. if the only multiplier of index 0 for x is
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the trivial one. The problem P(ao) itself is termed normal if every solution x in Y is
normal; i.e., if Q[M(Y)]= {0}. Theorem 5.1 then yields the following.

COROLLARY 1. If P(ao) is normal, then T is Lipschitz near ao, and 0 T(ao) is a

compact convex set obeying

ext {OT(ao)}_ Q[M(Y)].

(In the terminology of [4], [5], this implies that "normal problems are calm.")
DEFINITION 5.2. The abnormal set S is the set of all points x(r) where, for some

z> 0, there exists an arc (x, p):[0, z] Rnx R with p not identically zero, such that
(i) x(0) 0, x(t) int X;
(ii) (-t(t), (t)) -OH(x(t), p(t)) a.e. on [0, r];
(iii) H(x(t), p(t)) 0 on [0,
By convention, we shall also allow r =0 above, so that S always contains the

origin. Observe that after time reversal, $ is the set of states reachable from the origin
via abnormal F-trajectories (condition (ii) implies (t)-F(x(t)) a.e.).

COROLLARY 2. If the point ao of Theorem 5.1 lies in the complement of S, then T
is Lipschitz near ao.

Proof. The problem P(ao) is normal, for if x on [0, T] were any abnormal solution
to P(ao) and p its associated multiplier, then the arc ((t),/(t)) := (x(T-t), p(T-t))
would satisfy the conditions of Definition 5.2, contradicting ao S. The result follows
from Corollary 1.

The set S thus provides an estimate of the initial conditions for which T is badly
behaved (i.e., non-Lipschitz). We shall be able to study the "smallness" of S following
a discussion of the behaviour of T at the origin.

Behaviour at the origin. We shall henceforth assume that 0 F(0). This implies
that the zero arc is an F-trajectory.

DEFINITION 5.3. We shall say the origin is normal if for all positive T sufficiently
small, the zero arc on [0, T] is normal.

To paraphrase, the origin is normal if for T small enough, it is not possible to
find a nontrivial arc p satifying on [0, T] the conditions

(3) (-[( t), O) OH(O, p( t)) a.e.,

(4) H(O,p(t))=O.

(By reversing time, it is equivalent to consider (p, 0) 0H(0, p) in (3).) We recall [4]
that a locally Lipschitz function p is called regular at u provided that for all v the
usual one-sided directional derivative p’(u; v) exists and coincides with the generalized
directional derivative (u; v). Among others, smooth and convex functions are regular.
It follows from [4, Thm. 2.8.2] that H is regular when F admits a smooth classical
relaxed representation.

The following result asserts that by and large the abnormal set will be nontrivial
unless 0 lies in the interior of F(0).

PROPOSITION 5.4. If 0 int F(0), then S {0} and the origin is normal; moreover,
T is Lipschitz on a neighbourhood of O. Conversely, when the origin is normal and H is
regular on {0} x R", then S- {0} implies O int F(0).

Proof. Suppose that 0intF(0). Then H(0, p(0))-0 implies p(0)=0, so that
(since [/[ _-< Kip[) any arc (x, p) satisfying (i)-(iii) of Definition 5.2 has p identically
zero. Thus S {0} and the origin is normal.

To verify that T is Lipschitz near 0, observe that the Lipschitz character of F
implies that there exists 8 > 0 for which 15B

_
F(a) for all a in 8B. Hence there is a
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constant M>0 such that for all a in 6B, H(a,p(O))= 1 implies [-p(0)l_-<M. By
Theorem 5.1, OT(a)_ MB for all nonzero a in 6B. We will see below (Thm. 5.6) that
T is continuous at 0. This allows us to verify that T is Lipschitz of rank M+ 1
throughout 3B.

For the converse, suppose that 0 fails to lie in int F(0). We need to show that S
does not reduce to {0}. The normal cone to F(0) contains a nonzero element ’: H(0, ’)
0. Consider the differential inclusion initial-value problem

(-(t),(t))-OH(x(t),p(t)), (x(0), p(0)) (0, ’).

Since OH is compact convex-valued and upper semicontinuous [4], standard existence
results imply the local existence of a solution (x necessarily remains in int X for
near 0.) Then the regularity of H applies [4, Prop. 7.7.1] to yield H(x, p) =.constant
H(0, p(0))--H(0, ’)-0. But the origin is normal, so x(t) 0 for t> 0: this proves
that S contains nonzero points.

The following shows that under certain smoothness hypotheses S can be shown
to consist of a curve through the origin. (It seems that S often coincides with the
"switching curve" of an optimal synthesis of the prolem, but no formal result of that
type is yet known to us.) A function is said to be C1/ if it is differentiable and its
derivative is locally Lipschitz. Zeidan [23, Thm. 3] has given conditions assuring that
the Hamiltonian of a control problem be C 1/.

PROPOSITION 5.5. Suppose that H(x, p) is C 1/ on X x (R"\{0}), and that the normal
cone to F(O) at 0 is contained in the line R for some in Rn. Then for some (non-
degenerate) interval [a, b] containing O, S is of the form

{s(t):a<=t<-_b},

where s(0) 0, s is continuous at 0, and s is C in (a, b) except perhaps at O. (We allow
the cases a =-oo and b +oo.)

Proof. Consider (x, p) as in Definition 5.2. (If no such (x, p) exist, then S= {0}
and we simply take s=0.) Since H(0, p(0))=0, we can assume (by scaling p) that
p(0) is either " or -sr. If sr 0 then 0 int F(0), which implies S {0} (Prop. 5.4). So
suppose sr 0, and consider first the possible case p(0)= ’. Then there exists a local
solution to the initial-value problem

(-/(t), :(t)) VH(x(t), p(t)), (x(O), p(o))= (o, ’).

Since the Hamiltonian has the constant value H(0, sr) =0 along such a solution, the
curve x(t) traces out points of S until it leaves X (if ever). In a similar fashion, the
case p(0)--" may produce another branch of S. The required representation of S
now follows readily. [3

We now see that normality of the origin rules out the type of behaviour exhibited
by the example illustrated by Fig. 1.

THEOREM 5.6. If the origin is normal, then T is finite in a neighbourhood of O, and
continuous at O.

Proof. We shall define a new family of problems P(a) of the type discussed in
3, one for which x belongs to Rn/l. We shall use the notation (y, z) to express x as

a point in R"x R. The data of problem (P) are:

f( T, Xo, XT): ZT + T- b):Z, where XT (YT, ZT) and b is a given positive
number chosen so small that the zero is normal on [0, hi;

’(x) := F(y) {ly]} ) =X xR,

S:= {(T, a, 0, 0,/3, a)eRxR"+’ xR"+’ xR"" 1/2b <= T<=2b, I1 1, any fl}.
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(The reader may find it helpful to view the problem P(a) in an equvalent form: to
minimize (b-T)2+J ly(t)l dt over the trajectories y for F on an interval [0, T]
satisfying y(0) a, y(T) 0.) It is evident that the unique solution to P(0) is x 0 on
[0, b].

We now claim that this arc is normal. We calculate (for p (r, s) in Rn R)

H(x, a, p)= H(y, r)+ slyl.

A multiplier of index 0 corresponding to the zero arc on [0, b] therefore consists of
an arc (r, s, q) satisfying on [0, b] the conditions"

(-f’(t),O)OH(O,r(t))+sBx{O}, g(t)=0, t(t)=0 a.e.,

H(O,r(t))=h, (h, r(O), s(O),-r(b),-s(b),-q(b)) Ns(b, x(O), x(b), 0).

The last of these conditions gives h=0, r(O)=q(b), s(b)=0. It follows that s is
identically zero, so that r satisfies on [0, b]

(-i’( t), O) OH(O, r) a.e., H(0, r(t)) 0.

Since the origin is normal, our choice of b implies that r is zero on [0, b]. Then
q(b)= r(0) =0, which together with =0 a.e. implies that q is 0 too. Hence (r, s, q)
is zero, which confirms that the only multiplier of index 0 is the trivial one, as stated.
(This incidentally implies hypothesis (H9) of 3; the other hypotheses are readily
confirmed.) We now apply Corollary 1 ofTheorem 3.3 to deduce that the value function
V(a) corresponding to the above problem is finite and Lipschitz near 0. For some
6 > 0, this certainly implies the existence, for all la[ -< 6, of an admissible trajectory y
for F on an interval [0, z] satisfying ’<=2b, y(O)= a, y(z)=0, whence we deduce
T(a)<=2b. (Of course, 6 depends on b.) Given e>0, choose any b in (0, e/2), and
let the above conclusions hold for that b, for all I1--< . Then lal < 6 implies T(a) <- 2b <
e and we have shown that T is continuous at 0. lq

Remark. A simple example in which the origin is normal yet for which T is not
Lipschitz at 0 (albeit continuous) is the well-known instance of the linear case F(x)=
Ax + BU in which

A=(00 10) B=(01) U=[-1,1].

The origin is normal by Corollary 2 below; calculation shows

T(x, y)=
-y+[2y2-4x]/2 if2x_--<

y + [2y2 + 4x]/2 if 2x_>-

This function fails to be Lipschitz along

S {(x, y)" 2x + YlYl 0},

the abnormal set and also the switching curve for the optimal synthesis.
Controllability. We now proceed to explore some controllability implications of

Theorem 5,6. The proof showed that T is finite near 0, whence:
COROLLARY 1. If the origin is normal, then there is a neighbourhood of 0 all of

whose points can be steered to 0 in finite time.
We now show that Corollary 1 can be viewed as an extension of the well-known

result in linear control theory (see for example 12]) that gives a criterion for controlla-
bility in terms of the rank of the controllability matrix

C=[B AB AZB A"-B].
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Suppose that F(x) is of the form (x)+ BU, where q: R"R is C 1, (0) =0, B is
n x m, and U is a compact convex subset of R" containing 0 in its interior. Construct
the n mn matrix C as indicated above, where A Do(0).

COROLLARY 2. The controllability matrix C has full rank (i.e., n) if and only if the
origin is normal When this is the case, all points in a neighbourhood of 0 can be steered
to 0 in finite time, and T is continuous at O.

Proof. The origin fails to be normal if and only if there is a nonvanishing arc p
defined on some interval [0, T] and obeying

(-/J(t), 0) 0H(0, p(t)) a.e., H(O,p(t))=O.

Since H(x, p) is given by (o(x), p)+max {(p, Bu): u U} in this setting, these condi-
tions are equivalent to

-lJ( t) A*p( t) a.e., B*p( t) =-- O.

Defining Po p(0), we find that the origin fails to be normal if and only if there is a
nonzero vector Po such that for some T> 0,

(5) B* e-A*tpoO on[0, T].

Now if the origin is not normal, then alternately setting 0 and computing d/dt
in (5) shows that p*oC =0, i.e. rank (C)< n. Conversely, if rank (C)< n then there
exists a nonzero vector Po such that p*oC =0. This implies (5) via the Cayley-Hamilton
theorem.

Normality of the origin has been seen to be a useful property of a system; it is
one that can often be confirmed on an ad hoc basis in specific cases. We now give an
example of a criterion applicable to fully nonlinear systems. We suppose that F(x)
has a classic representation 0(x, U), where Dx(x, u)exists, and Dxo are continuous
in (x, u), and U is compact.

COROLLARY 3. Suppose that the normal cone to F(O) at 0 is contained in the line
Rfor some ;, that 0 is an extreme point of F(O), and that a unique U exists such
that o(O, ) O. Then, if is not an eigenvectorfor D*(O, ), the origin is normal. Thus
T isfinite near 0 and continuous at O. If in addition H is C 1/ forp O, then T is Lipschitz
near 0 except perhaps on a curve through the origin.

Proof. If the origin is not normal, then there exists on some interval [0, T] a
nonvanishing arc p satisfying

(-6(t), O) OH(O, p(t)) a.e., n(0, p(t)) 0.

Here we have H(x, p)= max {(p, p(x, u)): u U}, and by [4, Thm. 2.8.2] we deduce
the existence of n + 1 points u in U such that

n+l

0= y ,(0, u,),
i=1

n+l

-(t) Y X,O*,(O, u)p(t),
i=1

(p(t), o(0, u,))= H(0, p(t)) 0 for each i,

where the Ai are nonnegative and sum to 1. Since each 0(0, ui) belongs to F(0) and
0 is an extreme point, each o(0, ui) equals 0, whence each u equals a. The condition
H(0, p(t)) 0 implies that p(t) belongs to Ninon(0) for each t, whence p(t) a(t)r
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for some nonvanishing scalar function at. These conclusions lead to

at(t)A*sr -&(t)r,

which contradicts the hypothesis that " is not an eigenvector for A*. The final assertion
follows from Proposition 5.5. l-q

When F is globally defined (i.e., X R"), we can combine Lyapunov stability
and controllability near 0 in the usual way (see for example [12]) to obtain a global
conclusion as follows.

COROLLARY 4. Let there be a locally Lipschitz selection f(x) for F(x) such that
f(x) VL(x) < 0 for x O, where L: R R is differentiable for x 0 and the level sets
{x" L(x) <- at } are compactfor each at. Suppose in addition that the origin is normal. Then
any point R can be steered to the origin in finite time.
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STRONG CONTROLLABILITY OF NONLINEAR SYSTEMS*

RONALD M. HIRSCHORN"

Abstract. The shape of the reachable set for an affine control system is studied by introducing trace
vector fields, freely-controlled and semi-controlled vector fields. Properties of these classes of vector fields
are established and they are related to the structure of the reachable set of states at time t. A method for
generating semi-controlled vector fields from a trace vector fields and a freely-controlled vector field is
presented.
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1. Introduction. The purpose of this paper is to study the shape of the reachable
set for system models of the form

(1.1) d"-(t)=A(x(t))+ u,(t)B,(x(t)), x(O)=xoM
i=l

where M is a real analytic manifold, A, B1," , Bm are real analytic vector fields and
the controls ui are piecewise constant functions from R/=[0, ) into R (-o, c).
A state Xl is said to be reachable from Xo at time tl if for some choice of controls there
is a solution xu(t) to (1.1) with xu(0)= Xo and x,(tl)= Xl. Let t(Xo) denote the set
of states reachable from Xo at time t, and set (Xo) IJ t_>_o t(Xo). In order to investigate
the shape of the reachable set (Xo), we introduce the idea of a trace vector field X,
a vector field with the property that Xt(x) (x)lx M and /t > 0 where X,(x) is
defined, i.e., the integral curve for X at time is in the closure of reachable set at time
t. The set ff of trace vector fields of the system (1.1) yields information about the
shape of the reachable set. The standard linear controllability results asserts that for
the system := Ax+ Bua vector field X belongs to ff iff X(x)--Ax+ d(x) where
d(x)range[B[aB[...ia"-IB]. It follows that t(Xo) includes e’AXo/
range[BiAB[...!A’-IB].

For the system (1.1) it is clear that the "drift term" A belongs to if, and the
"controlled" vector fields Bi have the property that A/ ctBi belongs to - for all real
a (i.e., set ui--ai and uj-= 0 for j i). The purpose of this paper is to describe a
method for generating more vector fields in ff by finding more "controlled" vector
fields. A vector field X is said to be a freely-controlled vector field for the system (1.1)
if A + ceX belongs to ff for all real a and semi-controlled if A / aX belongs to - for
all c>_-0. Thus in the linear case X is freely-controlled iff X(x)
range [BIAB[... [A"-B] for all x in M g", and every semi-controlled vector field
is also freely controlled. In the nonlinear case there are often semi-controlled vector
fields which are not freely-controlled. The problem of finding the reachable set for
nonlinear systems has been studied by a number of authors (cf. Brockett 1], Hirschorn
[5], Kunita [8], Sussmann and Jurdjevic [12], Jurdjevic and Kupka [9]). The work of
Kunita [8] provided the motivation for this paper.

In 2 some of the basic properties of semi and freely-controlled vector fields and
their connections with the reachable set are presented. In 3 a technique is described
for generating semi-controlled vector fields from a freely-controlled vector field and a
trace vector field.

* Received by the editors February 21, 1984, and in final revised form January 14, 1985.
f Department of Mathematics and Statistics, Queen’s University, Kingston, Ontario, Canada K7L 3N6.
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2. Controlled vector fields and controllability. Let V(M) denote the set of all
real-analytic vector fields on M and C’(M) the ring of real analytic functions on M.
We regard V(M) as a Lie algebra over R with the Lie bracket IX, Y] XY- YX and
let adx denote the linear operator on V(M) defined by adxY IX, Y]. If X is a vector
field on M and x M, then t--> Xt(x) denotes the integral curve of X through x, i.e.,
Xo(x) x and (d/dt)Xt(x)= X(Xt(x)). If Xt(x) is defined for all in R and for all
x M, then X is said to be complete. If D is a subset of V(M) then {D}LA will denote
the smallest Lie subalgebra of V(M) containing D and D(x) is the subset {X(x)]X D}
of the tangent space of M at x.

The system (1.1) gives rise to the triple of Lie subalgebras (, o, ) where
{B1," , B,,}LA, {A, BI,. , Bm}A and o is the smallest ideal in which

contains . In 12] Sussmann and Jurdjevic relate some of basic qualitative properties
of the reachable set to these Lie algebras. Let 9 be a Lie subalgebra of V(M). Then
x-> 9(x) defines an involutive distribution on M and 1(9, x) will denote the unique
maximal connected integral manifold for this distribution containing x. The existence
of 1(9, x) is a consequence of a global version of Frobenius’ theorem (cf. [11]).
Sussmann and Jurdjevic [12] showed that the reachable set (x) is contained in
I(&, x) and, with respect to the topology of I(, x), (x) is contained in the closure
of its interior. Also t(x) is contained in I(o, At(x)) and t(x) is contained in the
closure of its interior relative to the topology of I(o, At(xo)). This means that the
closure of the reachable set has basically the same shape as the reachable set. The
system (1.1) will be called controllable if (x) I(, x) for all x M and strongly
controllable if tt(x)= I(o, At(x)) for all x M and for all t> 0. For linear systems
I(o, x)= x +range [B!ABI... !A"-IB], At(x)= etAx, SO that every time-invariant
linear system is strongly-controllable. A few nonlinear systems are known to be
strongly-controllable (cf. [5], [8]) but this is not the usual case. In fact for most systems
little is known about tt(x) beyond the fact that the interior of Ytt(x) is nonempty in
I(o, At(x)).

A more detailed picture of Ytt(x) and Yt(x) is possible. A vector field Y V(M)
is called a trace vector field for the system (1.1) if Yt(x) t(x) for all x M and for
all > 0 such that Y(x) is defined, where t(x) is the closure of t(x) relative to the
topology of I(o, At(x)). A vector field X is semi freely)-controlled if A + aX is a
trace vector field for all a > 0 (a R).

Let denote the collection of all trace vector fields for (1.1), the collection of
freely-controlled vector fields, and / the semi-controlled vector fields for (1.1). One
can obtain, more quantitative information about the reachable set by examining the
triple (if, /, ’). Some of the basic properties of , / and are derived in the
following:

LEMMA 2.1. Consider the system (1.1). Then:
a) A vector field X belongs to +() if and only if At(Xs(x)) is in the closure of

:t(x) for all t>O, s > O(s R) and for all x M.
kb) Iffl,f2," ,fk Co’(M) and X1, ,Xk ; then ,=lfiXi .

c) Iff, ,fk CO’(M) are nonnegative and X,. ,Xk + then Eik:fiXi
+.

kd) If Cl, C2,’’’,Ck are nonnegative real numbers with =1 c=l and if
Y1 Yk then F. ki=1 ciYi c:. ’.

Proof a) Let e, > 0 and let X +. Then (A + aX)t(x) t(x) for all a > 0 so
for a s e one has (A + sX/ e)(x) (x) and At- (A + sX/ e)(x) t(x). Letting
e tend to zero, one has At Xs(x) t(x). Suppose A Xs(x) tt(X) for s, > 0 and
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for all x c M. The Campbell-Baker-Hausdorff formula asserts that if F, G c V(M) then

Ft Gt(x)= Zl(X where Z tl F/ t2G/-- F, G] /.

is a formal power series which converges for tl and t2 in some neighbourhood of 0 in
R2. Thus (At/noXt/n)n(x)=(t/nA+at/nX+t2a/2n2[A,X]+ ")’(x)ct(x)
where n is a positive integer and a > 0. Letting n-oo, one has (A/ aX)t(x)
so that X T+. If X if, then -X if+ and the case where X c follows from the
above.

b) The integral curve for fXi is a reparametrization of the integral curve of Xi,
so using part a) it is clear thatfXi ft. Thus it is enough to check that if X, , Xk
then k= X . For a R the well-known results on bang-bang controls (cf. [7])
assert that the integral curves for A + a(k

i= Xi) can be approximated by compositions
of integral curves for {A+aXli= 1,... k} and it follows that A/a k
hence Ei=l Xi

c) and d) are proved using the same method of proof as is used in part b).
THOgZM 2.2. Consider the system (1.1) with associated triples (, o, ) and

(3, ;+, ). Then"
a) is a Lie subalgebra of V(M) containing .
b) 3-++3
c) -+ D and (x) c +(x) c o(X) for all x M.
Proof. a) ff is a vector space by Lemma 2.1 part b). Let X, Y . To show that

IX, Y] if, one can proceed as follows: For X, X, sl,"-, sc R one can
kuse Lemma 2.1 part a) to see that At-k (A X,) (A X)(x) Yt(x) for all

e > 0. Letting e 0 it follows that At X X, (x) t(x). From Chow’s theorem
(cf. [7]) one can see that for each t>0 and n a positive integer one can express
(IX, Y])t/n(x) as Xr, Y2 X,_, Yr,(X) for some set of real numbers r,,. ., r

)"(x) ,(x),andthus At/,, ([X, Y])t/.(x) Ytt/,,(x). Itfollowsthat (At/,, ([X, Y])t/,,
and letting n- the Campbell-Baker-Hausdorff formula can be used to show that
(A+[X, Y])t(x)t(x). If X is replaced by a multiple aX, one has (A+
a[X, Y])t(x) c t(x) or [X, Y] c .

b) Let X e / and Y e - so that from Lemma 2.1 At X(x)e t(x) for t, s 0
and by definition Y(x)c t(x) for t0. Thus (Ao X)o (Yt_)(x)e t(x) for all
)0 and in the limit as e- 0 one sees that X Yt(x) t(x) for all s )0. In par-

ticular Xt/ Yt/,(x) t(x) for n a positive integer, and using the Campbell-Baker-
Hausdorf formula one sees that (Xt/ Yt/,)"(x)-* (X 4- Y)t(x)e t(x). This means
that X 4- Y e .

c) Clearly 8/ . Fix x c M and X e /. Then At X(x) e t(x) for s 0. Now
t(x) I(o, At(x)) and in [12] it is shown that I(o, At(x))-At(I(o,X)). This
means that At X(x) At(I(o, x)) so that X(x) I(o, x) for all s 0, and thus
X(x) o(X), which completes the proof.

The next results show that a knowledge of" / translates into information on the
structure of the reachable set at time t.

DIION. Let be a subset of V(M) and let 0. An integral curve of on
[0, t] is a continuous mapping a" [0, t] - M such that there exists a partition 0 to
..(t-t and vector fields X1,"’,Xe with the property that on [t_l, t] the

curve a is an integral curve of Xi for 1, 2,. ., k. A point y in M is -reaehable
from x e M if :1 a ) 0 and an integral curve of on [0, t] such that c(0) x and
a(t)- y. By Theorem 2.7 /(x) o(x) for all x c M so that points in M which are
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+’-reachable from x will be contained in I(o, x). Note that I(o, x) is precisely
the set of points in M which are o-reachable from Xo (cf. [14]).

THEOREM 2.3. Consider the system (1.1) with triples (, o, J) and (, gT+, ).
Suppose that Y is a trace vector field and that y is +-reachablefrom x. Then Yt(Y)
is contained in t(X) for all > 0 andfor all x M, where t(x) is the closure oft(x)
relative to the topology of I(o, At(x)).

COROLLARY 1. The system (1.1) is strongly controllable ifand only if+(x) o(X)
for all x M if and only if (x) +(x) o(X) for all x l.

COROLLARY 2. The system (1.1) is strongly controllable if and only if for each
x M:! vectorfields X1," , Xk + whose positive linear span at x is all ofo(X) (i.e.
for each v o(X) :q nonnegative constants Cl Ck such that v =k ciXi(x))i=1

Proof. (Theorem 2.3). Let y be /-reachable from x so that y=
X X2 xkk(X) for some X’+ and s,>0. Then (A Xs,)o...o (A xsk)S2

(X) ke(X) by Lemma 2.1, and if Y 3- than Yt-ke (A Xs) (A xkk)(X)
t(X). Letting e 0, one finds that Yt(Y) t(x), which completes the proof.

Proof. (Corollary 1). Suppose that (1.1) is strongly controllable. Then t(x)=
I(o, At(x))=At(I(o,X)) and if Xo then At Xs(x) tt(x) for s>0. From
Lemma 2.1 X if+ so that +?o From Theorem 2.2 +(x)c o(X) so +(x)
o(X). Suppose o(X)= +(x) for all x M. Then the points in M which are +-
reachable from x will be I(o,X), and Theorem 2.3 implies that for y I(o,X),
At(y) t(x), so t(x) I(o, At(x)) for all > 0 and x M. This implies that t(x)
I(o, At(x)) (cf. [5]).

Proof. (Corollary 2). This result follows from Corollary 1 and part c) of Lemma
2.1.

THEOREM 2.4. Consider the system (1.1) and suppose that the vector field A +.
Then :t(x)= (x) for all > 0 and for all x M. In particular the system is strongly
controllable if and only if it is controllable.

Proof. In [5] it is shown that the closure of t(x) is equal to the closure of the set

{At, Bs, At B(x)’k= l,2, t>O; s’ R; =, ti= t}
and (x) is equal to the closure of

{At, Bs, At B(x)lk 1, 2,. t, > 0; s, R}.

If A + then At As(x) t(x) for all s > 0 so that At+(x) t(x) for all s > 0.
This implies that t(x) (x) for all > 0.

COROLLARY 1. If (1.1) is a right-invariant system on a compact Lie group G (cf.
[13]) and A +, then the system is strongly controllable.

Proof. For systems which are described by right-invariant vector fields and whose
state space is a compact Lie group G it is known that (x)= I(, x) (cf. [13]). If
A + then =o and Theorem 2.4 implies that t(x) I(o, x) I(o, x)
I(o, At, x) so that the system is strongly controllable.

To take advantage of the above results, one needs a way to find vector fields in
o+ for the system (1.1). At this stage one knows that

and that S- {A + /} {A+ }. The next section provides a way of generating more
vector fields in + given a complete vector field X and a vector field Y

3. Construction of controlled vector fields. Suppose that X is a complete vector
field and Y - is a trace vector field. Since X is complete, the map x X(x) is a
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diffeomorphism from M onto itself for each fixed s R. If d (x) Xs (x), then dd is
a linear isomorphism of tangent spaces and x --> (th. Y)(x) db,-,(x Y(d-l(x)) defines
a real analytic vector field on M which will be denoted by dXs Y. Furthermore dXsY 3-
for all s R. To see this, note that t-. X Yt X_(x) is the integral curve for dXsY
through x. If y=X_(x), then y is +-reachable from x (here Xc if+) so
thatY,(X_(x))t(x) by Theorem 2.3. If 0<e<t, then it follows that z=
Yt_(X_s(x)) t_(x), Y(Xs(z)) (z) so that Y X Yt- X_s(x) t(x) for
all e between zero and t. Letting e --> 0, one finds that X y, X_(x) is in the closure
of ,(x) for any > 0 and any s R, and thus dXY 3- for all real s.

The observation that if X ff is complete and Y 3- then dXY 3- for real s
forms the basis for many of the results of Kunita in [8]. In the case where o his
results can be used to show that if, for some positive integer k, one has adkx/l Y Z
then adkx Y /. More generally one knows that, at least locally, ::l some positive
integer k and functions ao, 31,’’ ", ak C’(M) such that

(3.1) adkx+ Y=aoY+aladx Y+’. "+ak adkx Y+Z
where Z o% (i.e., take Z-0 and k n-1 where n =dim M). The case where the
functions a vary with x but are constant along the integral curves of X is considered
later in this section. For now it will be assumed that X and Y are such that ao, , ak
are constants. In this case the least positive integer k for which (3.1) holds with a
constant functions on M and Z is called the controllability index of (X, Y), k(X, Y).
If (3.1) never holds with a constants then we set k(X, Y)= c.

If k(X, Y)< then one can construct from dXY a new family of vector fields
W with the property that W 3- for all real s and span{WlsR} is a finite
dimensional subspace of V(M). Since X, Y are real analytic vector fields one can
expand dX_sY in a Taylor series about s=0. It is well known that dX_Y=
Y=o (s/J !) adx Y for all s in R, where adx is a linear operator on V(M), an infinite
dimensional real vector space. For k- k(X, Y) it is not difficult to verify that

V span { Y, adx Y," ", adc Y}

is a (k / 1)-dimensional subspace of V(M) and that

i+ Y for 1 < i< k,X

k(3.2) T(ad Y)= E a, ad’x Y for/= k
i----0

define a linear operator on V. It follows that exp sT= I+sT+(s/2!)T2/ defines
a linear operator on V for all real s, and

siTi(3.3) W (exp sT)(Y) , (Y)
i=0

defines a vector field which is in V for all real s. To see that W 3-, note that the
kpower series expansions for dX_sY and W have the same coefficients for 1, s,. ., s

as a consequence of (3.2). For dX_Y the coefficient of sk+/(k+ 1)! is

ad:+1 Y= aoY+aladx Y+" "+ak adkx Y+Z
and for W the coefficient of sk/l/(k+ 1)! is

Tk+ (y) ao Y+ 31 adx Y+" "+ ak ad kx Y
by (3.2). These coefficients differ by Z, a freely-controlled vector field in :. Similarly
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the coefficients of sk+2/(k+2)! in the power series expansions for dX_sY and W
differ by (adx Z + akZ), which is also freely controlled, since X, Z and is a Lie
algebra by Theorem 2.2. A simple induction argument shows that the coefficients of
an arbitrary power of s in the series expansions for dX_sY and W differ by a vector
field in . Thus W"= dX_,Y+ Z where Z ;, dX_sY T. By Theorem 2.2 c /
and if++ -c so that W for all real s.

The fact that W - for all real s can be used to construct semi-controlled vector
fields for the system (1.1).

Since W and A , then by Theorem 2.2 it follows that (1- b)A + bW -for all b > 0. It turns out that one can choose s to be a function of b in such a way
that as b approaches 0, the vector field bWs(b) approaches a nonzero vector field W.
This means that A+ W will be in -, and if s(b) is replaced by a positive multiple
as(b), then A+ aW for all a >-0. In other words W is, by definition, a semi-
controlled vector field in /. The method for extracting W from W will now be
explained.

LEMMA 3.1. Suppose that X is a completefreely-controlled vectorfieldfor the system
(1.1) and Y is a trace vector field such that k(X, Y)<. Then for each s in R

k

(3.4) W= Y b adc Y
i=0

is a trace vectorfield for (1.1) and the real numbers b are the entries in the first column
of the matrix exponential esQ(x’Y where Q(X, Y) is the (k+ 1)x(k+ 1) matrix

0 ao
0 a

0 a2

0 1 ak

(3.5) Q(X, Y)=

0 0

1 0

0 1

with k k(X, Y) and ao, al, ", ak defined by (3.1).
Proof. By definition W (exp sT)(Y) V for all sR where V=

span { Y, adx Y," ., ad Y}. Thus/3 { Y, adx Y,. ", adkx Y} is an ordered basis for
V and from the definition of T, equation (3.2), it follows that the matrix representation
for T with respect to/3 is Q(X, Y). Thus, in/3-coordinates, one can represent W by
the (k+ 1) by 1 coordinate matrix W] with entries b (i.e. W ki=0 b ad: Y).
Since W (exp sT)(Y), one has

W] [(exp sT) Y] [exp sT]t3[ Y]3.
Now [Y]o is the transpose of [1, 0,..., 0] and [exp sT]o etr =esQ(x’Y) so that
the coordinate matrix of W with respect to/3 is the first column of the matrix eQ(x" Y).
This completes the proof

The rate at which the terms b from (3.4) grow with respect to s can be studied
by using the Cauchy integral formula to evaluate es(x’Y) (cf. [2]). If hi, h2,’’ ", ha
are the distinct eigenvalues of Q(X, Y) with multiplicities rn, m2," ", ma, then

d j-1
(3.6) eO(x’Y)= E E st eXQjt

j=l 1=0

where

1 dm--!
QJ’t=

l!(mj- l- l)! dz"
--[(z-Aj)’(Iz-Q(X’ Y))-l]z=;b"



270 RONALD M. HIRSCHORN

Let aMAx (aMIN) denote the maximum (minimum) real part of the eigenvalues
A1, AE,"" ", Ad. Relabel these eigenvalues so that among those eigenvalues with real
part aMgx the ones with maximum multiplicity are A,..., Aq. Then among all
eigenvalues of Q(X, Y) with real part aMgx the maximum multiplicity is ml which is
the multiplicity of A, A2," ’’, Aq. The remaining eigenvalues are relabelled so that
among those with real part aMiN the ones with maximum multiplicity are Ap,..., Ad.
Then the sum (3.6) for esQ(X’Y) can be rewritten as

q d

e(x’Y)= E s’’-I eQ)(,,,,-,) + E s’-I eQ)(m-1)+ R(s)
j=l j=p

where R(s) is the matrix formed by the remaining double sums in (3.6). The first two
sums in the above expression can be simplified by noting that A,..., Aq are of the
form Aj aMgx+ ibj and Ap,. ., Ad are of the form Aj aMeN + ibg. Since

esAl eS(aMAx+ibl eSaMAX eSibl
the above sum can be written as

(3.7)

where

eO(x, v) s ",-1 eSaMgxDMAX(S + S"a- esaMINDMN(S + R s

q d

DMAX(S) ’, esibQj(m,_l) and DMIN(S) E eS%Qj(md-1)
j=l j=P

Note that DMax(S), DMN(S) and R(s) are periodic with respect to s with period 27r
because esib=cossb+isinsb. This decomposition results in a corresponding
decomposition for W as a consequence of Lemma 3.1.

LEMMA 3.2. Suppose that X is a complete, freely-controlled vectorfieldfor the system
(1.1) and Y is a trace vectorfield with k(X, Y) <. Then for each real s the trace vector

field W can be decomposed as the sum

(3.8) W sml-1 eSaMgxWMgx’t- S eSaMINWMiN-[ R

where WAX and WhiN are vector fields which are periodic in s with period 27r. The
r-,k(X,Y) c ..n y where thevector fields WMAX, WMN, and R are defined oy Lj=0 ,ux scalars

c] are the first columns of the matrices DMAx(S), DMN(S), and R(s) respectively.
Proof. WS=,k bsad Y by Lemma 3.1 where k-k(X, Y), and b are thei=0

entries in the first column of e<x’Y). Using (3.7) to decompose e<x’Y) results in
(3.8). The next theorem shows that the vector fields WAX and WIN are semi-
controlled.

THEOREM 3.3. Suppose that X is a complete, freely-controlled vector field for the
system (1.1) and Y is a trace vector field with k(X, Y)< o. Consider the trace vector

field W decomposed in (3.8) as the sum

sm- exWAX+ S’’-1 es"’ WIIN+ Rs.
Then,

(i) If aMgx > 0 then WAX e + for all s R.
(ii) If aMiN<O then (--1)"-WiNe+for all seR.
(iii) If aMAX 0 and m > 1 then WAX if+ for all s R.
(iv) If aMN=O and md > 1 then (--1)m+WNe + for all s e R.
Proof. Set k k(X, Y)< oo and suppose aMAX > 0. Let rl," ", rl denote the dis-

tinct real parts of the eigenvalues A,..., Ad of Q(X, Y) in decreasing order, so that
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rl aMgx and rl aMIN. Using (3.8) for W one sees that

sl-mt e(--SaMAX W WVlAX smd--mt eS(aMIN--aMAX WhiN-I- sl--ml e--S’MAxR.

Set a (s) s1-" e-aMAx and set ff’ a (s) W. Since aMIN aMAX < 0 here and WIN
is periodic in s, it follows that

lim sm-’’ estaMIN--aMAX) WMIN 0

and similarly lim_, a(s)R =0. Thus as s tends to infinity, l(x) approaches
WaAx(X) uniformly with respect to x. Also since ’v is a multiple of W by a(s), it
follows that for z>0, the integral curve W(x)= W(,s)(x) for some real analytic
function or(z, s) on R+ x R. Because a (s) 0 as s , the function o-(z, s) 0 uniformly
in z as s-, and because W 3-, W(.)(x) t(,(x). This means that W(x)
(,)(x) and

(3.9) At_(,s) ff’(x) t(x) for or(z, s) < t.

Because W(x) approaches WMAx(X) uniformly in x as s c, the integral curves for
W and WMAX approach one another as s- c. Fix So R and set s, So + 2rn for n
a positive integer. Since WAX is periodic with respect to s with period 27r, it follows
that Wrgx WMAX and lim._. W(X)=(WMAx)(X) for r>0. From (3.9)
A_(,.) W.(x) (x) for a(z, s.)< t, and since lim._ tr(r, s.)=0 it follows that

At lim W.(x) A (WMAX).(X) rt(X

So if+for all x M and for all z > 0. Lemma 2.1 implies that WMax This completes
the proof of part (i).

Assume aMIN < 0. Using (3.8) one sees that

s1-" e-aMW W s"l-" e(MAx-MWax+ s-" e-MW.
Set a(s)=s- e-’M,’ and set W=a(s)W. Here aMhx-ai is positive so
lim_,_oo s"-’n e("-aMWaax 0 and the proof of part (i) can be repeated with
s--o instead of +o. If rna- 1 is odd then for s negative I and W will have the
opposite signs which accounts for the (-1)"+ term in (ii).

Suppose aMax 0 and rn > 0. Since r 0, the numbers r, , rl must be negative
so that s- es(aMIrq-aMx) tends to zero as s- +oo and the proof used in part (i) can
be repeated.

Finally, suppose aMi--0 and rna > 1. Then

lim Sml-md es(aMAx-aMIN) 0

and the proof of part (ii) can be used. This completes the proof.
Remark 1. If M is a Lie group and X 1 and Y 3- are both right (left)-invariant

vector fields on M then k(X, Y)< because {X, Y}A is a finite dimensional Lie
algebra over R.

Remark 2. Suppose X 1 is complete, Y 3-, k(X, Y)= k < c and the eigen-
values of Q(X, Y) are all identically 0 (this is a situation where the results of Kunita
[8] can be used to show that adkx Y and (-1)k adkx Y are semi-controlled). In this
case Theorem 3.3 part (iii) results in WAx=ad: Y+ and part (iv) yields
(-1) k adkx Y if+.
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Remark 3. The assumption that X be complete in this theorem and in Theorem
3.5 cannot be omitted. For example the systems

with x, X2 E R and p u with Yl E (-1, 1),

22 Xl, 2 Yl and Y2 R

have identical algebraic properties. They generate isomorphic Lie algebras but only
the first is strongly controllable. This is because the vector field B(x)= (1, 0) is not
complete when ya is restricted to (-1, 1).

Remark 4. If/ is any posit]ve integer greater than or equal to K(X, Y), then
one could replace^K(X, Y)^ by K and repeat Lemmas 3.1 and 3.2 to generate if,s,
aMAX,^ aMiN^ and WMAX,s WMN.S Then Theorem 3.3 is still true. This means that one
does not need to use the smallest k such that (3.1) holds.

Example 3.4. Consider the system modelled by

2=A(x)+uB(x), xeM

where M=(O,m)xsl={(Xl,X2, X3)eR3[xl>O,x+x=l}, A(x,,x2, x3)=(1, O,O),
and B(xl, x2, x3)= (Xl, x3,-x2). Since A is a trace vector field and B is a complete
freely-controlled vector field one can set X B, Y= A and compute k(X, Y). Here
adx Y(x)=(dA),B(x)-(dB),A(x)=-A(x)=-Y(x). Using (3.1) ao -1, k(X, V)=
0 and Q(X, Y) [ao] [-1] from (3.5). The eigenvalues for Q(X, Y) consist of)tl -1
so d 1, aMAx aMIN--" -1, m 1, and (3.8) becomes W e-SY e-SA (e-s, O, O)
where one can consider WMAX A, =0, RWMN 0 or take WMAXS 0, WMN A,
RS=0. In the latter case Theorem 3.3 part (ii) asserts (--1)2WIN --Ae +. Thus
A+ aA is a trace vector field for all a E[0, ), which means that ((1 + a)A),(x) is in
the closure of ,(x) for all a > 0 or equivalently As(x)e t(x) for all s->_ t. Usually
one knows that A,(x)e ,(x), but in this case even as approaches zero, one can
travel arbitrarily far along the A-integral curve. Geometrically one sees this since the
leaves of the B distribution crowd together as s -oo and for "small t" A,(x) passes
through "many B leaves", see Fig. 1.

B(x9 (x,)

FiG.

Example 3.5. Consider the system (1.1) with A(x)= (XlX2, Xl, eX"x2) and B(x)=
(x, 0, 0) where M= R3. Here the triple of Lie algebras (f, &eo, B) has o infinite-
dimensional, one-dimensional and we know that X B is complete and Y A. In order to use Theorem 3.3 to find new semi-controlled vector fields, the controllabil-
ity index k(X, Y) must be finite. Here adx Y=(x-2xx2, x,x3 eX’), ad: Y=
(-4x32, 0, x eX,), ad: Y= (0, O, x72 ex,) and it is easy to see that there is no positive
constant k such that ad+ Y is a constant linear combination of Y, adx Y, ", adkx Y
so that k(X, Y) . It is true, however, that ad Y(x) x ad Y(x) -4x_X(x). From
Theorem 2.1 Z =-4xX , and if a2(x)= x22 then

ad: Y(x)= a2(x) ad2x Y+ Z
where Z ;. It is true that a2 is not a constant, but Xa2(x)=(daE)xX(x)-O for all
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X M so that a2 is constant along integral curves for X. This case is considered in
Theorem 3.5, and this example will be continued after Theorem 3.5.

Suppose that X is complete, Y ff and for some positive integer k

(3.10) adkx+ Y=aoY+’" "+ak adkx Y+Z
where Z ;, ai C’(M), and (Xai)(x)=(da)xX(x)=O for all xM (i.e. the func-
tions a are constant along the integral curves of the vector field X). The least positive
integer k for which (3.10) holds is called the local controllability index of (X, Y),
k.(X, Y). If (3.10) never holds, then k.(X, Y)=oo. Clearly k.(X, Y)< k(X, Y) and
in Example 3.5 k,(X, Y)= 2 while k(X, Y)=oo.

Following the steps used before, let k k.(X, Y), set V span { Y,..., adkx Y),
and for a fixed y M let Ty be the linear operator on V defined by

TY(ad ix Y) =IakdlY frl-</<k’

[i=’o ai(y) adix Y fori=k

so that (exp sTY)(Y) is a vector field in V. This means that x (exp sTY)(Y)(x) defines
a vector field on M and it follows that x- (exp sT’)(Y)(x) defines a vector field in
V(M) which will be called W. Because Xa =-0 one can repeat the same argument
which was used earlier in this section to show that the W is a trace vector field for

,-,k,(X,Y)all real s. As in Lemma 3.1 W.(x)=i--o b(x) adx Y(x) where b(x) is the first
column of the matrix exponential esx(x’Y) with

(3.11)

0 0 0 ao(xl]
1 0 0 al(x)/Qx(X, Y)= .0 1

0 1 akiX)]
One can get a decomposition for esQx(x’Y) similar to the expression (3.7) for

esQ(x’g) by restricting x to an open dense submanifold of M. Let d(x) denote the
number of distinct eigenvalues of Q(X, Y) and l(x) the number of distinct real parts
of the eigenvalues of Q(X, Y). Define d and to be the maximum values of d(x)
and l(x) respectively as x varies over M and set

M(X, Y) {x Mid(x) d and l(x) l}.

Because the entries in Q,(X, Y) are real analytic in x, it follows that M(X, Y) is an
open dense submanifold of M. For each x M(X, Y) let arAx(X)(aMN(X)) denote
the maximum (minimum) real part of the eigenvalues Al(X),’’’, Ad(X) of Qx(X, Y)
which have multiplicities m(x),..., md(X). Relabel these eigenvalues so that among
those with real part aMAx(X) the ones with maximum multiplicity are Al(x),.’’,
Aq(x)(X) and among those eigenvalues with real part aUN(X) the ones with minimum
multiplicity are Apex),..., Ad(X). While p(x), q(x) and rni(x) may vary with x, it is
straightforward to show that these functions are constant on the connected components
of M(X, Y). Thus the decomposition (3.7) for ex’Y) can be used on the connected
components of M(X, Y). Thus on M(X, Y)

(3.12) esQx(x’Y)= sml(x)-I esaMAx(X)DMAx(S X)+ emd(x)-I eSarIN(X)DMiN(S, X)+ R(s, x)

where Dugx and DMIN are defined as in (3.7) but are x-dependent as Q(X, Y) varies
with x.
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LEMMA 3.4. Suppose that X is a complete, freely-controlled vectorfieldfor the system
(1.1) and Y is a trace vectorfield with k.(X, Y) < oo. Then on the open dense submanifold
M(X, Y) ofM the trace vector field W. can be decomposed as the sum

(3.13) W,(x) SD’II(X)-I e’’’(’) WMAx(X " Smd(x)-I ea’(’) WMIN(X "- gS(x).
The real analytic vector fields WMAX and WMIN are periodic with respect to s with
period 2r, and WMAx(X), WMIN(X) and RS(x) are defined by
j=o cj(x) ad. Y(x) where the scalars c(x) are the first columns of the matrices

DMAx(S, X), DMN(S, X) and R x, s) respectively.
Proof The proof is the same as the proof for Lemma 3.2.
THEOREM 3.5. Suppose that X is a complete, freely-controlled vector field for the

system (1.1) and Y is a trace vector field with k.(X, Y)< o. Consider the trace vector

field W. decomposed as in (3.13) as the sum s’,-x es"MAXWMAX+ Sme-1 esaMNW.MN+
R on M(X, Y), an open dense submanifold of M. Then for the system (1.1) restricted
to M(X, Y)

(i) if asgx > 0 then WSAX + for all s R,
(ii) if asiN<O then (--1)""+IWMN + for all sR,
(iii) if tiSAX -= 0 and ml > 1 then WSAX 6 + for all s R,
(iv) if asiN=--O and md> 1 then (--1)+WsIN + for all s6R.

Proof It suffices to prove the theorem on a connected component Mo of M(X, Y).
Set k-k.(X, Y). To prove (i) the proof of Theorem 3.3 will be modified to take
account of the fact that while m and mcl are constant in Mo the eigenvalues
of Qx(X, Y) vary with x. Fix y M and choose a compact nbhd Uy of y and ey > 0
so that rl(x)= aMAx(X > ey for x Uy and r(x)-r(x)> ey for all x Uy and j=
1,. ., I. Here {ri} are the real parts of{Ai}. Now let Vy^be an open nbhd of y contained
in Uy such that the integral curve of the vector field W, which is defined in the proof
of Theorem 3.3, has the property that for some by > O, W(x) Uy Vx Vy ’qs > 0 and

" [0, by). For x Vy the proof of Theorem 3.3 can be repeated exactly to conclude
that A (WAX)(X) 6 (X) for all x Vy, > 0 and - [0, by). To complete the proof
of part (i) let r>0 and choose an open covering of the curve {(WAx),(X)I0 <- <_-

by sets of the form Uy defined above. Choose a finite subcover. Use the above result
on each Uy in the subcover to conclude A (WAx)(X) (X) for all > 0 (where
the integral curve is defined). This completes the proof of (i). The same modification
works for parts (ii), (iii) and (iv).

Example 3.5 (continued). In this example adax Y(x)=aE(x)ad2x Y+Z where
a(x)=x and Xa(x)=(daE),,X(x)-[O 2x2 0]X(x)=0 so that k.(X, Y)=2. The
characteristic polynomial for Q(X, Y) is A 3_xA so that the distinct eigenvalues are
Al(X) x and A(x) =0 with multiplicities m(x) 1 and mE(X) 2 for x2 # 0. When

x=0 d(x)-I and /(x)=l but when x2#0 l(x)=d(x)-2 so that /=d-2 and
M(X, Y) {(x, x2, xa) Ralx 0}. In this example (3.12) becomes

eQ(X, Y) eX
0 0 0 0 0 0 1 0 0
0 0 O +s 1 0 O+ 0 1 0

1/x 1/x 1 -1/x 0 0 -1/x42 -1/x2 0

and (3.13) becomes

WS,(x) eSXZ WS,MAx(X) + sWS_cc.MIN(X)-] RS(x)

where

WMIN(X) (X -- 4x2- 2x,x2, x, O)
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and RS(x)= (XlX2-4/x2, x1,0). Since aMAx(X)--X>0 on M(X, Y) Theorem 3.5 (i)
implies that WMAX e if+ on M(X, Y). Since aMeN(X) 0 and m:z(x) me(x) 2 > 1
Theorem 3.5 (iv) implies that (--1)"+IWMN=--WMN e ’+. Since +/-Be + one
can use Lemma 2.1 to show

e-xl(-B(x) q- WMAx(X))= (0, O, 12) ,.+"

X X2

Thus on M(X, Y)={(xl,x2, x3)eRIx2O} the vector fields (+/-1,0,0), (0,0, x2),
(0,-1, 0) and positive linear combinations of these vector fields are in :/. This
increases our knowledge of the shape of the reachable set for this system. Without
Theorem 3.5 it is only evident that (+/- 1, 0, 0) are in +.

Acknowledgment. The author wishes to thank the anonymous referee for helpful
suggestions and in particular for Remark 3 following the proof of Theorem 3.3.
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ON LIMIT CYCLES OF FEEDBACK SYSTEMS WHICH
CONTAIN A HYSTERESIS NONLINEARITY*

R. K. MILLERt, A. N. MICHEL, AND G. S. KRENZ"

Abstract. In this paper, we concern ourselves with the stability of limit cycles in feedback systems
which have hysteresis nonlinearities. Although the quasi-static analysis of limit cycles (Loeb criterion)
predicts, in most cases correctly, the stability properties of limit cycles, it is well known that analyses which
are based on the method of describing functions may lead to erroneous conclusions. In this paper, we show
to what extent the describing function method can be given a rigorous mathematical basis. We show that
for a specific example, the main result of this paper predicts correctly the stability of a limit cycle while the
Loeb criterion yields an incorrect result. Also, we show that our analysis explains to a certain extent the
presence of distortions in solutions of the class of feedback systems considered herein.

In arriving at the main result of this paper, use is made of several known facts for functional differential
equations and of a result on integral manifolds.

Key words, functional differential equations, periodic solutions, feedback control systems, describing
functions, Galerkin’s method, hysteresis nonlinearity, delay differential equations, stability, orbital asymptotic
stability, Loeb criterion, quasi-static stability analysis, limit cycles

1. Introduction. The analysis of limit cycle behavior in nonlinear feedback systems
is of great practical importance. Questions which arise in this connection concern the
existence or nonexistence of limit cycles, estimates of amplitude and frequency of limit
cycles, and the stability or instability of limit cycles. The sinusoidal describing function
has been found to be a useful tool for answering questions of this type, particularly
when the feedback system in question is endowed with one nonlinearity.

The purpose ofthe present paper is to show to what extent the method of describing
functions can be given a rigorous mathematical basis. Our analysis here is an extension
of earlier work 1], [30], [31] to the case where the nonlinearity in the feedback system
is allowed to exhibit hysteresis. Hysteresis nonlinearities abound in applications. Some
of the common types of such nonlinearities include iron core inductors, relays, gears
with backlash, and the like. For an extensive discussion ofthe qualitative characteristics
of such nonlinearities, refer, e.g., to the text by Gelb and Van der Velde [2].

It will be seen that the extension of the results in [1], [30], [31] to hysteresis
nonlinearities involves considerable complications in the mathematical analysis. This
is to be expected, since systems with memory are necessarily more complicated than
those which are memoryless. The following example illustrates one such complication.
Consider the feedback system

(1.1) y(6) + 0.58y(5) + ll.6y(4)+4.8648y3)+35.5y"+7.28y’+24.5y+5n(y)=O,

where n(y) is the nonlinearity whose graph is given in Fig. 1. The sinusoidal-input
describing function of this nonlinearity is given by

* Received bythe editors July 19, 1983, and in revised form August 13, 1984. This research was supported
by the National Science Foundation under grant ECS-8100690 and by the Engineering Research Institute,
Iowa State University.

" Mathematics Department, Iowa State University, Ames, Iowa 50011.
Department of Electrical Engineering, University of Notre Dame, Notre Dame, Indiana 46556.

Formerly at the Department of Electrical and Computer Engineering, Iowa State University, Ames, Iowa
50011.
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FIG. 1. Nonlinear element for (1.1).

A routine application of the describing function method [2] yields the prediction of
a stable limit yo(t), which is approximately equal to

(1.2) yo(t) Ao sin (tOot + 0)

where Ao- 2.75 and tO- 1.21. (Without loss of generality, we take 0 0.) Numerical
simulations of (1.1) verify that yo(t) does indeed exist and is approximately given by
(1.2). These numerical solutions were also used to check whether or not (1.2) can be
differentiated, i.e., whether or not it is true that, e.g.,

(1.3) y(t) tOoAo cos tOot, y -tOAo sin tOot," ".

It was found that (1.3) is not always valid. Specifically, Fig. 2 depicts the graphs of
yo(t) and yoS)(t), computed numerically by simulating (1.1), as well as the predicted
derivative tOAo cos tOot. Clearly, (1.3) is not valid. This is curious, since (1.3) is found

0.00 .00 .00 .00 8.00 10. O0

FIG. 2a. y(t) Ao sin tOot.
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0 A

O. O0 2.00 .00 6.00 8.00 lO, O0

FIG. 2b. y(5)(t) and toSoAo cos tOot.

to be true to rather high accuracy for feedback systems where the nonlinearity n(y)
in (1.1) is memoryless.

Several third through sixth order equations with a variety of nonlinearities were
simulated. The result was always the same: For stable limit cycles (1.3) accurately
predicts the values of derivatives when n(y) is memoryless and is inaccurate when
n(y) exhibits hysteresis. Our results will provide an explanation of this curious
phenomenon. Furthermore, our results will also explain why a limit cycle can sometimes
be unstable, even though the method of describing functions yields a prediction of
stability.

Recently, the method of describing functions and other generalized Galerkin
procedures have been studied extensively. Many of these results are concerned with
existence of a limit cycle (e.g., Holtzman [7], Mees [8], Mees and Chua [10], Miller
and Michel [11], Sandberg [12], [13], Cesari [14], Urabe [15] and Stokes [16]).
Nonexistence results for limit cycles can be found in Mees and Bergen [9], Skar, Miller
and Michel [1.7] and Urabe [15]. Also, stability results for limit cycles can be found
in Mees and Chua [10], and in [1], [30], [31]. The method of analysis and results in
[10], which are obtained by using Hopf bifurcation, are quite different from the results
and methods of [1], [30], [31] and of this paper. Specifically, in the present paper we
employ linearization about an approximate periodic solution, we make use of several
appropriate transformations, and we utilize some results from the theory of integral
manifolds (cf. [!], [4, Chap. 4], [5] or [6]). Our results contain a justification and
correction of the popular quasi-static stability analysis (or Loeb criterion) developed
by Cahen [18] (see also Loeb [19], Gibson [3], or Gelb and Van der Velde [2, pp.
120-125]). This quasi-static analysis is based on the sinusoidal-input describing function
and has a well-known graphical interpretation. Furthermore, it has been established
by a great deal of experience that the quasi-static stability analysis of limit cycles will
usually yield correct predictions. However, we shall see that in certain situations this
stability prediction can be incorrect. An example of such an incorrect prediction will
be given at the end of this paper.
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and

2. Main results. Consider the linear differential operators

Ly aoy(’) + aly
(’’-1) +" + a._ly’ +

Qy 3ray(.t-l) + 3t2y
(--2) +... + y._y’ + yy

where all aj and yj are real numbers, ao 1 and at least one y # 0. Let n(y) denote
a real valued, odd nonlinearity with hysteresis. Moreover, we assume that n(y) is
determined by an "upper" function, nu(y), which is used to define n(y) as y decreases
from + to -, and a "lower" function, nL(y), which is used to define n(y) as y
increases from -c to +. For example, if n(y) represents a relay with hysteresis as
depicted in Fig. 3a, then nu(y) and nL(y) are the functions whose graphs are as shown
in Figs. 3b and 3c, respectively.

FIG. 3a. The functional n(y).

Y

FIG. 3b. The function nt:(y).



280 R. K. MILLER, A. N. MICHEL AND G. S. KRENZ

FIG. 3c. The function nL(Y).

The hysteresis region of a hysteresis nonlinearity n(y) is defined as the set {y
R: nt(y) n.(y)}. We assume that the hysteresis region is bounded. We also assume
that nu (resp., nL) is a piecewise continuously ditterentiable function and that n
(resp., n) exists and is uniformly continuous on all intervals of the form (a, b) on
which n’v(y) (resp., n’(y)) exists and is continuous.

Consider now the feedback system

(..1) Ly+n(Qy)=O.

Suppose that the method of describing functions predicts a 2r/too-periodic solution
with amplitude Ao (where Ao and tOo are positive numbers). Thus, if

p(s) /

aos + als + + a_lS + q(s) ys-+ y2SJ-2"" "-
and if N(A)= NR(A)+ iN(A) is the describing function for n(y), then

(2.2) p(itOo)+ q(itoo)N(AoE)=O, E =lq(itoo) I.
We assume that AoE is not in the hysteresis region of n(y) nor is y AoE a value
where n’(y) does not exist. For example, if the graph of n(y) is as shown in Fig. 4,
then we assume that AoE is not in the interval [,51, ,52] and AoE is not equal to ,53.

We expect that (2.1) will have a periodic solution ,/(t) which is approximately
equal to Ao cos toot. In this case, b will generate an integral manifold of (2.1), namely
the set of points {(,(t + 0), d’(t+ 0),..., chJ-)(t+ 0)): -o< t, 0 < x3}. We will show
that a typical equation of the form (2.1) will have an associated integral manifold S
whose stability type can be readily determined. The existence of S is independent of
existence or nonexistence of a periodic solution b. Hence, if (2.1) does not have a
periodic solution b(t) Ao cos toot, it will still have the integral manifold S with the
same type of behavior as the solutions of (2.1).

Our stability analysis depends on first finding a certain linear differential-difference
equation of the form

(2.3)
aoy<J)(t) + ay<’-l)(t) +’." + a_ly<l)(t) + ay(t)

+ IN(AoE)I[/y-l)(t- t) + /2yr-2)(t or) +". + /jy(t- a)] 0.
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FIG. 4

The number a >_-0 is computed by first writing N(AoE) in the polar form

S(AoE) IN(AoE)I e-’
where 0o arg N(AoE) satisfies 0 _<- 0o < 2 7r. Define

c/X 0o--u_>_ 0.
tOo

The characteristic equation for (2.3) has the form P(s)=0 where

(2.4) P(s) -p(s)+]S(AoE)] e-Sq(s)

and where p(s) and q(s) are defined as for (2.2). From (2.2) we know that sl itOo
and s2 =-itOo are roots of P(s). We label the remaining roots as s3, s4, Ss,"

We are now in a position to enumerate the assumptions for our main result:
(A-l) The numbers ak and Yk are real, ao 1, and not all yj are zero.
(A-2) n(y) is a real functional determined by an "upper" function nv(y) and a

"lower" function nL(y). The functions nu and nL are real valued, piecewise continuous,
ditterentiable functions whose second derivatives are uniformly continuous on all
intervals (a, b) where their first derivatives exist. Moreover, n(y) is odd in the sense that

nu(y) -n(-y)

for all real numbers y. Also nv(y)= n(y) for lyl sufficiently large.
(A-3) For some Ao>0 and tOo>0 equation (2.2) is true and N(AoE)O.

Moreover, EAo is not in the hysteresis region of n nor does EAo lie at a discontinuity
of n or n..

(A-4) s itOo and s -itOo are simple roots of the function P(s) defined by (2.4).
The remaining roots s3, s4," have nonzero real parts.

(A-5) For k=3,4,..., s is a simple root of P(s).
The main result of the present paper follows.
THEOREM 1. Assume that (A-1)-(A-5) are true and define

D& Re {N’(AoE)q(itOo)/P’(itOo)}.

If the numbers P’(Sk)-11 are sufficiently small for k 1, 2, 3," ., then (2.1) has, in a
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small neighborhood of the set

So-- {(t, Ao cos (tOot + 0), -Aotoo sin (toot + 0), -Aoto cos (tOot + 0),. .) ’"
_< < c, 0_< 0__< 2r}c Ra’+l

a unique integral manifold S. This integral manifold is stable if D > 0 and if Re Sk < 0
for all k >= 3. This integral manifold is unstable if D < 0 or if Re Sk > 0 for some k >= 3.

Observe that the conclusion of the theorem is the existence of an integral manifold
S which lies near the integral manifold generated by the approximate solution
Ao cos toot. The manifold $ corresponds to a deformed torus fitted tightly around the
predicted state-space limit cycle. While we cannot prove that solutions on $ are periodic,
these solutions will appear to the eye to be periodic and nearly sinusoidal with frequency
near too and amplitude near Ao. If S is stable, then the apparent periodic solutions
will appear to be orbitally asymptotically stable with asymptotic phase. If S is unstable,
they will appear to be unstable in the sense of Lyapunov. This is the sense in which
the theorem justifies the use of the describing function.

We remark that the hypothesis (A-5) concerning the simplicity of the roots Sk
could be relaxed. In this case, the assumption that IP’(Sk)-ll is small must be replaced
by other more complicated conditions. All of this can be accomplished only by making
an already complicated analysis even more complicated. Hence, we shall retain (A-5).
It will be shown later that if (A-5) is not true, then there is an Co> 0 such that when
aj is replaced by aj + e and 0< le[ < eo hypothesis (A-5) is true. Hence, (A-5) does
not appear to be a severe restriction.

Theorem 1 has the disadvantage that it is difficult to obtain the roots Sk for k _-> 3,
and hence, it is difficult to obtain the numbers IP’(Sk)-ll. In addition, we cannot specify
precisely how small the numbers IP’(Sk)-I[ should be. However, this difficulty is partially
offset by our knowledge that

lim [P’(Sk)-I=O.
kc

Moreover, for a typical equation (2.1) of degree J>=3, these constants seem to be
rather small. In all the examples which we considered, the size of the one number
]P’(itoo)-al was a good indication of whether Theorem 1 would apply. We conjecture
that in Theorem 1 only [P’(io,o)-l need be small while the smallness of [P’(sj)-[ for
j_>-3 is unnecessary. This conjecture is known to be true when n(y) is a function rather
than a functional which exhibits hysteresis (cf. [30], [31]).

The remainder of this paper is organized as follows, in 3 we provide some
necessary material concerning differential-delay equations; in 4 we present some
required background material on integral manifolds; in 5 and 6 we prove the main
result of this paper; in 7 we discuss situations for which the quasi-static stability
analysis yields incorrect results; in 8 we present some specific examples; finally, the
paper is concluded with several concluding remarks in 9.

3. Some background material on differential-delay equations. Let R denote the
real J-dimensional Euclidean space of column vectors with any convenient norm. Let
R be the corresponding real J-dimensional space of row vectors. Consider a linear
differential-difference equation of the form

(3.1) z’(t) Boz(t)+ Bz(t-a),

where z(t) is an R-vector valued function, Bo and B1 are real and constant JxJ
matrices and c is a fixed nonnegative constant. An initial condition for (3.1) consists
of specifying the value of z(t) over the initial interval -a _<- t-< 0.
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We shall view (3.1) as a functional differential equation with initial values in an
appropriate Banach space. Our discussion follows Hale [22], [23]. Define

C[-a, O] ={t. I-a, 0]--- RJ; ( is continuous}

and define a norm on C[-a, O] by

I111 =max {l(0)l,---< 0<-0}

where denotes the norm on RJ. Similarly, define

C*[0, a { q,: [0, a Rj; q, is continuous}

and define

Ilqtl =max {Iq(s)l: 0-<_ _-< a).

Given a continuous function z:[-a, a) R with a>0, define an element z, of
C[-a, 0] by the formula

z,(O)=z(t+o), -a<-o<=o,

for any [0, a). With the aid of this notation, (3.1) can now be written as

(3.2) z’(t)=Loz,,

where Lo is the linear map from C[-a, 0] into R defined by

Lo6 BoO(O)+ B,O(-a).

This linear map can also be written as a Stieltjes integral, i.e.,

(3.3) Lo4 dr(O)4(O)

where

0 if 0=-a,
r/(0)= B if-a<0<0,

Bo+ B1 if0=0.

The adjoint equation corresponding to (3.1) is the equation

y’( t) -y( t)Bo- y( + a )B1

where y(t) R is a row vector valued function.
The initial value problem for (3.2) takes the form

(3.4) z’(t) Loz,, Zo b
where the initial function b is chosen from the set C[-a, 0]. The initial value problem
(3.4) has a unique solution defined for all => 0. We denote this solution by z(t, th) if
we think of z as R-valued and by z,(b) if we view z as assuming values in C[-a, 0].

We shall also require the notation

for all >= 0 and for all t in C[-a, 0]. For any fixed >=0, T(t) is a bounded linear
map from C[-a, O] into itself with the usual operator norm

IIr(t)[[=sup{llT(t)[[; dp C[-a, O] and Ilthll 1}.
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T(t) determines a Co-semigroup on C[-a, 0]. The infinitesimal generator of this
semigroup is the operator Ao whose domain is

D(Ao) {cb C[-a, 0]; b’ exists, b’ C[-a, O] and &’(O)= Lo(&)}.

For any b in D(Ao), Ao is defined by the relation

’(0), -c_-< 0<0,
(Ao4))(0)

Lo(b), 0=0.

The set D(Ao) is a dense subset of C[-, 0]. Refer, e.g., to Krein [25] or Hille and
Phillips [26] for a discussion of Co-semigroups.

The characteristic equation associated with (3.1) is

P(s) det (sI-Bo-B e-S) 0,

where I denotes the J x J identity matrix. The eigenvalues associated with (3.1) are
the solutions of the characteristic equation. If B 0 and if a > 0, then it is known
that there is a countably infinite set

o’(Lo) {A,: n 1, 2, 3,. "}

of eigenvalues for (3.1). Each eigenvalue has finite multiplicity. These eigenvalues can
be indexed so that Re )t 1--> Re A2=> Re A3_->... and we shall assume that this has in
fact been done. It is known that Re )tk will tend to

Given any real number/z, define A(/z)= { o’(Lo): Re A >--z}. There is a set
{b, b2,. , bv} in C[-a, 0], called the bases for the generalized eigenspace of (3.1)
for A(/z), and a set {qq, q2," , 0v} in C*[0, a l, called the bases for the generalized
eigenspace of the adjoint of (3.1) for A(/x), with the following special properties. Let
I,, be the J x V matrix whose columns are the vectors 4’, &2," ", 4v, i.e.,

[,,, ,..., ,,].

Let , be that V x J matrix whose rows are the vectors ql, q2, ", 0v, i.e.,

, column qq, q2," ", 0v].

Define a bilinear map by

(q,, )- q(0)(0)- q,(-0) an(o) 4,(0 d,

for all 0 C*[0, a] and for all & C[-a, 0]. Then, , and , can be chosen so that
(qi, bj)= 3ij, the Kronecker delta. Define

P, { ck C[-a, 0]; b ,b for some b R v}

and

O {6 c[-, 0]; (,I,, 6)=0}.

Then C[-a, 0] is the direct sum of P, and Q,. Indeed, if

&P (,, 4) and

then bp P,, bo e Q, and & bp + bo. The two subspaces P, and Q, are invariant
under T(t), i.e.,

T(t)P. P and T(t)Q. Q.
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for all t_->0. There is a matrix B, (cf., e.g., [23, pp..170-171] or [22]) such that

(3.5) T( t).b]( O) dp, (O)

for all b Rv, for all >- 0, and for all 0 I-a, 0], while

(3.6) T(,t) <_- K, e-’ll 6

for all b Q, and for all => 0.
Consider also the nonhomogeneous initial value problem

(3.7) z’(t) Loz, + Fo( t), Zo

where b C[-a, 0], Fo:[0, o)--> RJ is continuous, and Loth is defined by (3.3). We
again fix/x and obtain A(tz), B,, P, and Q,. Define

0 if-<=0<0,
Ho(0)=

I if0=0.

Then the solution z,(b) of (3.7) can be written in the form

Zt( 6 dPy( t) q- Z]t

where

(3.8)
y’= B.y + (0) Fo(t), y(0) (,, b),

zl, T(t)cho+ T(t-s)[Ho-,(O)]Fo(s) ds.

Here bo b-.(, b) Q, and zlt Q, for all t>=0.
All of the above results concerning (3.1) and (3.7) can be found in Hale [23,

especially Chapter 7] or [22, especially pp. 94-130].
We now specialize to the equation

(3.9) aoy(J)(t)+ ayJ-])(t)+ "+ ay(t)+ N[yly-l)(t-a)+ "+ yjy(t-a)]

where ao 1, a >_-0, N, Otk and y, are real numbers, N 0, and at least one y, 0. As
usual, if we set zl-y, z2--y’, etc., in (3.9), then that equation is equivalent to an

equation of the form (3.1). Hence, the foregoing analysis concerning (3.1) will apply
to (3.9). If we define

A -1 0

0 A 0

e- + Ny] e-’ + aN’yj e-ax + oQ N’yj_ olj_

then the characteristic equation associated with (3.1) is seen to be

J-1

(3.10) P(A)=detA(A)= A(aj_j+Ny,_e-X’)+A J.
j=O

If Ao is the infinitesimal generator of the corresponding semigroup and if A is not an
eigenvalue, then (Ao- AI)b can be solved for b R(A ), where R(A (Ao- AI)-.
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A lengthy but straightforward calculation shows that

4(0)=-A()- q(0) e"-e dn(u) e"(-’q(s) ds

(3.
+ e-d/(s) ds

(see, e.g., Hale [22] or [23]).
Now fix a large positive . If Q, D(Ao), then for some g > 0 it will be true

that for

1
] eX’R(h) dh,(3.12) T(t)

2i

where the integral is taken in the principal value sense (cf., e.g., [25, Thm. 13, p. 31]
or [26, 11.6]). If x* is any linear functional on C[-a, 0], then by (3.12) it follows that

(3.13) x*(T(t))
2i _,

In paicular, we pick x* in (3.13) so that x*()= (0). This yields

The above relation, together with (3.11) results in the equation

(3.14) z(t, b) /-,o0 eXtA(h)-i b(0)- an(u) eX("-s4)(s ds dA.

The function F defined by

g(it A(X )-1 (0)- dn(u

is meromorphic and its poles can occur only at the eigenvalues h e cr(Lo). Since b e Q,,
it follows that (,, b)= 0. Hence, the points h e A(/z) are removable singularities of
F. The poles of F(A) must be in the set r(Lo) fl {h: Re it <-/x}. Thus, the contour of
integration in (3.14) can be shifted to the left to the line Re it =-/z, i.e.,

(3.15)
1 f etF(it dit.z( t, 49)

2ri
__

Since (3.1) is now the Jth order equation (3.9), written in system form, the following
result is true (cf. [24, 12.8, especially p. 423, Thm. 12.15]).

THEOREM 2. (a) The roots of P(it)=det A(it) lie in a halfplane Re it <-ao. This
set of roots is countable, the multiplicity of any root is at most J, and there can be at most
J multiple roots. Ifa > O, then the (infinite) set ofroots asymptotically approaches the curve

(3.16) lit e"l INI
as Re h -->- where M is the smallest integer j such that ),j O. Moreover, there exists
a number k > 0 such that the roots lie along the curve (3.16) an asymptotic distance of
k apart.
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(b) There exist M >-1 and Co> 0 and for any cl > 0 there exists a number K > 0
such that if IAI >= Co and if A is at least a distance cl away from the set tr(Lo), then
IA(X)-’I <__ glzl-Figure 5 shows the general shape of the curve (3.16). The x’s indicate a typical
set tr(Lo). For a > 0, Theorem 2 could also be applied to A’(A ). For A’(A ), the equation
corresponding to (3.16)is Since the graph of this equation
will not intersect the curve described by (3.16) for Ixl sufficiently large, then there
exists c > 0 such that the roots of P(A) and P’(A) are separated by a distance of at
least one when I 1_-> c, and such that P(A) has no roots on the circle Ix I-c,. The
number c can be chosen independently of small changes in the coefficients
(ao, a,..., aj)e RJ+, e.g. see [24]. Hence, any multiple roots of P(A) must lie in
the disk < c,. An elementary complex variable argument shows that if P(A) has
multiple roots in the disk I 1< c,, then there is an go > 0 such that if is a real number
with 0<181< o then P(A)+ has only simple roots. Hence, we can always arrange
things so that assumption (A-5) is true by an arbitrarily small change in the parameter
aj of the differential equation (2.1).

FIG. 5. Typical curve IA M eI=INyMI and set tr(Lo).

Let Co and k be the numbers defined in Theorem 2. Choose e in the interval
0 < e < k. Since the choice of/. is at our disposal, we may pick/. > Co + k, and so large,
that all points of the set cr(Lo)fq{A" Re ,k <-/z} lie within e/10 of the curve (3.16)
and are located at a distance greater than 0.Sk from each other. Define c2 &
inf{Im A-e/10: A tr(Lo) and Re A <-/x}. Define

So(e) {A" A lies within e/10 of the set tr(Lo)}.

Let K be the number given, in Theorem 2, corresponding to cl e/10. Define

F, {-/z + it; 0-<_ r <_- C2}

F2 {or d- ic2; --tz cr <= --tz q- e},
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and

1-’3 {-/z + e + i-; c2 ,/. oo}.

Let F denote the upward directed curve made up of F1U F2LI F3 and its symmetric
image below the real axis (see Fig. 6). By its construction, the contour F misses the
set So(e). Hence, -’ on r. contour in (3.15) can be shifted so that

1 f e:’tF(A) dA.z(t, 6) 27r---- dr

Now

(3.17)

1
e-’+’)tF(-lz + it) dr

1
e"F(A)dA=f" o27ri r,

271"

’2
e-i’F(-tz + iz) dr.

Re)x

FIG. 6. The contour F.

The last integral above on the right is the Fourier transform of a function whose
L2-norm can be estimated by

By the Parseval relation, the last integral on the right in (3.17) defines a function of
whose L2-norm over (0, oo) is at most KI(/x). Similarly, the function f defined
by the integral

1 f eatF(A) dA e-(’+)’f(t)
2ri Jr
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has L2-norm over (0, 0) which is at most 2 K(/z). The corresponding contour
integrals below the real axis satisfy identical estimates.

Now consider the integral

2ri
eatF(A) dA =-i e(-’+’+gtF(-tz +0"+ ic2) do’.

The magnitude of this integral is at most

e-"’
e’’Kl-tz / r/ ic=l- dr.

The corresponding integral below the real axis satisfies an identical estimate.
From these estimates we see that if I1 II--< 1, then there is a constant K(/z) such

that K(./z) 0 as/ o and

z(t, c)=[g,(t)+f(t)] e-’+’)’(3.18)

where

Io If (t)l at K_(I), Ig (t)l K_(/).

Since z (y, y’, y",..., y(J-))T where y solves (3.9), then we see that y(J)(t) satisfies
a similar estimate. Hence, z’(t, d) also satisfies a similar estimate, i.e.,

(3.19) z’( t, tk [g(t) +f( t)] e-’+)t,
with Ig(t)l<=K2(t) and Ilfl],-< K:(/z). From (3.18) and (3.19)we see that

(t, 4) [g(s)+f(s)] e(-+ ds,

or

(3.20) z(t, b)= e(-’+)’ [g(s)+f(s)] e(-’+)(-‘) ds.

We can obtain an estimate for the integral (3.20) as follows"

[g(s+f(s] e-"/-" ds [(l+lf(sll] e(-"*(-’ as

g()(-)-- If(s)l e-"*-" d

g(.)(. E)--I+ e2(-"+) ds II/11=

()( )-+[2( )]-/() ().

Since K() 0 as g , we can prove the following result.
THEOEM 3. If y solves (3.9), z (y, y’,..., y(J-)) and e is any small positive

constant, then for all suciently large there is a constant K( such that K() 0 as
and

for all t> a and for all Q,.
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Proof. We have proved the result when qb Q, f3 D(Ao) and a > 0. Since this set
is dense in Q., the theorem follows by continuity. The case a 0 is trivial. [3

Remark 1. We note that T(t)&o makes sense for the piecewise continuous function

bo & Ho-@,.(0) given in (3.8). Since T(t)qbo is bounded for 0-< t<-_a and since
T(t)do Q for t>-a, then T(t)tho T(t-a)T(a)&o for t> a and we have

(K()llT(a)&oll e") e-"’.

This inequality will be needed later.

4. Some background material on integral manifolds. Consider a real-valued
coupled system of integroditterential equations of the form

0’= e0(t, 0, r, Vl, V2t, E),

r’ er+ eR t, O, r, Vl, v2,, e),
(4.1)

v Cv + e V1 t, O, r, v, v2t, e),

v’,(’)= F(t)(’)+e F(t-s)(’) V(s, O(s), r(s), v(s), v, e) ds

defined on a set

D={(t,O,r,v,rb, e)" t,O, reR O<e<eo, veR

Here C,[-a, 0] is a closed subspace of C[-a, 0]. We assume/3 0, C is a constant,
noncritical rn x rn matrix, 0 and R are real-valued, V: is R-valued, and V1 is R"-valued.
Assume that 0, R, V and V: are 27r/too-periodic in for some too> 0, 27r-periodic in
0, and continuous on D. Assume that F maps [0,co) into C,[-a, 0], F is continuous
and IIf (t)ll -<- g e-"’ for some K1 > 0 and/x > 0. Assume that F(t)(0) is a piecewise
continuous matrix-valued map such that each column of F2 is a continuous map from
[a, oo) to C,[-a, 0] and IIF=(t)I[-< ga e-’ for all t_> a.

We assume that V is a Lipschitz continuous function of (0, r, v, b) on D for
i= 1, 2. Also, there is a continuous and nonnegative function Ma(O, a, az, a3, e) such
that M is 27r-periodic in 0, piecewise continuous in 0, and such that

(4.2) MI(O, al, a2, a3, e) dO0

as e 0, al 0, a 0 and a3 0. Moreover, for all points (t, 0, rj, v, b,, e) in D1 with

Irl <= al, Ivl <_- aa and I1  11--< a3, we have

IR(t, 01, ro, Vo, ’0, e)-R(t, 0, ro, Vo, 4’0, e)l<=M,(tOot-O, al, a2, a3, e)101- 02l,
IR(t, 00, rl, Vo, dpo, e)-R(t, O0, r2, Vo, 0, e)[<- Ml(tOot-O0, al, a, a3,

IR(t, 00, ro, v,, dpo, e)-R(t, 00, ro, v, 60, e)l<=Ml(tOot-O0, al, a2, a3,

and

IR(t, 00, ro, Vo, 61, e)-R(t, 00, to, Vo, dp=, e)l<=Ml(toot-O0, al, a2, a3,  =11.
We assume that 0 satisfies these same four Lipschitz conditions using the same Lipschitz
function M.

We shall require the notion of an integral manifold of (4.1).
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DEFINITION 4. A surface S in (t, 0, r, v, b, e)-space is an integral manifold of
system (4.1) for a fixed e if given any point (to, 0o, ro, Vo, bo, e) in S fq D1, the solution
of (4.1) which satisfies 0(to) 0o, r(to) ro, v(to) Vo and V2o b is defined for all
times and (t, 0(t), r(t), Vl(t), VEt, e) D CI S for all R.

For example, in (4.1) if 0 R V1 -= V2 F 0, then there is an integral manifold,
namely

S {(t, O,O,O,O,e);O<=t<,-o<O<}.

This integral manifold is stable if/3 < 0 and C is a stable matrix, and it is unstable if
/3 > 0 or if C has an eigenvalue with positive real part. Intuitively, since 0, R, V and
V are small, then one might expect that for e small there will exist an integral manifold
S of (4.1) which is close to S and which has the same stability properties as S. This
conjecture is correct. Indeed, the following result is true.

THEOREM 5. Suppose that O, R, V and V have the periodicity and continuity
properties enumerated above, that M1 satisfies (4.2), that fl # 0, and that C is noncritical.
There is an rl > 0 such that if K1 < rl then in the region

D(r/) {(t, 0, r, vl, b, e)Ol; Irl -< r/, IVll <- r/, IItll <= r/ and 0< e

there is a unique integral manifold S of (4.1). This integral manifold will have the same
stability properties as S.

One can show that S is determined by three functions fl, f_ and f3 with

S {(t, 0, r, v, 05, e)6 D(r/); r =f(t, 0, e), v=f2(t, O, e) and b =f3(t, 0, e)}.

The functions f, 1, 2, 3, are continuous in (t, 0, e), 27r/too-periodic in t, 27r-periodic
in 0, and f(t, 0, 0)=0. The proof of Theorem 5 is long and detailed but involves
standard techniques. It follows the same outline as used by Hale [4, Chap. 7].

5. Transformation of the feedback system. In this section, we shall prove our main
result, Theorem 1. This will be accomplished by using several transformations to reduce
(2.1) to an integral manifold problem. We assume that the hypotheses of 2 are true
and we employ the notation established in that section. Assume for now that a > 0.
The case a 0 will be handled later. Since the limit cycle predicted by the method of
describing functions is Ao cos toot, where AoE is not in a hysteresis region of n(y),
then by restricting our attention to functions y(t) for which

[y(t+ 0)-Ao cos tootl+ly’(t+ 0) + Aotoo sin

is small over 0-< t<=2r/too for some phase shift 0 (which may depend on y), there
will be no problem in defining n(y(t)) given y(t+s) over -a<=s<-O. Hence, we can
assume that n(y) is a functional with domain in C[-a, 0].

Given the values Ao, too and a such that E--Iq(i,oo)l, p(itoo)+ N(AoE)q(itoo)=O
while N(AoE)= [N(AoE)[ e-’’, we define an operator L1 and a nonlinearity nl(y)
by the relations

and

Lly(t) - Ly(t)+ NQy(t-a),

Thus (2.1) can be written as

nl(yt) NQy(t-a)- n(Qy).

N=IN(AoE)I

(5.1) Ly(t)=nl(y,).
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As usual, we let z (y, y’, y",..., y(J-1))T and we represent (5.1) equivalently as

(5.2)

where

and

z’( t) Loz, + ejn,(y,),

e=(O, O, O, 1)T e RJ,

Lodp a-- drl(O)(O)&Bob(O)+Bld(-a),

0 1 0 0 ]
0 1 0 /
0 0 1 /

Ofj Ofj_ Ofj_2 O 1.1

0 0 0

BI= 0 0 0

Nyj Nyj_ Nyl

Fix/z, a large positive number and let A(/z) be the set of eigenvalues Sk of Z’= Loz
such that Re sk >--/z. We enumerate A(/z)={Sl, s2,"’, snip)} in such a way that
sl kOo, s2 =-kOo and in such a way that complex conjugate pairs are ordered as sk,

sk+l where Im sk>0 and Im sk+l Im gk <0. We wish to think of Fo(t)= eanl(y(t))
and then write a decomposition of the form (3.8). Hence, we shall need to compute
the generalized eigenspaces of the linear problem z’ Lozt and of its adjoint. A sample
calculation of the type which we must perform can be found in [23, pp. 182-184] or
[22, pp. 116-119].

Let (s) RJ be the vector defined by (s)=(1, s, S2, $J-1)T. Define l(s)=
(sJ-+[otl + ylNe-a]sJ-2+ .+[otj_ + yj_Ne-’], s+[a+ NT1 e-’s], 1).
Let sk be a real root of A(s.). It is easy to check that 0k(0) & e(sk) is the corresponding
ejgenfunction and that 0k(0) & e-*l(sk) is an eigenfunction of the adjoint. Then
t(0)b(0) l(Sk)(Sk)= JsJ-l+ (J- 1)sJ-2[al + ylNe-aS]+ + [czj_ + NYj-1] e
and

Io Io q(sk) e-’(’-) dq(O)(sk) e du

rl(sk) e-sk dq(O) du q(Sk) 0 e- dn(O)(Sk)

otlN(Ao)[q(sk)

Hence (qk, 0k) P’(Sk)#O. Define Ok(O)=k(O)/P’(Sk) SO that tpk(0)ej P’(Sk)-’.
Then (0k, Sk) 1 as required. Let zt(cb) be the solution of (5.2) which satisfies the
initial condition Zo(b)= b and let * 0k. Then yk(t)&(O*, zt(b)) solves

P’(sk)(5.3) y’=Skyk’t I’P’(Sk)’2n’(y‘)’ yk(0) (*, b).
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Now consider an eigenvalue Sk such that Im Sk > Oo From the ordering of the
eigenvalues which we have employed, we know that Sk+l gk. Then Uk(O)& eSkO(Sk)
is an eigenfunction corresponding to the eigenvalue Sk and Vk(O) e-SkOl(Sk) is an
eigenfunction for the adjoint problem. Hence

blk(0) & Re Uk(O), bEk(0) & Im Uk(O)

generates the generalized eigenspace for the eigenvalues {Sk, Sk+} while

lk(0) Re Vk(O), 2k(0) Im Vk(O)

will generate the generalized eigenspace for the ad]oint. Since Sk Sk+I, then from
general considerations in Hale [22] or [23] we know that (k, Uk)= (Vk, fig)=0. By a
computation similar to the case where Sk is real, we can compute

(v, u)= P’(s), (, )= P’(g)= P’(s).

Since 1 (u+)/2 and 2, and 2 can be similarly expressed, then

,) (,)

is easily evaluated. Indeed,

l [Re P’ Sk Im P’ Sk ]Dk= ImP’(Sk) -ReP’(Sk)

Hence, the pair lk and 2k defined by

@lk & D’ ’ =2
Re [P’(gk)-Vk]

2 : -Im [P’(e)-v]
will generate the generalized eigenspace for the adjoint and in addition will satisfy the
relations (@,k, &k)= 8,. Moreover,

(o) e (0leJ -m e’()-
Let ,() be the solution of (5.2) which satisfies the initial condition zo()= . If we
define (t)= (0,,())and (t)= (, ,())then

w Im s Re s wA -Ira P’()-
Equivalently, we can define y (w+ i)/2, y+r , (+ i)/2 and

+ . Then

e’(s{ n,(y,l y(o (,y s+ le’(l
and

Y’k+l kYk+l+
P’(k)
Ip’(k)l2nl(y’)’ Yk+l(O) (k*+l, t).

Since Sk+ --k, both of these equations have the form (5.3).
Given the set A(l)--{Sl, SE, S3,’’’,SN(t)} we have seen that for k=

3, 4,. ., N(/z), there is an eigenvector @k* of the adjoint problem and a function yk(t)
which satisfies (5.3). (For k-!, 2 we choose to leave the solution in the form (5.4).)
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The solution z,(b) of (5.2) which satisfies Zo(b)= b can be written in the form

z(dp)=dplWll(t)d-dp21WEl(t)d-Re UkYk(t) h-Z,(/z, b).
I.. j=3

Since z(b)(O)- z(t, b)=(y(t),y’(t),..., y-(t)), this is equivalent to

(y(t),..., yJ-l(t))7" bll(0)Wll(t)+ b21(0)w21(t)+Re [ (Sk)Yk(t)]
j=3

(5.5)
+ z,,(, )(0)

where wl, w2, Yk and zt satisfy the equations

W21 tOo 0 w2 -Im P’(itOo)-lJ
n(y’)’

(5.7) y’k=SkYk+(P’(gk))-nl(y,), 3 <_-- k_-< N(/z)

and

(5.8) Zlt() T(t)6o+ T(t-s)[Ho-dp,xlt.(O)]n(yt) ds.

Moreover, by Theorem 3 we have T(t)ll g()c-’llll for all 6 C[-a, 0] and
IIT(t)[no-,,,(O)]ll<-g(z)e-’ for some constant K(/x) such that K(/z)-0 as

Equation (5.6) will now be further transformed in the manner used in [1], [30].
Define yl(t) & y(t) bl(0)Wll(t)- b2(0i w2(t),

cos toot sin toot]-sin tOot cos tOot
and

so that

(5.9)

W21 X2

x2 -2 Im P’( itOo)- n(y( t)) &f( t, x, x2, yl).

and

U( t, x, x2) [f(t, Xl, x2, 0) -fo(xl, x2)] dt

w+ U(t, w), w=
X2 W2

Clearly U is (27r/too)-periodic in t. We shall later show that U is continuously
differentiable in x and x2 and that 9 U/Oxi is Lipschitz continuous in (x, x2) uniformly
in t. In particular, the 2 x 2 Jacobian matrix Uw [Ui/Oxj] exists and is continuous.
Thus, the change in variables (5.10) can be used to see that

Define

Since we are assuming that ]P’(itoo)[ -1 is small, then averaging can be applied to (5.9).
Let fo(xl, x2) be the mean value with respect to off(t, x, x, 0), i.e.,

toO I0!r/fo(x, x) f( t, Xl, x, o) dt.



FEEDBACK SYSTEMS WITH A HYSTERESIS NONLINEARITY 295

w’ fo( w) + I + Uw( t, W)]-l[f( t, W-l- U( I, w), y) f( t, w, 0)- Uw( t, w)fo( w)]

=fo(w)+f(t, w, y).

Here fl is the two-dimensional column vector whose components are f and f12
We shall now compute the averaged term fo(w). Recall that by the definition of

the sinusoidal input describing function, if no(Z)- Nz(t-a)-n(z),

tOO f2r/% A
| no(A cos (tOot + 0)) e io’ dt =- e’No(A, tOo)(5.11)

27r ao

for any A>0 and for any real number 0. Let No(A, tOo) NoR(A)+ iNoI(A). On
equating the real and imaginary parts of (5.11), we find that

27r
tO--E I/’ z

A
no(A cos (tOot + 0)) cos toot dt=-[No(A) cos 0- No(A) sin 0)]

and

tOo f 2"n’/t
no(Acos(tOot+O))sintOotdt= [No(A) cosO+NoR(A)sinO].27r do

Since (y, y’,..., yU-))r= 4(0)w + 42(0) w2, then
J

Qy E y-jy(J) Re q(itOo)wl + Im g(itOo)W21.
j=l

Let q(itOo)= E ei, where E [q(ioo)l. Let x A cos 02 and x2 =-A sin 02. Then

Qy E cos O(x cos tOot + x2 sin tOot) + E sin O(-x sin tOot + x2 cos tOot)

E cos O(A cos (tOot + 02)) + E sin O(-A sin (tOot + 02))

EA cos (tOot + 0)

where 0 191 -[- 02. Then

f(t, Xl, X2, O) [ COS tOo

L sin toot
Hence

-sin tOot][ Re P’(itOo)-1]cos tOot -Im P’(itOo) -1
no(EA cos (tOot+ 0)).

fo(x,, x:)

[-[NoR(AE)cosO-NoI(AE)sinO]
[--A-tNo,(AE) cos 0+ NoR(AE)sin 0]

Re P’(itOo)-1 ]X
-Im P’(itoo) -1

IE[NoI(AE) cos 0+ NoR(AE) 19]sin

AE
-z-[NoR(AE) cos 19- No,(AE) sin 19

or

(5.12)

1 [ N2R(A)Xl+ N21(A)x2
fo(xl, x2)= -N21(A)x, + N2R(A)x

x[ Re P’(ito)-I ]-Im P’(itOo)-where x2 +x A2 and N2(A) No(AE)q(itOo).

N2I(A)xl- N2R(A)x2]
N2R(A)Xl + N2,(A)x2J
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We introduce polar coordinates wl (r + Ao)cos 0, WE (r + Ao)sin 0 so that

[(r+ao)O’]= 1 [WW2--WWllr’ (r + Ao) wwl + W’EW2

Then (5.9) and (5.12) yield

and

r’=1/2[N2R(r+ Ao) Re P’(itoo)-l(r+ Ao)- NEt(r + Ao) Im P’(itoo)-(r+ Ao)]

+cos Ofl(t, (r+ Ao) cos 0, (r+ Ao) sin 0, y)

+ sin Of2( t, (r + Ao) cos 0, (r + Ao) sin 0, y)

O’=1/2[NER(r+ Ao) Im.P’(itoo)- + NEt(r+ Ao) Re P’(itoo)-1]

+ {-sin Of + cos OfIE}/(r + Ao).

These two equations are more conveniently written in the form

(5.13)

r,_(
2

Re {No(E(r+ Ao))q(itoo)/P’(itoo)}+cos Of +sin Of2,

0’=1/2 Im { No(E r + Ao))q( itoo)/ P’( itoo)} + {-sin Of, +cos Of2}/ r+ Ao).

Let K(/z) be the constant associated with (5.8) and let e=

max{lP’(s)l-" k=1,2,3,..., }. Define k=e-/Eyk and l,(Ck)=K(tz)-/Ez,(ck).
Then (5.7) and (5.8) can be written in the form

(5.14) ^’Yk Skk+(P’(gk)X/-)-lnl(y(t)), 3----< k<-- N(/x)

and

(5.15)

Here

z(t, tk)= bll(0)W,l(t)+ bE,(0)WEl(t)+x/- Re Uk(O)y"k(t) + K(/x)l/23,,(tk)(0)
j=3

where (0)= Re (iwo), 2(0)= Im (io) and Uk(O)= (Sk). Now

6,1(o) w,,(t) + 6,(o)w,(t)

0,,(0)Ix, cos wot + x2 sin wot] + O2x(0)[-x sin wot + x2 cos wot]

6,,(o)[(w, + u,(t, w)) cos ot+(w+ u(t, )) sin ot]

+ 021(0)[-( w, + Ul(t, w)) sin wot+ (w2+ U2(t, w)) cos Wot]

O,l(0)[Wl cos Wot + w2 sin wot]+ 21[-Wl sin wot + w2 cos wot]+ 6(e)

Ol(0)[(r+ Ao) cos 0 cos Wot-(r+ Ao) sin 0 sin

+ O2(0)[-(r+ Ao) cos 0 sin Wot-(r+Ao) sin 0 cos Wot]+ (e),,(0)(r + Ao) cos (ot + 0) :,(0)(r + Ao) sin (ot + 0) + (e).

lt(O) T(t)coK(tx)-1/2+ T(t-s)[Ho-Cb,,(O)]K(tx)-l/Enl(y(s)) ds.
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Hence, for t-> 0 we have

z(t, 4)= b11(0)(r + Ao) cos (tOot + 0)- b21(0)(r + Ao) sin (tOot + 0)
N(/)

+x/Re Y, (Sk)Yk(t)+c(e)+((K(tz)l/2).
k=3

In particular,

(5.16) y(t)=(r(t)+Ao)cos(tOot+O)+x/e Re 2 k(t) +(3(e)+((K(l)1/2)
k=3

dy(J)= (r( t) + Ao)(cos (tOot + 0))
(5.17)

+/-Re E sy(t) +(e)+(K(/z)l/2).
k=3

The terms (e) and 7(K (/x) 1/) are small, independently of j, when e and K (/x) are
small, and these terms have small Lipschitz constants. Hence, if we take into account
the smoothness results for U(t, w) which are proved in the next section, we see that
Theorem 5 can be applied to (5.13), (5.14), (5.15) and (5.16) with C,[-a, 0] Q, to
complete the proof of Theorem 1 when c > 0.

We also note that by taking/x large we can make K (/z) as small as desired without
affecting the constant e. Hence, the necessary assumption for system (5.13)-(5.16) is
not that K (/x) and e be small, but only that e be small. We conjecture that it is really
only necessary to assume that IP’(i,oo)l- is small but we have no proof as yet.

Finally, we note that the distortions from a sinusoidal curve for the high derivatives
y)(t) can readily be explained by using (5.17). Since (e) and tg(K(/z) 1/2) are small
independently of j, then to good approximation solutions near the integral manifold
S which was obtained in Theorem 1 have the form

y)(t)=(r(t)+Ao)- cos (toot + 0) +x/ Re SkYk(t)
\ k=3

When x/- is small, r(t) is small and the )3k’S are small. Thus y(t) Ao cos (tOot+ 0).
However, the numbers Sk are complex numbers and Im Sk grows rapidly as k increases.
Hence, for moderate sized integers j the quantity

(5.18) Re /-E sy(t)
k=3

can be large, even though 4c-e and )3(t) are small. This is the source of the distortions
discussed in 1. We note that in the stable case )3(t) - 0 as . Hence, the distortions
are not usually too severe. On the other hand, if for some k 3(t) is growing, then
(5.18) seems to predict the possibility of very severe distortions. Several numerical
simulations indicate that this does indeed happen.

When a =0, the proof is almost the same. Replace C[-a, 0] by C[-al, 0] for
any al > 0. Since in this case L1 is an ordinary ditterential operator (with no delay),
there will be only a finite number (i.e. J) eigenvalues. This means that/x can be taken
so large that the bo and Ho-,, in (5.15) are zero. Hence, Theorem 5 can again
be applied but now with C,[-al, 0] equal to the zero subspace.

and
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When a =0, it is really only necessary to assume that fll and 2 are small. A
different proof is needed to see this. The transformations used in [30], [31] can be
used to reduce (5.1) to the form

dr r+ Ao Re {No(EA)q(itoo)(fll- if12)} + cos Ofll +sin 0f12,
2

dO
(5.19)

dr
1
Im {No(EA)q(itoo)(fll- ifl2)}+{-sin Ofl +cos Ofl_}/(r+ Ao),

2

ClX4- [1 -- ]n,(y,)..Here r toot, - i2 2/tooP’(itoo), e [,- i21, C1 is the companion matrix for the
(J- 2)-degree polynomial

J

1-I s s/o),
j=3

and s and :, are the J- 2 vectors

sC"l (1, 0,-1, 0, 1, 0,-1,’..), s"2 (0, 1, 0,-1, 0, 1,...)T.

Moreover, y(t) y(r/too) has the form

y(r/too) (r+ Ao) cos (r+ 0+ 01)+x/7 B2x4 q- (8)

where 0 arg q(itoo). For e small (i.e. for/3 and/32 small), Theorem 5 can be applied
to (5.19) with C,[-a, 0] equal to the zero subspace. This proves the assertion.

6. Smoothness of U. It was shown in [1, 5] that if n(y) is a function (i.e., n(y)
exhibits no hysteresis), then the function U(t, w) defined in 5 has continuous deriva-
tives O U/Owl and O U/Ow2 which are Lipschitz continuous in w. The integral used to
define U(t, w) can be decomposed into pieces of the form

n[COS tooS] n, (r cos (0 tooS))+ ds

and

[sin toos]n,(r cos (0 + tooS)) ds

where Wl r cos 0 and w2 =-r sin 0. These two integrals can be decomposed into
pieces on which cos (0 + tooS) is either strictly increasing or strictly decreasing. When
y=cos (0+ tooS) is increasing n(y) can be replaced by nL(y) (and when decreasing
it can be replaced by nlt(y)). Since nil and nlt are .ordinary functions, the results
in 1 still apply.

7. The incorrectness of the quasi-static stability analysis. Given the feedback
equation (2.1) and the solution too and Ao of (2.2), the quasi-static stability analysis
proceeds as follows (cf., e.g., [2, pp. 120-125]). Define V(a, s) by the relation

V(a, s)= 1 + N(a)G(s), G(s) q(s)/p(s).

It is required that all roots sj of the polynomial p(s)+ N(Ao)q(s) with sj # +itoo have
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negative real parts and, in addition

(OoVOV i)=Re (-- 0s) >0(7.1) Im - Os

at a AoE and s kOo. Condition (7.1) has a well-known graphical interpretation. An
equivalent statement is that for some A1 and A2 with A1 <Ao< A2 the polynomial
p(s)+ N(A)q(s) is stable when Ao<A<A2 and is unstable when A <A<Ao.

Condition (7.1) can be written in terms of N, p and q as follows. Since 1 +
N(AoE)G(ioo) =0, then at a AoE, s iOOo we have

q qp q p p + Nq
p p p NP NP

Hence, at a AoE and s itoo

o v o v_
Oa as

(p, +N’ (-N--)NIo’l
’q /

so that (7.1) reduces to

(p,N:q/ Nq,zINI2IG’[,

N’(AoE)q(itoo) }(7.2) Re
p,( itoo) + N(Ao)q’( kOo)

"> O.

The stability condition corresponding to (7.2) which was obtained from Theorem
1 of the paper is that

(7.3) Re{ N’(AE)q(k)}P’(itoo)
> 0,

or equivalently that the real part of

N’(AoE)q( koo)/ (p’( kOo) + N(AoE)q’( kOo) aN(AoE)q( koo))

is positive. It is also required that all roots of

P(s)=p(s)+lN(aoE)l e-Sq(s)

other than +itoo have negative real parts. Our stability criterion can be interpreted in
the following way. We write (2.1) in the form

(7.4) Ly(t)+lN(AoE)lQy(t-a)+ n(y) 0,

where n(y)=n(Qy)-IN(AoE)[Qy(t-a). We now apply the quasi-static stability
analysis to (7.4). In doing so, we define

V(a, s)= 1 +[N(a)-[N(aoE)lq(s) e-S]q(s)/P(s).

We require that all roots of P(s) =0 other than +kOo have negative real parts and that
at a AoE, s kOo

oa >0.
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Inequalities (7.3) and (7.5) are equivalent and can be graphically verified. The condition
that all roots of P(s) have negative real parts (or that one has positive real part) can
also be graphically verified.

This situation is rather interesting. The quasi-static stability analysis usually seems
to yield correct predictions for the stability of limit cycles. However, our stability
criteria do not agree with this well-known method. It follows that one of the two
methods of prediction must be incorrect. In the next section, we discuss a sixth order
equation whose periodic solution is predicted to be stable according to the quasi-static
analysis and is predicted to be unstable according to Theorem 1 ofthis paper. Numerical
simulations show that this periodic solution is unstable.

$. An example. The quasi-static stability analysis will usually yield a correct
stability prediction. This is because the number a is normally rather small. When a

is small enough, (7.2) will imply (7.3). The condition that all roots of P(s) except +itoo
have negative real parts is equivalent to the condition that the graph

(it0) e- -< to < o

does not touch the point -1/N(AoE) (except at +itoo) and does not encircle this point.
When I,ol is large, then [q(i,o)/p(i,o)l wi be less than IN(AoE)I-. Hence, for a small,
this graphical condition is not very different from the same graphical condition for
{q(ito)/p(ito):-o< to <o}. However, it is possible to find examples with ct so large
that the quasistatic stability analysis gives an incorrect prediction while Theorem 1 of
the present paper yields a correct prediction of limit cycle stability. We shall now
present one such example.

Let q(s)= 1 while

p(s) (s2 -[- 0.5s -b 0.09) (S2 -I- 0.8S q-9)(S2 + O.03s + 31)

or

p(s) s6+ 1.33sS+40.529s4+45.1567sa+295.13716s+ 141.7563s / 25.11.

Consider the sixth order equation

(8.1) P(O)y+250n(y)=O

where n(y) is the hysteresis nonlinearity depicted in Fig. 7. The describing function
for this nonlinearity is known to be

N(A)- 2- sin-1 + 1- 7rA2.

For the given p(s) and N(A) the equation p(ito)+ 250N(A)=0 has a solution too
and Ao with A 2.91 and too- 1.293. (Refer to the polar plot in Fig. 8.) It is clear from
Fig. 8 that the quasistatic stability analysis yields the prediction that the limit cycle of
(8.1), which is approximately equal to Ao cos toot, is stable.

Given Ao and too we can compute Re [N’(Ao)/P’(itoo)]. This number is positive
as required for stability. Fig. 9 depicts a polar plot of

100P(ito)-1= lO0[p(ito)+lN(ao)l e"’]-1.

We see that the curve of 100P(ito)-1 encircles the point -(2.51N(Ao)I)-1. Hence,
P(s) =0 has a root s3 with positive real part, i.e., Theorem 1 predicts that the limit
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FIG. 7. A hysteresis nonlinearity.

-1. O0

Res
-(2.5 N

"100

-0.50 O. O0 O. 50 1. O0

FIG. 8. Polar plot of lO0/p(ioo) and -(2.5N(A))-.

cycle is unstable. A few calculations show that the unstable root s3 is approximately
equal to 0.022 + 5.575 i. Moreover, since

1
-0.0000689 + 0.0020285

P’( itoo)
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-1.50 O0 -0. 50

Im

),

|.,,

O. O0 O. 50

FIG. 9. Polar plot of 100/P(ito).

and
1 = 0.000038515+0.00010724i

P’(s3)

then the first four of the parameters IP’(si)1-1 are certainly small. Hence, it seems likely
that Theorem 1 will yield the correct stability prediction.

Solutions of (8.1) were simulated using initial conditions near the predicted
periodic solution. These numerical simulations verify our theoretical predictions. Only
one (apparent) periodic solution y(t) was found anywhere near the predicted periodic
solution. This periodic solution appears to be nearly sinusoidal with frequency and
amplitude very near the predicted values Ao 2.91 and tOo 1.293. Some of the results
of our simulations are displayed in Fig. 10 for 0<_- t_<-6. Clearly y(t) is unstable. The

T
3 5 6O. O0 1. O0 2. O0 O0 4. O0 O0 O0

FIG. lOa. Solution y( t).
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y(3) (t)

" O. O0 1, O0 2. O0 3. O0

FIG. 10b. y(3)(t) and -to30A cos tOot.

y(4) (t)

2 3’O. O0 O0 O0 O0 O0 5. O0

FIG. 10c. y(4)(t) and -tOgA cos tOot.
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O. O0 1. O0 O0 O0 ,t. O0 5. O0 6. O0

FIG. lOd. y(5}(t).

instability shows up first in the high derivatives of y(t) and then is exhibited in

the lower order derivatives. The unstable behavior becomes even more pronounced for
t>6.

From the present example we can conclude that the quasistatic stability analysis
is not always correct. From the simulation of this example and from several other
simulations of third through sixth order equations (not included here) we feel that
Theorem 1 does provide a reliable stability analysis when IP’(itoo)[ -1 is small.

9. Concluding remarks. We have presented an analysis (Theorem 1) for the stabil-
ity of limit cycles for feedback systems with hysteresis nonlinearities. To obtain these
results, we have made use of certain results for functional differential equations and
of a result for integral manifolds. Theorem 1 constitutes a generalization of a result
for feedback systems with nonlinearities which do not exhibit hysteresis.

A specific example was included for which Loeb’s criterion does not predict
correctly the stability of a limit cycle while Theorem 1 predicts correctly the stability
of the limit cycle.

Like most stability criteria obtained via linearization, our result is local, that is,
certain parameters must be "sufficiently small". Nevertheless, Theorem 1 will allow
the analyst to proceed with much more confidence when using the method of describing
functions. Moreover, our results also correctly predict in remarkable detail the behavior
of solutions which are near the (apparent) sinusoidal periodic solution, e.g., the rate
of approach to the periodic solution, the speed-up or slow-down of the phase as the
periodic solttion is approached, and the distortions in derivatives.
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Abstract. Quasiconvexity for mappings is generalized in such a way that this notion gives the sufficiency

of necessary optimality conditions such as multiplier rules. One can show that it is the weakest type of

generalized convexity notions in the sense that this generalized quasiconvexily holds if certain multiplier
rules are sufficient for optimality. It also yields the equivalence of local and global minima. The theory is

applied to a multi-objective programming problem and a vector approximation problem.
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1. Introduction. In optimization theory the notion of convexity plays an important
role for the development of powerful theorems concerning existence of optimal points,
their characterization and numerical computation. In this paper we focus mainly on
the characterization of optimal points using convexity conditions. According to the
particular class of problems treated, there are various generalizations of the definition
of a convex function which are already discussed in several textbooks on optimization
theory, e.g. Mangasarian [16], Avriel [1] and Krabs [12]. In addition, a number of
studies on the comparison of different convexity definitions have been published, see
e.g. Ponstein [23] among the earliest and for most recent surveys Schaible/Ziemba [25].

Let us recallthe most widely used generalizations of a convex real-valued function
in optimization theory: A function f: I R is called quasiconvex if for all A [0, 1],
x,. R" the inequality f(x)<=f() implies f(Ax+(1-A).)<=f() or if the level sets
L, {x "lf(x) <- a} are convex sets for all a I.

In the context with optimization and game theory this definition of quasiconvexity
is mostly credited to Nikaid6 [19], but it is worthwhile to mention that twenty-six
years earlier von Neumann [18] introduced the same class of functions using the
definition with the level sets. He applied it to prove a saddlepoint theorem in game
theory and called them "functions with the property (K)".

A differentiable function f: " -> E is called pseudoconvex if for all x, E with
(Vf(), x :) _-> 0 we also havef(x) _->f(). This definition can be found in Mangasarian
[15] and Tuy [26].

These definitions and stronger or weaker versions can be used to prove for example
that local minima are global ones or that necessary conditions for minima are also
sufficient.

For vector optimization problems extensions of these definitions have been intro-
duced by Hartwig [5] for finite-dimensional problems and by Craven [4], Nehse [17]
and Peem611er [21 for problems in infinite-dimensional spaces. In some of these papers
it is shown that under certain convexity assumptions the Karush-Kuhn-Tucker multi-
plier rule as a necessary optimality condition is also sufficient for optimal points.

Since the notion of a convex set or a convex function is purely geometric and
does not require any topological properties, we formulate most of the results in linear

* Received by the editors January 17, 1984, and in revised form November 7, 1984.

" Fachbereich Mathematik, Technische Hochschule Darmstadt, 6100 Darmstadt, West Germany. This
paper was written when this author was a visitor at the Department of Mathematics of the North Carolina
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Department of Mathematics, North Carolina State University, Raleigh, North Carolina 27695-8205.
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spaces. The second section deals with generalizations of quasiconvex mappings.
Quasiconvexity as defined earlier is described by a convexity requirement in the domain
of the mapping. We define an extension of this concept and also its ditterentiable
version. The relation to pseudoconvexity is discussed together with examples.

The third section begins with the formulation of minimal and weakly minimal
points in vector optimization. In 3.2 we consider problems with equality and inequality
constraints in infinite-dimensional spaces where it is shown that a certain type of
convexity for the function involved is characteristic for the sufficiency of the generalized
Karush-Kuhn-Tucker multiplier rule. In this sense, the convexity condition for the
functions of the vector optimization problem cannot be relaxed. Also for this problem
we show the equivalence of two types of Lagrange multiplier rules for vector optimi-
zation problems under a convex-likeness condition. These results extend the approaches
by Hartwig [5] and Craven [4] for vector optimization problems because the C-
quasiconvexity is characteristic for the sufficiency of multiplier rules. For scalar-valued
objectives a similar condition has been given by Krabs [12]. However, when his
almost-pseudoconvexity condition is applied to a finite-dimensional nonlinear pro-
gramming problem with inequality constraints then all functions describing the
inequalities have to be quasiconvex, not only those with active indices as we obtain
from our general theory and as one can find in e.g. Mangasarian [16, p. 151].

Since for strictly quasiconvex functions local and global minima coincide, e.g.
Mangasarian [16, p. 139], we treat this question in 3.3. We show that the cor (Cy)o
quasiconvexity is necessary and sufficient for the property that local weakly minimal
points are also global weakly minimal. A statement of this type holds for minimal
points in vector optimization. In the scalar-valued case, similar characterizations have
been obtained in Zang and Avriel [29].

In a final subsection we consider a nonlinear multi-objective programming problem
and show which "classical" condition on the functions describing the optimization
problem yield the C-quasiconvexity as defined in (16). A second application is a vector
approximation problem. Under a certain representation condition for the family of
functions which defines the approximation problem we prove that the ditterentiable
C-quasiconvexity is satisfied. This applies to rational vector approximation with the
maximum norm and extends a result by Krabs 11] for the real-valued case. Finally
we present a generalized Kolmogorov condition.

In the following we list some symbols and notations which are used in this paper.
Let X, Y be real linear spaces and let A, B, C be nonempty subsets of X, then:

X’:= {I:X ->111 is linear on X},
A+B:= {a+bla e A, be B},
[a,b]:={Aa+(1-h)blA e [0, 1]} for all a, beX

(and (a, b), a, b), (a, b are defined in the same way),
cot (A):= {a e Alfor each xeX there exists some c>0 with [a, a+ax]c A}

denotes the algebraic interior of A,
lin (A) := {x e Xlthere is some x aeA with [a,x)c A}U A

denotes the algebraic closure of A,
cone(A):= {axla >- O, x e A},
f(A) :- {f(a)[a e A} for a function f: A Y,
span(A) :-smallest linear subspace of X containing A.

The set A is called algebraically open (or algebraically closed), if cor A A (or lin (A)
A). The set C is said to be a cone, if cone (C)c C. It is well known that C C + C
for a convex cone C and cor (C)= cor (C)+ C for a convex cone C with nonempty
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algebraic interior. A cone C is called pointed, if C f-)(-C)= {0x}. A convex cone C
induces a partial ordering -> in X by x >_-0x being equivalent to x Cx. This implies
a partial ordering also for the dual space X’ by the dual cone

Cx,:={lX’ll(c)>-O for all c C}.

The obvious extension of convex functions to partially ordered real linear spaces
is the following.

DEFINITION 1.1. Let E, F be real linear spaces, C a convex cone in F, S a nonempty
convex subset of E and v: S --> F a mapping, v is called convex if Sl, s2 S and A [0, 1]
imply

(1) Av(s,)+(1-A)v(s2)-v(As, + (1 A)s2) C.

Recall the following generalization of the convexity notion (e.g., see Vogel [27]
and Nehse [17]).

DEFINITION1.2. Let E, F be real linear spaces, C a convex cone in F, S a nonempty
subset of E and v: S-> F a mapping, v is called convex-like if v(S)/ C is convex.

It can be shown that each convex mapping is also convex-like.

2. Generalized quasiconvex mappings. In this section we investigate some gen-
eralizations of the quasiconvexity notion. The definition of quasiconvex functionals
on R given in the previous section can be carried over easily to the vector-valued case
(e.g., see Hartwig [5, p. 304] and Peem6ller [21, p. 134] among others).

DEFINITION 2.1. Let E, F be real linear spaces, C a convex cone in F, S a nonempty
convex subset of E and v" S-> F a mapping, v is called quasiconvex if

(2) Sl, Sz6S with v(sl)-v(s2)C

implies that

(3) V(Sl)-V(hSl+(1-h)s2)C for all h [0,1].

Every convex mapping v: S--> F is also quasiconvex, because (2) and C being a

convex cone imply for any h [0, 1]

d:=(1-A)(V(Sl)-V(S2)) C.

Therefore, from (1) we obtain

V(Sl)-V(XS+(-x)s:) C+{d} C.

John von Neumann’s definition (see [18, p. 307]) using the level sets is sufficient
for this type of quasiconvexity.

LEMMA 2.2. Let E, F be real linear spaces, C a convex cone in F, S a nonempty
convex subset of E and v: S--> F a mapping. Then the mapping v is quasiconvex if and
only iffor all g S the sets

(4) L:= {s SI s # g, v(g)- v(s) C}

contain s, g) whenever s Le.
The proof of Lemma 2.2 follows immediately from Definition 2.1.

2.1. C-quasiconvexity. In this subsection we extend the class of quasiconvex
mappings considerably by the following definition.

DEFINI’rION 2.3. Let E, F be real linear spaces, S and C nonempty subsets of E
and F, respectively, v: S--> F a mapping and g S a given element, v is called C-
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quasiconvex at g if the following holds" Whenever there is some s S with

(5) sg and v(g)-v(s)C,

then there exists some g S with

(6) g#g, sx:=h+(1-h)gS and v(g)-v(sx)C for all h (0,1].

Example 2.4.
(a) Clearly, every quasiconvex mapping v" S F is C-quasiconvex at all g S

where C is the ordering cone in F.
(b) Let the mapping v:RR2 be given by

v(a) (a, sin

where 2 is .partially ordered in the componentwise sense. The mapping v is
+-quasiconvex at 0 but it is not quasiconvex (at 0).

The following lemma shows that C-quasiconvexity of v at g can also be character-
ized by a property of the level set L in (4).

LEMMA 2.5. Let E, F be real linear spaces, S and C nonempty subsets of E and F,
respectively, v: S --> Fa mapping and g S a given element. The mapping v is C-quasiconvex
at g S if and only if the set L defined by (4) is empty or it contains a half-open line
segment starting at g, excluding g.

Proof. Rewrite (6) as

[, )

and the statement of the lemma is clear.
As seen from Lemma 2.5 the relaxation of the requirement (3) to (6) by allowing

# s extends the class of quasiconvex mappings considerably.

2.2. Differentiable C-qaasieonvexity. For several applications it is necessary to
investigate C-quasiconvex mappings which are ditterentiable in a certain sense. For
such mappings it is reasonable to introduce an appropriate framework for difterentiable
C-quasiconvexity. Before we present this definition we introduce the following weak
ditterentiability notion which extends the usual notion of Gteaux variations to real
linear spaces which are not equipped with any topology along the lines of
Kirsch/Warth/Werner 10, p. 33].

DEFINITION 2.6. Let E, F be real linear spaces, S and A nonempty subsets of E
and F, respectively, v" S F a mapping and g e S a given element. A mapping v’(g)" S
{g} F is called a Gteaux variation of v at g with respect to A if the following holds"
Whenever there is an element s S with

sg and v’(g)(s-g)A,

then there exists some ? > 0 with

s:=g+7.(s-g)S and l(v(s)-v(g))A for all 7. e (0, ?].

Example 2.7. In addition, let F be a linear topological space and let v’(g)" S-{g}-->
F represent the directional derivative, i.e. assume that for each s e S there exists ? > 0
with Is, s] c S and

1
v’(g)(s g) lim --- (v(g+ 7.(s- g))- v(g)).

-0 7"
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Then v’(g) is a Gteaux variation of v at g with respect to all open sets of F. Suppose
A c F is open and for some s S

w=v’(g)(s-g)A,

then A-{w} is an open 0F-neighborhood and there exists ?> 0 with

1
-(v(s)-v(g))-wA-{w} for all -(0, ?],

which yields the desired relation. If v is an .affine mapping, a Gteaux variation exists
with respect to all sets A.

Next we present the notion of differentiable C-quasiconvexity.
DEFINITION 2.8. Let E, F be real linear spaces, S a nonempty subset of E, C

and C2 c Ca nonempty subsets of F, g S a given element and v: S- F a mapping
which has a GSteaux variation at g with respect to C. v is called differentiably
C-C-quasiconvex at g if the following holds: Whenever there is some s S with

(7) s g and v(s) l)(g) C

then there exists some g S with

(8) g g,. [g, g]c S and v’(g)(g-g) C2.
In the case of C1 C2 =: C the mapping v is simply called differentiably C-quasiconvex
at g.

Example 2.9. Let E, F be normed linear spaces, $ a subset of E with a nonempty
topological interior int (S), C a convex cone in F, g int (S) a given element and
v" $--> F a mapping which is Fr6chet-ditterentiable at g. Then the mapping v is called
pseudoconvex at g (for similar definitions, compare Hartwig [5, p. 305] and Craven [4,
p. 665] among others), if for all s S the following holds:

v’()(s-) Cv(s)-v() c.
This implication is equivalent to

v(s)-v() Cv’()(s-) c.
Therefore, each mapping v which is pseudoconvex at g is also differentiably (F\C)-
quasiconvex at g. This shows that the class of pseudoconvex mappings is contained
in the larger class of differentiably C1- C2-quasiconvex mappings.

Example 2.10. Let E, F be Banach spaces, S a nonempty convex subset of E, C
a closed convex cone in F and v" S--> F a Fr6chet-differentiable mapping at a point
g S. Nehse 17, p. 484] defines v to be strong pseudoconvex at g with respect to C if
there exists a functional Pv: $ x S--> {8 R: 8 > 0} such that

pv(s,g)(v(s)-v(g))-v’(g)(s-g) C for all sS.

It is easy to verify that these mappings are also differentiably (-C)-quasiconvex and
differentiably (-cor (C))-quasiconvex provided cor (C) .

With the next theorem we investigate some relations between C-quasiconvexity
and differentiable C-quasiconvexity.

THEOREM 2.11. Let E, F be real linear spaces, S a nonempty subset of E, C
nonempty subsets of F such that C (.J {OF} is a cone, g S a given element and v: S- F
a mapping.

(a) If v is (-C)-quasiconvex at g and has a Gteaux variation at g with respect to
C and F\ C, then v is differentiably C-quasiconvex at g.
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(b) If v is differentiably C-quasiconvex at g with a Gteaux variation of v at g with
respect to C, then v is (-C)-quasiconvex at g.

Proof. (a) Let some s S be given with (7). Since v is assumed to be (-C)-
quasiconvex at g there exists some g S such that for all h (0, 1]

(9) g, s =h+(1-h)gS and v(g)-v(s)-C.

Suppose that for all Gteaux variations of v at g with respect to t and F\C

v’(s)(-)c.

Then, from the definition of a Gteaux variation with respect to F\C there exists some
? > 0 with

s:=g+z(g-) and l(v(s)-v(g)) C for all -e(0, ].

By assumption C t_J {0v} is a cone, and therefore we conclude

v(g) v(s,) e -C for all z (0, ].

But this contradicts (9) and shows that for some Gteaux variation of v at g with
respect to F\C and C

v’()(-)ec,

which shows that (7) implies (8) in Definition 2.8 with C C_ C and C3 C.
(b) Let s eS be given with s g and v(s)-v(g)e C. Then ditterentiable C-

quasiconvexity of v at g implies that there exists some e S and a Gteaux variation
of v at g with respect to C with the property

g, [, g] c S and v’(g)(- g) e C.

Then by Definition 2.6 there exists some ?> 0 with

s:=g+z(g-g)S and l(v(s)-v(g))C forallr(0,].

Observing that Ct.J{0F} is a cone, we arrive at (6) and the proof of the (-C)-
quasiconvexity at g is complete.

If one considers GSteaux variations with respect to algebraically open sets, in the
previous theorem under (a) and (b), one should assume that C is algebraically closed
and that F\C and are algebraically open, respectively.

3. Application to vector optimization problems. This section is aimed to show the
applicability and the usefulness of the notions of generalized convexity introduced in
2 to vector optimization problems. The generalized Karush-Kuhn-Tucker multiplier

rule with a real-valued or vector-valued Lagrangian is examined and we prove that
this multiplier rule is a sufficient optimality condition for a substitute problem if and
only if the corresponding mappings are generalized quasiconvex. We show also that
the local optima are global optima if and only if the objective mapping is in some
sense generalized convex. In the last subsection we discuss some examples.

3.1. Problem formulation. In this subsection we consider the vector optimization
problem

"min"f(x)
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where f is a mapping whose domain is a subset of a real linear space and whose range
is a subset of a partially ordered real linear space. S is a subset of the domain of f.
The set S is called the constraint set or feasible set and f is called the objective mapping.

There are several possibilities to define minima of f on S. We restrict ourselves
to the following two optimality notions.

DEFINITION 3.1. Let X, Y be real linear spaces where Y is partially ordered by
a convex cone Cy. Furthermore, let S be a nonempty subset of X and f: S-> Y be a
given mapping.

(a) An element 2 S is called a minimal point off on S, if

({f(2)}- Cg) f(S) {f(2)}.

(b) In addition, let cor (Cy) . An element 2 e S is called a weakly minimal
point off on S, if

({f(2)}- cor (Cy)) f(S) .
The following lemma gives a relation between the two types of optimal points.
LEMMA 3.2. Let X, Ybe real linear spaces, Cy Ya convex cone with cor (Cy) ,

S a nonempty subset ofX and f: S -> Y a mapping. Then each minimal point off on S is
a weakly minimal point off on S.

For a special case, a proof of this lemma and an example which shows that the
reverse implication does not hold can be found in Lin 14, pp. 49, 47]. From a theoretical
point of view the notion of weak minimality is more elegant than the notion of
minimality but in the applications the notion of minimality is more desirable.

3.2. Sufficiency of the generalized Karush-Kuhn-Tucker multiplier rule. In this
subsection vector optimization problems are considered where the set S of feasible
points is given by inequality and equality constraints. In connection with a regularity
condition necessary conditions can be established, the so-called generalized Karush-
Kuhn-Tucker conditions, which generalize the well-known Lagrange multiplier rule
(for a discussion of these necessary conditions for vector optimization problems we
refer to Kuhn/Tucker [13], Hurwicz [7], Borwein [2], Vogel [28], Kirsch/Warth/Wer-
ner [10], Sachs [24], Hartwig [5], Oettli [20], Borwein [3], Craven [4], among others).
It is our aim to give a characterization of these conditions in terms of the definition
of generalized convexity as previously given. The generalized Karush-Kuhn-Tucker
conditions are investigated in a vector-valued and in a real-valued form.

The vector optimization problem which is under investigation is given as follows:

"min" f(x)

(10)
subject to g(x) e CN1

h(x)=Oz2,

For this problem we assume the following:

(11)

Let X, Y, Z1, Z2 be real linear spaces;
let Cy C y, Cz Zl and Cz2 c Z2 be convex cones where

cor (Cy)# and Cz is pointed;
let So be a nonempty subset of X;
let f: So--> Y, g: So--> Z1 and h: So ---> Z2 be mappings,
let the feasible set S be defined by

S :- {x e Sol-g(x) e Cz,, h(x) Oz}.
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THEOREM 3.3. Let the vector optimization problem (10) with (11) be given and
suppose that for some 2 S there exist sets Gi, O, 1, 2 with cor (Cy) c Go Y, Cz +
cone (g(2)) G1 Z1, Cz2 U (-Cz2)) c G2 Z2, such that
the mappings f, g, h have Gteaux variations at 2 with respect to Go, G1, and G2,
respectively. Assume that there exist some

(12) e Cy,\{Oy,}, u e Cz, v e Z&
with

(13) (tof’(2)+uog’(2)+vo h’(2))(x-2)_>0 for all xeSo

and

(14) (u g)(2) 0.

Then 2 is a weakly minimal point off on
S := {x Sol-g(x) Cz,+ cone (g(2)), h(x)= 0z2}

if and only if
(15) (f g, h, h)" S-> YxZ1xZ2xZ2

is differentiably (- C)-quasiconvex at 2 with

(16) C :=cor (Cg) x (Cz,+cone (g(2))) x Czx (-Cz).
Proof. Assume that the multiplier rule (12)-(14) holds at some 2 S. Then we

assert that

(17) (f’(2)(x- 2), g’(2)(x- 2), h’(2)(x- 2), h’(2)(x- 2)) : -C for all xSo.
For the proof of this assertion assume that there exists some x So with

f’(2)(x 2) -cor (Cy),

g’(2)(x 2) -Cz, -cone (g(2)),

h’(2)(x-2)e -Cz,
h’(2)(x- 2) e Cz2.

Because Cz is a pointed cone we obtain

h’(2)(x 2) e Cz CI (-Cz:) {Oz}
and together with (12) we conclude for some a >_-0

(t f’(2)+uo g’(2)+vo h’(2))(x-2)<-a(u g)(2).

But this inequality contradicts (13) and (14). Hence (17) holds and with the generalized
quasiconvexity requirement we deduce that for all x So
(18) (f(x) f(2), g(x) g(2), h(x)- h(2), h(x)- h(2)) : -C.

Condition (18) means that there is no x So with

f(x) {f(2)} -cor (Cy),

-g(x) e {-g(2)}+ Cz, + cone (g(2))= Cz, + cone (g(2)),

h(x) e Cz2 CI (-Cz:) {Oz}.
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So (18) is equivalent with the statement that

({f(X)}-cor (Cv)) f(S) ,
i.e. is a weakly minimal point off on $.

Conversely, if in addition to (12)-(14) is a weakly minimal point of f on S,
then (18) holds and the differentiable C-quasiconvexity of (15) at is trivial.

In the previous theorem we showed the equivalence of the generalized quasicon-
vexity with the sufficiency of the generalized Karush-Kuhn-Tucker conditions for
optimality of a substitute problem where S is replaced by S. For the original problem
the following conclusion holds.

COROLLARY 3.4. Let the assumptions ofTheorem 3.3 be satisfied and let the mapping
(15) be differentiably (-C)-quasiconvex at S with C given by (16); then is a weakly
minimal point off on S.

Proof By Theorem 3.3 S is a weakly minimal point of f on S, i.e.

({f(X)}- cor (Cy)) Vl f(S) .
But S S implies that is also a weakly minimal point of f on S. F3

Corollary 3.4 extends results of Vogel [28, p. 100], Hartwig [5, p. 313-314] (for
another optimality notion) and Craven [4, p. 666-667]. In Theorem 3.3 a real-valued
Lagrangian f+ u g + v h is considered implicitly. For a vector-valued Lagrangian
f4- L1 g 4- L2 h where L1 and L2 are appropriate linear mappings we obtain a similar
result as in Theorem 3.3 without using a separate approach (as in Craven [4]). Under
a convex-likeness assumption there is no difference if we use a real-valued or a
vector-valued Lagrangian. This result is formulated in

THEOREM 3.5. Let the vector optimization problem (10) with (11) be given. For
some S we assume that f’()" So-{}- Y, g’(ff)" So-{:} Z1 and h’(ff): So-{}
Z2 are arbitrary mappings. Then for the two statements,

(19)

and

(20)

there exist Cy,\{Oy,}, u Cz, and v Z’2
with the properties f’() + u g’() + v h’())(x ) >= 0 for all x So
and u g)(2) O,

there exist a linear mapping L Z Ywith
LI(Czl) c (cor (Cy) {0y}) and a linear mapping
L2." 22 -) Y with the properties
(f’() + L1 g’() + L2 h’())(x 2)

_
-cor (Cy) for all x So

and (L1 g)(2)=Og,

the following holds:
(a) The statement (19) implies the statement (20).
(b) If the statement (20) holds and the mapping f’(ff)+ L1 g’(ff)+ L2 h’(ff) is

convex-like, then the statement (19) is true.

Proof
(a) We assume that the statement (19) is true. Because of t Cy,\{Oy,} and

cor (Cy)# ( there exists a )7 cor (Cy) with t()7)= 1. Then, following an idea due to
Borwein [2, p. 62], we define the mappings LI:ZI- Y and L2:Z: Y by

(21) Ll(Zl) U(Zl))7 for all Zl e Z1
and

L2(z2) v(z2))7 for all z2 e Z2.
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Obviously, L1 and L2 are linear mappings, and we have

L,(Cz,) c cor (Cy) (.J {0y}.

Furthermore, we obtain L1 u and L2 v. Consequently, the inequality in the
statement (19) can be rewritten as

(to(f’()+Lao g’()+L2 h’()))(x-:)->0 for all xeSo.
Then we conclude with a scalarization result (e.g., compare [9, Cor. 2.3(c)])

(f’() + LI g’() + L2 h’(Y,))(x g,)
_
-cor (Cv) for all x e So.

Finally, with the equality (21) we get

(La g)(g) (u g)(g))7 0y.

So the statement (20) is true.
(b) Now we assume that the statement (20) is true. Then we have

(f’() + La g’(g) + L2 h’(Y,))(x Y,) -cor (Cy) for all x So,

and if we notice that cor (Cy)= cor (Cy)+ Cy, this implies

(S + Cv) fq (-cor (Cv))

where $ is defined as

S := {(f’(;2) + L1 g’(g) + L2 h’())(x ,)lx So}.

Since the mapping if(g)+ La g’(g)+ L2 h’(ff) is assumed to be convex-like, the set
S + Cv is convex. By a known separation theorem (e.g., see Holmes [7, 4.B]) there
exists a linear functional 6 Cy,\{0v,} with

(t off(g)+ to tlo g’(g)+ to L2o h’(g))(x-g)=>0 for all x6 So.
If we define u := L1 and v := L2 we obtain

(tof’()+uog’(g)+voh’(g))(x-)>-O for allx6So

and

(uo g)(g)=(to Lao g)() 0.

Furthermore, for any za Cz, we obtain

u(za)=(t

which implies u Cz. This completes the proof.
Although we use the notation of a derivative, Theorem 3.5 holds for arbitrary

mappings f’(ff), g’() and h’(). The "multiplier" La in (20) is (in a stronger sense)
a monotone mapping.

If the generalized quasiconvexity assumption in Theorem 3.3 is strengthened, then
a similar theorem holds for minimal points of f on S.

THEOREM 3.6. Let all the assumptions of Theorem 3.3 be satisfied. Then is a

minimal point off on if and only if the composite mapping (f, g, h, h) is differentiably
(-Ca)-(-C2)-quasiconvex at with

Cl := (Cy\{Oy}) (Cz,+cone (g(:2))) x Czz (-Cz)
and

C2:= cor (Cy) x (Cz + cone (g())) x Cz x (- Cz).
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The proof of this theorem is almost identical to the one of Theorem 3.3 and it is
therefore omitted. A result which is similar to that of Corollary .3.4 can also be obtained.

3.3. Local and global minima. It is well-known that a real-valued strictly quasicon-
vex function on a convex subset of n has the property that all its local minima are
also global minima (e.g., see Mangasarian [16, p. 139]). We show in this subsection
that this fact extends to hold under C-quasiconvexity and it is even characteristic for
it.

DEFINITION 3.7. Let X, Y be real linear spaces, S a nonempty subset of X, Cy
a convex cone in Y and f: S- Y a mapping.

(a) An element ff 6 S is called a local minimal point off on S, if there is a set
U X with ff cor (U) such that ff is a minimal point off on S f’) cor (U).

(b) In addition, let cor (Cy) (. An element 6 S is called a local weakly minimal
point offon S, if there is a set U c X with 6 cor (U) such that is a weakly minimal
point of f on S fq cor (U).

The following two theorems state a necessary and sufficient condition under which
local minima are even global minima.

THEOREM 3.8. Let X, Ybe real linear spaces, S a nonempty subset ofX, Cy a convex
cone in Y with Cy {0r} and f: S -, Y a mapping. Let S be a local minimal point of
fon S. Then is a (global) minimalpoint offon S ifand only iffis Cy\{Oy})-quasiconvex
at 2.

Proof Suppose that S is a local minimal point off on S. If ff is not a minimal
point of f on S, then there exists some x S with

f(2) f(x) Cy\{Oy}.

Assume f is (Cy\{0y})-quasiconvex at 2; then there exists some e S with

x := ;+(1-;t)e S, 2

and

(22) f(2)-f(x,) Cy\{Oy} for all A e (0, 1].

Since 2 e cot (U) there exists some e (0, 1] with

(23) x e cor (U) for all h e (0, ].

(22) and (23) together contradict the assumption that ff is a local minimal point of f
on S. On the other hand if ff is a minimal point of f on S, then there is no x S with

f(2)-f(x) Cv\{Oy}

and the (Cy\{0y})-quasiconvexity of f at holds trivially.
The following theorem can be proven similarly.
TIqEOREM 3.9. Let X, Ybe real linear spaces, S a nonempty subset ofX, Cy a convex

cone in Y with cor (Cy) andf: S - Ya mapping. Let S be a local weakly minimal
point off on S. Then is a (global) weakly minimal point off on S if and only iff is
cor (Cy)-quasiconvex at .

Zang and Avriel [29] characterized functions on " whose local minima are also
global by a lower semicontinuity property of the corresponding level sets.

3.4. Examples. In this last section we consider two special problems, namely a
nonlinear multi-objective programming problem and a vector approximation problem.
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For both problems we present conditions under which the generalized quasiconvexity
assumption in Theorem 3.3 is fulfilled.

The vector optimization problem (10) reduces to a nonlinear multi-objective
programming problem, if we set

X =", y __rn, Z1 .__k, Z2 _..!,

(24)
Cy {y 6 "IY,--> 0 for all 1,. ., m},

Cz--{z6klzi>=O for all i= 1,. ., k},

Cz2 {z lzi >- 0 for all 1,. ., l}.

For this special case we obtain
LEMMA 3.10. Let the nonlinear multi-objective programming problem (10) with (11

and the special assumption (24) be given and assume that at some g, S the vector

functions f, g, h have partial derivatives at ,. If thefunctionsfl, ",f,, are pseudoconvex
at and the functions hi, ", hi, hi, ", ht and g for all I(g,) with

I():= {i {1,..., k}lg,(: =0}

are quasiconvex at , then the composite vector function (f, g, h, h) is differentiably
(-C)-quasiconvex at with C defined by (16).

Proof. Let some x s S be given with (7), i.e. x and

(25)

f()-f(x) > 0 for all i= 1,. ., m,

gi()-gi(x) >-agi() for all i=l,...,kandsome a_->0,

h,(Y,)-hi(x)=O for all i= 1,..., 1.

The inequality (25) implies

g,() g,(x) >- 0 for all I().

Using the characterization of differentiable quasiconvex functions and the definition
of pseudoconvex functions (e.g., compare Mangasarian [16, ch. 9]) the previous
inequalities imply

f()(:-x)>0 for alli=l,...,m,

g’(:)(g x) _-> 0 for all I(),

h’()(:-x)=0 for all i=l,...,l.

Since gi(g) < 0 for all I(g) there is an a > 0 with

g()(g-x)>=ag,(g) for all i{1,...,m}.

Hence g= x satisfies (8).
Lemma 3.10 shows in particular that the convexity type conditions are only imposed

on the active constraints. This is for example not the case if one applies the condition
of a function being "almost pseudoconcave" in Krabs [12, p. 172] to this standard
problem of optimization. However, the almost pseudoconcavity was introduced in
order to obtain the sufficiency of necessary optimality conditions for problems in
Chebyshev approximation.



318 j. JAHN AND E. SACHS

Next we consider a special Chebyshev vector approximation problem under the
following assumption:

Let A be a nonempty convex subset ofn;
let Ao be an open superset of A;
let Q be a compact space with at least n + 2 elements;

(26) let C(Q) denote the real linear space of real-valued continuous
functions on Q equipped with the maximum norm I1"

let F1,’’’, F,: Ao C(Q) be mappings which are Fr6chet differentiable
on Ao;

let zl," ", z,, C(Q) be given functions.

Then the Chebyshev vector approximation problem is formalized as

(27) min"
aA

Fm a zm l]o]

where the partial ordering in m is understood in the natural sense. For our investiga-
tions we replace this problem by the following:

"min" (/,. ., /)
subject to

Fi(a)( t) z,( t) yi <- O
for all i= 1,..., m and all t Q

(28) -Fi(a)(t)+zi(t)-yi<-O

aA.

The vector optimization problem (28) is a special type of (10) without equality
constraints. Then (11) reduces to:

(29) / F(a)-z-)q]

I-F(a)+z-Yg(x)= for all x=(a, 31, "Ym) GAXm

F,,,(a)-z,,,-%,,’]l-F,,,(a)+ z,,,-%,,’/

X=-+-, y=[,,,, Z,=C(Q)TM, So=Am,
Cy {YlY >= 0 for all i= 1,. ., m},

Cc(o) with Cc(o)={uC(Q)lu(t)>Oforall tQ},2m

f:Ax’-Y with f(x)=()q,...,y,,)T for allx-(a,y,...,
g: A x" Z with

where ] C(Q) denotes the function which equals 1.

The equivalence of both problems (27) and (28) can be derived from the following
lemma.

LEMMA 3.11. Let X, Ybe real linear spaces, Cy a convex cone in Y with cor (Cy)
(, S a nonempty subset of X and f: S- Y a mapping. In the space X x Y we define
S {(x, y) S x Y: y 6 {f(x)} + Cy} and oh: SI Yby b(x, y) yfor all (x, y) St. Then
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the problems
"min" f(x) and "min" d(x, y)
xS (x,y)S1

are equivalent in the following sense:

If2 S is a weakly minimal point offon S, then 2, f(2) is a weakly minimal point
of d on $1. On the other hand, suppose (2,/) S1 is a weakly minimal point of d on S1;
then 2 S is a weakly minimal point off on S.

The proof of this lemma is a consequence from the equality Cy- Cy + cor (Cy)
and the definition of the problems.

The same statement on the equivalence of minimal points holds if the condition
cor (Cy) is replaced by Cy being pointed.

For the real-valued case (i.e., m 1) Krabs [11] gave a condition on F1 which
assures the sufficiency of necessary conditions for the previous problem. It is also
sufficient for the almost pseudo-concavity. We show that an extension of this condition,
a representation condition, as well implies the dillerentiable C-quasiconvexity of the
mapping (15) at each 2 S with C given by (16).

LEMMA 3.12. Let the vector optimization problem (28) with the assumptions (26)
and (29) be given. Let (F1,. ", F") satisfy the representation condition, i.e., for every
al, a2 A there existpositivefunctions tPl(al, a2)," "’, q"(al, a2) C( Q) and some A
with

(30) Fi(a)-Fi(a2)= Oi(al, a)F’i(a2)(-a) for all i= 1,..., m.

Then the composite mapping (f, g) is differentiably (-C)-quasiconvex at each 2 S with
C := cor (Cy) x Czl + cone (g(2))).

Proof. Let some (a, y,. ., /"), (a, y,. ., Ym) S be given with

/i-yi>0 for all i=l,...,m,

(31) F(a)-’r/,-F,(a)+%q]>=a(Fi(a)-zi-q/,q]) Ifor all i= 1, ...., m and some
(32)

Then there exist positive functions $(a, ti),. ., "(a, ti) C(Q) and some a A with
(30). Furthermore there exist positive real numbers al,"" ", a",/3,...,/3,, with

0<cei -<$i(a,a)(t)-<fl for all i=l,...,m and all tQ,

and we define

and
min {al, a"}

for all i-1,...,m.

Then (31) implies with (30) and the feasibility of (a, "y1, "")

-Fl(a)(- ) F’i(a)( )

d/i(a, a)
(F,(a) F,(a))

oi

->c(F(a)-z,-/iq])+(/,-3,) for all i=l,...,m.
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Similarly (32) implies

i(a, 8) F a Fi t

>=-- (-F,( a) + z, ,)+.
O/’i i

>--:(-Fi(a)+zi-Ti])+(/i-’i) for all i=1,... ,m.

Hence (8) holds with g=(8, ).
The representation condition (30) is satisfied for rational approximating families:

Let functions p C(Q), i= 1,..., m, j= 1,-.., n be given and define for some
n{1,2,...,n-1}, i=l,...,m

F,(a) =’ p )nS[lap for a (a,

A={aN" pj(t)>0 forall,eQ}.
j=ni+l

An easy computation shows that (30) holds with

i(al, a2)=
j=ni+l

/ - (2)_i
pj/ /’ xj pj,

j=ni+l

ag=(ak) ...,a(k)) k= 1,2.

For further discussion of these types of condition for the case m 1 see Krabs 11 ].
For real-valued Chebyshev approximation problems the multiplier rule (12)-(14)

can be formulated more precisely taking into account the special structure of approxi-
mation problems. This is extended to the Chebyshev vector approximation problem
in the following lemma.

LEMMA 3.13. Let the assumptions (26) and (29) be satisfied, and let a vector
(, /) A x [m with "r/i Fi() z, I1, 1,’’’, m, be given. For each 1,..., m let
the Frdchet-derivative of Fi at be given by

F’i(t)(a) akVik for all a A
k=l

with certain functions Vik C( Q). The vector , /) satisfies the multiplier rule (12)-(14)
for problem (28) if and only if there exist nonnegative numbers Zl, m where at least
one ’i is nonzero with thefollowing property: For each 1, , m with - > 0 there exist
p points tj E with

1 -< p _-< dim span { Vl," ", vn, ], F(a) zi} -< n + 2,

E,() := {t QII(F,()- z,)(t)l--II F,(a)- z, ll}
and there are hj [, j 1,..., p,, such that

Pi
(33) E [h,jl 1,

j=l

Pi
(34) (.ak 8k) ’, Aov,k(to) >- 0 for all a A,

k=l i=1 j=l
’i >0
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and

(35) (sgnA,j)(F,(gt)-z,)(t,j)=llF,(a)-z, lloo if A,j # 0.

Proof. A short calculation shows that (12)-(14) are equivalent to the existence of
rl, , Zm 0 where at least one ri is nonzero and ui, w Cco),, 1, , m, with

(36) r, u,()+ w,(),

(37) (u,-w,)(F(a)(a-a))O for all aA,
i=1

and

(38) u,(F(a)-z,-,)=O and w,(-F(a)+z,-,)=O fori=l,...,m.

r=0 implies u w =0co), and nothing needs to be shown. Otherwise define fi
(1/)u, =(1/z)w and a representation theorem for linear functionals (see abs
12, IV 2.3-4]) on finite-dimensional subspaces of C(Q) gives the existence of q points
tQandnumbers+>0, i=1 m,j=l,.., q,withij

qi

a,(y)= Xy(t).
j=l

In a similar way there exist r points o Q and numbers 0, i= 1,..., m, j
1,. ., r, with

,(y)= 2 y(t).
j=l

If we define for each 1,. ., m
Ai:= forj=l,...,q

and

ai+q, := -XT for j 1,. ., r,,

and if we set Pi := qi + ri, then (36) is equivalent to (33), and (37) is equivalent to (34).
The analogous application of a known result from optimization (e.g., compare Krabs
[13, Thm. 1.5.2]) leads to p-< dim span {vl, , vi,, 1, F(t) z}. For i= 1,. , m the
equations (38) can be written as

and

qi

j=l

E Ao[(Fi(Et)-zi)(tTj)+ O,
j=l

which is equivalent to (35). [3

With the aid of Lemma 3.13 the multiplier result in Theorem 3.3 leads to an
alternation theorem which generalizesthe well-known Kolmogorov condition to vector
approximation problems. This result extends also an alternation theorem for linear
Chebyshev vector approximation problems given in [8, p. 585].

4. Conclusion. In this paper, generalized quasiconvex mappings such as C-
quasiconvex and differentiable C-quasiconvex mappings are presented. C-quasiconvex
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mappings subsume the classes of quasiconvex, strictly quasiconvex and pseudoconvex
functions. It turns out that these notions are very useful in vector optimization and
can be applied to optimality conditions and the investigation of local minima. It is
one of the main results that the differentiable C-quasiconvexity is characteristic for
the sufficiency of a certain multiplier rule for optimal points.
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SINGULAR OPTIMAL CONTROL:
A GEOMETRIC APPROACH*

J. C. WILLEMSf, A. KTAPtI" AND L. M. SILVERMANt

Abstract. Linear quadratic singular optimal control problem is solved for nonminimum phase and
noninvertible systems. A state space decomposition is obtained and a reduced order nonsingular subproblem
is solved. The optimal stabilizing input ofthe singular problem has been found when there are no transmission
zeros on the imaginary axis.

Key words, optimal control, singular optimal control, geometric control, distributions

1. Introduction. This paper is concerned with linear quadratic problems in which
the cost functional is not positive definite in the control. These are called singular
problems. In [1], the finite horizon problem and the infinite horizon problem have
been solved when the system is minimum phase. It was also shown that the regular
part of the optimal input is feedback implementable.

The geometric theory of linear systems added a great deal of insight into the
structure of the solution of such singular problems. In fact, it could be claimed that
the theory of (almost) controlled invariant and controllable subspaces are the generic
tools for studying this class of problems as demonstrated in [1].

In the present paper, we will investigate the problem further,and obtain algorithms
for actually computing the optimal control. The nonminimum phase case is also
considered and results are found by solving reduced order algebraic Riccati equations.
As is well known, the optimal control may not exist in the class of regular control
functions and indeed, our optimal trajectory and the ensuing state trajectory lies in
the class of distributions. In addition, for positive times, the optimal trajectory is
smooth and lies on a predetermined linear subspace of the state space.

We will be using standard notation: R" for m-dimensional Euclidean space,
I+:=[0, oe), ’ for the distributions with support on +, A\B for A(qBcmplement,
(A[) for the largest A-invariant subspace containing the subspace , and ([A)
for the smallest A-invariant subspace contained in . Of course, for the familiar
:i=Ax+Bu, y= Cx, (Alim B) is the reachable subspace, while (ker C[A) is the
nonobservable subspace.

2. Problem statement. In this paper we will study the full linear quadratic problem
with nonnegative cost functional. The usual formulation is to consider, for the system

Ax + Bu, the cost functional q(x_, _u) dt with q a quadratic form (in x and u jointly).
However, since we will only be concerned with the situation in which q >-0, we can
always introduce the output y= Cx+ Du such that Ilyll=-q(x, u). As in [1] we are
thus led to consider the linear system

(1) E2=Ax+Bu, y=Cx+Du

* Received by the editors July 17, 1984. This research was partially supported by the National Science
Foundation under grant ECS-53-4510-2569.
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with state space ", input space 9/= ", and output space P, and with cost
yll 2 dt.
Consider the following spaces of inputs"
(i) Regular inputs"

_u’R+R _u is measurable and [[_ull.2 dt<o for all T6R+

(ii) Distributional inputs" Even though we could consider general distributions on
+, we will, as in [1], restrict our attention to Bohl type distributions (those whose
Laplace transform is rational). Thus

0-dist 1__ { 1 imp+ reg with imp an impulsive distribution, and reg reg}.

An impulsive distribution is one with suppo in 0, i.e., a distribution of the form
=oa with a the Dirac delta, and (i) the i-th derivative.

Let eg, dist, reg and dist be similarly defined. Obviously dist reg. NOW
for any given initial condition (0) Xo and any V dit, E generated in the standard
way unique solutions dist and y dit (for details, see 1, 3]). In order to display
the dependence on Xo and V we will denote these unique solutions by (Xo, V) and
y(xo, ). Of course, if V reg then also (Xo, V) eg and y(xo, ) reg. However,
t is impoant to observe that some V distkreg may lead tsolutions y(xo, ) eg.

Now consider the cost function o IlWII = dr. Formally, define

:X dist e
by

(2)  (Xo, _u):- II_y(xo, _u)ll = dr

where we will agree to set (Xo, _u)= when

c491oc\ c49y(XO, _l.l) 0"dist\0"reg or when y(xo, u_

We will be interested in minimizing with or without stability conditions on the
state. Let

odist o/dist[lim _X(Xo, U)(t) O}stabXo) :-- {_U

and let 0" regstabkX0) be similarly defined. Now define

*(Xo) := infimum fl(Xo, _u)
0/dist

and

ab(X0) := infimum (Xo, _u).
dist_u stab(Xo)

We will study a number of aspects of the cost minimization problem introduced
above. In particular we shall answer the following questions"

(i) How can * and ab be evaluated? When are *(Xo) and s*tab(Xo) finite?
When are they zero?

(ii) Find, if it exists, _u* dist such that ,,(Xo, _u*) *(xo). Is _u* unique? When
is u* 0-reg?

0"/! dist(iii) Same questions for _u* stabX0) and ab(X0).
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Example. Before jumping into the details ofthe analysis, let us consider the special
case in which we consider the controllable system E: Ax + Bu and are asked to
minimize o II_xll = at, i.e., y= x. Now set= 1032 with 1 :=im B and 2 := (im B) +/-

In this basis, E becomes"

and

1 AllX1 -I- A12x2 q- u,

2 A21x1 d- A22x2,

(ll_xll-+ II_x2112) at,

where we have chosen also the basis in o// suitably and wc have assumed that B is

injective.
Note that (A, B) controllable implies (A22 A21 controllable. Let Xo (xl,o, X2,o) be

given. Now solve the classical linear quadratic problem which asks to minimize

fo ([[_v[12+ II_x2112) dt

with _v as control, for

_
A22x2-1- A21 v, _x2(0 x2,0. This yields v* Fx2 as the optimal

control law and x,,oKx2,o as the minimal cost. There K is the unique positive definite

symmetric solution of the appropriate algebraic Riccati equation and F -A2rK. Now
cstab(X1,0,it is easy to see that (xl,o, X,o)>= xoKx2,o, and that P*(X,o, X2,o)= * X,o)

Xf,oKx2,o provided xl,o Fx2,o. If, however, X,o Fx2,o then we can use the impulsive
control u_=(Fx,o-Xl,o)6_ in order to obtain _x(0+)=F_x2(0+) Fx2,o. This impulse
derives the state to the desired subspace.

The optimal control law then looks like_
(Fx2,o X,o)_ for 0,

u_ F(A21Xl+ A22x2) AllX1 A12x2 for > 0.

Our purpose is to generalize this picture: the optimal control consists of an impulse
part at 0. This brings us to a subspace where the rest of the motion takes place and
where a classical LQ problem needs to be solved. This surface (a linear subspace) in

is the regular subspace. The computation of this subspace and the control law to be
used on it can be carried out by solving a classical algebraic Riccati equation. The
computation of the impulses which bring us on this surface involves linear equations
only.

3. Some notions from geometric control. The analysis of the singular LQ-problem
defined by E via (1) and (2) needs the full power of the geometric theory of linear

systems as exposed in [2], generalized to "almost" versions and distributional inputs
in [3], and further generalized and made relevant to linear quadratic problems in [1].
In this section we will introduce these notions in a self-contained way and recall some
relevant facts regarding them.

Consider for the system

E: Ax + Bu, y Cx + Du.

The following line-up of subspaces"

(i) Y’*, the output nulling subspace, defined as

o//,, ;__ {X0 E lT]_b/E 0reg such that y(xo, _u) 9};
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(ii) *, the controllable output nulling subspace, defined as

* := {Xo 13_u* such that y(xo, _u) _0 and such
that _U(Xo, _u) has compact support};

(iii) o//., the distributional output nulling subspace, defined as

o//- :._. {XoE 12_U E 0dist such that y(xo, ) =_0 distribution};

(iv) *, the controllable distributional output nulling subspace, defined as

:"- {X0 13_/./ 0/dist such that y(xo, _u)=_0 and
_X(Xo, _u) has compact support};

(v) o//.., the Loo-almost output nulling subspace, defined as

%*:= {Xo >o, 3_u 0reg such that II_y(xo, I1, 

(vi) *, the controllable Lo-almost output nulling subspace, defined as

*:= {Xo I::IT> 0 such that /e > 0, 3_u E //reg, such that
Ily(xo, u)ll--< and support _X(Xo, _u) c [0, T]};

(vii) 7/’b*, the L2-almost output nulling subspace, defined as

cb :-" {XOE c[[ll’E >0, l e Oreg, such that Ily(xo, _u)llr<= e};

(viii) b*, the controllable L2-almost output nulling subspace, defined as

b*:= {X0 al::lT> 0 such that e >0, :l_u 0reg, such that
II_y(xo, _u)ll, <-- and support _X(Xo, _u) c [0, T]}.

These subspaces have been studied in [3] for the case D 0, and much of it has
been generalized to the case D # 0 in 1]. Actually the case D 0 is easily reduced to
the case D 0. Indeed, by choosing the bases in 0-// and properly, we may always
write E as

: Ax + B lg -" B2U2, Yl Cx+ u, y_ Cx

with q/10) a//2, 0-2 ker D, lq) 2, 1 =im D. Now define

’: . A’x + B2u2, Y2 C2x

with A’:= A-BC. It is easy to see that the subspaces (i)-(viii) are identical for
(with input u and output y) and for :’ (with input u and output Y2). The properties
desired below are easily obtained from this observation and the results of [3]. However,
it is convenient to express the relations in terms of directly.

PROPOSITION 1. There holds
1. F*b l/’*, *b g *
2. U*= U*+*, o//,,
3. * T’* N * * N b*;

tB]((a*0) 0//) n ker C,D]).4. * b* N C-1 im D, b* [A,
We particularly draw attention to property 4 which yields a simple way of deriving

* from * and vice versa.
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In [1], [3] simple algorithms have been derived for the computation of the
subspaces (i)-(viii). For the situation at hand, these are

:"- , ci_l_l--" (//i0){0})+im

’B]((,0) 0//)fq ker [C’D]),o := {0}, ,+1 =(C-1 im D)[A,

fro := {0}, i+=[AB](()ker[CD]).

These recursive algorithms compute the desired subspaces. In fact,

or, Sot. r.,

(,n,)t(.n.)=*.

These algorithms immediately yield the following.
PROPOSITION 2. There hold

’B]((*0) 0//)fq ker [C,D]);1. *=(C-1 im D)fq[A,
2. * [aB]((*b O) ) fq ker [CD]).
The subspaces introduced allow to decide invertibility of E. We quote some results

to this effect from 1 ]. We will say that E is right invertible if for every y e -d/dist there
exists an _u e -dist such that y(0, _u)= y. (In [1] it is actually assumed in he definition
that y /reg, but the above definition defines an equivalent and perhaps a more natural
property.)

PROPOSITION 3. The following statements are equivalent:
(i) is right invertible.

’D] ql.(ii) b* and im C,
(iii) The transferfunction T(s)= D+ C(Is-A)-IB is right invertible over the field

of rational functions.
Also, left invertibility is readily desired from the notions introduced above. The

system is called left invertible if {0 u e //dist}=:{y(0, _t/) _0}. (In [1] it is actually
assumed in the definition that y(0, _u) ’/Jreg but the above definition defines an
equivalent and perhaps a more natural property.)

PROPOSITION 4. The following statements are equivalent"
(i) 2 is left invertible.
(ii) *= {0} and ker [g] {0}.
(iii) The transfer function T(s)= D+ C(Is-A)-B is left invertible over the field

of rational functions.
Note that left invertibility immediately implies that {y(0, _u) y(0, _u2)} {_ul _u2}.
Actually, using the results of [4] we can also classify the transfer functions with

a polynomial inverse.
PROPOSITION 5. The following statements are equivalent:
(i) * .
(ii) T(s) D+ C(Is-A)-B has a right inverse which is a polynomial matrix.

Finally, the equivalence of the open loop definitions of the spaces (i)-(viii) and
their feedback counterparts lies at the basis of many control theoretic applications of
these notions. We will only need the following here.
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PROPOSITION 6. There exist afeedback matrix F: g- all and a chain Bi c B such that
(i) (A + BF) V* V* and (C + OF) V* {0};
(ii) (A + BF)gt* *;
(iii) b*--
Proof. The proof follows from [6, Thm. 1] where the subspaces b* and V* are

called strongly reachable and weakly unobservable subspaces and denoted as
and

4. A suitable basis choice and preliminary feedback. By means of an appropriate
choice of the basis in the input, state, and output space, and by applying a preliminary
feedback, it is possible to simplify the analysis considerably.

Decompose 1( )J2 with 0 =im D and J2 -1-1 Now choose a//2= ker D
and a//1 such that lq)/2. By suitably choosing the basis we obtain D [ o].
This yields for E:

: Ax + Bu+ B2u2, y Cx+ ua, y Cx,

with Ilyll= [lylll2+ Ilyll . It is easy to see that the spaces (i)-(viii) introduced in 3
are identical for the system E as for

A’x + B2u:, Y2 C2x with A’ := A B1 C1

where we consider u2 as input and Y2 as output.
Now decompose the state space as follows"

with

and

such that (A’ + B2F)* V*, C_* {0},
*b B:o@(A’+ B2F)B2@(A’+ B2F)2B22@ "

Now choose feedback F
(A’+ BzF)* * and
(A’+ B2F)n-B2n where B2o--B and B2i is a chain in B2 (see Proposition 5). This
yields *f’lim B2 c *. Also from Proposition 1.4 we know that * b*fqker C2
and b* (A’+ B2F)* +im B2.

The choice of basis indicated and the feedback

(3a) u u’ Cx,

(3b) u2 u+ Fx,

reduces our system to E
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(4) Yl u,

The problem is to

Y2 C21 0 0 0 C25

minimize (llull z + Ily[[ 2) dt.

We have the following.
PROPOSITION 7.
1. ker C25--- {0}.
2. The transfer function associated with

10 A44 A45
0 A54 A55

-X1
X2
X

X4

X5

824 [0 0 I]
B25

has a right inverse which is a polynomial matrix.
3. The system

{[A44 A45] [B24] }LA54 A55 LB25J’
[0 I]

is left invertible.
4. (A33 B23 is a controllable pair.
Proof
1. It follows from b* ker C2 *.
2. It follows from Proposition 4 that this transfer function with the output matrix

replaced by [0 0 C25] has a polynomial right inverse. The result then follows using 1.
3. By Proposition 4 we need to show that the controllability output nulling

subspace associated with this system is zero. Assume that this is not the case and add
this subspace to 3. Clearly the subspace obtained in this way will be in the controllabil-
ity output nulling subspace for the original system E, proving the claim.

4. Follows from (A’ + BzF[im B2 V) *) *. D
We will use the feedback F and the chain B2i to simplify the system representation

given in (4). We obtain
E* wherePROPOSITION 8. There exists a coordinate transformation such that E-

Y2 C2"1 0 0 0 C25]_x,

where C*, A*I) is an observable pair.

[6].
Proof Follows from Lemma 1 and the Column Elimination Algorithm given in
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5. Regular LQ problems. Our approach in studying singular LQ-problems will
be to reduce them to regular LQ-problems. Regular LQ-problems are those for which
distributional inputs are not candidates for optimal controls since they always lead to
infinite cost:

DEFINITION. The LQ problem E (as defined by (1), (2)) will be called regular if
{Xoe o, _1,/ e odist\o’reg}::{c(Xo, _U)-- 00}.

It is easy to decide regularity as follows.
Tnzogz 1. The following conditions are equivalent"
(i) 51 defines a regular LQ-problem.
(ii) {Xoe , _u e -dist\0"reg}=:={y(Xo, )e 0"/o/dist\0d/reg}.
(iii) ker D {0}.
Proof. (i)=>(ii)" Since y(xo, u_) y(xo, 0) + y(0, _u), (ii) is equivalent to

{_/,/ 0dist\0"reg}:::::{y(0, ) 0-/jdist\0.0reg}.

Now, if this were not the case, ::l_u dist\ reg such that y(0, _u) 0rg. The correspond-
ing _x(0, _u) will satisfy _x(0, u_ )( t) (A[im B) for all t>0. In particular, _x(0, _u)(1)
(A[im B). Hence since _x(0, u)(1) belongs to the controllable subspace of E, we can
modify, if needed, _u(t) to _Unw(t) for => 1 such that y(0, _u"w) (0, oe). This _u is
still in 0"dist\0new, but ,(Xo, _Unw)< O0. Hence {not (ii)}=>{not (i)}. The implication
(ii)=>(i) is obvious.

To show the equivalence of (ii) and (iii), observe that by a suitable choice of the
basis in a// and , E may be represented as

: Ax + B1 Ill -t- B2u2, Yl C1x q- Ul, Y2 C2x,

u (xl, u2), y (yl, y2)

with Ul e R"1, ml codim ker D dim im D and u2 e Rm2, mE m ml. Now (ii):>
{m2-0}:>(iii) is obvious.

Regular LQ problems may thus be reduced by a simple basis change and a
feedback transformation to the standard LQ problems.

Recall the LQ problem standard if it is regular and if the associated *= {0},
i.e., if ker D= {0} and if (C-1 im OlA-(OrO)-’OrC)= {0}.

Let define a regular LQ-problem. By Theorem 1 this is equivalent to ker D {0}.
By choosing the basis in a// appropriately and making an orthogonal basis change in
we can then bring D into the form [o/]. E becomes

:i Ax + Bu, Yl ClX2 -t- u, Y2 CEX, Y (Yl, Y2).

Now use the preliminary feedback u v- Cx2. Tfiis yields the system

2 A’x + By, y Cx

with A’ := A B1 C1 and Io (ll_ 2 / Ily211 ) dt.
We obtain the familiar standard LQ problem

iominimize (llall =/ 119;112) dt

for := +/ff; 37 with the simple basis change such that C/L where
L= (*)+/-

6. The singular LQ-problem without stability constraints. At this point it is con-
venient to study the LQ-problem introduced in 2 with and without stability separately.
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We will reduce the general singular problem to regular ones, and regular problems to
standard ones. In addition, we will assume throughout that (A, B) is asymptotically
stabilizable. We have the well-known proposition as follows.

PROPOSITION 9. Let (A, B) be asymptotically stabilizable and assume that , defines
a standard LQ-problem. Then the control law u* Fox generates(Xo, _u*) *(Xo). Here

(6) Fo---(DTD)-I(BTpo+ DTC)

and Po is the unique positive semi-definite solution of the algebraic Riccati equation

(7) ATp / PA-(PB + CrD)T(DTD)-I(pB + CTD) + CTC =0.

In fact, Po> 0 and *(Xo) xPoxo. Moreover, the closed loop system (A + BFo)x is
asymptotically stable.

It is easy to extend Proposition 9 to the regular case.
PROPOSITION 10. Let (A, B) be asymptotically stabilizable and assume that , defines

a regular LQ-problem. Then the control law (6) with Po the infimal positive semidefinite
solution .of the algebraic Riccati equation (7) generates (Xo, u*) *(Xo), and *(Xo)=
xPoxo. Further {*(Xo) =0}:>{xoker Po}C:>{Xo6 //’*--(C-1 im DI(DTD)-DTC)}.
Finally, the closed loop system (A + BFo)x will be asymptotically stable if and only if
T’* -(A- B(DTD)-’DTC) (i.e., detectability).

Proof See [1] with the sign change on (6.2) at page 23, [7].
Note that in order to solve for Po and Fo in Proposition 10 it suffices to solve a

standard algebraic Riccati equation of dimension=the codimension of V’*, since
Po-- PoT >- 0 and ker Po- T’*.

We now have all the preliminary results which go into the solution of the general
singular LQ problem without stability. We will assume that the problem is already in
the form (4)-(5).

THEOREM 2. Assume that (A, B) is asymptotically stabilizable and consider the
singular LQ-problem (4)-(6). Then

(i) #*(Xo) <. In fact,

#:#((Xl,o, X2,0, X3,0, X4,0, X5,0))-- xTI,oPoXI,o
with Po the unique positive semidefinite solution of the algebraic Riccati equation

(8) AT11P + PApa PA,5 + C,C) CC)-(PA,+ C,C)

PBaBP+ CfC2 O.

Moreover, Po> O.
(ii) Ixo g, there exists an u* odist such that (Xo, u*) =*(Xo). This optimal

control is generated as follows
(9) u* -BPox,
and u_’2* such that x_*5 is regular and satisfies

(10) x* -(CC2)-’(AsPo+ CC21)Xl.
There always exists a distribution _u’* such that (1 O) will be satisfied as a distribution.
(iii) The optimal trajectory lies on the linear subspace

x5 -( CsC)-I(APo+ C5C2,)Xl

for t>O.
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(iv) The optimal trajectory

is such that

X_ and x_ ’ are regular

and X_ x_ *4 and x_ may be distributions. Moreover, x_ X_ X_ *4 and x_ are uniquely
defined, while x_*3 is not.

The proof of this theorem is given in Appendix A.
Theorem 1 allows us to recognize several interesting special cases of the singular

LQ-problem. Recall the following lattice diagram (BE and Ca are as defined in 4):

ker C

irn B

The problem is standard"
:{the optimal control is a regular function and *(xo)> 0 for xo O}
{ {0}}.

The problem is regular:{the optimal control is a regular function)
{={0}}
{Ker D {0}}.

The problem is cheap:{*(Xo) 0 for all
{ }.

The problem is totally singular:{the optimal control has zero regular pag}
{ and *= {0}).

The problem is otentially singular:
{there always is an optimal control with regular pa zero}
{=}.

7. The singular LQ-roblem ith stabili. In this section we will generalize the
ideas of 6 in order to study the singular LQ-problem with the stability constraint
lim (t)= 0 as a side condition. We stag by analyzing the geometric structure of

as given in 2 in still a bit more detail and derive a refinement of the decomposition
(4).

7.1. A further deeomositio of *. Our approach to solve the singular
problem with stability needs a fuRher decomposition of the output nulling subspace
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o//... Consider OF-, o//, and OF+ the output nulling subspaces with respectively asymptotic
stability, neutral stability, and exponential instability. These are defined and computed
as follows.

Take any F such that (A+ BF)OF*c OF* (solutions converge neither for +c)
and (C + DF)F* {0}. Then (A + BF)* c *. Now there exists such an F with the
property that the characteristic polynomial of (A + BF)I* is equal to any given monic
polynomial of suitable degree. However, the eigenvalues of(A+ BF) (mod *) are
independent of the F which we choose. Now choose an F such that the spectra of
(A + BF)IYt* and (A + BF) (mod *) are disjoint. This yields a decomposition of o//..
into OF*=@@3@?g with Cl, c2 and //’3 (A + BF)-invariant and such that
(A+ BF)IOF1, (A + BF)II/’2 and (A+ BF)] //’3 have their spectra in the open right half
plane, on the imaginary axis, and in the open left half plane, respectively. In terms of
these, set OF+ * OF1, OFo 3* o//’2, and OF- * OF3.

Using such an F and the above decomposition of23 in (4) yields a decomposi-
tion of 2 into 2 212223 with an associated partitioning of A22, A25, and
B2 into

A22, 0 0 ] [A25,] [B2,1]
(11) A22=| 0 A2_,2 0 ] Azs=IA25.21 B,2=/B,2,2/

L o 0 A22.3 LAz5.3j

with 0"(A22,1), 0"(A22,2), and o’(A22,3 in the open right half plane, on the imaginary
axis, and in the open left half plane, respectively. Furthermore, A32--0.

7.2. The regular LQ-lroblem with stability. In the standard problem we obtain
asymptotic stability of the closed loop system as a consequence of the minimization
of . This shows that the standard problem has the same solution with or without the
side constraint lim,_. _x( t) 0. The difference starts when we consider the regular
problem.

Consider now the regular LQ problem: E with ker D {0}. By Theorem 1 we may
restrict attention to o//reg. Now consider the subspaces OF+, V, and V- introduced in

7.1. Because of regularity, these may be computed in more detail:

//’* =(C-1 im DIA’) with A’:= A-(DTD)-DTC

and, also because of regularity, *= {0}. Now make a spectral decomposition of
corresponding to the decomposition of the spectrum of A’I* into its open right half
plane, its imaginary axis, and its open left half plane parts. This yields o//./, OFo, and
OF- respectively.

We obtain the following proposition.
PROPOSITION 11. Consider the regular LQ-problems" E with ker D= {0}, with the

stability condition lim,_., _x(t) 0. Then
reg(i) For all Xo , there exists a control _u 0"//tab(Xo) such that ,,(Xo, u_ < az ifand

only if (A, B) is asymptotically stabilizable. Assume this to be the case.
(ii) There exists a supremal nonnegative definite symmetric solution, P+, to the

algebraic Riccati equation (7). We have inf,ou%, (Xo, _u) inf, OUsS’a% (X0, _U) xroP+xo.
reg

U(iii) For all Xo there exists an optimal control u* tab(Xo) (hence (_ Xo)
_xro P+xo) if and only if OFo {0}.

(iv) Assuming this to be the case, then u* F+x with F+ :=
-(DTD)-(BT"P+ + DTC) generates the optimal control.

(v) {inf,%ta (X0 _U) =0}:{xoker P+}Cz>{Xo OFo+
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(vi) P+- Po (and consequently the nonnegative definite solution of (7) is unique)
if and only if += {0} (i.e., exponential detectability).

(vii) u* Fox will yield also asymptotic stability ifand only ift/"+ + t/ {0}. In this
case, the LQ problem , with and without stability give identical answers.

Proof. Of course, part (i) is obvious. Assume thus that (A, B) is asymptotically
stabilizable using the representation derived at the end of 5. It follows that we should
prove this proposition for the LQ-problem in which we are asked to minimize o (11 /

Ilyll 2) dt for the system Ax + Bu; y Cx. Then V* (ker ClA), while V+, F, V-
correspond to the decomposition of V* associated with the partition of the spectrum
of A[ V* into its components in the open right half plane, on the imaginary axis, and
in the open left half plane, respectively. The associated algebraic Riccati equation is

ATp + PA PBBTp + cTc =0.

Let Po be the infimal nonnegative definite symmetric solution of this algebraic Riccati
equation. Since (A, B) is asymptotically stabilizable, such a solution exists. Using
standard calculations, it is easy to see that, whenever limt_ _x(t)--0, then (Xo, _u)=
x{Poxo+o u- + BTPox-(Xo, -u)[[ 2 dt. Now use the preliminary feedback u v- BrPox.
The problem then requires the minimization of o II-vll 2 dt for Aox + By with Ao :=
A-BB’Po, under the stability constraint limt_ _X(Xo, _v)(t)=0. Let +, o, w- be the
decomposition of corresponding to the partition of the spectrum of Ao into its
components in the open right half plane, on the imaginary axis, and in the open left
half plane. By Proposition 9, we know that ker Po-oF*= (ker CIA). Further o//., is

Ao-invariant and Ao (mod F*) has its eigenvalues in the open left half plane.
Now minimize (_Xo,_U)=o Ilvll = dt subject to =Aox+Bv, _x(0)=Xo, and

lim,_,oo_X(Xo,_V)(t)=0. Clearly if Xo-, the optimal control _v*=0, and
min ’(Xo, _v*)=0. Next, if 0 Xo o, infj,(Xo, _v*)=0 (see [5, Lemma 3.2]) but no
optimal control exists since _v* =0 does not meet the condition lim,_ _X(Xo, _v*)=0.
Consider now the situation Xo +.

Define A/ := Aol/ and B/ := QB with Q the projection of r onto / along
o-. Note that the stabilizability of (A, B) implies that (A/, B/) is controllable.
Further the eigenvalues of A/ are in the open right half plane. Now solve the
minimization of o ]l_v 2 dt for + a+x+ + B+v with _x+(0) X+.o and lim,_o _x+(t, _v)
0. The optimal control for this problem is v* =-BT"WT_lx+ with W/, related to the

Tcontrollability Grammian, defined as the unique solution of A/ W/ + W+A+ B+B/.
Clearly W/ W+r> 0, and hence 7r/ W_7_ is the supremal (alternatively, the unique

Tpositive definite) symmetric solution of 7r/A/ + A+Tr/ zr/B/B/ zr+ 0. Now combine
the solution which we obtained for -, o, and +. Define

7r= 0 0

0 0

to conform with the partition of into gg=+@@-. This yields xzrXo as
inf’(Xo, _v). If =3f/@ then v*=-Brrx is the optimal control law.

Combining this solution with the preliminary feedback yields x(Po+ 7r)xo for
inf(xo, _u) and u* =-BT(Po+ r)x. Define now P/ Po+ 7r and unify all the state-
ments of Proposition 11.

7.3. The singular case with stability. We are now in a position to state the solution
of the general singular LQ problems with stability. We will assume that the problem
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is already in the form (4)-(5) with the refinement of 1 leading to the partition of A22
as given in (11).

THEOREM 3. Consider the singular LQ-problem (2) with the stability constraint
limt_ _x(t) =0. Assume that by a preliminaryfeedback and a proper choice of the bases,, is already in the form (4)-(5), with 2 further decomposed so as to induce the form
(11). Then

0dist(i) For all Xo , there exists a control u stab(Xo) with (Xo, ) if and only
if (A, B) is asymptotically stabilizable. Assume this to be the case.

(ii) Let Po be as defined in eorem 2 (i). Now let W+ be the solution of
T(12) A22,1 W+ + W+Af2,1 B1E,1B12,1 + A25,1Afs,1.
T W1X21,0"en W+ W> O, and Pa(X0) XoPoX,o+ x:,o

dist(iii) For all Xo , there exists an optimal control * SstabX0) ifand only if22 0
(in the notation of 7.1 this means *= ++ -). is optimal control is generated as

follows
(13) u -BPox- B,, W;!x21
and u* such that x is regular and satisfies
(14) x (CC)-’(APo+ CC21)x, rA21,1 Wlx21

7.4. Computation of optimal input. In this pa we will discuss the computation
of the optimal input. Using Theorem 3 (iii), we will obtain u*, x, x, Xl for initial
conditions xlo and x21,o. To compute u* we consider the differential equation

[A22,3 0 0 A25] [x2,3] [/12,3 0 1A33 A34 A351 IX3 ] /B,3, B23+
/ "14 / "41

u"4 0 A44 A4/ x4

5 0 A54 A55J X5 [ B15 J B25J

We will first compute )2,3, )3, 94, 5 by taking u Ul* and u 0. Since from Theorem
3 part (iii) 22 0 we can conclude

A33 A34 A35/ B23
0 A44 a4,J’ JB24/
0 A54 A55J LB25J

0 0 0 I3

has T’*+b* (see Proposition 6.2). Therefore, we will compute u* such that
Axs(t) 5(t)- xs*(t) will be zero. If Axs(0) # 0, u* contains impulses. Using the
results of [6] one can directly compute the impulsive and regular parts of u*. We will
first find the feedback F and chain Bi which are defined by Proposition 5 by using [6,
Theorem 1] for A’= A-BIC1, B2 and C2. By applying the nested version of the left
structure algorithm one can find output transformation Q, input transformation
G and feedback, F such that AF A’+ B2F, C’= [(C1) T.. (Ca) T] and
B2--[B21""" B2a+l] where (C*) T, B2i nx(qi-qi-’). If Q I one has to introduce
Q into ARE in Theorem 3. We will choose T3 T4]
Im[B22 B23 AFB23’’’ B+I’’’ A-2B+I] and Ts=[B21 AFB22’’’ A-IB2] where
columns of T3 T4] and Ts are basis vectors for x3, x4 and x5 respectively. With this



336 J.C. WILLEMS, A. KiTAP(I AND L. M. SILVERMAN

special basis selection we will obtain the matrix

where

A33 A34 A35 B23 10 A44 A45 B24
0 A54 A55 B25

Nll Nlo, lNo21 No2ol

and for each i::laj*(i) such that Nij*(i)= I where j*(i)< i. Then we will apply the
column elimination algorithm [6] to eliminate nonzero elements of each row. Let
J {jl:li j*(i) =j}. For eachj J, gj.(i) + A55Axs(t). We start the procedure with 02,
at each step we know xi and compute xj.) since j*(i)< i. Recursively one can find
x(t) Vi and u(t). From the special selection of the basis vectors in 5 it is not hard
to prove that the impulsive part of u has the following property: u=
[’lTS(t) ’(t)’’’’T t-I-1 (t)]. The numerical aspects of the computations are
investigated in [6].

Appendix A. Proof of Theorem 2. We start with the system in the form (4)-(5).
The idea is now to consider the subsystem

’- (ll_u ll=/ IlC21_xl/ c2,_x, 2) dt

with x5 considered as a control (i.e., as being unconstrained). Obviously

inf P’(X1,o) =< inf P(xl,o, X2,o, X3,o, X4,o, Xs,o).
Since the LQ-problem thus obtained is regular, we can apply Proposition 10. Observe
that asymptotic stabilizability of (A,B) implies asymptotic stabilizability of
(All, (A15BI)). The resulting optimal control (u*, Xs*) is then given by (9)-(10) and
consequently in order to prove statements (i), (ii), and (iii) of Theorem 2 it suffices
to show that there always exists a distribution _u2* such that (10) will be satisfied. More
explicitly, define L := -(CsC2s)-(AsPo+ C5C21). Then we should generate _xs* L_x*
with _x* defined by

* (A1, / A,sL- B1,BPo)x_ x_ (O) X,,o.

The fact that the desired _u* exists is an immediate consequence of Proposition 7.2.
Note that since in particular Xs,o may be unequal to -LXl,o, we obtain in general
distributions for u* and hence for _x3*, _x4*, and _Xs*. The uniqueness claim (iv) of
Theorem 2 may be shown as follows. From the original construction of _xs* and _u* it
follows that they are unique. From Proposition 4 it follows that _x3* is not unique, while
from Proposition 7.5 it follows that _x* and _xs* are unique.

Appendix B. Proof of Theorem 3. We start with the problem in the form (4)-(5)-
(11) and consider first the subsystem



SINGULAR OPTIMAL CONTROL 337

for which we will minimize

:tab-- ([l_/’/ll 2+ C21_Xl -{" dt

with x5 considered as a control and with the constraint limt_c,(_Xl(t), x_2(t))= a. Since
this is a regular problem, we can apply Proposition 9. This yields the optimal trajectory
_x*, _x2*, _x* which converges to zero at t-> oo. Using the ideas of Appendix A, this will
yield Theorem 3 provided we can show that there exists a _u* which generates _x3*, _x4*
which also converge to zero. This, however, immediately follows from the fact that in
Proposition 7.2 a right inverse with a polynomial transfer function is obtained.
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ON THE HESSIAN OF LAGRANGIAN AND SECOND ORDER
OPTIMALITY CONDITIONS*

S.-P. HAN

Abstract. For a constrained minimization problem, the restriction of a Hessian of Lagrangian to a
tangent space of the feasible set can be used to detect whether a Karush-Kuhn-Tucker point is a local
minimum, maximum or saddle point of the problem. It is shown in this paper that the restriction of the
Hessian to a normal space with respect to the indefinite inner product induced by the Hessian can be used
to characterize a Karush-Kuhn-Tucker point for the Wolfe dual. From this result and by an inertia theorem
in [S.-P. Han and O. Fujiwara, An inertia theorem and its application to nonlinear programs, manuscript
March 1984], we deduce that, under a regularity condition, the Hessian is positive semidefinite if and only
if the considered Karush-Kuhn-Tucker point satisfies the second order necessary condition for a local
minimum point of the primal problem and, at the same time, satisfies the second order necessary condition
for a local maximum point of the dual. Similar results on the positive definiteness of the Hessian are also
discussed, which strengthen some results given in [O. Fujiwara, S.-P. Han and O. L. Mangasarian, Local
duality of nonlinear programs, SIAM J. Control Optim., 22 (1984) pp. 162-169], [S.-P. Han and O. L.
Mangasarian, Characterization ofpositive definite and semidefinite matrices via quadraticprogramming duality,
SIAM J. Alg. Disc. Meth., 5 (1984) pp. 26-32].

Key words, nonlinear programming, Wolfe’s dual, second order conditions
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1. Introduction. The inertia of a symmetric n x n real matrix H, denoted here by
r(H), is the triple (p, /, 0) where p, r/ and 0 are the numbers of positive, negative
and zero eigenvalues of H, respectively, with multiplicities counted. When H is the
Hessian of a real-valued function at a stationary point, the inertia r(H) provides
useful information about the stationary point being a local maximum, minimum or
saddle point of the function. In the case of the constrained optimization problem:

(P) Minimize f(x)

subject to h (x) 0

where f: R"-> R and h" R"-> R k are twice continuously differentiable at a Karush-
Kuhn-Tucker point x*, such characterization of’the Karush-Kuhn-Tucker point x*
and its Lagrange multiplier v* can be done through the Hessian of the Lagrangian
L(x, v):=f(x) + vTh(x). To be more specific, let H be the n x n Hessian matrix of the
Lagrangian L with respect to x at (x*, v*) and let S:= ker (J) where J is the k x n
Jacobian matrix of h at x*. Notice that S is just the tangent space of the constraint
surface h(x)-0 at x* when the Jacobian J has full row rank. The relative inertia
7r(H/S) of H with respect to S is defined to be the triple"

(I41S) := (p(I-I/S), n(I-IIS), o(I-IIS))

where p(H/S), I(H/S) and O(H/S) are the numbers of positive, negative and zero
eigenvalues of the matrix BTHB, respectively, and B is any matrix with its columns
forming a basis of the subspace S. The notation is justified because it follows from
Sylvester’s law of inertia that the triple 7r(H/S) is independent of the choice of a basis
for the subspace S. Recall that the Karush-Kuhn-Tucker point x* and its Lagrange

* Received by the editors April 26, 1984, and in revised form December 15, 1984. This material is based
on work supported in part by the National Science Foundation under grant DMS 8203603.

t Department of Mathematics, University of Illinois, Urbana, Illinois 61801.
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multiplier v* satisfy the second order sufficient condition for a local minimum point
of the problem (P) if H is positive definite on S [5]; that is,

(1.1) xTHx > 0 for any nonzero x in S.

This condition can be paraphrased in terms of the inertia r(H/S) as follows:

(1.2) r(H/S)=(dim (S), O, 0).

Similarly, under a constraint qualification, the standard second order necessary condi-
tion in [5] is that H is positive semidefinite on S; that is,

(1.3) xTHx >- 0 for any x e $.

This can also be written simply as"

(1.4) rI(H/S =0.

Consequently, when p(H/S) and (H/S) are positive and a constraint qualification
is satisfied, x* is only a saddle point of (P). A more complete characterization of the
Karush-Kuhn-Tucker point x* by the relative inertia rr(H/S) is possible by further
imposing a nondegeneracy condition such as the one given in [3].

For the Wolfe dual 11 ], 12] of (P):

(D) Maximize L(x, v)

subject to VxL(x, v) O,

it will be shown that the Karush-Kuhn-Tucker pair (x*, v*) can be characterized also
as a stationary point of the dual problem (D) by the inertia 7r(H/(HS)-). The subspace
(HS)- is given by:

(HS)+/-={x:xTHy=O for any y S}

and is the orthogonal complement of S with respect to the indefinite inner product
defined by (x, y), := xrHy (see, for example, [1], [9]). When S is the tangent space
of the constraint surface, the set (HS)- can be viewed as its normal space with respect
to the inner product at x*. In this sense, the Karush-Kuhn-Tucker pair (x*, v*) can
be analyzed as a solution to both the primal and the dual problems by restricting the
Hessian H to the tangent space S and the normal space (HS)-, respectively.

We further use an inertia theorem in [6] to show that, under a regularity condition,
the Hessian matrix H is positive semidefinite if and only if the Karush-Kuhn-Tucker
pair (x*, v*) satisfies the second order necessary conditions for a local minimum point
of the primal problem (P) and, at the same time, satisfies the second order necessary
condition for a local maximum point of the dual problem (D). Similar results on the
positive definiteness of the Hessian are also given, which strengthen some results in
[4], [8].

For the simplicity of our presentation, we only consider the equality constraints
here. We note that, since all the results are local, we can extend them to an inequality
constrained problem by treating active inequality constraints as equalities and under
the conditions of the strict complementarity and the linear independence of the
gradients of active constraints.

In 2, we characterize a Karush-Kuhn-Tucker point for Problem (D) by the
inertia 7r(H/(HS)-). In 3, we analyze the definiteness of the Hessian matrix H
through the second order optimality conditions of (P) and (D).



LAGRANGIAN AND SECOND ORDER OPTIMALITY CONDITIONS 341

2. Inertia of Hessian. For the Wolfe dual (D), the Lagrangian is given by:

,I,(x, , w):=/.(x, v)+wVd4x, ).

It is known 11], 12] that a Karush-Kuhn-Tucker pair (x*, v*) of Problem (P) is also
a Karush-Kuhn-Tucker point of Problem (D) with its associated Lagrange multiplier
w* -0. For this reason, we will consider only the Karush-Kuhn-Tucker point (x*, v*)
of (D) that has a Lagrange multiplier w* -0. To characterize such a vector (x*, v*, 0)
as a solution of (D), we need the (n + k)x (n + k) Hessian matrix of with respect
to (x, v) at (x*, v*, 0); that is,

(2.1) M
J 0

where the matrices H and J are defined as in 1. In this case the counterpart of the
set S for (D) at (x*, v*) is given by:

(2.2) T := {(x, y): Hx + jry 0}

which is the tangent space of the feasible set of (D) at (x*, v*) when the rows of the
matrix [H jr] are linearly independent. Therefore, as in the primal ease, the Karush-
Kuhn-Tucker point (x*, v*) of (D) and its Lagrange multiplier w* 0 can be analyzed
by the inertia r(M/T). Similar to conditions (1.2) and (1.4), the second order sufficient
condition for (x*, v*) to be a local maximum point of the dual problem (D) is:

(2.3) (M/T) (0, dim (T), 0),

and, under a constraint qualification such as the matrix [H jr] having full rank, the
second order necessary condtion is:

(2.4) p(M/T)=O.

It will be shown below that conditions (2.3) and (2.4) can, in turn, be rewritten in
terms of the inertia r(H/(HS)+/-). For establishing this result, we first deduce a relation
between the two subspaces S and T.

LEMMA 2.1. Let T be the subspace in R"+k defined by (2.2) and S be the kernel of
the matrix J; then (x, y) is in T if and only if

x(HS)+/- and y-(JT)*Hx+ker(JT)
where JT is the Moore-Penrose inverse ofJ r.

Proof. For any x in R, let y*:=-(JT)tHx. We first note that S+/-=image (jr)
and if Hx is in S+/- then Hx + jry. =0.

If (x, y) e r then Hx _jTy e S+/-. Hence, we have that x e (HS)" and Hx _jTy
_jTy.. Therefore, it follows that x (HS)" and y e y* + ker (jr).

Conversely, if x e (HS) +/- and y e y* + ker (jT), then Hx e S+/- image (jT) and
Hx + jTy. 0, which implies that Hx + jTy O.

We can now relate the inertia r(H/(HS)+/-) to the inertia r(M/T) as follows.
TEOREM 2.2. Let M be a n + k) x n + k) matrix of theform (2.1), S be the kernel

of the matrix J, and T be the subspace determined by (2.2); then

r(M/ r)= r(-H/(HS)+/-)+(O, O, m)

where m dim (ker (jT)).
Proof. Let X be a matrix with its columns forming a basis of (HS)+/- and let

Y:=--(JT)tHX. Hence, we have the HX + JTy=o. We also let Z be a. matrix with
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its columns being a basis of ker (jr), and let

p:=(Xy
Then by Lemma 2.1 the columns of P form a basis of the subspace T. Therefore, the
inertia 7r(M/T) 7r(PrMP). Now, by using the equations HX +jry -0 and JrZ -0
we have that

PrMP ( YTJX 00) (-XTHX )0 0

Thus, we have that

"a’(M/ T) "rr(-XrHX) + (0, O, m)= 7r(-H/ HS)+/-) + (0, O, m).

COROLLARY 2.3. Let M, T, S and m be defined as in Theorem 2.2. IfH is nonsingular
then r(M/T)=r(-H-/S;)+(O, O, m).

Proof. Let X be a matrix with its columns forming a basis of (HS)+/-; then by the
nonsingularity of H we have that the columns of HX form a basis of the subspace
S-. The corollary then follows directly from XrHX (HX)rH-I(HX). [3

With Theorem 2,2 we now can characterize a Karush-Kuhn-Tucker point for the
dual problem (D) as follows.

THEOREM 2.4. If (X*, V*) is a Karush-Kuhn-Tuckerpoint ofthe dualproblem (D)
with Lagrange multiplier w*= 0, then

(1). the vector (x*, v*, O) satisfies the second order sufficient condition (2.3) for a
local maximum point of (D)/fand only if the Jacobian J ofh at x* hasfull row rank and

.a’(H/(HS)-) (dim ((HS)+/-), O, 0);

(2). the vector (x*, v*, O) satisfies the.second order necessary condition (2.4) for a
local maximum point of (D) if and only if

n(H/(HS)+/-) =0.

Proof. We notice that it follows from Theorem 2.2 that

7r(M/ T)= zr(-H/(HS)+/-)+(O, O, m)

=(,(H/(HS)+/-), p(H/(HS)+/-), O(H/(HS)I)+ m),

where m dim (ker (jr)). The results follow immediately from (2.3) and (2.4). [3

The following corollary is a direct consequence of Theorem 2.4 and Corollary 2.3.
COROLLARY 2.5. Let x* and v* be defined as in Theorem 2.4. The vector (x*, v*,

O) satisfies the second order necessary condition (2.4) for a local maximum point of the
dual problem D if and only if
(2.5) xTHx>=O for any x(HS)+/-.

If, in addition, H is nonsingular then condition (2.5) is equivalent to

(2.6) xTH-’x >--_ 0 for any x S+/-.

Because ker (H) (HS)z, the positive definiteness of H on the subspace (HS)-implies the nonsingularity of H. Therefore, from Corollary 2.3, we can rewrite the dual
second order sufficient condition in terms of the inverse of the Hessian H as in the
following corollary, which is a result also given in [4].

COROLLARY 2.6. Let x* and v* be defined as in Theorem 2.4. The vector (x*, v*,
O) satisfies the second order sufficient condition for a local maximum point of the dual
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problem D ifand only if the Jacobian J has full row rank, the Hessian H is nonsingular
and

(2.7) xrH-lx > 0 for any nonzero x S+/-.

We can also characterize a saddle point of (D) as in the following theorem.
THEOREM 2.7. Let (x*, v*) be defined as in Theorem 2.4. A sufficient condition for

(x*, v*) to be a saddle point of (D) is that the matrix [H jr] has full rank and

(2.8) p(H/(HS)+/-)>O and q(H/(HS)+/-)>O.

Furthermore, condition (2.8) is also a necessary condition ifH is nonsingular on (HS)+/-

and J has full rank.
Proof. Under the constraint qualification that the n x (n/ k) matrix [H jr] has

full row rank, the vector (x*, v*) being a local minimum point implies p(H/(HS)+/-) 0;
and it being a local maximum point implies rI(H/(HS)+/-)=O. Therefore, the vector
(x*, v*) can only be a local saddle point of (D) if (2.8) holds.

Conversely, it follows from Theorem 2.2 that if H is nonsingular on (HS) +/- and
J has full rank then

r(M/T) 7r(-H/(HS)+/-) and O(M/T)=0.

Therefore, rI(H/(HS)+/-)=O implies that (x*,v*) is a maximum point; while
p(H/(HS)+/-)=O implies that (x*, v*) is a minimum point. Hence, condition (2.8) is
necessary for (x*, v*) to be a saddle point of (D). lq

3. Definiteness of Hessian. In 2 it was shown that the triples 7r(H/S) and
r(H/(HS)+/-) can be used to characterize a solution of the primal problem (P) and
the dual problem (D), respectively. Interestingly, by an inertia theorem in [6], zr(H/S)
and r(H/(HS)+/-) can be closely related to the inertia r(H) of the Hessian H itself.
We give the theorem below; its proof can be found in [6].

THEOREM 3.1. Let H be a symmetric n x n matrix and S be a subspace in R" that
satisfy the condition:

(3.1)

then

S (HS) +/- c ker (H);

r(H) 7r(H/S)+ 7r(H/(HS)+/-)-(O, O, dim (S f’)(HS)+/-)).

As before, let the vector x* be a Karush-Kuhn-Tucker point of (P) and v* be its
Lagrange multiplier. Consequently, the pair (x*, v*) is also a Karush-Kuhn-Tucker
point of the dual problem (D) with it Lagrange multiplier w* 0. Let the matrices H
and J also be defined as in 1. For simplicity, we use (PN), (PS), (DN) and (DS) to
denote the primal second order necessary condition (1.3), the primal second order
sufficient condition (1.1), the dual second order necessary condition (2.4) and the dual
second order sufficient condition (2.3), respectively. Therefore, from the results given
in 1 and 2, we have

(PN)

(as)

(ON)

(DS)

q(H/S) =0,

r(H/S) (dim (S), O, 0),

n(H/(HS)+/-) =0,

r(H/(HS)+/-) (dim (HS)+/-, O, O) and rank (J)= k.
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We can now use Theorem 3.1 to deduce a result on the positive semidefiniteness of
the Hessian H as follows.

THEOREM 3.2. If the Hessian matrix H satisfies condition (3.1) then

(PN) and (DN)::, H is positive semidefinite.

Proof.
(PN) and (DN)CevrI(H/S)=O andq(H/(HS)+/-)=O

4, r/(H) rI(H/S)+rI(H/(HS)-)=O
:>H is positive semidefinite.

We note that condition (3.1) is essential in Theorem 3.2. Consider the example
given in [4]"

Minimize --XlX2

subject to x 0.

The vector x*= (0, 1) together with v*= 1 constitute a Karush-Kuhn-Tucker point.
Both the primal and dual second order necessary conditions are satisfied at (x*, v*);
but the Hessian H, which is given by

is not positive semidefinite. In this case, condition (3.1) does not hold and the theorem
cannot apply.

We also note here that condition (3.1) is closely related to the following often
used but more restrictive ccondition in mathematical programming [2], [7], [10]:

(3.2) xTHx=O and xS Hx=O.

It is clear that (3.2) implies (3.1); however, the converse is not true. This can be seen
from the following example"

H 0 S {x: x3 0}.
0

Obviously, condition (3.1) is satisfied for this particular case; but condition (3.2) is
violated at the vector (1, -1, 0). Nevertheless, condition (3.1) is no longer needed
when either (PS) or (DS) is assumed.

THEOREM 3.3. (PS) and (DN)=:> H is positive semidefinite.
Proof. We first show that (PS) implies condition (3.1). If x is any vector in

Sf’I(HS) then xTHx=O. Notice that if (PS) holds then H is positive definite on $.

Therefore, we have x=0. This proves S f’I(HS)1 ={0} and condition (3.1) is trivially
satisfied. The theorem then follows directly from Theorem 3.2.

THEOREM 3.4. (PN) and (DS):=>H is positive definite.
Proof. By the similar argument as in the proof of the Theorem 3.3, we can show

that (DS) implies condition (3.1). Therefore, by Theorem 3.2, we have that H is positive
semidefinite. On the other hand, if (DS) holds then, by Corollary 2.6, H is also
nonsingular. Thus, H is actually positive definite.

From Theorems 3.3 and 3.4, we notice that (P) and (D) are not interchangeable
and the results are not perfectly symmetric with respect to (P) and (D). This is because
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the dual second order sufficient condition is a much stronger condition, which implies
the nonsingularity of the Hessian H. Under the nonsingularity assumption on the
Hessian H and by the fact that any nonsingular positive semidefinite matrix is actually
positive definite, the statement of Theorem 3.4 will still hold when (P) and (D) are
interchanged; this is also a result given in [4].

We make a last remark that the implications of Theorems 2.4 and 3.1 are certainly
not limited to the characterization of the definiteness of the Hessian H as in Theorems
3.2, 3.3 and 3.4. They can also be used in analyzing a Karush-Kuhn-Tucker point for
solving both the primal and the dual problems. For instance, under condition (3.1)
and a constraint qualification, if it is known that (H) > dim (S) then we can immedi-
ately conclude that the considered Karush-Kuhn-Tucker point is not a local maximum
point of the dual problem (D). Similarly, if ?(H)> dim ((HS)) then the Karush-
Kuhn-Tucker point cannot be a local minimum point of the primal problem (P).

Acknowledgment. The author would like to thank one of the referees for his
suggestions concerning Theorem 2.7.
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NECESSARY CONDITIONS FOR A DOMAIN OPTIMIZATION PROBLEM
IN ELLIPTIC BOUNDARY VALUE PROBLEMS*

NOBUO FUJIIt

Abstract. This paper deals with a domain optimization problem suggested by a real physical problem,
the shape optimization problem for high-beta plasmas in nuclear fusion research. The function of the space
dependent variable, which is the solution of an elliptic boundary value problem defined on a variable
domain, should be optimized. The fundamental equation which evaluates the variation of the solution
according to the boundary variation is given. From this equation, a variational equation and its equivalent
which relate the variation of the solution to the variation of the boundary are derived. This variational
equation is exploited to derive a necessary condition for the optimality of the domain. The necessary
condition is composed of the Euler-Lagrange equation in the wider sense and the transversality condition.
Another form of the necessary condition is also obtained from the equivlaent variational equation.

Key words, domain optimization, variational equation, boundary value problem, partial differential
equation

1. Introduction. In research on nuclear fusion the investigation of the high-beta
plasma has received attention in these years [4], [7], [11], [13], [20] [21]. In particular,
Miller and Moore [11] and others [13] investigated the optimal shape of the cross-
section of plasmas in axisymmetric toroids. Here "optimal" means the highest possible
/3-value, the ratio of the kinetic pressure to the magnetic pressure, of equilibrium
plasmas. The/3-value varies with the shape of the cross-section as well as the current
profile of the plasma ring. Their approaches are intuitive and heuristic, though their
results are very valuable. These investigations suggest that we develop a more systematic
way for designing the shape of plasma cross-sections.

In this paper we shall consider a domain optimization problem which is suggested
by the above physical problem. Our problem to be considered is, however, abstract,
simplified, and only a step for solving the real physical problem.

Let us consider an elliptic boundary value problem:

Au(x)- (v(x) V)u(x) f(x, u(x)), x
(1.1)

u(x) (const.), x F.

Here the symbol A denotes the Laplacian operator in R2, the two-dimensional Euclidean
space, and V, the gradient operator in R2. The given nonlinear function f(x, ) satisfies
suitable conditions which will be clear in the next section. The domain 1), which is
bounded and has a sufficiently smooth boundary F, is assumed to be free to vary within
a larger domain 1)o. We want to determine 1"1 such that the functional J(l); u) defined
by

(1.2) J(fl; u)= f g(x, u)

takes the largest (or smallest) value subject to (1.1) and

(1.3) f h(x) dll M (const.),
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where the functions g(x, :) and h(x) are suitably defined. Note that the elliptic
boundary value problem (1.1) is a generalization of the Grad-Shafranov equation
1, p. 66] which the equilibrium plasma must obey.

Pironneau studied similar problems in fluid mechanics, namely, the minimum-drag
problems [15], [16]. In these problems the system of partial differential equations,
Stokes or Navier-Stokes equations, is the main constraint, and the objective fianction
is the energy dissipation in the fluid. He derived a necessary optimality condition for
each problem with subsidiary constraints; he dealt with not the genuine (classical) but
the weak solution ofthe system of partial differential equations, however. Other authors
studied the related or similar problems [9], [17], [18], [19], [22]. Cea [3] enumerated
various examples of the domain optimization problems. In particular, Zolesio [22]
proposed in the general framework the method for calculating the first variation of
objective functions. These authors, except Zolesio, never introduced the variation of
the solution of the boundary value problem. Introduction of this notion seems to be
natural in the context of the theory of variation.

We shall define the variation of the solution of the boundary value problem and
derive a necessary condition for the solution 1"1 of the domain optimization problem
(1.1)-(1.3), assuming the existence of the solution. In order to obtain the necessary
condition, we must derive a variational equation which relates the first order variation
u of the solution of (1.1) to the variation 8n of the boundary F. In 2, the existence
of the well defined 8u will be shown first. The equation of variation and its equivalent
will, then, be given. Using these results, in 3 we shall derive the necessary condition
for the optimal domain 1). An equivalent form of the necessary condition will be given
as well.

2. Equation of variation. The solution of the boundary value problem (1.1) is, of
course, dependent on the domain fl. If the domain varies (slightly), then the solution
is forced to vary even in the common part of the domains. In this section, we shall
derive an equation of variation, i.e. a relation between the first-order variation u of
the solution and the variation n of the domain. We shall show an equivalent form
of the equation, too. As far as the author knows, these formulae do not seem to be
known in the literature. Once these formulae are obtained, it is not so difficult to derive
a necessary condition which the optimal domain must satisfy.

Let 1) be a bounded domain in R2 whose boundary F is sufficiently smooth; we
henceforth fix it. Consider another domain 1)o large enough to contain 1) in its interior.
Let the function f(x, ) be defined on 11o x R, continuous in x, and twice continuously
differentiable with respect to :. Furthermore let us assume that f(x, ) satisfies

Of(x, )(2.1) If(x, :)] <-- Co, >-- 0, (x, sO) 1o X R,

where Co is a constant. The vector valued function v(x) is assumed to be defined on
1"o and is continuously differentiable. We assume that

(2.2) div v(x) <_- 0;

note that this condition is always satisfied in the Grad-Shafranov equation. Let us
define on F a continuous function p(s) of arclength s which is piecewise continuously
differentiable. We erect at each point on F the normal and plot on it normal segments
ep(s) such that the positive segment lies on the exterior normal. If e is sufficiently
small, the endpoints of the segments will form a continuous curve F. Obviously F is
piecewise continuously differentiable. Let 1) be the domain bounded by F,. We obtain
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a sequence of domains which converges to 12 as e tends to zero; we may, hence, assume
that each 12 is contained in fo.

Let us consider the following sequence of elliptic boundary value problems:

Au (v(x) V)u =f(x, u), x
(2.3)

and the boundary value problem

Au (v(x) 7)u f(x, u), x
(2.4)

U--K, xF.

As is well known [5, Chap. IV], [14], each of these nonlinear boundary value problems
has, owing to (2.1), a unique solution which is continuous on 12+F(f+F) and is
twice continuously ditierentiable in 12(12). Let us denote the solution of (2.3) by u
and denote that of (2.4) by u. What can we say about the difference between u and
u ? In response to this question, we have the following

THEOREM 1. Let p(s) be a continuous variation of the boundary F of 12 and be
piecewise continuously differentiable. Then there exists a well definedfunction dp(x) which
is continuous in 12 such that

(2.5) u(x)-u(x)=ed(x)+o(e), xflf-ll2,

where o(e) is a quantity such that e-lo(e) 0 (e O) and is uniformaly bounded.
If f(x, u) does not depend on u and v(x) =0, Theorem 1 is immediately proven

(see Appendix 1), since we know the following lemma [2], [6, p. 292]"
LEMMa 1. Let G(x, y) be Green’s function on 12 and G(x, y) be Green’s function

on 12. Then we have

e OG(z, x) OG(z, y.______)G(x, y)-G(x, y)=-..,, ar On Onz
odF+ y(x, y; e)

(2.6)
=-e6G(x,y)+e2y(x,y; e), x,y12f’)12,

where, ofcourse, O/On standsfor the normal derivative and y(x, y; e) is uniformly bounded
in f f312.

Unfortunately, however, our equations are nonlinear; it is never obvious that (2.5)
holds. In the rest of this section we shall prove Theorem 1 step by step. In 2.1, we
shall assume that p(s) is nonnegative to show (2.5). In 2.2, we shall then show (2.5)
in the general case. At the same time an equation of variation and its equivalent will
be derived.

2.1. Convergence from above. Let p(s) be nonnegative, i.e. p(s) >_- 0. Then each 12
contains 12. Furthermore {fl} converges monotonically to 12 as e approaches zero. In
view of these, we may assume from the outset that e is bounded, say 0 < e -< el.

Let us define a function b(x) which depends not only on x fI but also on e by

(2.7) 6(x) =1 (u(x)- u(x)).

Now we can assert the following proposition which will play a fundamental role for
showing (2.5). In what follows, all the constants do not depend on e.

PROPOSITION 1. (i) There exist constants K1 and K2 such that

(2.8) lul<=gl, x,
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(2.9) K=,

As a consequence of (2.9)

(2.10) u -) u uniformly on f(e --)0).

(ii) There exists a constant K3 such that

(2.11) IVu}_-< K3, x f.
Furthermore,

(2.12) Vu --) V u for every x l(e --) 0).

Proof. There evidently exists a constant c such that [Ul(X)-c[<_ c, Ul(X) being
the solution corresponding to 1. It is immediate to show that u- u satisfies

ot

Of(x, tu+(1-t)Ul) dt(u-Ul) xf.

Assumption (2.1) and the celebrated maximum principle [5, p. 326] tell us that

I  - ,l=max
xl xF F

From this estimate (2.8) follows at once.
Again we easily obtain, for x

a4,-(xl. 4,- -(x, Cu+(-u a =0,

where is defined by (2.7). From this it follows that

To proceed luther, the following lemma is useful. This lemma is a version of the
asseion found in Courant and Hilbe [5, p. 370]; the proof of it may hence be omitted.
LMA2. (i) Let V (x) be a continuousfunction on +F and be twice continuously

differentiable in . If V(x) 0 on F, then there exist constants c and c such that

(.4) sup
0v

x.
csuplAV-v(x) , i=1,2.

(ii) Let V(x) be continuous on O + F and be twice continuously differentiable in. en, for any closed subdomain G in , there exist constants and 3 such that

(2.15) max esuplav-v(x).vvl+asplV(x)l, i=1,2.

e constants and 3 may depend on G.
Going back to (2.13), we want to estimate the right-hand side. For each point

x(s) on F, let x(s)+ ap(s) denote a point of distance ap(s) from x(s) along the normal.
Thanks to the mean value theorem, we can obtain

u(x(s))- u(x(s)) u(x(s)+ (s))- u(x(s))

=n. grad u(x(s)+ aep(s))ep(s),

where n is the unit outward normal and a satisfies 0 < a < 1. In view of Lemma 2, the
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following estimate is easy"

In. grad u(x(s) + aep(s))[ <-_ 2c_ sup IAu -v. Vu[ + 2C3 sup [u r[

--< 2c2 supa, If(x’ u)] + 2c3 {saup lull + Irl}.

From (2.8) and the fact that f(x, ) is bounded, it readily follows that for a constant

max l(u-u)
This and (2.13) yield (2.9) at once. From Lemma 2, we easily obtain (2.11) in the same
fashion as above.

Applying the second part of Lemma 2 to V(x)= u- u,, we obtain

max Igrad (u u) <_-2 sup IA(u- u)-v" V(u u)

/2e3 sunp [u- u,I.
The second term of the right-hand side converges to zero due to (2.10). As to the first
term, we can estimate as follows

IA(u-u)-v.V(u-u)l_-< -(x, tu+(1-t)u) dt lu-ul.

Thus, in view of (2.10), the first term approaches zero as e tends to zero. Since G is
an arbitrary closed subdomain in 1), (2.12) follows from these facts. Proposition 1 is
thereby proved.

We now wish to show (2.5). First we shall show b(x) converges to a function as
e tends to zero. In what follows we can assume that K 0 without loss of generality.
In fact, by setting u v + K (u v + ) we have a new boundary value problem with
zero boundary data for v (resp. v). Doing this affects neither the definition of nor
the properties of f(x, ) stated above.

It is possible to represent u and u by integral equations with the help of Green’s
functions, i.e.

+ In G(x, y)f(y, u) day},

+ fa G(x, y)f(y, u) any},
From these we easily obtain

6(x) -- G(x,y)
Of(y, u)

-divy(v(y)G(x, y))}b dny
2"rre

{G(x, y)-G(x, y)I{f(y, u)+ (v. V)yUe} day
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(2.18) G(x, y){f(y, u)+(v. V)yUe} dy

1 f 02f(y, u*)+ j G(x,y) dpe(u-ue) dl,y,
4r tg2

where u* lies between u and u.
Let us introduce the integral kernel by

(2.19) K (x, y)=- ---- G(x,y)
Of(y, u)

-divy (v(y)G(x, y))),
and introduce functions F(x, e) etc. by

1
F(x, e)=

2e Ia {G(x, y)-G(x, y)}{f(y, u) + (v V)yUe} day

(2.20)

1 f
| G(x, y){f(y, u)+ (v. V)yUe} dy

2"tre aa

1
G(x, y)

a2f(Y’ u*)
+4-- . a2 .(u- u.) day

F,(x, e)+ F:(x, )+ F(x, e).

Then (2.18) is rewritten as an integral equation on f:

(2.21) (x) f K(x, y)(y) dfy+ F(x, e).

In order to investigate (2.21), let us examine the properties of the integral kernel
K (x, y). Noting that G(x, y) is the Green’s function in two-dimensional domain f,
we can easily conclude that the kernel has the following properties:

(i) K(x, y) is continuous in both variables x and y except at the points x y;
(ii) there exist constants c5, c6 and c7 such that

175 C7---, X, y .(2.22) K (x, y)]-<_
ix y] + c6 In ix Y

Here we used the assumptions for f(x. ), v(x), and used the fact that G(x, y) has a
logarithmic singularity. The estimate (2.22) enables us to make an argument along the
classical potential theory [8, Chap. 11], [12, Chap. 8]. Thus, we can say that the new
integral kernel defined by K(x,y; A)=-AK(x,y) has the resolvent kernel R(x,y; A)
which satisfies

K(x,y; A)= R(x,y; A)-Ia K(x, z; A)R(z,y; A) dfz,

A being a (complex) parameter. Of course, R(x, y; A) is expressed by [8, Chap. 11],
[12, Chap. 8]

MI(X y; A)
(2.23) R(x,y;A)=K(x,y;A)+Kl(X,y;A)+ x, yel].

Here K(x, y; A) is the first iterated kernel of K (x, y; A), M(x, y; A) is continuous in
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x, y and analytic in A, and r/(h) is an analytic function of h. The poles of R(x, y; A)
are just the poles of M1/

Now we have the following lemma; the proof will be given in Appendix 2.
LEMMA 3. The resolvent R(x, y; A) does not have pole h 1. Hence, the kernel

K (x, y) has the resolvent R (x, y) R(x, y; 1).
As is well known in the classical potential theory, the resolvent has the same

singularity as that of the kernel K(x, y); more precisely, R(x, y) has the following
estimate

1
(2.24) IR(x, Y)I <= cs IX "y] + c9 in ]x- y---]’
8, 9 and Clo being constants.

Thus, the solution b of the integral equation (2.21) can be expressed by

(2.25) the(x) F(x, e)+ f R(x, z)F(z, e) doz.

If we show that each term of F(x, e) converges to a certain function and is bounded,
then, thanks to (2.24), Ohm(x) is shown to approach a function.

Let us examine each term of F(x, e) in turn. In view of Lemma 1, (2.10) and
(2.12) it is obvious that

FI(X e)- Fo(x)--’- 6G(x, y){f(y, u)+(v" V)y} day
(2.26)

(e 0), for every x f.

Since the logarithmic singularities of Green’s functions are eliminated by subtraction
and u is uniformly bounded, Fl(x, e) is uniformly bounded; i.e. for a constant el

(2.27) [FI(X, 6)1 Cll.

Obviously,

(2.28) F2(x, e)0 (e0) for every

because G(x, y)=0 provided yF. The modulus of F2(x, e) can be bounded by

e)l<_.._1 (Co+ maX.o Iv(x)lK3) In-. [G(x, y)] day- {(c+ K3 max lv(x)l)Clu ln Cl3

T p(s) ds

2% ax [p(s)[(- ff In if) + c4},+

where c12 c13 1214 are constants, " is a sufficiently small fixed number, and cg is a
geometric factor dependent on only fl. This estimate shows that F2(x, e) is uniformly
bounded; i.e., for a constant c15,

(2.29) [F(x, E)I C15.

Finally, since 02f/O2 is continuous and u converges uniformly to u, we obtain
for a constant c6

O:’f ,)2 (Y, U <= C6.
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This, (2.9) and (2.10) yield

(2.30)

and at the same time

(2.31)

c7 being a constant.

F3(x, e)-O (e-O) for x,

Combining (2.26)-(2.31), we can conclude that

(2.32) dp(x) ok(x)=- Fo(x)+ I, R(x, z)Fo(z) dfz, X,’.

In other words, we established (2.5) for the case where every f contains f.
An easy but tedious examination of the above derivation shows that the term o(e)

in (2.5) is uniformly bounded.

2.2. Convergence in the general case and the equation of variation. We have just
proved (2.5) in the case of nonnegative p(s). From this result, it is possible to prove
Theorem 1 in the general case, by using the Hadamard’s device [6, p. 295], [2]. However
this procedure calls for very tedious calculations, since domain dependent quantites
appear in this procedure. So we shall prove the theorem along the argument in the
former subsection, which will be a great help for reading this subsection.

Let p(s) be an arbitrary, piecewise continuously differentiable function. In this
case, the boundary curves F and F may intercross each other. We can assert the
following proposition in this case, too. The proof is almost similar to that of Proposition
1; it may therefore be omitted.

PROVOSITION 2. Let the positive e be bounded.
(i) Then, there exist constants K4, K5 and K6 such that

(2.33) lu(x)l<-g4, IVu I_-<K , Ib(x)[_-<K6,
where, of course, p is defined by (2.7). The last inequality of (2.33) implies that u
converges to u uniformly in every compact subdomain of

(ii) For every x 1), Vu converges to V u.
Let us define fl, fl and [12 by

(2.34) fl fl fq1,, l-I l’l- ll,
Obviously, when e approaches zero,

being the empty set. It is obvious that there exists a positive e(x) for any x [l such
that xl’l (O<e<e(x)). Therefore, in what follows, we shall understand that x
belongs to fl unless otherwise stated. We may assume that K 0 in this subsection,
too. From (2.6), (2.16) and (2.17) we can easily obtain

1 In {G(x,y)Of(y’u)-div,(v(y)G(x,y))}(u-u)dl),u(xl-u(x)=---g
1 Ic e6G(x, y){f(y, u)+ (v" V)yU} day
2r

1 f E2(X, y; e){f(y, u)+(v" V)yU} dDy
27r an
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1 J (G-G){f(y, u)-f(y, u)+(v.V)y(U-U)} day(2.35) 2"-’
1 Ira G(x,Y){f(Y,U)+(v’V)yu}dfy

27r

1 fa o2f(y, u*) )2+ G(x, y) (u- u dfy
4r O2

2’n"

where u* lies between u and u,. If we introduce (x, e) by

(x, e)=-- E r,(x, e),
i=1

1 I, er(x, y; e){f(y, u)+(v. V)yu} dOy,r,(x, )=--
1 I (G-G){f(y, u)-f(y, u)+(v. V)y(u- u)} dl’y,rE(X, e) --=
2e

1 [Io G(x,Y){f(Y,U)+(v’V)yu}dly(2.36) ra(X e)
2re

Ia G,(x, y){f(y, u,)+(v" V)yu,} dfy],
1 --Ia O(x, y)

Of(Y’ u*)
(u-u,)2 day,r,(x, e) =- 47r----

rs(x, e)-= G(x, y)u(y)v, n dry,
2re

we can obtain, from (2.35) and (2.19),

(2.37)
.(x) | K(x, y)qb(y) day

[ 6G(x, y){f(y, u)+(v. V)yu} dfr+ f(x, e).
2r o

Equation (2.37) can be regarded as an integral equation for 4. This integral equation
is, however, difficult to be handled, since the domain of definition varies with e. We
shall therefore use a little device instead of dealing directly with (2.37).

Consider the following integral equation for th:

(2.38)
oh(x) Ja K(x, y)ch(y) day

_1__ f 3G(x, y){f(y, u) + (v. V)yu} dl)y,
2r da
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It is seen from Lemma 3 that this integral equation admits a unique solution (x)
which is a continuous function on f/. Let (x) be defined by

(2.39) (x)=-(x)-(x).

Subtracting (2.37) from (2.38), we obtain the following integral equation for (x):

(x) f K(x, y)p(y) dfly+ I K(x, y)(y) dfly
j a_o

(2.40)
1 Ja G(x, y){f(y, u)+(v. V)yu} dy-(x, e).
2

_
Let r(x, e) be given by

(2.41)

r(x, e)---(x, e)+ r6(x, e)+ r7(x, e),

K (x, y)(y) dOe,r6(x 8)

1 fa 6G(x, y){f(y, u)+ (v. V)yU} df/y.r(x, --Integral equation (2.40) is then rewritten as

K(x, y)(y) dOe + r(x, e).(2.42) (x)

If the resolvent R(x, y) of K (x, y) on l exists, the solution of (2.42) can be given by

(2.43) (x) r(x, e)+ f R(x, z)r(z, e) dlz.
Ja

Let us show that R(x, y) really exists provided that e is small enough. Consider
the resolvent R(x, y; A; e) of K(x, y; A) -= AK(x, y) on f/o. By the discussion similar
to that in 2.1, we see that R(x, y; A; e) is expressed by

M(x, y; A; e)
(2.44) R(x, y; A; e)= K(x, y; A)+ Kl(x, y; A; e)+

Here, Kl(x, y; A; e) is the first iterated kernel of K(x, y; A) on 1, and M(x, y; A; e)
is continuous in both x and y. The analytic function r/(; e) is given by a series each
term of which is the iterated integral of the Fredholm determinant on f/o [8, Chap. 11 ],
[12, Chap. 8]. As is easily seen, the Fredholm determinant is continuous with respect
to e, and hence the integral of it is continuous in e. While the series is uniformly
convergent, r/(A; e) is continuous in e. Since r/(A; e) is not only continuous in e but
also analytic with respect to A, it follows immediately from Lemma 3 that
M(x, y; A; e)/7(A; e) does not have pole )t 1 provided that e is small enough. This
means that R(x, y) exists and is given by R(x, y)= R(x, y; 1; e) if e is sufficiently
small. Moreover, it is easy to show that there exist constants c17, c8 and c9 such that

1 C1..__.._9(2.45) IR(x, y)l <- c17 ix_y---]l+ c In Ix-y["
In view of Proposition 2, it is possible to show that r(x, e) is uniformly bounded

and converges to zero; more precisely, for a constant K7 and for every x

(2.46) ]r(x, e)] -<K7 and r(x, e)-O (e O).
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In fact, it is obvious from Lemma 1 and Proposition 2 that rl (x, e), rE(X, e) are bounded
and approach zero, respectively. As for ra(x, e) and r4(x, e), we can employ the same
argument as that in 2.2; hence, they are bounded and converge to zero. Noting that
G(x, y), u(y) are zero at y F and that F 9112 is close to F, we can conclude that
rs(x, e) is bounded and approaches zero. Finally, it is easy to see that r6(x, e), r7(x, e)
are bounded and converge to zero, since K(x, y), G(x, y) are integrable and the
measure of 12_flo approaches zero. Thus, (2.46) has been established.
From (2.43), (2.45) and (2.46), it readily follows that 0 (e 0). This means that

b- b (e-0) for every xl); i.e. we have proved (2.5) for arbitrary p(s). Again, it
is possible to show that the term o(e) in (2.5) is uniformly bounded in this case, too.
The proof of Theorem 1 is thereby completed.

Now we wish to derive the relation between the first variation b(x) of the solution
and the boundary variation p(s). In what follows and in the next section, we shall
rewrite p(s) as 6n(s) (or simply n) and rewrite b(x) as u(x) (or u). As an immediate
corollary to Theorem 1, we have

COROLLARY 1. The variation tu(x) is related to n(s) through

fa r OG(x, y)1 Ou(y)
,Sn(y) dry, x 1),.(2.47) 6u(x) K(x, y)6u(y) d12y --- Ony Orty

Proof We give only the outline ofthe proof. Using a fundamental solution U(x, y)
of the Laplacian, we can represent u u by an integral equation similar to (2.18).
The formula (2.5) helps us to obtain an integral equation for 6u(x) by the limiting
process. After replacing U(x, y) by G(x, y) we obtain (2.47). This completes the proof.

Note that we can obtain (2.47) also from (2.38) by changing the order ofintegration,
and that (2.47) admits a unique solution owing to Lemma 3.

From Corollary 1, we can easily derive an equivalent characterization for 6u(x).
COROLLARY 2. The variation 6u(x) is the solution of the following boundary value

problem:

(2.48)
(a-v(x). v),u(x)=

of(x, u)
,u(x), x,

ou(x)
,u(x)=n(x), xr.

On

Proof First note that (2.48) has a unique solution owing to (2.1). On the other
hand, the solution of (2.47) is unique. Thus the solution, of (2.48) is just the variation
6u(x) determined by (2.47). This completes the proof.

3. Multiplier rule. In this section we shall derive a necessary condition, which is,
so to speak, a multiplier rule, for optimality of the domain in the optimization problem
posed in 1, assuming that the problem has a solution. This condition is based on
(2.47). Another form of the necessary condition will be obtained from (2.48), too.

Let the domain 12 with the sufficiently smooth boundary F be an optimal domain.
Let u(x) be the corresponding solution of (1.1). Thanks to (2.5), it is possible to
calculate the first order variation 8J of the functional J defined by (1.2). In fact, let
8n be the boundary variation with the properties stated in the previous section and
let 8u be the corresponding variation of u. It is easy, with the help of (2.5), to obtain

Og(x, U)
(3.1) /J |

d
u d12x +r g(x, u)n dFx,
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where we supposed that g(x, ) is continuous in x and continuously ditterentiable
in :.

Let us define a function h (x) by

(3.2) A(x)-In A(y)K(y, x) ally -Og(x’
u)

a xea

In view of Lemma 3, (3.2) has the unique solution A (x) for given u(x); the equation
(3.2), thus, really defines the continuous function A (x). Substitution of (3.2) into (3.1)
yields

(3.3) 3J It A (x){ 6u(x) Ia K(x, y)3u(y) dfy} dfx +r g(X, u)6n dFx.

Again, substituting (2.47) into (3.3), we obtain

r{ 10u(x) (fah(y) OG(y’x) dl’y)+g(x, u)}6n(x) dF(3.4) 3J=
27r Onx One,

Thus u(x) has been eliminated from 6J. From the constraint (1.3), n(x) should satisfy

(3.5) h(x)6n(x) drx =0.

Combining (3.4) and (3.5), we can conclude that there exists a constant Ao such that

l Ou(x)(Iah(y)OG(y’x-------)dfy)+g(x,u)=hoh(x) xeF.(3.6)
2r On On

In summary, we obtained the following necessary condition for the optimality
of If.

THEOREM 2. If f is an optimal domain and u(x) is the corresponding solution of
(1.1), then there exist a continuous function A(x) and a constant Ao such that

(3.2) A(x) Ia A(y)K(y, x) dlIy
Og(x, u) x,
O

10u(x)(IaA(y)OG(y’x’---’2) dlly)+g(x,u)=hoh(x xr.(3.6)
27r On On

We may call (3.2) an Euler-Lagrange equation in the wider sense. Equation (3.6)
is the transversality condition.

From (2.48) we can obtain another form of the necessary condition.
THEOREM 3. If 1) is an optimal domain and u(x) is the corresponding solution of

(1.1), then there eixst a function p(x) and a constant Ao such that

(3.7)
Ap(x) + div (v(x)p(x))

p(x) 0, xer,

Of(x, u) Og(x, u)
p(x)=, xef,o a

(3.8)
ou op
On On

I- g(x, u)= Aoh(x), xF.
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Proof. Boundary value problem (3.7) admits a unique solution p(x) due to (2.2).
Substitution of (3.7) into (3.1) and integration by parts yield

(3.9) 6J=r(-OUOn OnO--P-P+g(x’u)] 6n(x) drx"

From this and (3.5) we obtain (3.8). The proof is thereby completed.
We derived a necessary condition and its equivalent, which will play an important

role in the investigation of the properties of the optimal domain as well as in the
development of numerical methods for the optimization problem.

Recently, Zolesio [22] has pointed out that the first variation of the objective
function takes the form similar to (3.9) in the case of linear boundary value problems,
assuming the existence of 6u(x). As far as the author knows, no author showed the
existence of 6h(x), especially in the case of the nonlinear boundary value problem.

4. Concluding remarks. We have derived the variational equations (2.47) and
(2.48), each of which relates the first order variation Su of the solution of the elliptic
boundary value problem to the variation of the domain. These equations are based on
the relation (2.5), which also plays a fundamental role for deriving the first order
variation tSJ of the functional J. From the variational equation (2.47) and the expression
for 6J a necessary condition for optimality of the domain 1 is obtained. This condition
is composed of the Euler-Lagrange equation in the wider sense and the transversality
condition. Another equivalent form of the necessary condition is derived from (2.48),
too.

These necessary conditions are expected to be used in the investigation of the
properties of the optimal domain and to be useful for developing the numerical method
to seek the optimal domain. Our results are, however, only the first step for dealing
with the real physical problem stated in 1. The application of our results to this
physical problem will be reported in a further paper.

From the theoretical point of view, there remain various problems. Namely, the
existence of an optimal domain should be made clear. Lions [10] gives an existence
result for a domain optimization problem which is different from that considered in
this paper. We must give a sufficient condition, too. Further necessary conditions will
be important for the investigation of the properties of the optimal domain as well as
for the development of the numerical method. Our method and results are to be
extended to a wider class of problems including optimal designs of vibrating plates
or rods in structural mechanics and even to the dynamical problems described by, e.g.,
parabolic partial differential equations.

Allendix 1. Let us prove (2.5) for the case where f(x, u) does not depend on u
and v(x)--0. Let u and u be the solutions of the boundary value problems:

Au=f(x), x,
(A.1)

t/-" :, X E F,

Au f(x), x e l2,
(A.2) , X F,

respectively. Also in this case we can assume that K 0 without loss of generality. The
solutions u and u are expressed by

(A.3) u(x) =---- G(x, y)f(y) day,
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(A.4) u(x) --- G(x, y)f(y)

respectively. Let fo, 1)1 and 112 be as in the text ( 2.2). Subtracting (A.4) from (A.3),
we readily obtain

1 Ia G- G)f(y) dyu(x)-u(x)=-

1[a G(x,y)f(y)dOy-fa G(x,y)f(y)dy].2

From this and Lemma 1, it follows that

1
G(x, y)f(y) dOy(x) -1 I(A.5) 2e y(x, y; e)f(y)

2e

Let e approach zero in (A.5). It is easy to see that

1
a(x, yg(y) da,- a(x, yg(y)

2

The second term of the right-hand side of (A.5) obviously tends to zero. As for the
third term, we can see by the same reasoning as in the text that it approaches zero.
These facts show that (2.5) for the case wheref(x, u) does not depend on u and v(x) 0.

Appendix 2.
ProofofLemma 3. We shall give the outline of the proof. Suppose that A 1 were

a pole of R(x, y; A). Then there would be a function (x), continuous, not identically
zero, which satisfies

(A.6) (x)= fa K(x, y;1)(y) dy= Ia K(x, y)(y) dy.

From the definition (2.19) of K (x, y) and by integration by parts, (A.6) turns out to be

(A.7) (x) --- G(x, y) + (v. V)yb d’y.

Thus, the function (x) would satisfy

Of(x, u)
(A.8) A(x)-(v. V)(x)- (x) 0, xell.

By letting x- z e F in (A.7), the boundary values of (x) would be zero, i.e.,

(A.9) (x) 0, xer.
In view of (2.1), the solution of the boundary value problem (A.8), (A.9) is unique;
(x)-= 0 is the solution. This is contrarry to the assumption, and hence A 1 is not a
pole of R(x, y; A). Lemma 3 is thereby proved.
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DIFFERENTIAL GAMES OF GENERALIZED PURSUIT AND EVASION*

LEONARD D. BERKOVITZf

Abstract. Differential games of generalized pursuit and evasion are studied by comparing them with
differential games of fixed duration, for which a theory already has been established. It is shown that if the
Isaacs condition holds and the data satisfy reasonable hypotheses, then the games have values which are
continuous functions of the initial time and state. If the data satisfy appropriate Lipschitz conditions, then
the value is Lipschitz continuous and satisfies the Isaacs equation at all points of differentiability of the value.

Key words, differential games, generalized pursuit and evasion, value, Isaacs equation

1. Introduction. In [1] we developed a theory of differential games of fixed
duration in which the existence of value and saddle point in the presence of the Isaacs
condition was obtained by relatively elementary methods, without recourse to argu-
ments involving stochastic processes and partial differential equations. In [1], the
definition of strategy followed that of Friedman [2], [3], while the definition of payoff
followed that of Krasovskii and Subbotin [4]. In this paper we shall study differential
games of generalized pursuit and evasion under these notions of strategy and payoff.
We assume that the reader is familiar with 1 and shall freely use concepts, notations,
definitions, etc. introduced there.

Formulated intuitively, the game that we shall study here has its state x(t) at time
determined by the system of differential equations

dx
(1.1) d--=f(t, x, u(t), v(t)), X(to) Xo,

where u(t) Y is chosen by Player I at each instant of time and v(t) Z is chosen
by Player II at each instant of time t. The payoff is

(1.2) f(s, c(s), u(s), v(s)) ds,
to

where b is the solution of (1.1) and t, is the first time that (t, q(t)) reaches some
preassigned terminal set . Note that if we adjoin a coordinate x to x and a differential
equation dx/dt =f(t, x, u(t), v(t)) to (1.1), then if= (x, x), we can write the payoff
as (ts).

We shall show that under appropriate conditions on the data of the problem, if
the Isaacs condition holds, then the game of generalized pursuit and evasion has a
continuous value. We shall obtain these results by comparing our game with a family
of games of fixed duration, adapting the idea introduced in Friedman [3] to our
definition of the game. Many details will be simpler than in [3]. We shall also show
that if we further require the data of the problem to be Lipschitz, then the value
function will be Lipschitz continuous and will satisfy the Isaacs equation at points of
differentiability.

2. Assumptions and notation. As noted in the introduction we shall use the notation
established in [1, 2]. In addition, we shall let =(x,x) and shall let f=
(fo, f,... ,fn). Concerning f, we assume the following.

* Received by the editors June 27, 1984, and in revised form December 18, 1984.

" Department of Mathematics, Purdue University, West Lafayette, Indiana 47907.
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.,Assumption I. Statements (i) to (iii) of Assumption I of [1] hold with f replaced
byf.

(iv)" fo(t, x, y, z)>= 0 for all (t, x, y, z) in 9, where is as in (2.1) of 1 ].
In the sequel we shall only need to consider the function fo evaluated at points

(t, x, y, z) of the form (t, to(t), u(t), v(t)) where to(. )= to(., to, Xo, u, v) is an nth state
trajectory of (1.1) corresponding to the controls u and v. It follows from (i)-(iii) of
Assumption I that for all initial conditions (to, Xo) in a given compact set in (t, x)-space,
the set of all possible nth stage trajectories resulting from all possible strategies is such
that all points (t, tO(t), u(t), v(t)) lie in a compact subset of 9. Hence, since fo is
continuous, fo is bounded below on this set by some constant -C, C > 0. Hence there
is no loss of generality in assuming that fo(t, x, y, z) => 0 on fi, for we may replace fo
by f+ C.

^Assumption I’. Statements (i)-(iii) are as in Assumption I’ of [1] with f replaced
byf.

Assumption II is concerned with the terminal set.
Assumption II. Let F be a closed domain in (To, ee)x R" with C2) boundary

,9F1. At each point t, x) cF1 let

(2.1) min max [Vo+(v,f(t, x, y, z))] < 0,
y

where (Vo, v) is the normal to cF at (t, x) pointing to the exterior of F, the min is
taken over z Z and the max over y in Y. Let F denote the intersection of F1 with
the slab To_-< <- T, and let F be bounded. Let the terminal set 8- be given by
8-=FU([T, oo)xR").

Assumption II’. Let F1 be as in Assumption I and let F further satisfy the condition
F1 ([ T, co) x R"). Let F F1 and let 8-= F.

3. Definition of game. Let (to, Xo) with (to, Xo) 8- be an initial point of the game.
Let F be a strategy for Player I on the interval [to, T] and A a strategy for Player II
on the interval to, T], where strategies are defined as in [1]. Corresponding to (F, A)
we obtain a sequence of controls (u,, v,) and a sequence of nth stage trajectories, ", to, Xo, u,, v,), where q3, (tO,, tO,) satisfies

o

(3.1)
tOo,,(t) =fo(t, tO,(t), u’(t), v’(t)), tOo,(to)

tO’,,(t) =f( t, tO,,(t), u’(t), v,,(t)), tO.(to)
o x.) - (0, Xo). Note that to determine . we must solve a system of differentialwhere (x.,

equations. Once tO" is determined, the zeroth component tOo. is determined by a
quadrature. A motion ff[’,to, xo, F,A] is a limit of nth stage trajectories
g3.(to, Xo., u., v.), where (u., v.) are the controls resulting from (F., A.).

Let 8- be either as in Assumption II or Assumption II’. By the capture time t," of
the nth stage trajectory q3.(. ), we mean the first time such that (t, c.(t)) belongs to
ft. More precisely, let C,o,. ={t: to<t <- T: (t, .(t)) }. Clearly C,o,. is not empty.
Let tz. inf {t’t C,o,.}. The capture time ty of a motion q3[., to, Xo, F, A] is defined
similarly. Note that all points (t,., .(t,.)) and (ty, [ty]) belong to -.

We now define the payoff P(to, Xo, F, A) resulting from a pair of strategies (F, A)
as follows:

(3.2) P( to, Xo, 1", A) -= I..J tO o[ tf, to, Xo, [’, A],

where the union is taken over all motions q3[., to, Xo, F, A] resulting from (F, A). Note
that ty in general will be different for different motions. Having defined the strategies
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and payoff, the definition of the game is complete. We shall designate this game as
"the game G" or "the game (3(to, Xo)", when we wish to call attention to the initial
position. We shall let W/(to, Xo) denote the upper value of G(to, Xo) and let W-(to, Xo)
denote the lower value of (3(to, Xo). Thus:

W/(to, Xo) inf sup P(to, Xo, F, A) W-(to, Xo) sup inf P(to, Xo, F, A).
A F F A

4. Comparison with game of fixed duration. We make two simple observations that
we shall use. First, since fo>_ 0, we have that for any nth stage trajectory 3(. ), th
zeroth component o,(. is a nondecreasing function. Similarly, the zeroth component
o[. of any motion 3[. is nondecreasing. The second observation we state as a
Lemma.

LEMMA 4.1. Let {.(’)} be a sequence ofnth stage trajectories converging uniformly
to a motion [. ]. Let {tf,.} be the corresponding sequence of capture times for the
trajectories and let ty be the capture time of [. ]. Then lim inf. oo (ty,.) _-> o[ tf]. A similar
conclusion holdsfor any sequence ofmotions {q3.[. ]} with capture times { tf,.} converging
uniformly to a motion qg[. with capture time tf.

We prove the first statement; the proof of the second is similar. Let A
lim inf. q.(ty..). Then there exists a subsequence, which we again label as q3. (.), such
that o.(ty,,,)- A and ty,.- ? for some ? in to, T]. Since 3.(. converges uniformly to
q3[.], we have that q3.(ty,.)- []. Since each point (ty,., .(ty,.)) belongs to if, and ff
is closed, we have that (?, q[?]) ft. Hence by the definition of ty, >- ty, and by the
monotonicity of , A [?] __> o[ ty], which is the desired conclusion.

COROLLARY. Let { tf..} and tf be as in the lemma. Then lim inf. tf,. >- tf.
Let Assumption II hold. Let OF denote the boundary points of F that are not

interior to F, i.e.

OF= (OF) f"I (OF1).

For a point (t, x) with To_-< _-< T, let p(t, x) denote the signed distance of (t, x) to OF,
with negative valuesassigned to points (t, x) in the interior of F.

For e>0, let (OF) {( t, x): To<-t<-T, Ip(t,x)l<e}. Then since F is a C2

manifold and since F is bounded, it follows that there exists an eo> 0 such that p is
C’ on (F)o. Moreover, if (-, :) is a point of F with -< T and if (,o, ,) is the unit
normal to OF at (-, :) pointing to the exterior of F, then

(4.1) lim (pt( t, x) px( t, x) ,, ,).
(t,x)-(,)

Let Assumption II’ hold. For a point (t, x) let p(t, x) now denote the signed
distance of (t, x) to OF, with negative values assigned to points interior to F. Let
(OF) {(t, x)" IP(t, x)l < e}. Then for each R > 0 there exists an eo> 0 such that p is
C’ in (0F) f3 ((t, x)" Ixl < R} and (4.1) holds for all (-, :) in (OF) f’) ((t, x)"lxl < R}.

Let Assumption II or II’ hold. Let F, {(t, x)" (t, x) F, Ip(t, x)l</z}. If Asshmp-
tion II holds, there exists a/Xo > 0 such that for all 0 </x </Zo, F F, b. If Assumption
II’ holds, there exists a/Zo such that for all 0</z </Zo, (F-F,)f-){(t, x)" Ixl<R} oh.

We now define a family of games of fixed duration. Let Assumption II or II’ hold.
Let y(r) 1 r if 0-<_ r =< 1 and let y(r) 0 if r > 1. For each 0 </x < tZo let

f(t,x,y,z)y(Ip(t,x)l/lz) if(t,x)F,
f t’ x’ Y’ Z) [f( t, x, y, z) if t, x)

_
F.

The function fo is continuous on To, T] x R" x Y x Z x (0,/Xo), and fo(t, x, y, z) 0
if (t, x) F- F,. For each/z in (0,/Zo) we consider the game G of fixed duration with
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terminal time T, with dynamics given by (1.1) and with payoff

P,(to, xo, F,A)= f(s, q(s), u(s), v(s)) ds.
to

If we introduce a zeroth coordinate x by means of the state equation dx/dt
f(t,x, y, z), then the games of fixed duration G, will be in the format of [1] with
g() x. It is readily verified that Assumption I or I’ of 1 holds for the games
whenever the corresponding assumption holds for the generalized pursuit evasion
game G.

Let W/ to, Xo,/z) and W-(to, Xo,/z) denote the upper and lower values respectively
of the games G,, 0 </x </Xo, with initial position (to, Xo). Let

(4.2) R (([ To, ) x R") -) LI (Off).

LEMMA 4.2. Let Assumption I and either Assumption II or II’ hold. Then for each
(to, Xo) in R and each 0 < tz <

w-( to, Xo) <- w-( to, Xo, ), w+( to, Xo) <-_ w/( to, Xo, ).

For (to, Xo) e 08" the result is immediate, since W-(to, Xo) and W/(to, Xo) are equal
to zero, and fo _>_ 0. We henceforth suppose that (to, Xo)

Let q3[., to, Xo, F, A] be a motion in the game G(to, Xo) and let {g3,(., to, Xo, u,, v,)}
be the sequence of nth stage trajectories converging uniformly to q3[. ]. The sequence
g3,(. determines a sequence {g3,.,(., to, Xo, u,, v,)} of nth stage trajectories in the
game G, (to, Xo) where

q,,,, (t) ,,(t), to -< <_-- T,

q,,,(t) (t),,, to<t<tf,,,,=

o(xl+ f(s, (, u(s, v(s ds

for t. _<-t _-< T. The capture time of q3.,,,(. is obviously also tx,,. There exists a sub-
sequence of {q3.,,,(. )}, which we again label as {q3.,(. )} which converges uniformly
to a motion 3.[., to, xo, F, A] in the game G., where

q, t, to, Xo, F, A] q t, to, Xo, F, A], to-<- <_- T.

Thus q3,[. and q3[. have the same capture time
Let t, min (t tf.,). Using the corollary to Lemma 4.1, we conclude that t,--> ty.

0For to<-_t<-_t,, q.,,(t)=qn(t) and for t,<=t<=T

po Ig.,,(t) q.(t,,) + f(s, q.(s), u.(s), v.(s)) as.
tn

If we now set T in the preceding equation and then let n-->, we get that
qo T] [ty] + E, where E > 0. To summarize, we have shown that for every motion
[’, to, Xo, F, A] in the game G, there is a motion [., to, Xo, F, A] (same F, A) in
the game G. such that

(4.3) [tf, to, xo, F,A]<-_q[T, to, Xo, F, A].

In a similar fashion we can show that for every motion 3,[., to, Xo, F, A] in the game
G, there is a motion q3[., to, Xo, F, A] in the game G such that (4.3) holds. Hence for
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each fixed F,
infa P( to, Xo, F, A) _<_ inaf p to, Xo, F, A),

and for each fixed A
sup P( to, Xo, F, A) _-< sup P, to, Xo, 1-’, A).
F F

The conclusion of the lemma follows from these inequalities and from the definitions
of W/ and W-.

LEMMA 4.3. Let Assumption I and either Assumption II or II’ hold. Let c be a
compact set in R. Then there exists a constant C > 0 such that for all sufficiently small
and all (to, Xo) in c

W-( to, Xo) >- W-( to, Xo, Iz Ct.e.
The proof of the lemma involves an adaptation to our definition of the game of

ideas used by Friedman [2], [3]. The proof will be given in several steps and will be
carried out under the supposition that (to, Xo) Off and that Assumption II holds. The
reader will see that the proof is also valid for (to, Xo) 0:3r if he keeps in mind that if
(to, Xo)O:Y- then W-(to, Xo)=0, that tf--to, and consequently that q[tf, to, Xo, F,
A] Xo, q[tf, to, F, A] 0. He should also look upon the strategy A* to be defined
below as being a strategy over to, T] in the game G, (to, Xo), rather than a modification
of A. He will have to change the definition of A,*,I to be any control ul in I1. The proof
if Assumption II’ holds is then the same as that if Assumption II holds, except that
for OF one should read OF.

We noted earlier that there exists an eo> 0 such that p is C’ on (F)o. Define a
function on (0F)oX YxZ as follows:

(4.4) A(t, x, y, z) =T7. (t, x)+ L (t, x)f’(t, x, y, Z)
i= OX

Let
A(t, x) min max A(t, x, y, z),

y

where the min is taken over Z and the max over Y. From the continuity of (p,, tax) on
(F)o, from the compactness of F, from (2.1) and from (4.1) it follows that there
exists an e < eo and a constant A> 0 such that

(4.5) Al(t, x) _-< -A, t, x) (F).
Let Ao(t, x, z)= maxy A(t, x, y, z) and let z*(t, x) be an element in Z such that

Ao( t, x, z*( t, x)) min Ao( t, x, z) min max A t, x, y, z)
y

A(t, x).

Now,
A(t, x, y, z*(t, x)) <= max A(t, x, y, z*(t, x)) Ao(t, x, z*(t, x)).

y

Thus, for all (t, x) (OF) and y in Y

(4.6) A(t, x, y, z*( t, x)) _-< AI( t, x).

The function A is uniformly continuous on the closure of (0F), x Y x Z. Hence there
exists an e2 < el and a t>0 such that for all (t, x) in (OF) and all (t’, x’) with
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I(t’,x’)-(t,x)l< we have (t’,x’)(F), and [A(t’, x’, y, z)-A(t, x, y, z)l<=A/2 for
all y^ Y and z Z. From this and from (4.6) and (4.5) we get that for all (t, x) in
el [(0F)] and all [(t’, x’)- (t, x)l < 6,

(4.7) A( t’, x’, y, z*( t, x)) -<_ A( t, x, y, z*( t, x)) + A/2 <= -A/2.

Since/9 is C’ on (F)o, it follows that for any absolutely continuous function 0
whose graph lies in (F) the mapping t- O(t, O(t)) is absolutely continuous and

d
d-’- p(t, 0(t))= pt(t, O(t))+(px(t, O(t)), O’(t)) aoe.

(See [2, Lemma 3.2.2].) In particular if 9 is a trajectory of (1.1), then

d
(4.8) d- p( t, q(t)) A(t, p(t), u(t), v(t)) a.e.

as long as the trajectory lies in (0F)o.
LEMMA 4.4. Let (F, A) be a pair of strategies and let {q3,(. q3,(., to, Xo,, F, A)}

be a corresponding sequence of nth stage trajectories. Let (to, T). Then there exists a
strategy A*, depending on A and 7, and a sequence e(n)- 0 as n--> oo such that if
{3n*(" )}= {q3n*(’, to, XO,, Un*, Vn*)} is the sequence of nth state trajectories resulting from
(F, A*) and {Xo,}, then the following are true.

(i) *n(t) ,(t) for to<--_ <= 7.
(ii) If { t,} is a sequence converging to and iffor all sufficiently large n, t, <= and

(, ,( t-)) (F)2, then the inequality

(4.9) p(t, *,(t))-p(t,, p*,(t,))<=e(n)-A(t-t,)/2

holds for these values of n and for all such that the graph of p* on the interval , t]
lies in (OF)2.

Let {Tr,} be a sequence of partitions of [to, T] and let 7r, have partition points
to ro < rl <" < ’, T. Let Ii [ri-1, z), 1,. , n. Let k k(n) denote the integer
such that i Ik+l. We define the strategy A* {A,*}. Let A,*.l A,.. For 2 <=j -< k + 1, let

An,j( O",ff X ,:.c X’’’ X %--1 X j_l) An,j( }d’ x ,:1 x... x %-1 x ,::,j-l).

Let j> k+l. For i=1,... ,j-l, let u,. , v,. i, and for tI, let u’(t)=u,.(t)
and v,(t)= v..(t). Then u’, and v’, are controls on [to, _) and they determine an
nth stage trajectory 93,*(" )= ,*( ", to, Xo,, u’,, v’,) on [to, Z_l]. We now define A*.. If
(-1, P*(-1)) (0F)2, let

(A* u.,( .,,, v.,,, ., u.,_,, v.._,))(t)= z*(_,, *.(_,))

for all t/. If (9_,, ,*(z_I))Z (F) let

a,*,(u,,,,, v,,,,,..., u,,,_,, v,,,_,)
an,j(l,ln,1, Dn, l, Un,j-1, Dn,j-1).

By construction q3.*(t) q3.(t) for to<-_t<=. By assumption (?, 0.(/’)) (F) for
n sufficiently large, so that for each n there is an interval , + or.) on which the graph
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^,of on(" lies in (F)2. It now follows from (4.8) that for t [, +
p(t, q*.(t))-p(tn, p*n(tn))

A(s, *(s), u*.(s), v*.(s)) as
tn

I "rk+l

tn

(4.10)
A(s, .(s), u*.(s), o*.(s)) as

+ A(s, .*(s), u*(s), z) as + A(s, .*(s), u*(s), z*) as,
j=l ,rk+ ,rk+

where J= J(n, t) and z= Z*(rk+j, q,*(’k+j)).
We now estimate each of the terms on the right. It follows from Assumption I

that there exists a constant K > 0, independent of controls u, v and depending only
on the compact set qg of initial values such that for all trajectories q of the system
(1.1) we have Io(t)-o(t’)l<=KIt-t’l. Hence the first integral on the right is bounded
by KI/ t.I, which- 0 as n c. It also follows that there exists an integer no which
depends only on such that for all partition points ri, all nth stage trajectories, n _-> no,
,*(.) resulting from all strategies F, A*, we have I(t, o*,(t))-(ri, o,*(zi))l < 3, for all
in Ii/1, where $ is as in (4.7). Applying this and (4.7) to each integrand in (4.10)

other than the first, gives A(s, o,*(s), u*,(s), z) <= -A/2,j k + 1,. ., k + J. Combining
this with the bound gl+,-t=l on the first integral in (4.10) establishes (4.9) and the
lemma.

Remark 4.1. We shall refer to the strategy A* defined above as the modification
of A by means of the forcing function z*.

^FCOROLLARY 4.4.1 Let ?> ?. For all n sufficiently large let (, o*,( t’)) (0)2 and
let the graph of o*(. on ?, t] lie in (F)=. Then for sufficiently large n,

(4.11) p(t, o*,(t))-p(?, o*(t’))<=-A(t ’)/2.
Since [< , for n sufficiently large, rk+l < ?. Thus, if in (4.10) we replace

we obtain that the integrand on the right in (4.10) is <--A/2 for all _-< s-< t.
LEMMA 4.5. Let tz satisfy 0</z =< e2/2 and let (F, A) be strategies in G. Let [.,

to, Xo, F, A] be a motion with capture time ty. Then there exists a A*= A*(F, A, q3[. ])
and a motion q3,[., to, Xo, F, A*] in the game G, such that for to <- <=
(4.12) q3[ t, to, Xo, F, A] q3,[ t, to, Xo, F, A*],

and

(4.13) oo[ tf, to, Xo, F, A] _-> oo[ T, to, Xo, F, A*]

where C is a constant independent of F, A,/x and the motion q3[. ], but dependent on the
set c of initial conditions.

We first note that if s T, then o[ T] o[ ty] o[ ty] o[ T]. Thus we can take
A*= A and (4.12) and (4.13) hold for any C->0. Hence we need only consider the
case ty < T.

Let {q3n(’)}= {q3n(’, to, Xon, un, vn)} be the sequence (after relabelling) of nth
stage trajectories converging to the motion q3[., to, Xo, F, A]. Let ty, be the capture
time of q3n(" and let tn =min (ty.n, ty). Then tn <= ty and, as was seen in the proof of
Lemma 4.1, tn ty. Applying Lemma 4.4 with ?=ty and {tn} as above, we obtain a
strategy A*, a sequence of nth stage trajectories {q3*(.)}={q3,*(., to, Xon, u,*, v,*)}
resulting from (F, A*) and a motion q3*[. having the properties stated in Lemma 4.4.
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Let

(4.14) q,n(t, tO, X0, Un*, On*)= 0n*(t, tO, X0, Un*, On*)

for all to < < T. Since for to < < tn, 0. (t) n(t), we have that

(4.15) %,.(t, to, Xo, u*, v*)= on(t, to, Xo, u., v.)

for to <- t-< t.. For to <- =< t., let

(4.16) o",.(t, to, Xo, u.*, v*)= o.*(t, to, Xo, u*, v.*)= o(t,,, to, Xo, u., v.).

For t. -< -< T, let

(4.17) as.
tn

The sequence {q3,,,(. )} thus defined is clearly a sequence of nth stage trajectories in
the game G corresponding to the strategies (F, A*). We select a further subsequence
so that we may assume that ,,(. converges to a motion 3,[., to, Xo, F, A*] of the
game G,.

We shall show that the motion q3[. ] of the previous paragraph has the desired
properties. First, we conclude immediately from (4.15) and (4.16) that (4.12) holds.

Now suppose that ty< T-(3tz/A). Let e(n) be as in Lemma 4.4 and let

(4.18) t,.= t.+2[e(n)+p(t., qg*.(t.))+lz]/A.

Then for n sufficiently large t.,. < T. We assert that for each sufficiently large n, there
exists an s. in t., t.,.] such that

(4.19) p(s., o*.(s.)) < -tz.

First we suppose that on the interval [ t., t,,,] the graph of .*(. lies entirely in
(F)2. We can then set t= t.,. in (4.9) and obtain that p(t,,., o*.(t...))<

For those n such that the graph of o.*( on t., t,.] does not lie entirely in (F)2
we proceed as follows. We first note that hy virtue of (4.12) we can find a ’> ty such
that for all n sufficiently large, the graph of o.*(. on ty, t’] will lie in (F)2. Let = ty
and appl.,y Corollary 4.4.1 to observe that if > ’ and if the graph of .*(. on ?, t]
lies in (OF), then p(t,*.(t))<p(?, o.*(t’)). From this we conclude that when the
trajectory o.*(. leaves (OF):, it will do so in the interior of F. Since/x < e2/2, (4.19)
follows.

From (4.19) and (4.14) we see that for all n sufficiently ]arge we are assured that
the trajectories %..(.) will eventually leave the set F, =(0F) OF at some time
t. < g. < t.... If we use Corollary 4.41 with ty, we can easily show that for sufficiently
large n, once the trajectory %,.(. leaves F,, then it will never reenter F. and will
remain in F-F.. Hence for t...<= t<= T,f(t, %,.(t), u*.(t), v.*(t)) 0. From this and
from (4.17) we get

(4.20) Itto..(T) o(t.) + f(s, o*.(s), u*.(s), v*.(s)) as.

Recall that fo => 0. The integral in (4.20) is bounded above by K(t,,.- t,,), where
K is a positive constant which depends only on the set c of initial data. Therefore,
if we let no in (4.20) and take into account (4.18), we get o IT] < o[ts] + C/z, for
some constant C depending only on c. But this is precisely (4.13).



DIFFERENTIAL GAMES OF GENERALIZED PURSUIT 369

If ty>-__ T-(3IX/A) then T-ty<-_3ix/A. In (4:17) replace by T. Then the resulting
integral will be bounded above by L( T- t,). The result again follows on letting n
Lemma 4.5 is thus proved.

We now can easily establish Lemma 4.3. Fix F. From (4.13) we have

infa o[ tf, to, Xo, F, A] _>- inaf qo[ T, to, Xo, F, A*(A)]

_-> inf q[ T, to, Xo, F, z] C,

where A is an arbitrary strategy in G over to, T]. If we now take the supremum over
F, we obtain the conclusion of Lemma 4.3.

5. Properties of W-.
LEMMA 5.1. Let Assumption I and Assumption II or II’ hold. Then for each (t, x)

in R

(5.1) lim W-(t, x, Ix)= W-(t, x),
tx-0

and the convergence is uniform on compact subsets c ofR. Thefunction W- is continuous
on R.

Proof. The second statement is a consequence of the first. Let c be a compact
subset of R. Then by Lemmas 4.2 and 4.3 there exists a constant C such that for all
(t, x) in R and Ix sufficiently small

w-(t,x,)-c<-_ w-(t,x)<-_ w-(t,x,).

The first statement follows from this.
Let

=- g-o-=- ([ To, o) x g")- 3r.

LEMMA 5.2. Let Assumptions. I’ and II’ hold. Then the function W- is Lipschitz
continuous on compact subsets of R.

Let (-, s) and (z’, :’) be two points in R. The crux of the proof is Lemma 5.3
below, which relates the payoff resulting from a motion with initial point (z, :) to the
payoff resulting from a motion with initial point (z’, :’). In 1, 6] we showed that to
each pair of strategies (F, A) in the game with initial point (z, s) there corresponds a
pair of strategies (0F, 0A) in the game with initial point (z’, :’). Moreover the mappings
0: F 0F and 0: A- 0A are one-to-one and onto.

LEMMA 5.3. Let X be a compact subset of I and let (’, ) be a point in X. Then
there exists a 5o> 0 and a K > O, both depending on the set X but not on the point (’, ),
such that for all (’, ’) satisfying (", ’) in X,

(5.2) I(z’, :’)-(z, :)l --< 8o
the following is true. Given a pair of strategies (F,A) in G(z, ) and a motion
[., z, , F, A] with capture time ty, then there exists a strategy A* in G(z’, ’) and a
motion q3[., -’, ’, OF, A*] with capture time s such that

(5.3) p[ty, z, :, F, A]=> q[s, z’, ’, OF, A*]+ E(z, , z’, ’),

where

(5.4) IE(z, , ’, )1-< g[l-’l+l:-l]

for all (z, , z’, ’) satisfying (5.2).
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Proof Let {q3,} {q3,(., r, :,, u,, v,)} denote the sequence of nth stage trajectories
converging uniformly to the motion q[., -, sr, F, A] and let { ty.,} denote the correspond-
ing sequence of capture times of the trajectories. Let {0q3,} {0q3,(., z’, s’,, Ou,, Or,)}
denote the sequence of nth stage trajectories resulting from (OF, 0A) and let
denote the corresponding sequence of capture times. We suppose, after choosing a
subsequence if necessary, that {0q3,} converges to a motion (0q3[. ])= q3[., -’, st’, OF,
0A] with capture time ss. Recall that the mapping 0 utilizes the relationship s s(t)
between the time variable on [r, T] and the time variable s on [z’, T] given by (6.5)
of[l]. It follows from (6.5) of[l] that for -<=t<=T,

We consider three cases. First we suppose that s(ty) < sy. Let t, min (t;, t.,), and
let s, min (sy, sy.,,). Then t,--> ty and s,--> sy. Hence s( t,) <- s( tf and s(t,)--> s(ty). Thus
for n sufficiently large, s(t,)<s,, and consequently p(s(t,), Oq(s(t,)))>O. From the
preceding, the triangle inequality and Lemma 6.4 of [1] we see that there exists a
constant K, which depends on X, such that

p(s(t,,), Oo,(s(t,)))<--_l(s(t,), Oq,(s(t,,)))-(tf, q[ts])

(5.5) -< I(s(t,), oo,,(s(t,,)))-(tn, o,(t,))l +l(t,, qg,,(tn))-(tf, q[tf])]

<--/,[I- ’1 + I- ’1] + .,
where e,--> 0 as n--> c, uniformly for (’, :), (r’, :’) in X. It follows that there exists a
6o> 0, which depends on X, such that whenever (r’, ’) X and I(z’, ’)- (’, sr)l =< 6o,
then (s(t,), Oq,(s(t,))e(aF) for all n sufficiently large. Thus (s(ty), Oq[s(ty)])m
(a).

Let (0A,)* denote the modification of 0A, after s(ty) by means of the forcing
function z*(t, x). Let (0q,) (.) denote the corresponding nth stage trajectory and let
(0q3)*[. denote any motion (0q3)*[., z’, st’, OF, (0A)*]. Note that for O <-_ s <= s( t,) we
have (O,)(s)=(O,)*(s), and for O<=s<-s(ts) we have (O)[s]=(O)*[s]. It follows
from (4.9) that for each n there exists a maximal interval [s(ty), stj)+a,) such that
for s in this interval,

(5.6) p(s, (Oq,)*(s))-p(s(t,), (Oq,)*(s(t,)))<-e,-a(s-s(t,))/2.

Since for s> s(tj), dp/ds<O along (Oq,)*(s), and since s(t,) s, it follows that
for n sufficiently large the trajectory (Oo,)*(s) has a capture time s, e [s(ts), s(t) + a,).
Let s’ denote the capture time of (0q3)*[. ], and let s,* rain (s, s,). If we now set
s= s,* in (5.6), note that (Oq,)*(s,)-->(Oq)*[s] and use (5.5) we get that

(5.7) s*, s(t,) <- e’, + (2K/A)[I’- "1 + I:-
where e’, --> 0 as n --> oo, uniformly with respect to (F, A) and (-, , r’, :’) satisfying (5.2).

If we denote the outcomes of (0F,(0A,)*) by ((Ou,)*, (Ov,)*), then for n
sufficiently large we have

o.)*(s*., ’, ’., Ou.)*( Ov.)*)

qg(s(t,,),, q", ’,, Ou,,, Ovn)

+ f(s, (Oq,,)*(s), (Ou,,)*(s), (Ov,,)*(s)) ds.
s(.)

It now follows from Lemma 6.5 of[1], from (5.7) and from the fact that the integrand
on the right is bounded that

(o.)*(s*., ’, ’., (Ou.)*, (0v.)*)= .(t., , ., u., v.)+ ’(, , ’, ’)+ ’.’,
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where E’ is as in (5.4) and e’,’0 uniformly with respect to (F,A) and (z, :, z’, s’)
satisfying (5.2). If we now let n , and take subsequences, if necessary, we obtain

[ts, , , r, A]=(O)*[sT, ’, ’, 0r, (0A)*]+ (, , ’, ’),

where E=-E’. If we now set A*---- (0A)* and set q3[., z’, s’, OF, A*]= (03)*[.,
sc’, OF, (0A)*] we obtain (5.3) and (5.4) in the case under consideration.

Let us now suppose that sf<s(tf). Then tf> t(sy) and also t,> t(s,) for n
sufficiently large. Hence, since f->0, we have that o(t,, 7., so,, u,, v,)>-_o(t(s,),
s,, u,, v,). If we now use Lemma 6.4 of [1] we get

c#(t,, 7., Sn, Un, V,)>= opO(Sn, 7.’, eS’,, OUn, OVn) + E,

where E is as in (5.4). If we let n oo we get

o[t, , , F,A]_-> O[s, ’, ’, OF, 0A]+ E.

If we set s sy, A*= 0A and q3[., 7.’, so’, OF, A*] 0q3[., 7.’, s’, OF, 0A], we obtain
statements (5.3) and (5.4).

If sy s(ty), the lemma follows immediately from Lemma 6.4 of [1] with s =sf
and A* 0A.

We return to the proof of Lemma 5.2. Since W- is continuous on R, to prove that
it is Lipschitz continuous on a compact subset X of R it suffices to show that there
exists a 30=>0 and a constant K such that if (7., sc) and (7.’, :’) are as in (5.2) then

(5.8) w-(, )- w-(’,

Let (7., :)e X, let e > 0 be arbitrary and let F be arbitrary. Then there exists a Ar
and a motion q3[., 7., s, F, At] such that e + W-(7., :)_-> o[ tf, 7", , F, At]. Let (7.’, s’)
be as in (5.2). Then by Lemma 5.3, there exists a strategy A* in G(7.’, sc’) and a motion
q3[., 7.’, s’, OF, A*] with capture time s such that

+ w-(, ) _-> [s, ’, ’, 0r, a*]+ E(, , ’, ’),

where E is as in (5.4). Hence

e + W-(7., )_->inaf o[sf, 7.’, sc’, OF, A]+ E(7., sc, 7.’, :’),

where the infinimum is taken over all strategies A on [7.’, T] and all motions q3[., 7.’,
s’, OF, A]. Since e > 0 is arbitrary and the mapping 0: F 0F is one-to-one onto, it
now follows that W-(7., s) ->_ W-(7.’, :’)+ E. We may also start with (7.’, sc’) and obtain
that W-(7.’, so’)_-> W-(7., sc) + E’. From the last two inequalities (5.8) follows.

6. Existence of value. Let

(6.1) H(t, x, A, A, y, z)= Af(t, x, y, z)+(A,f(t, x, y, z)).

DEFINITION 6.1. The Isaacs condition holds at a point (t, x) for the game G if

(6.2) min max H t, x, 1, A, y, z) max min H t, x, 1, A, y, z)
y y

for all A R, where the max is taken over y in Y and the min is taken over z Z.
The Isaaes condition holds on a set in Rn+l if it holds at each point of the set.

The Isaaes condition (6.2) holds if and only if for all A= 0

(6.3) min max H t, x, A o, A, y, z) max min H t, x, A o, A, y, z).
y y

If (6.3) holds for all A0, then (6.2) surely holds. Since for A0, H(t, x, A, A, y,



372 LEONARD D. BERKOVITZ

z)= hH(t, x, 1, h/h, y, z), it follows that if (6.2) holds, then (6.3) holds for h>0.
To obtain (6.3) for h o 0, write (6.3) in the equivalent form of a saddle point inequality
and let )t--> 0.

Assumption III. The Isaacs condition (6.2) holds at all points of [ To, T] x Rn.
At each point (t, x) of To, T] x R", let

(6.4) min max [sf + (s,f)] =max min [sf + (s,f)],
y y

for all = (s, s), where the argument off and f is (t, x, y, z). It then follows from
1] that each game G, has a value and saddle point. We shall show in the appendix

that we only need (6.4) to hold for those vectors with sO_-> 0 in order for G, to have
a value and saddle point.

For fixed (t, x),f(t, x, y, z)=a(t, x)f(t, x, y, z), where 0<- a(t, x)-< 1. It follows
from the equivalence of (6.3) and (6.2) that if the Isaacs condition (6.2) holds for the
game G, then (6.4) holds for all vectors with s->0. Thus, if Assumption III holds
then each game G has a value and a saddle point.

THEOREM 6.1. Let Assumptions I, II or II’ and III hold. Then for each t, x) in R
the game (3( t, x) has value W( t, x) and thefunction W is continuous on r. If.Assumptions
I’, II’ and III hold, then W is Lipschitz continuous on compact subsets of R.

Let (t,x) be fixed in R. Then by Lemma 4.2, W+(t,x)<-_ W+(t, x, Ix). Since each
game G(t,x) has value, we have W+(t, x,/x)= W-(t, x, Ix) and so W+(t,x) <- W-(t,
x,/z). It now follows from (5.1) that W+(t,x) <- W-(t,x), and thus G(t, x) has value.
The continuity of W now follows from Lemma 5.1 and the Lipschitz property from
Lemma 5.2.

7. The Isaacs equation. In studying the game G we have essentially converted the
game in [To, T]x R" with integral payoff (1.2) into a game in [To, T1] x R"+ with
terminal payoff g(ty, y)- x. For the game in [To, T]x R"+ we have always taken
the initial condition (to, :o) to be such that o (0, Xo), where (to, Xo) R. In developing
the Isaacs equation it will be necessary to consider initial conditions with o (Xo, Xo),
where x is arbitrary. If we consider such arbitrary initial conditions, then it is easy
to see that if l+(to, o) denotes the upper value of this game and if l’-(to, o) denotes
the lower value, then "(to, o)= Xo+ W+(to, Xo). Thus, if the value W(to, Xo) exists,
then for any o so does W(to, o) and

(7.1) l(to, ;o) x+ W(to, Xo).

The principal result of this section is Theorem 7.1 below, which states that if the
data of the problem is Lipschitz then the value function W satisfies the Isaacs equation.
The first step in the proof of this result is to establish the following modification of
Lemma 8.3 of [1].

Let (to, Xo) be fixed; let Vo l’-(to,o) and let v= I’+(to,o). Let (Vo)
(,) -, w (,)=v }.{(z,:)" (z, sc), W-(’,)<Vo} and let C(v)={(z,) ^+ > o

LEMMA 7.1. Let (% ) be a point of (vo). Let t satisfy ’< t < Tand let u be any
control for Player ! on [-, t]. Then either there exists a relaxed control ’= ’(u) such
that the relaxed trajectory (., -, , u, ’) has the property that (ty, g/(ty)) for some
tf [z, t] or there exists a relaxed control (u) such that (t, g,(t)) : -for all [z, t]
and (t, g,(t)) (Vo).

The proof is a modification of the proof of Lemma 8.3 of 1 and will be omitted.
Using Lemma 7.1 in the way Lemma 8.3 of [1] was used to establish Lemma 13.1

of [1], we can establish the analogue of Lemma 13.1 for if’/ and I’-. From this we
obtain Theorem 7.1.
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THEOREM 7.1. Let Assumptions I’, II’ and III hold. then at almost every point ofR"

W,( t, x) H( t, x, 1, Wx( t, x), y*, z*)

min max H(t, x, 1, Wx(t, x), y, z)
y

max min H(t, x, 1, Wx(t, x), y, z),
y

where H is as in (6.1), the max is taken over Y, the min is taken over Z, and y* y*( t, x),
z* z*( t, x) is the saddle point for the game over Y x Z with payoffH( t, x, 1, Wx( t, x),
y,z).

Appendix. Games G(to, Xo) in To, T1] x R" with fixed terminal time T and payoffs
T 0ofthe form g(xf) + tof (t, x, u, V) dt can be written as games t(to, o) in To, T1] x Rn+l

with terminal payott g(xf)+x by adjoining a zeroth coordinate as in (3.1). If we let
r,-(., ) with (:o, :) denote the upper value of the gae 0(z, ) and let W-(-, :)
denote the lower value of the game G(z, ) then W-(z, )= o+ W-(z, so). A similar
relationship holds for I+(-, :).

We now refer to 1, 10], interpreted for the game t(to, o). In constructing the
extremal aiming strategies for this game the Isaacs condition is required to hold only
for those vectors =(s,s) of the form =*=*-*, where (t*,*) t(Vo) (or
t(v)) and (t*, *) is a point of S(t*)=H(t*)f’)t(Vo) of minimum distance to

(t*, *). We shall now show that for g* we always have s*=> 0.
Let (-, ) be a point t(Vo). Let (-, *) be a point of S(-)= H(,,-)f)(Vo) at

which the distance from S(’) to (, ) is achieved. We first note that W-(, *) Vo.
For if l’-(z,*)< Vo, then since W- is continuous there would exist points of C(vo)
closer to (’, :) than (’, :*). Thus, W-(-, :*) + :,o Vo. Now g* - %, so if s* < 0,
we must have :o<,o. But if this were the case, then W-(-, *)+< Vo. Hence
(:,, :o) $(). Clearly, I(:*, :o)_ (:, o)l < I(:*, *)- (so, :o)[. But this contradicts the
definition of (:*, ,o). Hence s*< 0 is not possible.
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DYNAMICAL REALIZATIONS OF HOMOGENEOUS
HAMILTONIAN SYSTEMS*

P. E. CROUCHt AND M. IRVING*

Abstract. In this work we consider homogeneous input-output systems defined by a single Volterra
kernel, which have an internal state space realization in the form of a Hamiltonian system. Previous work
by one of the authors considered the state space realization of input-output maps determined by finite
Volterra series, the homogeneous case being characterized by an internal homogeneity. The present paper
shows that minimal Hamiltonian realizations exist which exhibit the same polynomic structure whilst
simultaneously displaying the canonical symplectic structure. The homogeneity is conveniently handled by
extensive use of graded vector spaces, and their relation with nilpotent Lie algebras. The additional relation
with symplectic structures is also utilized here. The work also provides a specialized version of the
Darboux-Weinstein theorem, which is globally valid.

Key words. Hamiltonian, symplectic, Volterra series, realization theory, canonical form

1. Introduction.
1.1. One of the authors has previously considered minimal state space representa-

tions of input-output systems defined by finite Volterra series [4]. These dynamical
realizations, or controlled dynamical systems with outputs, are characterized by certain
polynomic vector fields on a vector space generating solvable Lie algebras, with
codimension one nilpotent ideal. When the Volterra series consists of a single term
this external homogeneity is reflected in a particular type of internal homogeneity.

Such input-output systems also determine an intrinsic graded vector space struc-
ture on the state space which may be exploited to describe the nilpotent Lie algebras
which occur. The relationship between graded vector spaces and nilpotent Lie algebras
is well understood; see, for example, [7].

A controlled dynamical system on a symplectic manifold may take a special form,
being defined by Hamiltonian vector fields, with associated output maps being the
Hamiltonian functions. The input-output maps of such Hamiltonian systems therefore
represent a subclass of all input-output systems, and in particular those with finite
Volterra series form a subclass of finite Volterra series. In Crouch and Irving [5]
necessary and sufficient conditions are given for a finite Volterra series to be the
input-output map of a Hamiltonian system. However, the state space representation
used there for such systems was that of the bilinear system. The problem of obtaining
minimal representations, as for arbitrary finite Volterra series in Crouch [4] had
remained unanswered. That minimal Hamiltonian realizations exist at all have been
answered affirmatively by van der Schaft [17], and under more restrictive conditions
in Goncalves [6], although in this latter work a technique is exploited which to some
extent is used in this paper.

In this paper we obtain minimal Hamiltonian realizations in the form of [4] but
only in the restricted case of homogeneous Volterra series. The case of Volterra series
consisting of only the term linear in "u" corresponds to minimal linear systems.
Realizability and structural questions for minimal Hamiltonian systems within this
class are dealt with in van der Schaft [22]. This paper can be viewed as a partial
generalization of that work. The general case remains a formidable problem.
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Symplectic geometry has already exposed much of the structure in transitive Lie
group actions on symplectic manifolds where the corresponding Lie algebra is represen-
ted by Hamiltonian vector fields. We review some of this material briefly in 2. See
also Souriau [15], Kostant [10], Kirillov [9], and the work of Wallach [18]. In this
work we are obviously interested in the case of nilpotent and solvable group actions
on noncompact manifolds. In fact such a transitive, nilpotent group action on a compact
symplectic manifold implies that the group is Abelian, Zwart and Boothby [20]. The
results most clearly allied to ours are contained in Pukansky [14] and again Wallach
[18]. However there is a lot of work on the associated algebraic and representation
problems in Kirillov [9] and Auslander and Kostant [1]. In fact we use a few of the
results in this latter reference to a large extent. We feel that although the problem
studied here is motivated by a problem in control theory, it is ofindependent mathemati-
cal interest, and as such we give both control theoretic and abstract mathematical
interpretations of the results.

Two main techniques are used to derive the results. The first, studied in 4, relies
on the decomposition of systems with nilpotent Lie algebras, as in Crouch [4], and
itself based on earlier work of Krener [11] and Chen [3]. This gives a coordinate
representation ofthe abstract system on a graded vector space with compatible symplec-
tic structure. This defines a graded symplectic vector space which we analyze in 2.

The second technique depends on a new and global version of the Darboux-
Weinstein theorem in [19], and is described in 5.

Many of the ideas here evolved during the Ph.D. thesis of M. Irving [5]. However
the approach taken by Irving is somewhat different, and the main aim is to produce
local results but in the more general case of arbitrary finite Volterra series.

In the remainder of the section we make the structure and problems raised here
more specific.

1.2. We assume all data is real analytic and introduce the class of systems defined
by the equations

:(t) Xo(x(t))+ ui(t)Xi(x(t)), x(O) Xo,
i=1

(1)
yj(t) hj(x(t)), 1 <-j <- p, Xo(xo) O,

where the state x belongs to a manifold M and Xo, X1,"" ", Xm are complete vector
fields on M with hi, , hp real valued functions on M. In this paper we are interested
in the subclass of systems which exhibit the following relation between the output
functions t- Yi(t), and the input or control functions t-- ui(t), called the input-output
map.

(2) yj(t) N (t, 0"1,’’" O’N)Ui(O’I) UiN(O’N) doric.., dr
,I 0 i,...,iN

for suitable continuously diffcrcntiablc, and hence analytic functions urJ’"N in the
variables t, Crl,’", crib. To describe a natural class of systems which exhibit such
input-output maps we briefly recall some results from graded vector spaces; see
Goodman [7].

Let V be an n-dimensional real vector space viewed as a direct sum of N vector
spaces V/, V= V10)V20)’’ " V and write x V as (x, x2,’’ ", xt) where x, V.
We define for each 0 a dilation t by

,(Xl, X2," XN) tXl, t2X2, ZNXN).
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We call the pair (V, t) a graded vector space of degree N. We say a function h on V
is homogeneous of degree k if

h tkh.

Let Qk denote the vector space of all homogeneous polynomials of degree k on V. A
vector field X on V with polynomial coefficients is said to be homogeneous of degree
m, 0-<_ m -< N, if for each k >= 0 and h Qk

Lx(h) Qk-m

where L denotes the Lie derivative, and Qk_ {0} for k < 0. Equivalently, a vector field
X is homogeneous of degree m if

8,.X (X t,)t"*.

We denote the space of all vector vector fields homogneeous of degree tn by pro. We
easily deduce that

pk, pm] c p"+k, Qk (R) p,, pm-k

where [.,. ] denotes Lie bracket.
From the results of Crouch [4] one may deduce the following result.
THEOREM 1. If there exists a system (1) whose input-output map coincides with a

given input-output map as in (2), then there exists another system defined on a graded
vector space V and represented by

(3)
;(t)= Zo(z(t))+ ui(t)Zi(z(t)), z(0) =0,

i=1

y(t)= I-I(z(t)), l <-j<=p, Zo(O)=O,

with z V V1 V2" " Vv satisfying
(i) ZoP, ZiP1, l<=i<-m I-IQ, l<-j<-p.
(ii) The input-output map relating the yj and uifunctions coincides with the given one.
(iii) The system is accessible; that is the Lie algebra o generated by Zo, Z1, , Z,

is transitive on V, and in particular the subalgebra c ’ defined as the ideal generated
by Z1," Z,, in is also transitive on V.

(iv) The system is locally observable; that is the smallest linear space offunctions
on V containing I-I, 1 <-j <- p and closed under Lie derivatives by Zo, Z1, , Z,, satisfies
d(x) {dh(x); h g(} T*x V= Vfor all x V.

We also have the following result which includes a partial converse to Theorem 1.
THEOREM 2. Any system (3) defined on a graded vector space V, tt) of degree N,

which satisfies condition (i) of Theorem 1, has an input-output map in the form of
equation (2). The Lie algebra is solvable, finite-dimensional and the ideal 6f is nilpotent
and has a codimension at most one in . The descending central series of has length
less than or equal to N. That is 6ev+l {0} where 5-, 5= [5, 5k-].

Proof. For general systems (1) the input-output map can be expanded in a Volterra
series, Brockett [2], Lesiak and Krener [12], the Nth term of which is given by (2).
From Krener and Lesiak [12], it can be shown that the kernel Wr(t, trl,’’’, o’r)
defining the rth term is given by

(4) X o’er/jr [" tr{,/j,! tJO/jo! ar"(Xo),
J
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where

Ol
J, ,)/_/o(h),Laax,(x, Laaxo,(x,

J= (jo, j,,’",j), I= (3 ii,’", it).

Here ad Xo(X) [Xo, X] and ad Xo(X) ad Xo(ad Xo-I(x)) with a similar definition
for the repeated Lie derivative Lxo(h).

By using this formula in the case of system (3) under conditions (i) of Theorem
1 it is clear that W vanishes for each r except r N for each L It follows that the
input-output map in this case is an expression as in equation (2). The remaining results
follow directly from the properties of the spaces pi and

1.3. If now M is a symplectic manifold with symplectic form to, denote by Xh
the Hamiltonian vector field on M with Hamiltonian h, that is

i(Xh)to dh

where is the inner product. Let fl be the map h Xh the Lie algebra homomorphism
of functions on M under Poisson bracket, also denoted [.,. ], into the Lie algebra of
vector fields on M under the Lie bracket.

Consider a controlled differential equation with outputs, on the symplectic mani-
fold (M, to)

(t) Xho(X(t))+ E ui(t)Xh,(X(t)), X(0) X0,
i=l

(5)
yi(t) hi(x(t)), 1 <-_ <- m, Xho(Xo) O.

We call such a system a Hamiltonian system. Motivation for such a definition is made
in van der Schaft [23], see also Brockett [24]. For example, if one takes a set of
Lagrangian equations with generalized inputs ui and observations Yi qi, the configur-
ation space generalized coordinates, we obtain

d OL OL
-ui, 1 <- <- n, Yidt Oli Oqi

Under suitable conditions the Legendre transformation then yields a set of Hamil-
tonian equations in R2n of the form

oH=--p+ z, u, l <-- <= n,
=1

z us-----, l<--i<--n,

y= H,

where Hi(p, q)= qi. This is just a specific case of the system (5).
If system (5) exhibits an input-output map as in equation (2), we may use the

results of van der Schaft [17], or Goncalves [6] to deduce that there exists another
Hamiltonian system defined on another symplectic manifold (M’, to’) denoted

(6)
.(t) Zno(Z(t))+ u,(t)ZH,(z(t)),

i=l

z(0) Zo,

yi(t) H(z(t)), 1 <-_ >- m, ZHo(Zo)=0,
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satisfying conditions (ii)-(iv) of Theorem 1. Thus we define corresponding spaces ’,
5e’, ’. Note that conditions (ii) and (iv) are equivalent in this case because/3 maps

’ onto 6e’, and (o’ is nondegenerate. This motivates the question which we answer in
this paper: can we reproduce condition (i) whilst simultaneously retaining the symplec-
tic structure, and conditions (ii), (iii) and (iv) of Theorem 1.

Before posing the corresponding abstract mathematical question we comment on
the added structure possessed by system (6) by virtue of its Hamiltonian nature. The
isomorphism theorem of Sussmann [16] ensures that system (6) and the system (3)
obtained by applying Theorem 1 are isomorphic. In particular M’ is diffeomorphic to
a Cartesian space, and the Lie algebras ’ and ’ are isomorphic to 6e and ,
respectively. In particular by Theorem 2 6e’ is a nilpotent ideal of codimension one in
’, which has step length less than or equal to N and is finite-dimensional. If the
Poisson Lie algebra of functions on M generated by Ho, H1,’’ ", H,, is denoted :7/.’,
then ’ is the codimension one ideal in :7/.’ generated by H1,’’’, H,,, such that/3
maps :7/.’ onto ’ and ’ onto ’. Since the kernel of/3 consists of the one-dimensional
space of constant functions, :7/" and ’ are solvable and nilpotent Lie algebras,
respectively.

Using the identities for Hamiltonian vector fields

[Zu, Zo] Zt,,ol, Lz,(O)=[O, HI,

we may rewrite the coefficients a’z(xo) up to a choice in sign by

(7) ,C.’ [aa no’(n,,), [... lag Ho,(n,,), aa Ho(H)] ].

Since system (6) has the input-output map in (2) we see that a’Z(Zo) are zero for all
J, I and r except r= N. We also deduce [4, Thm. 3.2] that the functions a are
identically zero for r > N and constant for r N. It follows that ’ has descending
central series of length exactly N+ 1, denoted ,k, k =0,..., N, ,o= ,, with ,v
consisting of constant functions only.

1.4. The discussion in the previous subsection motivates consideration of the
following abstract system of data:

A symplectic manifold (M, (o), a specific point Xo M, a solvable Lie algebra :7/.

of functions on M generated by the functions Ho, H1,’’ ", H,, with a codimension
one nilpotent ideal generated by HI,..., Hm and additionally satisfying:

Assumption (i). /(Hi) are complete vector fields 0 <- i<= m.
Assumption (ii). /3(Ho)(Xo)= 0, d(x)= TM, x M.
Assumption (iii). has a descending central series of length N+ 1, and in

particular there exist multi-indices J and I such that crI(Xo) # 0 (a’t defined in (7)).
Assumption (iv). aJ’(Xo)r =0 for r< N.
We make some prelminary deductions about such a situation. Clearly this situation

allows us to define a Hamiltonian system (6) satisfying conditions (ii)-(iv) of Theorem
1, for an input-output map (2) defined by the coefficients avZ(Xo). Thus as in {} 1.3 we
deduce that Lie algebra =/3 (:7/.) is finite-dimensional, and the Lie algebra 6e =/3()
is a finite-dimensional nilpotent ideal, with descending central series of length N (if
it had length less than N then would necessarily have step length less then N+ 1
which is a contradiction). Moreover M is diffeomorphic to a Cartesian space, and az

are all constant functions on M.
Since is finite-dimensional and generated by complete vector fields, we may

assume that is the infinitesimal generator of a Lie transformation group L acting
on M, Palais [13]. Since is transitive on M, L is transitive on M and then so too
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is the nilpotent ideal S c L with Lie algebra Sf. Let K, H c K be the simply connected
Lie groups with algebras ’ and , respectively. The homomorphism/3 extends to a
homomorphism of groups b: K-) L, which in turn exhibits both K and H as Lie
transformation groups of M.

2. Graded symplectic vector spaces. Let V, 6t) be a graded vector space of degree
N, and assume that to is a symplectic form on V. If to satisfies *to tV+lto, or for
vector fields X and Y on V we have to(t.X -{1, t. Y -1) to(X, Y)tN+I; then
we say to is homogeneous symplectic form on V, and the triple (V, ,, to) is a
homogeneous graded symplectic vector space. We only deal with homogeneous struc-
tures in this paper so we shall not use the term homogeneous from now on. The
motivation for considering such a definition comes from the following result.

LEMMA 1. Given a graded symplectic vector space V, t,, to) then a function H Qk
if and only if the Hamiltonian vector field XI-I pV+l-k.

Proof. Assume H Qk is given. Then for any vector field Z on V we have
k dH(Z)= d(Ho t)(Z)= dHoit(t.Z

o(X, , 8,.Z) o,( -8.8.XI 8, 8,.Z)
tN+lto -1( ,,X ,, Z).

Thus dH(Z)= to(Xn, Z) tN+’-kto(-1,.XH ,, Z).
Since Z is arbitrary we deduce that

8t,XH tN+I-kXH 8t
and hence XI pN+l-k. The converse is completely analogous, l-1

As special cases we see that XH pO(p1) if and only if H Q+I(QV). Thus in
the case of N 1, XH pO if and only if H Q2, and in this case t*to tEto. It follows
that to is a constant symplectic form, Xn is a linear vector field and H is a quadratic
function on V.

Given a vector space V which has the particular form

with Dim (V) Dim (V) n,, 1 =< _-< N, we may select linear isomorphisms 12," W
V* where V* is the dual space of V and construct a symplectic form on V by setting

to(p,, p.) to( q,, qj) O, l<-i,j<=N,

to(q,, pj) to (p, q,) =0, #j,

to(q,, P,) -to(p,, q,)

where p, W, q, V are also identified with vectors in V all components of which are
zero except those of p, V and q, V, respectively. If we define a graded structure
on V by setting

(t(ql, q2,""", qv, Pv, PN-1,""", Pl)-" (tql,""", tNqv, tp, t2pN_I, tNpl)

then it is clear that to is a constant symplectic form on V which satisfies t*to t+lto.
It follows that (V, to, (,) forms a graded symplectic vector space. By identifying W
and V with R", and f, with the identity matrix on R",, to is represented in its canonical
form which we denote by

N

lie Y. dqi ^ dpi.
i=1
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THEOREM 3. Given the graded symplectic vector space (R n, 6,, fc) of degree N
where R has the form

R" R",@ R"@. R"’ @. @ R",

and the dilation 6 has the form
6t(ql, q2," ", qv, Pr," ", P,)=(tql, t2q2, tNqv, tpv, t2pv-1, tpl)

then if N is even N 2r there exists a symplectic diffeomorphism 1 which intertwines
the graded structures da’(R, 6,,fc)o(R", 61,, 2) where the graded structure on
R, 6 is defined by

R R"’@ R"@R"@R"- @R"’@ R"
(8) ,(q,, q2," ", qv, P," ", P,)

-r+l(tq,, tq2, ", qN-,, qN, tr+’pN, pN_,, ", tNp2, tNp,);

if N is odd N 2r+ 1 there exists a symplectic diffeomorphism 2 which intertwines the
graded structures dP2 (R, 6t,)(R, 6, f) where the graded structure on (R
is defined by

(9) 6,(ql, q2," q, P," Pl)

=(tq,, tq2," trqN-2, trqrv-,, t*+’qrv, t*+lprv," ", trVp2, tpl).

Proof If N 2r take , to be the map

qi -> q2i-1,

P-+I -> -q2i, 1 -<_ -<_ r,

qN-i+l "- PEi,

PioP2i-1.

If N 2r+ 1 take 2 to be the map

PN-i+I -’> --q2i, 1 <= <: r,

q N-i+ -> P2i,

q q2i-1, 1 =< --< r + 1,

Pi -> P2i-1,

(I) and (I)2 are clearly diffeomorphisms, and 6--(I)lO6tO(I) satisfies (8) whilst
62 2 6, @1 satifies (9). That preserves we take N 2r, 1 and write

Thus

fIc: dqi^dp,+
i=1 i=1

((I)-1)*’ dq2i_l A dp2i_
i=l i=1

The proof in the case i= 2, N 2r+ 1 follows similarly. [

It is interesting to look at the effect of the maps (I) and 2 on functions on the
graded vector space (R", 6,). In the case N even all functions in P and pV/l with
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respect to (Rn 81t) are affine in the ’p" variables, but certainly not with respect to
(R n, St). In the case N odd all functions in pN with respect to (R", 8) are affine in
the "p" variables, but certainly not with respect to (R", 8,). However functions in
with respect to (R", 8,2) are affine with respect to "Pl" "PN-I" variables and
quadratic with respect to "PN" variables. Again this is not the case with respect to
(R", 8,).

In the remaining sections we shall construct examples of the graded vector spaces
Rn, 81,, fc) and (R, 82, lie), but by use of Theorem 3 we see that these are equivalent

to (R", 8,, 12) graded vector spaces.

3. Symlfleetie geometry.
3.1. We briefly recall some facts from symplectic geometry as found in Souriau

15], Pukansky 14], Kostant 10] and nicely summarized in Wallach 18]. Let (M, to)
be a symplectic manifold, and let : K x M M be the action of a Lie transformation
group K on M, with Lie algebra ff’. Let X# denote the vector field on M induced by
the action of K on M, and corresponding to the vector field X 2L Thus for x M.

d
X#(x)=-(exp tX, x)

t=0

The action of of K on M is said to be Hamiltonian if (i) X# is infinitesimally
symplectic for each X , that is Lx, to 0, (ii) there exists a Lie algebra homomorph-
ism A from ’{ into the Lie algebra of functions on M under Poisson bracket satisfying
/3 ;t (x) x#, x c.

Let if{* denote the dual space of {, k Ad k the adjoint representation of K on, and k Ad k* the coadjoint representation of K on ’’* defined by

Ad k*f(X)=f(Ad k-X), f 77*, X

Denote the action of K on {*(k,f) Ad k*f by b: K x* if{*. If Oy denotes the
orbit off under K in 2{* then Oy has a symplectic manifold structure with symplectic
form flY. If X ’ let X* denote the vector field on Oy induced by the action of K on
Oy, then

ff(x*(f), Y*(f))=f([X, Y]).

If the action of K on M is Hamiltonian, then we define the "moment" map r: M
by

r(x)(X) A (X)(x), X 2c, x M.

The moment map r is equivariant for the actions and b of K on M and ’*,
respectively

r((k, x)) qb(k, r(x)).

In the case where K acts transitively on M and we specify Xo M with f- r(Xo), then
z: M- Os is a covering map which preserves the symplectic structure, r*fs -to.

In the case where K is a nilpotent Lie group then as shown in Wallach 18, p. 302],
O is ditteomorphic to a cartesian space, and so in this case z is a ditteomorphsim
and M is ditieomorphic to a cartesian space also.

3.2. We now recall some results on polarizations of nilpotent Lie algebras from
Kirillov [9] and Auslander and Kostant [1], and conclude by giving implications for
solvable and nilpotent Hamiltonian group actions on symplectic manifolds.
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If is a real Lie algebra andf* then we define a subalgebra y by

Wf= {X W; f([X, Y])=0, Y W}.

A real polarization for ’ at f is a subalgebra such that

R (i) Dim Dim

(ii) f([, ]) 0.

Alternatively is described as a maximal subspace of satisfying R (ii). In
paicular

A fundamental result of rillov [9] is that nilpotent Lie algebras admit
polarizations for eve f *.

In the case of interest in this paper the nilpotent Lie algebra is a codimension
one ideal in ff{ a solvable Lie algebra. If X ff( is such that and X span then

exp tadX defines a one parameter group F of automorphisms of . In general,
givenf* there may not exist any polarization for at f which is invariant under
F. To deal with this case we introduce complex polarizations, as in Auslander and
Kostant 1 ].

Let , +i be the complexification of the real Lie algebra , and extend
f * to a linear functional on . A complex polarization for at f is a complex
subalgebra c , satisfying

(i) ,
(ii) Dimc Dima,
(iii) f([, ])= 0,, (iv) + is a Lie subalgebra of

(where , denotes complex conjugate of ,). If Oy is the bilinear form on defined
by Oy(X, Y)=f([X, Y]), then Oy extends to a bilinear form on , by extending f to,. A complex polarization c , may be defined as a maximal subspace of ,
satisfying , (iii), that is 0y(,, ,) 0.

If we set , and (, +,) then and are real subalgebras
of such that is the ohogonal complement of with respect to 0. Note that
since fc c , 0y(, )= 0 so 0 induces a nondegenerate bilinear form on /.
If then , + i where is a real polarization for at Finally a complex
polarization is said to be positive if either or

-iOe(z,z)O Vz,.

When is a nilpotent Lie algebra given any f * and one parameter group of
automorphisms F of there exists a positive complex polarization for at f which
is invariant under F, ([1, Lem. 11.3.1]). Moreover, is an ideal in such that /
is abelian ([ 1, Thm, 1.4.10]). We note that since F is real and is invariant under F,
both of the real subalgebras and are also invariant under F.

3.3. We now show how this structure may be introduced into the situation
described in 1.4. Let $" K x M- M be the transitive action of the simply connected
Lie group K on the symplectic manifold (M, ), where K has Lie algebra X. The
action is clearly Hamiltonian since () consists of Hamiltonian vector fields, and
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/3(X) X# for each vector field X by the construction of the action 0. Clearly O
restricts to the nilpotent ideal H also giving a transitive Hamiltonian action on M. Let
b: K x c* ’/’* be the corresponding action of K on c* under the coadjoint rep-
resentation. Notice that since is an ideal in , 4 restricts to an action d’: K x *- *.If z: M-* is the moment map, f= Z(Xo) and Os the orbit of f under H c K, then
since is nilpotent z: M- Os is a diffeomorphism with M and Oy ditteomorphic to
cartesian spaces. This of course is in agreement with the observation in 1.4.

Since z is equivalent for the actions 0 and b of K on M and *, respectively,
and/3(Ho)(Xo) =0, the one parameter group generated by Ho is in the isotropy group
{k K; b(k, f) =f} {k K; 0(k, Xo) Xo}. In particular, the orbit of f under K
coincides with Oy. Let Hy= {k H; d(k,f)=f} {k H; O(k, Xo) Xo}. Since Hy is a
closed subgroup of a simply connected nilpotent group H, Hs is a simply connected
subgroup with Lie algebra y. Hence M and Oy may be viewed as the homogeneous
space H/Hy with

Dim (-y) Dim (-y) Dim Oy= Dim M.

LEMMA 2.

ad Ho(s) f.
Proof If Xy and Y then f([[Ho, X],Y])=-f[[X,Y],Ho])-

f([[ Y, Ho], X]). Since X ’ and is an ideal in X, f([[ Y, Ho], X]) 0. Since the
one parameter group generated by Ho is in the isotropy group {k K; 4)(k, f)=
f}f([[X, Y], Ho])=0. Thus f([[Ho, X], Y])=0 and since X and Y are arbitrary the
result follows. [3

Since preserves the symplectic structures on M and O, for each X, Y ’we have

(10) to(X#(xo), Y#(xo))=glS(X*(f), Y*(f))=Of(X, Y).

Note that X#(xo) vanishes if and only if X*(f) vanishes, since then X . Now 0y
is in general a degenerate bilinear form on whilst to defines a nondegenerate bilinear
form on TxoM. We define an orthogonal complement of subspaces of a vector space
V with respect to a bilinear form 12, degenerate or not, in the usual manner W1=
{X V;f(X, W)=0}. We than define isotropic (coisotropic) subspaces by W
W+/-( W+/-c W). A Lagrangian subspace W is a maximally isotropic subspace or W
W+/-"

We define the linear map/30" TxoM by setting/3o(X) X#(xo). Thus/30 has
kernel y and gives the following easily verified result.

LEMMA 3. With respect to the alternating bilinear form on T,,oM defined by to and
0s on we have for any subspace W

(/o( w)) =/o( w).

We deduce that if is a polarization for ’ at f then /3o() is a Lagrangian
subspace of TxoM with respect to to, and if c is a complex polarization for at f
with corresponding real subalgebras fi c , then flo(D) =/3o(’) as subspaces of TxM
with respect to to. We actually use a more sophisticated version of these results in the
next section.

Finally we state for future reference, the following result which summarizes the
invariance properties of polarizations described in 3.2.

LEMMA 4. Given the situation described in 1.4 setf ’(Xo) then either there exists

a real polarization for at f, , which is invariant under ad Ho, or there exists
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a complex polarization c for at f, and associated real subalgebras such
that -= g and both and are invariant under ad Ho.

4. Decompositions.
4.1. In this section we construct global coordinates for a Hamiltonian system

constructed from the data described in 1.4.
We must make definitions before we state the main result that we use. Assume

that T is a transitive Lie algebra of vector fields on a manifold M, and a specific point
Xo M is given. Let :V c T be the subalgebra of vector fields on M which vanish at

Xo. Let { Tk} q_--+l be a sequence of subspaces of T with

T T T2 T W T+

with T(xo)/T+(Xo) R"’, 1 <= <= N- 1, T (Xo) R". Choose vector fields Xo in T
as follows: Xo T for j 1 n, Xl(xo) X,,,(Xo) are linearly independent and
together with T+(Xo) span T(xo).

Let (t, x)--> "yo(t)(x) be the flow of Xo and define a local coordinate chart U, 4)
for M about Xo on a snitable neighbourhood U of Xo where b- is the map

(Xll, X12 Xln, X21 XNnN)- ’)/ll(Xl,) ’)/12(X12 ,)/lnl(Xlnl 21(X21)o... YNnN(XNnn).
We call (U, b) a system of coordinates adapted to the sequence { Tk} __+.

In the situation of 1.4 we have a solvable Lie algebra =/3() generated by
vector fields X,, =fl(H) 0-< i=< m, and a nilpotent ideal = fl() generated by
Xq, =/3 (H), 1 =< =< m. Let be the subspace of spanned by H1 Hm and closed
under Poisson bracket with Ho. We set o= , ff =[7, ff-]. Thus = ff+
for k =0,..., N where is the descending central series of . Now/3() , the
subspace of Se spanned by X. X. and closed under Lie bracket with Xuo. Setting+ fl(7)for k 0, N-I, , [,
Se is the descending central seires of . (The indexing is chosen to coincide with that
in Crouch [4]). Note that +={0} which corresponds to the fact that consists
of constant functions. The following result, to which the above situation will be applied,
follows from Crouch [4].

TuoRe 4. Let Xo, X,..., X be complete vector fields on a manifold M which
generate a solvable transitive Lie algebra, with nilpotent ideal S of codimension one

generated by X1 Xmo Assume Xo(xo)=0 for Xo M. Let {k} be the sequence of
subspaces of as defined above, {6ek} the descending central series of of length N,
and the W St’ the subalgebra consisting of vector fields vanishing at Xo. Assume that

k fq ff k f’l (Sk+ +) for k 1 N- 1. Then there exists a global system of
coordinates M, dp) adapted to the sequence of subalgebras

= 6e 6e2+ Ac Ae3 + Ac 6e +Ac W

such that (M)= R can be given a graded vector space structure (R, Bt)R R"

"R Bt(Xl xs) (tx, tx2, ., txs) satisfying
(i) ,Xo (I)-1 pO.
(ii) ,X -1 p1, 1 <_- <_- m.
(iii) (Xo) O, , maps the subspace k(Xo) T,oM onto the subspace

R ofR.
(iv) The linear part of {},Xo - is just the block diagonal matrix representation

of-ad Xo on S/N induced by the coordinate system and corresponding to the invariant

subspaces R +
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The significance of the condition Rk k -) k+l
__

df) is indicated by the
following result.

LEMMA 5. Irt the situation of 1.4 we have f+ n-k k_l_ for k 0," , N and
k [’ / k (k+l / r) for k 1,. , N- 1. Equivalently, TxoM is the direct sum
decomposition TxoM= Rl(xo)0) .0)RN(xo), with Dim (R’(xo)) Dim (RN+l-’(Xo)),
and to(Ri(xo), RJ(xo))=0 for i+j # N+ 1.

Proof. By taking appropriate linear combinations and applying the Jacobi relation
to the functions arJ’I defined in (7), it is clear that Assumption (iv) in 1.4 is equivalent
to

0(, k)=0 forj+ k <- N-2,

since f= r(Xo) with "r(xo)(X) X(xo) for X . Now Assumption (iii) in 1.4 implies
that Oy(J, k) 0 for j + k >= N. In particular 0y(J, k) # 0 if and only ifj + k N 1.

From (10) we see that

Oy(X, Y) to(flo(X), flo( Y)), Xj, y ck

so to(k(xo),R(xo))=O forj+k# N+ 1. By Assumption (ii) in 1.4/3o() 6e(Xo)
spans TxoM. Thus by the nondegeneracy of to given Z -- such that flo(Z)# 0
there exists Y such that

to(flo(Z), flo(Y)) Oy(Z, Y) 0 forj 0,. ., N- 1.

In particular, i(Xo) f’l (Xo)= {0} for #j since i(Xo) =/3o(-1). It follows that
’(Xo) f’) b"’+(Xo) {0}. That is

{o}= (’+/n (se’+’ +.h")/,h"
r-i (..+ + dr) +

Hence f’l (oQgi-t-1-1- ,J) tZ / i. It is clear that this is equivalent to the direct sum
decomposition of TxoM by the spaces Ri(xo).

We must show s+ V-k k. Since [J, k] c g/k+l, by definition of the
descending central series, and/ {0} it is clear that s+ S-k c k+/-. Conversely,
if Z e k+/- then O.c(Z ) 0 for j ->_ k. If Z + N-k, then Z o+... + V-k-

N-k-1 N-k-iand flo(Z) O. IfZ Y,=o Z with Z then 0 Oy(Z, ) Oy(Z__l, )
to(flo(Zs--l),/3o()) for j>- k. Now not all/3o(Z__l) 0 since flo(Z)0. But this
contradicts our previous statement. Thus y/ N-k= k+/-. E

Remark 1. In the original context of Theorem 5 in Crouch [4], a less specific
version of Lemma 5 is valid, but still yields the equivalence of k=
k[,’)(k+l/ /) with the direct sum decomposition of TxoM by spaces k(Xo). The
choice of coordinate system adapted to {k / /-} if211 in Theorem 5 is characterized by
the selection of the vector fields X0

, which is possible by the above property.

4.2. We now construct certain sequences of subspaces of the Lie algebra , using
the subalgebras , , and y constructed in 3. As in Assumption (iii) of 1.4 we
assume H has a descending central series of length N/ 1 and hence

here consists of constant functions so y. We also have the orthogonal
complement sequence, with respect to Oy
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We must consider four cases.
Case 1. N 2r there exists real polarization at f invariant under ad Ho.
Case 2. N 2r+ 1 there exists real polarization fi at f invariant under ad Ho.
Case 3. N 2r there exists a complex polarization fi% at f invariant under ad Ho.
Case 4. N 2r+ 1 there exists a complex polarization fi% at f invariant under

ad Ho.
In Cases 1 and 2 we have the following inclusions:

(11) - k+/- / N-K ) k+/- .di_ N-k+l 29 ) (- k-l+/- dt N-k+l

for k- 1, 2,..., N.
In Case 3 we have the following inclusions"

E fq (k+/- / N-k ’) if(k+/- / N-k+l 0 k-l+/- /

fork=N,N-1,...,r+l,

(12)

for k= 1,2,..., r.
In Case 4 we have the following inclusions"

fork=N, N=l,...,r+2,

(13)
0 k+/- / N-k ’) k+/- / N-k+l ’) k-l+/- / N-k+I

for k= 1, 2, , r.
LEMMA6, For N 2r and l <= k, j <-_ r or for N 2r + l and l <- k <- r, l -<_j <- r + l

we have the following identities concerning subalgebras of

’ f3 -"+) fq +-,, -/1+) fq +/- +-/,
-+/-+) "+-,

f-’) N-j+I+/- / j)+/- ) [,’) j.l_ / N-j+I.

Proof. As in Lemma 5 N-Uc U+/-, SO N-U/C U_ also. If X, Y u+/- and
Z u- then

Of(IX, Y], Z) =S([[X, Y], Z]) -f([[ Y, Z], X])-f([[Z, X], Y]).

Since Y, Z] and [Z, X] belong to ffak and X, Y e k.I. the last two terms vanish. Thus
[(k+/-, k+/-]c k-l+/- c (k+/-. The lemma is now obvious once it is observed that
and are all subalgebras of satisfying
We may now apply Lemma 5 to the expressions in (11), (12) and (13), whilst

remembering that Ic and fc c .
In Cases 1 and 2 we have the following inclusions:

(14) N-k /f 29 ) n-k / N-k+I /

for k= 1, 2,..., N.
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In Case 3 we have the following inclusions:

(15) e-+ es = n e-+-++ es =-++s
fork=N,N-1,...,r+l,-+s= N-+-++s=-++s
for k=l,2,. .,r.

In Case 4 we have the following inclusions:-+s= n-+-+1+s=-++s
for k=N, N-l,..., r+2,

(16)

for k= 1,2,. ., r.
We may now use these sequences of subalgebras to obtain our initial coordinate

representation of the situation described in 1.4.
THOgM 5. In the situation of 1.4 we meet the hypotheses ofeorem 4 by setting

(H)=X, Oim, +=()k=0,...,N-1, =(y). We obtain a
diffeomorphismfrom Monto a graded vector space (R", ) ofdegree N with the properties
listed in eorem 4. e graded vector space stcture may be refined by adapting the
coordinates to the homomorphic images under of the sequences of subalgebras of in
(14)-(16), depending on whether N is even or odd, and whether or not there exists a real
ad Ho invariant polarization for at is distinguishes the four cases listed above. In
Cases 1 and 3 the resulting graded stcture corresponds to that defined in equation (8),
In Cases 2 and 4 the resulting graded structure corresponds to that defined in equation
(9). In Case 4, however, we must add an extra subspace.
oo The only hypotheses of Theorem 4 not trivially satisfied by the situation

described in 2.4 are the assumptions (++). However, these are
shown to be satisfied in Lemma 5. It is clear that in refining the coordinates to the
homomorphic images under of the sequences of subspaces in (14) and (15) we may
define correspondingly refined graded vector spaces, which in Cases 1 and 3 is that
defined in (8) and in Case 2 is that defined in (9), whilst retaining propeies (i)-(iii)
in Theorem 4.

In Case 4, which defines the sequences of subspaces in (16), there is an added
inclusion

r+ = O ,+,++e = O ,+r++e = ,++.
By Lemma 6 we have (with respect to Of)

(r+,++);= r+ ,++.
Thus by standard symplectic algebra there exists a subspace H such that r
and

It is now clear that we can also refine the coordinates in Case 4, using the homomorphic
images under of the sequences of subspaces in (16) and (17), to give the graded
vector space structure defined in equation (9), whilse also retaining propeies (i)-(iii)
of Theorem 4.
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The dimensional constraints on the graded vector spaces defined in (8) and (9) are
also valid in this case. To see this we simply apply Lemma 3 to the identities in Lemma
6, (whilst remembering that N-k+ 2tZ= k+/- from Lemma 5), and use the non-
degeneracy of the bilinear form to on TxoM.

It remains to consider to what extent we may retain property (iv) of Theorem 4.
By Lemmas 2 and 4 the subalgebras 28z, , 9, and may be invariant under ad Ho.
Note also that k is invariant under ad Ho also. It follows that all subalgebras
encountered in the sequences of subalgebras (14), (15), (16) are therefore invariant
under ad Ho. It is not true however that the subspace 9t. in (17) is invariant under
ad Ho. Indeed it is this noninvariance which causes us to seek complex polarizations
c which are invariant.

Notice that each block Ak in the matrix representation of-ad(Ho) on /,
where Ak is its representation on gk + JV’/JV’, 1 _--< k_-< N by (iv) of Theorem 4, is also
equal to the induced representation on ((k+./C)/dC/(k+l+)/ since kd=
k(k/l + Jr’), and hence is also equal to the induced representation of-ad Ho on

(’<-’ + s-)/s-
(’< + s-)/s-

Since all of the extra subspaces introduced in 14)-(16), are "sandwiched" between
subspaces k+l+Z for some k, and these are invariant under -ad Ho, it follows that
A has a block triangular form. In all but Case 4 we have

for each k but in Case 4 and k r+ 1, N 2r+ 1 corresponding to the subspaces in
(17) we have

0 0

Ak lAkE,
=Ak Ak3_ Aka3
\Akl AguE Ak43 A44]

4.3. In this subsection we work out further details concerning the coordinate
representation of the situation in 1.4 obtained in Theorem 5.

LEMMA 7. Let M-> R" be the diffeomorphism obtained in Theorem 5 from the
symplectic manifold M, to onto the graded vector space R, tt ). Then tr -l*to defines
a symplectic form on R, such that (R, , r) is a graded symplectic vector space.

Proof. In this lemma the initial graded vector space structure obtained in Theorem
5 supplies sufficient structure for the proof of the result. Using the notation at the
beginning of 4.1, we abbreviate the map -1 by (x1,x2, ...,x)->
,)/l(xl ,)IN(xN) "--(X)(Xo) where x represents each component of the coordin-
ates (Xil), , (xi,,) and yi represents each of the flows yil, , yi,,. In this case each
flow yij corresponds to a Hamiltonian vector field Xh,j which belongs to i by Remark
1 in 4.1; thus hj belongs to ,i-. Abbreviate Xh,j by X and h by h i.

It now follows that

(o o)( x o),x ox" o ((-’)*’)x ,, o
a,o-,(x (,-),ax,,

)=,O,(x(xo xVx,(x)(xo), ox---; (x)(xo)
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Now

a
,/i--l(xi-- X

N (XN)0x’ 6(x)(xo) v’(x’), ’),x ( v (Xo))

6(x),y(-x), ’(-x’),x’(’(x’)o...o y(x)(Xo)).

Since p- qb(x)(p), b(x)" M-M is a composition of symplectic maps p- yo(xo)(p)
for each x R", it follows that b(x)*to -to. Moreover by Jacobi’s theorem, Abraham
and Marsden [21], if " M-M is a symplectic map and Xh is a Hamiltonian vector
field with Hamiltonian h, then d/-lXh g/- Xho. It follows that

(O0)=toxo(Xhio.yi(xi)o..3N(xN),XhJo3fl(xJ).yN(xN))o
By definition of the Poisson bracket we may express this as

[hio /i(xi 3N(xN), h /J(x) ,N(xN)](X0)"
Up to sign we may represent this as a sum of iterated Poisson brackets

[(ad hN)k’" (ad h’)k,(h’), (ad hN) ’’. (ad h)(h)](Xo)
kN,"" ,k
IN,""

(x) (x’), (x)’ (x)
kN! k! IN! /j!

Since each hkE ff’, a nilpotent Lie algebra this is a polynomial on xn, Xmin(i’j).
We must verify that o- whose i, jth component is given above satisfies 8,*o- tN+ltr,

where the dilation t is defined in our abbreviated terminology by

i,(x’, xN) txl, tNxN).
This is equivalent to showing that the above polynomial expression lies in N+l-i-j.
However by construction each h j-1, and Lemma 5 Assumptions (iii) and (iv) in

1.4 imply that Oy(, k) 0 unless + k N 1 or 1 + k 1 N+ 1, from which
the required result follows.

COROLLARY 1. Ill the situation ofLemma 7 the components of the symplectic form
tr oil R" evaluated at zero are given by

o Oxo(X,. x,a--X,il a k

for l<--_i<--nt, l<--j<=nk, l<=k, I<-N.
Proof. Evaluate the expression in (19) at x =0 and replace the abbreviations for

the nomenclature used at the beginning of 4.1.
LEMMA 8. In the situation of Theorem 5 the coordinate systemfor the refined graded

vector space may be chosen so that cr (-l*to) takes its canonical form at x O.
Proof. By Corollary 1 and Remark 1 it is clear that special attention must be paid

to the choice of the vector fields Xo
We use the following result which can be found in Irving [8], and is derived using

standard technqiues of symplectic linear algebra. Let (V, to) be a symplectic vector
space, with a sequence of subspaces { Z,kSk=l2q+l

v= v, v... v,+, . .. v:,_, = v, {o}= v,+,
satisfying VEq_k+2 Vk for k 1,..., 2q + 1.In particular Vq/I- Vq+I is a Lagrangian
subspace. Assume that Vk UkO) Vk+ is a direct sum decomposition for k 1, , 2q.
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Then we may choose a basis for V consisting of vectors selected only from the spaces
Uk such that the resulting coordinate system for V displays to in the form

and

Itlq

0

I,,,

nk Dim Uk, k 1,. ., q.

The partitioning obviously corresponds to the subspaces Vk. By suitable labelling of
the coordinates, as in (8) and (9), we obtain the canonical representation of a symplectic
form.

In the situation considered here we apply Lemmas 3, 6 and 5 in turn to the
sequences of subspaces in (14)-(16), adding the subspace L defined in (17) to the
sequence in (16). This defines sequences of subspaces of TxoM as above, in each of
the cases one to four, which satisfy the required orthogonality conditions. Although
the corresponding subspaces Uk are not uniquely defined, we have the expression

TxoM= ’(Xo)2(Xo)@ .@ N(Xo).

In the situation above either Vk coincides with a direct sum J(Xo) @" @ N(Xo)
5e(Xo) or 5e(Xo) V 5e+l(xo). Moreover, in this latter ease we have 5e(Xo)
Vk Vk+l = 5J+l(Xo). It follows that each subspaee Uk may be defined as a subspaee
of some (Xo) subspaee. We deduce that there exists a basis of TxoM with each
element contained in the intersection of some (Xo) subspaee and some V subspaee,
such that in the coordinate system defined by this basis toxo is in its canonical form.
We now select the vector fields X so as to coincide with this basis when evaluated at

Xo. This choice meets all the conditions imposed in Theorem 5, and by Corollary 1
ensures that tr evaluated at x 0 is in canonical form.

Combining these results we obtain the main result of this section.
THEOREM 6. In the situation of 1.4 there exists a symplectic diffeomorphism dp

from M onto a graded symplectic vector space (R n, 6t, tr), (Xo) 0, with 6t defined in
(8) or (9) and tr(O) in canonical form.

Further, with respect to this graded structure Ho dp- QV+ and Hi dp-l Q v,
l<_i<_m.

Proof. We apply Theorem 5 to obtain an initial diffeomorphism from M onto
a graded vector space (R n,6t) with 6, defined in (8) or (9), and such that
,fl(Ho) o-P, l<-_i<-m, dP,fl(Hi) odp-lGP-1, and (Xo)=0. By Lemma 7
-l*to tr makes (R", 6, tr) into a graded symplectic vector space, with a symplectic
map. By Lemma 8 we modify our initial choice of so that tr(0) is in canonical form.
Since is symplectic ,fl(Hi) -1 fl(Hi -), 0 < <= m with respect to tr. By
Lemma 1 we deduce that Ho -1 Qt+, Hi -1 Qu.

5. A Darboux-Weinstein theorem. In this section we are given a graded symplectic
vector space of degree N, (R", 6, to), where to is a nonconstant form on R". We wish
to show that there is a global ditteomorphism b of R" such that

(i) b*o5 to where o5 is the constant symplectic form on R" which is equal to to(0).
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(ii) 4 preserves the graded structure of (R", 8,). That is 4 commutes with the
dilation 8,, 4 8, 8,

We note that if X is a vector field on (R", 8) such.that X pO, then 8t,X XoS.
Therefore, if (s, x).--> d/(s)(x) is the flow of X we have

Therefore we may synthesize diffeomorphisms $ as above from the flows of vector
fields in pO.

We need a technical result before showing that we can in fact achieve such a result.
LEMMA 9. If (S, X)- X(s)(x) is a time varying vectorfield on a graded vector space

(R", St) ofdegree Nsuch thatforeachsX(s) pO andforeachx R" themaps X(s)(x)
is continuous then X is complete. That is its flow

(s, u, x)- 6(s, u)(x) 6(u, u)(x)= x

d--6(s, u)(x)= X(s)(e(s, u)(x))
ds

is C and defined on R x R x R. Moreover each map x- b(s, u)(x) commutes with 8t.
Proof. The fact that X(s) pO implies that we may write X(s) in the coordinates

of " as

1 Al(t)x1
2 A2( t)x2 + a2( t, x1)

As( t)xN + a( t, x XN_

where ak(S, 8tx)=tkak(S,X)=tak(S, Xl"’" Xk-). Each of the components of the
matrices Ak(t) and the coefficients of the polynomials ak(t, X) are continuous in by
assumption. This implies that the fundamental solution of k(S)= Ak(S)Xk(S), Xk(U)=
X, is C, Xk(S)=CD(S, u)XOk, and defined for all (s, u)ix. This in turn implies by
successive integration of the equations above that the vector field X is complete. That
8,(b(s, u)(x))= ok(s, u)(8,(x)) follows as before from
To prove the Darbou.x-Weinstein result we need the following construction, on a

graded vector space of degree N(R", 8) with closed two form to, satisfying St’to
tN+to. We note that nondegeneracy is not required of to.

If Z(t) is the vector field dS/dsl= along 8 then

d-ds (8*to),=, 8*t Lz(t)to 8*t i(Z( t) dto + dS*t i(Z( t) )to ).

Since dto 0, 8o is the zero map and 81 is the identity map we may integrate this
equation with respect to on [0, 1] to obtain to dI(to) where

/(to)= 8*s (i(Z(s))to) ds.

We note that 8 8, 8, 8 for t, s >0, and hence 8,.Z(s)= Z(s)o 8,. Thus

8* I(to) 8*(i(8-.Z(s) 8t)8*tto) ds

8*(i(Z(s))t’r+oo) ds
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Thus I(to) also satisfies 8*I(w)= tr+lI(w). We prove our version of the Darboux-
Weinstein theorem in Weinstein 19].

THEOREM 7. Given a graded symplectic vector space (R", 8,, w) with polynomic
symplectic form w, there exists a diffeomorphism of R", which preserves the graded
structure and satisfies 4*w , where is the constant symplecticform defined by w(O).
Moreover the linear part of is the identity map.
oo Let w- and + t. Now d O and 8 t+. It follows

by the preceding argument that = I(fl) satisfies dg= and 8g= t+g. We also
claim that for any t, , is a nondegenerate bilinear form on the whole of R ". Consider
the matrix representation of w with respect to the coordinate system of the graded
vector space. It therefore has a corresponding block structure corresponding to the
decomposition R"= R",...R". Identifying O/Ox with any vector field O/Oxj as
in the proof of Lemma 7 we may write

W Wk, where Wk i+j,N+l_kw

for -(N-1)=k=(N-1).
It follows that the components Ctk of tok are polynomials which satisfy

Olk t tkolk
Since to is polynomic in these coordinates, we must have to-1 to-(N-l) =0 and
too constant. Moreover, since tok for k > 0 vanish at x 0 we see that too

N-1It follows that t a5 +Y.k=l ttok where a5 has the block form

and (.Ok has the block form

AN

A2 0

0
Bv-k(X) 0

0

Since o5 is invertible it follows that 12t is also invertible for any and any x R". Thus
t defines an isomorphism " TxR - TxRn.

We define a time varying vector field on R by Y(t)=-12t-(tr). Clearly 12t-1
is continuous (even linear) in t. We claim that Y(t) pO for each t, also. However, by
definition flt(Y(t), Z) or(Z) and * N+I- (O" S

N+Ifit s ,, or. Thus it is clear that
8. Y(t) Y(t) 8 which simply states that Y(t) pO for each as claimed.

We may now apply Lemma 9 to see that Y(t) is complete. Let (t, x) b(t, x)
denote the map (t, x)-> b(t, 0)(x) where b is the flow of Y. It follows that

d

b*t + ch*t d( i( Y( t))ft) + qb*t i( Y( t))
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b*f b* dtr since dft 0

0 since f dtr.

Therefore by integrating with respect to for [0, 1 we obtain I1’1 "--’0" Thus the
required diffeomorphism b is just bl.

N--1Now f to 03 Y k--1 tok, where the components of tok belong to Qk. Since f dtr
/V-1

we may write tr Yk--1 trk where the components of tr belong to Qk+l In particular,
r contains no components with linear terms. On the other hand, I,-1 03#-1 + ta for
some matrix a, with polynomial coefficients. It follows that Y(t)=--l(tr) is a
vector field with polynomial coefficients containing no linear, or constant terms. This
shows that the linear part of the map x b(1, 0)(x), is the identity map as desired. ]

6. Summary.
6.1. In this final section we draw together the results of the previous sections, and

give some examples.
By combining Theorems 6 and 7 we obtain the following abstract result.
THEOREM 8. Given a symplectic manifold M, to), a specific point Xo M, a solvable

Lie algebra offunctions on M generated by Hi"’" H,,, satisfying the assumptions
(i)-(iv) of 1.4, then there exists a diffeomorphsim M R onto a graded symplectic
vector space (R, t, tr) such that (Xo)=0, *tr- to, tr is in its canonical representation,
and with respect to the graded structure

We may also give the following Control theoretic version of this result.
THEOREM 9. Given an homogeneous Volterra series (2) which is realizable by a

Hamiltonian system (5), there exists another Hamiltonian realization on a graded symplec-
tic vector space, with the symplectic form exhibited in canonical form, which satisfies all
of the conditions (i)-(iv) to Theorem 1.

This result completely answers the problem posed in 1.3. The partial converse
of Theorem 9 is also true and mimics Theorem 2. By employing Theorem 3 we can
also ensure linearity in the "p" variables.

THEOREM 10. Given a Hamiltonian system (5) on a graded symplectic vector space
R, ,, c) of degree N, defined by Ho QN+I and Hi Q 1 <= <- m, then the input-
output map is a homogeneous Volterra series (2). By symplectic change of coordinates
onto another graded symplectic vector space R, ’, fc) we can assume that allfunctions
Hi, 1 <-i <-_ rn are affine in the "p" coordinates and polynomial in the "q" variables.

Linearity in the "p" coordinates for the function Ho is discussed in 2.
Of course it is this representation with linearity in the "p" coordinates which is

obtained in Theorems 8 and 9. Moreover, the discussion about linearity in the "p"
coordinates for the function Ho is concerned eventually with the four cases described
in 4.2. Indeed the discussion concerns most importantly the quadratic terms in the
Ho function, or equivalently the linear terms in the corresponding Hamiltonian vector
field XHo. This is discussed at length in Theorem 5, and results are also valid for the
representation obtained in Theorem 6. In the Darboux-Weinstein Theorem 7 it is
shown that the final coordinate change is the identity in its linear component which
in turn shows that this structure for the linear part of XHo, or quadratic part of Ho is
still valid in the final representations presented in Theorems 8 and 9. The interested
reader should have no difficulty in writing down explicit forms for each of the four
cases described in 4.2. See also Irving [8] for more details concerning these systems.
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We conjecture that similar results are also true in the nonhomogeneous case,
where we consider arbitrary finite Volterra series, or equivalently dispense with Assump-
tion (iv) in 1.4. Indeed, most of the results in 4 can be carried out successfully
using inclusions (1 1)-(13). We do, however, lose linearity on the "p" variables. It has
not been possible to obtain a corresponding global version of the Darboux-Weinstein
theorem however.

6.2. In this subsection we present some examples of accessible Hamiltonian
systems all with respect to the canonical symplectic structure.

Example 1. R4= R2) R2, is a graded vector space of degree N 2.

Ho PEql + qEq, H1 Pl,

c1 u, t2 ql,

Pl -p2-2q2q, P2 -q,
Y =Pl.

In this example there exists an ad Ho invariant polarization for .
Example 2. R6-- R2R203 R2, is a graded vector space of degree N 3,

H p, Ho PEqx d- paq2 d- q2q3

tl U, t2-- ql, t3 ql2,
/3=--q22, p2=--q31--2q2q3, [h=--2p3ql--p2--3q2q21,

Y =P.

In this example there exists an ad Ho invariant polarization for H.
Example 3. R2 is a graded vector space of degree N 1.

H, Pl, Ho 1/2(p + q),

tl Pl q- U, Pl --ql,

y=p.

In this example there is no real ad Ho invariant polarization for .
Example 4. R4-- R 0)R20)R is a graded vector space of degree

N 3, H1 p, Ho p2q21+ 1/2(p + q22),

Cl u, t2 ql+p2, /2 -q2, /1 -2p2ql,

Y=Pl.

In this example there is no real ad Ho invariant polarization for .
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MINIMUM VARIANCE CONTROL OF DISCRETE TIME
MULTIVARIABLE ARMAX SYSTEMS*

U. SHAKED" AND P. R. KUMAR*

Abstract. We consider multivariable ARMAX stochastic systems. These systems can incorporate the
following complicating features: general delay structures, nonminimum phase transfer functions, different
dimensions for input and output vectors. We obtain the control laws which minimize the variance of the
output process while maintaining system stability.

Key words, minimum variance control, vector ARMAX systems, nonminimum phase systems

1. Introduction. We consider multivariable linear stochastic systems in an
ARMAX format:

(1) A(z)y(t) zdB(z)u(t)+ C(z)w(t).

Here z is the backward shift operator: zy(t) := y(t 1). y(t) R is the output, u(t) R
is the input and w(t)R is a white noise process, i.e. it is wide sense stationary,
Ew(t)-O and covariance Ew(t)w(s) Q6t.

(2i) A(z) I + A,z’.
i=1

(2ii) B(z)- Bo+ Biz i, Bo#0, B(z) is of full rank.
i=1

(2iii) C(z)= Co+ Ciz, C-l(z) is analytic inside the closed unit disc.
i=1

(2iv) d, the delay, is an integer with d _-> 1.

We shall define as "admissible", control laws which are of the form u(t)=
M(z)y( t) where

(3i) M(z) is a matrix of rational functions;

(3ii) M(z) is analytic at z-0.

The condition (3ii) restricts us to the set of nonanticipative control laws, while (3i) is
imposed merely for convenience.

We shall further say that an admissible control law u(t) M(z)y(t) is "stabilizing"
if the four transfer functions

M(z)[I- zaA-I(z)B(z)M(z)]-, [I- zaA-’(z)B(z)M(z)]-(4)
[I- zdM(z)A-I(z)B(z)]-1, zdA-I(z)B(z)[I zdil(z)a-l(z)B(z)]-1

are all analytic inside the closed unit disc. The restrictions in (4) are imposed so that
the resulting closed-loop system is internally stable.

* Received by the editors May 29, 1984, and in revised form January 25, 1985.
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Our goal in this paper is to find a control law, from among the set of all admissible
stabilizing control laws, which minimizes the variance EyT(t)y(t) of the output process
in steady state.

For single-input, single-output (i.e., rn 1) minimum phase systems, the prob-
lem has been solved by Astrom 1 ]. The minimum variance control law is shown to be

-O(z)
(5i) u(t)

B(z)F(z)
y(t)

where F(z), a polynomial of degree d- 1, and G(z), a polynomial, satisfy

(5ii) C(z) A(z)F(z)+ zaG(z).
If the system is of nonminimum phase, then while the above control law still

minimizes the variance of the output process from among the set of all admissible
control laws, it is not however stabilizing. To satisfy stability, one must "sacrifice"
some variance. This constrained optimization problem of obtaining a control law which
minimizes the output variance over the set of all admissible, stabilizing control laws,
for single-input, single-output systems has been solved by Peterka [2]. It is shown to be

S(z)
(6i) u(t)= R(z)Y(t)
where R(z), a polynomial of degree (n+d-1), and S(z), a polynomial, satisfy

(6ii) B*(z)C(z) A(z)R(z)+ zaB(z)S(z).
Here, B*(z) is the minimum phase spectral factor of B(z)B(z-1).

In the multi-input, multi-output case, Borison [3] has considered the situation
where (i) the number of inputs is equal to the number of outputs, (5ii) B0 is invertible
and (iii) B(z) is of minimum phase, i.e. det B(z) 0 for 0<lzl -< 1. Under these
conditions, the optimal solution is given by multivariable analog of (5i, ii). This
treatment is not fully general from several points of view. Firstly, conditions (i) and
(iii) are restrictive. Secondly, the restriction that Bo is invertible, condition (ii), means
that by defiriing a new control t(t):= Bou(t), we really have a system where for each
output variable there is one special input variable which influences that output variable
after other input variables have ceased to influence it. Moreover, the different output
variables will be influenced by their special input variables with the same delay. This
simplifies the problem considerably and in fact one outgrowth of this restriction is
that the control law really minimizes, separately, the variance of each output variable,
or equivalently, the same control law simultaneously minimizes Eyr(t)Ry(t) for all
R->_ 0. We shall see that this situation is not true in general.

In another treatment of the multi-input, multi-output case, Goodwin, Ramadge,
and Caines [4] assume that A(z) (1 + az +. + a,,z")I where a,. , a, are scalars.
Stability of the solution is not considered, but use is made of the solution only when
d 1, the number of inputs is equal to the number of outputs, Bo is invertible, and
the system is of minimum phase, i.e. det B(z) 0 for 0< [z[-< 1, in which situation
there are no problems. Recently Dugard, Goodwin, and Xianya [6] have studied the
minimum variance problem through an examination ofthe role of the interactor matrix,
and have obtained the minimum variance control law when the interactor matrix is
diagonal.

We also refer the reader to Bayoumi and E1 Bagoury [5] for some errors in previous
attempts to deal with the problem of minimum variance control of multi-variable
systems.
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In this paper, our goal is to treat all the complications caused by (i) Bo possibly
singular, i.e. general delay structures, (ii) nonminimum phase systems, i.e. det B(z)
possibly vanishing in 0<[z] < 1 and (iii) rectangular systems where the number of
inputs is different from the number of outputs. Throughout, we address the problem
of minimizing Eyr(t)y(t) while maintaining system stability.

If one wishes to minimize Eyr(t)Ry(t) for some positive definite R, then this is
easily accomplished by defining ( t) := R1/2y( t), ,(z):=R/2A(z)R-1/2, /(z):
R1/EB(z), ((z):= R1/EC(z) and considering the system .(Z)y(t)=zd(Z)U(t)+
C(z)w(t), which satisfies assumptions (2i-iv).

Our treatment proceeds in the order of increasing generality. In 2 we treat systems
with general delay structures, with the solution given by Theorems 2.1, 2.2 and 2.3. In
3 we treat nonminimum phase systems, with the solution given in Theorem 3.1 and

finally in 4 we treat rectangular systems, with the solution provided in Theorem 4.1.

2. Nonuniform delay systems. In this section we obtain the admissible, stabilizing,
minimum variance control law for the multivariable ARMAX system (1), when it has
a general delay structure. For this reason we allow det B(z) to have zeros at the origin,
because such zeros correspond to nonuniform transmission delays in different input-
output channels.

Except for such zeros at the origin, we assume that the system is of a minimum
phase, i.e., det B(z)# 0 for 0 < zl < 1. The system is also assumed to have the same
number of inputs and outputs, i.e. it is square.

The complete solution for this problem is furnished by the following three
Theorems.

THEOREM 2.1. Suppose there exist F(z) and G(z) which satisfy"

d+p-1

(7i) F(z) Fiz for some p, and Fo is invertible.
i=0

(7ii)

(7iii)

G(z) is a matrix of rational functions which are analytic at z O.

lim zdFT(z-1)A-l(z)B(z)=O.
z-0

(7iv) C(z) A(z)F(z)+ zaB(z)G(z).

Then, the admissible, stabilizing control law which minimizes the variance
EyT(t)y(t) of the output, is

u( t) -G(z)F-l(z)y( t).

The resulting minimum variance is

d+p-1

EyW(t)y(t)=tr Y FT FQ.
i=0

THEOREM 2.2. Define the following"

(8i)

(8ii)

(8iii)

Let i=o Dzi be a power series expansion ofA-l(z)B(z).

Let p be the largest power of z- in B- (z)A(z).

Let Eo, E, ., Ep be matrices satisfying

B-I(z)A(z) Epz-p + Ep_lz-p+l +,..+ Eo+ o(1).
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(8iv) Let

Then, the matrix

has full rank.
THEOREM 2.3. Define the following:

(9i) Define Fo, ", Fd- recursively by Fo := Co and

k

Fk := Ck , A,Fk_, for k 1,. ., d 1.
i=1

(9ii) Define Ha, Hal+l,’’" as the coefficient matrices in the power series expansion

d-1

A-’(z)C(z)-E Fz’=: E Hiz’.
i=o i=d

(9iii)

(9iv)

(9v)

Let K and J be matrices which satisfy the linear system of equations
[O/Cop-, ,,r]EK jT]r [H, T T",Ha+p-l]

Define Fd," ", Fd+p- by [F,. ", F’+p_] := ,rj.
d+p- Fz and G(z):= z-dB-(z)[C(z)-A(z)F(z)].Define F(z) := E i--o

Then, F(z) and G(z) satisfy (7i-iv).
The significance of the three Theorems 2.1, 2.2 and 2.3 is the following. Theorem

2.1 gives sufficient conditions for the solution u(t)=-G(z)F-(z)y(t) to be optimal.
Theorem 2.2 asserts that a certain matrix is of full rank. Theorem 2.3 uses the solution
of a system of linear equations, guaranteed to exist by Theorem 2.2, to construct F(z)
and G(z) which satisfy the sufficient conditions of Theorem 2.1. Thus, we have a
constructive procedure for obtaining an admissible, stabilizing, minimum variance
control law.

One useful property of the minimum variance control law is that it does not
depend on the noise covariance Q. Thus, the same control law is optimal irrespective
of the noise covariance.

As we have mentioned earlier at the end of 1, the above theorems can be
employed to solve the problem of minimizing EyT(t)Ry(t) for any positive definite
R. However, in general, the solution will depend on R. This means, in particular, that
the control law of Theorems 2.1, 2.2 and 2.3 does not separately minimize the variance
of each output variable. This differentiates the case det Bo 0, considered in [3], from
the general delay structures considered here.

d+p-1 FFQ can be decomposed into two parts.The minimum variance tr__o
tr z.,=d’d+P- FfFiQ can be regarded as the increase in variance resulting from the singular-

a- FFQ is the variance due to the delay of dity of Bo, while the remaining part --o
time units. In the case considered in [3], only the latter part is present.
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The proofs of Theorems 2.1, 2.2 and 2.3 follow immediately from Lemmas 2.4-2.10
below.

LEMMA 2.4. Suppose F(z) is a matrix ofpolynomials, which, together with a certain
G(z) satisfies (7ii, iii and iv). Let u(t)= M(z)y(t) be any admissible control law which
is applied to the system (1). Then, the output y(t) of the closed loop system can be
decomposed as y(t) yl(t) + y2(t) with

yl(t) F(z)w(t), y2(t) zaA-(z)B(z)[G(z)+ T(z)A-(z)C(z)]w(t)

where

T(z) := M(z)[I- zaA-’(z)B(z)M(z)]-’.

Furthermore, the two components y( t) and y2(t) are uncorrelated.
Proof. The closed loop system is clearly Ay=zdBMy+Cw, and so y=

(I-zaA-IBM)-IA-1Cw and u- TA-1Cw. Substituting for u, we therefore get Ay
zaBTA-1Cw + Cw. Using (7iv) for C gives the required decomposition for the closed-
loop output y. Throughout this paper we shall evaluate variances of processes by
contour integration along the unit circle. This is possible, since by our stability
assumption (4), the control laws considered give a stable closed loop system. To see
that the two components are uncorrelated, note first that

cor (Fw, zdA-1B[G+ TA-C]w)
tr

2ri-FT(z-’)zdA-’(z)B(z)[G(z)+ T(z)A-l(z)C(z)]Q dZz
where, here and in the sequel, the contour is a circle centered at the origin and with
unit radius. Note that Fr(z-1) has a singularity only at the origin. Now G(z) is analytic
at the origin, by assumption. Also, because M(z) is analytic at the origin, so is T(z),
and therefore also T(z)A-(z)C(z). Utilizing (Tiii), we see that the integrand vanishes
at the origin. Moreover, the integrand also has no singularities elsewhere in the unit
disc since the control is stabilizing, and so the above integral vanishes. ]

LEMMA 2.5. Suppose that F(z) and G(z) satisfy (7i-iv). Then, the control law which
minimizes EyT( t)y( t) over the set ofall admissible control laws is u(t) M(z)y( t), where

M(z) -G(z)F-l(z)

and the resulting minimum variance is

p+d-1

EyT(t)y(t)=var(F(z)w(t))=tr , F.T, FiQ.
i=0

Proof. From Lemma 2.4 it follows that for an admissible choice of M,

EyT( t)y( t) var (F(z)w( t))

1) TBT(z-1(10) +2rit-[-r [G(z- )+ r(z-1)A-l(z C(z-’)] )A-r(z-1)

dzA-’(z)B(z)[G(z)+ r(z)A-l(z)C(z)]Q-.
Z

Since F(z) does not depend on the choice of M(z), the best that one can hope to
do, if one wishes to minimize the variance, is to choose M(z) so that the integral
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on the right-hand side above is zero. One way to do this is to choose M(z) so as to
make G(z)+ T(z)A-l(z)C(z)=O, i.e. T(z)=-G(z)C-l(z)A(z). Since T=
M[I-zaA-1BM]-1, M would have to be chosen so that T-= M-- zaA-B, i.e.

M [(I + zdA-1BT) T-l]-1

T(I + zdA-BT)--GC-IA(I zdA-1BGC-1A)-1

-GC-A[I A-(C AF)C-A]--GF-1.

It remains to be seen whether this choice of M is admissible. Clearly it is a matrix of
rational functions and so (3i) is satisfied. So we need to only check that (3ii), i.e.
nonanticipativity, is satisfied. Now G(z) is analytic at the origin, by assumption, and
also F-l(0)- F=C exists by assumption, showing that M(z) is analytic at the
origin.

LEMMA 2.6. Suppose F(z) and G(z) satisfy (7i, ii, iv). Then, the control law

u( t) -G(z)F-l(z)y( t)

is stabilizing.
Proof. To determine that the control law is stabilizing, we need to check that the

four transfer functions in (4) are all analytic inside the closed unit disc, with M given
by M--GF-1. Simple calculation using (7iv) shows that

(lli) M[I-zaA-1BM]-I=-GC-1A -z-aB-I(C-AF)C-A,
(1 lii) [I-zdA-1BM]-= FC-1A,

(1 liii) [I-zaMA-1B]-= B-1AFC-1B I+[-z-aB-I(C-AF)C-1A][zaA-1B],
(11iv) zaA-1B[I zaMA-1B]-1 zaFC-1B.

B-1 is analytic inside the closed unit disc, except possibly at the origin, by assumption.
(C- AF) is a polynomial by (7i). Also C-1 is analytic inside the closed unit disc by
(2iii). Hence z-aB-(C-AF)C-A is analytic inside the closed unit disc, except
perhaps at the origin. However g-dB-l(C AF)C-1A GC-1A and since G is analytic
at the origin, so is GC-1A. Hence (11i) is analytic inside the closed unit disc. (11ii)
and (11iv) are both analytic inside the closed unit disc since C-l(z) is so and A, B,
F are all matrices of polynomials. Examining (11iii), B-1AFC-1B is analytic inside
the closed unit disc, except perhaps at the origin. However zaA-1B is analytic at the
origin, and (lli) has also been shown to be so. Hence B-AFC-IB
I+[z-dB-(C-AF)C-A][zdA-B] is also analytic at the origin, thus showing that
(lliii) is analytic inside the closed unit disc.

It may be noted that at this stage Theorem 2.1 has been proved. Now we need to
establish Theorems 2.2 and 2.3

LEMMA 2.7. Let

o 0

(12t g= ".. ".. 0

for some matrices Eo," ", . If g,o/g diag (0,..., O, I) then there exists a square
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matrix N of the form

(13) N=

such that : N.
Proof. Since g’oP’op -diag (0,. ., 0, I) it follows that

(t,z-p + fp-z-P+ + + o)(Do+ DIZ +’" ")= I + O(z)

where O(z)=alz + 02Z2+" for some matrices al, a2," Hence

(,z- +’’" + go) (I + O(z))(Do+ Dlz +’" .)-i

(I + O(z))(Ez-p + Ep_lZ-P+l " "- Eo+ o(1)).

Equating coefficients of identical powers of z-1, we get

p=Ep, p_,=Ep_,+ ’. a,Ep+k_, fori--1,-’’,p.
k=l

Hence the suggested N suffices.
LEMMA 2.8

N( 7/op-l)r) R(P’).

Here N(. denotes the null space and R(. the range space.
Proof. Consider (T,’’’,flTp)T6N(I(oP-1)T). Suppose to the contrary that

(/3,...,/3p)’R(*PT). Since Do0 we can find a row vector /3or so that
(/3or,...,/3pr)[Dor,...,Dp]T#0. Since (/31,.-’,flp)TR(P), it follows that
(/3 r, ,/3pr) r R([E1,’’’, Ep]r). Hence (flr,...,/3)" R([Eo, , Ep]*). Since
[Eo,’’’, Ep][Dro, "’’, Dr]r=/, as is easily checked, it follows that by choosing
(m-l) rows from lEo,’’’, E_p] (if_ I above_ is m x m) and the row (/3r, ,/3p) we
can build a matrix [Eo, El,’",Ep] with m rows and such that
[/o," , p][D,..., D]7 is of full rank. Premultiplying by. an appropriate non-

singular matrix we can obtain [/o, ",/p] such that [/o, , Ep][ Dot, Dpr]r I
and the rows of [/o,"" ", p] span the row-space of [/o,"" ",/p]. Now let op be
defined from Eo,’", Ep as in the statement of Lemma 2.7. It is easily checked that
W/’=di.ag (0,..., 0, I). Lemma 2.7 now applies and shows that the rows of
leo,’’’, E.d,] are linear combinations of the rows of *op. But then the rows of
El," , Ep] are linear combinations of the rows of *P, which contradicts our assump-

tion that (fltT, ",/3pr) T t R( C’lPT). This shows that N(c(0P-1) T R(pr). The reverse
containment R(glpT)

_
N(W/’op-1)r) follows trivially from the relationship 74Pop

diag (0,...,0, I).
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LEMMA 2.9. o/g-, pT] is a full rank matrix.

Proof. Suppose pr[ o/g-, ,pT] 0 for some vector p. Since p N(7/<op-1)r) it
follows by Lemma 2.8 that/9 pTy for some y. But pTTy 0, and so yTp;Ty O.
Hence p pTy=0. l

Thus we have also proved Theorem 2.2. Now we complete the proof of Theorem
2.3.

LEMMA 2.10. If F(z) and G(z) are defined as in Theorem 2.3, then (7i-iv) of
Theorem 2.1 are satisfied.

Proof. (7i) is trivial since F(0)= Fo Co is invertible by assumption. (7iv) follows
from the definition of G(z). So we need to check only (7ii) and (7iii). Now

zp-1(7iii)lim zd[F[+ F(z 1-F" "-b F+p_lZ-d-P+][Do+ Dz-k-" "+ Dp_ ]-0
zo

zP-1lim[F+F+z-+ .+F/p_z-"/][Do+Dz+. .+Dp_ ]=0
O

:> coefficients of nonpositive powers of z vanish in
T z-p+l[F’+...+ Fa+p-, ][Do+ D,z+. .+ Dp_,zp-’]

<=>[F, F+p_,] T N(-’)T)
[F, ,Fd+p_,]R(T)

[F...., F+._] Y for some matrix Y.

Similarly

(7iv)z-S-’(z)[C(z)-A(z)F(z)]= O(I)

z-dB-’(z)A(z)[A-’(z)C(z) F(z)] O(I)
zd+p-Iz-dB-’(z)A(z)[A-’(z)C(z) Fo- F,z Fd+p_, ]= O(I)

zd+P-Iz-S-’(z)A(z)[Hz + H+,z+’ + Fz F+,z+’ F+._,
O(I),

S-’(z)A(z)[(H F +... + (H+._, F+._,)z"-’ + O(z")] O(I)

coecients of strictly negative powers of z vanish in

Gz- +... +,z-’ +o()][( F) +... + (H+,_,- F+,_,)z-’ + O(

[(H-F).... (H+,_, F+,_,)] N(m)

[(H-F)..., (H+,_,- F+,_,)] R(-’)

[(H- F).... (H+._,-F+._,)] -’ for some matrix

mhus if [W-’, f][Y]=[HL"’, HL,_,] and ffY=[FL’", FL,_,],
as we have assumed, then both (7ii) and (7iii) are satisfied.

The proofs of Theorems 2.1, 2.2 and 2.3 are now complete.

3. Square nonminimum phase systems. We now turn to the problem of minimizing
the variance over the set of admissible, stabilizing control laws for systems which have
nonminimum phase transfer functions besides those caused by pure delays.

Thus we consider systems for which det B(z) may vanish in {z: 0<lzl < 1} besides
possible vanishing in {z: z=0 or Izl> 1}. We do not allow det B(z) to vanish in
{z: Izl 1} since we have imposed the requirement in (4) that our closed-loop systems
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should be strictly stable as opposed to just stable, i.e. we have required analyticity of
the four transfer functions in (4) in the closed unit disc and not just the open unit disc.
If we are willing to admit such a relaxation, then our solution is valid even for det B(z)
vanishing on the unit circle {z: Izl

In this section, we also assume that the number of inputs is equal to the number
of outputs, i.e. the system is square with m in (1).

By Lemma 2.5 we see that we have already solved the problem of obtaining the
admissible control law which minimizes the variance of the output, and the control
law which does this is just the control law of Theorems 2.1, 2.2 and 2.3. However, this
control law is not stabilizing, i.e. it does not satisfy (4), when det B(z) vanishes in
{z: 0<lzl-< 1}. The reason is that Lemma 2.6 is no more valid, as can be seen from an
examination of (11).

For single-input, single-output systems, Peterka [2] has solved the problem of
obtaining the control law which minimizes the output variance over the class of all
admissible, stabilizing control laws. We now solve this problem for the multivariable
case.

We will obtain the solution by reducing the problem to the type considered in the
previous section. Accordingly we will denote the F(z) and G(z) generated by Theorem
2.3 by F(A(. ), B(. ), C(. ), d)(z) and G(A(. ), B(. ), C(. ), d)(z) in order to explicity
display the functional arguments on which they depend. We note here that the
algorithms of Theorems 2.2 and 2.3 can be employed even when d 0 to generate F
and G.

THEOREM 3.1. We assume that A-l(z) and B-l(z) have no poles in common inside
the closed unit disc, A-l(z) and B-l(z-1) have no poles in common inside the closed unit

disc and A- (z) and A- (z-l) have no poles in common. In the above and what follows,
by a zero ofX(z) we shall mean a singularity ofX-l(z), and by a pole ofX(z) we mean
a singularity ofX(z).

(14i) Let A(z) be a spectral factor which satisfies

A(z-)a(z) BT"(z-)A-7"(z-1)A-l(z)B(z)

and is such that its poles are those of A-l(z)B(z), while its nonzero zeros are
outside the closed unit disc images of the nonzero zeros of A-l(z)B(z). By an
"outside the closed unit disc image of z", we mean such that rt z if z[ > 1
and q z-1 if Iz[ < 1.

(14ii) Let a(z) and fl(z) be matrices ofpolynomials such that

-’(z)t3(z)= a(z)

is a left coprime representation of A(z), and such that the zeros of (z) are the
zeros of A(z), while the poles of a-l(z) are the poles of A(z).

(14iii) Let 0(z):= a-(z)(z)B-(z)[C(z)-A(z)F(z)]z-a, where

F(z) := F(A(. ), B( ), C(. ), d)(z) and

G(z) := G(A(. ), B(. ), C(. ), d)(z).

(14iv) Let O/(z) and O_(z) satisfying 0(z)= O+(z)+O_(z) be such that O+(z) is the
sum of all the partial fraction terms of O(z) which have poles either outside the
closed unit disc (including infinity) or coinciding with the poles ofA-(z) inside
the closed unit disc, and constant terms, if any.
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(14V) Let T(z) be a polynomial matrix such that

O/(z)=-’(z)r(z).

(The existence of such a polynomial matrix 3,(z) will be proved.)

(14vi) Let F(z) := F(a(. ), (. ), 7(’), 0)(z) and

G(z) := G(a(. ), (. ), 7(" ), 0)(z).

Then, the control law which minimizes EyT(t)y(t) over the class of all admissible,
stabilizing control laws is given by

(15) u( t) -(z)[F(z) + zdA-l(z)B(z)( G(z) (z))]-ly(t).

The resulting minimum variance is

(16)

Ey T t)y( t) tr FFQ+ tr/3TQ

+ {-(z)13(z)[G(z)-8(z)]-(z)}
27ri

{a-’(z-’)l(z-’)[G(z-’)_(z-,)]_(z-,)}O dz
Z

where

F(z) =: Y Fz and (z) =: Y, z.
J J

Proof. Let u(t)= M(z)y(t). From (10), it follows that

EyT(t)y(t) tr FFQ
J

tr

27ri
BT(z-’)A-T(z-’)A-’(z)B(z)

[G(z) + T(z)A-’(z)C(z)]

Q[G(z-’)+ T(z-1)A-l(z-’)C(z-’)] r d__z
Z

Since flT(z-1)a-T(z-1)a-I(z)fl(z)=BT(z-1)A-T(z-1)A-I(z)B(z) from (14i, ii), it
follows that

( (z-’ -r ,)EyT(t)y(t)=trY FFQ+ fl )a (z-
27ri

[a-’(z)(z)G(z) + a-’(z)(z) T(z)A-’(z)C(z)]

Q[G(z-’)+ T(z-1)A-’(z-1)C(z-’)]rdz.
Z
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Substituting G(z)= B-l(z)[C(z)-A(z)F(z)]z-a, and using (14iii), (14iv) gives

Ey T"( t)y( t) tr FQ
J

+2zri [O+(z)+O-(z)+a-l(z)fl(z)T(z)A-l(z)C(z)]

Q[O/(z-)+ O_(z-)+

T(z_l)A_l(z_l)C(z_l)]7. dz.
z

Since y2=zaA-1B(G+ TA-1C)w, in the notation of Lemma 2.4, our assumption
that the control law is stabilizing shows that A-1B(G+ TA-1C) has no singularities
inside the closed unit disc, and in particular that it has no singularities inside the
closed unit disc coinciding with those of A-l(z). Hence the residues of [0/(z)+
a-l(z)(z) T(z)A-l(z)C(z)] evaulated at the zeros of A(z) or a(z) which are inside
the closed unit disc are zero. Since therefore [0/(z) + a-l(z)(z) T(z)A-l(z)C(z)] and
(O_(z-1))/z are both analytic inside the closed unit disc, where we have also used the
fact that O_(z) is a matrix of strictly proper rational functions, we deduce that the
cross term

tr

2zri J [O+(z)+ a (z)fl(z)T(z)A-I(z)C(z)]QoT_(z-) dZz
vanishes. Hence

Eyr(t)y(t)=trE FfFQ+ tr---5- O_(z)QO_(z-1) d__z
j 2ri z

(17) tr27ri
[O+(z)+a- (z)fl(z)T(z)A-l(z)C(z)]

Q[O+(z-1)+ a-l(z-1)fl(z-1)

T(z_I)A_I(z_I)c(z_I)]T d___g.
z

The first two terms in the right-hand side of (17) do not depend on the choice of T(z)
and, therefore, on the choice of M(z). Hence to minimize EyT(t)y(t), we need to
only minimize

(18)

tr -1 z)C(z)]
27ri

[0+(z)+a (z)(z)T(z)A-l(

Q[O+(z-1)+ a-l(z-1)fl(z-1)T(z-1)A-l(z-1)C(z-1)] Tdz.
Z

Now let us examine O+(z). From (14i, ii) we see that

(19) a-l(z)(z)B-l(z) a 7"(z-1)-7(z-1)BT(z-1)A-r(z-1)A-l(z).
An examination of the right-hand side of (19) shows that the only poles of (19) which
do not coincide with those of A-l(z) are either at the origin or coincide with the poles
of fl-r(z-1), and so all the poles of the left-hand side of (19) which do not coincide
with the poles of A-l(z) are inside the closed unit disc. Substituting (19) in the
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expression for O(z) in (14iii), we obtain

O(z) a r(z-1)fl-r(z-1)Br(z-1)A-r(z-1)A-l(z)[C(z)-A(z)F(z)]z-d.

Utilizing the definition of O+(z), we see therefore that

O/(z)=-’(z)(z)
for some polynomial matrix y(z). This proves the existence of y(z) claimed in (14v).
Now substituting for O/(z) in (18) shows that to minimize Eyr(t)y(t), we need to
minimize

tr
_

27ri
[a (z)y(z)+a-(z)(z)T(z)A-’(z)C(z)]

Q[a_l(z_l)r(z_l) + a_,(z_l)fl(z_l)T(z_,)A_l(z_l)C(z_l)]r dz.
z

Define $(z):= T(z)A-l(z)C(z) and our problem now is how to choose S(z), analytic
at the origin, so as to minimize

[-’(z)r(z) + -’(z)/3(z)S(z)]
tr

27ri
(20)

Q[a_l(z_l)y(z_l) + a_,(z_l)(z_l)S(z_,)]r
dz
z

But this resembles the problem of 2, where since we had

y(t) [A-l(z)C(z) + zdA-l(z)B(z) T(z)A-l(z)C(z)]w( t)

[A-l(z) C(z) + zaA-l(z)B(z)S(z)]w(t)
we had to choose S(z), analytic at the origin, so as to minimize

(21)

tr [A-’(z)C(z)+zaA-’(z)B(z)S(z)]
27ri

Q[A_I(z_I)C(z_I) + z_dA_I(z_I)B(z_I)S(z_I)]T dz.
z

Making the obvious identifications between (20) and (21), we can apply the results of
2 and see that the optimal choice for $(z) is

(22) S(z) -G(z)

where G(z) is as in (14vi). Furthermore the minimum, value of (20) is

(23) Q.

Since (23) is the minimum value of the third term in the right-hand side of (17), it
follows by substituting in (17) that the resulting variance is

(24) Eyr(t)y(t)=trE FTFQ+trE TQ+t_z_r O_(z)QOr_(z_,) d__z.
2ri z

Since C(z) A(z)F(z)+ zaB(z)G(z) and y(z) a(z)ff(z)+ B(z)r(z), which follow
from the definitions of F, G, /3 and in (14iii, vi) we obtain G(z)=
B-l(z)[C(z)-A(z)F(z)]z-a and a-(z)y(z)=.(z)+ a-l(z)(z)(z). Substituting
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these two expressions in the definitions of 0(z) and 0+(z) in (14iii, v), we get

O_(z)=O(z)-O+(z)

(25) a-a(z)(z)O(z) ff’(z) a-l(z)(z)(z)
(--I(z)3(Z)[ ((Z) ((Z)] ff"(Z).

Substituting (25) in (24) gives the expression (16) claimed as the minimum variance.
We still need to determine that the choice of S(z) in (22) corresponds to (15) and also
that it is stabilizing. Since S(z)= T(z)A-(z)C(z), we obtain that the choice of T(z)
is T(z)=-,(z)C-(z)A(z) and since T= M[I-zeA-BM]- it follows that

M(z) T(z)[I / zdA-l(z)B(z) T(z)]-I

T(z)[I- zaA-(z)B(z)(z)C-l(z)A(z)]-1

-(z)[A-l(z)C(z)- zdA-l(z)n(z)(z)]-1

-(z)[F(z) + zdA-I(z)B(z)(G(z)- (z))]-1

which coincides with the control law of (15). It remains to be shown that this choice
of M(z) is stabilizing, i.e. it satisfies (4). Simple calculations show that two of the
transfer functions in (4) are

M[I zda-1BM]-1 -fl-( y a)c-1a,
(26)

[I- zaMA-B]- i- zaC-A= I- za-(.),- aff’)C-B
which are both analytic inside the closed unit disc, since/3 -1 and C-1 are. The third
transfer function in (4) is [I-zaA-l(z)B(z)M(z)]-1 which can, by simple calculation,
be seen to be equal to I-zaA-l(z)B(z)(z)C-l(z)A(z), which in turn is I-
zaA-(z)B(z)-(z)[ y(z) a(z)/(z)]C-(z)A(z). Except for the term A-(z), all other
quantities are analytic inside the closed unit disc, and so if this transfer function has
any singularities inside the closed unit disc, they must coincide with those of A-l(z).
However, we also have

[I- zeA-(z)B(z)M(z)]- [F(z)+ zdA-I(z)B(z)( G(z)- (z))]c-l(z)A(z)
{F(z) + zda-l(z)B(z)-l(z)ot(z)[ 0_(z) i(z)]}
.c-l(z)a(z)

which, if it has any singularities inside the closed unit disc coinciding with those
of A-l(z), can only be singularities of A-(z)B(z)-l(z)o(z) inside the closed
unit disc coinciding with those of A-l(z). However, by (14i, ii), we have
a-l(z)B(z)-l(z)a(z)=Ar(z-1)B-r(z-1)r(z-1)a-r(z-). The only poles of the
right-hand side inside the closed unit disc are either at the origin or coincident with
the poles of a-(z-1) or B-(z-a). By our assumptions, there can however be no poles
of A-l(z) in any of these locations, showing that [I-zaA-BM]- is analytic inside
the closed unit disc. The last transfer function of (14) we need to check is zaA-1B[I
zaMA-1B]-1. Since (26), which is a factor, has no poles inside the closed unit disc, it
follows that if there are poles of zaA-1B[I zaMA-1B]- inside the closed unit disc,
they must be poles of A-1. Simple calculation shows that zaA-B[I zaMA-B]-1=
zaFC-1B + zaA-1B-la(O_ + ff’)C-1B. The first term is analytic inside the closed unit
disc, and so is (0_+ )C-B. Hence we only need to show that A-(z)B(z)-(z)a(z)
has no poles inside the closed unit disc which coincide with those of A-l(z). But we
have already done this.
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If the system is of minimum phase, i.e. B-l(z) is analytic in {z" 0<[zl<= 1}, then
a A, fl B and so 0 A-l[C AF]z-d, thus showing that 3’ C AF]z-d. Hence
F 0 and G G. Thus the control law (15) above reduces to what it is in the minimum
phase case of Theorem 2.1. Moreover the minimum variance (16) also reduces to what
it is in Theorem 2.1.

The additional cost of stably controlling a nonminimum phase system is therefore

tr Y/fQ+ t__r
27ri

{Ol -1(Z)(z)[G(z)--(Z)]--(Z)}

Q{O-I(z-1) (z-l)[ O(Z-1) (Z-1)] _/(Z-1)}T d.__Z.
Z

This is the "sacrifice" in variance that must be made to obtain a stable system. If one
just wants to minimize the variance without paying attention to stability, then this
sacrifice need not be made.

One useful property of the control law (15) is that it does not depend on the noise
covariance Ew(t)wr(t). Thus, the same control law is optimal irrespective of the
covariance Ew(t)wr(t).

4. Rectangular systems. Now we consider rectangular systems, i.e. systems where
the number of inputs is not equal to the number of outputs.

If the system has more inputs than outputs, then the previous results can still be
used if we replace B-(z) by B(z), any right inverse of B(z). The proofs proceed as
before.

So we turn our attention to systems where the number of inputs is less than the
number of outputs. Before describing the solution, we first discuss some pitfalls. One
way of proceeding, it might appear, is to make the system "square" by adding fictitious
inputs with small "gains" e which are then driven to zero. This can, however, result
in matrices M(z) and T(z) which become unbounded as e 0. Another way of making
the system square is to add fictitious inputs which have delays which are then driven
to infinity. However, the resulting solution for F(z) will be a power series, at best.

We therefore adopt the more fruitful approach of the following Theorem. As in
previous sections, we assume that the system has no zeros exactly on the unit circle
{z: [z[ 1}, or more precisely, Br(z-)A-r(z-)A-(z)B(z) has no zeros on the unit
circle {z" [z[ 1}.

TI-IZORM 4.1. We assume that A-(z) and A-(z-) have no poles in common and
also thatfor every pole t ofA-(z) inside the closed unit disc, its residue R in the partial
fraction expansion ofA-(z)B(z) satisfies the condition lim_.tBT"(z-)A-7"(z-)Rg O.

(27i) Let i(z) := A-(z)B(z).

(27ii) Let h(z)= a-(z)(z) be a square minimum phase spectral factor satisfying
A (z-)A(z) (z-) (z) and such that the nonzero zeros of the polynomial
matrix (z) are outside the unit circle images ofthe nonzero zeros of8 r(z-)8(z)
while the poles of the polynomial matrix a- (z) are those of , (z).

(27iii) D. efine (z):=/X-r(z-),r(z-)A-(z)C(z) and decompose (z) as if(z)=:
O+( z) + O_( z) where O_( z) consists ofthose partialfraction terms with poles which
are inside the unit circle and not coinciding with those ofA-(z).

(27iv) Let 0"+(z)= d-(z)(z) where d(z) is a square polynomial matrix with zeros
corresponding to those of A(z) and (z) is a rectangular matrix ofpolynomials
with more columns than rows.
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(27v) Let F(z) =: F(t(. ),/3(. ), 3;(" ), d)(z) and G(z) := G(dt(. ), fl(. ), (. ), d)(z).
Then, the control law which minimizes the output variance EyT(t)y(t) over the
set of all admissible stabilizing control laws is

u(t) (z)[C(z) zdB(z)(z)]-lA(z)y(t).

Proof. Let 8(z) be a full rank left annihilator of 8(z). Clearly

[ t
-’)

and so each of the matrices on the left-hand side of the above is the inverse of the
other. Multiplying the two matrices above in the reverse order gives

g(z) + -’) t.

Hence, for any admissible u(t)=M(z)y(t), we can decompose y(t)=yl(t)+y2(t)
where

yx(t) gr(z-)[g(z)gr(z-)]-g(z)A-l(z)C(z)w(t), and
(28)

Y2(t) 6(z){[6 T(Z-1)(Z)]-I T(z-’)A-’(z)C(z) + zaT(z)A-l(z)C(z)}w( t)

where T(z) is as in Lemma 2.4. By integrating along the unit circle, it can be seen that
Ey(t)y2(t)=O. So EyT(t)y(t) Eyr(t)yl(t)+ Eyf(t)y2(t). The first term on the right-
hand side does not depend on the choice of M(z). Hence, to minimize EyT(t)y(t) we
need to minimize only Ey(t)y2(t). Now

Ey(t)y(t) =i 5r(Z-I)’5(Z)I[r(Z-’)(Z)]-Ir(z-I)+ zaT(z)}

A-’(z)C(z)QCr(z-1)A-r(z-1)

{[ST(z)8(Z_I)]_,ST(z) + z_aT(z_I)}T dz
z

and so, using AT(z-1)A(z) T(z-1)(Z), we get

Eyr (t)y(t) tr-5- q
2ri j

[A-r(z-1)8r(z-1) + zaA(z) T(z)]

tr

27ri

A-l(z)C(z)QCr(z-1)A-r(z-’)

[A-T(z)6T(z)+z-dA(z-1)T(z-I)] Td--z
Z- [#_(z) + O’+(z)+zda-l(z)(z)T(z)A-l(z)C(z)]

Q[/(z-’)+ +(z-1)+z-da-l(z-’)fl(z-1)

T(z_I)A_I(z_I)C(z_I)]T dz.
z

As in Theorem 3.1, the cross term

tr -1

2rri
[+(z)+zaa (z)#(z)T(z)A_,(z)C(z)]Qr_(z_,) d__Zz

vanishes Also, the term (tr/2ri) { _(z)Qr_(z-1)dz/z can be ignored since it does
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not depend on M(z). Hence, the problem becomes one of minimizing

(29)

tr2ri
[+(z)+zaa-’(z)(z)T(z)A-’(z)C(z)]

0[0_t_(Z_I)
_
z_aa_l(z_,)(z_l)T(z_,)A_l(z_l)C(z_l)]r

dz
z

27ri
[&-’(z)3(z)+ zaa-’(z)(z)S(z)]

O[-’(z-’)(z-’)+ z--’(z-’)(z-’)S(z-’)] dz.
z

The slight difference, because a # t, between the problem of minimizing (29) and the
problem of minimizing (20) is unimportant, and the rest of the proof proceeds as in
the proof of Theorem 3.1.

The variance of (28) represents an additional cost due to the nonsquareness of
the system. The cost term (tr/2ri) _(z)Qr_(z-1)(dz/z) is also affected by the
nonsquareness and will be positive even if the system is of minimum phase.
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EXISTENCE THEOREMS FOR OPTIMAL CONTROL AND CALCULUS OF
VARIATIONS PROBLEMS WHERE THE STATES CAN JUMP*

J. M. MURRAY?

Abstract. We examine optimal control and calculus of variations problems where the states can be
discontinuous. In the control theory setting this is caused by allowing impulse controls. Conditions under
which optimal solutions will exist for these problems are determined after we derive suitable objective
functionals that can handle the jump terms.

Key words, control theory, calculus of variations, existence, impulse controls, jumps

1. Introduction. In this paper the question of existence of an optimal solution for
optimal control and calculus of variations problems is investigated. For the usual class
of problems where the state vector x must be absolutely continuous, current existence
theory requires that the Hamiltonian H(t, x, p) nowhere has the value of +oo. This is
equivalent to P(t, x), the effective domain of H(t, x,. ), being the whole space R". In
many economic applications this is undesirable since the elements of P(t, x) have the
interpretation of price vectors, which may be subject to constraints; the case P(t, x)=
Rg, the nonnegative orthant, is often encountered.

Dealing with these problems requires replacing the original space of absolutely
continuous functions with the space of functions of bounded variation for the state
vectors x. Jumps in the state can occur when the costate vector p strikes the boundary
of P(t, x). In the control theory setting these jumps arise from using impulse controls.
To incorporate the cost of any jumps in the state and the use of impulses, the objective
functional must be extended, and in such a way so that it reduces to the usual case
when jumps and impulses are not present. Rockafellar [13] has derived such an
extension and obtained existence results for his problem but with the assumption that
the Lagrangian L(t, x, v) is convex in (x, v) for each t. This implies that P(t, x) is
independent of x.

In this paper, calculus of variations and optimal control problems are extended
to allow jumps in the state and impulse controls and existence theorems are derived
for these problems. These results differ from Rockafellar’s in that the Lagrangian
L(t, x, v) is merely convex in v for each (t, x) as is the case for existence theorems for
problems where the state must be absolutely continuous.

Other results in this area can be found in [2], [6], [7], [14], [15], and [16].

2. Notation and definitions. We will only consider calculus of variations and
optimal control problems over a fixed time interval to, tl]. To simplify notation we
will denote this interval by T.

Let I(D) be the space of absolutely continuous functions over the interval D.
By ,(D) we will mean the space of vector-valued functions f= (fl,""" ,fro) where

f I(D), 1,. , m. Since we mostly deal with the interval T and the case where
n is the dimension of the state space, we will often shorten ,(T) to , with the time
interval and the number of components understood to be the above.
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Let (I(D) be the space of continuous functions on the interval D. We will also
use ogre(D)and

For D [So, Sl] let VI(D) be the space of functions of bounded variation that
are right continuous on (So, Sl].

Two functions of bounded variation, f and g, will be called equivalent if f=g
except on a countable subset of (So, Sl). Let I(D) be the space of equivalence classes.
of functions of bounded variation on D. Belonging to each equivalence class is a
unique element of I(D), and corresponding to this function is a unique Borel
measure. This measure then determines the paicular equivalence class of I(D). As
above, m(D) will denote the space of vector valued functions f (fl,.... ,fro) where
each belongs to I(D) and for ease of notation we will write ,(T) as

Let M(D) be the space of one-dimensional, nonnegative regular Borel measures
on D. Where D is obvious from the context we will simply write

Let gm(D), where D=[so, s]. Then dg(t)=(t)dt+(t)dO(t) for some
0 M, and Borel measurable function % and we can define

Ilgllm, v Ig(so)l + [ I(t)l dt + f IT(t)l dO(t)
D dD

whose value is independent of the choice of 0 and
In what follows, B denotes the m-dimensional closed ball with radius d and

centred at the origin. As above, we will often omit the superscript m when it equals
n the dimension of the state space, and simply write Ba.

Let L(D) be the class of Lebesgue measurable functions on D. By Lm(D) we
will mean the space of vector-valued functions f=(f,... ,fro) where L(D),

1,. ., m. Where the inteal involved is obvious we will often write Lm instead of

The effective domain of the function f is the set domf {y: f(y) < }.
When the minimum of a function g may not be attained we write infr g(y) in

place of miny g(y), and, for the latter statement, there is the implicit understanding
that the minimum is attained.

The generalized problem of Bolza in calculus of variations has the following form

(2.1) minimize J(x) l(x(to), x(h)) + [ L(t, x(t), (t)) dt
x T

where and L have values in U {+}.
An example where J(x) has a finite infimum over all x M but no such x attains

the infimum, is the following:
Example 1. minimize J(x)= l(x(O),x(1))+o (1-t)l(t)[ dt where

0 if a =0, b
l(a, b) + otherwise.

This has a minimizing sequence {n} where

0,

n(t)=

n( t- l +)
i [0, 1-],
t(1-1’n 1],

but no minimum in the space since the limit function is discontinuous at 1. In
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order to include such problems in the general framework, we wish to extend problem
(2.1) to states x that have discontinuities, which we can perhaps consider as arising
from the use of impulse controls in the control theory setting. The larger class of
functions we will use will be 3. If we so wanted, we could manage this by using a
limiting process of the kind evident in the example. However, it is our purpose here
to actually derive a new objective functional for 3 which is equivalent to (2.1) when
the two overlap. In [13] where the Lagrangian, L(t, x, v), was convex in (x, v) for each
t, a suitable extension of (2.1) turned out to be

(2.2) minimize I(x) l(x( to), x( t,)) + f L( t, x( t), 2( t)) at + f ( t, so(t)) dO(t)x , T JT

where dx(t)= 2(t) dt + (t) dO(t), 0 and is the recession function for L (this is
defined later).

The suitability of the extension (2.2) of (2.1) arises from the ability to derive
existence results for it and its compatibility with (2.1) when x M. Also it agrees with
the limiting process mentioned above and one has under certain conditions inf J
min/.

It is our task in this paper to obtain existence theorems for extensions of the
problem (2.1) when L is merely convex in v for each (t, x). These will then give some
idea on how to properly formulate problems when the states can jump.

Our desire to consider the case when L is only convex in v is partly in an attempt
to mirror existence theory when the states must belong to M. In some cases it turns
out that we can use the same extension (2.2) when the convexity condition is relaxed.
However at other times we cannot and must resort to a more complicated formula
that reflects the underlying situation. We will separate the two situations and show
when the simpler formula may be used and, in that case, the other formula actually
reduces to it.

The need for something subtler than (2.2) can be seen from the following.
Example 2. Let x, v R2 and define the matrix function R by

/ cslxlR(x) \_sin Ixl
Let

L(t,x,v) I (1- t)lvI+ otherwise.if(0,1).R(x).(vl)<__0,v2
This L is not convex in (x, v), but, is convex in v for each (t, x). Consider the

problem

minimize J(x) L( t, x( t), 2( t)) dt

subject to x(O) (0, 0) r, x(1) (0, r) r. Obviously, for any x e s, J(x) > 0. From the
form of L it would seem that we would want to delay our departure from the origin
as long as possible and hence it might be profitable to attempt to use a generalization
of the sequence {,} of Example 1. However this turns out to be prohibitively expensive
since

"(t) ( 0)nr
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is not feasible for t(1-1/n, 1-1/2n). Consider, instead, the more roundabout
sequence {,,} where

x’.(t)

4mr t-l+ -2

(2mr(1 t)),r

Then it can be verified that each , is feasible and

317r
j(;.)

16n
which implies {,} is a minimizing sequence.

The important point here is that although {g,} and {,} have the same discontinuous
limit, the cost that we want to attribute to the limit depends on how we arrive at that
limit. This is the reason why the expression (2.2) does not apply here: the term is
not capable of handling the many different ways we can jump from one point to
another. In the totally convex case it is cheapest to jump "in a straight line" following
the pattern of {g,} but this is often not so when L is only convex in v as this example
demonstrates. We must look for a more discerning extension of J.

In the latter sections of this paper, we will use the existence result obtained for
calculus of variations problems to determine when a solution exists for certain general-
ized problems in optimal control.

We will assume that the following hold throughout this paper.
General assumptions. L: T x R x R" kJ {+c} is a Lebesgue normal integrand..

This is equivalent to the epigraph of L,

epi L(t, .,.)={(x, v, a)n"": a >_- L(t, x, v)}

being closed and depending Lebesgue measurably on t, in the sense that for each
closed D c R" x" x, the set

{t T: Dfqepi L(t,.,.)

is Lebesgue measurable. Normality implies that L(t, x(t), v(t)) is Lebesgue measurable
in whenever (x(t), v(t)) is and that L(t, .,. is lower semicontinuous for each e T.
These results may be found in [12].

L( t, x,. is convex for each t, x),

1" " x" R t.J {+o} is lower semicontinuous.

DEFINITIONS. The state constraint multifunction X:T" is given by X(t)=
{x: =Iv with L(t, x, v) < oo}. Since X(t) may not be the whole space, we include problems
with constraints.

The Hamiltonian H:Tx"x-,Ll{+c} is defined by H(t,x,p)=
sup,, {p" v- L(t, x, v)}.
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The adjoint state constraint multifunction P" T x R":: R" is given by

P(t,x)=(p" H(t,x,p)<oo)=domH(t,x,.).

The recession function for L is

r" T x IR" x R"-> R U {+oo},

L(t,x, v+A)-L(t,x, v)
r(t,x, s)= lim

where v dom L(t, x,. ). The function r is independent of v since L(t, x,. is convex
(see [8, Thm. 8.5]). Using [8, Thin. 13.3], we can also write

r(t, x, :) sup {p. :" p c P(t, x)} sup {p. s: p ccl P(t, x)}.

If r(t, x, )= r(t, x2, ) for all Xl, x2 X(t) then we can define (t, s) to be this
common value. This is the function that appears in (2.2).

A multifunction S" T :: " is upper semicontinuous if whenever K is a compact
subset of R", the set { T: K f3 S(t) # } is closed.

A multifunction S" T =t R" is lower semicontinuous if the set { T: U f3 S(t) # }
is open relative to T for every open U c ".

A multifunction S" T := " is fully lower semicontinuous if S is lower semicon-
tinuous and one has Xo cl S(r) whenever there are neighbourhoods U and V of Xo
and - such that the set {t V: S(t) U} is dense in V. (This definition is taken from
[9, p. 457].)

For the two cases, where (2.2) is valid and where it is not, we will have slightly
different sets of hypotheses. For the former, they will be labelled (A), and for the
latter, (B).

Assumptions (A).
Assumption (A1). There exists a multifunction P" T := " such that for all x

X(t), we have
cl P(t, x) P(t) for all T.

If this holds, the recession function r will be independent of x X(t), so we can
define the function such that

f(t, :)= r(t, x, :) where x is any element of X(t).

This is the function that appears in (2.2). In that case, r was independent of x
because L was totally convex, that is L(t,.,.) was convex for all t.

Assumption (A2). P is fully lower semicontinuous on T and int P(t) # for any
T. Here int D denotes the interior of the set D.
Assumption (A3). The multifunction X" T:::t" is upper semicontinuous and

X(t) is closed for each T.
Assumption (A4). For each x such that x(t) X(t) a.e. one has

IH(t, x(t),p)l <dt
V

whenever V is an open subset of T and p is a point of R" having a neighbourhood
U such that U c P(t), ’dr V.

This assumption is needed for the proof of Theorem 5 of [9], which we require.
It is used to prove the following proposition. Define for x ,

Ex={Prg:IT H(t,x(t),p(t))dt<oo}.
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PROPOSITION 1. Assume (A1), (A2) and (A4) hold. Then, ifx(t)X(t) a.e., one
has

int E, {p c: p(t)intP(t),Vt T}#.

(To simplify notation, we will call the right-hand side of the above equation, .)
Proof. Fix an x such that x(t) X(t) a.e. and let f(t,. H(t, x(t),. ). Then

f is a normal convex integrand since it is the conjugate of L(t, x(t),. (see 12]). The
required result then follows from [9, Thm. 5]. Q.E.D.

Assumption (AS). For each M >-0 and function p , there exists an integrable
function F T- R such that whenever x satisfies x(t) X(t) a.e. and x v <-- M, then

H(t,x(t),p(t))<-F(t) a.e.

Note that the following simpler, but more restrictive assumption would imply
both (A4) and (AS)"

For each M >_-0 there exists a summable function F" T- R such that

IH(t,x,p)l<-F(t)

when x X( t), p ( t), Ixl M and [pl <- M.
Assumptions B).
Assumption B 1).

0 e el P(t, x) for all (t, x).

This is equivalent to saying that r(t, x, :) _-> 0 for all (t, x, :) and it implies q(t, a, a) 0
so that the only contributions to the summation in (2.3) are from the atoms of dx, that
is, where x(t-) and x(t/) differ. Since a function of bounded variation only has
countably many atoms, the summation will be over a countable number of values.

We will need the following bounded forms of P and r. Let K > 0 and define

P: t, x) P( t, x) B:,

rr. t, x, so) sup {p : pc Pl(( t, x)}.

Of course, ri( <- r (BI( is the closed ball of radius K).
Assumption (B2). For x e X(t), int P(t, x) for any e T.
Assumption (B3). For any K, M and e all greater than zero, there exists a y: > 0

such that for all x BM, T, >_- y: and s n with 1:1 ->- 1 we have L(t, x, :)/ ->_

Assumption (B4). For any K, M > 0, x X(t), x’ X(t’) with x, x’ BM there exist
2’3 and 2’4 such that

[rc(t’, x’, )- rK(t, X, )l <- wll" It--t’]/ Ix-x’l
for all

Assumption (BS). The multifunction X:T== is upper semicontinuous and
X(t) is closed for each T.

Assumption (B6). For each x M such that x(t) X(t) we have

f lH(t, x(t), p)l dt
v

whenever V is an open subset of T and p is a point of R having a neighbourhood
U such that U c P(t, x(t)), for all V.
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Assumption (B7). For each M>_-0 and set Dc {x M: IlXllv<-M and x(t)X(t)
for all T}, if there exists a function/ c such that

/(t)int f’l P(t,x(t)),

then there exists an integrable function F, depending on M, D and/5 such that

H(t,x(t),ff(t))<=r(t) a.e.

for all x D. Assumption (B7), (or (A5) for its class of problems), is required in the
proof of Proposition 2. Notice that assumptions (A) and (B) overlap, which is not
surprising since one problem, and its proof, is a generalization of the other.

There is much correspondence between the two sets of assumptions. Assumption
(B4) says that the multifunction P(t, x) has some sort of Lipschitz property and when
combined with (B2) would imply the weaker assumptions (A2) for P. Assumptions
(B5) and (A3) are the same, whereas (B6) and (B7) are generalizations of (A4) and
(A5) respectively. Apart from (B1) whose inclusion has already been explained the
only assumption in (B) that is not in (A) is (B3). This is some sort of uniformity
condition on the Lagrangian. We know, because of convexity, that for fixed (t, x) the
Lagrangian will, for large v, essentially behave like its recession function, but in the
proof of the theorem we need to ensure this property, not only for a fixed (t, x), but
for a whole range of them.

If assumptions (A) are satisfied, which imply the recession function is independent
of x, then we will use the functional I as expressed in (2.2). However if the recession
function is not independent of x for our problem, then we must resort to the functional
q defined in the following manner.

Let x and

dx( t) ( t) dt + s( t) dOs( t) + ,( t) dOa( t)

where sos(t)dOs(t) represents the smooth or nonatomic singular part of dx(t) and
a(t) dOa(t) represents the atomic singular part. Then, for the general problem where
the adjoint state constraint P(t, x), and hence the recession function r, can depend on
x we will take for the extended functional the following

(2.3)
(x) l(x(to), X(tl)) + I L(t, x(t), :(t)) dt

T

+ I r(t, x(t), ses(t)) dOs(t)+ E q(t, x(t-), x(t+))
T tT

where x and

(2.4) q(t, a, b)= inf r(t, y(s), p(s)) ds" y(O)= a, y(1)= b

It can be shown [5, Prop. 11.2] that reduces to the functional I in (2.2), when
r is independent of x X(t), and it is obviously equivalent to J of (2.1) when x belongs
to M. The problem associated with (2.3) is

(2.5) min q(x).
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To show that we can find an optimal solution for the problems (2.2) and (2.5),
we will prove that under certain conditions the level sets

{x 3" I(x) <= or},
(2.6)

{x " (x) <=a }

where a , are compact in an appropriate topology. The topology that we will be
using is the weak* topology on . A neighbourhood of g in this topology is by
definition any subset of which contains a set of the form

V(g, F, $)={x " lg(to)-X(to)l+ f p(t)[d(t)-dx(t)] <$,pF}
T

where/5 > 0 and F is a finite subset of
This topology is based on the pairing

(x,(a,p))=x(t0).a+I p(t) dx(t)
T

between and "x c. The latter is a Banach space under the norm [[(a, p)ll
max {lal, pll) and in this way can be identified with the dual Banach space (n x

Notation. If is the limit of the generalized sequence x in the weak* topology
on , we shall write it as x x.

Theorem 1 will be the basis for our general existence theorem. It shows that the
functional is weak* lower semicontinuous over sets that are bounded by the norm

I1 . We will later place other conditions on the problem which ensure that the level
sets (2.6) are bounded with this norm. Then the level sets will be compact so that a
minimum will exist, if the problem is feasible.

Theorem 1A provides the same sort ofresults for the functional I and problem (2.2).
DEFINITIONS. Let M_-> 0. Then define

dPM(X l(x(to), x(t,)) + f L(t, x(t), :(t)) dt
T

+ I r(t, x(t), srs(t)) dOs(t) + QM(x)
T

where

QM(x) inf inf r(t,, y(s) (s)) ds" y(O)=
{mi} t T Y

where the {t} consist of the atoms of dx and, m,= M-[,X(to),+ I ,(t), dt+ fr ](t), dO(t)]
where mi => 0 for all i. The first infimum in the definition of Q(x) is over all such
{m,}. Notice that if Ilxllv> M then Q(x) and hence (x) are positively infinite.

THEOREM 1. Let assumptions (B) hold. Also assume there exist constants yl, "}’2
such that L( t, x, v)>--lxl/ Then for all real numbers a and M, the set

(2.7) S,. {x " M(x) <- a}

is compact in the weak* topology of
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THEOREM 1A. Let assumptions (A) hold. Thenfor all real numbers a and M, the set

S,,M {x " I(x) <-- a, Ilxll <- M}

is compact in the weak* topology of.
We will suffice ourselves here in proving Theorem 1. The proof of Theorem 1A

(see [5]) follows similar, but simpler steps which we will later outline.
It will turn out useful to have an alternate form of M- This involves "fitting

together" the various pieces of x and the y to form a new state vector which is
absolutely continuous. This follows the approach used by Rishel in [5] to obtain
necessary conditions. We will now construct this alternate form.

Fix a 0 t. Define the function " T- R by

(2.8)
(to) to,

d/(’) dt + dO(t) for to < 7- -<_ tl.
to,] to,’]

Let r/o (to) to and r/ (q).
Define the multifunction O by

O(to) [(to), (tg-)],
O(t)=[(t-), (t)] for to< -< t.

Since is strictly increasing, the inverse multifunction of O is actually a function,
which we shall call sr

We also have for r/, < r/s

o_-< C(n)- (n)_-< n n.
So " is absolutely continuous and

Define h" r/o, 1] "-> R by

dh rl l -- rl ).

Then if t T and /is such that t= (), we have

(2.9) ’() r/o+
o o

From (2.8), (2.9) and the definition of , we deduce that (d/d)(){O, 1}, and
likewise h(), [o,]. If tT corresponds to an 6[o,] via , and
d()/d 0, then belongs to the suppo of 0 almost always.

Now suppose that we are given an x with

dx( t) ( t) dt + ( t) dO(t), 0 J//.

Although the choice of 0 is not unique, we can choose a suitable one relative to x and
fix it. This then determines a " and h.
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(2.10)

DEFINITION.

Mo(x) { M[r/o, r/l]" (r/o)=X(to),(r/1)=x(h) and (r/) x(’(r/))

a.e. when h (r/) 0}.

Let us consider the following functional for Mo(x)

bo(Y,x)=l(Y(r/o),Y(r/1))+ L sr(r/),Y(r/),-j---_ (r/) (1-h(r/)) dr/

+ r r(r/), :(r/),-- (r/) h(r/) dr/.

This can be rewritten as

apo(, x) l(x(to), x(h)) + f L(t, x(t), 2(t)) dt
T

+ r r(r/),;(r/),-i/-r/(r/) h(r/) dr/.

DEFINITION.

Using this definition and the positive homogeneity of r(t, x,. ), we find that

M(x)= inf Cbo(,x)

(2.11) =l(x(to),X(h))+ f L(t,x(t)(t)) dt
dT

+ inf r (n),Y(n),-v-(n) h(n)
eMMo(X) no

From the above we see that the choice of 0 has no real effect on the value of
provided of course

dx( t) ( t) dt + ( t) dO(t).

So the size of [r/o, r/l] can be chosen for any purpose we have in mind, subject to the
constraint [to, tl] Jr/o, r/l]. The formula in (2.11) is the alternate form for M.

PROPOSITION 2. Let assumption (B7) hold. Let M >= 0 and D c {x M" Ilxll,,-<-M
and x( t) X( t) for all T}. For each let (t) {x(t)" x D}. If there exists a p
such that p(t) int P(t) =- int (qye(,) P(t, y) then H(t, ., p(t)) is upper semicontinuous
on ( t).

Proof. Write Lo -H and Ko(t, x, p, v) L(t, x, v) pv. Then Lo(t, x, p)
inf Ko(t, x, p, v) where Ko(t,., .,. is lower semicontinuous. Using the equivalence
theorem of 11 it suffices to show that for fixed e T, c e N and N >= 0 the set

s={v" xe(t) with Ixl<-N and L(t,x, v)-pv<-a}

is bounded.
Since p(t) c int P(t), :! > 0 and p int P(t), 1,. , k such that

p(t) + B c co {Pl,""", Pk} int P(t).
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By (B7), :lFi such that

H(t, x, p,) -_< F,(t), 1,..., k, Vx 9(t).

By the convexity of H(t, x, p) in p, we have

H(t, x,/) _-< F(t) max F,(t) V/ p(t) + B, Vx 9(t).
i=l,...,k

v-L(t,x, v)<_-F(t) Vp(t)+Ba.

Then on @(t),

Hence

L(t, x, v) _>- sup {/v F(t)} p(t)v + (lvl- F(t).
p(t)+B8

Therefore on @(t)

a>=L(t,x, v)-p(t)v>-_p(t)v+lvl-F(t)-p(t)v=lvl-F(t)

lvl__<

and S is bounded. Q.E.D.
PROPOSITION 3. Let assumptions (BS) and (B7) hold. Define

,(x, p): I H(t’ x(t), p(t)) dt

where S is a compact subset of T. Suppose (S), x--> uniformly on S and

x < X(t),tS}.{ b_- {x (s)
Let p q(S). Ifp is such that =! e > 0 and k with

p( t) + B c P( t, x( t))

lim sup g,(x,

Proof Using Proposition 2 and Fatou’s lemma, we have

lim sup O(x,/) <---- I lim sup H(t, x(t), fi(t)) dt
S j-->

then

_-< H( t, g(t),/(t)) dt 0(, if). Q.E.D.
s

3. Proof of Theorem 1. Fix a and M > 0. To avoid the trivial, we will assume
that S,M is nonempty.

Since S,M c {x 3: x v -< M} and this last set is bounded in the strong topology,
to show weak* compactness we only need to show that S,M is closed in the weak*
topology. This task is made simpler by realizing that the boundedness of S,4 causes
it to be metrizable so it suffices to look at sequences to prove the weak* closure of S,M.

W*Let {xj}j=l C S, and x -> , where 2 3. By [4, Thm. 33, p. 291 ], : v :< Mo Let

dx( t) ( t) dt + ( t) dOj( t),
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and

dg( t) ( t) dt + ( t) dO(t).

Choose the 0j and 0 so that the corresponding reparametrizations in the alternate form
of M, (2.11), have the same endpoints rio and ri1. Since each of the 0j and 0 has
support whose Lebesgue measure is zero in T, then for any 8 > 0 we can find a relatively
open set A c T such that

re(A)<6 and A (_J supp{O}supp{O}
j=l

where supp {0} the support set of 0 and m is the Lebesgue measure.
Our mode of attack will be to show, separately, that on T\A and A, M is

approximately weak* lower semicontinuous with respect to this sequence. As we make
A smaller, the approximation improves until we obtain the required results.

Firstly, we will investigate the behaviour of @M on a set similar to A. Fix e > 0.
For each j, choose an ; oj(xj) such that

(3.1) IM(x) -(;)1 < e

where )()= 0j(, xj) (see (2.10)).
Although each of the are absolutely continuous, it may happen that as j c

they will approach a function that is not absolutely continuous, which is exactly the
type of behaviour we are trying to model. To see how this limit behaves, we will
reparametrize the problem yet again so that the derivatives involved are bounded and
the limit functions will be absolutely continuous. In this endeavour, we will follow the
approach of Warga 16].

For each j, define

&(ri)=max 1,-d-ri (ri),...,---ri(ri)
Because each of the Yi, i= 1,..., n are integrable over [rio, ri1], & is integrable for
each j. For each j, define

a(ri) rio+ &(s) ds.

Since &(ri)>-1 for all ri e [rio, ri1], Oj is strictly increasing. As a is also continuous,
it has an inverse o and

where

o() o+ (s)
’0

1
0--<_/3(z)_--<----< 1

p(o())-
and ro rio, r, aj(ri1) <-- M + (ri1 riO) 7"1" Let

x(-) (,o(-)).
Then for i=l,...,n

0<=
dji dji dji
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Let

() ’(,o()),
where ’j corresponds to the metatime for xj (see (2.9) and its derivation).

Then

0-< --r (r) =- (0(r))/3(r) =</3(r) -< 1.

Since d/dqe{O, 1}, we also have (dz/d7.)(7.)e{O, flj(7.)}. To ease the burden of
notation, let us denote "d/dT." by ’"". So, for example dz)/dT, is replaced by z(7.).

Although the triple (z), X), w)) is defined on the interval [7.0, aj(r/1)], we can extend
it to [7.0, 7.1] by defining

((), x(), () (((n,)), x((n,)), ((,))
(tl, ;(r/,), TI when 7" (aj(Tl), 7.1].

By the Arzela-Ascoli theorem, the sequence {(z, X, to)}jl has a subsequence,
which we shall again label in the same manner, that converges uniformly on [7.0, 7.1]
to a triple (, 2, a3) 5,+2[ 7.0, 7.] that has the same bounds on its derivatives.

Our objective functional in the r/variable was

O())=l()(r/o),)(r/1))+ L ’)(r/),j(r/),--(r/) --(

Transforming the problem into the 7. variable, we obtain

(z, x, ,o)= (x(o), x(,))

)

Let

Then

and

Define

+ L z(7.), X(7.),/3(7.) Xj(7")
/3j(7.)

zj(7.)

+ r zj(7.), Xj(7"),/3j(7.) Xj(7") 1 -/3j(7.) zj(7.) /3j(7.)

g)(7.) {01 when z(7.) O,
otherwise.

g() z()/()

l(xj(7.o), X)(7.1)) + L z)(7.), Xj(
1 )() x() g()()

+ r(z(7.), X(7"), X(7"))( 1 g(7")) ]
D={7.:g(7.)=O} and Do {7. D: /3(7.) O}
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where 03’(r)= fl(r) and

(r) {01 when ’(’) 0,
otherwise.

Since 03 is nondecreasing on [to, rl], there exist a countable number of distinct
intervals Di, 1, 2,. such that m(Do\ i1Di) =0. As toj - 03 uniformly on [’o,
for every e’> 0 ::lk such that ’j_-> k

(3.2) I%(r) 03(r) < e’.

There also exists an integer such that, for some g’, m(U i=1 Di) >= m(Do) g’ and on
each of the Di we will have, using (3.2)

dr

Therefore, for j-> k

j>=k.

I/3j(r)[ dr (r) d’r < g’ + 2fie’.
Do Do

Fixing g’ and hence a, we can make e’ as small as we like and show that

lim Ifl(z)l dr < g’.
j-eo DO

As g’ is arbitrary, we see that

L1
/3-----/3 onDo.

So there is a subsequence which we shall still call {/3}=1 such that

fl(r)o/3(r) a.e. on Do.
By Egorov’s theorem,

/3-/3 almost uniformly on Do.

Similarly gj g almost uniformly on D\Do (or more precisely, a subsequence of
so for any e’> O, 6’> O, ::ik (since the particular value of k is of no interest to us we
will not worry that the same symbol k appears above) and a De, such that /j >-k

/3(r)<8’ or g(r)=O

m(D\D,)<e’.

on

Hence for j-> k, we have by the above and the assumption on L in the statement of
the theorem, that the functional @ evaluated over D is,

(3.3)
>--

+ r(z(r), X(r), Xj(r))(1- g(r))] dz+(yz-y,M)e’

where we have assumed, to simplify the expression, that to, ’1J D so that does not
appear.
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Choosing a K and e", we obtain a YK" from assumption (B3) such that

rK Zj, Xj, IXI) e"

whenever r,... which occurs for j => k on D, if

We can rewrite (3.4) as,

when IxSI on D,. Therefore (4.3) gives

)ID >= f [rK(z)(r), Xj(r), X(’))gj(r)
D

+ r(z(r), X(r), X(’))(1 gj(’))] dr

-JI- tt( ’)t2 "Yl M)m(D,) e"M KS’TK,,rn(D,) + Y2- 3/1M)e’

(where the second last term appears because when Ixjl < we have rK <- KIXjI <
K6’yK,,. For ease of notation, let the last line of the above inequality be denoted by ,).

>= f rK(Z(’), Xj(’), Xj(’) dr+ v.
D

Now X is a closed, upper semicontinuous multifunction by assumption (B5), so
(-) e X((-)) because (z,xg) converges uniformly to (, ), and Xj(’)X(z(’)). By
assumption (B4), for any e’"> 0, :lk such that Vj-> k,

(3.5) g]o >- f rK((r),(r),Xj(r)) d’r-e"’M(y3-I-y4)-F P.
dD

By the properties of the Xj and Xj and Theorem 3.1 of [1] we see that X converges
weakly to ,’. So by Mazur’s theorem [1, Thm. 3.2] there exists a sequence of convex
combinations of the Xj that converges almost everywhere to ,’, that is

where ,., i= ij

lemma

/(j)

Z iij.ts(j)+i("l’) "-> 2t(
i=1

aoe.

1, A0->_0 and s(j)+ k(j)<s(j+ 1)+ 1. Therefore, by (3.5) and Fatou’s

/(j)

lirri inf Y /ij)s(j)+ilD
i=1

/(j)
-> liminf Z AOrK((r),$(’),XO)+(’)) d’-e m(’)’3+y4)+ z,

D

-> liminf rK (r), ,(r), 2 AoX’so)+i(r) dr
D

-e’"M(T3-t- T4)-t- t’ (since rK(t,x, ") is convex)

>-- rK(e(r),,(r), ’(r)) dr
dD

e’"M(T3+ y4)+ u (since rK(t, X," is lower semicontinuous).
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Therefore

liminfcJl--> fo rK(5(7.),g(r),’(r)) d7.-e’"M(’Y3+’Y4)+ v.
e’

Let g > 0. Then for our fixed K and e’ such that

we can choose, in order,

-(72 71M) e’ <
5

e’"M(T3 + y4) <,

Ka’TK,,m(D,) <-,
3’(’y2- "y,M)m(D,) <-.

5

Hence,

lim.inf )jID f rK (5(r), (7.), ’(r)) dr g.

Since K and e’ were arbitrary,

lim inf (zJ’ afl)lD fD r((z), (z), 2’(z)) dz- g

Therefore,

(3.6) lim inf (z, X, ofl)[D - (i)( 5, /,

Let us define an x* such that

D.

Then x* (or more precisely, its equivalence class) belongs to . What we wish to show
is that x* and are equivalent and that from , we can construct an ; MM() so
that (3.6) implies a corresponding result for the (xj) and (g). Firstly let us show
the equivalence of x* and g. The function 5 represents the original time variable t. We
want to show that x*(5(7.))= g(5(7.)) for almost all 7. D since the times z(7.), 7" D,
correspond to the singular part of dx*.

Fix e>0; then there exists an open set A c T with m(A)<e such that A
Uj(X3= zj(Dj) J 5(D) where Dj {7.: z(7.) 0}. Since (zj, ,,j)’--) (5, 2) uniformly, for every
( > 0 :lk such that for j _>- k

and [Xj(7.)-(7.)I< YT..

But on T\A, 5-1 and zj-1, j 1, 2,’’" exist since we have 5’(7.)= 1 when 5(7.) T\A
and z(7.)= 1 when zj(7.) T\A. We will then have for j_-> k and T\A

(3.7) Iz-’(t) 5-’(t)l < &



428 J.M. MURRAY

Since , is uniformly continuous, given e’> 0, we can choose the above 6 sufficiently
small such that

(3.8) I(zfl(t))-,(g-l(t))l < e ’, t T\A.

Therefore given e’>0 and a sufficiently small so that (3.7) and (3.8) are satisfied,
there will exist a k such that for j => k and a.a. T\A

In other words xj(t) x*(t) a.e. on T\A. Since A can be made arbitrarily small, we
have that x)(t) - x*(t) a.e. on T. But x)(t) - g(t) a.e. so :(t) x*(t) a.e. and they
belong to the same equivalence class.

Now we can use , to construct an A4(). It may have happened that over
some interval [a,/3] in D that ,(c)= $(/3). If this is the case, we can remove that
portion of $ and replace it with $-,(a) a constant value on [a,/3] and make the
corresponding objective functional no worse, and possibly better since on D the
integrand is r and r(, ,, 0) 0. This is equivalent to removing that portion of to, rl]
that corresponds to [a,/3] and joining up the endpoints $(a) and ,(/3). So suppose
we have gone through this last procedure and we can find no subinterval of D that
has equal , endpoints.

From g we can generate a function which effectively produces a new time
variable r/. For every subinterval Di= [ril, r2] of D we can produce a corresponding
interval aS(Di). Each D also corresponds to a time (Di) in T. An AM(x) that
will suffice is one that on the r/ interval ui [((D)-), ((Di)+)] has

m(D)
(rt)=$ rT+ (rt-q((D)-))

where q is given by (2.8) for a ff such that

dg( t) ( t) at + ,( t)do( t).

m(ui) will not be zero in the above because we have removed all subintervals [a, fl]
of D where )(a) (fl). The rest of is given uniquely by g and hence ,. The positive
homogeneity of r and the fact that the recession function of r is r will ensure that

Then (3.6) and the above imply

lim inf ((j)[a(D)-->-- ()](D).

As before, for any g>0 we can find a set A=(D) such that m(A)<g. By the
assumption on L in the statement of the Theorem,

L( t, xj( t), j( t)) dt >- g( y2- ylM).

If the following holds:

(3.9) L( t, ( t), ( t)) dt < c,
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then using (3.1) and the above, we find

lim inf ((Xj)la lim inf e + (2-- ylM)

>--__ (I)())[A E - /( ’)/2-- vIM) I L( t, ( t), ( t)) dt.
A

So if (3.9) holds, then for any e’> 0 we can find an A containing the singular parts
of dg and the dxj, j 1, 2,... such that

(3.10) lim inf ((Xj)IA (()[A-- 8’.

To finish the proof, we need to display similar behaviour on T\A, and to verify
(3.9).

Suppose (3.9) does not hold. Then we can replace it in the following with some
arbitrarily large number. Then for some comparable number N, we can use the lower
bound assumed on L in the statement of the theorem to show that

lim inf (xj)IT\A >- N

in contradiction to {x}=l c S,M. So we can assume that (3.9) does hold.
Let be an arbitrary element of {xj}l t.J {}. On T\A, is absolutely continuous.

Define

(t)=P(t,(t)) Vte T\A.

Using [9, Thm. 5], we can write (where we have omitted the term for convenience.
Its lower semicontinuity ensures the corresponding results apply when it is included)

(I)()1T\A I L( t, ( t), ( t)) dt
T\A

(3.11) =sup{/ p(t)(t)dt-f H(t,(t),p(t))dt}
p T\A T\A

sup (, PllT\A
p

where
g,; {p c. p(t) 6 int (t), V T\A}.

In light of (3.11) and the lower bound on L(., .,.) for Ix[<= M, we can find a

such that

[(I)()[T\A ((,  )IT AI <
Suppose xj uniformly on T\A (this need not be the case, but we will show later
that it is approximately true). By assumption (B4)

PK t, x’) C PK t, x) + Bv41x_x,I.

For K sufficiently large,

/(t) int PK( t, Y,( t)) Vt T\A.

So =16 > 0 such that

/(t)+ Bg= int PK(t, .(t)) Vt T\A.
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Since xj- uniformly on T\A, there exists a k such that Vj-> k

[xj(t)- g(t)l<--_-y
4

Vt T\A.

Hence for j>= k, .(t)+ Bg/4 P(t, xj(t)). By Proposition 3

lim inf c(xj, P)IT\A > (’,

But

That is,

(3.12)

lim inf (I)(xj)l .\A >_-lim inf (b(xj, )IT\A ((’, P)I’\A >-

lim inf (P(X))[T\A >- (P()IT\A-- e

which is analogous to (3.10). However, in the above, we assumed that xj ---) uniformly
on T\A. In general this is not implied by sequential weak* convergence, but we may
do the following.

As we stated earlier, there exists a subsequence which we shall also call {x)} such
that

x( t)- g( t) a.e.

By Egorov’s theorem, for given > 0, there exists a relatively open set Vc T\A such
that m(V) < t? and

xj uniformly on T\A)\ V.

By choosing t? sufficiently small we have for e’> 0

()lv < e’ and

These become negligible for small enough g, and we are left with xj - uniformly on
(T\A)\ V, where we apply the previous reasoning. Thus (3.12) holds.

Combining (3.12) and (3.10) and realizing that e is arbitrary, we obtain

lim inf (xj) => (g)

and the proof of Theorem 1 is complete. Q.E.D.
Remark. If we let xj for all j and we choose a minimizing sequence of , (see

(3.1)), we find that the above proof implies that the infimum in (2.11), and hence the
infima in the definition of 4, are attained.

Let a function g T x " x" {+o} be such that g(t, x, is nonnegative,
convex, positively homogeneous and lower semicontinuous for all (t, x). Then we can
define the set

G(t, x) {st: ’. sc <= g(t, x, s:) for all s

and following the guidance of r and Pm we can also define gtc and G.
Let us define the functional g on by

(g(X) l(x(to), x(t,)) + f L(t, x(t), 2(t)) dt
.IT

+f g(t,x(t), s(t)) dOs(t)+ , qg(t,x(t-),x(t+))
.IT tT
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where

q,(t,a,b)=inf g(t,y(s),fi(s))ds’y(O)=a,y(1)=bandyesg[O, 1]

We can also define M analogously to M.
COROLLARY 1. Let g have the properties stated above and let the assumptions of

eorem 1 be met but with g in place of r in assumption (B4). If g r then

Z, {x : g, }

is compact in the weak* topology on .
Proof This follows by making the appropriate substitutions in the proof of

Theorem 1. Q.E.D.
What happens if we define a functional @g as above but where g(t, x, ) > r(t, x, )

for some (t, x, ) ? If this were the case, we could not be ceain that an optimal solution
exists, for it may happen that if {x} = and x -w*g with g k, then

lim g(Xj) () < g().

So Theorem 1 and Corollary 1 show that the functional @ with its terms containing
the recession function for L gives an upper-limit on the well defined extensions of the
original functional over .

Outline of proof of eorem 1A. The major simplifying factor in the proof of
Theorem 1A is that the "straight line" is the cheapest way to go between two points
although this fact is more of an outcome of the theorem rather than the basis for its
proof. Not only does this simplify the form of the functional, but in the proof, one
does not have to divide the interval into two components A and TA, one only has
to follow the argument on the TA section. Then, the fact that the adjoint state
constraint multifunction P is independent of x simplifies the process even fuher in
as much as Propositions 1 and 2 become easier and the set is the same for all .
The details of this argument can be found in [5].

4. An existence theorem for calculus of variations. To obtain an existence theorem,
we need to place conditions on the problem so that

{x:I(x)a} and {x:(x)a}

will be compact in the weak* topology.
Assumptions (G).
Assumption (G1). There exists a function which is continuously differentiable

on T constants y and y with y nonnegative, and a 6 > 0 with 6 IIPlI such that
for all (t, x)

H(t, x, p) ya[x -(t)x y when [p -(t) 6.

Notice that assumptions (B1), (B2) and the assumption in the statement ofTheorem
1 are implied by (G1).

Assumption (G2). For the function ff above, the following holds for all a, b in R"

where p 0 and k: [0, ) - R U {+} is a nondecreasing function such that

k(s)
lim +.
s+ S
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Assumption (G3). The parameters 6, p and yl in assumptions (G1) and (G2) can
be chosen such that 6-p- 71 is greater than zero.

THEOREM 2. Let assumptions (G) hold. Then for each a R, there exists an M > 0
such that

{Y o(X)" x g and o(, x)<- a}c { o(X)" x g and IIllv M}.

Using this result we can replace @M with in (2.7) and thereby obtain an existence
theorem for the extended calculus of variations problem.

Proof Because L(t, x,.) is convex and lowersemicontinuous, the inequality in
(G1) is equivalent to

L(t, x, v) sup {pv H(t, x, p)}

=sup {(p +( t))v H( t, x, p +/(t))}

>=( t)1 + 811 T, Ix] + iO( t)x + T2.

Fix a R and choose an x and an Y SCo(X) such that o(Y, x) -<_ a where
is defined in (2.10)

By the definition of k there exists a A E such that for s _-> 0

k(s)- (l o(no)l / --> A.
Hence

a-A -T2T>=(6-P-T1)
"rl
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By (G3), 6-p- Yl is positive and we can choose our M in the theorem to be

a-A-TET Q.E.D.
6-p-y1

Combining Theorems 1 and 2, we obtain the following existence theorem.
THEOREM 3. Let assumptions (B) and (G) hold. Then for each a , the level sets

S={xe’(x)<-_a}

are compact in the weak* topology. In particular, an optimal solution exists for problem
(2.5) if there is a feasible solution.

Remark Theorem 2 and the remark following the proof of Theorem 1 imply that
under the above conditions the infima in the definition of q are attained so that we
can replace inf with mAn. Applying similar reasoning to Theorem 1A, we obtain

THEOREM 3A. Let assumptions (A) and (G) hold. Thenfor each a e N, the level sets

S {x e " I(x) <- a}

are compact in the weak* topology. In particular, an optimal solution exists for problem
(2.2) if there is a feasible solution.

Remark As far as Theorem 3A is concerned, one can make do with a weaker
version of assumption (G). For example we only need/5 e sg and it is not necessary
that p [[ -< 6.

Although the optimal solution will, in general, not be absolutely continuous, there
are cases when it is. The most obvious of these is when the recession function is trivial.

COROLLARY 2. Let assumptions (A) and (G) hold, and

g(t, so) { 0 /fsc= 0,
+c otherwise.

If problem (2.2) is feasible, then an optimal solution will exist and will belong
to M.

Note. The condition in the above corollary is equivalent to

H(t,x,p)<ocYp, or P(t,x)=-R.
An example of a class of problems that has an optimal solution belonging to M

although other optimal solutions will exist that belong to \M, is contained in the
following corollary to Theorem 3.

COROLLARY 3. Let assumptions (B) and (G) hold. Also assume that L is parametric,
in other words, that L is independent of and L(x, h2) hL(x, 2) for h >-O. Ifproblem
(2.4) is feasible, then an optimal solution that belongs to M will exist.

Proof. If (x, 2) dom L then (x, 0) dom L’and
L(x, ,)

r(x, :) lim L(x, s).

Because of this, assumption (B3) will automatically be satisfied and

(x) =ao()min /((r/o),(r/1))+
no

L (n),--n (n) (l-h(n))

+ r (n)’)--n (v) h(n) dn

mAn /((no),(n,))+ (n),-z-(n)
eSCo(x) no



Since an optimal solution ff of (2.5) exists if the problem is feasible, we can find an
() that achieves the minimum in the above. Reparametrizing :, we can find an

such that

p() l((to), (ta)) + f L((t), (t)) dt
T

and so is optimal. Q.E.D.
Example 3. Consider the model of a fishery with irreversible investment (see [3]).

Its description is as follows

minimize= e-[rI(t)+ cE(t)-pqE(t)x(t)] dt

subject to

(t): F(x(t))-qE(t)x(t), x(0) Xo,

I t) I(t) yK t), K (0) Ko,

and

O<=E(t)<-K(t), O<-I(t), O<-x(t)

where

x(t) fish population biomass at time

K (t) capital at time

E (t) fishing effort at time

I(t) investment rate at time

F(. )= natural growth function of the biomass

7r price of capital

c operating cost per unit effort

p price of landed fish

q catchability coefficient

6 instantaneous rate of discount

y rate of depreciation.

The above problem is not a simple one to solve for several reasons. It is over an infinite
interval, it has mixed control and state constraints (0 _-< E =< K) and it allows unbounded
investment rate without the objective function penalizing it via a growth condition, as
would be necessary to apply the usual existence theorems. In fact, the optimal solution,
as calculated in [3] can have jumps in K, brought about by an infinite investment rate.
So attempting to minimize J over will be a fruitless search. If we were to replace
the infinite time interval with a finite one, we could analyse the problem via one of
our extended problems. In that case, what would be the extended functional? The next
section deals with transforming control problems to calculus of variations problems
but in this case we can do it more directly.
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Replace I with/ + yK and E with (F(x) 2)/qx. Then the corresponding calculus
of variations problem is

minimize J= e-st 7r(K(t)+ yK(t))+ qx(t)- p (F(x(t))- (t))] dt

subject to x(0)= Xo, K(0)= K0

F(x)-2
O<__<__K, O<-x, O<_ IiL

qx

Let y=(x,K), v=(2,/)r; then the Lagrangian is convex in v for each (t,y)
and the recession function is independent of y and has the form

-’r2 if (,, 2) T with , 0, 2 >- 0,
(t, ) + otherwise.

Extending the problem to then leads to

minimize.i= e-t -(/,(t)+ yK(t))+ qx(t)- p (F(x(t))-2(

+ e-’( dO(

where

dK (t) I t) at + 2( t) dO(t), x(O) Xo,

K(0) Ko,

F(x)-
0=<-<_ K, 0<_-x, 0/, 02.

qx

t))] dt

This is essentially the extension of J to arcs in 3 that is used in [3].

5. An existence theorem for optimal control. Many optimal control problems can
be stated in the following compact form

(5.1) minimize(x,u)=l(x(to),X(tl))+ K(t,x(t),2(t),u(t))dt
T

over allxsanduL where

K: T x R" x R" x R" --, R U {+oo}.

We will assume that K is a Lebesgue normal integrand and K (t, x,.,. is convex for
each (t, x); will have the same properties as it did for the calculus ofvariations problem.

To see how the problem (5.1) and the corresponding assumptions relate to an
optimal control problem in the usual form, we refer the reader to [10].

We can convert (5.1) to a calculus of variations problem, by defining

(5.2) L(t, x, v)=inf K(t, x, v, u).

The convexity of K (t, x, .,. ensures the convexity of L(t, x, ). If K satisfies assump-
tion (U1) below, we will then have a problem with the same form as (2.1).
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We wish to extend the functional in (5.1) so that it can evaluate any x . Let
be the recession function of K, that is

F(t,x, ,/x)= lim K(t, x, v+A, u+Alz)-K(t,x, v, u)
where (x, v, u) e dom K(t,., .,. ).

Our extension of (5.1) is then

minimize (x, v)= l(x(to),X(t))+ [ K(t,x(t),(t), u(t)) dt
T

(5.3) + f (t, x(t), Cs(t), (t)) dO(t)
T

+ Z (t, x(t-), x(t+))
tT

where

t(t, a, b)=inf F(t, y(s), (s), z(s)) ds" y(O)= a, y(1)= b,

y sg[0, 1] and z e L[0, 1]}
and x , u ,, and

dx( t) ( t) dt + ( t) dO( t) + ( t) dOa( t),

d,( t) u( t) dt + z( t) dO( t) + z.( t) dO.( t)

where, as before, the subscripts s and a denote, respectively, the smooth (nonatomic)
and atomic parts of the singular measure. Let us also define

(5.4) r( t, x,

Assumption (U1) (inf-boundedness). For each fixed T, re and bounded set
DnXn, the set {u [n: (x, v)D with K(t,x, v, u)<=a} is bounded.

Under this assumption L(t, .,. is lower semicontinuous and the r in (5.4) is the
recession function for L (see [5]). In the following theorem, the assumptions on L
and r apply to those functions as obtained above.

THEOREM 4. Let assumptions (B), (G) and (U1) hold. Then ifproblem (5.3) has
a feasible solution, it has an optimal solution.

Proof. This result is shown by first proving that the problems (5.3) and (2.5) are
in some sense equivalent, by a modified version of the Equivalence Theorem of [11].
Then we may use Theorem 3. Q.E.D.

Thus we can obtain existence results for the extended optimal control problem
of (5.3), as well as the simpler versions that correspond to the calculus of variation
problems in Corollaries 2 and 3, and those modified problems satisfying the conditions
of Corollary 1.

As is true for the calculus of variations problem, the analogue of the functional
I for optimal control has a much simpler form than (5.3).

Before we introduce this extension, we need to make the following definitions
and assumptions. Define the multifunction X" T =, " by

X(t)={x: :l(v, u) with K(t,x, v, u) <}.
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Using (5.2), we can re-express this as

X(t) (x" :Iv with L(t, x, v) <}

which is the same as our earlier X. Define

H(t, x, p, w) sup {p" v + w" u K (t, x, v, u)}.

Let

(t, x) dom (t, x, .,. {(p, w)"/(t, x, p, w) < }.

The following will imply assumption (A1), so that the recession function for the control
problem will be independent of x.

Assumption (U2). There exists a multifunction F" T R" such that for all x X(t)

cl F(t, x) F(t) for all T.

We can define the recession function " by(t, :,/z) sup {p" + w./z" (p, w) F(t)}.

Assumption (U2). The extension of the functional in (2.2) to optimal control
problems is then given by,

(5.5)
minimize (x, v) l(x(to), X(tl)) + K(t, x(t), (t), u(t)) dt

T

+ f ’(t, (t), tx(t)) dO(t)
T

where x , v . and

dx( t) Yc( t) dt + ( t) dO(t),

dr(t) u( t) dt + tx( t) dO(t)

and 0.
Finally, we have the analogue of Theorem 4 for the simpler case.
THEOREM 4A. Let assumptions (A), (G), (U1) and (U2) hold. Then if problem

(5.5) has a feasible solution, it has an optimal solution.

6. Discussion. One of the purposes in developing these existence theorems was
to give foundation to the functionals , I and and being valid extensions of the
functionals J and which only cover cases where x . We are not implying that
they are the only extensions to problems where the states can jump and the controls
can exhibit impulsive behaviour, but from Corollary 1 and the resulting discussion we
can say with some justification that they form "upper bounds" for such extensions. If
we look at it from an economic viewpoint, this should not be surprising. Thinking of
the L and g terms of Corollary 1 as two producers, the difference being that the second
producer g, can supply any amount of product instantaneously whereas the first needs
some amount of time to do so, if g charges more than the limit that L charges when
the period over which it supplies the product goes to zero, we would buy the product
from L. But this limit of L is none other than the recession function r. So g must
charge less than this limit to sell its goods, that is, for there to be any instantaneous
change in the product x, we must have g less than or equal to r.

In many problems that one encounters in the economic literature where the states
are allowed to have jumps, the term involving the nonatomic singular part of dx is
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absent. However it is not difficult to construct a sequence of functions that are absolutely
continuous and where the limit of the sequence is a continuous function of bounded
variation with a nontrivial singular term. Therefore, such problems may not be well
defined.

Acknowledgment. The author is deeply grateful to Professor R. T. Rockafellar for
his guidance and assistance.
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Abstract. Consider the problem of maximizing a functional which depends on a control function k and
on the solution of an elliptic variational inequality with k appearing in the data. The variational problem
for k is nondifferentiable and nonconvex. We obtain necessary conditions on a maximizer k and then use
them to determine the structure of k in some cases.
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Introduction. Consider an elliptic variational inequality with control k appearing
either as an inhomogeneous term on the right-hand side or in the boundary data.
Denote the corresponding solution by u and consider the functional

(0.1) J(k)= f F(x, u) dx + f a,(k).

We are interested in studying the solutions ko of the optimization problem

(0.2) J(ko) max J(k), ko M,
kM

where M is the class of controls.
This problem differs significantly for similar problems for solutions of linear or

quasilinear elliptic (or parabolic) equations (as dealt with by Lions [10], [11] and the
references given there) in that the functional J(k) is generally nondifferentiable in the
case of a variational inequality. Although some necessary conditions for ko have been
derived by Barbu [1] and Mignot and Puel [12] (see also the references in [1], [12]),
these conditions seem too implicit for extracting from them significant properties of
the maximizer. In some specific elliptic and parabolic variational inequalities [4], [5],
[7] the structures of the optimal controls have been determined; however the corre-
sponding functionals J(k) in these instances are actually differentiable.

In this paper we consider a large class of optimal control problems for elliptic
variational inequalities with nondifferentiable J(k); the main assumption regarding F
is that Fu => 0. In 1 we shall derive an effective necessary condition for the maximizer,
and in 2 we use it to determine the structure of ko for a certain class . In 3 we
give several extensions.

1. A necessary condition. Let ll be a bounded domain in R with C2 boundary
0fl and let p be a positive number satisfying

n
(1.1) p>, p_->2.

Let U be a given function satisfying

(1.2) U wE’p(I)), U > 0 in ,
* Received by the editors September 18, 1984, and in revised form March 25, 1985. This work is partially

supported by National Science Foundation under grant MCS-8300293.

" Department of Mathematics, Northwestern University, Evanston, Illinois 60201.
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and let f be a given function satisfying

(1.3) f LP(f).

We introduce a class M of control functions k(x) with the properties

(1.4) M is a closed, bounded and convex subset of LP(").

For any k M consider the variational inequality

(1.5)

where

(1.6)

and the functional

(1.7)

we assume that

(1.8)

Vd/K,uK,

K { H’(12), ->_0 a.e., - U H(12)},

J(k)= fF(x, u) dx+ fta(k dx,

,(k)

is upper semicontinuous under weak convergence in LP(f), i.e., if

k - k weakly in LP(f) where k,,,, k e M then

fa(k)>--lim sup ln (k’’)’

and that

(1.9) F(x, u) is continuous in xR1.

Consider the problem

(1.10) J(ko)-max J(k),
ke

By general theory for variational inequalities [3], [8] the solutions u of (1.5)
belong to a bounded set of W2,p(’) and, therefore, by (1.1) and Sobolev’s imbedding,

n
(1.11) lUlc,,)<= C, where a 2--, C < 00.

P

Taking a maximizing sequence k,, and their corresponding solutions u- u,, and
using (1.8), (1.9) and (1.11), we find that, for a subsequence,

k. - ko weakly in LP(fl), ko M,

u,,,Uo in C(I) for any O < /3 < a,

and ko is the solution of (1.10); Uo is the solution of (1.5) corresponding to ko.
In order to derive necessary conditions on ko we further assume that

(1.12)
F,,(x, u) is continuous in 1)X1,

F,(x,u)>=O,
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and that O(k) has a derivative O’(k), that is,

for any k M there is a function in Lq() (I/q+ I/p= 1) denoted by ’(k)
such that for any LP(I’) with k + el M if 0< e < 1 there holds(1.13)

lI[O(k+el)-dP(k)]dx-ffrb’(k)ldXe
if e0.

Let ko be a solution of (1.10) and denote by Uo the corresponding solution of
(1.5). Introduce the noncoincidence set

(x Uo(X) > 0),

(which is an open set since Uo is continuous in f) and let Q be the solution of the
Dirichlet problem

(1.14) VQ. Vq= F,,(X, Uo)dx Vd/eH(fo), QeH(fo).

By elliptic regularity Q Wu’p(G) for any open set G with ( o (3 Of. Since the free
boundary

F fo fq f

is not regular, in general, one cannot assert that Q is continuous up to the free boundary
Fwith Q-0onF.

Taking p Q- in (1.14) and using (1.12) we easily find that

Ivo-I==o,

which implies (since Q- Ho(lo)) that Q-=0, i.e., Q=>0. By the strong maximum
principle we further infer that

(1.15) Q>0 in o.
By comparison with the solution Q1 of AQI=-A in f, Q1 =0 on 012 where A>
Fu(x, Uo), we find that Q < Q1 in Io, so that

(1.16) Q-<_ C< in fo.

We can now state the main result of this section.
THEOREM 1.1. Let ko be a solution of (1.10) and suppose that ko+ el 4 for all

0 < e < eo, for some eo > O, and supp c 12o. Then

(1.17) In (Q-O’(k))ldx>-O"

Proof. Let U be a nonnegative function in wE’p() such that U1= U in a
neighborhood of 01) and U1= 0 in a neighborhood of lI\l)o.

Denote by U the solution of the Dirichlet problem

Ia VU’V(4)-U)=-Ia (f+ko+el)(rh-U) for any 4),

(1.18)
(- U H(f/o), U- UI H(fo).
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Denote by u the solution of the variational inequality (1.5) corresponding to ko+ el,
i.e.,

(1.19) fo Vu. V(O- u)>- -I (f+ go+ el)(#/- u) for any K.

Taking =u+(U-u)+ in (1.19) (where U=0 outside o) and =U U u)+ in (1.18) and adding, we obtain

v(u-u).v(u-u)+o,
o

so that V U u)+ 0; consequently

(1.20) U u in o.
LEMMA 1.2. ere holds

(1.21) Uo- UI H(o),

and, for a subsequence e 0,

(1.22) U Uo z weak& in H(o),
e

where z H(o), and Az in o.
oofi For any small > 0, the function (Uo- )+-( U- B)+ has compact suppo

in o and hence belongs to H(o). Taking 80 it follows that Uo-U is also in
(o).

To prove (1.22) notice that since AUo =f+ ko in

I VUo’V =-I (f+ ko),

for any C(Oo) and, by approximation, also for any 0 H(Oo). Recalling (1.21)
we then have

f VUo.V(-Uo) =-f (f+ko)(-Uo) if-UH(o).
JO

Takin U and ain Uo in (1.18) we obtain, by adding,

aolV(uo- u)[= I(o- u)l c

since LP(), p 2. It follows that

E H(ao)

and the asseion (1.22) follows. Clearly z e H(o). Also, since A( U Uo) el in flo,
Az in

Having proved Lemma 1.2, we now proceed to establish the asseion (1.17). We
begin with the inequality

J( ko + l) 2( ko),
or
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By the mean value theorem,

l[F(x, u)- F(x, Uo)] Fu(x, a(x))(u Uo)/e,

where t(x) lies in the interval (Uo(X), u(x)). Recalling (1.20) and the assumption
Fu(x, u) >- O, we obtain

(1.25) 1--IF(x, u)-F(x, Uo)]>=Fu(x, a(x))(U-uo)/e.

Since u- Uo uniformly in f, we also have

(1.26) F.(x,

Let Q be the solution of the Dirichlet problem

(1.27)
fo

Taking = Q-Q in (1.14) and = Q-Q in (1.27) and adding we easily deduce,
using (1.26), that

(.28) O O1-t-o o.
Substituting (1.25) into (1.24) and using (1.27) with (U- Uo)/e, we get

f vo v U-u l f+- ((ko+ ) (ko)) O.
E E

Taking e0 and using (1.28), (1.22) and (1.13), wc obtain

(.9) .+ ’(o) o.

Let Q e C(ao), Q Q in H(ao). Then

I Q.z=-ff Qz=-f Ql.

Taking j oo we obtain

VQ. Vz=-fn Ql.

Substituting this into (1.29), the assertion (1.17) follows.
Remark 1.1. Consider the case of a general obstacle g; that is, u is a solution of

(1.5) with K replaced by

(1.30) Kg { H(fl), >= g a.e., - U H(f/)}.

Taking t u-,g, //o= UO_g the problem is reduced to the one studied before with

f replaced by f=f-Ag. Thus Theorem 1.1 can immediately be applied.
Remark 1.2. Theorem 1.1 can obviously be extended to general elliptic variational

inequalities with variable coefficients (with K defined by (1.6) or (1.30)).
Remark 1.3. One can prove that, for a subsequence e- 0,

u- Uo_ weakly in H(fo),

but we cannot assert that (u Uo)/e H(fo) or even that H(flo) (unless the free
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boundary is known to be smooth). It is for this reason that we have introduced the
auxiliary solution U; fortunately, replacing u by U does not change the inequality
(1.24).

2. An application. Consider the case

(2.1) M {O<-_ k(x) <- N, Ia k(x) dx M},
where M, N are positive constants. We assume that

(2.2) N" meas (a) > M

so that M is nontrivial. We take the functional

(2.3) J(k) I, F(x, u) dx

and assume in addition to (1.9), (1.12) that

(2.4) Fu(x, u)>0 if u>0.

We also assume that (1.2) and (1.3) hold, as before.
Let ko be a solution of (1.10) and Uo the solution of (1.5) and (1.6) corresponding

to ko. Set fo {x f, Uo(X) > 0} and define Q as in (1.14).
Notice that on any level set {Q h } there holds AQ 0 a.e. and, therefore, also

Fu(x, Uo)=0. In view of (2.4) we conclude that

(2.5) meas {Q h } 0 for any h.

THEOREM 2.1. For any maximizer ko there is a h >-0 such that

ko N a.e. in the set fo fq {Q < h },
(2.6)

ko 0 a.e. in the set fo {Q > h }.

Proof. We first claim that

(2.7) meas {x fo, 0 < ko(x) < N} O.

Indeed, otherwise there exists a Lebesgue point Xo of ko, Xo fo, such that

28 < k(xo) < N 28, 0 < 48 < N.

Hence for any e > 0 there is a set G of positive measure in the ball B(xo) {Ix Xo[ < e}
such that

8<k(x)<N-28 in G.

Let l(x) be any bounded function with support in G such that j l(x) 0. Then ko + el M
if e is small enough, and Theorem 1.1 gives

Ql=O.
G

It follows that Q- const in G, which contradicts (2.5).
From (2.7) we see that

ko NXA in fo
where XA denotes the characteristic function of a set A. Let Xo be any Lebesgue point



OPTIMAL CONTROL FOR VARIATIONAL INEQUALITIES 445

of A and of k(x), and let Yo be any Lebesgue point of fo\A and of k(x). Then we have

(2.8) Q(xo) <- Q(yo).

Indeed, otherwise there is a ho> 0 such that

(2.9) ko(x) N, ko(y) O, Q(x) > ho, Q(y) < ho

for xG,yG’ where Gc B(xo), G’c B(yo) for some small e>0 and meas (G)-
meas (G’)> 0. Take 1--1 in G, l-1 in G’ and =0 elsewhere. Then ko+ el M if
e > 0, e small, and Theorem 1.1 gives

fOl+IOl>-OG G’

or , Q_-> Q, a contradiction to (2.9).
Having proved (2.8) we conclude that Q(x)< Q(y) a.e. for x A, y fo\A. This

yields the assertion of the lemma for some A -> 0.
THEOREM 2.2. If

(2.10)

then

(2.11)

meas {x flo, ko(x) > O} > 0

ko=N a.e. in

Theorems 2.1 and 2.2 exhibit the bang-bang nature of the optimal controls.
Proof. Suppose (2.11) is not true. Then for any small e > 0 one can find a set

G c (f\fo) with small positive measure such that k(x)< N-6 in G.
By (2.10) there exists a set G’ in fo such that k(x) > 6 in G’ and meas G’= meas G.

Define 1 in G, -1 in G’ and 0 elsewhere. Then ko / el M if e < 6. Denoting
the corresponding solution of (1.5) by u, we claim that

(2.12) u -> Uo, u Uo.

Indeed, we substitute Uo-(Uo-u)+ in the variational inequality for Uo and
u + (Uo-u)+ in the variational inequality for u. Adding the two inequalities we get

 uo_u  +oo.

Hence (Uo-u)+=0 and, since Au Au on G’, (2.12) follows.
From (2.12) we conclude that J(ko+ el)> J(ko), a contradiction.
Remark 2.1. If f<-0 then the condition (2.10) is satisfied. Indeed, otherwise we

have Auo =f<-- 0 in o. Take a ball B in o with OB f’l F {Xo} (F is the free boundary).
Since Uo>0 in B and Uo(Xo)=0, the maximum principle gives U(Xo)0, a contra-
diction.

THEOREM 2.3. Iff >- -N then, for any maximizer ko,

(2.13) meas {x o, ko(x) N} < meas o.
Proof. Suppose (2.13) is not true. Then

A Uo -f- N in o.
Since also -Auo 0 >= -f-N a.e. in fl\o, it follows that

-Auo >--f- N a.e. in



446 AVNER FRIEDMAN

Also

Uo>-O, Uo(-Auo+f+N)=O a.e. in f.

Since -(f+ k)=>-(f+ N) for any k e , we then have, by comparison of Uo with the
solution u of (1.5), that u>-uo. Since u>0 (and, therefore, Au=f+k) in some
ILneighborhood of 02, if we choose k with k N in we then have u Uo so that,
by (2.4), J(k)> J(ko), a contradiction.

Remark 2.2. For any component T in fo of {Q < , there holds

(2.14) O T fq Ofo f.

Indeed, otherwise Q= A on OT and, since -AQ= Fu(x, Uo)>0 in T, the maximum
principle gives Q > A in T, a contradiction. One of the components of {Q < A } must
contain an f-neighborhood of 0f. If the free boundary 0Fofq f consists of a finite
number m of smooth surface Fi then the set {Q < A} has at most m + 1 components:
for each component T we have that either 0 T 0f or 0 T F for some i.

Remark 2.3. In case f is a one-dimensional interval {0<x < a} and f->0, the
coincidence set consists of a single interval (which may be empty) and ko-N on
precisely three intervals" 0 =< x -< Yl, ’)/2 x ’)/3, Y4 x a (provided the coincidence
set consists of a nonzero interval). Whenf= 0 and F(x, u)=- u the yi can be computed
explicitly; this special case was analyzed by Yaniro [13] by a method which is strictly
one-dimensional.

Remark 2.4. The results of 1 and 2 extend to the case where U-
3. Various extensions. In this section we give additional applications of the

methods of 1 and 2.
We begin by considering the same problem (1.10) associated with (1.5) and (1.6)

where M is given by

(3.1) s={kLP(lI),k>-Oa.e.,fkP<-M},.
and

(3.2) J(k) Ia F(x, u) dx + Ia (k);
here p, F and are as in 1. For any maximizer ko we introduce the corresponding
Uo, fo and Q as before.

THEOREM 3.1. For any maximizer ko there exists a real number tx such that

(3.3) Q-’(ko) =/kg-1 a.e. in l)of’l {ko> 0},

(3.4) Q-’(ko)=>0 a.e. in fof’l{ko=0}.

Proof. To prove (3.3) we may assume that 11o f’l { ko > 0} has positive measure. Take
any 3 > 0 such that the set A {x 1)o, ko(x) > 3} has positive measure and let be
any bounded measurable function with support in A such that

(3.5) I kg-l= O.

Let ko ko if x e A, ko=0 if x II\A. The function

k ko+ e((+l)- 3’ko), 7>0
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is nonnegative if e is small enough and

f k,=I k+ep l k-l((+l)-yfCo)+O(e2)

<-_ M epy IA k+ O(e2) < M’

if e is small enough. Thus k e s4 and Theorem 1.1 gives

(Q-*’(ko))((+l)-yo)>-O.

Taking y--> 0 we get

(3.6) IA (Q-’(ko))l=O.

We have thus proved that (3.5) implies (3.6) when is any bounded measurable function
with support in As. Consequently,

Q ’(ko) -/xkop-1 in 38,

where /x is some real number. Since obviously/x is independent of 3, the assertion
(3.3) follows.

To prove (3.4) let S be any compact subset of Io contained in {ko(x)=0} and let
lo be a bounded measurable function with support in S U As (for some small > 0)
satisfying

Io>-0 onS, /o=-1 on

Let l= Dlo in S, lo elsewhere. Then, for any large D > O, the function ko+ el is in
M if e is small enough. Applying Theorem 1.1, we get

D Is (Q-d’(ko))lo>- fA (Q-d’(ko)).

Dividing by D and letting D- m, we find that

.(Q-’(ko))lo>-O.
S

Since lo and S are arbitrary, (3.4) follows.
Remark 3.1. If (k)-=0 then the proof of Theorem 2.2 shows that supp ko is

contained in the coincidence set of Uo, provided the latter has positive measure.
We next study problems with control on the boundary. Consider the variational

inequality

IVu’V(0-u)>=-ff(-u) if0-uH(f), d/>=O a.e.,

(3.7)
uH(f), u>-0 a.e., u=U+k on O in the sense of trace class,

where U is as in 1 and k is the control function varying in the class, say,

l={keL(OD’)’O<-k<-N’Ioa k=M}.



448 AVNER FRIEDMAN

We associate with (3.7) a functional, say,

J( k) Ia F(x’ u) dx + Ioa (k) dS,

where F and are as in 1 and 2 (with 1) replaced by 01) in (1.8) and (1.13)).
Let ko be a maximizer, i.e.,

(3.8) J(ko) max J(k), ko e ,
ke

and denote by Uo the corresponding solution of (3.7). Set 1)o {x e , Uo(X)> 0} and
define Q, as before, by (1.14).

THEOREM 3.2. Let ko be a solution of (3.8) and suppose ko+ el Nfor all 0< e < eo,
for some eo > 0. en

-* ko) leO,

where is the outward normal to 0.
Proo Denote by u the solution of (3.7) corresponding to ko+ el and let U be

a function in HI(D) such that Uo in a neighborhood ofo, Uo+ el on 0.
Denote by U the solution of

AU f inDo,

u- 0 e H(ao).
Then we again have that u U. Proceeding as in the proof of Theorem 1.1 we can
show that

Ue o
z weakly in H(Do),

Az=0 in Do,

z- U* e H(ao),
where U* is a function in HI(D) such that U*= on OD (in the sense of trace class)
and U*= 0 in a neighborhood of 0o. Fuher

fo Qz+ IaVz.VQ+ Io ’(ko)lO.
floa a p

Since the middle integral on the left-hand side vanishes, (3.9) follows.
Remark 3.2. From Theorem 3.2 we can easily deduce that there exists a h such that

ko= N on xeoa; -’(ko)>

ko=0on xeoa;-’(ko)<Z
Remark 3.3. Theorem 3.2 extends to the case where U0 on 0ft.
Remark 3.4. There are several diculties in trying to extend the method of this

paper to parabolic variational inequalities" (i) although the existence of a solution U
to the parabolic analogue of (1.18) is known, uniqueness does not seem to be known
(see [9, p. 63]) since no a priori regularity propeies of the free boundary are assumed;
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thus the inequality U -< u is not obvious; (ii) the same problem occurs for Q, although
in the case of increasing sets S(t) {x; u(x, t) > 0} uniqueness is known; see [9, p. 63];
(iii) the regularity of U and Q in does not seem to be sufficient to justify the
integration by parts steps needed to extend the proof of Theorem 1.1. In what follows
we briefly give one example in which the free boundary is smooth so that our method
can be applied.

Consider the one-phase exterior Stefan problem with inner core S for the water
region. We impose the boundary condition

00
(3.10) y + k(t) on S 0 temperature,

0v

where y is a positive constant and k varies in the class

do o <= k( t) <- N, k( t) <- M

It is well known that the problem for 0 can be formulated as a variational inequality
for u (u, 0 and u 0 on the free boundary); see [3], [8].

We assume that

(3.11) S is a ball, N < 3’.

Introducing polar coordinates (r, p) about the center of S (p is (n- 1)-dimensional),
we have that Ou/Ocp =0 on S x (0, T). From this we deduce, by a standard argument
that IOu/Otp[<= C in the entire domain f x (0, T). Recalling (3.10) and (3.11), we deduce
that

-->0 onS,
ol

for any direction close enough to the radial direction -r. This enables us to deduce,
as in [6], that the free boundary is Lipschitz continuous and, by [2], it is C (or, in
fact, C).

We are now in a position to be able to study maximization or minimization
problems. Consider the problem of maximizing the volume of ice which has melted
by time T. This translates into the problem of minimizing

(3.12) Jo(k) I ut(x, T) dx.

Since this functional is not very regular, we replace it by an average

or by

(3.13)

We also replace o by

(3.14)

u,(x, t) dx dt, 0< To < T,
T To T-o

J(k)= Inu(x T) dx- fnu(x, To) dx.

{k o and k(t) 0 if > To}.
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Qt+AQ=O

Q=I

o__Q_ o

Q=O

Proceeding as in 1, we find that

where

Denote by QS the solution of

in {Uo> O}f3 {t < s}-= f,

on {t=s},

Hence the function

satisfies

Since

if xS, O<t<s,

on the free boundary in {0 < < s}.

Ior Is (Qr-Qr)L(r) dSdr>-O,

Oz
L(’) l(o.) do" on S x (0, To).

r

W(,r)/(-) >= O.

w,=-fs(Q’-Q’o
and Qr < QT by the maximum principle, we find, as in the proof of Theorem 1.1, that

N, if O< t< to,
ko( t)

0, if to<t<T.
For n 1 the same result was obtained in [5] for the original functional (3.12); the
restriction N < y is not needed in this case.
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Abstract. In this work we study the problem of characterizing efficient, price efficient and optimal
allocations in a very general economic model with a continuum of agents and an infinite-dimensional
commodity space. We do that using the theory of concave normal integrands and Clarke’s theory of
generalized gradients, as well as certain results from geometric functional analysis. We also consider
approximations of those notions and study their properties using the theory of e-subdifferentiation and
Ekeland’s variational principal. Then we examine those concepts in the context of a particular sector of the
enonomy using single valued and multivalued conditional expectations and martingale theory. Finally we
study stability questions using the Kuratowski-Mosco convergence of sets and the epi-convergence (r-
convergence) of closed functions.

Key words, normal integrand, generalized gradient, measurable multifunction, conditional expectation,
subdifferential, e-subdifferential, Kuratowski-Mosco convergence
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1. Introduction. A central problem in economics is the characterization of efficient
programs of resource allocation by a price system and the use of a price mechanism
to attain such an allocation in economies where decision making is decentralized.
Previous work in this area was done by Majumdar [23], [24], Peleg [31]-[34], Peleg-
Yaari [35] and Radner [37]. However, their models were quite restrictive (one agent-
discrete time models) and their assumptions were quite strict from a mathematical
viewpoint because they did not address the problem in the framework of nonsmooth
analysis. Also their work, when it was infinite-dimensional, was concentrated on the
dual pair (commodity space-price space) (/oo,/1). Our work aims at overcoming the
limitations of those papers, providing a more general and natural framework for
addressing those issues and presenting several new results that, even when we put
them in the context of the earlier models, are novel. Furthermore in this work, we are
the first to introduce and study approximate efficiency and optimality, which provide
a strong insight into the properties of complete efficiency and optimality. Also, since
our model corresponds to a multisector economy, we study what happens when we
restrict our attention to a specific sector and finally--and in this respect we believe
that our work is pioneeringmwe examine the stability of all the concepts that we
introduce, under perturbations of the data on which they depend.

2. Background material and basic notions. We start with a description of our model.
We postpone the precise mathematical definitions until later in this section.

Our model is a very general and flexible one and so it admits several economic
interpretations. We will briefly outline all of them. The mathematical objects that
constitute our model are the following: A (nonatomic) finite measure space (f, E,/x),
a separable Banach space X ordered by a nonempty, closed, convex, pointed cone
X+, a measurable multifunction F:fl 2x and a function u:12 x X-. Now we will
give their economic interpretation.

If we view our economy as a producer’s economy, (f/, E,/x) is the measure space
of agents (producers); f/is the set of agents, E is the family of all possible coalitions
and/x(.) gives the relative size of the coalitions. The idea of a continuum of agents

* Received by the editors April 1, 1984 and in revised form March 15, 1985. This research was supported
by National Science Foundation grant DMS-8403135.

f Department of Mathematics, University of Illinois, Urbana, Illinois 61801.
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was first introduced by Aumann 1 as a device to capture the spirit ofpure competition;
in other words the economic situation where each individual agent cannot alone
influence the outcbme of the collective activity, but can do so through coalitions. We
put the word nonatomic in parenthesis because it is not always necessary. When the
measure space is atomic we interpret the atoms as large traders who constitute the
oligopolistic participants of the economic process. The space X is the commodity
space. The assumption that commodities are not finite in number agrees with many
classical situations for economic theory: intertemporal equilibrium with an infinite
horizon, a world of uncertainty with an infinite number of states or differentiation of
commodities. The multifunction F(. describes the production feasibility set for each
producer to iq. So we call F(. the production multifunction. The function u(to,.
specifies the profit function for each producer to 12. Finally a function p(. [L7(12)]*q-
will be called a "price system" and then p(to) represents the price established by agent
to 12 for his production. From the viewpoint of optimization theory prices can be
identified with "Lagrange multipliers" or "dual variables".

We can also view the mathematical model as representing a consumer’s economy
with only public goods. Then (12, E,/z) is the measure space of consumers, X is again
the commodity space, F" 12 2x is the consumption multifunction, i.e., for each agent
to f, F(to) represents the set of his feasible consumption bundles and u(to, .) gives
the utility function of agent to 12. Finally p(.) [Lx(12)]*+ assigns a different price
(tax rate) for each consumer.

We can also have a probabilistic interpretation of our model. Namely, think of a
world of uncertainty with only one agent. Then (12, E,/z) is the probability space of
all possible outcomes, F(to) is the agent’s consumption set when the state of affairs
is to, u(to, is his utility function when the outcome is to f and finally p(to) is the
price system that he faces when the state of nature is to.

Finally we can give a "dynamic" interpretation to our mathematical model. In
that case we have that 12 T is a closed interval in R+, E is the Lebesgue subsets of
T and/x h is the Lebesgue measure. Think of T as a time variable. Then F(t) is
the set of all feasible consumption plans for the community at time t, u(t,.) is the
utility function at that same instant of time and finally p(t) is the price system prevailing
in the market at time T.

In general F(. will be a closed valued, integrably bounded multifunction. In that
case the set S of feasible resource allocations is nonempty. For the function u" 12 x X
R we will assume initially that it is a concave, normal integrand (in the sense of
Rockafellar [40]) which is monotone increasing. So we will rely heavily on Rockafellar’s
powerful theory of normal integrands. Then we generalize to functions which are not
necessarily concave in the x variable, but they are locally Lipschitz. Here our main
tool will be Clarke’s theory of generalized gradients [7]-[9].

The three basic concepts that are central in this work are the following"
(1) We will say that f(.)Lx(12) is an efficient allocation if and only iffSF

and (f(to)+ +) f) F(to) ( /x-a.e. where + X+\{}.
So efficient allocations are those under which no nonnull coalition can find another

feasible redistribution of resources so as to improve the well being of all its members
and at the same time keep the welfare status of the rest of the society at the same level.
Viewed in another way an efficient allocation is one which to /x-almost all agents
assigns a commodity bundle which is maximal within their feasibility set for the partial
ordering on X induced by X+.

(2) We will say that f(. ) L.(12) is an optimal allocation if and only iff S
and u(to, g(to)) <= u(to, f(to))tz-a.e, for all g S].
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So an optimal allocation is one which maximizes the profit (or utility) of/x-almost
all agents among all other feasible allocations.

We know that prices suggest how economic decisions can be decentralized. But
in addition to that the study of price systems associated with efficient allocations
(programs) can be used to provide qualitative information.about such programs (like
existence results, topological properties of the set of efficient allocations etc.) So it is
natural to make the following definition.

(3) If p(" [Lc()]*+\{0} we will say that f(. L(f) is a "p(. )-efficient" (or
"price efficient for p(. )") allocation if and only if (p,f) rs(p) where rs(" is the
support function of the set S and (., .) denotes the duality brackets between L(f)
and [L(12)]*.

In [28] the author obtained some first relations between the above three concepts.
Here we will extend those results and prove new ones.

Sometimes mathematical economists prefer to have resource allocation functions
that belong in L(f). We therefore conduct a parallel investigation for this case. The
main technical difficulty that we face in this case is that [L:(f)]* is not L.(I) but
a much larger Banach space. If we attempt to define price systems as elements of
[Lx()]+,* we cannot have a satisfactory economic interpretation for them. So we are
forced to confine ourselves to price systems in L:.(f) [L()]*. However this calls
for trouble, because as our work in [28] suggests, the arguments that guarantee the
existence of a value maximizing price system are classical duality arguments (separation
theorems) which produce elements in [Lx(12)]* which may not be in L.(). To
overcome this difficulty we will use Levin’s generalization ofthe Yosida-Hewitt theorem
[22] and the work of Rockafellar [41], [42], which examined normal integral functionals
within the dual system (Lx(f), L:.(f)).

When int X+ we can have a weaker notion of efficiency.
(4) We say that f(. L:(f) is a "weakly efficient allocation" if and only iff S

and (f(oo)+int X+)fq F(w)=f /x-a.e.
Intuitively we can think of weakly efficient allocations as those allocations for

which no nonnegligible coalition can find an alternative feasible redistribution of goods
that will make all of its members strictly better without affecting the well being of the
rest of the society. Clearly every efficient allocation is weakly efficient, but the converse
is not true in general.

In certain cases it is quite difficult to determine efficient and optimal allocations.
We want then to be able to get arbitrarily close to such allocations. This leads to the
following two notions.

(la) Given e(. [LI(f)]+ we say that f(. L(f) is "e(. )-optimal" if and only
iff S] and u(to, g(to))- e(to) <_- u(to, f(to))/x-a.e, for all g S].

(2a) If p(. 6 [L:(f)]+*)\{0} and e > 0, then f(. L() is "e-p(" )-efficient" if
and only iff S] and (p,f)>-trs(p)-e.

If we are within the producer’s or consumer’s model and we want to examine
only a sector of the .economy, we model that by passing to a sub-g-field Eo of E. Then
the profit (resp. utility) function is given by EVou(., and the production (resp.
consumption) multifunction by EoF( ). In the context of the probabilistic model this
means that we have only partial information about the underlying uncertainty.

Now we will pass to the mathematical definitions and we will recall very briefly
some basic facts from the theory of measurable multifunctions. For details the reader
can refer to Castaing-Valadier [6], Himmelberg [14] and Rockafellar [39], [40].

So let F’f2x\{} be a multivalued function (multifunction). We introduce
the set Gr F {(to, x) f x X" x F(to)} which we will call the graph of F(. ). If V_ X,
we define F-(V) {to f: F(w) 71V f}.
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When X is a topological vector space, by Py(X) (resp. Pk(X)) we will denote the
nonempty closed (resp. compact) subsets of X. A w in front of f (resp. k) will mean
that the closedness (resp. compactness) is with respect to the weak topology w(X, X*).
Finally a c after f or k will mean that the set is in addition convex.

The next theorem summarizes the major results existing on the measurability of
closed valued multifunctions.

THEOREM 2.1. Let (12, X) be a measurable space and X a separable metric space.
Let F :I’I--> Pf(X) be a multifunction.

Consider the following statements:
1 F-(B) X for every B B(X) the Borel tr-field of X.

(2) F-( C) X for every C a closed subset of X.
(3) F-( U) X for every U an open subset of X.
(4) to dF(o)(X) --infzF<,,)[IX ell is measurable for all x X.
(5) There exists a sequence of measurable selectors f,(. of F(. s.t. F(to)--

cl {f, (to) },__> Castaing representation).
(6) Gr F E x B(X).
Then we have the following results:
(i) (1) :=> (2) (3) :> (4) (6).
(ii) IfX is a Polish space i.e., in addition is complete) then (3): (5).
(iii) IfX is Polish and there is a complete tr-finite measure on E then (1)-(6) are

all equivalent.
Following Himmelberg [14], we say that a multifunction F:12--> Py(X) satisfying

(1) (resp. (2), (3)) is Borel (resp. strongly, weakly) measurable.
Let X be a separable Banach space. For any multifunction F" 12--> 2x we can

define the set

S {f(. ) Lx(12) f(to) F(to)/x-a.e.},

i.e., S contains all the integrable selectors of F(.). Clearly S may be empty. If it is
nonempty and F(.) is closed valued then it is easy to check that it is a closed subset
of L,(a).

Using this set we can define an integral for F(.):

fa F(w) dl(w) { faf(o)) dtz(o)" f S}.
This was first introduced by Aumann [2] for X Rn. It is a natural generalization

of both the integral of single valued functions and of the Minkowski sum of sets. It
turned out to be a very powerful tool in several areas of applied mathematics especially
in optimal control and mathematical economics.

In our case the integrals af(o)) dlx(w)f SI are taken in the sense of Bochner
[10]. Clearly if S= then Ia F(o)) d/z(o) .

We will say that a measurable multifunction F:12 Py(X) is integrably bounded
if there is a (. )e L1(12) s.t.

IF(a,)l sup Ilxll o(to)-a.e.
xeF(to)

Using the Kuratowski-Ryll-Nardzewski selection theorem [21] we can see that
for an integrably bounded multifunction SF# and so a F(to) d/x(to)# .

According to Hiai-Umegaki [13] for Eo a sub-r-field of E and F:II--> PI(X) an
integrably bounded multifunction, there exists a unique Xo-measurable multifunction
EXoF :12--> PI(X) which is integrable bounded also and for which we have that

S’-oF cl {EXf’f SIF}
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where the closure is taken in the L:(12)-norm topology. From here on for simplicity
we will write S.OF S(Eo). The multifunction EVoF(’) is called the set valued
conditional expectation of F(.) with respect to the sub-tr-field Eo.

Finally we will introduce a notion of convergence of closed sets, which is different
from the convergence in the Hausdortt metric and which is more appropriate in the
study of the stability of optimization and variational problems. This mode of set
convergence was first introduced by Mosco [26], [27] and was extensively studied by
Salinetti-Wets [45]-[47]. So let X be a Banach space and let {A,},_>_ be a sequence
of nonempty, closed subsets of X. Let be a topology on X. We will say that A,
t-converges in the Kuratowski-Mosco sense to A if

t-lim A, A
___

t-lim A,,

where

t-lim A, {x t- lim Xm" Xm Am, m M
_
N}

and

t-lim A, {x t-lim x," x, A,, n N}.

Since we always have that

t-lim An = t-lim An,

we deduce that {An}n__> t-converges to A in the Kuratowski-Mosco sense if and only
if t-limn_ An A t-limn_ An. In that case we write that

An tI-. A as n-.
When w-limn_o An A s-limn_ (where w denotes the weak topology and s

the strong topology on X), we say that An converges to A in the Kuratowski-Mosco
sense and we write

An K-,M) A as n - c.

Finally if {fn, f}n>_- is a sequence of R-valued closed convex functions on X, we say
that fn f as n o if and only if

epi fn K-M, epi f as n .
We have defined price systems to be functions in [L:(I))]*+. We know that in

general [L.()]* L..w.(f) (see [20]) where X*w. is the space X* with the w*-topology.
If X* has the Radon-Nikodym property then [Lx(f)]*= Lx.(f).

Throughout this work (f, E,/z) will be a complete probability space and X a

separable Banach space. Additional hypotheses will be introduced as needed. Since
we will be dealing with concave functions all the notions and results of convex analysis
will be used in a "concave-context". Thus if f" XR (R =Rt_J {-}) is concave, we
take cf(x) {x* X* :f(z)-f(x) <= (x*, z- x)+ e for all z X}, e _-> 0. The conjugate
f*" X* of f(" is defined by f*(x*) infxx {(x*, x) -f(x)}.

Briefly the organization of the paper is as follows: In the next section we study
the properties of efficient, price etticient and weakly efficient allocations. In 4 we
conduct an analogous study for optimal allocations. In 5 we deal with the approximate
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versions of those concepts. Finally in 6 we examine the stability (robustness) of those
notions under perturbations of the data and we also examine what happens to them
when we restrict our attention to a particular economic sector.

We believe that our work illustrates in a rather convincing way, how some elegant
mathematical theories, like Rockafellar’s theory of normal integrands, Clarke’s theory
of generalized gradients and the Kuratowski-Mosco convergence of sets and functions
can have nontrivial applications in mathematical economics.

3. Efficient and price efficient allocations. We will start with an existence result
concerning efficient allocations. For that purpose assume that int X*+ # , F" fI-
Pyc(X) is integrably bounded and S is locally w-compact in L(f). Then we have:

THEOREM 3.1. Under the above hypotheses the set ofefficient allocations is nonempty.
Proof. Since by hypothesis F(. is integrably bounded we have that S is non-

empty, bounded, closed and convex. So As (S)={0} where As (.) denotes the
asymptotic cone of the set under consideration.

For any g(. ) S we have that

As [S f’l (g + (L)+] As (S) fq As (g + (L)+) As S fq (L)+ {0}.

By hypothesis S] is locally w-compact. Then so is (Sf3 (g + (L:)+)). Hence using
(*) and Theorem 1-9 of Castaing-Valadier [6] we conclude that Kg= Sf’I (g + (L:)+)
is w-compact in L:(fI).

Since int X*+ # , we can see that int (Lx*)+ # . So let p(. int (L.)/. Because
Kg is w-compact, there exists f(. ) Kg where p(. achieves its supremum on Kg.We
claim that f(. is an efficient allocation. Suppose not. Then we can find f S] s.t. f>f
(i.e./x{to " f(to)-f(to) ’+} > 0). Clearly thenf Kg and furthermore since p(.
int (Lx.)/, we have that

(p, f f} > O=>(p,f) > trtc,(p),
a blatant contradiction.

So indeed f(-) is an efficient allocation. Q.E.D.
Remark. In [30] Theorem 3.4 gives us a necessary and sufficient condition for S

to be locally w-compact. This is the following:

S] is a locally w-compact subset of L:(I2) if and only if the polar (S) has
a nonempty relative interior for the Mackey topology m(Lx.., Lx) and
span (S]) is closed and of finite codimension.

Now we turn to the study of the geometric properties of the efficient and price
efficient allocations.

We will start with a topological property of efficient allocations. So assume that
F fl --> Py(X) is integrably bounded.

PROPOSITION 3.1. Iff(" Llx(f) is an efficient allocation then f(to)bd F(to),
to,ft.

Proof. Without any loss of generality we may assume that int F(to)# for all
to 12. Suppose that for A E with/z(A) > 0 and for to A we have thatf(to) int F(to).
This means that there exists an e > 0 depending on to s.t.

[f(to) + BX(0)] G F(to),

where BX(0)= {x X" Ilxll <--
Consider the following multifunction defined on A

R(to) {e > 0" f(to) + nX(0) G F(to)) {e >0: Ilf(to)- bd F(to)ll _->
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From Theorem 4.6 of Himmelberg [14] we know that to-->bd F(to) is a Py(X)-
valued, measurable multifunction. So by Castaing’s representation theorem there exist
{u,(" )},__>, c_ Sav s.t.

cl {Un((.O)}n>=l bd F(to).

Then [If(o)-bd F(o)ll =inf.__>1 IIf(o)-u(o)ll. But note that for all n->l, to-->

IIf(o u ,o )11 is measurable. Hence to -> IIf(,o bd F(o )11 is measurable.
Let p(to, e)= IIf(w)-bd F(,o)ll- e. Clearly this is a Caratheodory function and

so is jointly measurable. Observe that

Gr R {(to, e) f xl+: p(to, e) =>0}.

Hence Gr R A X B() where EA E f-) A. So we can apply Aumann’s measurable
selection theorem and find e:A-->R+ measurable s.t. e(to) R(to)toA. Therefore,

f(to)+ Bx()(0) c_ F(to) for to e A.

Now consider the multifunction F(to) B(,o)(0)
___
X/. Theorem 2.4 of Himmelberg

[14] tells us that F(. is measurable and closed valued. Applying the Kuratowski-Ryll-
Nardzewski measurable section theorem we can find e:A-, X/ measurable s.t. e(to)
F(to) for all togA. Then g(to)=f(to)+e(to)F(to) for togA.

Define

g(to) if to A,
(to)=

f(to) if toe

Clearly e SF and >f, contradicting the hypothesis that f(. is an efficient
allocation. Q.E.D.

The next result provides an interesting global geometric characterization of efficient
allocations. Recall that in a topological vector space a closed, convex subset is said
to be rotund if every boundary point of the set is an extreme point.

PROPOSITION 3.2. If F:f- Pf(X) is an integrably bounded multifunction with
rotund values and f(. Lx(f) is an efficient allocation then f(. ext S.

Proof. From Proposition 3.1 we know that f(to) bd F(to), to f/. Because of the
rotundity of the set F(to) we have that f(to) ext F(to), to f. Using the work of
Benamara [3], we then conclude that

f Sxt F ext S]. Q.E.D.

We can have something similar for price efficient allocations. First we need to
introduce a new piece of terminology. Iff(. L:(f) and we have thatf(to) ext F(to)
/z-a.e. we will say that f(. is an extremal allocation.

The next result tells us that any price efficient allocation can be substituted by an
extremal allocation which is still price efficient for the same price system.

We will need an auxiliary lemma, which actually is interesting in its own right.
This result first appeared in [29] and we repeat it here for the convenience of the reader.

LEMMA I. If F" 12- Pwkc(X) is integrably bounded then SF is a w-compact convex
subset of Llx(12).

Proof. We know that S is a nonempty, bounded, closed and convex subset of
L:(f). Let q(. ) [L:(f/)]*. From the Dinculeanu-Foias theorem (see [20]) we know
that ILk(f/)]* L,.(f/). So q(.) L..w.(f/). Then

su (q,f)= sup Ja (q(to)’f(to)) d/x(to).
fsF fes
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Using Theorem 2.2 of [13] we get that

su.p, (q,f)= In sup (q(to), y) d/z(to).
fSF yF(to)

Consider the multifunction

r(o) (h G(,o). (q(to), h) O’F(,,)(p(to))).

Because F(.) is Pwkc(X)-valued we can see that F(.) takes values in Py(X).
Furthermore for the same reason trF(.)(-) is a Caratheodory function. Hence to

o’F(o)(q(to)) is measurable. Then q(to, h)=(q(to),h)-trF(oo)(q(to)) being a
Caratheodory function is jointly measurable. Observe that

r(,o) (h F(,o). h)=0}.

So Gr F E x B(X). Applying Aumann’s selection theorem we can find h" 1) X
measurable s.t. trF(o,)(q(to))= (q(to), h(to)), to ell. Therefore we have that

sup (q,f) f (q(to), h(to)) d/z(to)= (q, h).
fS1F

Since h(. e S] we conclude using James’ theorem (see 19]) that S] is w-compact
as claimed. Q.E.D.

Now we can proceed and state our result on price efficient allocations.
PROPOSITION 3.3. If F" f Pwkc(X) is integrably bounded then for any p(.

Lc.w.]\{0} we can find an extremal allocation which is price efficient for that price system
p(’).

Proof. From the previous lemma we know that S is a w-compact subset of L(f).
So sup:s (p,f is attained at some element of S. From Bauer’s maximum principle
we know that this element can be taken to belong in ext S. So for some f(. ext S,
(P,f)-s(P). On the other hand, from Benamara [3] we know that ext S-SIxtF.
Hence f(.) Sxt F which means that f(.) is an extremal allocation. Q.E.D.

Now let F’f P:(X) be an integrably bounded multifunction and consider the
following set

G(F) {(f, p) Lc(I)) x [L.w.(l))]+: f(. is p-efficient},

i.e., G(F) contains all pairs of allocations and price systems s.t. the allocation is price
efficient for that price system.

PROPOSITION 3.4. (1) G(F) is closed in (L:(I)), s)x (L.w.(), w*).
(2) IfX has the Schur property then G(F) is closed in (Lx(f), w)x (Lc*w., w).

Proof. (1) Let (fa, Pa) be a net in G(F) s.t. (f, Pa) sw* (f, p). Then by definition
we have that

(p,f>=O’s(p).

Because

s-Lie w*-L.f,, ;f and p p

we have that (p,f}(p,f). On the other hand, lirntrs,(pa)>=trs,(p). So trs,(p) <-

(p,f). But note that fe Sly. Hence trs,(p)= (p,f) which means that f(. is p-efficient,
i.e., (f, p) e G(F).
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(2) If X has the Schur property, then we know from Khurana [49] that Lx(f/)
has the Dunford-Pettis property. So if

L) w-Lw.)fa f and pa p

then (pa, fo)(p,f). Again we can get that crs(p)<=(p,f) and since f S equality
holds. So (f, p) G(F). Q.E.D.

Now we will pass to a series of results that compare efficiency and price efficiency.
Although a price efficient allocation is not necessarily efficient the next result tells

us that price efficient allocations are w-dense in the set of efficient allocations. For
that purpose assume that E is countably generated and int X+* .

THEOREM 3.2. If F f -"> Pwkc(X) is integrably bounded then the
w(Lx(fl), Lc.w.(f))-closure of the set of all price efficient allocations contains the set of
efficient allocations.

Proof. Observe that iff(. S is efficient for F(. it is also efficient for (F(.) X/)
and vice versa. So from Proposition 3.1 we know that f(to) bd(F(to)-X+)tof,
which implies that f( ) bd

From the Bishop-Phelps theorem (see [12]) we know that there exist {f}__>__
bd(S_x/) s.t. f (.) is/% (.)-efficient with P 7,*w. --< 1 and

Hence

f, >f as n-->oo.

(P,,, fn) O’sL+(P.)=:>(P., f.) >- (P,,, f,, e)

for all e(.) [L(f)]+. So (p., e)->O for all e(.) [L(f)]+ which means that p.(.)
[L.w.(l)]+ for all n _>- 1.

Because E is countably generated L.(f) is separable and so we can assume that

w*-L’,
p, w p as n-> oo

and for all n _>- l(p,,f,)= Crs_+(p,) trs(p,).
For n _-> 1 define A(f,) {g(. S" g _->f,}. Since A(f,) is a closed, convex subset

of S and S is w-compact we deduce that A(f,) is w-compact for all n >- 1. Our claim
is that A(f,) has a maximal element with respect to the cone [L(f)]+. Suppose not.
Then for every g(. A(f,) we can find g’(. A(f,) s.t. g’ > g. Since by hypothesis
int X+* # we can see that int [L.w.(f/)]+ . Let/(. int (L..w.(f))+. Because A(f,)
is w-compact, there exists (.) A(f,) s.t. cra(:.)(/)= (p, if). From what we said above
we can find A(f,) s.t. > g. Then (p, -g)> 0 which means that (p,
a contradiction.

So let g,(.) A(f,) be maximal. Then clearly g,(.) is maximal in S. But then
this means that g,(.) is efficient. Because of the w-compactness of S and the
Eberlein-Smulian theorem (see 11, p. 430]) we may assume, without loss of generality,
that

w_,l,g,, gSl asn.

Then g =>f and since f(. is by hypothesis efficient we may conclude (after changing
g(. on a/x-null set) that g(to)=f(to) for all to f/. Q.E.D.

We can have an analogue of Theorem 3.2 for L(I) allocations. Assume that X
is reflexive and int X*+ # .
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THEOREM 3.3. If F :f Pwkc(X) is integrably bounded by q(. ) L(f) then the
norm-closure of the set of price efficient allocations with price systems in [L.(f)]+
contains the set of efficient allocations.

The proof of this result follows the pattern of the proof of the previous theorem,
but instead of the Bishop-Phelps theorem we use a generalization of it due to Phelps
[36, Thm. 1].

We can now go further and determine a situation where price efficiency implies
efficiency.

So again assume that int X++ # . Then we have the following result.
PROPOSITION 3.5. If F" Pf(X) is integrably bounded andf(. Lx(f) is price

efficient for the price system p(. int [L...()]+ then f(. is efficient.
Proof. Suppose not. Then as before we can find f(’)S1F s.t. (f-f)(.)

[L(f)]+\{0}. Then from Borwein [5] we know that

(p, f f) > O==>(p, f) > trs(p),

a contradiction. Q.E.D.
Once again we turn our attention to Lx(f) allocations. As we already mentioned

in 2, the difficulty that we encounter in this case is that L.(f)g [Lx(f)]* and the
elements of [Lx(O)]* outside L.(f) do not have in general a satisfactory economic
interpretation. So the natural question to ask, is whether we can always choose our
price system to belong in L.(f). The next theorem gives us conditions that produce
an affirmative answer to this question.

Before going into the theorem we would like to recall a few facts about Lx(f).
Details can be found in Levin [22] and Rockafellar [41]. A functional x* [Lx(f)]*
is said to be "absolutely continuous" relative to/x if(x*, x(. )) n (x*(to), x(to)) d/x (to)
for all x(. ) L(f/), where x*(.) L:.(O). In this case we call x*(.) the density of
the functional x*. The absolutely continuous functionals form a closed subspace of
[L(I2)]* which is isometrically isomorphic to L:.(f). This subspace has a natural
complement in [Lx(f/)]*, the subspace of singular functionals. A functional x*
[Lx(f/)]* is said to be "singular" relative to/x if there exists a sequence of sets A, X
s.t. An+l An for all n >_- 1,/x(An)0 as n and (x*, x(. )) 0 for every x(. Lx(f/)
which vanishes on some A,. Then each element x* [L(I)]* has a unique decomposi-
tion of the form x*= x* + x* where Xa* is absolutely continuous relative to /x and x*
is singular relative to/x. Moreover IIx*ll- IIx.*ll / IIx*ll.

Assume that int X/ # .
THEOREM 3.4. IfF fl Pyc(X) is integrably bounded by q(. L(fl) and f(.

S is an efficient allocation then there exists p(. [L:.(fl)]+ s.t. f(. is price efficient
for that price system p(. ).

Proof. Since by hypothesis f(. is efficient we know that

(f+[Lx(fl)]+)l"lS=( ([ Lx(fl)]+ [L(fl)]\{O}).

Recall that int Lx]+ # and that S is convex. So we can apply the first separation
theorem for convex sets and find p(.) [L(f)]*\{0} s.t.

(p,f+ e)>-(p, g)

for all e(.)[L.(f/)]+ and all g(.)S. (Here (., .) denotes the duality brackets
between L(12) and [Lx(f/)]*.) Taking g=f we get that (p, e)=>0 and since e(.)
[L(f)]+ is arbitrary we conclude that p(.) [L(f)]*+.

Next note that (p,f)=crso(p). We claim that (pa, f)=crs(pa) where pa is the
absolutely continuous part of the functional p [L(f/)]*. Let {An}n>__1 be the sets
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that have, relative to Ps, the property described in the definition of the singular part
of p. So An+l Ann => 1 and /x(An)0 as n-->oo while (ps, g)=0 if glan--0 for some
n >= 1. Define

gn(co) f(o) for o
I.g(co) for o f\An,

where g(. S arbitrary. Clearly gn(" S.
Note that

gn(’)--% g(o) as n.

By passing to a subsequence, if necessary, we may assume that g, (o) - g(o) /z-a.e.
as n . Also note that (p, g,-f) =0. So we have that

(p, gn --f) (P, +P, gn --f) (P,, gn --f) ----< 0.
Applying Lebesgue’s dominated convergence theorem we get that (Pa, gn--f)-

(p,, g--f)<--O as n- and since g(.) S was arbitrary we conclude that (p,,f)=
crsT(p) which proves that f(.) is price efficient for the price system p(.)
Lc.(f/). Q.E.D.

In the next result we examine what happens to price efficient allocations when
we have two consumption (or production) multifunctions and we pass to their inter-
section.

PROPOSITION 3.6. If FI’- Pkc(X) and F2" f--> Pfc(X) are integrably bounded,
int S , S, int S2 f andf(. is price efficientfor the multifunction (F1 (q F2)("
andfor theprice system p(. thenf(. isprice ejcientfor (p(. ), FI(" )) and (p(. ), F2(" )).

Proof. Because by hypothesis f(. is price efficient for p(. and (FI fq F2)(" we
have that (p,f)=crs,nF(p)=crsl:S2(p). Since S-,(qintS2 from Moreau [25]
we know that

trs,os’(p) [trs, Vq crs](p)
inf [crs’,(P-P’)+ sF(P )]

>-_(p-p’,f)+(p’,f)=(p,f).

Since (p,f)=crsos(p), we get that the above infimal convolution is exact at
p-p+0 and p=O+p, So f(’)is (p(.), F(.)) and (p(.), F(.)) efficient. Q.E.D.

Now we will study the concepts of efficiency and price efficiency for a particular
sector of the economy. Recall that we model sectors by sub-g-fields of E.

For that we will need the following lemma, the proof of which can be found in
[28, 5].

LEMMA II. Ifp(" t.(’, ’o) and f( Llx(fl) then (p, f} (p, EYof).
For the next theorem assume that X* is separable. Then from the Dunford-Pettis

theorem (see [10]) we know that X* has the Radon-Nikodym property and so
[Lx(f)]*= L.(f). Also assume that X*+ is generating.

THEOREM 3.5. (i) If F" f- Pwkc(X) is integrably bounded and v(. SI-OF is

efficient for Er’oF( then there exists f(. S1F which is efficient for F(. and such that
v(" )= Ef(" ).

(2) Suppose F(. is as above and p(. [L..(f, Eo)]+. Then" f(. SI is price
efficient for p(. ), F(. if and only ifEof( SI(Eo) is price efficient for p(. ), EVoF( ).

Proof. (1) From Hiai-Umegaki [13] we know that

sl(0)---cl E(S1FI,o)
where the closure is taken in the Lc(I), Eo)-norm.
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But from Lemma I we know that S is w-compact and convex in Lr(f). So
E(S]I;o) S(o). Therefore v(. Er’f( for some f(. S. Our claim is that f(.
is ecient for F(. ). Suppose not. Then there exists A E with (A)> 0 s.t.

G(w) (f(w) ++) F(w) #

for all w e A. Note that the multifunction w +f(w)++ has a measurable graph. To
see that consider h’(,x)(,x-f()). Then h-’(x+)=Gr G1 where GI()
f()+R+, and h(.,.) is (EA)xB(X)-measurable. So GrG=GrGGrF
(EA) x B(X). Hence we can apply Aumann’s measurable selection theorem and
find g" A X measurable s.t. g() (f() + X+) F() A. Next define

g() for A,
ff()

[f() forkA.
Clearly > Then for all p(’) [L*(, Eo)]* we have that

(p, g-f) O(p, E(g f)) 0 (by Lemma IX)

Eo Eo
We claim that Eo>Eo Because if Eo()=Eof() -a.e. then

jn Eog() d()= Eof() d(). Hence

a() d()= af() d()
(kx*, () d() x*, af() d() forall xeX

Ia (x*, (w)) d(w) Ia (x*,f(w)) d(w)

(x*, ()-/()) a() 0.

Recall that (x*,(w)-f(w))O -a.e. Hence (x,(w)-f(w))=O -a.e. for

x*eX. Since by hypothesis X is generating, we get that for all x*e
X*(x*, (w)-f(w)) =0 -a.e. and so (w) =f(w) -a.e., a contradiction. So of<
owhich in turn contradicts the efficiency of of(. v(, becauseoeoS
Sov. Therefore f(. is indeed efficient for F(. ).

(2) Suppose f(.)S is price efficient for p(.) and F(.), with p(.)e
[L*(, Zo)]+. This means that

(P,f)=s(P)

Ia(P(w),f(w)) dg(w)= sup, fn(P(w),g()) d(w)
g(’)GSF

=a sup (p(),y)d()

((P((.

Using Lemma II and Bismut [4] we get that
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From [13, Thm. 5.5] (see also Valadier [48]) we know that

Ia EtrF(o,)(p(to)) dtz(to)= Ia trXo(o,)(p(to)) dtz(to)=Crs’(o)(p)

where trXo(,o)(" )= trOF()(" ).
Hence (p, E’of)= rs(o(P) which proves that Eof( is price efficient for p(.

and EoF( ).
Now suppose that Eof sl(Eo) is price efficient for p(.) and EoF(.). Then we

have

(P’ Ef>= rs’((P) Ia ’("(P(to)) d(to)= I ErF((P(to)) dtz(to).

Again by Lemma II and [4] we get that

(p,f) f trF()(p(to)) dtz(to)= Crs(p).

which proves that f(.) is price efficient for p(.) and F(.). Q.E.D.
We will conclude this section by studying the topological properties of the set of

weakly efficient allocations. We will denote that set by wE(F).
Our first result is the following.
THEOREM 3.6. If F:I-* Py(X) is integrably bounded then wE(F) is a w-closed

subset of Lx(1).
Proof. Let {f(. )}A be a net in wE(F) and suppose that f w:L f We will show

that f(.) wE(F). Suppose not. Then there exists B E with /z(B)> 0 s.t. for all
toB(f(to)+intX+)fqF(to)#. For tomB let R(to)=(f(to)+intX+)f3F(to). Note
that Gr R Gr (f(.) + int X/) fq Gr F and as in the proof of Theorem 3.5 we can show
that Gr R En x B(X). Applying Aumann’s measurable selection theorem we can find
r:B-->X measurable s.t. r(to)R(to)toB. So r(to)>>f(to)B (i.e., r(to)-f(to)
int X/ for all to B). Therefore for every A E, A c_ B and every x* X*+ we have that

IA (x*, r(to)) dtz(to) > IA (x*,f(to)) dtz(to).

Since by hypothesis f W:Lk- f we can find 6o A s.t. for 6 A 6 _--> 6o we have that

IA (x*, r(to)) dtz(to) > IA (x*,f(to)) dtz(to)=Z> IA (x*, r(to)--f(to)) dtz(to) > O

and this is true for all A E, A
_

B, x* X*+ and 6 >-60. So we have that

(x*, r(to)-f(to)) > 0 /za-a.e.

for some , E, . B/x(,) > 0 and for all x* ,+*_. Hence r(to)) >>f (to)/xA-a.e. From
that we get that

(f(to) + int X/) f’l F(to)

for all to / and all 6 -> 60, a contradiction. So f(. wE(F) and so wE(F) is w-closed
in L:(f). Q.E.D.

If we strengthen our hypotheses on F(.) and X we can deduce even more about
wE(F). So assume that X is finite-dimensional and that wE(F) .

THEOREM 3.7. IfF" -’> Pk(X) is integrably bounded andfor all to f int F(to)
then wE(F) is a w-compact subset of Lx(f).
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Proof. We already know that wE(F) is w-closed. Clearly it is also bounded. So
if we can show that every element in [Lc(12)]* Lx.(12) achieves its supremum on
wE(F), by James’ theorem we are done.

So let x*(. ) L.(f). Then we have that

sup (x*,f)
f(’)ewE(F)

sup In (x*(to),f(to)) d/z(to).
f(’)ewE(F)

Consider the multifunction to- wE(to) {x e F(to): (x +int X/) F(to) }.
Clearly this is nonempty. We will show that it is also closed valued. Let {xn}c__ wE(to)
and xn - x and n oo. Then x e F(to). Also for all n >- 1 (x, + int X/) f’l F(to) . So
(x + int X/) f) int F(to) . Suppose x : wE(F). Then (x + int X/) f’l F(to) and so
(x +int X+) f’l int F(to) . Since (x, +int X+)- (x+int X/) in the Kuratowski sense,
from Theorem 2.2 of Salinetti-Wets [47] we have that (x, + int X/)f’lint F(to)# for
all n _-> no, a contradiction. Hence for all to e l, wE(to) is closed. Now observe that

Gr wE(. [dom ]c f’l Gr F,

where dP(to, x)=(x+intX+)fqF(to). It is easy to see that the graph of (’, ") is
E x B(X)x B(X)-measurable. So by Theorem 3.4 and Propositions 2.1 and 2.2 of
Himmelberg [14] we have that domEx B(X). Therefore Gr wE(.) E B(X) and
then this tells us that to- wE(to) is measurable. Applying [13, Thm. 2.2] we get that

sup (x*,f)= Ia sup (x*(to), x) dlz(to).
f(" ) wE(F) wE (o)

Since wE(to) is a closed subset of F(to) it is compact. Hence if we define

M(to) {:e wA(to)" (x*(to), ;)= sup (x*(to), x)}
xewE(to)

this set is nonempty and closed for all to f. Also from [14, Thm. 6.4] we have that
to- M(to) is measurable. Then by the Kuratowski-Ryll Nardzewski selection theorem
we can find "f*X measurable s.t. (to) wE (to)to f. So (. wE (F) and

sup (x*, f) (x*, ;)
fwE(F)

which means that wE(F) is w-compact in L(f/). Q.E.D.
Remark. If F(. is also convex Valued then we know that automatically we have

rint F(o) for all o B. So the interiority assumption on F(. is redundant.

4. Optimal allocations. In this section we focus our attention on optimal alloca-
tions. We will start with a powerful existence result. For that purpose we need to
introduce the following notion:

a function 0" X- is said to be quasi-sup-w-compact if and only if there
exists/ s.t. for/3 ->_/ we have that U {x X: 0(x) _>-/3} is w-compact.
Using this concept we can have the following existence result.

TEOREM 4.1. If U" fl X X - g is an integrand s.t.

(i) u (., is E x B(X)-measurable and as a function ofx is weakly upper semicon-

tilttOtlS
(ii) u(to, ") is tz-a.e, quasi-sup-w-compact, and if F’fl-Pyc(X) is integrably

bounded then there exists an optimal allocation.
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Proof Let/3 _->/. Then for all to we have that

U"(" {x x" u(o, x) >_-/3}

=_ {x x" u(,o, x)- ,((x) _->/3}

U"(’’" )-"(’)(" )3 A (to).

So for/z-almost all to and for/3 _->/ we have that A(to) is w-compact.
Now observe that

sup [u(to, x)- 6v(,,,)(x)] sup [u(to, x)- 6v(,o)(x)] sup u(o, x).
xX xAo(to)

By the Weierstrass theorem we know that the above supremum is attained for
/x-almost all to . Define

G(to) { F(to)" u(to, :) m(to)}

where re(to) supxv(,o) u(to, x). Using Castaing’s representation theorem and the weak
upper-semicontinuity of u(to, ), it is easy to see that m(. is measurable. By redefining
G(. on a/x-null set (if necessary) we may assume that G(to) for all to 12. Also
note that Gr G {(to, :) 1) x X" u(to, ) m(to)} f) Gr F E x B(X). Hence we can
apply Aumann’s measurable selection theorem to find f:
G(to)to f. So f(. S] and

u(to, g(to))<= u(to, f(to)) /z-a.e.

for all g(. ) S]. Thus f(. is an optimal allocation. Q.E.D.
The next result is another existence result. It provides a set of conditions on u(.,

and F(. under which there exists an optimal allocation which is also price efficient.
Such an allocation is sometimes called "competitive optimal allocation".

THEOREM 4.2. IfF" f Pwkc(X) is integrably boundedand u "12 x X is such that
u (., is a E x B X -measurable,

(ii) u(to, is monotone increasing and concave for all to 1,
(iii) for every g(.) S[ u(to, g(to))
(iv) there exists x*(. Lx.() s.t. u*(to, x*(to)) d/.(to) > -c,

then there exists a competitive optimal allocation.
Remark. Here u*(., .) denotes the concave conjugate of u(to, .).
Proof From Lemma I of 3 we know that S] is a w-compact subset of L:(I).

Also from hypothesis (iii) and using the results of Rockafellar [42, Thm. 21] applied
in this case to concave functions, we get that

(I,)*(’) I,.(’).

Furthermore hypothesis (iv) allows us to apply once more that result of Rockafellar
and get that

(I,.)*(.) I,..(. ).

But recall that u**(. u(. ). Hence

(I,)**(.) 1,(.)
which means Iu(" is continuous with respect to any topology on L.(f) compatible
with the duality (L(fI), L...(fI)). So the Weierstrass theorem tells us that I,(.)
achieves its supremum on the w-compact set S-. Let f(. SF s.t.

I,(f)= sup I,(g).
g(.)s
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Also because of the monotonicity of u(to, .) for all to fl we can easily see that

I(f) sup I(g).
g(" )[S-(L)+]

If we set

0_ if g SF-(Llx)+,(g)=
otherwise,

(it is easy to see that this is concave and u.s.c.) then from the well-known extremality
condition of convex analysis (applied to concave functions and their "superdifferential"
0(’)) we have that

OO[I,,+8](f).

Now apply the Moreau-Rockafellar theorem [38] and get that

OeOI,(f)+OS(f).

So there exists p(. ) 0I() s.t. -p(. ) Og(f). This second fact implies that

(P, f> (p, g>
for all g(. [S- (L)+]. Hence

(p,f> (p, g>-(p, e>
for all g(. S and all e(. (L)+. Take g =f to conclude that p(. [Lx.()]+.
Also from Rockafellar [42] we know that p(. ) Oil(f) implies that p() Ou(,f())
-a.e. and so

(*) u(,g(o))-u(,f())(p(o),g()-]()) -a..
for all g(. S. Also it is easy to see that

(g) ()(g()) d() g(.) S.

Since -p(. Os(f) we get that -p() 0()(f()), u-a.e, which means that
(p(o), f()) (p(), g()) -a.e. for all g(. S. Using this fact and (*) we conclude
that

u(, g(o)) u(, f()) -a..
for all g(.) S. So f(.) is a competitive optimal allocation. Q.E.D.

Now we will pass to utility (profit) functions u(.,.) that are not concave.
We sta with a result that gives us a necessary condition for the optimality of an

allocation.
THEOREM 4.3. IfF’ P(X) is integrably bounded u " x XR is an integrand

S.t.
(i) u(, is Lipschitz and increasing for all ,
(ii) u (., x) is measurable for all x X,

and iff(. S is an optimal allocation then there exists p(. [L.(fl)]+ s.t. p()
Ou(,f())-a.e.

Remark. Here 0 denotes Clarke’s generalized subdifferential. For details we refer
to Clarke [7], [9] and Rockafellar [43].

Proo Because f(. ) S is by hypothesis an optimal allocation we have that

u(, g()) u(,f()) -a..
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for all g(.) S. Since u(to, .) is by hypothesis increasing we have that

for all g(. e S1F-(Lx(12))+. Hence

Iu(g)<=Iu(f)

sup I,(g) I(f).
g(.)s-(L)+

Note that if A= S-(Lx)+ for some k>0 large enough

sup I,(g)= sup [I,(g)-kdA(g)]=I,(f).
g(’)A g(" )eL

We know that dA(’) is Lipschitz. Then from Clarke [9] we know that 0e
O[L,-skdA](g). Recall that Clarke’s generalized subditterential is subadditive and
O(-kdA)(’)=-OkdA(’) (see [9]). So we get that

0 e OI,(f) OkdA(F)=:=>OI,(f) f’l OkdA(f) # ;.
Let p(. e Oil(f) f’l OkdA(f). Then we have that

(P, -f) <= kdA(f -f)

for all (. e L:(I). Fix e(. e (L)_, otherwise arbitrary. Then

(p,f+ e-f) (p, e) _-< kda(f; e).

From Hiriart-Urruty [15] we know that

dA(f e)= lim

g’eA
X$0

dA(g’+Xe)
O(p, e) <- 0

=>p(. e [L..(O)]+.
Also from Clarke [9] we know that if p(.)eOI(f) then p(w)e
Ou(to, f(w)) /z-a.e. Q.E.D.

Remark. If F(. is also convex valued, then S- is convex and so is da(" ). In this
case generalized and convex subditterentials coincide and so Okda(f)= Na(f). This
means that (p,f)= O’A(p)--trSF(p). So we obtain the following extension of Theorem
4.3.

COROLLARY. Ifall hypotheses of Theorem 4.3 hold and F(. is, in addition, convex
valued then f(. is a competitive optimal allocation.

We will conclude this section with another necessary condition for optimality in
the absence of concavity. Now take u(to, to be locally Lipschitz to e 12.

THEOREM 4.4. Ifu(’, and F(. are as in Theorem 4.3 andf(. SF is an optimal
allocation then for all e X/, u(f(to); e) _>- 0 tz-a.e.

Proof. Using the Castaing representation of F(.) and the continuity of u(to, .)
we can easily see that for all x e F(to)

u(to, x) <-_ u(to, f(to)) /x-a.e.

Let v(to, x)=-u(to, x). Then for all x e F(to) we have that

v(to, x)>- v(to, f(to)) /x-a.e.

So f(to) is/z-a.e, the minimum of the locally Lipschitz function v(to, on the set
F(to). Furthermore because of the monotonicity of u(to, .) we can say that f(to) is



EFFICIENCY AND OPTIMALITY OF ALLOCATIONS II 469

/z-a.e. the minimum of v(w, on F(to)- X/. From Hiriart-Urruty 16] we deduce that

v(w,f(to); h)->0 /-a.e.

for all h ’v(o,)_x/(f(to)) (where " denotes Clarke’s tangent cone (see [7], [16], [43])).
So

(-u)(w,f(to); h) u(to, f(to); -h) >= 0 /x-a.e.

Note that X_
_

rF(,o)-x+(f(to)). Hence for all e X+ we have that

u(w,f(to); e)->_0 /z-a.e. Q.E.D.

5. Approximate efficiency and optimality. Sometimes price efficient and optimal
allocations may not exist or it may be difficult to obtain them. In cases like these our
objective is to approximate as closely as possible those ideal situations. This motivated
the introduction of the e(. )-optimal and the e-price efficient allocations. In this section
we examine such allocations.

Naturally enough we will start with an existence result. Clearly from their
definition, e-price efficient allocations always exist. Let us see what is the situation
with e (.)-optimal allocations.

PROPOSITION 5.1. Ifu "1 X X R is a x B(X)-measurable integrand and F" I-.
Pf(X) is an integrably bounded multifunction then for any e(" [LI()]+ s.t. e(to) > 0
tz-a.e, e(" )-optimal allocation always exist.

Proof. Consider the following multifunction

G(o) {: F(w): sup u(o, x)- e(w) <= u(w, :)}.
xeF(o)

Clearly G(w)# . By appropriately redefining G(.) on the exceptional /x-null
set we may assume that G(.) is nonempty and closed valued. Also if m(o)=
supv(,o) u(w, x) then we have that m(w) > I if and only if there exists x e F(o) s.t.
u(o, x)> X. So we see that

{to e 1); m(w)> A} =pra [{(to, x) e 12 x X" u(w, x) > A} fl Gr F].

From Saint-Beuve’s projection theorem [44] we know that pra[{(w,x)elIx
X: u(to, x) > h } fl Gr F]e E. So m(. is E-measurable. Let O(w, x)
m(to) e(to) u(to, x). Clearly this integrand is g x B(X)-measurable and also G(w)
{xe F(to)" q(o, x)<-0}. So

Gr G={(o,x)X" q(oo, x)<=O}f3Gr FZxB(X).

This allows us to apply Aumann’s measurable selection theorem and get f: f X
measurable s.t. f(co) G(co)co f. Hence

m(to)- e(oo) <-_ u(oo, f(oo)) /x-a.e.

u(to, g(to))-e(to)<-_u(oo, f(oo)) -a.e.
for all g(. e S. This means that f(.) e S is e(" )-optimal. Q.E.D.

Now we will compare e(.)-optimal allocations with e-price efficient allocations.
PROPOSITION 5.2. If U" lI X X R is a Caratheodory, concave, increasing integrand

s.t. for all x Xlu(oo, x)] <- q(to) tx-a.e, where q(. L(f) and if F" f Pfc(X) is

integrably bounded then every e(" )-optimal allocation is e’-price efficient where e ’<-

I, e(ro) dla,(w)= e.



470 NIKOLAOS S. PAPAGEORGIOU

Proof Since by hypothesis f(. S is e(" )-optimal we have for all g(. S that

u(to, g(oo))- u(to, f(oo)) <_-- e(to) /x-a.e.

f u(to, g(to)) dtx(to)- I u(oo, f(to)) dtx(to) <- Ia e(to) dtx(oo)

I(g)-I(f)<=e.

Because u(to, .) is monotone increasing for all to II, we can also say that

I(g’)-I(f)<=e

for all g’(. ) S-(Llx)+. This means that

O o(L + g_(,/)(f).
From Hiriart-Urruty [18, Thm. 2.1] we know that there exist e,e>-0 s.t.

e + e e and

OO,L(f)+g(f).
Hence there exists p(.) 0,/(f) s.t. -p(’) O=(f). This last fact tells us that

(-p, g’) e2 -<- (-p, f)
for all g’(. ) SF-(Lx)+. Let e(. ) (L)+ be arbitrary and set g’=f-e. Then we have
that

(-p, -e) <- e2=(p, e) <= e=

p(.)e -(Lx)+.

Next observe that for all g(. )e SF
(--p, g) e2 <-- (--p, f), (--p(’) e (L.)+)

which means that f(. is e2-price efficient and e2-<-e. Q.E.D.
The next result tells us that given an approximately optimal allocation and any

number >0, we can find another, at least as good allocation, which is within a
distance $ from the original one for the sup-norm.

THEOREM 5.1. If U" 1) X X - N is a Caratheodory integrand F :1) P(X) is

integrably bounded, f(. e SF is e(" )-optimal and A > 0 then we can findf(. e SF which
is :(" )-optimal with (to) <- e(to) tx-a.e, and IIf(,o)-f(,o)ll--< atx-a.e.

Proof. Consider the following multifunction

r(o) {x e f(o)" u(to, f(oo))<=u(to, x),

e(,o) }u(,o, z) < u(o, x) / IIx- zll for all z xz e F(to)
A

From the Ekeland variational principle 12] we know that for all to e , F(to) # .
Also recalling that Gr F e E x B(X) and that u(., being a Caratheodory integrand
is E x B(X)-measurable, we can easily conclude that Gr F e; x B(X).

Apply Aumann’s measurable selection theorem to find f: ft- X measurable s.t.
f(to) e F(to), to e 11. So we have that

(5.1) u(to, z)-e(oo)<-u(oo, f(to))<-u(to,](oo)) /x- a.e. zeF(to),
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(5.2) II ( o)-f(to)ll <=A /z-a.e.,

(5.3) z)- u(to, f(to))
A

for all z e F(to)\{f(to)}.

From (5.3) we get that

u(to, z) e(t) diam F(to) <- u(to, f(to)).
A

Note that diam F(to)< oe/x-a.e. Set

(to) min [ e(to), e(to)A diam F(to)].
Using Castaing’s representation it is easy to see that to diam F(to) is measurable. So
to- (to) is measurable. From (5.1), (5.2) and (5.3’) we get that

II](o)-f((o)]l A /z-a.e.

and

u(o,z)-(o)<-u(oo, f(o)) /x-a.e.

which tells us that f(. )e S- is the desired allocation. Q.E.D.
Sometimes e-price efficient allocations are called e-profit maximizing allocations.

Using this concept of e-profit maximization we can have a necessary and sufficient
condition for efficiency. Recall that a set V c__ X is said to be X+-convex if and only
if V-X+ is convex. Assume that int X*+ and denote by E(F) the set of efficient
allocations of F(.).

THEOREM 5.2. Assume that F 2x is an integrably bounded multifunction with
nonempty, w-compact and X+-convex values. Then we have" f(. ) SIF is an ef-fieient
allocation if and only if for every e(.)[L:(l))]+ there exists a price system p(.)
[L:.(fl)]+ s.t. f(. is e-price efficient for p(.) with e =(p, e).

Proof (Necessity). Suppose f(. )e S] is an efficient allocation.
Consider the multifunction G(to) F(to) X+. Clearly this is closed, convex

valued and measurable. Also S is nonempty, closed and convex. Note that E(F)=
E(G). So f(. is efficient for G(. ). For e(. e [L:(fl)]+ consider the function

g to f to + e to

Because f(.)eE(G), g(to) G(to)/x-a.e. So far toefl\N where /x(N)=0, we
can apply the second separation theorem. According to that there exists p e BX*(0)=
{x* x*: IIx*ll -< 1, p 0 depending on to e f s.t. r(o,)(p) < (p, g(to)). From the
nature of G(. we get that p e + X+\{0}. Consider the multifunction

F(to) {p e Bx*(o) f’l X+*: o’(o,)(p) < (p, g(to))}.

For to I-I\N we know that r(to) . For to N let r(to)= {0}. Then for all
to f F(to) . Define o(to, p) r(o,)(p) -(p, g(to)). Observe that o(to, is l.s.c, for

X*all tof and o(., p) is measurable for all pc B1 (0). Furthermore dom o(to, .)_
B*(O) fq X*+ and so int (dom o(to, ))

_
int (Bx (o) fq X*+) int BX (o) fq int X*+ f.

Hence from Corollary 2E of Rockafellar [40] we deduce that o(., .) is a E x
B(X*)-measurable function. Next observe that

Gr F ((to, p)e 1] x Bx*" o(to, p) < O} U (N x (Ot).
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So Gr FEx B(X*). This means that we can find P: f B1x* fqX*+ s.t. p(to)
F(to) to . Hence

(p(to), g(to))> tro(.,)(p(to)) /z-a.e.

==> f, (P(to), g(to)) dl.(to) > I, tr(o,)(P(to)) dlx(to)

(p(to),f(to)) d/z(to) + (p(to), e(to)) d/z(to) > tr()(p(to))

Since p(. ) Lc,(lq))+ from the definition of G(. we see that

(r(o,)(p(to)) trF(o,)(p(to))to f.

Furthermore we know that

I, o-(,o)(p(to)) d/z(to)= (rs(p).

So finally we have that

(p,f) > (rs(p)- e

where e (p, e)= , (p(to), e(to)) d/z(to) which shows that indeed f(.) is e-price
efficient with e (p, f).

Sufficiency. Suppose that f(. was not an efficient allocation. This means that
there exists A X with/x (A) > 0 s.t. for to A

G(to) If(to)+ X+] f’l F(to) # .
Clearly Gr G (Z f’l A) x B(X). So we can find g: A--) X measurable s.t. g(to)

G(to) to A.
Define

g(to) for to A,
(to)

f(to) for to f\A.

Clearly (. S and >f. Let e(to) if(to)-f(to). Then e(. ) (L:)+\{0}. So we
can find p(. (Lx.)/ s.t.

(p,f) > trs(p)-(p, e):=>(p,f) > (p, ,)-(p, e)

(p,f)>(p,,-e)=(p,f)

a contradiction. So f(. has to be efficient. Q.E.D.

6. Stability results. In this final section of our work we examine the variation of
the sets of efficient and optimal allocations as we perturb the data on which those
notions depend.

We will start with a stability result for the set of efficient allocations E(F),
when the consumption (production) multifunction varies in the Kuratowski-Mosco
sense described in 2. For that purpose we need the following lemma. Assume that
int X*+ .

LEMMA III. If F’f--)Py(X) is integrably bounded and SI is locally w-compact
then E(F)-(Lx)+ S-(Lx)+.

Proof. Clearly E(F)-(Lx)+gS-(Lx)+. Let g(.)sl-(Lx)+. Then we have
that g(.)g’(.)-(Lx)+ where g’(.)S. Consider the set (g’+(Lx)+)sl and
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let z(.)cE((g’+(Lx)+)f’lS). Such an element exists by Theorem 3.1. We claim
that z(.)E(F). Suppose not. Then (z(.)+(Lx)+)SS. So there are ff(.)S]
and e(.)(Lx)+ s.t. ff(.)=z(.)+e(.). But note that z(.)=g’(.)+e’(.) for some
e’(.)(Lx)+. So ,(.)=g’(.)+e’(.)+e(.) g’(.) + (L)+. Therefore
z(.)C:E((g’+(L:)+)S) a contradiction. Hence z(.)E(F) and z(.)=
g’(" )+ e"(. )(e"(. e’(" )+ e(. )). Thus z(. g(. )+ e"(. )+ e’"(. )(e’"(. )e (L:)+) which
means that z(.)-e"(.)-e’"(.)-geE(F)-(Lx)+. Q.E.D.

Now we are ready for the stability result we promised.
THEOREM 6.1. IfF,, F Pyc(X) are measurable multifunctions for all n >= 1 and

F,(to) W(to) tx-a.e, with W:f Pwkc(X) integrably bounded and ifF,(to) K:M, F(to)
Ix-a.e. then

E(F) w-lim sup E(F,,).

Proofi Let f(.)eE(f). Then f(’)eSF and so f(to)eF(to) /x-a.e. Since by
hypothesis

F.(to) K F(to) /z-a.e.

we know that

IIf(w)-F.(,o)ll-0 /x-a.e.

as n. Let G,(to) {x, F,(to): Ilf(o)-x II- IIf(,o)-f.(,o)ll). Clearly for all n >- 1,
to- G,(to) is nonempty, closed valued and measurable. Apply the Kuratowski-Ryll
Nardzewski measurable selection theorem to find g, :1"/ X measurable s.t. g,(to)
G, (to) for all to ft and all n => 1. Then g, (.) S. for all n -> 1 and

IIf(to)-g,(to)ll 0 /z-a.e.

as n- o. From Lemma III we know that

g,,(.)=f,,(.)-e,,(.)

where f,(.) e E(F,,) and e,(.)e(Lx)+(n > 1). Then

f,(o) e, (o) -f(o) t-a.e.

as n--> c. Applying Lebesgue’s dominated convergence theorem for Bochner integrals
we get that

f-e. f
as n oo. Note that S c_c_ Sv for all n-> 1 and from Lemma I we know that Sv is
w-compact in L(a). From the Eberlein-Smulian theorem we can find a subsequence
{n}c_ {hi s.t.

w-L:
f’f-k eS as ko.

Also -f.-e. f as k-.

Then for all p(. ) Lc.(l) we have that

(p, % +f f’)-(p, e. f. +f)+(p,f. f’)- O
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as k--> oo. So we deduce that

e, -f as k -> oo.

Since (L)+ is closed, convex we get that f’>-f. Since f(.)E(F) and f’(.)SIF we
must have f’ =f. Hence

f(. w-lim sup E (F,)

and since f(. ) E(F) was arbitrary we conclude that

E(F) w-lim sup E(Fn). Q.E.D.

Now we pass to approximately price efficient allocations. In the next result we
prove that the set of approximately price efficient allocations is continuous in the
Hausdortt metric with respect to both the level of approximation e > 0 and the efficient
price system p(. ).

Let X be reflexive (always separable). If A L(. then by aCra(. we will mean
the L(f)-subgradients of era" [L(f)]* Lx.(f)--> . So we will be interested only
in the absolutely continuous parts of the e-subgradients in a*cra(" ) [L.(I)]*. We
will denote the set of e-price efficient allocations, with approximately efficient price
system p(. by PEF(e, p). Then we have

PROPOSrrION 6.1. If F: f--> Pyc(X) is integrably bounded {e,, e}__>l
_
+\{0},

{p,, p},>_l
_

Lx.(12)\{O} e,--> e and p, p as n-->oo then PEF(e,, p,) h->PEF(e, p) as
n--> oo (here h(., denote the Hausdorff metric).

Proof. From the definition of approximate price efficiency and [8, Lemma 2] we
can easily deduce that

PEF(e,,p,)-a.[<p,, ">- ds(’)], PEF(e,p)-a[<p, ">-ds(’)].
Both sets are nonempty, convex, closed in L(.). We know that h(.,.) defines

a metric on those sets. Also recall that since S] is convex d s(" is convex. So -ds("
is a concave, Lipschitz function. Hence from Hiriart-Urruty 17] we know that for all

1
h(a.d<p,,. >-d s’(" )], o[<p,. >-d s’(" )]) --min (e,, e)

[lip. -p Iloo/ le.

1
==> h(PEF( en, p,), PEa(e, p)) [lip. -pll+ le. el].

min (e,, e)

Let n. We conclude that PEf(e,,p,) PEF(e,p). Q.E.D.
So the above result tells us that: the nonempty, closed, convex valued multifunction

PEF(’," is Hausdor continuous on L() x+(+ +{0}) with the strong product
topology.

When e 0, the result of Hiria-Urruty [17] on which the proof of the previous
proposition was based is not any more applicable. So in that case we cannot have
any more convergence in the Hausdorff metric. However we can prove convergence
in the Kuratowski-Mosco sense for a fixed price system p(. ).

PROPOSITION 6.2. If F’Pfc(X) is integrably bounded, p(.)[L.()]+{0}
and eO asn then PEF(e,,p) -> PEF(e,p) as n.
oo Letf(. PEF(e, p) m M N and suppose thatf Sincef(.

S and S is closed and convex in L() we get that f(.) S.
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By definition for all rn M we have that

O’s-(p)--em(p, fm).

Passing to the limit as m- we get that

trs(p)<-(p,f)

and since f(. ) S we get that trs(p)- (p,f). So f(’) PEF(p). Hence we see that

(6.1) w-lim sup PEF(en, p)
_
PEF(p).

Next let f(. PEF(p). Then for all n >- 1 f(. PEF(en, p). Applying Ekeland’s
variational principle we can find f,(. ) S s.t.

(6.2) trs(p)- e, (p,f,),

(6.3) f, f[l .
From (2) we have that f,(.) PEF(e,,p) and from (6.3) we get that

f. ’f as nm.

Hence we deduce that

(6.4) PEF(p)
_

s-lim inf PEF(e, p).

From (6.1) and (6.4) above we finally conclude that

PE(e,,, p) - PEF(e, p) as n - oo. Q.E.D.

In the remaining part of this section we examine the behavior of optimality, price
efficiency and efficiency for a sector as the sector gets larger.

So let {E}n->l be a sequence of sub-g-fields of and suppose that V:I E E.
Also assume that X is finite-dimensional. Denote by A(u, F) the set of all optimal
allocations determined by the consumption (production) multifunction F(. and the
utility (profit) functions u(.,.). Then we have

THEOREM 6.2. If u" fl x X -->R is a Caratheodory integrand s.t. [u(to), x)l <-- p(to)
tx-a.e, for all x e X where p(.) e Ll(to) and if F: fl-> Pyc(X) is integrably bounded then

s-lim sup A(Enu, EnF) A( u, F).

Proof. Let

f(. s-lim sup A(Er’.u, EX.F).

s-L:Then this means that there exist r,(.) A(EXu, EF), rn M
_
N s.t. rm f as

m --> oo.
Recall that r,(.) sl(m). From Hiai-Umegaki [13] (see also Yaladier [48]) we

know that Sl(m)--cl {EY’mS1F} with the closure taken in the L,(fl)-norm. Since X is
finite-dimensional, from Lemma I of 3 we know that S is a w-compact, convex
subset of L:(I). Hence sl(Em) EmS. So r, EXmf, where fro(" S m M. By
passing from the beginning to a subsequence, if necessary, we may assume that

Er"fm(tO)’->f(to) /x-a.e.

as m-->o. Since r,(’)A(Emu, EVg) and SI(Er)=ESF we have that for every
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g;.s
Er’mu(w, Er’,,g(to)) <= E’mu(o), E""mf((.l))) /x-a.e.

Since F(. is integrably bounded from martingale theory we know that Er’,,’g(to)
g(to) /x-a.e. as m-c. Furthermore from Bismut [4, Thm. 1, p. 668] we know that

E"mu((.I), --)’ U(l.), /x-a.e.

and the convergence is uniform on compact sets.

and

Hence we deduce that

Er’"u(to, E’g(to)) u(to, g(to)) /x-a.e.

E’mu(to, Emf(o)) u(co, f(o)) /x-a.e.

Since for all rn M N, Emu(o2, Er’"g(ra)) <= Eu(o), Ef(ra)) /x-a.e. we con-
clude that

u(ra, g(ra))<= u(oa, f(oa)) /z-a.e.

and since this is true for all g(.)e S, we have that f(.) A(u, F). Q.E.D.
We have an analogous stability result for price efficient allocations. For that

purpose assume that X is finite-dimensional and E is a countably generated r-field.
Then we have

THEOREM 6.3. If F: 12- Pyc(X) is integrably bounded then

w-lira sup PE EV.F)
_
PEl( F).

Proof. Let

This means that there exist

f(. w-lim sup PE (Er’"F).

gm(’)PE(EF)mM Ns.t.g,, f asm-.

So g,(" e SI(E,.) and there exist p,.(. BrT(n’’m)(O)

Recall that

f
crs’(")(P’) Ja crE"()(Pm(C)) d/a,(to).

From Valadier [48] we know that cr(o,)(p,.(to))= ErF(o)(p,(o))) /x-a.e. But then
from Bismut [4] we get that

nEr’.crF(,o)(p,,(to))

d/x(to)= In CrF(,o)(p,(o)))d/z(to)= crs(p,).

Because E is countably generated, L,(f) is separable and so BLT(m(0) is metrizable
with the w*-topology and so w*-sequentially compact. Hence we can find

{mk}_ {m}s.t.p ., p as koo
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and p(. ) BLT(n)(0). At this point use Mazur’s theorem to find

s.L

z,k(’)econv [Jn_kgm.(’)s.t. zmk(’) n,f(.) asko.

So we have that

(6.5) (p,,,z,)o(p,f(.)) as k-o.

Also note that since S is bounded, trs(’) is finite and so because of convexity
we conclude that it is continuous on (BLT(a)(0), w*). Hence we have that

(6.6) trs,m(p,)=trs,(pm)-trs,(p) as k-.

Since trS’m(p,,k)= (p,,, Z,) from (6.5) and (6.6) above we conclude that (p,f)
crs,(p). Because S is a closed, convex subset of L(f), Hormander’s theorem tells
us that f(. S. Therefore, f(. PE (F). Q.E.D.

Remark. A careful examination of the above proof can convince the reader that
if X is a general separable Banach space then

s-lim sup PE (EX.F)
_
PE (F).

We will conclude the paper with a similar stability analysis for the set E(F) of
efficient allocations. Assume that X is finite-dimensional Banach space.

THEOREM 6.4. If F: - Pfc(X) is integrably bounded by q(. LI(, El) then
E (F)

_
w-lim supn_,oo E (EX,F).

Proof. From Valadier [48] we know that for all x* X* we have

cr(,o)(x*) EXcr(o))(x*) /-a.e.

the exceptional set independent of x* because of continuity. From Bismut [4] we know
that for all x* X*

E"CrF(,o)(x*)- CrF(,)(X*) /-a.e.

As in the proof of Theorem 6.2 we can get that SF E’nSF. Hence

[EF(o2)[ sup E-f(o))[[ _-< sup E-[[f(o)[[ <_- E-(o) (o) < +oo/-a.e.
fSF fSF

So we can write that

dom tr.F(,)(’) =dom O’F,(’) X* /z-a.e.

Then Corollary 2E of Salinetti-Wets [45] tells us that

tr-.v(o)(’) EX.crv()(’) -- trv(o)(’) -a.e.
as n o oo. But then from Theorem 3.1 of Mosco [27] we deduce that EX.F L F as
nooo. Now recall that for all n>_-1 we have [EX-F(t0)[ <- p(to) -a.e. So

XIE.F(to)l-<_ B(o)(0)- {x X" Ilxll <--
XIt is easy to see that 60-> B(o)(0) is integrably bounded. Therefore we can apply

Theorem 6.1 and get that

E (F) w-lim sup E (EZ.F). Q.E.D.

If we impose more restrictions on F(. we can have a stronger version of Theorem
6.4. Assume that X is a reflexive Banach space (always separable).
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THEOREM 6.5. IfF: f - Pfc(X) is measurable and F(w)
_

Wtz-a.e. with Wa weakly
compact, convex subset ofX then

E(Er..F) L E(F) as n -Proof. From Theorem 6.1 of Hiai-Umegaki [13] we have that

h(E"F(w),F(w))-O /z-a.e. asn-*c.

Also since F(to)___ W/z-a.e., we have that EX,F(to)_ E,W W/z-a.e. Hence we
can apply Theorem 5.4 of [28] to conclude that

E(EX"F) L- E(F) as Q.E.D.

Concluding our work, we would like to point out that it will be interesting to
consider also risk-aversely efficient allocations (see [33]), study their properties and
compare them with the notions introduced and studied in this paper. Risk-aversely
efficient allocations are important in economic theory.

Acknowledgment. The author is very grateful to the referee for reading the paper
carefully and making several comments and suggestions that improved the presentation
considerably.
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AN APPROACH TO SIMULTANEOUS SYSTEM DESIGN, I.
SEMIALGEBRAIC GEOMETRIC METHODS*

BIJOY K. GHOSHt

Abstract. This paper introduces semialgebraic parameterization as an approach to analyze simultaneous
stabilization and pole placement problems. Rational families of plants of a given McMillan degree, that are
simultaneously stabilizable by a fixed family of compensators, are parameterized. For a discrete family of
plants, the parameterization problem reduces to the simultaneous stabilization or the pole placement problem
of a r-tuple of multi input multi output plants by a nonswitching compensator. It is shown that by removing
a semialgebraic subset of a proper algebraic set, the "space of plants" can be decomposed into components
that are either simultaneously stabilizable or simultaneously unstabilizable. Under special cases, explicit
parameterization of the semialgebraic set is obtained. Finally a necessary condition for the simultaneous
stabilization of single input or single output plants is obtained.

Key words, plant, compensator, semialgebraic-set, decision-theory

AMS(MOS) subject classifications. 93, 14

1. Introduction. Classically, in control theory one considers a lumped, linear,
time-invariant, proper or strictly proper plant and one of the design objectives is to
construct an output feedback scheme that would stabilize the plant. Not all plants
have a compensator that satisfies the specified design constraints and it is of interest
to parameterize those plants that do. In this paper, the semialgebraic properties of the
parameterization problem is studied. In a related part II we study this problem via
algebraic geometric methods.

In order to introduce the class of problems to be investigated, we consider a p x m
rational, transfer function matrix G(s) modelling a rn input p output plant and address
the following problem:

Problem 1.1. Let S be a topological space. Consider a family of plants Gx(s)
parameterized by h S. Does there exist a compensator Kf()(s) where

(1.1) f: S-> S1c S

such that the closed loop systems Ga[I+ Kf(x)(s)ax(s)]-1 are stable for all h S.
If the answer to Problem 1.1 is "yes", one asks the following parameterization

problem.
Problem 1.2. Let f be fixed. Describe the family of plants Gx (s) for which there

exists a family of compensators Ky(x)(s) such that the closed loop system
G(s)[I+Ky()(s)G(s)]- is stable for all h S.

If S--$1 and f is the identity map, an adaptive control problem, called the
"switching compensator problem" is obtained. If f is a constant map, the so-called
"nonswitching compensator problem" also known as the "blending problem" is
obtained. An important class of the noswitching compensator problem, called the
"simultaneous stabilization problem" arises when the set S is discrete. The problem
is to describe the set of r-tuples of plants G(s),. ., Gr(s) that admit a stabilizing
compensator. Let us now consider the following two examples.

* Received by the editors August 21, 1984, and in revised form on February 11, 1985.
f Department of Systems Science and Mathematics, Washington University, St. Louis, Missouri 63130.

This research was partially supported by National Aeronautics and Space Administration grant NSG 2265
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Example 1.1 (a switching compensator paroblem). Let S be the set of real numbers. Consider Ga(s) to be a family of plants of degree 1 given by Ga(s)= 1/(s+ hE),
where h g. Let Ka be a family of feedback gains given by Ka klh + k2 where
kl, k2, h R. Let us now ask the following question: Does there exist some values of
kl, k2 2 such that the closed loop system Ga (s)[1 + KaGa (s)] -1 is stable for all h ?

Of course it is easy to see that Ka stabilizes Ga (s) for all h if[

(1.2) AE-F klh + k2 0.

Clearly, for

1.3) k2 < 4k2,

the inequality (1.2) is satisfied for all h R. Therefore, the family of plants G (s) is
stabilizable by the family of switching compensators K (s) provided (1.3) is satisfied.

Example 1.2 (a parameterization problem). As a continuation of Example 1.1, let
G(s)=a/(bs+h2), K;,=klh+k2. Let us now ask the following question:
For which a, b[2 does there exist kl, kEER2 such that the closed loop system
G(s)[1 + K;G(s)]-1 is stable for all h?

Once again, Kx stabilizes Gx (s) for all h iff

(1.4) b(h 2 + akl h + ak2) > O.

Eliminating the variables k, k2 2 from the above inequation, we may check that the
set of a, b, h 3 for which there exists some k, k2 2 satisfying (1.4) is given by

(1.5) (b > 0 and a 0 and A 0) or (a 0).

The set of (a, b) 2 for which (1.5) is satisfied for all A [ is given by

(1.6) {(a,b)laO},
which is also the required solution to the parameterization problem.

As pointed out in [15], the compensator problem 1.1 and the parameterization
Problem 1.2 is encountered in reliability studies. One frequently encounters situations
when it is desirable to stabilize a plant with multiple modes of operation. For example,
if G(s) models a plant in its nominal mode, one might consider G2(s),"’, Gr(s) as
the models of the plant in the faulted mode. It might be desirable to construct a
feedback nonswitching compensator that simultaneously stabilizes G(s),..., Gr(s).
In another situation, for example in considering an adaptive control problem, one
considers a parameterized family of plants Ga (s) and wishes to construct a stabilizing
compensator Ka(s) such that (Ga(s), Ka(s)) is stable for all h in a parameter set. If
Ka(s) is independent of h, then the problem reduces to the blending problem, i.e. of
constructing a fixed compensator for a family of plants. For details on the motivation
and other references we refer to [1], [12].

The main idea of this paper is now summarized. First of all, the space of proper
plants of McMillan degree n and the space of proper compensators of McMillan
degree q have been described as a quasi-affine variety. In particular the plants and the
compensators under consideration are parameterized as semialgebraic subsets of the
affine spaces gN and M, respectively. By using the Routh-Hurwitz criterion [11], the
set of plants and the set of compensators that correspond to a stable system in the
closed loop is described by a set of semialgebraic conditions in the product space

x a. The stabilizable plants are now described by the application of the decision
method [2] which utilizes a rational procedure of eliminating the compensator variables
from the above semialgebraic sets of conditions. By Tarski [26] and Seidenberg [22]
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(see also Cohen [7]) this results in a semi-algebraic parameterization of the set of
stabilizable plants in Rs.

Ofcourse the above argument continues to hold if one considers the pole-placement
problem instead of the stabilization problem and a r-tuple of plants or more generally
a rational family of plants of a fixed McMillan degree instead of a single plant. It may
be noted, however, that the above parameterization may not be obtained by an efficient
algorithm since it is known [10] that the Tarski-Seidenberg algorithms are computa-
tionally inefficient. However, a recent improvement by Collins [8] and by Arnon [3]
have considerably improved the efficiency.

The organization of this paper is as follows. In 2 a parameterization of the space
of input output systems of a fixed McMillan degree has been described. In 3 the set
of stabilizable/pole assignable plants have been parameterized by the application of
the Routh-Hurwitz condition [11] and the decision theory [2]. The parameterization
problem of 3 is generalized in 4 to a family of plants, rather than one. Specifically,
a simultaneously stabilizable family of plants has been parameterized. In 5, the path
component properties of the pole placement problem is described. In 6 and 7 we
restrict our attention to the case of a r-tuple of single input or single output plants (in
particular x m plants). In 6, an explicit solution to the parameterization problem
is obtained under the hypothesis that (q + 1)(rn + 1) , ni / rq where hi, 1, , r
and q are the McMillan degrees of the plants and the compensator, respectively.
Especially when the above hypothesis is not satisfied, in 7 we parameterize a set of
unstabilizable r-tuples of plants, thereby obtaining a necessary condition to the simul-
taneous stabilization problem. The paper concludes in 8 with a discussion on the
possibility of parameterizing the set of stabilizable/pole assignable r-tuples of plants
by a dynamic compensator of finite but a priori unbounded McMillan degree. This
new problem serves to give some measure of the relative depth of the parameterization
questions posed and solved in this paper.

2. A parameterization of the space of systems. Let k be either R or C. We now
parameterize the set of p rn proper, rational, matrix valued transfer functions over
k as a subset of ks where N n(m/p)+ mp. Let (A, B, C, D) be a 4-tuple of matrices
in kS of orders n n, n m, p n and p m, respectively. Let us consider the following.

DEFINITION. A tuple of matrices (A, B, C, D) is defined to be a minimal system
of degree n if the proper p m transfer function

(2.1) G(s) E CA’-IB/s’ + D

is of McMillan degree n.
It is well known that a tuple (A, B, C, D) is minimal iff it is observable and

reachable. The space of minimal systems of degree n is denoted by S,,.p. Let us consider
the following prop.osition.

LEMMA 2.1. Sn,p is an irreducible subset of.ks.
Proof. The affine space ks is irreducible. S.p is a nonempty Zariski open subset

of ks since it contains observable and reachable 4-tuples of matrices. Hence S,,p is
irreducible. (See Hartshorne [16].) Q.E.D.

It is quite possible that two 4-tuples of matrices (A,B1, C1, D1) and
(A2, BE, C2, DE) correspond via (2.1) to the same transfer function G(s). The above is
indeed the case iff there exist a nonsingular n x n matrix g Gl(n, k) such that

(2.2) A2 gAng-1, B2 gB, C2 Cg-, D2 D.
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Thus there exists an action of Gl(n, k) on the space S,,p and the problem is to
parameterize the moduli space S,.p/Gl(n, k). This is done as follows.

LEMMA 2.2. S",,,,p/Gl(n,k) is an analytic manifold of dimension n(m+p)+mp.
Moreover, there exists a set oflocal co-ordinate charts with rational co-ordinatefunctions.

Remark. The proof of Lemma 2.2 is an adaptation from Clark [6], Hazewinkel
and Kalman [18], Byres and Hurt [4] and Hazewinkel [17]. We choose to restate this
well-known fact since the algebraic structure of the moduli space is important in what
we derive later on in this paper.

Proof Let o denote the set of reachable pairs of matrices (A, B) and denote

(2.3) Eo Eo/GI( n, k).

It is well known (see [4], [18]) that 0 is an analytic manifold of dimension nm which
admits a rational atlas. Let ,,p be the observable and reachable triples (A, B, C) and
define

(2.4) E,p=,,p/Gl(n,k).
Using a result due to Byrnes and Hurt [4], g,,p-+ go is canonically an algebraic vector
bundle of rank pn. Hence Y-,n,p is a n(m+p)-dimensional analytic manifold having
rational coordinate functions. Finally the proof of this lemma follows from the observa-
tion that

(2.5) S,pI Gl( n, k) ,,,p x krap. Q.E.D.

Alternatively, it is also possible to parameterize S,,,p/Gl(n, k) in the following way.
Let Hn,p be the affine (2n-1)mp-dimensional space of p xm block Hankel

matrices of the type

(2.6) H

H H2
H2 H3 Hn+

H. H.+
where Hi, 1, , 2n are p x m matrices. Consider the affine space

(2.7) H,,p x k"p x k"p,

and define the subset

(2.8)

given by

(2.9)

S,p C H"m,p x kmp x kmp

S,p {(H, H2., Ho)lrank H n and col (H.+I, , H2.)

[ailp] col (Hi,’’’ Hn+i-1) for some al," ", a, k}.
i=1

There is an algebraic map

(2.10) : ,,,p -> Sp

defined by

(2.11) (A, B, C, D)= CA._IB
CA"-IB ] CA2n-I B, mCAZ"-BJ ]

We now consider the following lemma.
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LEMMA 2.3. S,p is a quasi affine algebraic variety in the affine space k(2"+l)"p.

Proof. By (2.9), S,,p is an open. subset of a closed algebraic subset in k(2n+l)’p.
Moreover, S,,p is irreducible, since S"m,p is, and the map is algebraic (see Shaferavich
[23]). Q.E.D.

A topology on S,,p is induced from the Zariski topology [16] on k(xn+l)mp. It is
well known, by realization theory [19], that every element of S,,p corresponds with a
p x m p.roper plant of McMillan degree n. Hence S,,p is isomorphic to the moduli
space S,p/ Gl( n, k).

3. A parameterization of the space of stabilizable/pole assignable systems. Let k
be the real field . To begin with, we consider the product space of p x m proper plants
of degree n and m x p proper compensators of degree q, given by

(3.1) S,pXS,,,
which is of course a quasi affine variety. (See [12]). We now consider the following
two problems

Problem 3.1. Describe the set of plants G(s) in S,,p and compensators K(s) in
Sp,,, such that the pair (G(s), K (s)) is stable in the closed loop.

Problem 3.2. Describe the set of plants G(s) in S,,p and compensators K(s) in
Sq such that the closed loop system G(s)[I + K(s)G(s)]-1 has poles in a prescribedp,m

n / q tuple of self-conjugate complex points sl,..., Sn+q.
We now show that there exists a semialgebraic parameterization to the set of

plants and compensators satisfying the properties stipulated in Problems 3.1 and 3.2.
THEOREM 3.1. The subset U1 of (3.1) given by

(3.2) U, {(G(s), K(s))]K(s) stabilizes G(s)},

is semialgebraic.
In order to prove Theorem 3.1 we need the following lemma.
LEMMA 3.1. Let be the map

(3.3) Oi," S X Sq _.> n+q
m,p p,

defined by

(3.4) (G(s), K(s)) coefficients of the monic characteristic polynomial
7r(s) of the closed loop system G(s)[I + K(s)G(s)]-1.

Then is rational
Proof Consider the affine spaces

(3.5)

and

(3.6)

H H,p x N"P x

Hq Hq X mpp,m X mp

associated with S,p and Sq respectively. By realization theory [19] every point inp,m,

the quasi-affine algebraic variety S,pX S,m of H. x Hq corresponds to a plant-
compensator pair (G(s), K(s)), and therefore corresponds to the closed loop plant
_G(s) G(s)[I+ K(s)G(s)]-1. Moreover, the coefficients of the characteristic poly-
nomial of _G(s) is rational in the parameters of H, x Hq since G(s) and K(s) are of
fixed degrees n and q, respectively. By restriction to S,pXS,m, is clearly
rational. Q.E.D.

LEMMA 3.2. Consider the real n + q( th degree polynomial

(3.7) p(s) S
n+q + a,,+q_lS

n+q- +" + ao
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parameterized as points in En+q. Then the set

(3.8) S {(ao, , a,+q_l)[p(s) is stable}

is semialgebraic in W’+q.

Proof. The proof is omitted as it is the well-known Routh-Hurwitz condition
[11]. Q.E.D.

Theorem 3.1 now follows trivially from the Lemmas 3.1 and 3.2. Note that the
compensator K(s) stabilizes the plant G(s) just in case the associated characteristic
polynomial 7r(s) is stable. Note also that the coefficients of 7r(s) are rational in the
plant and the compensator parameters. Q.E.D.

The proof of the following theorem is analogous and is omitted.
THEOREM 3.2. The subset U2 of (3.1) given by

(3.9) U2={(G(s),K(s))lthepoles of G(s)(I+K(s)G(s))-1 are at a given set

of self conjugate complex points sl, , s,,+q}
is semialgebraic.

We now state the stabilizability problem as follows.
Problem 3.3. Describe the set of plants in S,,p for which there exists a compensator

K(s) in Spq,, such that the closed loop system G(s)[I + K(s)G(s)]-1 is stable.
We also state the pole assignability problem as follows.
Problem 3.4. Describe the set of plants in S,p for which there exists a compensator

K(s) in Spq, such that the closed loop system G(s)[I + K(s)G(s)]- has poles in an
arbitrary n + q set of self-conjugate complex points.

The following theorem reveals the semialgebraic nature of the sets described in
Problems 3.3 and 3.4.

THEOREM 3.3. The subset U of U given by

(3.10) U,={G(s)I=IK(s)S.,, and G(s)[I+K(s)G(s)]-1 is stable}

is semialgebraic. The subset Up of U2 given by

(3.11) Up= {G(s)lfor all self conjugate set s,. s,+q of complex numbers, ::!

K(s) Sp,. and G(s)[I+ K(s)G(s)]-1 has poles at s, S,+q}

is semialgebraic.
Proof. Consider the product space (3.1) and consider the projection

(3.12) proj" S,p x S,.,,, - S.p.
It is clear that

(3.13) U proj Ul.
By Theorem 3.1, U is semialgebraic and proj is a rational map. Thus by the Tarski
[26], Seidenberg [22] theory of elimination over , U is semialgebraic. In order to
show that Up is semialgebraic consider the product space

(3 14) S,pX Sq XNn+q
p,

and its subset U given by

U= {(G(s), K(s), (Co,’", C,+q_l))[ the poles of G(s)[I+ K(s)G(s)]-1

(3.15)
are at the zeros of 7r(s) s" + Cn+q_1S

n+q-1 dr-" "-t" C0}o

Consider now the following two projections:

(3.16) projl" Sn,pXS,m)n+q
--) Sn,pXn+q
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and

(3.17) proj" Sn,p X n-t-q ._> S.n,p"
It is easy to see that

(3.18) Up proj2 [proj U)],

where 12 denotes the complement of f in the respective ambient space. Since the
complement of a semialgebraic set is semialgebraic, by Tarski-Seidenberg [26], [22],
Up is semialgebraic. Q.E.D.

Example 3.1. Consider the single input single output plant g(s) and the com-
pensator k(s) given by

(3.19) g(s)= 1/(sZ+bs+c),

(3.20) k(s)=k/(s+a).

The characteristic polynomial is given by

(3.21) (S2- bs + c)(s + a)+ k,

which vanishes in the left half-plane iff

(3.22) a+b>0 and ac+k>0 and (a+b)(ab+c)-(ac+k)>O.

The above inequalities (3.22) have been obtained by the application of the Routh-
Hurwitz condition to the characteristic polynomial (3.21). In order to describe the set
of stabilizable plants, we need to eliminate the variables k, a from (3.22) and obtain

(3.23) b>0 or c-b2>0.

b STABILIZABLE

UNSTABILIZABLE

c b
2

FIG. 3.1. The set of stabilizable and unstabilizable plants of Example 3.1.
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In other words, for every b, c satisfying (3.23) there exists k, a R such that (3.22) is
satisfied. Thus the set of stabilizable plants are given by the shaded region in Fig. 3.1.

4. Semialgebraic path component properties of families of systems. Consider the
space of r-tuples of plants

11(4.1) W

of McMillan degrees of nl,’’ ", nr respectively. We now define a family of r-tuples
of plants and a family of compensators as follows. Let A1 c Rs, A2 c 82 be a pair of
semialgebraic subsets. A collection of families of r-tuple of plants in W, parameterized
by a semialgebraic subset W1 of W is given by an algebraic function

(4.2) bl :A1 W - W.

Similarly, a collection of families of compensators in S,,, parameterized by a semi-
algebraic subset W2 of W is given by the algebraic function

(4.3) b2 "A x W2 ---) sqp,
Note that a given element w W indeed defines a family of r-tuples of plants given
by

(4.4) bl(’, w) :al W.

Similarly,

(4.5) 62(" w_)’A2 Sq
p,

for w W2, defines a family ofcompensators. For notational simplicity, we would
denote by wl W1, the family of r-tuples of plants given by b(., Wl). Similarly, w W
will be used to denote the family of compensators b(., w). We now define the notion
of o--stabilizability. Let h be a fixed algebraic function

(4.6) h’AA.
Let f, i= 1,. ., r respectively, be the projections

(4.7) f" W
DEFINITION (-stabilizability). The family of r-tuples of plants w W, is said

to be -stabilizable by a family of compensators w2 W2, if the closed loop systems

(4.8) 61(, w,)[I+ 6(h(A), w2)f0l( Wl)]-1

have poles with real pa less than -, for all A and for all i= 1,..., r.
In order to introduce the main result of this section we consider the following

problem.
Problem. Describe the subset W of W given by

(4.9) W= {w WI> 0, w2 W2 and w is -stabilizable by w2}.

The main result is now summarized as follows.
TnZORZM 4.1. For a fixed algebraic function h described by (4.6), the set W of

-stabilizable families of r-tuple ofplants for > O, is open, semialgebraic. ere exists
a semialgebraic subset X of a proper algebraic set, where X consists of non- stabilizable
families of r-tuples ofplants in W, such that Wa-X has finitely many path components
with the property thatifw and w are in the same path component of W-X then the
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family 14) is o’-stabilizable iffthefamily w is o’-stabilizable by somefamily ofcompensators
W2C W2.

Proof. To see that W is open, let Wl W. By assumption, there exists a (to> 0
such that w is o0-stabilizable by some w2 W2. Equivalently, the closed loop systems
fd)l(A, Wl)[I + 4)2(h(A), w2), f(b(A, w))]-1 have poles with real part less than -ro,
for all A A and for all i= 1,. ., r. Since ro> 0, every element w sufficiently close
to Wl in W, is cr-stabilizable for r sufficiently close to ro. Hence r> 0. Hence W
is open.

To see that W is semialgebraic,.consider the space

(4.10) W x W x A1 x -,
where - is the open negative real axis. Consider the subset U in (4.10) given by

(4.11) U= ((w,, w2, )t,, cr)lf(6(A, w)) is (r-stabilizable by 6(h(A1), w)}.

By the Routh-Hurwitz condition [11], U is semialgebraic. Let p be the projection

(4.12) proj," W1 x W x A1 xl-o W1 x A,

by the Tarski-Seidenberg [26], [22] theory of elimination over R, U =proj U is
semialgebraic in W A. Moreover U, the complement of U in Wax A is also
semialgebraic. Consider the projection

(4.13) proj2: W x A,--) W1.

The set U. proj (U) is semialgebraic in W. Moreover, U2 precisely corresponds to
those families of r tuples of plants that are r-stabilizable. Hence W U is semi-
algebraic.

Thus W is open, semialgebraic and by Delzell’s theorem [9], is described by
conjunction and disjunction of strict inequalities.

(4.14) h(.)>0
for j 1,. ., t, where is some positive integer. Let us now define a proper, algebraic
subset X of W given by

(4.15) X, CI {hi(. )=0}

for j 1,. ., t. Since X is algebraic, by Whitney [20], W1- X1 has finitely many path
components. Let X be defined by

X (.J [{hj(.)=0CI W,]

(4.16)
=Xf3 W.

Clearly X is semialgebraic and is a subset of the proper algebraic set X. Moreover

(4.17) W X W X) (X- W).

Since W1-X has finitely many path components with the property that every com-
ponent either contains simultaneously cr-stabilizable family of plants for some r > 0
or simultaneously r-unstabilizable family of plants, it is clear W-X also has the
same property. This is because a o’-stabilizable component and a o’-unstabilizable
component cannot be separated by a boundary of r-stabilizable family of plants,
(r-stabilizability being an open condition. Q.E.D.
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Let us now consider a refinement of Theorem 4.1 under the hypothesis that A1 is
compact.

THEOREM 4.2. Let the parameter space A1 be compact. For afixed algebraicfunction
h described by (4.6), the set W of stabilizable families of r-tuple of plants is open,
semialgebraic. There exists a semialgebraic subset X of a proper algebraic set, where X
consists ofnonstabilizablefamilies ofr-tuples ofplants in W1, such that W1 X hasfinitely
many path components with the property thatnif wl and w are in the same path
components of W1-X, then the family Wl is stabilizable iff the family w is stabilizable
by some family of compensators w2 W:.

Remark. Note first of all that in Theorem 4.2 we are discussing stabilizability (or
zero stabilizability) as opposed to Theorem 4.1 where we have cr-stabilizability, for
r>0.

An important corollary of Theorem 4.2, follows in the special case when A1
{1, 2,..., r} and h is a constant function.

COROLLARY 4.1. There exists a semi-algebraic subset of a proper algebraic set X,
consisting, of nonstabilizable r-tuples of plants such that W-X has finitely many com-
ponents with the property thatif ((s),. ., r(S)) and ((s),. ., ’r(S)) are in
the same path component then (G(s),..., G(s)) is simultaneously stabilizable by a

fixed nonsitching compensator iff ((s),. ., G’(s)) is so.
If on the other hand A2 the compensator parameter space is a single point, so

that the algebraic function h described by (4.6) is a constant function, we have the
simultaneous version of the "blending problem" originally addressed by Tannenbaum
[24], [25].

Finally we come to the proof of Theorem 4.2.
Proof The proof of this theorem is analogous to Theorem 4.1. However, one has

to show that the set W given by (4.18) is open.

(4.18) W {w WlZlw2 W and w is stabilizable by w2}.

Let w W. By hypothesis, there exists a W2 W2 with the following property--if
7ri(s, hi) is the characteristic polynomial of the closed loop system for h A1 and
i {1,..., r}, then zri(s, hi) has roots in the open left half of the complex plane for
allhlA1 and i{1 r}.Lets ,,j j 1, , n / q be the roots of Try(s, h), for a
fixed 6 {1, , r}, h 6 A. Define

r(A1) --(’l-,., max Re .,j
i,j

where r<,) is clearly a continuous function of A 1. Since A is compact, r(,) attains a
maximum value r where r < 0, since Wl W. Consider W’l in a sufficiently small open
neighborhood Nw, of Wl in W1, together with w2 in W2. By repeating the above argument,
there exists r’< 0 sufficiently close to r, such that the real parts of the roots of the
associated characteristic polynomials Try(s, hi) for all {1,. , r} and /’1 A1 is less
than or equal to r’. Hence Nw, C W. Q.E.D.

Remark. A semialgebraic subset of a proper algebraic set is automatically of
Lebesgue measure zero. Thus, roughly speaking, one is deleting a "thin" set of
nonstabilizable plants (family of plants) so that the remaining set has a "component"
property. This, we remark, is conceptually significant since we now have to analyze
big pieces of components rather than an individual family of plants.

5. Path component properties of the simultaneous pole placement problem. In this
section we want to generalize the pole assignability Problem 3.4 to the simultaneous
pole placement problem described as follows.
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Problem 5.1. Parameterize the set of r-tuples of m input p output plants,
Gl(S),’- ", Gr(s) each of a given McMillan degree ni, i= 1,..., r, respectively, for
which there exist a nonswitching p input m output proper compensator K(s) of
McMillan degree q that arbitrarily assigns all the poles of the closed loop systems
Gi(s)[I + K(s)G,(s)] -1", i= 1, r.

Generalizing the technique used in the proof of Theorem 3.3, we now show the
following.

THEOREM 5.1. The set Wp ofsimultaneouslypole assignable (by aproper compensator
of Mcmillan degree q) r-tuples of plants Gl(s)," , Gr(s), in W= Sm,pX" X Sm.p is
semialgebraic. There exists a proper algebraic set X in W such that W-X has finitely
many path components with the property thatuif (G(s),...,Gr(s)) and
(G(s),. G’(s)) are in the same path component, then (Gl(S), , G2(s)) is simul-
taneously pole assignable by a proper compensator of McMillan degree q iff
(G(s),. ., G’,(s)) is so.

Remark. We do not claim in Theorem 5.1 that the set Wp is open.
Proof. The fact that We is semialgebraic is an immediate generalization ofTheorem

3.3 (see [12] for details). Thus Wp is described by conjunction and disjunction of
inequalities and equalities of the type

(5.) h(.)>0, g(.)=0

for j 1,. ., t, k 1,. ., t2 where tl, t2 are some positive integers. Define X to be
the proper algebraic set given by

(5.2) X {hi(.) =0} {gg(.)=}.

It is clear that X is the proper algebraic set with the required path component
property. Q.E.D.

For the rest of this section, our aim is to refine Theorem 5.1. First of all we claim
that the set Wp, of pole assignable r-tuple of plants is not open in general. This we
show by considering the following example.

Example 5.1. Consider a single input single output plant of McMillan degree 1
given by (plsd-p2)/(sd-p3) parameterized in R by the point (Pl, P2, P3). Consider the
gain feedback click. To say that the gain places the poles of the system at s =-a is
to say that the following matrix equation

(5.3) [c, c]
P3

has a solution. The set of all p, P2, P3 for which (5.3) has a solution is given by 5el t.J 6e2
where

9, ((P,, P2, P3)IP2 P,P3},

2 {(Pl, P2, P3)]P2 P,P3, P3 a}.

Note that although 91 is an open set, S2 is a proper Zariski closed subset of R3. Note
also that the set

(5.4) 2--{(Pl, P2, P3)IP2--PIP3}
has finitely many components that are pole assignable.

6. An explicit solution of the parameterization problem. In this section, we consider
an r-tuple of p x m, min (m, p) 1 strictly proper plants of McMillan degrees hi,



SIMULTANEOUS SYSTEM DESIGN 491

1,. ., r, respectively. The problem is to parameterize explicitly the set of r-tuples of
plants that can be stabilized by a proper compensator of McMillan degree q. In this
section we obtain the parameterization under the assumption q + 1)( rn + 1) Eni + rq.
Without any loss of generality we can assume that m _-> p, for if K (s) stabilizes Gf(s),
then KT(s) stabilizes Gi(s). A given set of r, m input 1 output plants of McMillan
degree <-ni may be represented as

sj(6.1) Pm+l,js Pl,jS, Pm,j
=0 =0 j=O

for 1,2, ,r, where pi -1 i=l, r and pk,,=O, k=l, m, i=m+ l,n

1,..., r. Similarly, a 1 input m output proper compensator of McMillan degree q
is represented as

(6.2) Y a,j ,..., a,,,sss am+l,jS
=o j=o j=o

The associated return difference equation, det I + K (s) Gp(s) 0 is given by

(6.3)
zr,(s)= p,s a,s

k=l j=0 j=0

ni+q
& E Ci,jSj Wi= 1,’’’, r,

j=O

where Ci,ni+q 1 V 1,. ., r. A generic r-tuple of plants defines a linear mapping X,
via (6.3), between the compensator parameters and the coefficient of the return
difference polynomials given by

(6.4) . R q(m+ )+m+ ._.> REni+rq+l
where X may be defined as

(6.5) x(_a)---_aS--(Cl,0,... l,nl+q_l," Cr,nr+q_l, Cl,n,+q),

where _a is the q(m + 1)+ m + 1 compensator parameters ai, and S is the associated
Sylvestor’s matrix (see [12], [15] for details). It is known [12] that for a generic r-tuple
of plants, the rows of S are .independent. Thus the image of X given by (6.4) is a
subspace of codimension 1 in [yni+rq+l. Let us now define

ni+q= (ci,s,j=O," ",ni+ q; i=l," ",r) Y ci,s has roots in the open
(6.6) s=

left half of the complex plane, for i= 1,. ., r}

and its convex hull f() c Rn+qx Xnr+q, It was shown by Chen [5] that
LEMMA 6.1 (Chen [5]). The convex hull of @ is given by

(6.7) 12() {(c,,)lc,s > 0}.

Moreover if image X is an ajne hyperplane then

(6.8) image(x)fql() iff image

Thus the stabilizability of the r-tuple of plants (6.1) is equivalent to solving (6.5)
for some ci. > 0 V i, j. We now prove the following lemma.
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LEMMA 6.2. Assume q + 1)(m + 1) ni + rq. For a given r-tuple ofplants (chosen
generically) let _a be a vector orthogonal to image X. Then the r-tuple of plants is
simultaneously unstabilizable iff g 12( ).

Proof. (if) By assumption g 12() so that

(6.9) image (g) f-112(@) .
Thus by Lemma 6.1,

(6.10) image

(only if) Assume that _a 12(). Then clearly there exists _1112() such that
_a _1_ _11. Hence _11 image X so that

image

or equivalently by Lemma 6.1,

image X (-I # . Q.E.D.

We now use Lemma 6.2 to obtain a parameterization of the set of unstabilizable
r-tuples of plants. Let us represent the Sylvestor matrix S in (6.5) as

(6.11) S=[ Sll Sl’t],St_l, St_l,

where ni + rq + 1. Let

(6.12) v, + v2 2 +’’" + v,i] (6.12)

be a vector orthogonal to image X, where ,j-1,..., is the standard basis of .
Then clearly

(6.13) v (-1)+ det S, i= 1,. , t,

where S is obtained from S by deleting its ith column. The set of stabilizable r-tuples
of plants is now obtained by the semialgebraic condition

(6.14) (v<0 or or vt <0)

and
(vl > 0 or. or vt > 0).

Example 6.1. Assume q 0, r 2, m 2, p 1, n 1, n2 2. The Sylvestor matrix
S is given by

P,o P,o P, 0

(6 15) S 2 2
P2,o P2,o P2,1 0

2 2
P3,0 P3,0 P3,1 1

Thus,

(6.16)

2 2 2 2v =P,oP2,-P2,oPl,1
2 2Vz=p2,oPl,I--PII,OP2,,

V3 pll,0p2 2
2,o P2,oPl,o,

Pl,O Pl,O Pl,1

/)4 det 2 2
P2,0 P2,0 P2,1

2 2
P3,0 P3,0 P3,1
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The simultaneously unstabilizable plants are given by

(6.17) Vil)j>O for i,j {1, 2, 3, 4}.

7. A necessary condition for simultaneous stabilization of min (m, p) 1 plants. We
begin this section with the remark that the process of parameterizing the simultaneously
stabilizable/unstabilizable r-tuples of plants (as described in 2, 3 and 4) is computa-
tionally inefficient since it involves eliminating the set of compensator coefficients using
decision algebra [2]. Thus we view 2, 3 and 4 to be qualitative.

In [15], Ghosh and Byrnes have obtained sufficient conditions for the generic
simultaneous stabilization of a r-tuple of plants. Furthermore the techniques described
in [15] can be used to construct a simultaneously stabilizing compensator. In this
section we obtain a necessary condition to the following simultaneous stabilization
problem.

Problem 7.1. Given an r-tuple of lxm proper plants G(s),..., Gr(s) of
McMillan degrees ni, i= 1,..., r, respectively, does there exist a compensator K(s)
of McMillan degree q such that the closed-loop systems Gi(s)[I+K(s)G(s)]-,
i= 1,..., r are (internally) stable?

Note that in the above Problem 7.1, the McMillan degree q of the compensator
is held fixed. In order to illustrate the main idea of this section we consider the following
example.

Example 7.1. Consider a triplet of single input single output plants p(s)/q,(s),
i= 1, 2, 3 of McMillan degrees n, n2, r13 respectively. Let c(s)/d(s) be the correspond-
ing stabilizing compensators. Thus there exist Hurwitz polynomials A(s), A2(s), A3(s
such that

(7.1) p,(s)c(s)+q,(s)d(s)=A,(s), i= 1,2,3,

or equivalently,

(7.2)
p(s)

p2(s)
p3(s)

q(sl[ (sd()] =/a(
q3(s)] LA3(S)

A necessary condition for (7.2) to be satisfied is given by

(7.3) A,(s) r/32(s) + A2(s) r/,3(s) + A3(s)r121(s)=0,

where rhj(S) pi(s)qj(s) qi(s)p(s).
In fact if the triplet of plants is chosen generically, then (7.3) is also a sufficient

condition for the existence of c(s), d(s) satisfying 7.2 (see [13] for details). Now if
we assume n n2 n3 1 and q 0, then generically we may write

(7.4) Ai(s) A/o+ AilS,

and

(7.5)

’i13(S) 710-t- llS+ 12$2,

’013(S) 720-1- 721S -- 722$2,

r/21(S) 30+ :3S + :3S,



494 BO K. GHOSH

so that (7.3) can be written as

(7.6) [Alo All A20 A21 A30 A31] =[0000].

A necessary and sufficient condition that Ai(s) defined in (7.4) is stable is given by
the following:

Aio and mil have the same sign, for all i= 1, 2, 3.

Assume for the purpose of illustration that every entry of the vector

(7.7) [A,o A11 A20 A21 a30 A31]

is positive. Thus to say that (7.6) is satisfied is to say that the polytope generated by
the 6 points Pl, P2, P3, P4, Ps, P6 contain the origin, where

p: (60 6

_
0), p: (0 60 6 1),

(7.8) P3 (20 21 722 0), p4 (0 :20 :21 22),

P5 (s30 s31 s3 0), P6-- (0 30 3, s32)

Thus a necessary and sufficient condition that the triplet of single input single outptrt
plants of McMillan degree 1 is stabilizable by a feedback gain is that the polytope
generated by

(7.9)
Pl, P2, P3, P4, P5, P6 or Pl, P2, P3, P4, --Ps, --P6 or

Pl, P2, --P3, --P4, Ps, P6 or Pl, P2, --P3, --P4, --Ps, --P6

contains the origin.
We would now like to generalize the argument presented in Example 7.1. Note first

of all that for /11 /12 /I q 1 or for nl tiE t13 2, q 0 one can mimic the
argument of Example 7.1 to obtain a necessary and sufficient condition for the
simultaneous stabilization of a triplet of plants.

The proof relies on the fact that a quadratic polynomial Ai(s), i= 1, 2, 3 is stable
if[ every coefficient of A(s) has the same sign. However, in general, a polynomial A(s)
of degree n is stable only if every coefficient of A(s) is of the same sign. This idea is
now applied as follows.

Consider a m + 2 tuple of 1 m proper plants represented as

(7.10) G,(s) [ nil(S) n,(s) r/im (_S_) ]ni,m+l(S) rti,m+l(S) ni,m+l(S)

for i= 1, 2,..., m + 2. Consider a rn x 1 proper compensator represented as

(7.11) k(s) [ el(S) Cm(S)] T

Cm+I(S Cm+li
The compensator (7.11) stabilizes each one of the plants (7.10) if[ there exists Hurwitz
polynomials A(s),..., A,,+2(s) such that

(7.12) nia(s)c(s)+. .+ ni,,,,+l(S)C,,,+l(S)= Ai(s)



SIMULTANEOUS SYSTEM DESIGN 495

for i= 1,. ., m + 2. Writing (7.12) in the matrix notation as

n(s) n,,,/(s) c(s)
A(s)

A,+I(S(7.13) n,,+l,l(s) n,,+l,,+l(S) cm+(s)

a necessary condition for the existence of Cl(S), , Cm+I(S that satisfy (7.13) is given
by the condition

(7.14) det I n(s) nl,m+(s) Al(s) ] =0.
L nm+2,1(S) nm+2,m+l(S) Am+2(S)J

The equation (7.14) can be viewed as a generalization of (7.3). Using the necessary
condition for the stability of a polynomial, viz that every coefficient is of the same
sign, one obtains the required necessary condition.

8. Conclusion and future developments. In this paper we describe an approach to
simultaneous system design using semialgebraic geometric methods. The procedure
described in this paper relies heavily on the fact that the McMillan degree of the
compensator under consideration is bounded. Although this might be a reasonable
assumption under most practical situations, it is also of interest to consider Problems
1.1 and 1.2 with the assumption that the McMillan degree of the compensator is not
a priori bounded. We remark that the "space of compensators" under the above
hypothesis is not finite-dimensional and semialgebraic geometric methods using
decision algebra [2] are therefore not applicable. Using transcendental and interpola-
tion methods, we have obtained (see [14]) semialgebraic parameterization of the
simultaneously stabilizable and pole assignable collections of plants. Complete solution
to the parameterization Problems 1.1 and 1.2 where the compensators are of unbounded
McMillan degree is a subject of future research.

As an additional remark, it may be interesting to point out a recent research work
by Richter and DeCarlo [21] on eigenvalue assignment by decentralized feedback and
the fact the simultaneous system design problem may be viewed as a decentralized
feedback problem with special structure.
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STATE ESTIMATION AND CONTROL OF CONDITIONALLY
LINEAR SYSTEMS*

WOJCIECH J. KOLODZIEJ" AND RONALD R. MOHLER’

Abstract. The filtering problem for a partially observable stochastic system, with linear-in-unobservable
state dynamics and non-Gaussian initial conditions is studied here. It is shown that the conditional expected
value of the unobservable states, given the past and present observations, can be expressed in terms of a
finite dimensional set of statistics. This result, which generalizes the conditionally Gaussian filter, is used
to derive a separation principle for a linear-quadratic control problem.

Key words, optimal filtering, stochastic control, non-Gaussian stochastic systems

Introduction. Stochastic, partially observable systems, with linear-in-unobservable
state dynamics are termed conditionally linear systems here. It is well-known that the
solution of a state estimation problem for a conditionally linear system with Gaussian
distribution of the initial state is given in terms of two sets of sufficient statistics,
satisfying stochastic differential equations [4].

Discussed here is the state estimation problem which generalizes the above result
for the case of an arbitrary a priori distribution of the initial state. The method applied
in this study is based on the derivation of an explicit formula for the conditional
characteristic function of the state, given the past and present observations. This
approach, as opposed to the one presented in [1], avoids the use of Zakai’s equation.

It is shown here that the conditional characteristic function of the present and
past states, given the present and past observations, is parametrically determined by
a finite number of sufficient statistics. This result leads to the derivation of a filter, in
the form of a finite set of stochastic differential equations which extends the result of
1] in a similar manner as a conditionally Gaussian filter generalizes a Kalman filter.

Also discussed here and illustrated by the examples, is the suitability of the filter
structure for the study of stochastic control and parameter estimation.

1. Problem formulation and the main result. Given the following system of stochas-
tic differential equations

(1.1) dxt=(fo(t, y)+fl(t, y)xt) dt+go(t, y) dwt+qo(t, y) dvt,

(1.2) dyt=(ho(t,y)+hl(t,y)xt) dt+dvt, O<-t<- T,

where fo, fl, go, qo, ho, hi are Yt measurable functionals of y, with Yt
tr-alg {Ys, 0 -< s=< t}, and wt, vt are independent Wiener processes.

The objective is to find :t E(x,[t), assuming that xt, Yt satisfy (1.1) and (1.2),
and that the conditional distribution of the initial states F(a)= P(xo<= alyo) is given.

The organization of this section starts with Lemma 1, whereby it is shown that
the conditional characteristic function of (X,o, x,,..., x,n)[, for arbitrary partition
0 <- to < tl < < t, <- =< T, of the interval [0, T] is of a particular form. Results from
the theory of conditionally Gaussian processes are used here.

* Received by the editors April 24, 1984, and in revised form February 1, 1985. This research was
sponsored by the Office of Naval Research under contract N00014-81-K0814.

" Department of Electrical and Computer Engineering, Oregon State University, Corvallis, Oregon
97331.

: During 1983-84, NAVALEX Professor, Department of Electrical and Computer Engineering, Naval
Postgraduate School, Monterey, California 93943.
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Next, in Lemma 2, the explicit formula for the characteristic function of xt[Y is
derived, and finally, in Lemma 3, all the results are organized to yield the recursive,
finite-dimensional set of filter equations.

The assumptions used in the proof of Lemma 1 and 2 are listed below: Let CT
denote the space of continuous functions r/= { r/t, 0 =< T}. It is assumed that for each

CT

The above assumption assures the existence of the Ito integrals in (1.1) and (1.2)
[3]. In order to use the results for conditionally Gaussian processes it is also assumed
that [4]:

(1.4) for all r/e CT, [0, T], Ifl (t, r/)l + hl (t, r/)l -< const,

and

(1.5)
r

E(lfo( t, y)l4 + Igo( t, y)l4 + Iqo( t, y)l4) at < c, E(lxol4) < c.

LEMMA 1. Let

4t=exp ZkXtk Z= eR", 0--<to<tl<’’’<tn=<t=<T.
k=O

Then the conditional characteristic function of (x, x,,. ., x)l is given by

(1.6) et(z) E(,IYt) exp (Q(t, a, z, y))dF(a)

where Q( t, a, z, y) is quadratic in the variables a and z.

Proof of Lemma 1. First notice that (1.1) solves as

(1.7) xt=t Xo+ -l(fo-qoho) as+ dp-lqodys + -lgodws

where

exp (fl qohl) ds

Rewrite (1.7) in the symbolic way as

(1.8) x, q,(Xo, w, y).

Now, the following version of the Bayes formula will be used [2, p. 8]: Let bt(Xo, w, y)
be a nonanticipative functional of its arguments with E(I ,I) < for all [0, T]. Then

(1.9) E(b, lYt) I_ I ch,(a,q,y)pt(a,q,y)dtxw(rl)dF(a)
CT

where/Zw is a Wiener measure on the measurable space of continuous functions rt on
[0, T],

(1.10) o(a,

2
h(d/s(a, "q,y) x(y))2 ds
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with dus dys-(ho+ hls) ds, and Os(a, q, y) defined by (1.8). The innovations process
’t can be represented by

’t (dys-(ho(s, y)+ hl(S, y)s(y)) ds)= vt + hl(s, y)(Xs-s(y)) ds.

Now using the Ito formula we have

e, es+ i h(, y) e x,-x,(y)) dr

+iz e dv,- ei, dr.

Multiplying both sides of the above equation by e, and taking the conditional
expectation E(.) gives

Z2 s
Solving the last equation yields

(.) (e(’-,) e-(,-/,
which shows that (,,g) is a Wiener process. Now rewrite o,(a, ,y) in a more
convenient form. To this end introduce the following notation:

Al(t,y)= h 2(fo-qoho) ds+ 2qo dy -A(t,y)=h,

c(, (s, - (s, s,

C(t, y)= A(s, y) dn- A(s, y)A(s, y) ds,

l(S, y)(s, y) (r, y) ,s,

Note also that C4(t, y, w) and Cs(t, y, w) can be rewritten with the use of the Ito
formula as follows"

c( t, y, ) (t, s, y) ,
cs( t, y, ) A( t, s, y)
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where

A4(t, S, y)= A.(r, y) du- A,(r, y)A_(r, y) dr A3(s, y),

,(t, s, (, a, 3(s, yl.

Now, using the above notation, we have from (1.8) and (1.10)

( a2 lfo (io)2)p,(a, w, y)= exp C1 + a(C2 + C5)+ C4-- C3-- A2 A3 dw ds

(1.12)

( aa Io’ llo’ (Io)=exp C1 + aCa- C3 + aA5 + A) dw -- A A dw

The arguments in (1.12) were omitted for brevity. From (1.8) it follows that

x, q,(xo, w, y)=, xo+ A(t, y)+ A3(s y)

where

A(, y)= 2(fo-qoho) ds+ 2qo

Combining (1.12) and the above,

exp (Q(, a, z, y))= [ ,(a, n, y)o,(a, n, Y) d(n)
Cr

(1.13)

:exp C1 + aC2 - C3+ a ,kize + (I,kA6(te, y)ize
k=l k=l

exp aA5 + A4) drls + izedP tk

tk
A3 drls

k=l

-1/2fA22z(fAadl)2ds)dlw(rl)
In order to evaluate the integral in (1.13), the following results will be used:

(i) Since the above integral represents a conditional expected value of its
integrand, under the condition that y, s [0, t] and Xo a are given, the resulting
distributions are of conditionally Gaussian type [4]. Note that this fact does not depend
on the F(a).

(ii) With all the variables in (1.13) being conditionally Gaussian we can use a
convenient theorem:

THEOREM [4, pp. 12-13]. Let w,, [0, T] be a Wiener process and let R(t), G(t),
and H >- 0 be such that

Then for all [0, T]

(1.14)

r([R(t)l+G(t)2+H(t)) dt<.

E(exp(ff R(s)G(s) dw- f/ H(s)(Ij G(r) dw,)2ds))
=exp D(t)+

1 G(s)r(s) ds
2
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(1.17)

(1.18)

where

where

dr(s)=(EH(s)-r(s):G(s)) ds, r(t) 0,

and D(t) is the covariance of Jto R(s) ds, where

d=G(s)I’(s)ds+G(s) dw, :o 0.

Comparing the last integral in (1.13) with the equation given by (1.14), we note
that the corresponding R(t) is a linear function of a and z. Now (1.9), (1.13), (1.14),
and the definition of D(t) conclude the proof of Lemma 1.

From Lemma 1 it follows in particular that for z R, the characteristic function
of xt[Yt is given by

e,(z)=C(t,y)I_ooexp(aF,(t,y)+aF(t,y)
(1.15)

+ izaF3(t, y)+ izF4(t, y)+ z2F(t, y)) dF(a),

where F, F2, F3, F4, F do not depend on F(a). Normalizing et(z) (i.e., requiring
that et(0) 1) yields

(1 16) et(z)=exp(izF4+z2Fs) J-exp(a2Fl+a(F2+izF3))--- dF(a)
Joo exp (a2F / aF2) dF(a)

Then from the general properties of the characteristic function, it follows that

1 de,(z)()2 d2e,(z) ^2=:,, P,+ x,
dz =o dz2

=o

2where Pt E((x,- x,) [Y,) i.e., the conditional variance of x,[Y,. From the above and
(1.16)

t FaL(1) + F4,

Pt -2F5 / FaE(It(2) It2(1)),

(1.23) F =-- h 42 ds,

(1.22)

and

(1 19) It(n) -oo an exp (a2F + aF2) dF(a)
-o exp (a2F + aF2) dF(a)

n 1, 2.

The following Lemma defines Fu i= 1,2,3, 4, 5 in (1.16).
LEMMA 2. The characteristic function of x, lYt is given by

(1.20) et(z) exp (-1/2z2/3t(0)) oo exp (a2F + aF2+ izt(a, 0)) dF(a)
_

exp (aZF + aF2) dF(a)

where , a, 0), Pt (0) are given as the solutions to thefollowing set ofdifferential equations
with tr 0

d,(a, tr) (fo+ft(a, tr) dt + qo+ P,(tr) h)(dyt ho+ ht(a, tr) dt),
(1.21) :o(a, o’) a,

d/St(tr) (2fa/st (0") +g+ q-(qo+/3t(o’) ha)2 dr, o(tr) tr2,
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(1.24) F2 dshl(dvs+ hlbd(1) ds),

(1.25) 4,=exp (f-h(qo+ /5(O)h,)) ds

Proof of Lemma 2. Since the G do not depend on F(a) (see Lemma 1), take

1 ( (a_-__m):(1.26) dF(a)= 24rexp 2o.2 ] da, r>0.

In this case the resulting conditionally Gaussian distribution allows for explicit
e,(z) calculation [4]. Accordingly,

(1.27) e,(z) =exp (iz,(m, )-z,()),

where ,(m, ) and P() satisfy (1.21) and (1.22) respectively. With F(a) given by
(1.26) it follows from (1.16) that

(1.28) e,()=exp i G+ F+
m
F + F-F

where

t-2
O"-2- 2F1.

Comparing (1.27) and (1.28), we have

(1.29) ,(m, tr)= F4+ &2(F2+)F3,
and

(1.30) P,(o’) d-2F- 2Fs.
Letting now tr0 in (1.29) and (1.30), it follows that

(1.31) Fa+ mF3 ,( m, O),

and

(1.32) Fs= 1/2/5, (0).

The above allows e,(z) to be of the form of (1.20) with F1 and F2 yet to be defined.
Using now (1.17) and (1.18) and explicitly calculating I,(n), n 1,2, we have

Zk,(a.-2- 2F,) F(1.33)

and

(1.34)

with

a, P, P,(0).

The formulae for F1 and F2 will be obtained by differentiating (1.33) and (1.34).
However, before this is done, recall from the theory of nonlinear filtering [3] that in



STATE ESTIMATION AND CONTROL OF LINEAR SYSTEMS 503

general, for x,, y, given as a solution to (1.1) and (1.2) ,, P, satisfy

(1.35) d,=(fo+f,,)dt+(qo+P,h)dv,, o=I_adF(a),
dPt (2flPt + gg+ q-(qo+ P,hl)2) dt + hlR, dvt

(1.36)

Po | (a -:o)2 dF(a),

where

Remark. Direct application of (1.35) and (1.36) meets the difficulty of infinite
coupling between the subsequent moments. From (1.22), (1.35), and (1.36), and the
fact that for conditionally Gaussian processes R, 0,

(1.37) dAt A,(2fl- hl(2qo+ h,(P +/3t (0)))) dt, Ao 0"2.

Now from (1.33) and (1.34) (upon differentiation) and using (1.35), (1.37), it follows
that

(1.38) dFl 2-hlF dt, FI(0) =0,

and

(1.39) dFE=F3hl(dvt+hlFalt(1) dt), F2(0) 0.

To define F3, notice that (1.21) solves as

(1.40) ,(a, 0-) dA a + 4)-2(f ho(qo+ ’(0-)h) ds

+ 6-;(qo+(h ),,

where

)(1.41) th, exp l-h(qo+Ps(0-)h,)) as.

Comparing the above with (1.31) shows that F3 b, for 0- 0, which ends the proof
of Lemma 2.

Lemma 3 below merely organizes all the results into the filter equations and the
final form of the conditional characteristic function.

LEMMA 3. Given the system (1.1) and (1.2) together with the a priori distribution
F(a) P(xo <- a]yo). Thefollowing are the_Jilter equations (i.e., formulae of the recursive
type, which calculate , E(x, IYt)).
(1.42) dt (fo +flt) dt +(qo+ Pthl) dr,, o [-- a dF(a),

(1.43)

(1.44)

(1.45)

(1.46)

dr, dy,-(ho+ h,,) at,

p, =/5, + 6t(it(2)_ 1,2(1))
d/3, (2f/5 + g)+ q-(qo+ /3,h,)2) dt,

2

It(n) ]._ exp (a F1 + aF2) dF(a)
n=l,2,
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(1.47) dF1 1/’2’d’2=-,,,, dr, FI(0) 0,

(1.48) dF2 bth(dvt + bthIt(1) dt),

(1.49) d&t (f- h(qo+ Pth))t dt,

The characteristic function of x,lY, is given by"

(1.50)

(o) =o,
bo 1.

(ix(t_dptlt(1))_1/2z2E)._oo exp (a2F + a(F2+ izcht)) dF(a)
et(z) exp joo exp (a2F / aF2) dF(a)

2. Special cases and control problems. Two special cases of (1.1) and (1.2) result
in significant simplification ofthe filter equations. The first case occurs when go(t, y) 0,
0=< t-T. From (1.7) it follows then that xt is of the form

xt At( y)xo+ Bt( y).

Using the above equation in (1.2), we have the following estimation problem: Let Xo
be a random variable with distribution F(a) P(xo<-_ alYo). Assume that the observa-
tion process Yt, 0-< t-< T, admits a differential

dyt=(ho(t, y)+ h,(t, y)Xo) dt+ dr,,

where the notation stays the same as in (1.2) and ho, h satisfy (1.3) and (1.4). From
Lemma 2 it follows now that the conditional characteristic function of Xo given Y is
of the form

(2.1) J-o exp (a2F + aF2+ iza) dF(a)
et(z) I_oo exp (a2F1 + aF2) dF(a)

The above results from the fact that dxo=0 replaces (1.1) implying Pt(0)=0 and
St(a, 0)= a, as defined by (1.21) and (1.22). Now

de,(z)
dz z=0

where t E(xolYt), combined with the general filter equations (1.42)+ (1.50) yields

j_oo a exp (-1/2a2 to h2 ds + a Jto h(dys- ho ds)) dE(a)
(2.2) xt= Joexp (-1/2a2to h2 ds+a Jtoh(dys-hods))dE(a)

In particular if

1
dF a V’ O’o

exp (- (a mo)2-oo Ida’
(2.2) results in

(2.3) t mo+ crg Jo h dys ho as)
1 + cr to h2 ds

The above agrees with the result presented in [4, pp. 22-24].
The second special case for which the filter takes a simple form follows if h(t, y) 0

(i.e., the state is not observable directly), 0-_ _-< T. Now the filter equations (1.42)+
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(1.50) reduce to

dR, (fo+fR,) dt+ qo(dy,- ho dt),

:o (oo a dF(a),
(2.4)

dPt (2fPt + go2) dt,

Po=I_o(a-o)2dF(a).
In order to discuss a control problem using the results obtained here, assume that all
the coefficients in (1.1) and (1.2), except fo(t, y) which is denoted here by u,(y), are
functions of time only. If u,(y) satisfies the assumption (1.5), we say that u=
{u,(y),0t T} is an admissible control and write uU.

Let x, denote the solutions to (1.1) and (1.42) respectively, for some u U,
0 0and let x t, x correspond to ut 0, 0 Z

u 0 0 0Define e =x-x, eo=Xo o e, e=x-x. Subtracting (1.42) from (1.1),
wehave

(2.5) de f e dt+ godw, + qodv, qo+ P e h1) h e + dv, ),

where P P(e) shows that P depends only on e,0s which is seen from (1.48)
rewritten as:

(2.6) dF2 th(eh dt+ dv,+ ,hllt(1)) dt.
0From (2.5) it follows that with probability one the values of et and et coincide for all

u U. Now, since

(2.7) d= ,_ odyt (ho+h)dt=het dt+dvt hetdt+dvt du
0

vt and ut coincide with probability one. From (2.7) it follows that (1.42) can be
rewritten as

(2.8) d7 (Ax, + u,) dt +(qo+ hP(e)) du, Xo o a dE(a).

Now let a, F(x), where F is a nonanticipative functional ofx, 0 s t, and satisfies

oFrom (2.8) it follows that a, is -alg{,0NsNt} measurable. Now, let be any
admissible control and let y be an obseation process associated with ,. From (2.7),

(2.10) Y",=-alg{y2,0<s<t}-alg{,0<s<t}=-alg{,0<s<t}.=

The above shows that t is Y measurable. This fact combined with (2.9) states that
t U, and that we can expect the separation of the stochastic control of a, type and
the filtering problem. As an illustration of the statement, consider the following control
problem.

Linear-quadratic control problem with non-Gaussian initial distributions. The par-
tially obseable controlled process (x,, yt), 0 T, is given by the stochastic equations

dx, (f( t)x, + u,) dt + go(t) dw,,
(2.11)

dy, hi(t)x, dt+ dv, Yo O.
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The independent Wiener processes wt and vt entering into (2.11) are also independent
of the random variable Xo (the initial state). Xo is assumed to have distribution function
F(a)= P(xo<= a) with

_
a4 dF(a)< o (finite fourth order moment).

The Yt cr-alg (Ys, 0--< s --< t} measurable, stochastic process ut is called a control
at time and is assumed to satisfy

For u (ut, 0--< t-<_ T}, satisfying the above we write u U, where U is the class of
admissible controls. It is also assumed that fl, go, hi satisfy the deterministic version
of (1.3)+(1.5).

Consider now the performance functional

(2.12) J(u)=E x2hr+ (x2tH(t)+u2R(t)) dt

where hr >= O, H(t) >- O, 0 <- R-l(t) _-< const., 0_-< _-< T. The admissible control fi U is
called optimal if

J() inf J(u).
uU

LEMMA. The optimal controlfor the process (2.11) and the performance index (2.12)
exists and is defined by

(2.13) fit =-R-l(t)Q(t);t, 0<= t<= T

where Q( t) >- 0 satisfies the Riccati equation

(2.14) -dQ(t---)=2fl(t)Q(t)+H(t)-QE(t)R-’(t), Q(T)=hr,
dt

and t is defined by

dt=(f(t)-R-’(t)Q(t)),dt+ Pt(v)h,(t) apt,

:= f_oo a dF(a),

dt, dyt h(t)t dt,

p =/3(t) + b( t)E(It (2) I(1)),

(2.15)
dP(t)
dt

-2fl(t)(t)+g(t)-h(t)E(t)’ (0) 0,

(t)=exp (f(s)-h(s)(s)) ds

,(=- h(s(slas,

F(t, )= (t)h(t)(d,+(t)h(t)I,(1) dr),

Ia exp (aF(t)+ aFt(t, )) dF(a)
n=l,2.
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Remark. The structure of the optimal control law is identical with the optimal
controller for LQG problem.

Proof of the lemma. First note that the assumptions made in the control problem
statement assure well-defined filter for the system (2.11) and u U. Next rewrite the
performance index as follows:

J(u)=E(E(x2rhrlYr)+ E(x2,H(t)+u2,R(t)lY,) dt)

(2.16) E((-)2hr + ((’)2H(t) + uR(t)) dr)

+E(hTP+ PH(t) dt).

From (2.6) we conclude that P does not depend on the control u and coincides with
the function P obtained from the filter equations for u 0, 0 The process x
entering (2.15) satisfies equation (see (2.8))

(2.17) d (fl(t) + ut) dt + h(t)P dv,
o (dy h(s) o is a Wiener processwhere u vt x ds), according to (2.7), and v,

(see (1.11)). Introduce now the function

(2.18) V(t, )= 2Q(t) + Q(,)h(,)(P)2 d,

where 0t T, -<<, and Q(t) satisfies (2.14). It is easy to verify that V(t, )
satisfies the following Bellman equation"

1 OV(t,) OV(t,)2H(t) + Cfl(t)
OV(t, ) +_(p)Eh(t)

(2.19)

( ov(t,))+min 2R(t)+ =0,

and that V( )= 2hT. Note that which minimizes the above for positive definite
R(t), is given by

(2.20) -g-l(t)Q(t)

Calculate now, with the use of the Ito formula,
T OV(t, ) +! h(t)(p)2v( )- v(o, o)

at =r 2 =,) dt

Taking into account (2.8) and (2.19), we obtain

After taking the expectation of both sides of the above inequality,

(2.21) V(O,o)<=E((r)2hr+ (()2H(t)+uER(t)) dt).
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The equality in (2.21) holds, according to (2.20), only if

(2.22) gt, -R-(t)Q( t)a,
Comparing (2.21) with (2.16),

J(t)<=J(u) for all uU.

The admissibility of t defined by (2.22) follows from (2.10) and the fact that

E( s<u,.p (ff)4) < m.
O---_t_T

The above can be proven in the same way as in the derivation of a conditionally
Gaussian filter [4, Lemma 12.1; pp. 18-19]. This ends the proof of the lemma.

It seems to be possible, (following e.g. [2]) to show that the separation principle
holds also for nonquadratic performance functionals. Obviously, the construction of
the optimal control law might, in general, entail considerable analytical difficulties.
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GLOBAL REALIZATIONS OF ANALYTIC INPUT-OUTPUT MAPPINGS*

J. P. GAUTHIER" AND G. BORNARDf

Abstract. A sufficient condition is presented for the existence and the uniqueness of a global minimal
analytic realization of a nonlinear analytic input-output mapping, when the latter is defined on an open
subset of the semigroup of the inputs defined for positive times.

The state space of this realization is exhibited as a quotient space of a Riemann surface on a Lie group.

Key words, nonlinear systems, realization, Lie groups, sheaves
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1. Introduction. This paper deals with the problem of finding a finite dimensional
minimal analytic realization of a given analytic input-output mapping (precise
definitions will be given in 2).

Conditions of existence and uniqueness of a global realization have been given
by Jakubczyck [3], in the case where the input-output mapping is defined on the whole
group of the inputs, i.e. for all positive and negative times.

Here we are interested in the case where the given input-output mapping is defined
only on a subset of the semigroup S of the inputs corresponding to positive times.
This case seems to be of importance from a control point of view.

The following small example points out the kind of difficulties that arise when
considering uncompletely defined input-output mappings. Consider the input-output
mapping P generated by the following equations:

Example 1.
1:- x R, u R+ *,x+u

y x, y R (output).

x(0) =0,

Clearly P is defined for every piecewise constant input function and every positive
time i.e., P is defined on $. Remark also that the rank defined by Jakubczyk is 1.

However, it is not possible to find an analytic manifold and a family of everywhere
defined analytic vector fields on it that realizes P: on any neighborhood of 0, there
exists some u > 0 such that : is not defined.

In the present paper, sufficient conditions are given for the existence of local and
global realizations when P is defined on a subset of S.

When the input-output mapping is defined for all positive and negative times,
the global condition becomes necessary and sufficient for the existence of a "right
invariant" realization on Lie Group.

Section 2 is devoted to general definitions and notations, 3 presents two technical
lemmas and a local realization one. The main result is developed in 4, and an
illustrative example is detailed in 5.

2. Definitions and notation. Let U be the set of the values of the input U is any
set, with no structure needed), and d be the monoid generated by e, the empty sequence,

* Received by the editors January 24, 1984, and in revised form April 3, 1985.

" Laboratoire d’Automatique de Grenoble, ENSIEG-INPG, CNRS LA 228, 38402 Saint-Martin d’Hres,
France.
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and all the sequences with elements in U x R, under the operation of concatenation.
c can be endowed with the natural topology induced by the topology of R.

The notation _U(_t)=(Uk, tk)’’’(Ul, tl), u_Uk, t_Rk, kN, will be used
throughout the paper for the elements of qd.

Let G be the group obtained as the quotient of through the equivalence relation

R defined by:

(v, O)Re

u_(r_)(v, O) _w (s)R_u (_r) _w (_s)

u(r_)(v, t)(v, t’)w_ (_s)Ru_ (_r)(v, t+ t’)w_ (_s)

for every y(_r)

vU,IR,t’R.

An element _u(t), _u Uk, _t R k, is said to be minimal when k is minimal among
all the elements of the class of _u(_t) for R Each class has exactly one minimal element.

The notation _u-l(_t)=(u,-t) (tlk,--tk) will also be used for denoting the
inverse of the element _u(_t)= (Uk, tk)’’" (Ul,

G is given the quotient topology. It can also be given a natural analytic structure
(in the sense given in the remark below).

Replacing R, R, fg, G, R by R+, R+, 6e, S, Rse respectively in the previous
definitions, one obtains the monoid 5e, the semigroup S- S/Re.

Remarks. (a) For the topology so defined on S, a subset W of S is open if[, for
every k N, u_ Uk, the subset W_u {! e R+klg_ (_t) W} is open in R+k.

Let W be an open subset of S, Y an analytic manifold. The analytic structure of
S is defined in the following way: a mapping P" W Y is analytic if[, for every k N,
u_ Uk, the mapping P_u(1)= P(u_(!))" W_u- Y is analytic.

(b) e is a subset of , Rse is the restriction to Y of R This. defines a canonical
inclusion of S in G. It can be shown that the topology of S is exactly that which is
induced by the topology of G through this inclusion.

From a control point of view, G and S are the group and semigroup of piecewise-
constant inputs for all times and for only positive times respectively.

In the paper, an analytic input-output mapping P will be an analytic mapping
from Dp to some analytic manifold Y, where Dp is either G or a connected open
subset of S.

It will be useful to define the action of R+ on R+ and S:

(s, ., s, t-r/, 0,. ., 0)
t._s=

(s, Sk)

* _U(_S) y( *_s),

where
R+, _s (sl,.. Sk) R+k, y Uk, keN,

r/i sj, i=1,...,k.
j=l

A subset W of S is said to be "truncation-closed" if R/ Wc W.
Remarks.

In the literature, an input-output mapping is often defined in an alternate way,
(as a "system" for example), which implicitly insures that Dp is truncation-closed.

S is truncation-closed.
A truncation-closed subset of S is connected.
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When De is a truncation-closed open subset of S, the mapping P_.(J)= P(u_(t_))
is defined on a connected neighborhood of 0 in R+ for every k e N, _u e U.

Consider some analytic input-output mapping P" De --> Y. The following standard
notation will be used throughout the paper:

aDp, a’Dp, b_eDqp, b_’Dqp’,
a u_ (_t) Dp, u_ . Uk, _t R k,
_b (b,, ., bq) (_Vl(_S,), ", V_q(_Sq)) v=(_s), qN,b_ Dqp,

_i Uqi, _si Rqi, 1, , q,

q

e U,_s e R, Ct Y q,
i=1

b,b’ (itbl,b b b’-,-’ a,a’ ,’

b b’. ).where v i,/ P(biaba
bb’’(>,,,> is an analytic mapping from an open subset of Rkx Rk’ to Y’, when

considered as a function of and t’.
The notation ’’ will also be used for :’ and for ’.
Let o be the family of analytic mappings:

o ’ ’{b)l, eG,u(!)eGsuchthatbu(!)b#eDVi, J},

and the family o restricted to ’= e. The rank no of the family o is the maximum
ofthe ranks ofthe Jacobian matrices (d/dt)( b’ b"bS) when the arguments cross the domain.

The rank n is defined in the same way on . Clearly, n is the rank defined by
Jakubczyk [3 ].

This notation will also be used, depending on the context, when replacing G by
S, RbyR+.

An analytic system defined on the input space U and the output analytic manifold
Y is a 4-tuple"

Q {M, Xo, F= {X.lu U}, h}

where M is a finite dimensional connected manifold, Xo M, F a family of analytic
vector fields on M, h an analytic mapping from M to Y. Q defines in an obvious way,
considering positive times, an input-output mapping Po, with domain Do truncation-
closed and open in $.

A local analytic realization of an input-output mapping P, "after a," for some
element a Dp, is an analytic system Q such that:

P(ba) Po(b) for every b DO such that ba De.
The ranks nl (and no if no is finite) are the same for P and Po.

A (global) analytic realization of P is an analytic system Q such that De c DO
and that P PolDP.

A (local or global) analytic realization Q is said to be minimal when Q is weakly
controllable, and observable (see Sussmann [5]).

3. Lemmas. Let M be an analytic connected manifold and F {X.lu U} a family
of analytic vector fields on M. Consider the following notations:

M’=M, X.=X, uU, FI"-F,
Mk+l Mk Mk, xk+l k k Fk+l u U} for k 2, 3, .X.@X., u U, {X+l
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The Lie algebras L(F) and L(Fk) generated by F and Fk respectively, considered
as subalgebras of the Lie algebras of vector fields on M and Mk, are naturally
isomorphic.

Let n k be the maximal dimension of the orbits of Fk in Mk (see Sussmann [6]).
The sequence n k is increasing, since every orbit ofMk identifies with the corresponding
orbit in the diagonal of Mk+.

LEMMA 1 (orbits of finite dimension). Thefollowing two statements are equivalent.
(a) L(F) is a Lie algebra offinite dimension.
(b) The sequence n k is stationary, with limit n.
_Proof. (a)--> (b). L(Fk) being a Lie algebra of finite dimension n, L(Fk) evaluated

at Xo Mk can be only of dimension n’=< n. Then, because of the analyticity, the orbit
through Xo is of dimension n’=< n. The sequence n k, being increasing and bounded is
stationary. The fact that its limit is exactly n is proved later.

(b)- (a). Assume that for some k, n k+l= n k. Let Xo belong to an orbit of Mk of
dimension n k, let {Y/ L(Fk), i= 1,... n} be a set of n k vector fields, linearly
independent at Xo, and let Vk be a connected neighborhood of Xo in Mk, such that
the Y are linearly independent on Vk, and the y+l= y@ y are also linearly
independent on the neighborhood Vk/= Vkx Vk of (Xo, Xo) in Mk+.

Consider Zk, any vector field in L(Fk) and the corresponding vector field Zk/l=

zkzk in L(Fk/). Because nk/= n k, Zk/l expresses linearly, by analytic functions,
as a function of (Y/, i= 1, n k). If not, there would exist an orbit of dimension
n"> nk+ in Mk+ which contradicts the definition of nk/ Then:

zk+(x, y) Y y,(x, y) Y+(x, y) for x Vk, y Vk

i=1

and in particular by projections on the first factor:

Z(x) E y,(x, y) Y(x).
i=1

In some local coordinate system, one obtains"

OZ(x) " Oy,(x, y) V (x) o
Oy = Oy

and then Oy(x, y)/Oy =0 for j 1,..., n, since the vector fields Y(x) are linearly
independent, x and y playing the same role, it follows that the y(x, y) are constant
functions. In particular, one has

m=l

with constant y.
Since this is true on a neighborhood of Xo, it must be true everywhere on M’, by

analyticity and connectedness. The y are the structure constants of the Lie algebra
L(F) which is then of dimension n.

Clearly one has n= n for i> k, and then n= n. This completes the proof of
Lemma I.

LEMMA 2 (lift on a Lie group). Let F {X,[u U} be a family of analytic vector

fields on some connected open set Vo c R", Xo Vo and assume that:
L(F) the Lie algebra generated by F has dimension n;
L(F)(xo) spans TR.(Xo).
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Then there exist a real simply connected Lie group G of dimension n, with identity
e, and an analytic diffeomorphism from V1 c Vo on some neighborhood W of e in G,
such that Xo V1 and"

(Xo)= e.
For every u U, Xu dXu is the restriction to W ofsome right invariant vector

field on G.
Proof. The proof, not given here, is a consequence of the third Lie’s theorem ([9,

p. 551] for example).
LEMMA 3 (local realization). Let P be an analytic input-output mapping from a

truncation-closed open subset Dp of S to an analytic manifold Y. Assume that the rank
nl of the associated family 1 is finite (see notation in 2).

Then there exists a local minimal analytic realization Q of P, of dimension nl, after
a, for some element a Dp.

Proof In the following, all the mappings under consideration are analytic. Assume
that no is finite. By hypothesis there exist _ul(tl) s S, _UE(_t2) S, _v(_sl) Sq, _VE(_S2) Sq2,
v_’(_s) Sq’, ql, q2, q’ N, such that"

The rank of 1,,__o’(_) with respect to _t is no at _t _tl R+k.
The rank of T’--2L) with respect to is nl at =_t2 R+kg2(..t)

Denote _u (_ul, _u2) Uk, _v (_Vl, .v2) U, and consider the mappings"

v(_s),v’(_s’)l)o(_S, _s _t’, _t) b(_’):_(_) "R+ x R+’x R+k X R+k -> Yqq’,
I(-S, ! t, _t) ’O(-S, O, ! t, !)" R+ x R+k x R+k yo,
f2(_s, _t) f/l(_s, 0, _t)- R+ x R+k

By construction, the ranks of 12o, 121 with respect to _t’ and the rank of 122 with
respect to _t are no, nl, nl at ((_sl, 0), _s, (_tl, 0), 0), ((0, _s2), (0, !2), 0), ((0, _s2), (0, !2))
respectively.

Since Op is truncation-closed, the domains of 12o, 121, ’2 are connected neighbor-
hoods of 0 in the corresponding spaces. Moreover, the ranks no, hi, nl are maximal.
Then, by analyticity the ranks no, r/i,/11 are reached almost everywhere on the domains
of 12o, 121, ’2"

It is then possible to find _So, _S, _to such that"
The rank of 122 is nl at (_So, _to).
There exists _t) arbitrarily small, such that the ranks of 12o, 121 are no, nl at

(_So, -S), _t, _to), (-so, _t, _to) respectively.
In the case where no is infinite, the same argument applies for the choice of _So, _to,

considering only 121, ’2 and nl.
Denoting _b- (_v(_so)), the rank of (_) is nl at _to. It is then possible to find two

analytic connected-submanifolds Vo, Yo, of R+*k, Yq respectively, of dimension nl,
such that the restriction of XIbb(_) to Vo is a diffeomorphism of Vo on Yo. The canonical
immersion of Vo in Rk will be denoted _t-_t(_r).

Consider the mapping

z)

which is defined on some connected neighborhood ff’o of (0, Vo) in R+x Vo, since Dp
is open. There exists a connected neighborhood Wo of (0, Vo) in R x Vo such that

_b, extends in a unique way in _b, on Wo.
(0, _z) Yo for every (0, _r) Wo, since nl is maximal.
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Consider, on Wo, the equality

(L1) (0, Z) (0, T).

For any /o Vo, this equality holds for y T To, O 0, and the rank of (0, y)
with respect t y, and the rank of(0, 7) with re-spet to (O, T) are both nt at this point.

From the implicit function theore-m, there exists a cornected neighborhood W
of (0, To) in Wo, and a unique analytic mapping r" W-> Vo such that:

(L2) *(0, r(0, 7)) *(O, 7) for every (O, T) Wl-
Denote V {y Vo[(0, y) W}.

For any _w U, p N, there exist _r R+p small enough, and a connected neighbor-
hood V2 of 70 in V, such that _w(_r)_u(_t(7)) Dp for every 7 V2. Denote c _w(_r) and
consider the mapping"

which is defined on some connected neighborhood W2 of (0, 3’0) in R x V2, through a
small extension of W.0_(_(v for 0 < 0. An intermediate step is to show that:

(L3) *(0, tr(0, ),))=*(0,

for (0, 7) W3, some neighborhood of (0, To) in WE.
Consider now the equality:

(o,z)=o(o, 7),
(L4)

(a) b

(b) (0,_z)=O(0, ).

(L4) holds for _z , 70, 0 0. Denoting ’* for (, ), the rank of ’(0, _z)
with respect to _z and te rank of ’(0, 3) with respect to (0, 7) are both n at this
point (since nl is maximal).

From the implicit function theorem there exist a connected neighborhood W3 c W2
of (0, 3’o) and a unique mapping t- W3-> Vo such that:

be,’ (0, O(0, 7)) O’*(0, 7) for every (0, 7) W3.
But the solution of (L4a), unique on W3 c W2, is already given by r. Then e tr w,

and (L3) holds.
Considering now the case c=b(u, ), i= 1,..., q and using the fact that

(u, t)(u, 0)= (u, t+ 0), an easy calculation based upon the preceding results shows
that tr(8, tr(0, 7))=r(8+0, 7) for ), near 70 and 8, 0 small enough. Moreover it is
clear that tr(0, 7)= 7.

Consequently o- defines an analytic local one parameter subgroup on a neighbor-
hood of /o in Vo. The same process can be achieved for every / Vo, and it is
straightfol;ward to see that all tlse local subgroups fit conveniently and define an
analytic local one parameter subgroup on Vo.

Note X for the corresponding vector fields on Vo. The same construction can be
performed for every u U.

A family of analytic vector fields has been defined on the n-dimensional analytic
manifold Vo. Consider the output mapping h’Vo-> Y defined by:

h(_z) P(_u, _t(z)).
Then the system:

Q { Vo, _7"0, F {X, lu U}, h}

is a candidate to realize P locally after g(_to).
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One has to show that, for any p N, w_ Up, one has

(L5) h(exp Xwprp exp Xw, r(z_o))= P((wp, rp) (w, rl)_U(_t(o)))

for every _r s R+" such that both members are defined.
In (L2) and (L3) one can now replace tr(0, 3’) by exp XuO(’>,), which is defined

on Vo, for small 0. From (L3) with c= (wp, rp). 7. (w2, r2), and or r small enough,
one obtains"

P((up, rp)... (u2, r2)(u,, rl)_t/(_t(o)) P((uv, rp)... (u2, r2)_u(_t(exp Xu, rl(_’l’o)))).

Iterating this operation, and using the definition of h, one obtains (L5) for small
times.

Consider any _ro R+v such that _w(_ro) DO and _w(_ro)_U(to) De. Dp and Do are
both truncation-closed andboth members of (LS) are defined along the same truncation-
closed path from _ro to 0 in R+p. It follows that they are defined on a connected open
subset of R+p containing _ro and 0. Since (L5) holds on a neighborhood of 0 in R+p,
then it holds also at _ro.

The rank n associated to Pc7 cannot be greater than n. Moreover, from the choice
of _So and _to at the beginning of the proof, there exists t_ R+p such that _u(_t) DO
and that f is of rank nl at (_So, _t, _to). Then n hi. The same applies for no when it
is finite.

By construction, Q is weakly controllable, observable. This ends the proof of
Lemma 3.

4. Main result: global realization.
THEOREM 1. Let P be an analytic input-output mapping from an open truncation-

closed subset Dp of S to an analytic manifold Y. Assume that the rank no of the family
Xtro ofmappings associated to P is finite, and let n be of the rank of the associatedfamily

Then there exists a global minimal analytic realization of P, of dimension nl.

Proof. The proof is achieved in three steps.
(a) Finite dimensional orbits and lift on a Lie group. The rank n _-< no is finite.

From Lemma 3 there exists a local realization Q { Vo, Xo yo, F {Xu[u U}, h}
associated to the sequences _Uo(_t(_zo)), _b=_v(_so), where Vo can be restricted to be
relatively compact. Consider, for the system Q, the following notation:

b(x) exp Xops exp Xv,s(x) for x Vo, b _v(_s) G,

b_ (x)(bl(X), bq(x)) for_beGq,
kN,

_) (a(_t)(x) _(_t)(xq,))" R k--> Vg’ for
_u Uk,
_t R k,
x_ v’,

-b(_x) (h(/l(Xl)), ", h(bq(X)), h(bq(Xq,))) Vqo’ Yq,
b,x b I)_(_t).

Clearly, one has"

b,x "’"-:(xq’))) for _x V’,t, c_,

The rank of xIr_t) with respect to _t is then --<no.

_b _v(_s), _t and _s small.
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Consider now, for q’ 2p, Fq’, the lift of the family F in Voq’= Vo x. x Vo, and
O(y), the orbit of Fq’ through _x Voq’. One has:

O(_x) {_x’e Vg’l_x’ (_)for _u(_t)e G}.

Denote by n the maximal dimension of the orbit O(x) when _x crosses Vg’, which
has dimension q’na. This dimension is reached almost everywhere on Vg’, and for any
_x such that this dimension is reached, there exists _u Uk, k N, such that the rank of

(_) with respect to _t is n almost everywhere on a neighborhood of 0 in Rk. Meanwhile,
there exists _b G such that ff_b has rank q’nl almost everywhere on some connected
open subset of Vg’. Then one can find x_ V’, k, q N, u_ Uk, t_l R k, b_ Gq, such that:

O(_x) has maximal dimension n in V’.
(_) has rank n (maximal) at _ta and then on some neighborhood Wa of_t1 in R k.
_b has rank q’na.

The situation is as follows:

x b
Wa "’ , V’ Yqq’.

Sylvester’s inequality applied to some Jacobian matrices, states that

rank (t)+ rank _b-dim Vg’< rank _b._x_u (_t).

Then n _-< no.
Since the maximal rank no of bx

,-(_) is reached for some _xa Voq’, _ba G gl(_ta) G,
--Xthe same applies necessarily for b(_t), and then O(_xl) has dimension no. The maximal

dimension of all the orbits O(_x) is exactly no. Then from Lemma 1, the Lie algebra
generated by F has finite dimension no.

Consider the orbit O(_xo), of dimension no, with _XoH-a(Xo) fq O(_xo), where
is the projection on the first factor in Vg’. This is possible since the system Q is weakly
controllable on Vo. Clearly the system t’= (O(_xo), _Xo, Fq’= {xq’[u U}, h IIa) is a
realization of PQ, and then a local realization of P, generally not observable.

The Lie algeb.ra generated by F has finite dimension no. From Lemma 2, there
exist a Lie group G, simply~connected, and an analytic difteomo.rphism u from some
connected neighbourhood V’ of Yo in O(yo) to a neighborhood V of the identity e of
G, such that:

u(_Xo)= e.

duX’ Xu, u U, the restriction to of a right invariant vector field u on (.
Let / be the analytic mapping from I7’ to Y defined by /= h Ha u-1. Then

( (I7, e,/ {ulu U},/) is a local realization of P.
(b) Global realization on a Riemann surface. Let M be the sheaf of germs of

analytic mappings from G to Y. Consider~ M the connected component of _M con.tain_ing
the germs of h at the points of V, and zr the canonical projection from M to G. M is
an analytic manifold, paracompact if Y is so (when Y is R, M is nothing but a Riemann
surface without ramification on t), and zr is a local diffeomorphism from ]t to

Then the vector fields .u on t can be lifted in vector fields ., on/]r, not complete
in general. Let M be the germ at e of h, and h be the analytic mappin from M
to Y defined by h()=f(Y) where is the germ at Y G of the mapping f. Clearly,
the system Q {M, o, F {X, lu U}, h} is a local realization of PQ.

One has now to show that, with a change of origin, Q is also a global realization
of P.
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Consider the following notation:

_(_t) (exp uktk exp u, tl(" )), for k N, _u Nk, _t R k,
#(_t) (exp Xuktk exp Xu, 6(" )), on its domain.

From now on, the sequence _Uo(_to) supporting the local realization will be denoted
_u(_to), for simplicity.

Let _w(_ro), _w Up, p N, be an arbitrary element of De, let _v Uq, q N, be such
that _(_s) has rank no almost everywhere on Rq, and consider the mapping"

f(_s’, _s, _r, _t)= P(w_(r_)p-(_s’)p(s)y(_t)).

Since P is defined on a truncation-closed open subset De of S, f is defined on an
open connected subset W+ of R- R+q R+ R+ which contains the points
(0, 0, 0, 0), (0, 0, 0, _to) and (0, 0, _to, 0). Then it can be analytically extended to some
connected open subset W or R R R" x R which contains the same three points.
Moreover W can be restricted to be of the form: W= W x W x Wt where W
Rq, Wtr Rp R. By abuse it will be said "_r e W," for "_r is such that (_r, _t) e W, for
some R ko,,

There exists a submanifold Wa of W, of dimension no, with the canonical
immersion denoted by _s, such that, for some _So- _s(_,3o), _Ao Wx, the mapping:

r(_) _- (_So)_(_s (_))(e)

restricted to Wx, is a ditteomorphism of Wx on a neighborhood Wx of e in G.
Consider now the mapping:

hr._t,() P( _w (_r)_v- (_So)_V (_s (or-l( _if- (_r):_ (_to -_t’) e))))_u (_t’))

a(_So, _s (o’- (_if-1 (_r)_(_to-_t’)(e))), _r, !’).

Since r-(-(_r) ff(_r)_ff-(_to- t’)_ff(_to-_t’)(e))= _o, hr._’() is defined along the two
paths in W,r G"

C e R+ t’= ._to, r 0, _ff(_r)a-(Zo t’)(e)

’eR+, t’=0, r=’*_ro, =(r_)-(!o-!’)(e),
linking (0,!o, e) to (0,0, _ff-l(_to)(e)), and (0,0, _ff-(_to)(e)) to (_to, 0, _ff(_ro)ti-(_to)(e)
respectively. Then hr,_r(_) is defined on a connected open subset W of Wtr x G which
contains the three upper mentioned points. For near e, hr,_t, fits with h, by construction
and from an argument of analyticity. It follows, by analyticity and connectedness, that
it does not depend locally on _r and !’, everywhere on Wt, Then the germs of hr._t,, at
points where it is defined, are elements of/.

In particular, at (_to, 0, _ff(_ro)_-(_to)(e)), this gives:

/( _(_ro)_fi-’ (_to) (2o)) P( _w(_ro)_V-’(_So)_V(_So)_U (0)).
The mapping

A(_s’, _s) P(_w(_r)_v-’(_s’)_v(_s)_u(O)), for any _r= _ro, " e R+,
is defined on W x W. For the open subset _s’< O, _s > O, one has"

A(_s’, _s) P( w_ (_r)(v,, -s) (Vq_l, -S’q_,)(Vq, Sq s’q)(vq_l, Sq_,) (v,, s,)_u(O)).

Then this relation holds also on W x W, and in particular for every _s’, _s such that
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Sq-- Sqo The same process can be iterated for q- 1, , 1. This gives:

/7(_(_r)tT-(_to)(2o)) P(_w(_r)_u(0)) P(_w(_r)) for any _r= " _ro, " R/.

Taking the new origin in M the point 2 -(_to)(2o), one obtains finally:

h(_(_r)(2))= P(_w(_r)) forevery _w(_r) Dp.

Then the system

is a global realization of P.
(c) Minimality and uniqueness. Q is an analytic system. Then from Sussmann’s

theory [4], [5], [6], there exists a (global) minimal realization

F (xmulu U}, hm)Qm=(Mm, xo
of Q, then also of P. The minimal realization of P is not unique. However the realization
Qm which has been built is a maximal one in the sense that, if

Q (M, Xo, F= {Xlu U), h)

is another minimal realization of P, then there exists a mapping r: M- M" such that:
z is a ditteomorphism of M on its image in M",
d(X)= x,
h=h’r.

Consider x M, and some _u(_t) such that x= a_(t_)(Xo). To the path ,= (R+) a(t)(Xo)
between~ Xo and x in M corr.esponds the uniquely defined_ path (R+) _(_t)(.;o) in
G, where ;o is the point of G corresponding to of M, since the vector fields X are
complete in . Applying (like in the last part of (b)) a strategy of identification of the
germs of the analytic mapping along , it is clear that to y and corresponds the
uniquely defined paths </=(R+), _(_t)() in the Riemann surface /r and
(R+) * O(!)(x) in M". Let r" M M be defined by: r(a(_t)(Xo))= (_t)(x’). z is well
defined. Clearly x and ’(x) are indistinguishable, and since Q" and Q are two minimal
analytic realizations, - is everywhere on M a local diffeomorphism. Moreover the
indistinguishability equivalence relation on M restricts to the identity. Then z is a
diffeomorphism of M on its image in M", with the required proprieties.

This ends the proof of Theorem 1.
COaOLLARY 1. Complete case. Assume that P, analytic, is defined on De G. Then

the following two propositions are equivalent"
(a) The rank no associated to P is finite.
(b) There exists a glo.bal realization of P on a Lie group G, by a family of right-

invariant vector fields on G.
Proof. a b. no is finite. From Theorem 1, there exists a (global) realization

Q (M, 20, F {Xul U}, h) where M is a Riemann surface on a Lie group G and
the Xu are the lifts of right-invariant vector fields on G.

Since Dp G, the X are complete on M. F is a transitive family of complete
symmetry vector fields for the closed equivalence relation defined on M by: 2
when 7/’(21) ’7T(22) 7"J" being the canonical mapping from M to G. Then from Sussmann
[4, Thm. 11], r defines a locally trivial fibration on/t, of basis t and fiber 7r-1().
Since 7r is a local diffeomorphism, the fiber is discrete, and M is then a covering space
of G, which is itself a simply connected Lie group. Then M and G are. essentially the
same object and P realizes on G, by the right-invariant vector fields X.

b- a. Straightforward. This ends the proof of Corollary 1.
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Remark. When Dp--G, Jakubczyk’s technique is equivalent to the following
manipulation. Consider the subset HI of G:

HI {hi e GlP( chl) P( c) for every c e G}.

HI is a closed subgroup of G, and Jakubczyk’s rank condition expresses that HI
has finite codimension in G. Then the quotient G/H, interpreted as the state space
of the minimal realization, is a manifold.

Again with De G, consider now the subset Ho of G:

Ho {hoe GlP(chod) P(cd) for every c, d e G}.

Ho is a closed subgroup of G, and moreover it is a normal subgroup. The quotient
Go GHo is then a group. The finiteness of no expresses that Ho has finite codimension.
Then Go is a Lie group.

This group Go interprets.as the group of ditteomorphisms ofthe minimal realization
of P. Moreover, the group G which was exhibited above is nothing but the universal
covering of Go.

5. Examples.
Example 1 (continued). The rank ro of the system described in Example 1 is not

finite, and Theorem 1 does not apply.
Example 2. Consider M R2 with coordinates p, h and the vector fields:

X e-p cosh --- e-p sinh
0

0/9 -’
X2 e- sinh --+ e- cosh --"ap ah’

take Xo= (po, ho)= (log 2/2, 57r/4) and the function r(p, h)= h. This mapping defines
a realization Q of an input-output mapping P (whose domain is an open star-shaped
subset of $)"

Q (M, Xo, {X,, X2}, r).

It will be shown that this input-output mapping P so defined leads to a maximal
use of the main theorem (in the sense that the conflicts appearing in analytic extensions
of mappings make necessary the use of sheaves of analytic germs).

Consider R with coordinates (x, y, z) and the regular imbedding # of R2 into R3

so defined:

1 + e’ cosh Il(p h),
g(p, h) 1 + e sinh @2(p, h),

h ff3(P, h).

@(p, h) is the helicoid H represented at .Fig. 1. On R.2, (imbedded in R3 as the subspace
z =0), consider the two vector fields X =a/ax, x2=a/ay, and the point 0 (0, 0).
R2, with its additive structure, is a Lie group, and ’ and ’2 are right-invariant vector
fields on R2 (as a Lie group).

Denote 7r for the canonical map; from R2 to R2:

x= d/l(p, h)
7r(p, h)

Y #2(P, h).

r is a local diffeomorphism from H to R2(z 0).
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z h

FIG.

It is not hard to check that X1, X2 are the lifts (through r) of the vector fields
-1, ’2 and that the point Xo (t9o, ho) belongs to 7r-1(0, 0).

We claim that:
(1) Q is a minimal realization of P.
(2) The Lie algeb.ra enerated by X and X2 (which is the same than the Lie

algebra generated by X, X2) is isomorphic to the (trivial) Lie algebra of the Lie group
R2 (with its additive structure).

(3) For P, no=2.
(4) H g(R2) is a Riemann surface on the Lie group R2(z 0) associated to the

analytic mapping from R2(z 0) to R,

(x, y): 7r arc sin
x/(x + ]i]’iy 1)2

being defined for (x, y) near (0, 0).
(5) 7r is nothing but the canonical mapping from H (as a Riemann surface on

the Lie group R2) to R2 (as a Lie group).
(6) The realization

( (R2, (0, 0), {’1, ’2}, (x, y)},

R2 being considered as a Lie group and 1, -’’2 as right-invariant vector fields, realizes
locally P for small times.

There is then a maximal use of the theorem, since zr is a ditteomorphism of the
realizations Q, Q for small.times, and is not global.

Associate to X1 and X the value u for the control, and to X2 and X2 the value
u2, and consider the sequences of S:

_u(_to) (u2, 2)(u, 2) and _v(_to) (u, 2)(u2, 2).

Starting from (x 0, y 0) with vector fields ,-2, wth controls _u(_to) and _v(_to)
dearly leads to the same point (x, y)= (2, 2),

However, to ensure analytieity, cannot have the same value for these two
sequences of control (along one path, is increasing, along other one it decreases).
On the contrary, starting from Xo in H with the vector fields X, X2, (that is to say
"lifting" the preceding manipulation on H) anything is all right.
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IDENTIFIABILITY OF SPATIALLY-VARYING CONDUCTIVITY
FROM POINT OBSERVATION AS AN INVERSE

STURM-LIOUVILLE PROBLEM*

COSTAS KRAVARIS" AND JOHN H. SEINFELD*

Abstract. This paper discusses identifiability of the spatially varying parameter a(x) in the heat equation
u,-(aux)x=f from measurement of u at a single point. The identifiability problem is formulated as an
inverse Sturm-Liouville problem for (ay’)’+ Ay 0. It is proved that the eigenvalues and the normalizing
constants determine the above Sturm-Liouville operator uniquely. Identifiability and nonidentifiability
results are obtained for three heat conduction problems.

Key words, identifiability, distributed parameter systems, inverse Sturm-Liouville problem, system
identification

1. Introduction. The partial differential equation

(1.1)
Ot Ox

a(x, y) --y a(x, y) =f(x, y, t)

governs the temperature distribution in a nonhomogeneous isotropic solid or the
pressure distribution in a fluid-containing porous medium. The conductivity a(x, y)
is inaccessible to direct measurement and, consequently, its value must be inferred
from measurements of u at a finite number of points. A fundamental question arising
in such problems is that of identifiability, namely, do the measurements provide sufficient
information to determine a uniquely.

Relatively little work has been carried out on the identifiability of a(x) in (1.1).
Early work by Cannon and coworkers [3-5] is concerned with the steady-state version
of (1.1) and identifiability given the temperature u and the heat flux along the boundary.
Kitamura and Nakagiri [11] have studied the identifiability of a(x) in the one-
dimensional version of (1.1) given measurements of u(x, t) at all x and t. Nakagiri
[17] has considered the identifiability of the operator in general first and second order
evolution equations in Hilbert spaces given whole domain measurements of the state.

The most relevant measurement configuration is that ofone or more point measure-
ments of the state u and we concentrate on that situation here. Specifically, we consider
the problem of identifying c(x) in the one-dimensional version of (1.1),

a(x) =f(x, t)
Ot Ox

given a measurement of u at a single point Xp, U(Xp, t). The appropriate method of
attack to obtain uniqueness and nonuniqueness results is to formulate the problem as
an inverse Sturm-Liouville problem.

2. Inverse Sturm-Liouville problems. Their relation to identifiability problems. The
inverse Sturm-Liouville problem was first posed in 1946 by Borg [2] as follows" Given
the eigenvalues An of the Sturm-Liouville problem

(2.1) y"+ [A -q(x)]y=O,
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J" Department of Chemical Engineering, California Institute of Technology, Pasadena, California 91125.

Present address, Department of Chemical Engineering, University of Michigan, Ann Arbor, Michigan 48109.
$ Department of Chemical Engineering, California Institute of Technology, Pasadena, California 91125.
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(2.2) y’(O) hy(O) O,

(2.3) y’(1)+ Hy(l)=O,

determine q(x). Borg showed that knowledge of the spectrum alone is not sufficient
to determine q(x) uniquely. Since that early work, two not altogether equivalent inverse
Sturm-Liouville problems have been considered.

One approach, which has become associated with Gel’fand and Levitan 10], uses
the spectral function r(A) as a starting point. If b(x; A) denotes the solution of (2.1)
satisfying y(0)= 1 and y’(0)= h and if we define

( f(x4(x; t ax

where f(x) is an arbitrary element of L(O, l), then by Parseval’s theorem,

fZ(x) dx E}(A dr(A

where

and

1

An<A Cn. (x; x.) dx.

Gel’fand and Levitan have shown that knowledge of r(A), or equivalently, of the
spectrum {A.} and the normalizing constants {:.}, determine the potential q(x)
uniquely. Furthermore, they provided a method of constructing q(x) from r(A), as
well as necessary and sufficient conditions for existence. Note that since :. [y.(0)] -a,
where y,,(x) are the normalized eigenfunctions of the Sturm-Liouville problem (2.1)-
(2.3), the results of Gel’fand and Levitan can be interpreted as applicable to the
problem of constructing a Sturm-Liouville operator of the form (2.1) given {A.} and

The other approach to the inverse Sturm-Liouville problem consists in using two
spectra, such as {A,} associated with (2.1)-(2.3) and {/x,} associated with (2.1) and a
ditterent set of boundary conditions, to determine q(x) [15]. Krein [12], [13] provided
a method of constructing q(x) from two spectra as well as necessary and sufficient
conditions for existence. The issue of existence was investigated further by Levitan
[ 16] who showed how the normalizing constants :, can be evaluated from {A,} and

It is noteworthy that the prior work on inverse Sturm-Liouville theory is based
on the Liouville normal form (2.1)-(2.3). As we shall see shortly, the problem of
interest in the present work requires us to consider inverse Sturm-Liouville problems
that are not in normal form.

Consider for a moment the parabolic system,

Ou 0 (a(x) OU)Ot Ox -x + q(x)u f(x, t) in ]0, 1[ x ]0, T],

(2.4)
u(x, O)= Uo(X) in ]0, l[,

0__.u (0, t)- hu(0, t)= g(t)
Ox

in ]0, T],

0__U_u
Ox

(l, t)+ Hu(l, t)= O(t) in ]0, T],
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where f(x, t), Uo(X), g(t), G(t), h and H are known. Given the point measurement
za(t) U(Xp, t), t ]0, T], at some xp [0, l], the question is can a(x) and q(x) be
uniquely determined.

Note that the solution of (2.4) can be expressed in terms of the eigenvalues A.
and the eigenfunctions y.(x) of

-x a(x)-x +[A-q(x)]y=O,

(2.5) y’(O)-hy(O)=O,

as follows

(2.6)

y’( l) + Hy(1) O,

]u(x, t)= Uo(x)y,,(x) dx y,,(x) e

+ Y.y.(x)y.(x’) e-"-’-’) f(x’, ’) dx’ dz
=1

E a(O)y.(O)y.(x) e-x-’-’) g(z) d.
n=l

+ (ly(ly(xl e-"(’-" a(, a,
=1

and thus the measurement

(2.7)

za( t) u(xp, t)= y,,(Xp) Uo(x)y,,(x) dx e
n=l

+ E y,,(xp)y,,(x’) e-.’-’ f(x’, 7") dx’ d’r
ti=l

’. ot(O)yn(O)yn(Xp) e-x-(t-’’) g(r) d"
n=l

+ Y’. a(l)y.(l)y.(Xp) e-x.’-’) G(z) dr.
n=l

Kitamura and Nakagiri [11] (see also [8]) considered (2.4) with a(x) and q(x)
both being constant. Using (2.7), they have shown that (under certain assumptions)
in the following special cases

(i) f(x, t) O, g( t) G( t) O,
(ii) f(x, t) O, Uo(X) 0, one of g(t) or G(t) vanishes,
(iii) Uo(X) O, g(t) G(t) O, f(x, t) =f(x)f2(t),

the eigenvalues A. can be uniquely determined. Thus the constants a and q can be
easily obtained.

When a and q are spatially varying, one can still (under certain assumptions)
determine the eigenvalues A. as well as some information on the eigenfunctions y.(x)
for the cases (i)-(iii) [18]. Thus the identifiability problem reduces to an inverse
Sturm-Liouville problem related to (2.5).

With a(x) strictly positive and a(x), q(x), f(x, t), Uo(X), g(t) and G(t) sufficiently regular, there
exists a unique strong solution of (2.4). See [14, pp. 320-321] for appropriate Hrlder continuity and
compatibility conditions.
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Pierce [18] has considered the identifiability of q(x) in (2.4) when a(x)- 1. In
this case the Sturm-Liouville system (2.5) is in normal form (it is identical to (2.1)-(2.3)).
He obtained a number of identifiability results in very special cases, as an immediate
consequence of the Gel’fand and Levitan [10] and Levinson [15] theories. Some
complementary results to [ 18] were obtained by Suzuki and Murayama [20] and Suzuki
[21]; these results do not rely directly on the Gel’fand-Levitan or the Levinson-Krein
theories, but rather on the Povzner representation theorem [19] (this is Lemma 2 in
[21, p. 302]).

In the present work we are going to consider the case q(x)= O, i.e.

a(x) =f(x, t) in ]0, l[ x ]0, T],
Ot Ox

(2.8)
u(x, O)= Uo(X) in ]0, l[,--- (0, t) hu(O, t) g( t)
Ox

in ]0, T],

0u

Ox
(1, t)+ Hu(l, t)= G(t) in ]0, T],

the general problem being to determine a(x) knowing f(x, t), Uo(X), g(t), G(t), h and
H and given the point measurement

(2.9) za( t) u(xp, t), ]0, T]

at some xp [0, l]. The Sturm-Liouville system associated wth (2.8) is

x a(x) +Ay =0,

(2.10) y’(O)-hy(O)=O,

y’( l) + Hh( l) O,

and the eigenfunction expansion of the solution of (2.8) is still given by (2.6).
In 3 we define three special cases of (2.8) corresponding to models of physical

systems and formulate identifiability problems as inverse Sturm-Liouville problems.
In 4 we state and prove the analogue of Gel’fand and Levitan’s result for the
Sturm-Liouville problem (2.10). In 5 we obtain uniqueness and nonuniqueness results
for the identification problems of 3.

3. Problem statement. In the previous section we have stated a general identifiabil-
ity problem associated with the system (2.8) and the measurement (2.9). With the
available tools it does not appear to be possible to attack the problem in its full
generality; rather, it is necessary to consider special cases. It will, however, be ve
impoant to select cases that are physically relevant and of practical significance. Our
selection is based on the following considerations:

(i) In practice one generally has point actuators and thus boundary control and/or
point control at some interior point(s) exist as opposed to distributed control.

(ii) Before performing a heat conduction experiment, it is natural to assume that
the system is at ambient temperature, i.e. u constant. Thus, the most impoant special
case for Uo(X) is Uo(X) constant.

In the present work the analysis will be restricted to the SISO case. In other words,
we are going to assume either that only one of g(t), G(t) is nonzero and f(x, t)= 0
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or g(t) G(t) 0 and f(x, t) Q(t)(x xp). Also, we will restrict ourselves to the
special case of Uo(X)= Uo (constant).

We consider

(x) in ]0, l[ x ]0, T],
Ot Ox

u(x, O)- Uo in ]0, l[,
(3.)

0u
a(0) x (0, t) Q(t) in ]0, T],

0x
(l’ t) 0 in ]0, T],

where

a C’([0,/]) and

Q Hi(0, T) and

lao> 0: a(x) >- ao Vx [0, l],

]e>0:Q(t)=0 Vt]0, e[,

PROBLEM 1. TO a known input Q( t), a known initial state Uo and a given measurement

Zd (t) U (0, ]0, T], does there correspond a unique ot x ?
PROBLEM 2. To a known input Q( t), a known initial state Uo and a given measurement

Zd (t) U (l, t), ]0, T], does there correspond a unique t (x) ?
Now consider

a(x) +Q(t)5(x-xp)
ot ox

(3.2) u(x, O)= Uo in ]0, 1[,

where

0_.._u (0, t)
Ox =x (/’ t) =0 in ]0, T],

in ]0, l[ x ]0, T],

aCl([0,1]) and ::lao>0:a(x)>=ao Vx[O,l],

QH(O,T) and le>0:Q(t)=0 Vt]0, e[,

Uo I,

Xp ]0, l[.

PROBLEM 3. To a known input Q(t), a known initial state Uo and a given measurement
Zd (t) U Xp, ]0, T], does there correspond a unique a x ?

To be able to formulate Problems 1-3 as inverse Sturm-Liouville problems, we
will need the following lemmata:

LEMMA 1. Let {An} and {n} be strictly increasing sequences tending to infinity and
let= cne-;, Y,= ne-x"t be uniformly convergent on [ 3, +c) for every > O. Suppose

(3.3) E cn e-x"t= E n e-"t ’’/]0, T].
n=l n=l

If cn # 0 and n # 0 tn , then An and cn c. /n .
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Proof. By analytic continuation we see that (3.3) should hold for all > 0. The
result follows from the uniqueness of the expansion in Dirichlet series (see for example
proof of Lemma 3 in [9]).

LEMMA 2 [22, p. 325]. Let , Q L(O, T) and assume

then

Be>0:Q(t)=0 a.e. in [0,

( z) Q(z) dz 0 a.e. in ]0, T[,

(t)=0 a.e. in ]0, T[.

COROLLARY. Let Q L(O, T) and assume

]e>0:Q(t)=0 a.e. in ]0, el.
If the integral equation

o(t-’)Q()

d’= R(t)

admits a solution L O, T) then is unique.
Next consider

(3.4) x a(x) x + Ay 0, y’(0) 0, y’(l) =0,

where a e C1([0,/]) and :lao: a(x)>-_ So tx [0, l] and denote by A, the eigenvalues
of the above Sturm-Liouville problem and by y,(x) its normalized eigenfunctions.

PROBLEM 1’. Referring to (3.4), is knowledge of {A,}=I and {[y,(0)l},=l sufficient
to determine a x uniquely ?

Proofofequivalence ofProblems 1 and 1’. We will show that knowing Q(t) and uo,
(i) Za(t) is sufficient to determine {An}n_-i and {ly.(0)l}-- uniquely and
(ii) {h,},= and {ly.(0)l}= are sufficient to determine za(t) uniquely.
The eigenfunction expansion of the solution of (3.1) is given by

u(x, t)= Uo- E yn(O)yn(x) e-"’- Q(r) dz.
n=l

Hence

(3.5) za(t) u(O, t)= Uo- ly.(0)l e-x-(’-’) Q(z) dz.
=1

Now given Q(t), Uo and za(t), it follows from the Corollary ofLemma 2 that the function

(t) Y ly.(0)l e--’
n=l

is uniquely determined. But by Lemma 1 {An} and {ly.(0)l} are uniquely determined
by (t). This proves (i). Part (ii) is an obvious consequence of (3.5).

PROBLEM 2’. Referring to (3.4), is knowledge of {A,}= and {Yn(0)Yn( )}n=l
sufficient to determine a(x) uniquely ?
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Proof of equivalence of Problems 2 and 2’. The eigenfunction expansion of the
solution of (3.1) is given by

u(x, t)= Uo- y,,(O)y,(x) e-x.<,-’) Q(z) dr.
=1

Hence

(3.6) za(t)= u(l, t)= Uo- y,(O)y,(l) e-x.’-’) Q(r) dz.
n=l

Using (3.6) and repeating the same argument as with Problems 1 and 1’, we
conclude that Problems 2 and 2’ are equivalent.

PROBLEM 3’. Referring to (3.4), is knowledge of {A},%-1 and {ly.(x)l}, sufficient
to de{ermine x uniquely ?

Problem 3 is equivalent to Problem 3’ provided that y(x,) 0 n . Indeed, using
the eigenfunction expansion of the solution of (3.2),

we have

u(x, t)= Uo+ Z y,(xp)y,(x) e-.t-) Q(r) dr
1=1

(3.7) zd(t)= u(x, t)= Uo+ ly.(xp)l’- e-x"’- Q(z) dz.
=1

Thus, repeating the same argument as with Problems 1 and 1’, we conclude that
Problems 3 and 3’ are equivalent, provided that y,(xp)0 n [.

4. An associated inverse Sturm-Liouville problem. As mentioned in 2, Gel’fand
and Levitan ([10]) have solved the inverse Sturm-Liouville problem for a Sturm-
Liouville operator in normal form. Their result (as applied to a finite interval) can be
stated as follows:

THEOREM 1 (Gel’fand and Levitan). Let {A,} and {:,} be two sequences ofpositive
real numbers obeying the asymptotic formulas

r b+b3+o(1 ) al (1)+ +o

where al, b, b3 are constants. Then there exists a unique differential operator, defined
by a differential expression of the form

L(y)=y"-q(x)y, O<=x<-I

with q C([0,/]) and by boundary conditions of the form
y’(O) hy(O) O, y’(1) + Hy( l) 0

which has {A, } as eigenvalues and {,} as normalizing constants. Thefunction q(x) and
the number h can be computed via

1 oil(x, x)
h K(0, 0)qx’=2 Ox

where K(x, t) is the solution of the linear integral equation

(x, )+ (x, tl+ K(x, s)(s,
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and where

1
F(x, t)=o cos (oX)" cos (t)-1-’1

+ cos

n=l n
Note that the above theorem gives at the same time existence, uniqueness and

method ofconstruction ofthe differential operator from its eigenvalues and its normaliz-
ing constants. For the purpose of studying identifiability problems, one needs only
uniqueness. With this in mind, and the fact that :, =[y,(0)]-2, where y,(x) are the
normalized eigenfunctions of the Sturm-Liouville operator, what we wish to retain is

THEOREM 1’ (Gel’fand and Levitan). Consider

y"+ [A -q(x)ly=O,

(4.1) y’(O)-hy(O)=O,

y’( l) + Hy( l) O,

where q C([0,/]) and denote by A, its eigenvalues and y,(x) its normalized eigenfunc-
tions. Also, consider

y"+[A-r(x)]y=O,

(4.2) y’(O) hy(O) O,

y’( l) + IIy( l) O,

where r C([O, I]) and denote by I, its eigenvalues and z,(x) its normalized eigenfunc-
tions. If
(4.3) A, =/z,, ly.(0)l--Iz.(0)l n,
then

q(x)= r(x), h= , H= II.
The purpose of this section will be to obtain a similar result for the Sturm-Liouville

problem (3.4). Note that (3.4) can be reduced to (4.1) via the so-called Liouville
transform [ 1]. Therefore, it is natural to try to "back Liouville transform" the result
of Gel’fand and Levitan. In fact, this is possible and it leads to the following result:

Given a(O), A, and ly.(0)l for a differential operator of the form (3.4), there
corresponds a unique a x).

Using an entirely different approach than that of Gel’fand and Levitan, we will
show that A, and ly.(0)l are sufficient to determine a(x) uniquely. In fact, we will
prove the following theorem:

THEOREM 2. Consider

x a(x) x + Ay 0,

(4.4) y’(O)-hy(O)=O,

y’( l) + Hy( l) O,

with a CI([o, 1]), and ::lao> O: a(x) >-_ ao Vx [0, 1] and denote by A. its eigenvalues
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and y, x its normalized eigenfunctions. Also, consider

(4.5)

-x fl x --d-x +Ay=O,

y’(O)-hy(O)=O,

y’(1) + Hy( l) O,

with CI([o,/]), and ::1/3o> O:/3(x) _->/30 Vx 6 [0, l] and denote by I. its eigenvalues
and z.(x) its normalized eigenfunctions. If

(4.6) A,, ,, ly,(O)l Iz,(O)l vn ,
then

a(x)= (x), h h", H= I2I.

Before proving Theorem 2, we will first prove a number of lemmata. The key to
the proof of Theorem 2 will be Lemma 6 which is an analogue of the Povzner
representation theorem (see 19] or [21, Lemma 2, p. 302]) for the differential operator
(d/ dx) (t (x) d/ dx). An immediate consequence of Lemma 6 will be that we can relate
z,(x) to y,(x) by

z,(x) U(y,(x))
z,,(O) y,, (0)

where U is a bounded linear operator defined by (4.24). Note that U has to relate
functions defined on [0, l] to functions defined on [0,/]; this is guaranteed by Lemmata
3 and 4. Taking into account that Iz(0)l-ly(0)l we wil conclude that U has to be
unitary. Lemma 5 will provide the appropriate conditions for U to be unitary. Using
these conditions we will finally conclude that z,(x)= y.(x).

LEMMA 3. Consider the class of differential operators of the form

A=-x a(x)

densely defined in L2(0, 1), where a C([0, 1]) bounded below by a positive constant. If
A1 and A2 l have the same spectrum, then

Proof For every A M, the eigenvalues A, satisfy the following asymptotic formula
(see for example [7])

+ 0(1).
dx/,/a x

Now if the operators A=(d/dx) (a,(x)d/dx) and AE=(d/dx) (aE(X)d/dx) have
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the same eigenvalues A,, then

::::x/-. /ai(X)- .ffax) 0(1)

Io dx _Io’ dx =O(.) VneN.

Hence

Q.E.D.

LEMMA 4. Let a, fl CI([0,/]) bounded below by positive constants and satisfying

Denote p C2([0,/]) the solution of

p(o)=o.
dx

Then p(x) is a bijection of [0, l] onto itself.
Proof. Since dp/dx > O, p is strictly increasing. Furthermore, from the definition

of p, we have

[/3(x)]

which upon integration gives

Hence

’’() dx l dx

o

But since a(x) is strictly positive, J (dx’/ffa(x’)) is a strictly increasing function.
Hence p(l)= I. So p is a strictly increasing continuous mapping of [0, l] onto [0, l].
Hence/9 is a bijection.

LEMMA 5. Let a(x), fl(x), p(x) as in Lemma 4 and let U:L2(0, l) L2(0, l) be
defined by

U(f)
3

f(o(x))+ K(x, t)f(p(t)) dt

where K R+ and K C([0, l] x [0,/]). U will be unitary iff 1 and K O.
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Proof. Let

T(f)=[t(P(x))] 1/4

fl(x)
f(p(x)),

so that

V(f)= K(x, t)f(p(t)) dt

U KT+ V.

To prove the "if" part ofthe lemma, we need to show that T is unitary. A straightforward
calculation gives the adjoint of T

T*(f) [(O-’(x))] ’/J
and thus TT*= T*T I.

To prove the "only if" part of the lemma, we will first show that the spectral
radius of V is zero. To see this, observe that

TF(n-1)2M#
(4.7) I(v"f)(x)12<=2,_l(n_l)tllfllx2"-’ Vx e [0,/],

where

t3(x) ]1/y sup

’/

r oS--<Uxp--<, t3(x)

M= sup [K(x, t)]2.

(See Appendix A for a proof). Hence

vll=,-<-, r(-’)v2 r(V) lim v" 1In O.

Now

V=U-KT.

Since U and T are unitary, it is easy to show that U- rT) and U- rT)* commute,
i.e. V U-rT is normal. But for every normal operator, the spectral radius equals
the norm of the operator. Hence IIVIIL2=O=C,K(x, t)=0. So

U=T

and since they are both unitary and r > 0, it follows that K 1. This completes the
proof of the lemma.

LEMMA 6. Let a (x) and (x) be C1-functions bounded below by positive constants.

Furthermore, let &(x; A) be the solution of

dx
a(x) + Aw O, x >0,

(4.8) w(0) 1,

w’(0) h,
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,(X; A be the solution of

dx
(x) +Xw =0, x->0,

(4.9) w(0) 1,

w’(O)= g.
Then there exists a continuous kernel K(x, t) such that

(4.10) @(x; A) La..(0)j @(p(x); A) + K(x,t)6(p(t);A)dt

where p x is the solution of

(4.11) dP=[#(xl]-’/2[a(p)]’/2, p(0) 0.
dx

lx >-_ O,

Proof. Let u(x, y; A) 6(x; A)6(y; A).
It can be easily seen that u satisfies the hyperbolic P.D.E.

(4.12, 0(a(x) [3(y) 0x y
and the initial conditions

(4.13) u[r=o b(x; A)

OU
(4.14) ay y=0

76(x; x).

The Cauchy problem (4.12)-(4.14) admits a unique solution which can be com-
puted by Riemann’s method (See Appendix B for details). First, we make the change
of variable

dx_.____’ (x), Y= 3(y).X
,/(x’)

Then, applying (B.9) we find

1[/(Y)t(X)fl(O) ]1/4fi(X, Y; A)=[ {[&(X- Y)]’I4p(X- Y; A)

(4.15) + [t(X + Y)]’/4(X + Y; A)}

1 fX+Y
] W(X, Y, t)(t; h) dt+2ox-g

where W(X, Y, t)= W(X, Y, t)+ hWE(X, Y, t). Applying (4.15) at X =0 we obtain

( Y; A) fi(O, Y; A) = ca(O)] [( y)],/4
(4.16)

Now, if the function (x) is continued so as to be even, it is easy to see that
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b(x; A)= b(-x; h). Thus we easily deduce that

(4.17) (Y) c(- Y), ( Y; h) (- Y; h ).

Furthermore
Y

-y

(4.18)

I7’(0, Y, t)(t; A) dt= ITV(O, Y, t)(t; A) dt+ ITV(O, Y,-t)b(t; A) dt

{ /’(0, Y, t)+ ]v’(0, Y,-t)I(t; A) dt.

Thus setting
1/(Y, t) ={(0, Y, t)+ /’(0, Y,-t)}

it follows from (4.16), (4.17) and (4.18) that

(4.19) (Y; ,)= (0)] 1/4

a(0)J /() (V; A)+ (Y; t)(t, ) dr.

It remains to back-transform to the original variables. It is easy to see that

p=-o .
Also recall (from Appendix B) the notation d a -, -, & - etc.
Thus (4.19) becomes

[(O)]I/4[(P(Y))] 1/4 IO(y, A)=
[a(0)J (y)

(p(y); A)+ K(y, t)(p(t); A) at

where
((y), (t))

K (y, t)
4(t) Q.E.D.

Proof of Theorem 2. Let b(x; A) be the solution of

(4.20) -x a(x) + Ay O,

and q(x; A) the solution of

(4.21) /3(x) + Ay O,

Clearly,

y(0) 1, y’(0)= h,

y(O) 1, y’(O)= h.

y,,(x)= y,,(O)qb(x; A,,), z,,(x)= z,,(O)(x; A,,)

From Lemma 6 we have

[Jol(o)ll/4[Ol(P(x’)l 1/4 IO(4.22) @(x; A)
(0)J ’ .!

6(p(x); A) + K (x, t)ck(p(t); A) dr.

Hence,

(4.23)
z.(x)

[j(O)/ot(O)]l/4[Ot(p(X))/(x)]l/4yn(p(X))+ K(x, t)y.(p(t)) dt

z,,(O) y,,(O)
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Now define the operator U" L2(0, l) L2(0, l) by

[t(o)l,,4 ,/4

(4.24) U(f)= la(0)J /3(x)
f(p(x))+ K(x, t)f(p(t)) dr.

Since every fe L2(0, l) can be expanded as

where

f(x)= E f.y,,(x)
rl=l

f. f(x)y.(x) dx,

we have

Uf)(x)=
(0)J (x)

f(o(x))+ K(x, t)f(o(t)) dt

I(O)ll/4IOg((X))]l/4 IOE f.y.(p(x)) + K (x, t) 2 f.Y.(O(t)) dt
(0) O(x) .=

.= (0) j
y.(p(x))+ K(x, t)y.(p(t)) at

and taking into account (4.23),

y.(0)
f)x)= L f. z.O) z.x).

Thus, from Parseval’s theorem we obtain

ufll b 2 f2 y., (0) 2

.= z.(O)

and since ly,,(O)l Iz,,(O)l Vn eN (by (4.6)),

Uf[ 2 2 f2. 1[/112,

which means that U is unitary. But from Lemma 5, this implies [(0)/a(0)]1/4= 1
and K (x, t) 0. So

(4.25) a(0) =/3(0),

(4.26) @(x" A)=[a(P(x))] 1/4

t(x)
(o(x); x).

Now, due to (4.26), we have

dx
/(x) + xq, [(o(x)) t(x)]/ 6(o(X);dx x)

1{[ /3(x)]3/4 d+-
2 (p(x))

[(p(x))]

O (10(x)) ] 1/4 } d(i(x);+ - ix5 ax
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d

[(p(x))]’+x
t(x)

fl(x) do(x) do(x)

d

Since (x; I) and (x; I) are solutions of (4.20) and (4.21) respectively, it follows that

axd (fl(x) d ([a(P(X))]’/4))fl(x) O.

Integrating and taking into account (4.25) we find

[a(P(X))] /4 fo ds
fl(x)

1 + c fl(--
hence

p(x) 1 + c
(,)] d.

Finally, since p(l) and (d/()) is a strictly increasing positive function, it easily
follows that c=0. So p(x)=x, hence a (x) /3 (x), hence q,(x; A)= b(x; A), hence
h =/ and H =/. This completes the proof.

5. Identifiability and nonidentifiability results. Using Theorem 2 we can now solve
completely Problems 1 and 2, which were posed in 3. Also we can solve a special
case of Problem 3, namely that for which xp 1/2.

RESULT 1. Consider Problem 1. To a known input Q(t), a known initial state Uo
and a given measurement, Zd U (0, ]0, T] there corresponds a unique a x).

Proof Immediate consequence of Theorem 2.
The next result will establish the fact that Problem 2 has in general a nonunique

solution. We first establish the following lemma:
LEMMA 7. Consider (3.4) with eigenvalues A, and normalized eigenfunctions y,(x).

Also consider

(5.1) -x a(l-x)-x +Ay=O, y’(O)=O, y’(/)=O,

with eigenvalues , and normalized eigenfunctions , (x). Then

(5.2) ],, A,,, p,,(x)=y,,(l-x)

Proof Under the affine transformation

=l-x

(5.1) reduces to (3.4). Equation (5.2) follows immediately.
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RESULT 2. If U(X, t) is the solution of (3.1) and t(x, t) is the solution of

(5.3)

tgU

ot
a(l-x)

Ox

u (x, O) Uo in ]0, 1[,

cgu
a(O) x (0, t) Q(t)

in]O, 1[ x ]0, T],

in ]0, T],

Ox
(I’ t) 0 in ]0, r],

then

(5.4) t(l, t)= u(l, t).

Proof. We have

u(l, t)= Uo- , y,(O)yn(l) e-"(’-) Q(r) dr,
n=l

t(l, t) Uo- 5’. ).(O).n(l) e-x.(’-) Q(z) dr.
n=l

Using Lemma 7, we immediately conclude that

A, .n, Yn(O)yn(l) )Tn(0).,,(l)

Hence the result.
LEMMA 8. Consider again (3.4). If a(x) is symmetric, i.e. a(x)= t(l-x), then

(5.5) yn(x)=yn(l--x).

Proof. Immediate consequence of Lemma 7.
RESULT 3. Consider again (3.1) and assume that a(x) is symmetric. Then to a

known Q( t), a known Uo and a given measurement

Zd(t)=u(l,t)

there corresponds a unique a(x).
Proof. We have

u(l, t)= Uo- E y,(O)yn(l) e-x"(t-’) Q(z) dz.
n=l

From (5.5) we have yn(O)=yn(l), hence

Zd(t) u(l, t) UO-- ly.(0)l 2 e-x"(t-’> Q(z) dr.
n=l

Thus the problem of identifying a(x) from Q(t), Uo and Zd(t) reduces to the one
of identifying a(x) from {An} and {ly.(0)l}. Hence by Theorem 2 a(x) is unique.

The next two results solve the special case Xp I/2 for Problem 3.
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(5.6)

then

RESULT 4. /f u(x, t) is the solution of (3.2) for Xp 1/2 and (x, t) is the solution

OU

ot
a( l- x) + Q( t)6 x

ox

u(x, O)= uo in ]O, l[,

a___U_U au
ox (O, t) =-x l, t) O in ]0, T],

Proof. We have

in ]0, l[ x ]0, T],

Using Lemma 7, we immediately conclude that

y,,() .)7,,() nl.

Hence the result.
RESULT 5. Consider again (3.2) with xp 1/2 and assume that ix(x) is symmetric.

Then to a known Q(t), a known Uo and a given measurement

there corresponds a unique a(x).
Proof. Since a(x) is symmetric, y,(x) are symmetric /nt by Lemma 8. Hence,

y’.() 0 n .
Now consider the Sturm-Liouville problem

(5.7 (x +y 0, y’(0 0, y’ 0,

and observe that (3.4) and (5.7) have the same eigenvalues I, and the same normalized
eigenfunctions y,(x), x e [0, 1/2]. Thus the problem of identifying a(x) from Q(t), uo
and e(t) reduces to the one of identifying (x) in (5.7) from {I.} and
Hence by Theorem 2 (x) is unique.

6. 12elss mt sgfieee. In this paper the problem of identifiability of
spatially varying conductivity from point measurement of temperature in the linear,
one-dimensional heat equation is addressed. Uniqueness and nonuniqueness results
are derived referring to special cases of the above general problem. More specifically,
in Problem 1 (system (3.1)) we have shown that in a rod, which is insulated at one
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end and heated at the other end (with known heat flux), measurement ofthe temperature
as a function of time at the heated end determines uniquely the conductivity as a
function of position. Uniqueness is not obtained, however, when in the above physical
system the measurement is placed at the insulated end (Problem 2). In Problem 3
(system (3.2)) we have addressed the case of a rod, which is insulated at both ends,
with a known heat source at the point x =Xp and a temperature measurement as a
function of time at Xp. We have shown that in the special case where both the heat
source and the sensor are placed in the middle of the rod (Xp 1/2), there corresponds
in general a nonunique conductivity. Only in the highly exceptional case where the
conductivity is a symmetric function (with respect to the middle of the rod) Problems
2 and 3 can have a unique solution.

There are still important questions that remain unanswered, such as: (i) Is the
system described by (3.1) identifiable if 0 < xp < l? In other words, is uniqueness the
"rule" or the "exception"? (ii) In the system described by (3.2), is the point xp 1/2
an "exceptional" or a "typical" point? What happens for other Xp’S?

The above questions reduce to inverse Sturm-Liouville problems for which, at
the moment, results are not available. However, we intuitively expect that uniqueness
will be the case for all Xp’S, except for a set of measure zero.

The motivation of undertaking this work is to establish identifiability conditions
for (1.1). Since, for example, (1.1) governs the pressure distribution in petroleum
reservoirs and subsurface aquifers, and since the identification of a(x, y) is a key
problem in describing these systems, elucidation of the fundamental question of
identifiability will have a significant impact on the estimation of such parameters. It
should be pointed out, however, that we are far from being able to make the extension
from one to two spatial dimensions. Although the work of Nakagiri 17] has established
that the identification of eigenvalues from point observation is possible for
n-dimensional parabolic systems, the existing inverse Sturm-Liouville theories are still
one-dimensional.

Appendix A. Proof of (4.7). We will first prove (4.7) for n 1. We have

I(vf)(x)l== t)f(p(t)) dt

a(p(t))
K(x, t)

a(p(t))
fl( t)

f(p( t)) dt

a(p(t))
[K(x, t)]2 dt

a(p(t))
fl( t)

,/2 )[f(p(t))]2 dt

First integral <= /M dt /Mx

fp(x) IoSecond integral f2(.) d" _-< f2(.) dff- Ilfll b

and thus I(vf)(x)l- MIIfllbx,
Suppose now that (4.7) is true for n k, i.e.

/F(k-1)2Mk
I( Vf)(x)l <-

2-’(k 1)!
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We have

I(v*/’f)(x)]- K(x, t)( vkf)(p( t)) <-- [K(x, t)]2 dt [(vkf)(p(t))]2 dt

Hence

First integral <- M dt Mx

Tr(k-)2Mk foSecond integral-<-ii_ 1)!
[[f[l2 [fl(t)]2k-1 dt

<
’yr(k-1)2Mk

.,2i_,2k_ 12k-12k-"(k’-’ i)i Ilfll dt

yFk=Mk
X
2k TFkEMk

2_-)--Ilfll ’- 2- 2kk-------(-. IIfll bx=,

I( v/’f)(x)l <-- /r*M/’2kk! Ilfllx=+’.

So (4.7) is also true for n k + 1. This completes the proof.

Appendix B. Solution of the Cauchy problem for (au,),-(uy)y =0 by Riemann’s
method. Consider

a(x) fl(y) O,ox y
(B.1) Uly-o=f(x),

Ou

y=O
=g(x).

By making the change of variable

(B.2) X
x/a(x’)

dy’
s4(x), Y=

4/ (y’)
(y),

(B. 1 becomes

(B.3)

where

dot(x) dfl(y)/ dy
(B.4) a(x)= 44a(X) b(y)=

4x//3 (y)
and where we have used the symbols a(X, Y), 8(X), (Y), f(X), ,(X) in place of
u(-l(x), -l(y)), a(-(X)), b(j-( y)), f(C-(X)), g(s-(X)) respectively.
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Q(X.-Y., O) R(X.+Y.,O)
FIG.

For the solution of (B.3) we make use of Riemann’s formula [6, p. 81] (see Fig. 1),

(B.5)

1 1

7---a(P)=-[a(Q)(Q)+a(R)(R)]+-

+ ,----+ dY

where 7(X, Y; Xo, Yo)is the solution of

(B.6)

ay2 2ti(X)---2/;(Y)--\- if=O,

OX aY
([t+b); onY+X=Yo+Xo,

OX aY
=(a-b); on Y-X= Yo-Xo,

7(Xo, Yo) 1.

It can be easily seen that the boundary conditions in (B.6) are equivalent to

(B.7) 7 exp 5(X’) dX’- fg(Y’) dY’
go

Thus (B.5) gives

’ [Io ]5(Xo, Yo) =exp (Y’) dY’

{f(Xo-Yo, exp [IxX:-Y
(B.8)

Y+X= Yo+ Xo
on the lines y_X Yo- Xo

+f(Xo+ Yo) exp a(X’) dX’
d X

W](Xo, Yo, t)f(t) dt+ aXo-o+2 a Xo-Y
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where

WI(X0, Yo, t) --7.. (t, 0; Xo, Yo)-2b(O),(t, 0; Xo, Yo),

Finally, taking into account (B.4), the integrals of the first term of (B.8) can be easily
evaluated. Thus (B.8) (dropping the subscript 0) gives

..1[( Y)d(X)(O) ]1/4 1/’f(X(X, Y)= {[t(X- Y)] Y)+[t(X+ Y)]’/’f(X+ Y)}
(B.9)

W2(X, Y, t)(t) dt+2 . x-Y W(X, Y, t)f(t) dt+
where c(. )= a(M-’(. )) and/(" )-=/3(-’(. )).
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HYPERBOLIC STATE SPACE DECOMPOSITION FOR A
LINEAR STOCHASTIC DELAY EQUATION*

s. MOHAMMEDf, M. SCHEUTZOWt AND H. V. WEIZSCKER

Abstract. We consider the equation dX(t)=(j_,X(s+t)dl(s))dt+GdW(t) where r>0, /z is a
matrix-valued signed measure on I-r, 0], W is an n-dimensional Wiener process and G is a fixed n x n
matrix. Using the known decomposition C S U of C C[-r, 0] into a stable closed subspace S and a
finite dimensional unstable subspace U for the analogous deterministic equation, we prove that the projection
of the solution X onto S converges exponentially fast to a stationary Gaussian process. Also the speed of
explosion of the projection onto U is exhibited.

Key words, asymptotic stationarity, infinite dimensional diffusion, stochastic functional DE, hyperbolic
decomposition, stochastic variation of constants

AMS(MOS) subject classifications. Primary 60H10; secondary 34K20, 60G10, 93E03

1. Introduction. Let F be an Rn-valued continuous linear map on the Banach
space C C([-r, 0], Rn) of continuous functions from I-r, 0] to R" (r > 0). For any

_-> 0 and any continuous function x: I-r, +c) --> " we define xt C by xt(u) x(t + u),
u [-r, 0]. Let (f(t))t_>o be an R"-valued, locally (in t) integrable function.

Deterministic functional differential equations of the form

x’(t)=F(xt)+f(t), t>=O,
(1)

Xo r/

with a "hyperbolic" linear functional F: C -" have frequently been studied. It is
known [3, p. 187] that there exists a decomposition C U0)S where U is a finite
dimensional linear subspace, such that the projection x of xt on U behaves like
an unstable finite system of ordinary differential equations and x,s converges to 0 as
t- oo for any initial condition. This decomposition is uniquely determined by the
functional F.

In this paper we establish an analogous result if f is replaced by "white noise",
i.e., we consider the equation

(2)
dX( t) F(X,) dt + G dW( t),

Xo=r/

where (W(t)),__>o is an n-dimensional Wiener process and G is a fixed element of the
space L(") of all n x n matrices.

Although in general no solution of (2) converges to a stationary process, we show
that the projection X,s of the solution Xt of (2) on the space S associated with (1)
does so. The complementary projection X is a solution of a purely unstable finite
system of stochastic differential equations without delay; in particular on every non-
degenerated subspace V of U the variance of the induced probability distribution
converges to infinity exponentially.

Our aim was to show how in a specific infinite dimensional situation a stochastic
hyperbolic decomposition makes sense. The result could be extended to more general

* Received by the editors May 29, 1984, and in revised form February 15, 1985.
t Department of Mathematics, Southern Illinois University at Carbondale, Carbondale, Illinois 62901.
t Fachbereich Mathematik, Universit/it Kaiserslautern, Postfach 3049, D-6750 Kaiserslautern, West

Germany.
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situations like time dependent G with appropriate regularity conditions. A more
interesting challenge is the formulation of some general principles about infinite
dimensional linear stochastic equations from which our results could be derived.

2. The variation of constants. First we want to write down a stochastic variation-of-
constants formula of the solution of (2) which looks the same as for equation (1) (cf.
[3, pp. 80-87] and Theorems 1 and 2a below). In this section F" C-->n is any
continuous linear functional. The assumption of hyperbolicity will appear only in
Theorem 4.

LEMMA 1. Let Ix be a finite signed measure on [a, b]. Let p’[ a, b] x c, d]--> $ be
in L([a, b] x [c, d], A (R)l/zl). Then for every 1-dimensional Brownian motion W

q(s, u) dW(s) dtx(u)= q(s, u) dtx(u) dW(s) a.s.

Proof. If q 1].]].] then this is the obvious equality

W()- W(,) d W()- W())(], ]).

Both sides of the equation to be proved are linear and are easily seen to be continuous
on L2([a, b] x [c, d l, h (R)l/x I). The step functions with rectangular steps being dense
in this sp,ace, the lemma follows.

Let C (resp. t) be the Banach space of all bounded Borel measurable " (resp.
n-) valued functions on I-r, 0] given the ,sup norm.

For D ( and a linear operator R on C define RD := (Rdl,’", Rdn) where dj
is the jth column of D. Define t as the set of all functions B’[a, b]- t such that
B(.)(.) is a product measurable ""-valued bounded function. For B C and an
n-dimensional Brownian motion we define Wiener integrals of the form b B(s) dW(s)
by

B(s) dW(s) (u) B(s)(u) dW(s)
b

(B(s)(u))d(s)
j=l

(b(s)(u) dW(s), u e [-, 0].
j=l

LEMMA 2. Let L: C --> " be continuous, linear and B C. Then

f_, B(s) dW(s) f_,(B(s)) dW(s)= f_,(bj(s)) dWj(s) a.e.
j=l

where f_, is the canonical extension of L to using the Riesz representation theorem.

Proof. Follows from Lemma 1.
For every initial condition r/e there is a unique solution of

(3) x’( t)= F(x,), Xo= ?

where is the canonical extension of F to the space (. This can be seen by a
straightforward extension of the usual contraction argument. The resulting semigroup
(T(t), t>_-0) of linear operators on C where T(t)l x, as in (3), however, is not
strongly continuous in contrast to the analogous semigroup on C.

Let A: [-r, 0]- L(’) be defined by

A(u) =0, u e [--r, 0[,

A(0) I (I =identity matrix on ").



STOCHASTIC DELAY EQUATION 545

THEOREM 1. (variation-of-constant formula). The solution of (2) can be written
in the form Xt T(t)/+Jo T(t-s)AGdW(s).

Proof. Define Yt T(t)q + to T(t- s)AG dW(s), >-_ O. For u ->_ -t, u s [-r, 0] we
get

Y(u)=(T(t)rl)(u)+ (T(t-s)AG)(u) dW(s)

=’t+uo+ ’t+u-sAO dWs=
0

as T(t-s)AG(u)=(T(t+u-s)AG)(O) for Ost+u and (T(t-s)AG)(u)=O for
t+u<st. Also Yt(u)=(t+u)=Yo(t+u) if-rt+u<O. Therefore Yt corre-
sponds to a stochastic process on I-r, [,

Y(t)= Yt(O)=(T(t),)(O)+ (T(t-s)AG)(O) dW(s)

=(T(t)n)(O)+ (r(t-s)(AG))(O) d(s).
j=l

Lemma 1 implies the general identity

f(t-s) dW(s)- f(O) aw(s) f(u-s) auaw(s)

/(-a( a.

Hence

j=l

j=l

=F T(t)n+ T(t-s)adW(s) dt+GdW(t)=F(Y) dt+GdW(t)

i.e., Y(t) satisfies (2) which proves the asseion as (2) has a unique solution.
Let A be the unbounded operator on defined by D(A) {" e Cl[-r, 0] and

’(0) F()} and

((u
(u, -u<0,

(4= (sl(sl, u=0,

where we have represented F by a matrix-valued signed measure (or function of
bounded variation in each component) on I-r, 0] (see [3, p. 167]).

We now define U to be the sum of the generalized eigenspaces of the eigenvalues
of A with nonnegative real pa. The set of eigenvalues of A coincides with the solutions
of the characteristic equation det (aI-I e" (u)) 0 [3, p. 168]. One can choose
a closed complementary subspace S such that T(t)(S) S for all 0. U is finite-
dimensional with T(t)U U for all [3, p. 171].
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The projection 7r
v of C onto U corresponding to the decomposition C UO)S

is a continuous linear map since S is closed. Thus, U being finite dimensional, it has
a representation by a L(Rn, U)-valued, signed measure (or function of bounded
variation) p This induces a canonical extension of zrt: to a continuous linear
functional 7rt: on ( by the formula rt:(b)=

_
b dp, b t. Then t U0)g where, {b" rV(b)=0}. The associated projection onto S is given by the formula 7rg(b)

g
b- 7rt:(b), or shortly: 7r

g= 1- 7r
tr where 1 is the identity on . We write r/t: and r/

instead of 7fUr/and 7rg r/ respectively.
LEMMA 3. (T(t)r/)= T(t)(rl ) and (T(t)rl) g= T(t)(rl g) holds for every rl .
Proof. For r/ C this follows immediately from the invariance of U and S under

T(t); e.g.,

(T(t)rl)t:=(T(t)rl t: + T(t)rlS)t=(T(t)rl t:)t: +(T(t)rls)= T(t)rlt: +0.
Let us consider the following continuity property of linear operators R" t --> ("

If r/k is a uniformly bounded sequence in ( such that rlk(u)-->O(**) for all u[-r, 0], then Rrk(u)-->O for all u[-r, 0].

From the uniqueness part in the Riesz representa.tion theorem for every continuous
linear R" C --> U there is exactly one extension R" C --> U with (**). Hence for the first
part of the lemma it is sufficient to show that 7r

t T(t) and T(t)o rt both have (**)
(we have seen already that they coincide on C). From the definition of 7r

v" ( --> U, 7rt:
has (**). Thus it remains to prove (**) for T(t). This follows from Lemma 4.

The statement concerning S now follows algebraically"

IIT(t)ll,ll+l(T(t))(O)l. We have

Thus

g(t)

max(-r,-t)

+ n(O)+ F(T(s)n) as
(-r, -t) 0

(T(t))rlg= T(t)rl+(T(t)rl)t:= T(t)r/-T(t)r/t: T(t)(r/- r/t:) T(t)rl . 1-]

LEMMA 4. T(t) has the continuity property (**) for every t>0.
Proof Let be the variation measure associated with the matrix valued measure
on I-r, 0] defined by the functional F. Fix r/. Define "g by "g(t):=

I_mraX(-t,-r)

for >--_ -u,

for t<-u.

( )l) Ir/(0)l+ ds

<-- "h(t)+ C "g(s) ds
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where
max(--t,--r)

’h( t) Il( / u)ldlii( u) / (lll/z[lll / 1)] (O)l,

C [[[/x[[[ + 1 and ][[/.,][[1--[/x[[-r, 0].

Then Gronwall’s lemma [2, p. 393] implies

ng(t)<-nh(t)+C nh(s) e c(’-s) ds.

Now suppose (r k) is a uniformly bounded sequence which converges to 0 pointwise.
Then the sequence (nkh) is also uniformly bounded on bounded intervals and converges
to 0 for every by dominated convergence. The Gronwall estimate then implies again
by dominated convergence nkg(t) - 0 for all t. In particular I(r(t)n)(0)l--, 0 for all t.
Because of

r/k(t’F U), --r----- t+u_<--0,(T(t)v)(u)
(T(t + u)V)(O), + u > O,

we get finally that (T(t)rlk)(tt) converges for every u to 0. V1

As in [3, p. 173] define C* C([0, r], Rn*), where R"* is the n-dimensional space
of row vectors. For a in C* and b in C define

(4) (., ) (0)(0)- .(- 0)() dd,(o)

where /z is the matrix-valued measure representing the functional F. Let A* be the
(formal) adjoint operator of A defined by

da(s)
0 < s <= r,

A*a(s)= o
ds

,(-o) d(O), s o,

where D(A*) consists of all functions a in C* which have a continuous derivative
such that

d.(0)_
as a(-o) dlz(o) ([3,p. 174]).

According to [3, p. 175] the spectra of A and A* consist only of eigenvalues and
coincide (including multiplicity).

Let U* be the sum of the generalized eigenspaces of A* corresponding to the
eigenvalues with nonnegative real part. Suppose dim U-d(=dim U*). Take a basis
(I) ((I) 1, ", (I)d) for U and a basis

for U* satisfying (i, J) 0 (i,j= 1,..., d) and let Be L(Nd) satisfy A=B and
A* B where A=(AI," ,Ad), A* (A, ,Ae)r andB andB
are defined like matr.ix multiplication. According to [3, p. 186] such a B exists and is
unique and its eigenvalues coincide with those of A (or A*) having nonnegative real
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part (including multiplicity). For any b C the projection of b on U can be written
explicitly as

(5) (,, )

([3, p. 186]). Now the right-hand side of the last equation also make sense for b C
by defining the bilinear form (4) as above. Both sides are continuous with respect to
pointwise convergence of uniformly bounded sequences. For the left side this was
stated before Lemma 3, and for the right side it follows from dominated convergence.
As C is the smallest class of functions containing C which is closed under pointwise
limits of uniformly bounded sequences, the identity also holds for b e C.

THEOREM 2. (a) The projection of Xt on U and can be written as

x,= r(t)n + r(t-s)adW(s),

x, r(t)n+ r(- s)a G

Furthermore

and

a" o(q,(0)), a=a-a

XV ( Y( t)), >-- O

where Y(t)= (q, X,) is a continuous process on d satisfying the equation

dY(t)= BY(t) dt+W(O)GdW(t), Y(O) (W, ,).

(b) There exist numbers c < 0 and M > 0 such that

and

where

IIT(t)AglI<-_Me’, t>0--

) 1/2

IIT(t)AI]:= IIT(t)ll 2

j=l

and 8 is the jth column of A
Proof (a) The representations ofX and X, follow from Lemma 2, Theorem 1

and Lemma 3. The formula A t; (I)(xtr(0)) is an application of (5). The representation
X I) Y(t) follows exactly like the proof in the deterministic case in [3, p. 186] with
f(s) ds replaced by G dW(s).

(b) [3, p. 187].

3. Asymptoties for Xv and Xs.
THEOREM 3. Let W(t) be an n-dimensional Wiener process defined for all

normalized by W(O) O. Thenfor every distribution ofXo q with E II, = < oo, t.he process
X converges to the stationary continuous Gaussian process Zt -oo T( t- s)A s G dW(s)
in L2 with exponential speed. In particular the distribution ofX converges weakly to the
Gaussian distribution of the stationary process Z >-o.
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Proof. As in tlae proof of Theorem 1 one can easily show that (Zt)t_>-o corresponds
to a process on I-r, [ having values in R" where

Z(t)=Z,(O)= [ (T(t-s)ZgG)(O) dW(s), t>=O,
d-

Z(t)= Zo(t), -r<= t<=O.

Z(t) is well defined as

2

=E (((T(t-s)AG)(O))j),dWj(s)
i=1 j=l

2 ((((r( slal(0lll,l as
i=lj=l

II(T(t-s)aG)(O)ll2 ds
d-

d-

2IM e(t-) m2 GJJ2M2

<.
2a

Obviously Z(t), -r is Gaussian and has continuous sample paths (almost surely).
Z(t) is stationary since

Now

and

EIIX?- Z, ll < 2Eli T(t)II+2E T(t-s)AgGdW(s)

EllT(t)nllc<--E(Me’llqllc):= M2 e’Ellnll-> o as t.

Also, for > 2r, we have

E r(t-s)AgGdW(s)
c

= sup lim T(-s)( u) d(s)
--ruO v-- j=l

= sup lira (T(-s)(G)(u)),d(s)

= sup lira (T(t-s)(G)(u)),(s)

(r(t-s)(G)(u))’
(s) s
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Now

=<E lim 2n (Wk(V)) sup Y’, (T(t-v)(AgG)(u)) -,
k=l -r<--u<=Oj=l i=1

+E lim 2n sup F,(r(t-s+u)(AGb)lW(s)l ds
v--o --r<=u<=O i=1 j=l

E lim 2n (Wk(V))2 sup (T(t-v)(AG)(u))
k=l -r<=u<=Oj=l i=1

-<_E lim m3 (W(v))2 sup IIT(t-v)AG(u)ll
v-->-x k=l -r<=u<=O

_-<E lim m (Wk(V))2 sup
v--c k=l -r<--_u<--O

T( v)A(u) I1=11 [I =

<=E lim m4
v--co k=l

<_-E lim m4 (Wk(V))2llGl[2M2 e2a(t-v)
v-)-oo k=l

where m and m4 are suitable constants.
The limit is 0 almost surely as

W(v)
lim

,/21vl log loglvl
1 a.s.

Using the fact that T(t-s+u)(AgG)j C for t> 2r, the second limit is estimated as
follows"

E lim 2n sup _, IF(T(t- s + u)(A )11 W(s)l ds
v->-- --ru<=O i=1 j=l

-<E lim (2n)2 sup IIF(T(t-s+u)(Aga)j)ll I(s)l ds
v-- --ruO j=l

NE lim (2n)=llfll = sup I[T(t-s+u)(AgG)jll I(s)l ds
v-- --ruO j=l

(2)llFIlllallm, lim sup 2 IIr(-s+u)ell I(s)le
--rNuNO j=l

e(llellllallm, e’ e- lira Me (s) as
v--m j=l

The limit is finite almost surely because of the law of the iterated logarithm and its
expectation is finite:

<---- e ds < o.
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According to Theorem 2, Xv is completely characterized by the finite-dimensional
process Y(t). In the next theorem we will describe the growth of Y(t) by looking at
its projections on one-dimensional subspaces. Let d be the dimension of the state
space of Y(t). Define C := ,(0) G. Applying the well-known formulas for the mean
and covariance of the solution of a linear stochastic ditterential equation (see e.g.
[1, p. 143]),

(6) EY(t)=emEY(O)
and

(7) K (t) em K (0) + (e-nUC)(e-m,C) T du (em) T

where K (t) is the covariance matrix of the components of Y, we get
THEOREM 4. Assume all eigenvalues of B have strictly positive real parts.
a) IfEY(O) 0 then EY( t) grows with exponential speed i.e. there exists some a > 0

such that for any e > 0 there exist positive constants D1 and D2 such that

D eat <= ]EY(t)[ <--_ D2 e<+)t for all >= O.

b) If the "variance of Y(t) in direction z", given by z 7"K (t)z zll = is strictly positive
for some to > o, then it is also strictly positive for all >= to and it grows with exponential
speed.

Proof. The proofs follow from (6) and (7) and from the fact that K(0)+
o(e-nC)(e-’C)7"du is nondecreasing in in the sense of positive definite
matrices. [3

Remark. If either K(0) is positive definite or (B, C) is completely controllable
i.e. rank (C, BC, B2C, ,Bd-IC)=d, then (zK(t)z)/llzll=>O for all t>0 and for
all z d\{0}. The second condition is equivalent to the positive definiteness of the.
integral in (7) for some (and then for all) > 0 (see [4], p. 39).

The assumption on B means that the operator A has no purely imaginary eigen-
values, i.e., that F is "hyperbola".

Final remark. After submission the essential results of this paper have been
incorporated into [6]. Related, but somewhat different questions have been treated in
[5] and [7].
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OPTIMAL CONTROL WITH STATE-SPACE CONSTRAINT I*
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Abstract. We investigate the optimal value of a deterministic control problem with state space constraint.
We show that the optimal value function is the only viscosity subsolution, on the open domain, and the
viscosity supersolution, on the closed domain, of the corresponding Bellman equation. Finally, the uniform
continuity of the optimal value function is obtained under an assumption on the vector field.

Key words, optimal control, viscosity solutions, Hamilton-Jacobi-Bellman equations, state-space
constraint
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Introduction. This paper is concerned with the optimal control of deterministic
trajectories given a state-space constraint. The dynamics of the controlled process are
(0.1) below. More precisely, let the control u be a Borel measurable map from [0,
into a compact, separable, metric space U and y(x,., u) be the controlled process.
The trajectories y(x, t, u) are the solutions of

d
(0.1) d--’tY(X, t, u)= b(y(x, t, u), u( t))

with initial data y(x, 0, u)= x. Let 0 be an open subset of R" and Mx be the set of
strategies under which y(x, t, u) lies in 0 (bar denotes the closure). In this paper we
refer to Mx as the set of admissible controls. The structure of M,, constitutes a state-space
constraint. We now associate a discounted cost to every admissible control u and x
in 0. Given these the optimal value function is

(0.2) v(x) inf e-’f(y(x, t, u), u( t)) dt.
s

Note that v is not necessarily continuous. This is caused by the complicated
structure of the set valued function x x. However, as will be shown in 3 the
optimal value function is uniformly continuous on 0 given that at every point x on 00
(boundary of 0) there is an a(x) in U such that b(x, a(x)), v(x)_-<-/3 < 0. Here v(x)
is the exterior normal vector.

If v is uniformly continuous one can make use of the notion of weak (or so-called
viscosity) solution of Hamilton-Jacobi equations introduced by M. G. Crandall and
P.-L. Lions [2]. In [2] they proved the uniqueness of the viscosity solutions of
Hamilton-Jacobi equations in a wide-class of cases. In [1], M. G. Crandall, L. C.
Evans, P.-L. Lions provide a simpler introduction to the subject. The book by P.-L.
Lions [5] and the review paper by M. G. Crandall and P. E. Souganidis [3] provide
a view of the scope of the theory and the references to much of the recent literature.
Finally, P.-L. Lions ira [6] states results related to constrained problems and viscosity
solutions. He proves that under an assumption, stronger than the one above, the optimal
value function is locally Lipschitz. Then by using the "everywhere characterization"
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of Lipschitz viscosity solutions [7], he obtains an existence and uniqueness result for
the Bellman equation v + H(x, Dv) O.

Let H C(0 x R"; R) be given by

(o.3) H(x, p)= sup {-b(x, a) p-f(x, a)}.
U

In 2, the optimal value function is characterized as the only viscosity solution
of v(x)+ H(x, Dr(x))= 0 on 0 given the appropriate boundary conditions. Note that
v is not a priori defined on 00. The only information at the boundary is given by the
state-space constraint. To motivate the boundary condition assume that there is a
continuous optimal feedback strategy a*(x) and v is continuously differentiable on
0. The constraint imposes the inequality b(x, a*(x)), v(x)<=O at the boundary of 0.
Also, the optimality of a* yields H(x, Vv(x))=-b(x, a*(x)). Vv(x)-f(x, a*(x)).
Given these, one can show

(0.4) H(x, Vv(x))<=H(x, Vv(x)+v(x)) forall>=OandxO0.

Moreover if q, is ditterentiable and v-O has a minimum on 0 at x 00, then Vq,(x)=
V v(x)+ fly(x) for some positive/3. In view of (0.4),

(0.5) v(x) + H(x, V v(x)) <- v(x) + H(x, V(x)).

Since v is smooth, it is easy to show that v(x)+ H(x, Vv(x))=O on 0. Hence v(x)+
H(x, V$(x))=>0 whenever is smooth and v- has a minimum, relative to 0, at
x e 00. In fact, it is proved that v is the only solution of the Bellman equation with
this property (Theorem 2.2).

One can view the inequality (0.4) as a constraint on the normal derivative of v at
the boundary. Suppose the Hamiltonian H(x,p) is ditterentiable with respect to p.
Then (0.4) reads as Hp(x, V v(x)). ,(x)->_0. This implicitly imposes a constraint on
V v(x) at the boundary. We give the following simple example to clarify this point..

Example. Let 0=(0,1), U=[-1,1], b(x,u)=u, f(x,u)=-u if u[0,1] and
f(x, u)= 0 otherwise. The corresponding Hamiltonian H(x, p) is given by

H(x, p) { pl -p ifp-<_1/21/2,.ifp>
At x 1 the condition (0.4) implies that vx(1)>= 1/2 and at x 0 we have vx(0)=< 1/2. For
this example v(x) =1/2 e-1-1 is the only solution of v(x)+ H(x, v(x)) =0 on x (0, 1)
satisfying the inequalities v(0) =< 1/2 and v(1) ->_ 1/2.

1. Statement of the prolflem. Let 0 be an open subset of " with a connected
boundary satisfying:

(A1) There are positive constants h, r and an R"-value bounded, uniformly
continuous map r/of 0 satisfying

B(x + tI(x), rt) 0 for all x 0 and (0, h].

Here B(x, r) denotes the ball with center x and radius r.
Remark. If 0 is bounded and 00 is C, then it satisfies (A1). Also boundaries

with isolated corners may satisfy (A1), for example, 0 {(x, y) e RE: X > 0, y > 0}.
We assume the following throughout the paper:

(1.0) The controls take values in a compact metric space U.
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For all x, y R", u U the functions

b" R" x U- R",

f’R"x U- R
satisfy

(1.1)

(1.2)

(1.3)

(1.4)

sup Ib(x, a)- b(v, a)] <- L(b)lx- y for all x, y,

sup [b(x, a)l <- K(b) for all x,
aU

sup If(x, ) -f(y, a)[-<_ wy(lx y]) for all x, y,
aU

sup If(x, a)l--< K (f) for all x

where os is a nondecreasing continuous function with o&(0)= 0.
Consider s, the set of all measurable maps of [0, oo) into U. For any u e s and

x e 0 let y(x,., u) be the solution of (0.1) with initial data y(x, O, u) x. The associated
discounted cost J(x, u) is

(1.5) J(x, u)= e-f(y(x, t, u), u( t)) dr.

We allow only the controls which leave y(x,., u) in 0. To have a feasible problem, we
assume that the set of admissible controls is nonempty, i.e.

(A2) Sx={Ues:y(x,t,u)e0forallt_->0} forallxe0.

Under these assumptions the optimal value function

(1.6) v(x) inf J(x, u), x 0
Mx

is boune.

2. Hamilton-4acoli-Bellman eaation. We begin by recalling the notion of vis-
cosity solutions [1], [2]. Let K be a subset of R. We will use the notations Cl(K)
and BUC(O) to mean the set of continuously differentiable functions in a neighborhood
of K and the set of bounded uniformly continuous functions on 0, respectively.

DEFINITIONS 1.1. Let K be a subset of R" and v e BUC(K).
(i) We say v is a viscosity subsolution of v(x)+ H(x, Dr(x))= 0 on K if

V(Xo)+ H(xo, V(Xo)) -<o

whenever q e C(/) and v-q has a maximum, relative to K, at Xo e K.
(ii) We say v is a viscosity supersolution of v(x)+ H(x, Dv(x))=O on K if

V(Xo)+ H(xo, V@(xo)) => 0
whenever @ C(/) and v @ has a minimum, relative to K, at Xo K.

If v is both subsolution and supersolution, then v is called a viscosity solution.
Remark. A viscosity solution v satisfies the equation at every point where v is

ditterentiable.
In order to consider the state space constraint problem, we extend the definition

as follows.
DEFINITION 2.1. vBUC(O) is said to be a constrained viscosity solution of

v(x)+ H(x, Dv(x))=0 on 0 if it is a subsolution on 0 and a supersolution on 0.
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Remark. The fact that v is a supersolution on the closed domain imposes a
boundary condition. To demonstrate this, suppose v C1(t7) is a constrained viscosity
solution; then v(x)+ H(x, Vv(x)) =0 for all x s 0. But also v(x)+
H(x, V v(x) + av(x)) >= O, for all x 00 and a positive, because if v qs has a minimum
at Xo 00, then Vqs(Xo)= Vv(xo)+ aV(Xo) for some a =>0. Hence v satisfies (0.5).

THEOREM 2.1. Suppose that (A1), (A2), (1.0)-(1.4) hold and that the optimal value
function v is in BUC(). Then v is the only constrained viscosity solution of v(x)+
H(x, V(x)) =0 on O.

Proof. First recall that the optimal value satisfies the dynamic programming
principle, i.e." for any positive T

v(x) inf e-f(y(x, t, u), u(t)) dt+ e-Tv(y(x, T, u))
u

Let qs Cl(), Xol t9 and (v-qs)(Xo)=max[(v-qs)(x)" x ff]=0. Then, for any
u o and positive, the dynamic programming relation yields"

qS(Xo) <= e-Sf(y(xo, s, u), u(s)) ds+ e-tqs(y(xo, t, u))

which implies

(2.2)
[IP(y(xo, s, u))-b(y(xo, s, u), u(s))

V(y(xo, s, u))-f(y(xo, s, u), u(s))] e ds<=O.

Use (1.1), (1.3) and the fact ly(xo, s, u)-xol<=K(b)s to obtain:

llot lfo(2.3) q(Xo)-’; b(xo, u(s)) ds. Vq(Xo)-- f(xo, u(s)) ds<= h(t).

Here h(t) denotes a continuous function of [0, 0o) into R with value zero at the origin.
Put to= dist (Xo, O0)/K(b) and for any a U define u as follows:

(2.4) u(t) aXto,)(t) + l(t- to)Xr,oo)(t)
where i is any control in sCyo,,,). Then u is in o. Use u in (2.3) to get"

(2.5) qS(Xo)-b(xo, a).Vdi(Xo)-f(xo, a)<=h(t) foralla Uandt<-to.

Send to zero to prove v is a subsolution on 19. Now let C(I7) and (v- qs)(Xo)
minxo [(v- q)(x)] 0 for some Xo 0. Then we have

(2.6) qS(Xo)= inf [ff(y(xo, t,u),u(t))e-’dt+e-rv(y(xo, T,u))] forT=>0..
x0

Thus there is a sequence {u"}__l c xo such that

(2.7) qS(Xo)+-5= e-’f(y(xo, t, u’), u"(t)) dt + e-I/m y XO,--m
Use (1.1) and (1.3) and proceed as in (2.3) and (2.4) to obtain

fl/m fllm(2.8) d/(Xo)-m b(xo, u"(t)) dt. V(xo)- m f(xo, u’(t)) dt>--K(m)
#o do

where K(m) denotes a sequence of numbers which converges to zero as m tends to
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l/minfinity. Observe that (b ,fm)-(m Jl0/m b(xo, u (t)) dr, m o f(xo, Urn(t)) dt) lies in
the closed convex hull of BF(xo) {(b(xo, a),f(xo, a)), a U} which is compact. Thus
there is a subsequence denoted by rn again and (b,f)TdBF(xo) such that (bm,fm)
converges to (b, f). Send m to infinity in (2.8) to get

(2.9) q(Xo) b. V q(Xo) -f-> 0:

hence

(2.10) O(Xo) +sup {-b. VO(Xo)-f: (b,f)T6BF(xo)}>-O.

But H(xo, VO(xo))=sup{-b" VO(Xo)-f: (b,f)T6 BF(xo)}. This proves that the
optimal value v is a constrained viscosity solution. The uniqueness is an immediate
consequence of the following theorem.

Consider two running costs {f; i- 1, 2} and the corresponding Hamiltonians
defined as in (0.3).

THEOREM 2.2. Suppose vl is a viscosity subsolution of v(x)+ Hi(x, Dr(x))=0 on
0 and v2 is a viscosity supersolution of v(x)+HE(X, Dr(x))=0 on O. Let (A1), (1.1),
(1.2) hold andf satisfy (1.3) and (1.4) for i= 1,2. Then

(2.11) sup [Vl(X)-V2(x)] <- sup [fl(x, a)-fE(x, a)].
U

Before we give the proof, we briefly sketch the technique introduced by Crandall,
Evans and Lions 1] and point out the modification we need. Let be a smooth bump
function , for example, (r)= 1-r2. Let m =max llv, ll, IIo=ll} and define

(2.12) dp(x, y) vl(x) v2(y)+ 3m,(X"e’Y).
Suppose attains its maximum at (Xo, Yo) i x 0- It follows that IXo- Yol --< e. Now

consider the map x Vl(X)-v2(Yo)+3m(x-yo/e). It has a maximum at Xo. If Xo 0,
the viscosity property yields

(2.13)

(2.14)

Vl(Xo) d- Hl(Xo, pe) 0,

P
3m

V’(x Y)e

Similarly, consider the map yvl(xo)-v2(y)+3m(xo-y/e). At yo 0 it has a
maximum. The viscosity property implies

(2.15) vE(Yo) + H2(yo, p) >- O.

Subtract (2.15) from (2.13) and use the fact Ixo-yol <- e to obtain

Vl (Xo) v2(Yo) <-- HE(Yo, p Hi(Xo, p
(2.16)

_-<0(e)+ sup [fl(x, a)-f2(x, a)].
xOa U

This will give (2.11) since one can estimate supxo [vl(x)-vE(x)] by vl(xo)-v2(Yo).
In general, however, Xo may lie on 0f. To complete the proof of the theorem, we have
to modify q so that Xo lies in 0.

Proof of Theorem 2.1. Let r/, r be as in (A1), pick z 0 and p positive such that

/"
(2.17) Irl(x) rt(y)l <=- for all x, y e O and lx- yl < p,
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(2.18) v,(z) Vz(Z) _-> sup Vl(X) v2(x)] -.xe

Define " 0 x 0 + R as follows:

(2.19) (x,y)=vi(x)-vz(y)-
x-y 2 2 ly_zP

Note that z + (e2/r)rl(z) is in 0 for small e. Use these to obtain

(2.20)
z+--n(z),z >-v,(z)-v(z)-,o,(ce)

sup [Vl(X)- v2(x)]--
where tol(r) is the modulus of continuity and c is a positive constant. We also have

(2.21) (x, y) <= v,(x) v2(x) + to,(Ix Yi)
x-y 2

Suppose d(x, y)>-(z +(2e/r)rt(z), z). Use (2.20) and (2.21) to obtain

(2.22)
2 x-y 2

< to,(ce)++ to, (Ix y[).

Since to is bounded it follows that d(x,y)<=(z+(2e/r)rt(z),zn) for x,y
B(z, K) for sufficiently large K. Hence achieves its maximum, say at Xo, Yo. Also
(2.22) yields that there is m positive such that Ixo-yol-<-me. We use this in (2.22) to
obtain

(2.23)
2

Xo- Yo 2
< t01(E) "4" -’1- t01(me).

Pick e and 6 so that the right-hand side of (2.23) is less than one. Hence ]Yo-zl =< p,
(2.17) implies there in e is the unit ball such that r/(yo) rl(z)+(r/2)e. Also, there
is e’ again in the unit ball such that Xo yo+(e2/r)rt(z)+ ee’. Combining these yields

(2.24) xo=Yo+ r/(yo)+ r --+ B(yo+ trl(yo), tr)

with t= 2e/r. Thus, (A1) implies XoS 0 if e is small. Now consider the maps

(2.25) ,(x) v2(Yo) + x-yo 2

xo-y 2
(2.26) ,(y) Vl(Xo)-

2

2

2
Yo- z
P

2y- z
P

Then v-q, has a maximum at Xo 0 and /)2--/has a minimum at Yo 0. The viscosity
property yields

(2.27) v,(xo) + H,(xo, p) <= O,

(2.28) v2(Yo) + H2(Yo, p + q)=>0
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where

2(x Yo 2
P

\

Subtract (2.28) from (2.27),

(2.29)
/)l(xO) vE(Yo) ----< [HE(Yo, p + q) HE(Xo, p,)]

+[HE(xo, p)- H,(xo, p)] I(e)+ J(e),

(2.30) J(e) <-sup [fl(xo, a)-fE(xo, a)].
otU

Using (1.2) and (1.3) yields

(2.31) I(e) <_- toA(Ixo yol) + p L(b)lxo Yol + K (b)lq I.
(2.23) yields Iql<=h(e)+6/2, elPl<-h(e)+6/2, and Ixo-yole-<=C for some C
independent of e. Here h(e) denotes a continuous function of e which has value zero
at the origin. Thus, we have

(2.32) I(e) <- wf(Ce)+ L(b)h(e)C + K(b)h(e) <- h(e)+ C8.

Substitute (2.30), (2.32) into (2.29) to get

(2.33) v(xo)-v2(Yo) <- h(e)+ sup [fl(xo, a)-f2(xo, a)]+ C8.
aU

Also we have,

max {DI(X -/)2(x)} /)1 z8 31--- n(z) D2(ZS) -" 8 "4- O),(CE)
xei r

_<-max {b(x, y)" x, ye 0}+ "i- OI(CE ).

Using (2.23) and (2.33), one can show that

(2.34) max{4)(x,y)" x, yeO}<-h(e)+ci+ sup {f(x,a)-f2(y,a)}.

Now send first e then 8 to zero.
In fact, using the fact that Xo is close to z in (2.33), one can improve the result

as follows:
COROLLARY 2.3. Let z 0 be as in (2.18); then under the hypothesis of Theorem

2 we have

’/)I(Z)- /)2(Z)<-- sup [f(z, a)-fz(z, a)]+ C6 + ooA(C6)+ wA(C6)

where C is a positive constant depending on K b), L(b).

3. Uniform continuity of the value function. In this section we prove the continuity
of the value function under the following assumptions.

(A3) There is a positive constant /3 such that for any x00 there is a(x) U
satisfying b(x, a(x)) ,(x)-<-/3 < 0, where u is the exterior normal vector.

(A4) The boundary 00 is of class C2.
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(A5) If 00 is not compact there are positive constants t9 and such that, for any
x 00 there is a T C2(B(x, p) with inverse T- C(B(x, p)) satisfying

(i) T(B(x,p)fqO)c(yR",y,,>O},

(3.1) (ii) T(B(x,p)fqOO)c{yR",y,=O},

The subscript n denotes the nth component.
Remark. The condition (3.1) is satisfied locally if (A4) holds. By using a technique

similar to the one indicated below, one can prove the continuity of the optimal value
function under (A3) and (A4). Instead of this we use (A5) together with (A3) and
(A4) to obtain a uniform modulus of continuity for the optimal value function.

LEMMA 3.1. Suppose (A3)-(A5) hold. Then, for all x 00, b(x, a(x)), >- lfl where

(3.2) /(y, a) V T(T-l(y)) b(T-(y), a), y B(x, p) and a U.

Proof. Given XoO0 pick T as in (A5). Observe OOf’lB(xo, p)(x: T,(x)=0}.
Hence ,(Xo) -V T,(xo)/iV T,(xo)l.

(3.3)
b( T(xo), a(Xo)), V T,(xo) b(xo, a(Xo))

-IV T,(xo)l’(Xo)" b(xo, a(Xo)) >- lfl.
Remark. The vector field b is the image of b under the transformation T.
Let u be an admissible control for Xo 0. Then u is not necessarily admissible at

any point x, regardless how close that point is to Xo. The following lemma provides a
way to project it into Mx by changing the cost proportionally to Ix- Xol.

LEMMA 3.2. Assume that (A3)-(AS), (1.1)-(1.4) hold. Then there exist t*>0 and
L> 0 such that for any x 0 and u M there is ft in satisfying

(3.4)

where

IJt*(x, a)-Jt.(x, u) I-<_ L sup [dist (y(x, t, u), 0)]
t[0,t*]

(3.5) Jt.(x, u)= e-tf(y(x, t, u), u( t)) dt.

Proof. In the proof we shall determine t*, sufficiently small. Let to be the first
entrance to 00, i.e.,

to= inf{0< t<= t*, y(x, t, u)O0}
(3.6)

or t* if y(x, t, u) 0 for all -<_ t*.

Let e sup {dist. (y(x, t, u), 0); t [0, t*]}. Define t as follows

(3.7) a( t) u(t)Xto.,o)U(to+k,oo)(t) + a(y(x, to, u))Xtto,,o+k]( t)

where k is to be chosen and a(x) is as in (A3). We claim that y(x, t, ) for t-< t*.
At y(x, to, u) O0 there is a map T satisfying (3.1). Set z(x, t, u)= T(y(x, t, u)) for any
u in M, then z obeys the differential equation

d
z(x, t, u)= (z(x, t, u), u(t))(3.8) d-

where b is as in (3.2). The vector field b is Lipschitz continuous on N=
T(B(y(x, to, u), p)). Moreover, on N it is bounded by K(b) lK(b) and its Lipschitz
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constant L(/7) is no more than 12K(b)+ 12L(b). (Here is as in (A5).) If we choose
t* less than p(K(b))-, then y(x, t, ) lies in B(y(x, to, u),p) for all -< t*. Hence,
z(x, t, if) N for all t-< t* and without loss of generality we assume /7 is Lipschitz
continuous with Lipschitz constant 12K(b)+ 12L(b). To prove the claim, it suffices to
show (z(x, t, t)),->0 on [0, t*]. Consider

(3.9) d/(t) (z(x, + ke, a) z(x, t, u)), for _>- to.
Then

@(t) @(to)+ [b(z(x,s+ke,),u(t)-b(z(x,s,u),u(t))],,ds
tO

(3.10) >- d/(to) L(6)lz(x to+ ke, fi) z(x, to, u)l eL()(s-’o) ds

>= @(to)- K()ke(eL(s)(’-‘)- 1)

>- d/(to)- K()ke(eL(a)(’*-’o)- l) for [to, t*].

Now choose t* less than (L(/7))- In (1 + fll/4K()), where/3 is as in (A3). We have

(3.11) q(t) >= q(to) kefll] for to, t*].

We need an estimate for @(to). To simplify the notation, let bo=
b(z(x, to, u)), a(y(x, to, u)) and to(t)= z(x, to, u)+(t-to)bo. Then, Lemma 3.1 yields
that (bo), >=/31 and hence,

< ill(t- to) for > to.(3.12) to(t),

Using standard O.D.E. estimates, one can obtain

(3.13) Iz(x,t,)-to(t)l<-1/2L()K()(t-to)2 for t->_ to.
Thus

(3.14) z(x, to+ ke, ), >- lke -1/2L()K()(ke)2.

Since y(x, to, u)O0, we have (to) z(x, to+ ke, ),. Substitute (3.14) into (3.11) to get

(3.15) d/( t) >- ke(fll-1/2L()K )ke).

Choose k to be the minimum of fll/2eL()K() and 2 Then for =< t*

(3.16) b(t) >- el sup {[-z(x, t, u),], [0, t*]}.

Hence, z(x, + ke, ), dp( t) + z(x, t, u), >-_ 0 for all to, t*]. One can prove (3.4) by
using the standard estimates.

THEOREM 3.3. Suppose (A3)-(A5), (1.1), (1.2) and (1.4) hold. Then the value
function v is in BUC(O).

Proof. Without loss of generality one can assume f is Lipschitz in x uniformly
with respect to a. If not, we take a sequence f" of Lipschitz continuous functions
converging to f uniformly. Let x, y 0 and Ix-yl < r. For any positive 3, pick a
&optimal control u in , i.e.

(3.17) Jt.(y,u)+e v(y(y,t*,u))<-v(y)+t

where t* is as in Lemma 3.2. Construct tex as in Lemma 3.2, and set e=

sup [dist (y(x, t, u), 0), [0, t*]]. Using standard estimates, one can get e-< Cr for
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some C positive. Thus, we have

(3.18) IJ.(x, u) Jt.(x, )1 <= LCr.
Also the construction of t yields

(3.19)

Also

(3.20)

And

[y(x, t*, u)- y(x, t*, )l <- _.r for some t > 0.

]y(x, t*, fi)-y(y, t*, u)l r+ly(x, t*,u)-y(y, t*, u)l_-< r for some t> 1.

(3.21) ]Jr.(x, a)-Jt.(y, u)lLfr+lJ,.(x, u)-J,.(y, u)l Cr forsome C>0.

Let a,(r)=sup{lv(x)-v(y)l,x, ys#,lx-yl<r} for r>0. At the origin to(0)=
limroto(r). Combine (3.17), (3.20) and (3.21) and use the dynamic programming
principle to obtain

t*v(x) v(y) <= Jr.(x, a) + e- v(y(x, t*,

(3.22) J.(y, u) e v(y(y, t*, u)) +
<=Cr+e-’*to(r)+ forall 3>0.

Hence we have

(3.23) to(r)<=Cr+e-’*to(r) and t> 1.
t*Assume t e- 1 and iterate (3.23) to obtain

to(O) lim to(C-") -< lim Cd -’ e-’*] + e-"’*to(1)
/=0
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DECOUPLAGE DES SYSTEMES NON LINEAIRES, SERIE S
GENERATRICES NON COMMUTATIVES ET ALGEBRES DE LIE *

DANIEL CLAUDEt

Résumé. L'utilisation conjointe des séries génératrices et des algèbres de Lie rend possible une approch e
algébrique du découplage des systèmes non linéaires . On présente une méthode de découplage cohérente
grâce à la notion supplémentaire d'immersion d'un système dans un autre, concept qui formalise la notio n
de même comportement entrée-sortie. Ainsi, un choix judicieux des lois de bouclage assurant le découplage
permet d'immerger un système dans un système défini sur R n, avec n dépendant des nombres caractéristique s
du système.

Abstract . The joint use of noncommutative generating power series and Lie algebras gives an algebrai c
approach for decoupling problem of nonlinear systems . We produce a coherent decoupling method using
the additional notion of the immersion of a system into another, a concept which makes clear the fact tha t
two systems have a same input-output behaviour. Thus, a judicious choice of feedback which gives decouplin g
is able to immerse a system into a system defined on R n, with n depending on the characteristic number s
of the system .

Key words . nonlinear systems, decoupling, noninteracting control, disturbance rejection, noncommuta-
tive generating series, Lie algebra s

On considère des fonctionnelles causales, en temps continu, associant une entré e
vectorielle e à une sortie vectorielle y par l'intermédiaire d'une dynamique donnée pa r
un système différentiel. Ces systèmes dynamiques multivariables sont de la forme :

dq= ' t —

	

+ e t
dt q() .f(q )

	

()g(q) ,

y( t ) = h ( q )

où l'état q est de dimension N.
La commande d'un système de type (1) pose immédiatement à tout utilisateur l e

problème suivant: comment éviter qu'une entrée perturbe une sortie ou bien, à caus e
des couplages inhérents à ces systèmes, affecte plusieurs sorties simultanément? Pa r
exemple, dans le pilotage d'un avion, que faire pour qu'une action sur le gouvernai l
d'altitude ne modifie pas en même temps le vecteur instantané de rotation et les angles
d'attaque, de roulis, de virage et de tangage (cf . Singh et Schy [33])? La réponse à ces
interrogations est donnée par la théorie du découplage qui consiste à rendre les sortie s
d'un système indépendantes de certaines entrées . Pour y parvenir, un système ayant
rarement les propriétés souhaitées, on utilisera ici des bouclages ou "feedbacks" ,
statiques par retour d'état du type :

(2 )

	

e( t ) = a(q)+v(t)P(q)

où v indique une nouvelle entrée vectorielle permettant la commande du système .
Le système (1) bouclé devient :

9 = [ .f(q) + a ( q ) g ( q )] +v(t)l3(q)g(q) ,

* Received by the editors September 14, 1983, and in final revised form January 13, 1985 .
t Laboratoire des Signaux et Systèmes, C .N .R.S .-E.S .E ., Plateau du Moulon, 91190 Gif-sur-Yvette,

France.

(1 )

(3)
y= h(q) = (h1(q), . . . , hr(q)) •

562



DECOUPLAGE DES SYSTEMES NON LINEAIRES

	

56 3

On cherche alors les bouclages donnant le découplage désiré entre l'entrée v e t
la sortie y.

La solution du problème pour les systèmes linéaires ' systèmes où l'espace d'éta t
Q est un espace vectoriel de dimension finie N, où f et g sont respectivement de s
champs de vecteurs linéaire et constant, et où la fonction de sortie h : Q -* R r est
linéaire —a été donnée simultanément autour des années soixante-dix, grâce à
l'approche géométrique, par Basile et Marro [1] et par Wonham et Morse [39] .

Pour les systèmes non linéaires, ce problème, important par ses applications
pratiques, restait ouvert .

Les progrès récents dus à l'usage de la géométrie différentielle, introduite en
automatique non linéaire par Hermann [18] et Lobry [24] 2, ont suggéré à Hirschorn
[20] et Isidori, Krener, Gori-Giorgi et Monaco [22] l'utilisation d'un certain type d e
distributions, dites (f, g)-invariantes, pour attaquer le découplage en non linéaire .
Cette approche géométrique, dans laquelle la notion de sous-espace vectoriel, utilisé e
en linéaire, est remplacée par celle de distribution, se révèle fructueuse et apparaî t
dans l'étude de systèmes très généraux (cf . Nijmeijer et van der Schaft [28]) .

Cependant, seules les distributions de rang constant présentent un réel intérêt
géométrique par les changements de coordonnées qu'elles permettent (cf . Isidori [21] ,
Respondek [32], Nijmeijer [27], Bournonville [2]) et l'existence de singularités conduit ,
contrairement au cas linéaire, à des difficultés redoutables (cf. Byrnes et Krener [3]) .
Comme le montre Isidori [21], le découplage peut être assuré par l'existence d'un e
carte locale dans laquelle la dynamique du système se décompose en deux parties don t
une est inobservable . Mais, pour avoir une valeur globale, cela impose des condition s
restrictives incompatibles avec la présence des singularités les plus communes . Tout
ceci nous amène à retenir, pour le non linéaire, deux types de découplage d'un système ,
le découplage structurel lié à une décomposition de la dynamique (cf. Isidori [21]) e t
le découplage fonctionnel, déterminé uniquement par le comportement externe (entrée -
sortie), comportement lui-même caractérisé par la série génératrice non commutativ e
du système (cf. Fliess [11]) . Ce dernier découplage a l'avantage de permettre de s
solutions sans les conditions de régularité nécessaires au découplage structurel qu'i l
redonne en plus facilement . Mais les difficultés évoquées plus haut demeurent et l a
recherche de bouclages donnant un découplage fonctionnel conduit en général à
travailler sur un ouvert dense de la variété d'état (cf . Hirschorn [20]) . Dans beaucou p
d'exemples concrets définis sur IB N, cet ouvert est le complémentaire d'un hyperplan
(cf. Singh et Schy [33]) dont la simple approche peut entraîner des instabilité s
numériques rédhibitoires .

L'utilisation des séries génératrices non commutatives, inséparablement liées à l a
géométrie différentielle (cf . Fliess [13]), permet de traiter sous un aspect plus algébriqu e
le découplage des systèmes non linéaires . L'emploi d'algèbres de Lie, sur l'anneau de s
fonctions analytiques sur la variété d'état, fournit alors un équivalent algébrique au x
distributions analytiques . Cela conduit de façon naturelle aux lois de bouclage cher-
chées et complète la méthode géométrique tout en généralisant une méthode bie n
connue des ingénieurs (cf. Porter [30]) . Il est alors possible de tenir compte de nouvelle s
données comme par exemple les contraintes physiques (cf . Gauthier, Bornard, Bach a
et Idir [16]) . De plus, la notion de découplage fini qui implique la nullité d'un nombr e
fini de premiers termes de la série génératrice du système au lieu d'une infinité pour

1 On pourra consulter le livre de Wonham [38] pour une étude complète du découplage des système s
linéaires .

2 On pourra consulter un cours avancé de Sussmann [35] pour un "survey " récent .
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le découplage fonctionnel, permet des procédés algorithmiques nouveaux (cf . Claude
et Dufresne [7] et Kasinski et Lévine [23]) . Le découplage fonctionnel, complété pa r
le découplage fini, rend possible la présentation d'une méthode de découplage cohér-
ente grâce à la notion dernière d'immersion d'un système dans un autre . Ce concept
d'immersion (cf. Fliess [12] et Fliess et Kupka [14]) qui formalise la notion de même
comportement entrée-sortie, offre une solution intéressante . Ainsi, un choix judicieux
de lois de bouclage assurant le découplage permet d'immerger le système dans u n
système défini sur l', avec 17 dépendant des nombres caractéristiques du système .

Il est à noter que nos démonstrations restent dans un cadre strictement algébrique .
La plupart des résultats de cet article ont déjà été publiés sous une forme souven t

succincte en [4], [5], [6] .

Table des Matières

I Séries génératrices et découplage
II Algèbres de découplag e

III Nombres caractéristiques
IV La plus grande algèbre de découplag e
V Méthode de découplag e

VI Immersion et découplag e
Bibliographi e

1 . Séries génératrices et découplage . Le découplage d'un système consistant à
rendre les sorties d'un système indépendantes de certaines entrées, on est conduit dan s
le système (3) à associer à chaque sortie une partition de l'entrée v en deux sous-
ensembles: les commandes admissibles et les perturbations. Ainsi, tout découplage s e
ramène à une association de rejets de perturbations, et nous ne traitons que ce dernie r
problème .

Nous considérons des systèmes à coefficients analytiques où les entrée s
apparaissent au premier degré, de la forme :

d

	

k

q ( t ) = A° ( q) + E u1(t)A1(g)+ E pi(t)Pi( g) ,
1=1

	

j= 1

y =h(g ) •

L'état q appartient à une variété analytique réelle Q connexe et de dimension N;

les champs de vecteurs A°, A 1 , • . . , Ad, P1 , . . . , Pk : Q -> TQ (fibré tangent) et l a
fonction vectorielle h = (h 1 , • • • , hr ) de Q dans R r, sont analytiques ; les entrée s

u l, • • • , u d, pl, • . • , Pk sont des fonctions réelles continues par morceaux. On désire
que la sortie vectorielle y = (y i , . . . , yr ) ne dépende pas de l'entrée p = (p i , . . • , Pk) ,

au moyen de bouclages du genre :

n

u,( t ) = a,(q)+ E p1(q)a i( t ) avec 1= 1, . . . , d,
i= 1

p i (t)=pi(t) avec j=1, • • , le

Les fonctions a1 et P ; sont analytiques et a l , • • • , a n désignent de nouvelles entrée s
permettant la commande du système bouclé .

En prenant al = 0 et X3=

	

(symbole de Kronecker) avec 1 = 1, . . . , d et i =
1, • • . , n, on retrouve le système (I) .

(I )

(*)
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Le système bouclé peut s'écrire :

q • = Â°+ n
a_

.Â= +
k

p
.pj

i=1

	

j= 1

y =h ( q )

avec

d

	

d

Â°=A°+ E a 1A 1 et Â1=> IQ iA1

	

( i = 1, . . . , n ) .
1=1

	

1= 1

Comme l'a montré Fliess [11], la sortie y(t) du système différentiel (II), initialis é
en q(0), est une fonctionnelle causale analytique des entrées al, ' ' ' , an, pi, • ' • , p k
définie par une série génératrice . Cette série génératrice I= (4 1 1 (1(0), • • . , 4 r +q(0) )
et la sortie vectorielle y = (y l , • • • , yr ) sont données par :

n+ k

1E

	

E

	

Ch . . . C i— hslg(0) . c;v . . . ci()
v?-- Ô JO, . . .,Jv = O

(4)
(s=1, ••• , r) ,

n+ k

ys( t ) = hs l g(0)+ E

	

Cjo . . . C i— hsl g (0 )

	

dejv
. . .

dG
;o, . . .,jv =o

	

j o

(s=1, . . ., r )

Cette dernière série n'étant convergente en général que pour des temps courts et d e
petites entrées .

Chaque cj appartient à l'alphabet

c= la o, a1,
. .,an,pl, . . .,Pk}

= {Co, C 1, ' . , C n, C n+1, ' ' ' , C n +k }

= a U p avec a = lao, . . . , a n } et p = {pl, . . . , pk} .

Chaque Ci appartient à l'ensemble des champs de vecteurs du systèm e

c = {Â°, . . , An, pl, . . . , p k } = {C°, C 1, . . . , cn, Cn+1' . . . , Cn+k }

= siU

	

avec si={Â°, . . .,An} et g) ={P l , . . ., p k } .

La barre (q(0) désigne l'évaluation en q(0) .
L'intégrale itérée Jo d ;v . . . d G est définie par récurrence :

t
eo( t ) =t,

	

j(t)=

	

ai(T)dr

	

(i=1, . .
., n ) ,

0

f

r
6( t ) =

	

p1—n( T) dT

	

(1= n + 1, • . • , n + k )
0

t
de;=e;(t)

	

0=0 5 • . • , n+k),
0

Tt

	

t

d lv

	

d j0 =

	

d(T)

	

d j v-1

	

jo ,
0

	

0

	

0

la dernière intégrale étant prise au sens de Stieltjes .

(5 )

avec
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Nous avons montré en [6] que pour les systèmes initialisés, le découplage peut
seulement s'exprimer à l'aide des séries génératrices . L'initialisation ne permet pas d e
formuler des conditions équivalentes de découplage liées aux champs de vecteurs d u
système, ni de calculer aisément les lois de bouclages nécessaires au découplage . Aussi ,
considérons-nous des systèmes de type (II) sans initialisation préalable .

Pour un système de type (II) non initialisé, on peut encore associer une séri e
génératrice vectorielle 1) = (1) 1 , • • • , lj r ) dans laquelle les coefficients de 1)s (s = 1, • • • , r )
sont des éléments de C' (Q), l'anneau des fonctions analytiques sur la variété Q . 1)
est définie par:

n+ k

11S =hs• 1+ E

	

E

	

C'~ . . . C.iv .
hs .c

i
Y

. .
.c~o

	

(s=1, . ,r) .
v?° .lo~	 lY = o

On peut maintenant préciser la notion de découplage que nous utilisons .
Découplage total ( fonctionnel) . La sortie y d'un système de type (II) est découplé e

totalement par rapport à l'entrée p, si et seulement si chaque sortie y i , • • • , yr ne
dépend pas des entrées p i , • • • , Pk, quelle que soit l'initialisation q(0) du système .

L'utilisation des séries génératrices éclaire le concept de découplage d'un système
en le reliant à la nullité de certains coefficients.

PROPOSITION 1 . La sortie y d'un système de type (II) est totalement découplée par
rapport à p si et seulement si tous les coefficients Ch • • . C3 • hs (s = 1, • • • , r) sont nuls
dès qu'il existe au moins un C' appartenant à g) = {P 1 , • • • , P k }, l'ensemble des champs
de vecteurs liés aux perturbations pl, • • • , Pk.

Preuve. L'utilisation de la formule (5) montre que la condition est évidemmen t
suffisante. Réciproquement, l'unicité de la série génératrice, montrée par Fliess [11 ]
dans le cas de coefficients réels, s'étend bien évidemment au cas de coefficient s
analytiques et permet de conclure . En effet, si la sortie y du système (II) est totalement
découplée par rapport à p, elle représente une fonctionnelle causale analytique de s
entrées a, , • • • , a n . Par conséquent, cette fonctionnelle est définie par une série géné -
ratrice lj = (1) 1 , • • • ,1) r ) où 1) S (s = 1, . • • , r) est élément de Cw (Q)((a)), la Cw (Q) -
algèbre des séries formelles, à coefficients dans C'(Q), en les variables associatives
ao, • • • , a n. Comme chaque série 1)s (s = 1, • • • , r) est aussi par définition élément de
C

w
(Q)((c)), la C

w (Q) -algèbre des séries formelles à coefficients dans C
w (Q ), en les

indéterminées associatives a o, • • • , a n, p i, • • • , Pk, on a bien la nullité des coefficients
C 3~ • • . C'' • hs (s = 1, . • • , r) pour lesquels il existe au moins un C' appartenant à ~ . q

De la même manière, la valeur d'une fonctionnelle analytique dépendan t
d'intégrales itérées, nous voyons (cf. Fliess [1 1], formules de majoration) que l a
contribution des termes apparaissant dans la série génératrice décroît avec la longueu r
et est négligeable, en pratique, à partir d'un certain rang . Nous allons appliquer cette
propriété au découplage . On note c* le monoïde libre engendré par l'alphabet c . c*
est l'ensemble des mots formés avec les lettres de c et est muni de la multiplicatio n
non commutative définie par la concaténation de deux mots, l'élément neutre étant le
mot vide noté 1 . On a ainsi, pour tout mot w de c* :

1•w=w•1= w

et si, w
1
=c •••c w

2
=c

Jv
-,•••c

J
j-
o

alors w1 w2 =c •••cJocJv-,•• •
Jv

	

Jo~

	

.lv

	

CJo '

c*pc* désigne l'ensemble des mots de c* contenant au moins une occurrence de p ;
(j =1, . • • , k) . En notant W l'expression obtenue en remplaçant ao par A°, al par A `
(i = 1, . • • , n) et p; par P3 (j =1, . • • , k) dans chaque mot w de c*, on peut énoncer :



DECOUPLAGE DES SYSTEMES NON LINEAIRES

	

567

Découplage fini. Un système de type (II) a sa sortie ys (s =1, . . . , r) découplée
par rapport à l'entrée p, à l'ordre µ si et seulement si l'une des conditions suivantes
est satisfaite :

(i) g) - h, 0,
(ii) W. h s = C'o . . . Ci— hs = 0

pour tout w E (c*pc*)µ, l'ensemble des mots de c*pc* de longueur inférieure ou égal e
àµ avec i 1 .

L'ordre µ est nul dans le premier cas alors qu'il est supérieur ou égal à un dans
le second .

Si une sortie ys du système (II) n'est pas découplée totalement par rapport à p ,
on peut définir l'ordre de découplage fini maximal auquel est découplée ys par rapport
à p, c'est le plus grand des ordres de découplage fini de y, par rapport à p .

2. Algèbres de découplage. Les systèmes (II) étant pris non initialisés, on va
pouvoir donner, à l'aide des propositions qui suivent, des conditions de découplag e
liées aux champs de vecteurs du système et aux opérateurs différentiels qu'ils définissent .

Soient

	

et 24, respectivement, la H1-algèbre des opérateurs différentiels et la
C w (Q) -algèbre de Lie engendrées par si. On peut énoncer:

PROPOSITION 2 . Les conditions suivantes sont équivalentes :
1. Tous les coefficients C' o . . . C i— hs (s = 1, . . . , r) contenant au moins un élémen t

de g) sont identiquement nuls.
2. g) . f = 0 pour les fonctions f du g 4-module à gauche engendré par les fonctions

hs (s=1, . . .,r) .
3. Les opérateurs différentiels D du g ,-module bilatère engendré par g) vérifien t

D•hs=0(s=1,•••,r) .
4. Les opérateurs différentiels D du g 4-module à droite engendré par g) satisfont à

D .hs=0(s=1,•••,r) .
5. La plus petite C w (Q) -algèbre de Lie de champs de vecteurs contenant g) et

normalisée par 24, annihile les fonctions h s (s = 1, . . . , r) . On note cette algèbre Zp.
Preuve. On a immédiatement les équivalences 1 2, 2<» 3 et 3 <4. D'autre part,

;p est engendrée par

	

l'ensemble des champs de vecteurs de la forme

ad Â i l o • . • o ad Â i v(P') avec j E {1, • . . , k}

et i1 , . . . , i, E {0, • • • , O. On va montrer que 5 = 4 par récurrence.
Prenons un élément C . A`1 . . . A` v • hs avec C E

	

v 0 et s = 1, . . . , r. On a :

C

	

. hs = [c, Aii]

	

. . A l Y . hs + A i l . C . Âi2 . . . Ai- h,

Mais, —[ C, Â i'] = ad Â'(C) appartient à T et d'après l'hypothèse de récurrence,

[C, A~~] . Ai2 . Â .Â . hs =0 et C . Âi2 . . . Ai— h s =0,

donc :

All • C . A`2 • • • A lY • hs = 0 et ainsi C •A il • • • A i Y • hs = 0 .

La propriété étant vérifiée pour v = 0, l'implication annoncée est bien démontré e
si on prend C E g). Il est clair de plus que 4=5. D

Nous allons maintenant énoncer le pendant des résultats bien connus en
automatique linéaire (cf. Wonham [38]) .

On désigne par , la C' (Q)-algèbre de Lie des champs de vecteurs associés à h
par:

	

r
= n s avec CE 5 ssi C• hs =O .

s=1
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THÉORÈME 1 . La sortie y d'un système noninitialisé de type (II) est totalemen t
découplée par rapport à l'entrée p, si et seulement si, il existe une sous-algèbre Z de l a
C

w (Q) -algèbre de Lie C. des champs de vecteurs sur Q, telle que :

(6 )

	

[s~,Z]Z et g'c j cÇ.

Preuve. D'après la définition de l'algèbre Zp on a

c 5:p et [ Szi, Z,p] C p .

Des propositions 1 et 2, si le système (II) a sa sortie y totalement découplée par
rapport à p, on a aussi :

; C c .
Réciproquement, s'il existe une sous-algèbre Z de l'algèbre de Lie C telle que :

[s,Z]C

	

et PPcZ c

alors, on a bien Y S et Z,p C . Les propositions 1 et 2 donnent la conclusion . q
Nous appelons algèbre de découplage du système (II) toute sous-algèbre Z d e

l'algèbre de Lie C vérifiant (6) .
On note h, la C w (Q) -algèbre de Lie des champs de vecteur sur Q qui annihilen t

les fonctions du 9 ,i-module à gauche engendré par les fonctions h s (s = 1, • . . , r) . On
a alors :

COROLLAIRE. Une condition nécessaire et suffisante pour qu'un système non initialisé
de type (II) ait sa sortie y totalement découplée par rapport à l'entrée p est que l'un e
des conditions équivalentes suivantes soit vérifiée :

(i) zp
(ii) PP C Z
Pour un bouclage de type (*) donné, Zp est la plus petite algèbre de découplag e

de la sortie y du système (II) par rapport à p et Zh la plus grande.
Preuve. Pour un bouclage de type (*) tel que le système non initialisé de type (II )

ait sa sortie y totalement découplée par rapport à l'entrée p, nous avons vu au cour s
de la démonstration du théorème 1 que Zp est la plus petite algèbre de découplage .

D'après les définitions, on a :

et [A Zh] C Z h

et la condition g c h est ainsi une condition nécessaire et suffisante de découplage .
De plus, si Tl est un C w (Q) -module de champs de vecteurs sur Q tel que Mc g et
Pd, ] C 3~ alors E

On fait une démonstration par récurrence . Prenons un élément C . A l' . . . A iv . hs
oùCE,v?Oets=1,•••,r.

On a, comme dans la démonstration de la proposition 1 :

C . Âii . . .

	

h s = [c, Ait] . Â i2 . . . A i- hs +

	

C . Â i2 . . . Âiv . hs

mais, [ C, A`1] E W et d'après l'hypothèse de récurrence ,

[c, Âi~] . Â 12 . . . Ac . h s = 0 et C • Â i2 . . . Ac . hs = 0 ,

d'où la nullité de C • A `1 • • • Â 1 • h s et l'implication désirée puisque la propriété est
vérifiée pour v = 0 . q

Remarque 1 . Le corollaire explique pourquoi dans le théorème 1 nous avon s
préféré la structure de C' (Q) -algèbre de Lie à celle de C w (Q) -module qui aurait suffi .
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Remarque 2 . En prenant les distributions associées aux algèbres de découplage
on retrouve les résultats de Hirschorn [20] et de Isidori, Krener, Gori-Giorgi et Monac o
[22] . On peut se reporter aux articles d'Isidori [21], d'Hirschorn [20] ou à [6] pou r
comprendre qu'il s'agit bien d'une extension du linéaire au non linéaire .

3 . Nombres caractéristiques. Le découplage d'un système linéaire peut être carac -
térisé par des considérations sur l'ordre de ses zéros infinis (cf . Descusse et Dion [10]) .
De même, l'étude du découplage du système non linéaire de type (I) nécessite tou t
d'abord le calcul de ce que nous nommons ses nombres caractéristiques cf), (s = 1, . • • , r) .

On note 2f, la C' (Q) -algèbre de Lie des champs de vecteurs associés à la fonctio n
f, élément de C' (Q) . Elle est définie par :

CE2f ssi C . f0 avecf E CU(Q) .

Si LÂohs représente l'itérée m-ième de la dérivée de Lie LAO, avec L°o = Id, es est
le nombre entier tel que :

Vl A l E (1 2 LAohs et 3l A ` • LÂoh s 0
Ohm<cp s

où 11,•••,d ; s=1,•••,r.
Exemple. On prend le système de type (1), défini sur R N par :

(7)

	

g = A 0 + uA l ,

	

y = q 1

avec

0

	

a

	

a
A° = q2 + .+ qn+1

	

où 1 n N -1 ,
aql

	

aqn

A l = a
aqn+ l

On a A l • L;og 1 =0 pour 0mn–1 et A l • LAn oq,=1 O .
Ainsi, le système (7) a pour nombre caractéristique :

Les nombres caractéristiques jouent un rôle fondamental dans l'étude des système s
non linéaires de type (I) . On les retrouve dans tous les travaux de découplage comm e
par exemple dans Sinha [34] et Isidori et al . [22] . Ainsi, en vue d'une commande no n
interactive (partition scalaire de . l'entrée et de la sortie, une entrée agissant sur une
seule sortie), Porter [30] définit un index, noté ici ods, d'une sortie ys d'un système de
type (I) . Cet ordre différentiel donne l'ordre de dérivation minimal de ys, permettant
d'exprimer ys°ds) en fonction de l'entrée u et des dérivées de y, d'ordre inférieur à ods .
De même, Tokumaru et al . [37] définissent l'ordre relatif, noté ici ors , et qui est utilisé
aussi par Hirschorn [19] dans l'étude de l'inversion des systèmes . Le lien entre le s
quatre nombres 'ps, is, ods et ors est donné par :

is = ods = ors = cp s +1.

Dans l'étude de l'inversion des systèmes non linéaires, le théorème I .3 de Rebhuhn
[31] permet d'énoncer la propriété importante suivante :

PROPOSITION 3 3 . Les nombres caractéristiques d'un système de type (I) sont toujours
majorés strictement par la dimension de la variété d'état quand ils sont définis .

3 La démonstration simple et directe qui suit est due à une correspondance fructueuse avec Dominique
Cerveau.
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Preuve . 1 . I1 est immédiat que si R est un anneau intègre, le R-module Rk (k E N* )

a la propriété que toute suite de k + 1 éléments est liée . On peut appliquer cela à
l'anneau des germes de fonctions analytiques en un point de la variété Q .

2 . On va utiliser le résultat précédent pour montrer que pour chaque s (s =
1, . • • , r) les champs des vecteurs A 1o, (ad A°)(A 1o ), • • • , (ad A°)PS(A 1o ), avec A 10 te l
que A 10 • LÂôhs 0, sont génériquement indépendants .

Si tel n'était pas le cas, il existerait sur un ouvert des fonctions analytique s
a 0,•••,a,s telles que :

a°A 1o + a 1 (ad A°)(A 1o ) + • • • + a, s (ad A°) °s (A 1o ) = 0 les a i n'étant pas tous nuls .

Soit n le plus grand indice tel que a l 0 ; alors :

a°A 10 + • • • + an (ad A°) n (A 1o ) = 0 et n cps.

On applique ce champ de vecteurs à la fonction LÂô nhs. Or, il est facilement
démontrable par récurrence que (ad A°) n (C) est une combinaison linéaire réell e
d'éléments de type

(A°)vC(A°)µ où v+ p. = n (v et µ E 1I )

avec un seul terme C (A°) n .
De ce fait et en tenant compte de la définition de Ts, on aurait anA 10 • LÂôhs = 0,

ce qui est exclu . q
Cette propriété permet en particulier de prendre N – 1 comme borne universell e

dans le calcul algorithmique du découplage présenté dans [7] .
Si s est tel que SPs ne soit pas défini, la série génératrice du système (I) restreint e

à la sortie ys ne contient que des termes associés aux mots de c*pa* U a* .
Les résultats qui suivent justifient le nom de nombres caractéristiques que nou s

avons choisi :
LEMME 1 . Pour un système bouclé de type (II) on a :

(i) Si (Ps est défini, alors pour tout i =1, • • • , n :

A
.
• LÂohs = 0 avec 0 < m < cp s soit Â l E fl 2L'„Zoh s

Ohm<,s

et

LÂohs = LÂohs avec 0 m çp s,

quel que soit le bouclage de type (*) utilisé.
(ii) Si de plus, la matrice (D = (/ 1 ) (1 = 1, • • • , d, i = 1, . • • , n) est inversible, alors

Ps est le nombre caractéristique de la sortie y, du système bouclé (II) .
(iii) Si 'p s n'est pas défini alors pour tout entier m

A . LÂohs ----- O et LÂohs =LÂoh s

	

(i=1, • • •, n) .

Preuve. (i) 1 . On montre d'abord par récurrence que

LÂohs = LÂoh s pour 0-5= m (As,.

C'est vrai pour m = 0 car L°ohs = L°,oh s = hs. Si LÂoh s = LÂohs avec m < pp s on a

d
LÂô 1 h s = Â° . Lohs = Â° . Lohohs = LAm0-1-1 hs +E a 1A 1 • LAmo hs

1= 1

m+l

	

m+ lLÂo hs = LAO hs

soi t

d'après la définition de cps .
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2 . D'après le paragraphe 1, on a :
A i

A . LÂohs = Â ` • L
Â

77,
ohs pour i = 1, • • • , n et

Om<cps.

Soit

d

Â1• LÂohs = E IC3Î A 1 • LÂohs = 0
1= 1

d'après la définition de cps.

(ii) Si (D est inversible et si V i A i • LÂoh s = 0 on a d = n et El 1 ~3 ÎA 1 • L;oh s = 0
pour tout i =1, • • • , n.

En désignant par fls la matrice lign e

SZS = (A1 . LÂôh s, . . . , A n • LÂoh s )

on peut écrire

d'où fi s = 0 ce qui est contradictoire avec la définition de cp s.
(iii) Immédiat par récurrence . q

4. La plus grande algèbre de découplage . Les algèbres de découplage permettant
par les distributions associées de retrouver localement le découplage structurel (cf.
Isidori [21]), il convient de déterminer la plus grande algèbre de découplage Z* qu i
existe au moins localement . Si les nombres caractéristiques cps (s = 1, • . • , r) sont
définis, elle peut être donnée, comme on va le voir par :

Z°_ n vs avec 2s = rl 2 LÂohs .
s= 1

PROPOSITION 4 . Si les nombres caractéristiques cps (s =1, . . . , r) du système (I )
sont tous définis, on a :

(a) Z c Z ° , pour tout algèbre de découplage Z de la sortie y du système (II) pa r
rapport à p .

(b) Une condition nécessaire pour que Z soit une algèbre de découplage est que :

. gs=0,

	

i=0, . . ., n, s=1, . . ., r

où gs=Â i. LÂohs avec ÂiEsi_{Â°, . . . , Â n } ,

(c) Une condition nécessaire et suffisante pour que Z° soit une algèbre de découplage
du système (II) est qu'il existe un bouclage de type (*) tel que :

~c` 0 et ¶° . gs=0,

	

i = 0, . . . , n, s=1, . . ., r.

Preuve. (a) On procède par récurrence et on montre que pour tout s = 1, . . . , r,

.J C 2s.

Si m = 0, 2h, _ Zs et on sait d'après le théorème 1 que c
D'autre part, si c 5 L Â o hs avec m < cp s , comme [A°, Z] c

	

on a, en utilisant l e
lemme 1,

~ . LÂô 1 hs = ~ • Â° • LAmoh s = [Z, Â°] . LÂo hs = 0

et ainsi
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(b) Si Z est une algèbre de découplage par rapport à p de la sortie y du systèm e
non initialisé de type (II), on a bien, Z Z° d'après le paragraphe (a) et pour tout
s=1 ••• r•

[Z, Â• LÂohs = 0

	

• gs pour tout i = 0, • • • , n.

(c) 1 . La condition est nécessaire d'après (b) et le théorème 1 .
2 . Si g' c Z ° et Z ° • g s = 0, on va montrer que Z ° est une algèbre de découplag e

de la sortie y du système (II), par rapport à p . D'après le paragraphe (a), Z° sera la
plus grande .

Par définition,

	

c Ç et de plus, d'après la définition de çp s, on a pour tout
s--1 ••• r•

[A t, °] • LÂohs = --~° • A l • L Âohs = — ~~S •
Z° • g s

avec 0 - m ~s, S k le symbole de Kronecker et i = 0, • • • , n.
Ainsi, on a bien

z°] c z° et g z O c

	

q

Dans le cas où le découplage n'est pas total on peut néanmoins, grâce a u
découplage fini, préciser le lien entre la perturbation p et les entrées admissibles .

Si une sortie ys (s = 1, . . . , r) du système (I), non initialisé, n'est pas découplé e
totalement par rapport à p . On considère (cf. fin du chapitre 1) l'ordre de découplage
fini maximal Ss auquel ys est découplée par rapport à p .

LEMME 2. Soit un système non initialisé de type (I) et ys (s = 1, . . . , r) une de ses
sorties découplée à l'ordre fini maximal Ss par rapport à p. On a

(a) Si cps est défini, alors :
(1) Soit S s 's et le système bouclé (II) a sa sortie ys découplée à l'ordre bs quel

que soit le bouclage de type (*) considéré .
(2) Soit Ss > cp s et le système bouclé (II) à sa sortie y s au moins découplée, par

rapport à p, à un ordre supérieur ou égal à (p s + 1, quel que soit le bouclage de type (* )
considéré.

(3) Soit Ss > cps et une condition nécessaire et suffisante pour que la sortie y, d u
système (II) soit découplée, par rapport à p, à un ordre supérieur ou égal à (p s +1+ µ
(µ 1) est qu'il existe un bouclage de type (*) tel que :

W . gs = 0 pour tout w E (c*pc*) M, avec

	

1 ,

ou
,

g s =A1 • LÂohs

	

(i =0, . . . , n) .

(b) Si cp s n'est pas défini, alors quel que soit le bouclage de type (*) utilisé, le systèm e
bouclé (II) a sa sortie y, découplée à l'ordre maximal Ss par rapport à p et Ss < N.

Preuve . (a) cps étant défini, on sait d'après le lemme 1 que :

ÂL°hS O si 05- m<(p ., avec i=1, • • . , n

et

LÂohs = LÂoh s si 0 < m Sps•

1 . Si 5s cps , d'après les considérations ci-dessus, on voit que quel que soit l e
bouclage de type (*), le système bouclé (II) a sa sortie ys découplée par rapport à p
à l'ordre maximal bs puisque g) . LÂoh s = P . LÂÂohs n'est pas nul .
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2. Si S S > çps, g • LÂohs = • LÂohs = 0 pour 0 m cp s et comme Â"Loh5 _ o
pour 0 m < cPs (i = 1, . • • , n) on a W . A ` . LÂoh s = 0 pour w E c*pc* .

Ainsi, quel que soit le bouclage de type (*) la sortie ys du système (II) est découplée ,
par rapport à p, à un ordre fini µ cPs + 1 .

3. D'après le paragraphe 2 seuls sont à considérer les mots w = w l • w 2 avec
w, E (c*pc*),,, et w 2 E a*, w2 étant de longueur co + 1 . La conclusion vient alors aisémen t
du Lemme 1 et de la définition des fonctions gs .

(b) Evident d'après le lemme 1 et puisque g • LÂohs = g • LÂohs n'est pas nul .
D'autre, part, l'inégalité S S < N se démontre comme dans la proposition 3 car :

5,=O

	

ou

	

alors,

	

Ss ~1

	

et

	

S s =sup{nfdm(m<n=VjP'• LÂo hs =O) ;
j=1

,
. . .,k}. D

Les résultats de ce chapitre vont nous permettre de proposer maintenant un e
méthode de découplage .

5. Méthode de découplage. Les égalités Â' • LAohs = g s (i = 0, . • • , n, s = 1, • • • , r )

avec A ` E si sont équivalentes au système d'équations suivant :
(**)

	

SI . A=l,° ;

	

fl . = r I

où SZ, 0, 4, Ir°, I" sont des matrices respectivement éléments de r (Cw(Q)) d, d (C w (Q) ) l ,

d(C`)(Q))n, r(C`0(Q))' et r(C`o(Q))n avec

= A
l • ~GSn s

	

LAohs,

	

Al = a l ,

	

—
_ ° — L~s+lh

s

	

set I' l' = i
sgs

	

A "

	

g s

avec s=1,•••,ret i=1,•••,n.
Il s'agit donc de "forcer" le système (**) à avoir des solutions avec les gs tels

que Z . g is = 0 (i = 0, . • • , n ; s = 1, . • • , r) où Z est une algèbre de découplage .
Les bouclages de type (*) que nous rappelons :

n

u l (t) = al(q)+ E (3 ;(g)a;(t) avec l= 1, . • • , d,
i= l

p;(t) = p;(t) avec j=1,• • •, k

assurant alors un découplage du système (II) avec l'algèbre de Lie Zh correspondante .
Notons que la matrice SI n'a pas en général un rang constant sur toute la variét é

Q et les solutions ont un caractère local (cf. Hirschorn [20]) .
THEOREM 2 . Soit un système de type (I) pour lequel on souhaite voir sa sortie y

indépendante de la perturbation p grâce à l'utilisation des bouclages de type (*) . Alors :
(A) Soit s tel que le nombre caractéristique Sps ne soit pas défini, on a :
1. Si bs (bs < N) est l'ordre maximum de découplage fini de la sortie ys du systèm e

(I) par rapport à p, la sortie y, du système bouclé (II) reste découplée à l'ordre maximu m

bs par rapport à p et ceci quel que soit le bouclage de type (*) utilisé.
2. Si la sortie ys du système (I) est découplée totalement par rapport à p, il en est d e

même dans le système bouclé, quel que soit le bouclage et la plus grande algèbre d e
découplage est hs , où ici :

CE

	

ssi Vm0 C• LÂohs-=0 .

(B) Soit s tel que le nombre caractéristique pps soit défini mais avec g' st 2s. La sortie
ys est alors découplée à un ordre maximal SS 9 s indépendamment du bouclage choisi.

(C) Les nombres caractéristiques cp s (s = 1, . • • , r) sont définis et g' c Z°.

(*)
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1. Chaque sortie y, du système (I) est alors découplée à l'ordre SP, + 1 par rapport
à p et chaque bouclage de type (*) assure un découplage de ys au moins à l'ordr e
Pps + 1 par rapport à p .

2. Les relations de compatibilité que doivent satisfaire les gs sont mises en évidenc e
en abordant la résolution du système (**) par mise sous forme triangulaire de SZ e n
se plaçant dans l'anneau intégre C'(Q) .

Les bouclages de type (*) cherchés et les fonctions gs correspondantes doivent
aussi vérifier :

g) .• g =0>

	

i = o> . . .si n,

	

s=1,• • ,r,

et

g) • (SZ • o)=r2,

	

P . (a • I)= o

avec r 2 une matrice de r (C W
(Q) )' définie par

rs =_ g) . LÂô'hs,

	

s = 1 , . . . , r.

3 . Si on peut résoudre le système (**) en prenant pour les gs 0=0, . • • , n ;
s = 1, . • • , r) des fonctions de la Il-algèbre des fonctions analytiques sur Q, défini e
comme suit :

g E

	

ssi 3g E C w ) avec n = r+ E (ps,

s= 1

et

g(q)=g(h1(q), . . . , LÂôh1(q), . . . , hr(q), . . . , LAôhr(q)) ,

alors toute solution donne un bouclage permettant de découpler totalement y pa r
rapport à p, avec pour algèbre de découplage z°, la plus grande des algèbres d e
découplage possibles .

Preuve. Immédiat d'après les résultats précédents . q
Remarque 1 . En prenant g° nul et gs (i = 1, . • • , n) constant, on a bien Z°(gs) = 0

(i = 0, . • • , n ; s = 1, . • • , r) et on retrouve les résultats d'Isidori et al . [22] . Cependant,
en prenant l'exemple donné dans [4], on voit que cette classe de bouclages est pa r
trop restreinte . En effet, on considère le système défini sur R2 par:

4 1( t ) = (u(t)+p(t))g1(t) ,

(8 )

	

42( t ) _ -p(t)g2(t) ,

y ( t ) = g 1 g2 •

On a

°

	

a

	

a

	

a
A° =

	

A = (I I a , P =q 1 a –q2 a , h ( q ) =g 1 g2 •
q 1

	

q1

	

q2

Une intégration élémentaire montre que le système est totalement découplé pa r
rapport à p et ainsi la classe des bouclages u = a + f3 a donnant le découplage de y par
rapport à p doit contenir le bouclage u = a !

Le nombre caractéristique (p. est égal à 0 car A' . h * 0 et ainsi Z° _ . On a
P 1 E g • g est engendré par P 1 et les fonctions g j (i = 0, 1) vérifiant (g `) = 0 sont le s
fonctions analytiques du genre g o h avec g E C' (D ) .

Les bouclages donnant un découplage sont donc solution de Il . 0 = (g°) et
SI . = (g ') avec II= (h) soit a = g°/ h et p = el h .
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On voit ainsi que c'est le bouclage déterminé par g° = 0 et g ' = h qui redonne le
système initial.

Remarque 2 . Dans le cas de perturbations mesurables on peut compléter les lois
de bouclages de type (*) en posan t

n

	

k

u 1 =a l + E /3la i+ E y'pj

	

(l=1, . . .,d) .
i=1

	

j= 1

Le système (I) bouclé s'écrit alors :

n

= A°+ a ik+ i
i=1

	

j= 1

y= h ( g ) ,

avec

d
Pi=P'+ E y 1 A1

	

(j=1, . . .,k) .
1= 1

Les fonctions y'l , éléments de C' (Q), sont destinées à permettre aux perturbation s
P' (j =1, . • • , k) de vérifier la condition P' E Z° .

On peut voir en [6] une application de ceci à l'étude du rejet de perturbation s
dans un modèle non linéaire de colonne à distiller proposé par Gauthier et al . [16] .

6. Immersion et découplage. Pour des raisons supplémentaires de calcul pa r
l'algorithme introduit en [7] et complété par l'algorithme rapide de Kasinski et Lévin e
[23] explicité en [17], nous nous intéressons plus spécialement aux bouclages liés à
l'algèbre

Nous allons maintenant indiquer ce que devient le système (II) quand `,J° est un e
algèbre de découplage . Nous donnons le dernier outil qui nous sera nécessaire :
l'immersion (cf. Fliess [12] et Fliess et Kupka [14]) . L'immersion a pour but de précise r
la notion de même comportement entrée-sortie, notion qui ne vas pas de soi en no n
linéaire . On peut déjà voir à travers divers travaux récents, comme la linéarisation (cf .
Claude, Fliess et Isidori [8] en temps continu et Monaco et Normand-Cyrot [26] en
temps discret) et le préprocesseur (Monaco [25]), que l'immersion apparaît comm e
un concept bien utile en théorie des systèmes .

Soient : et 1' deux systèmes de type (II) ayant comme espaces d'état respectifs
Q et Q ' et comme fonctions de sorties h et h ' .

DÉFINITION . Une immersion de 1 dans 1' est une application analytique T : Q - Q '
telle que 1 et 1 ' , respectivement initialisés en q et q ' = T (q ), aient même série génératrice
et que h(q ,) ~ h(g2)~h'(T(q,)) ~ h'(T(q2 )) .

Le théorème suivant précise et étend les résultats de Porter [30] et généralise le s
résultats sur l'immersion par bouclage dans un système linéaire (cf. [8]) .

THÉORÈME 3 . Si les nombres caractéristiques Sps (s = 1, . • • , r) du système (I )
existent, si g) c z° et si le système (**) admet des solutions avec 41 inversible et les
fonctions gs (i = 0, . • • , n) éléments de W, alors les bouclages de type (*) correspondants
permettent, par l'application

r

T :Q [[r avec n =r+ E
s= 1

T (q) = (h1(g),
. . . , LÂôh1(q), . . .

, hr(g),
. . . , L Âô hr(q)) ,

(9 )

et



576

	

DANIEL CLAUD E

d'immerger le système bouclé (II) dans le système A défini par :

aCm= xm+1'

	

0m<<ps,

A

	

s=1,• • •,r

n
= es +x~s —

	

E g s a i ,
i= 1

zs x? ,

où gs est une fonction analytique sur R''' associée à gs par g is = gs°T.

Preuve. L'application T est bien analytique et nous allons montrer que la séri e
génératrice du système bouclé (II), initialisé en q (0), est identique à celle du système
A initialisé en T(q(0)) .

Le système (II) ayant sa sortie y découplée par rapport à p, chaque série génératric e
ljs (s = 1, . . . , r) est telle que

suppljs Ca*

avec a*, le monoïde engendré par l'alphabet a = {a °, a 1 , • • • , an } . D'autre part, le système
A peut s'écrire :

n

(10)

	

ac= B°+ E a i B i,

	

z =f(x)
i= 1

avec z = (zl, . . . , Zr) ; f ! (fb . . . ,f) et zs ^fs(x ) — x s (s = 1, . . . , r) ;

où
cps

BO = E E x

	

a
rn

s=1 m=0

	

ax s

	

ax~ s

et

r

	

a
81= E $s ~

s=1

	

ax' s

(étant entendu que le terme EmS-o disparaît quand y)s = 0) .
Un calcul élémentaire montre que LBof = x m pour 0 m (p ., et que B i • LBôf = es

avec i=0,•••,n et s=1,•••,r.
Ainsi, comme (D est inversible, les nombres çs (s = 1, . . . , r) sont aussi les nombre s

caractéristiques du système A .
De plus, si

s =
<

n

	

BôfÎs
O~ m— SPs

s= 1

Comme gs E

	

(s = 1, . . • , r, i = 0, • . . , n), il est clair que

	

est stable pour les
dérivations de s' = {A°, . . . , Â n } .

De plus, on a pour i = 0, • • . , n :

Â. i . L;oh s =Bi • xm°T avec 0 m-:g. cps.

Ainsi, si g E on a pour tout i = 0, . . . , n

A 1 • g=B 1 • g° T

on a
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ou, encore, quel que soit q(0) et pour tout i = 0, • • • , n

Al • glq(0) = B i • g l T(q (0)) •

On trouve donc bien pour tout s = 1, • • • , r et pour toute initialisation q(0) :

hslq(0 ) = fsIT(q (0 ) )

et si wEa*, W . hs = W•fs ° T

le premier membre de l'égalité étant relatif au système (II) et le second au système A .
Ainsi on a, quel que soit q(0)

bsIq (0 ) = fsfT( q(0))

	

(s = 1, . . . , r )

(f s désignant la série génératrice du système A de sortie zs ), et T est bien une immersio n
du système (II) dans le système A . q

Cette méthode a été utilisée aussi bien pour le calcul de lois de commande pou r
le pilotage d'un hélicoptère 4 qu'en neuro-endocrinologie [9] .
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ON AN ALGORITHM FOR OPTIMAL CONTROL
USING PONTRYAGIN’S MAXIMUM PRINCIPLE*

JOSEPH FRIDIRIC BONNANS

Abstract. Y. Sakawa and Y. Shindo recently proposed an algorithm to solve open-loop optimal control
problems, using Pontryagin’s maximum principle. It is established here that, under some hypothesis, the
algorithm is well-defined and globally converges in some weak sense. When the stepsize of the algorithm
tends to zero, the displacements are equivalent to those of a gradient with projection method. If the control
enters in a linear way in the state equation and in a quadratic way in the criterion, the algorithm can be
interpreted as a gradient plus projection method in some new metric.

Key words, optimal control, optimization algorithms, Pontryagin’s principle
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1. Introduction. We are concerned with the open-loop optimal control of a system
governed by an ordinary differential equation. We assume that there are no state
constraints and that the control constraints are local with respect to the time. Y. Sakawa
and Y. Shindo [4] proposed the following iterative algorithm: a control and its state
being given, compute the associated costate, then compute simultaneously a new control
and a new state such that the state equation holds and that, at each time, the new
control minimizes some function. This function is the sum of the Hamiltonian and of
a quadratic term penalizing the difference between the new and the old controls. It is
proved in [4] that, under some hypothesis, the sequence of the criterion decreases and
that, if a subsequence of the controls converges a.e. towards some control t, then
satisfies the first-order necessary optimality conditions.

We obtain here the following results:
Under some regularity hypothesis, the algorithm is well-defined.
the norm of the projected gradients of the controls computed by the algorithm

tends towards zero. If the problem is convex, we deduce from it the weak convergence
towards some optimal control.

If the step size tends towards zero, the controls computed by the algorithm are
equivalent in some way to those computed by a gradient plus projection method.

If the control enters in a linear way in the state equation and in a quadratic
way in the criterion, the algorithm reduces to some gradient plus projection method
in some new metric.

2. Definition and well-posedness of the algorithm. We consider the following
system:

dy
t) f(y( t) u( t) t), a.e. (0, T),

dt
(2.1)

y(0) =0;

with T> 0 given, y(t) Rn, u(t) RP. We will denote Yu the solution of (2.1). To this
system is associated the following criterion

(2.2) J(u)- l(yu(t), u(t), t) dt+g(yu(T)).

* Received by the editors January. 24, 1984, and in revised form February 14, 1985.

" INRIA, Domaine de Voluceau, BP 105-Rocquencourt, 78153 Le Chesnay Cedex, France.
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Let 0-//ad be a closed, bounded, convex subset of Rp. The control problem is

Min J(u),
(2.3)

u(t) Ro, a.e. (0, T).

A control u is said to be admissible if u(t) R, a.e. t (0, T) and J(u) makes sense.
The Hamiltonian of the problem is

H" R" xRp x" x->R,
(2.4)

(y, u, p, t)-> l(y, u, t)+(p,f(y, u, t)).
The costate equation can be written as

dp_ 014
(Yu(t), u(t), p(t), t), a.e (0, T)

dt Oy
(2.5)

0g
p( T) =-y (yu( T)).

We denote by II" the Euclidean norm. Define the augmented Hamiltonian

K" xp xRp xl" xl->R,
(2.6)

1
(y, u, v, p, t)--> H(y, u, p, t) +e Ilu vii

Here is the algorithm proposed by Y. Sakawa and Y. Shindo [4]"

ALGORITHM 1.
0) Let some admissible control u(t) and a sequence {ek) of positive numbers be

given. Set k 0. Compute yO, the state associated to u.
1) Compute the costate associated to uk(t).
2) k k+ 1. Compute u k, yk such that yk is the state corresponding to u k and

Kk(yk, U k, uk-1, pk-, t) <-- Kk(yk, U, U-, pk-1, t) VU 0ad a.e. 6 (0, T).

3) Stop if some convergence test is satisfied. Otherwise, go to 1.

We now state the hypotheses made on f, 1, g"

(2.7) f is twice continuously differentiable.

(2.8) There exists CI>0 such that u admissiblelly.(t)]]< ClVtE[0 T].

Ol 01 0Zl 021
(2.9) 1 are continuous on " xPx [0, T].

Oy’ Ou’ Oy2’ Oy Ou

(2.10) There exists > 0 such that, C being the constant in (2.8)"

implies that the mapping

u- a(z, u, t)+/llul[ 2

is convex for any in [0, T].

(2.11) g is twice continuously ditierentiable from R" onto .
Remark 2.1. These hypotheses are less restrictive than those of [4] in which g is

null and OH/Ou2 is supposed to exist and to be a positive matrix.
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We note that (see Sakawa and Shindo [4]) (2.8) holds if

:! C2 > 0 such that

Ilf(y, u, t)ll--< c=(1 / Ilyll) V(y, u)" x qZa.

We now give a mathematical sense to (2.1)-(2.5). As q/ad is bounded, (2.1), (2.7) and
(2.8) imply that y is in

Y={y6L(O, T, I");- L(0, T, ")}.
As Yc c(0, T, Rn), the initial condition of (2.1) makes sense. So also does the criterion.
We easily check that if Yu exists, (2.5) has a unique solution pu in Y and that there
exists 6 > 0 such that, for any admissible u:

We denote

IIp.(t)ll < ’t [0, T].

E={(z,q)Rnx,n; Ilzll< and Ilqll< }.

THEOREM 2.1. Under hypotheses (2.7) to (2.11), there exists eo>0 such that, if
ek< eo, for all k 1, 2,..., Algorithm 1 defines a uniquely defined sequence {u k} of
admissible controls.

Before proving the theorem, we first give"
LEMMA 2.1. Let [0, T] be given. Define the (a priori multivalued) mapping

defined by

E x 0ad X [0 T]-Rp,

u: (z, q, v, t)---> u(z, q, v, t).

U 0"ad
(2.13)

K(z, u, v, q, t)<-K(z, u, v, q, t) Vu 0ad.

Under hypotheses (2.7) to (2.10), there exist eo> 0 and a > 0 independent oft, such that,
if e < eo, problem (2.13) has a unique solution u continuous with respect to such that:

(2.14) u(z=, q2, v2, t)- u(zl, ql, v, t)ll -< a(llz=- zll / IIq2- qll / IIv=-
Proof of Lemma 2.1. From (2.7), (2.9) and (2.10) we deduce the existence of

C2 > 0 such that, for any (z, q) E, [0, T], v, ul, u2 //ad:

(OK(z,u v, q,t) uz u)(2.15) K(z, u2, v, q, t)>- K(z, Ul, v, q, t)+\--u 1,

+

Consequently, if e < 1/2C2, K is strictly convex with respect to u" this implies that
(2.13) then has a unique solution. From now on we suppose that e < eo, with eo < 1/2 (72.

From (2.15) we deduce that

(2.16) \--u (z, u2, v, q, t)--U-u (z, u, v, q, t), u2-Ul => -2C2 I[u2-Ul[I 2.
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We write the first order optimality condition of (2.13):

(2.17) \--u (z, u, v, q, t), u u _--> 0 /u e 0"ad.

For i= 1,2, take z, q, v in E x E x ad and denote u= u(z, q, v, t). The above
inequality implies

(zi, ui, vi, qi, t), u3-i- ui O, i= 1, 2.

Adding the inequalities for i= 1, 2, we get

(, u, v, q,-(, u, v, q,, , u-u o,

or equivalently

0K 0K

Using (2.16) and arranging the right-side member, we get

+ (1, u, q, t)- (, u, q, t), u-u

This implies

( -2c)11- 111 live- + (,u,q,t)-(,u,q,t)
Hypotheses (2.7), (2.11) imply that OH/Ou is continuously differentiable with respect
to (, q) in . This implies that for some C>0 independent of e [0, T], we have:

This proves (2.14). The continuity with respect to of u is a consequence of the
continuity of OK/Ou with respect to and of the suciency of the optimality condition
(2.17) for

Proof of eorem 2.1. Let us define

: x[0, r],
Then as IIp(t)ll< and u(t) is in ,, a.e. tel0, T], Lemma 2.1 implies that is
Lipschitzian with respect to in any bounded neighbourhood of 0 in N, the Lipschitz
constant being independent of t, and uniformly bounded in . The mapping 4 is
obviously measurable. Then by a theorem of Caratheodory (see [7]) the differential
equation

d
dt

(a t) e [0, T] z(0) =0,
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admits a unique solution for [0, to] for some to> 0. But condition (2.8) implies that
z(t) remain uniformly bounded. This implies that the equation above has a unique
solution in [0, T]. As z=y and u(z(t),p(t), u(t), t)=u, this proves that u is
uniquely defined, and so is u k by recurrence.

3. Convergence of the algorithm. This paragraph studies the asymptotic behaviour
of the sequences generated by the algorithm. We first state a result similar to one of [4].

THEOREM 3.1. Under hypotheses (2.7) to (2.11), there exists > 0 such that any
sequence generated by the algorithm satisfies

Proof We drop the variable when there is no ambiguity. The decrease of the
criterion can be written as

Define

j(u)_j(u-,)= [H(yk, u, pk-,, t)-H(y-’, u k-’, pk-,, t)

_(p-l,f(y, u, t)_f(y-, u-, t))] dt

+ g(yk(T)) g(yk-,(T)).

tyk yk yk-, tuk ilk tlk-1.

Then, with (2.1)"

j(uk)_j(uk-,)_. H(yk, uk, pk-l,t)_H(yk-,, uk-l,pk-l,t)_ pk-,,_(Syk)d dt

(3.2)
+ g(yk(T))- g(yk-(T)).

We obviously have

H(yk, u k, pk-1, t) H(yk-l, uk-, pk-1, t) H(yk, U k, pk-1, t)

H(yk, U
k SU k, pk-, t)+ H(yk- + Sy k, uk-, pk-, t)- H(yk-, uk-, pk-, t).

It is easy to check that the hypotheses made imply the existence of C4> 0, such that,
Vt [0, T]"

H(yk, u k uk, pk-, t) H(yk, u k, pk-, t)

(OH (yk, U k, pk-, t), Uk) C4]]ukll 2.

H(yk- + yk, uk-1, pk-1, t) H(yk-l, u k-l, pk-1, t)

+ (yk-1, U
k-, p t), 8yk + c4llSyll.

These inequalities with (3.2) imply

j(uk)_j(uk-,) (yk, U p t), U +C4llu

(O(yk_, k-l, pk-, t) yk)+ ,U
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-d yk) at

+ g(yk( T))- g(yk-1 (T)).
We note that

(yk, U p
\ OU

p t), ,SU --- IIull =

and, by definition of u

uk, uk-l, pk-1 t), tSuk) <=O, a.e. tE(O, T).
Ott

On the other hand, using (2.5) and integrating by pas,

(yk) dt

_-_I;[(pk-,,,yk)+(pk-,d (yk,/j] dt

_[(pk_(t, yk(t),]= _(0 (yk_(T)), yk(T)).
AS y(T) is uniformly bounded in ", we deduce from (2.11) that for some C5 > 0:

g(yk(T)) g(yk_(T)) (0 (y-(T)), y(T)) N CIIy(T),,.
Using (3.3), we deduce that

Ior [( 1) + Cl,yk(t)ll 2] dtJ(u)-J(u-) c4- IIu(t)ll,
(3.4)

+ CIIy( T)II =.
We end the proof as in [4]: we have

II IId IIy(t)ll yk(t) IIf(y, u, t)_f(yk-X, U-,, t)ll.

Hypothesis (2.7) and the fact that y and u are uniformly bounded imply the existence
of C6> 0 such that

d
aS Y(t)II c6(11 y(t)ll + u(t) II),

Using Gronwall’s inequality, we deduce that for some C7 > 0

IIy(t)ll C7 IIu(t)ll dt,

and with the Cauchy-Schwarz inequality:

IIy(t)ll= CsT IIu(t)ll = dt.
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This implies

IIy(t)ll dt<= C8(T) IIu(t)ll dt.

The two last inequalities with (3.4) yields (3.1).
We denote by P%d the map from L2(0, T,p) onto itself such that Pad(1A)(t) is

a.e. in the projection of u(t) on 0//ad. The gradient of J is denoted VJ. We state a
result of global convergence:

THEOREM 3.2. We suppose that J is boundedfrom below and that hypotheses (2.7)
to (2.11) hold. Then there exists eo > 0 such that, if ek< eo, any sequence generated by
the algorithm satisfies:

(3.5) J(u k) decreases,

(3.6)

(3.7)

u u -lll =<O.T..) -’> O.

[lU k: PO/ad(l, k VJ(u))IIL2O,T,)- O.

Proof. Relations (3.5) and (3.6) are an easy consequence of Theorem 3.1. Let us
verify (3.7). From the definition of u k we deduce that

U
k uk_ + ek OH (yk, ilk, )pk-1, t) 1) U

k 0 1) E O’ad
Otl

This can be written as

ilk= PORad( ll
k e k OHc3 tl y k, U k, p k-1, )

We note that

a.e. E (0, T).

OH k-l, k-l,VJ(uk-1)----u (yk-1, U p t),

so that

tlk-l__Pad(tlk-l__ekVJ(uk-1)):tlk-l__tlk+Pad(tlk-l__ekOHo__(yk, u k, t))
( k OH k-l, k-1, )Pad /,/k-1 E (yk-1, U p t)

Ou

As PoRad is a contraction, we obtain

(3.8)

From (3.6) we deduce that

uk( t) uk-l( t)--> O,

yk( t) yk-l( t) --> O,

pk(t)--pk-l(t)-->O.
a.e. (0, T).
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As OH/Ou is uniformly continuous on compact sets, this implies that

OH (yk, ilk, ---’g (yk-1 U t) O, a.e. [0, T].pk-1 t)
OH k-l, pk-1

OU

Using Lebesgue’s theorem, we see that the right side of (3.8) tends towards zero.
The hypotheses we made do not allow us to prove the convergence of {uk}: in

fact they do not even insure the existence of an optimal control. However, stronger
results are easily deduced from (3.8) under an additional hypothesis: here is an example"

THEOREM 3.3. We suppose that J(u) is an l.s.c, convexfunction, defined on a convex
domain, and bounded from below, that hypotheses (2.7) to (2.11) hold, that e is small
enough so that (3.5), (3.6) and (3.7) hold and that lim inf e k > O. Then some subsequence
of {u k} (still denoted {uk}) satisfies

u k L2(0, T, Rp) weak,

where fi is an optimal control.
The proof of the theorem is a direct consequence of (3.7) and of the following

lemma:
LEMMA 3.1. Let U be an Hilbert space and K a closed convex subset of U. Let

J" U- g be an l.s.c, proper convex functional. Let {u k} be a bounded sequence such that
J is Gdteaux differentiable on {u k} and {VJ(uk)} is bounded. We assume that there
exists a sequence pk ofpositive numbers such that lim inf pk p 0 and that

[luk- Pr(uk I1, o.
Then any weak limit point of {U k} (there exist some) satisfies

fie K,

J()<-J(u) VuK.

ProofofLemma 3.1. Denote gk Vj(uk), and suppose that for some subsequence
(still denoted k) uk in U. Then fi is in K. Denote

We have

vk Pr (uk pkgk).

(1)k--glk-[-pkgk, W--1.)k)o tw K,

(vk--u k, W--Vk)+pk(gk, w--uk)+pk(gk, uk--Vk)>=O
We made the hypothesis live-u ll -,0. Then as {gk} is bounded and as pk>= p/2 for
k great enough"

(3.9) lim inf(gk, w-uk)>-O VwK.

As J is convex, we have

J(w)>=J(uk)+(gk, w-uk) VwH.

Hence with (3.9), for any w K"

J(w)>=liminf {J(uk)+(gk, w-uk)}>--liminf J(uk).
The weak lower semi-continuity of J gives the conclusion, l-!
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Remark 3.1. Lemma 3.1. still holds if we only suppose that gk is an element of
the subditterential of J at u k.

4. Relations with the gradient plus projection method. We have seen in the proof
of Theorem 3.2. that the algorithm can be written as

( OH pk_l t))"(4.1) U
k Pua U

k- e (yk, U k,
OU

The gradient plus projection method (A. A. Goldstein [2]) for a control problem can
be written as

(4.2) ak P%d uk-’-- edu (yk-1, uk-l, pk-’, t)

where e is the step size. We fix u k-1 and show that the two points obtained by (4.1)
and (4.2) are very near when e is small.

PROeOSITION 4.1. Let uk-le L2(0, T, Rp) be an admissible control We denote u
^k ^k k-1and u the new controls obtained by (4.1) and (4.2). .en, ifu for some e > 0:

k

oll
0.

u u IIo,r,

oo As P% is a contraction, (4.1), (4.2) imply that (dropping the subscripts e):

I1- all(o,,,) (yk, uk, pk, t)--(yk-,uk-,pk-’,t) (o,Z")

The continuous function dH/du is uniformly continuous on the bounded set of
admissible states, controls and costates, for s [0, T], so that a > 0, there exists e
such that

(4.3) < Ilu- ll<o, , ,) ,
Lemma 1 of D. P. Besekas, E. M. Gafni [1] states that

1 -11 k
Uk-lll --I1> W > e > 0;u,- IIO,T,

hence

Ila- u-’ll(O,T,..
for some C1 > 0. This with (4.3) proves the proposition.

We now see that in an important particular case, the algorithm is equivalent to a
gradient plus projection method in some metric.

THEOREM 4.1. We assume that the control enters in a linear way into the state

equation and in a quadratic way into the criterion, i.e:

f(y, u, t)=f(y, t)+ B( t)u, l(y, u, t)=1/2u’N( t)u+ l,(y, t),

where B( t) and N( t) are time-dependent matrices of convenient dimension, and N(t) is

symmetric. We denote

M(t)=I+eN(t).

Then the algorithm reduces to the gradient plus projection method in L2(O, T, W’) endowed
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with the new metric

(4.4) ((u, v))t,(o,t,a) (u(t), M(t)v(t)) dt.

Proof. From (4.1) written with k 1 we see that u is characterized by

(ul(t)-u(t)+e(N(t)ul(t)+B*(t)p(t)), v-ul(t))>=O, /’v//ad, a.e. t(0, T).

This is equivalent to

((I + eN(t))ul(t)-(I + eN(t))u(t)+ e(N(t)u(t)+ B*(t)p(t)), v- u(t)) >-_0

/v -//ad a.e. [0, T].

We note that VJ(u)(t) N(t)u(t)+ B*( t)p( t), so that

(M(t)(ul(t)-u(t)+e(M)-lvj(u)(t)), v-ul(t))>_-0 v-//ad, a.e. t(0, T).

This is the characterization ofthe point obtained by the gradient plus projection method
associated to the metric (4.4).

5. Conclusion. In this study of an algorithm of resolution of optimal control
problems, we establish some results of well-posedness and of convergence. In addition,
we show that this algorithm is strongly related to the gradient plus projection method.
For numerical experiments using this algorithm, see [4], [5], [6].

Acknowledgments. I thank Professor Y. Sakawa, from Osaka University, for an
interesting discussion concerning the algorithm studied in this paper, and the editor
and a referee for their useful remarks.
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STOCHASTIC ADAPTIVE CONTROL FOR
EXPONENTIALLY CONVERGENT TIME-VARYING SYSTEMS*

GRAHAM C. GOODWINf, DAVID J. HILLer AND XIE XIANYA

Abstract. This paper shows that the standard stochastic adaptive control algorithms for time-invariant
systems have an inherent robustness property which renders them applicable, without modification, to

time-varying systems whose parameters converge exponentially. One class of systems satisfying this require-
ment is those having non-steady-state Kalman filter or innovations representations. This allows the usual
assumption of a stationary ARMAX representation to be replaced by a more general state space model.

Key words, stochastic control, adaptive control, martingale convergence, passivity, time-varying systems

1. Introduction. A stochastic adaptive controller is an algorithm which combines
on-line parameter estimation with on-line control to generate a control law applicable
to systems having unknown parameters and random disturbances [1]. Control laws
based on this philosophy have been studied for at least three decades [2], but it is
only recently that rigorous convergence analyses have appeared. To gain insight into
the operation of these algorithms, several special cases have been studied in detail.
For example, the authors of [3] have examined the convergence properties of a
particular scheme which combines a simple stochastic gradient parameter estimator
with a minimum variance control law.

A number of interesting properties of these simple stochastic adaptive control
laws have been established. For example, the tracking error is known to converge to
a minimum (in a specific sense) in a sample mean square sense [3]. In the case of
regulation about a zero desired output, then it has been shown [5] that the parameter
estimates converge to a fixed multiple of the true parameter values. However, if the
desired output sequence is continuously disturbed and an identifiability condition
holds, then the parameters can be shown to converge to their true values [4]. Various
extensions of the above results have also been studied. For example convergence results
have been established in [7], for least squares based adaptive control algorithms.

The above papers deal with systems having constant parameters. However, in
practice one is often confronted with systems whose parameters vary with time in some
fashion. This has motivated several authors to investigate special classes oftime-varying
systems in an effort to gain insights into the convergence properties relevant to this
case. For example, Caines [8] has analyzed the performance of the stochastic gradient
algorithm of [3] applied to systems with (converging) martingale parameters. Further
results for systems having random parameters are described in [9].

The current paper also deals with systems whose parameters are time-varying.
Indeed, the work has much in common with the results in [8], [9]. All three papers
reduce to treatment of a near-super-martingale equation of a particular formmsee
equation (3.28) later. However, here the parameter time variations are deterministic
and thus a different method of analysis is necessary from that used in [8], [9].

Our analysis has three key steps: a proof that a system which is convergent toward
a minimum phase system has an input which grows no faster than the output; a proof
that a system which is exponentially convergent toward a strictly passive system is
eventually strictly passive in a certain sense (where the strict passivity concepts are

* Received by the editors May 29, 1984, and in revised form February 28, 1985.
f Department of Electrical and Computer Engineering, University of Newcastle, New South Wales,

2308, Australia.
$ Department of Computer Science, Shanghai University of Science and Technology, Shanghai, China.
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defined later); and a martingale convergence proof along the lines of [3], but using a
modified martingale result as first proposed in [ 10], [ 11] in a different context.

One application of the results developed here is to systems described by a state
space model corresponding to a non-steady-state innovations representation. Subject
to the assumption that the system has no uncontrollable modes (in the filtering sense
[12]) on the unit circle, then it is known [13] that the parameters in the innovations
model are time-varying and converge exponentially fast toward those ofthe steady-state
optimal filter. Thus the results of this paper allow global convergence to be established
for the standard adaptive control algorithms when applied to these systems. This
represents a relaxation of the usual modelling assumption employed elsewhere in the
literature (e.g. [3] to [9]) that the system is described by an ARMAX model or
equivalently a steady-state Kalman filter model. This particular robustness to modelling
assumption is often implicitly assumed in the literature, and it is thus interesting for
technical completeness to have a formal proof that the results go through in this case.

2. Preliminary result on passive systems. We verify a result which will be needed
in the subsequent proof of convergence of an adaptive control algorithm. This concerns
a passivity property of a system which is exponentially convergent toward an asymptoti-
cally stable and input strictly passive system. The definitions of passivity concepts used
correspond to those presented in [15, Appendix C]. Consider the extended Hilbert
space le(Z+) of sequences v’Z+-->R" with truncated inner product (u,v)r:
T-1 Tk--O U (k)v(k)< oo. The main definition for present purposes is as follows.

DEFINITION 2.1. Consider a dynamical system represented by mapping
G; le(-+ "> l.e(7/+). The system is input strictly passive (ISP) if[ :1; > 0 and/3 such that

(2.1) (Y, u>-->llull// Vu12(7/+) and T=>0.

Consider the following special case of the time-varying linear system model (A.1),
(A.2)"

(2.2) x( / 1) A( t)x( t) + Bu( t),

(2.3) y(t)- Cx(t).

Let A(t) - A exponentially fast and define {y*(t), {x*(t) by

(2.4) x*( + 1) Ax*(t) + Bu*(t),

(2.5) y*(t) Cx*(t)

with (A, B) controllable and A asymptotically stable.
The following result establishes that if (2.4), (2.5) is also ISP then (2.2), (2.3)

satisfies a property very close to ISP.
THEOREM 2.1. Provided (2.4), (2.5) is input strictly passive then there exist o, fl

and t > 0 such that

N

(2.6) E (Y(t)u(t) 8u(t)2) +/3 >- 0
t=

for all N > no >- ao and for all {u(t)} 12,(7/+). fl, 8 depend on u(t) for < no.
Proof. Since (2.4), (2.5) is ISP, there exists 15" <0 and fl*(x*(no)) such that

N

(2.7) , (y*(t)u*(t)-*u*(t)2)+ fl*(x*(no))>-O
t-n
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for all N >--no and for all u(t)/2e(+). From (2.7), we have
N N N

E (y*(t)-y(t))u(t)+ y(t)u(t)>--8* u(t)2-fl*(x*(no)).
t--

Let

Then

(2.8)

N

a(no, N):= Z (y*(t)-y(t))u(t).

N N

y(t)u(t)>-6* u(t)2-t(no, N)-fl*(x*(no)).
t=n t=n

The remainder of the proof involves establishing a bound for a(no, N). Now
t--1

y*(t) C*(t, no)x*(no)+ Cr(t, i+ 1)Bu*(i),
i=n

y(t)= C(t, no)x(no)+ CdP(t, i+ 1)Bu(i)
i=n

where *(t, no)= At-n and (t, no) is given by (A.3). Then

a(no, N)= Y u(t)C A’-"ox*(no)- A(i) x(no)
t=n i=n

+ E u(t)C At-’-1- 1-I A(j) Bu(i)
no i+

:= a,(no, N)+ a2(no, N).

Now without loss of generality choose u*(t) so that

x*(no) x(no) and y*(no) y(no).

This is possible because (2.4), (2.5) is controllable. We can consider u(t)= u*(t) for
-> no. We have

I(no, N)I-<_ I(no, N)I+ I=(no, N)I.
The remainder of the proof involves bounding a and a. in terms of Ilu(t)[[ ti0

We will use 1. for the Euclidean norm.

Ic,(no, N)l- u(t)c At-"o- H A(i) x(no)
to i=o

<llu(t)ll c A,-"
.o H A(i) x(no)

N

/=rl

using the Schwarz inequality

c -o-II (i X(no
i=n

sin I1o I1 <- II,
N t--1

<=[[u(t)[llCllx(no)[ At-n- [-I A(i)
t=n i=n

N

<= Ilu(t)ll,,lcllx(,,o)l,"o-’ x,’-"o
t=

N<= 2e, u (t)ll .olX(no)l
choosing no>_- and using Lemma A.2
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where

Iclxo-
So Ic,(no, N)I<_- ,(llu(t)ll.)=+ ,lx(o)l=.

Now turning to 2, we have

[(no, N)l E u(t)C At-i-l- H A(j) Bu(i)
t=n i=n j=i+l

(jl u(i
j= i+1

< Ilu(t)ll" c At-i-’

i=

Observe that

C At-’-1- H A(j) Bu(i)
j +

C At-i-1

t=n i=n
rI A(j) Bu(i)

j=i+l

{ /tl ( ( t--1 ) )2)(t--1 )2)}1/2C At-i-l- [-I A(j) B E u(i
t=n \i=n j=i+l i=n

using the Schwarz inequality

< C At-’-l- rI A(j) B Ilu(t)ll
t=n i=n j=i+l

N t-1 } 1/2
N E E /’

2
T]
2(t-1)<-ICllBIIlu(t)ll.o

t=n i=n
using Lemma A.2

N 11/2-Icl Inlxllu(t)ll ’no E n2(t-l,

t=n i=n

Now

So we have

Let

N t-1

t=n i=n

N-n p-1
2(t-1) E E 2(p+nO-1)

p=O q=O

N-n
2(n-l) E P’r]

2p

p=O

2

T] 2(no_
T]

(1 r/2)2

2no
(1- r/)"

’l2nla2(no, N)I-<- (llu(t)ll =o)21C IBIx (1 ,/2)2

since Inl< 1

T2no
2 Icl IBl (1 r/E)2"
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So

We then have

a2(no, N)I <-- e=(llu(t)l[ --o)

[a( no, N)[ _-< (81 + )(ll U( t)[I .No)U+ lx(no)[.
Note that el, e2 can be made arbitrarily small by taking no large enough.

Let

Substituting into (2.8)

Let

E := 81 + 22"

N

E y(t)u(t)(*-)(llu(t)ll.o)-/*(X(no))-llX(no)[.
8 :-- 8"- , :--*(x(no))+ellx(no)[

By taking no large enough, it can be guaranteed that t; > 0. D
Remarks. 1. Since system (2.4), (2.5) is both input strictly passive and asymptoti-

cally stable, it is in fact very strictly passive (see [15, Appendix C]).
2. The system does not become input strictly passive as usually defined because

t; is dependent on x(no).

3. The adaptive control algorithm. We are concerned here with the adaptive control
of a linear time-varying finite dimensional system admitting an autoregressive moving
average representation of the form:

y(t)+ al(t)y(t- 1)+... +a,(t)y(t- n)

(3.1) =bo(t)u(t-d)+ +bm(t)u(t-d-m)

+ to(t) + Cl( t)to( t- 1) +... + ct( t)to( t- l).

We shall express (3.1) in compact notation as

(3.2) A(t, q-1)y(t) ( t, q-1)q-au( t) + C( t, q-1)to( t)

where q-1 represents the delay operator and A(t, q-l) 14- al(t)q-1 + 4- a,(t)q-;
B(t, q-)=bo(t)+b(t)q-l+ +bm(t)q-m; C(t, q-i)= l+c(t)q-+ +ct(t)q-’.
The corresponding initial condition is Xo := {y(0)... y(1- k); u(1- d), , u(1- k);
to(0),..., to(l-k)} where k-max {n, m4-d, l}.

The process {Xo, to (.1), to (2),. .} is defined on the underlying probability space
(1", , P) and we define 5Fo to be the g-algebra generated by Xo. Further, for all _-> 1
t shall denote the g-algebra generated by the observations up to time t. The distribu-
tions of the random variables Xo, to(l), to(2),.., are assumed mutually absolutely
continuous with respect to Lebesgue measure.

We make the following assumptions on the process {to(t)}"

(3.3) N.1

(3.4) N.2

(3.5) N.3

E{co(t)l;,_}=O a.s. > 1.

2 0.2

1 N

limN_,oosup ,2= Ilw(t)ll 2 < a.s.
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We wish to design an adaptive control law to cause {y(t)} to track (in some sense)
a given desired output sequence {y*(t)) and to ensure that {y(t)), {u(t)} remain
bounded (in some sense). Reference [3] presents further background to this problem
as well as giving a convergence analysis for a particular adaptive control algorithm
for the case when A(t, q-l), B(t, q-l), C(t, q-l) do not depend on t.

In order to specify the algorithm, we assume"

S.1. d is known.
S.2. Upper bounds for n, m, and are known.

In addition, the following properties of system (3.2) will be assumed in the analysis
of the algorithm:

S.3 ai(t) ai, 1,. , n,

bi(t) hi, 0,. ., m,

ci( t)- ci, i= 1,’’’, l,

exponentially fast.
S.4. B(z) and C(z) have all zeros outside the closed unit circle, where

n(z) hod- blZ q- -t- bmgin,

C(z) 1 + cz + + cz t.
S.5. The system C(q-)z(t) b(t) is input strictly passive.
For simplicity we shall treat the single input single output unit delay (d 1) case.

However, natural extensions exist for the multi-input multi-output nonunit delay as
explored for non-time-varying systems in [3], [15], etc.

The model (3.2) can be rearranged into the following predictor form:

C(t, q-1)[y(t)-to(t)]= a(t, q-)y(t- 1)+ fl(t, q-1)u(t- 1)(3.6)

where

(3.7)

(3.8)

a( t, q-l):= C(t, q-l) A(t, q-1)]q,

fl(t, q-1):= B(t, q-)q.
The adaptive control algorithm which we propose to analyze is the following

stochastic gradient minimum variance algorithm"

,/,(t- l)
e(t)(3.9) A.1 O(t)=(t-1)- r(t_2)+b(t_l)7.(t_l)

where/(t) is an estimate of O(t) and Or(t)., (Cl(t), a2(t), ", an(t), bo(t),’" ", b,,(t),
c(t),’’ ", c(t)). (0) is given such that 0n+1(0) 0.

(3.10) A.2 r(t-1)=r(t-2)+,(t-1)T(t-1), r(0)>0 given.

A.3 y*(t) (t- 1)T(t 1).

(3.11) A.4 ,(t-1)7"=(y(t-1), ...,y(t-),u(t-1),...,u(t-),

where upper bound on max (n, m + 1, l).

A.5 fi( t) ,( -1)r( t).
(3.12)

A.6 e( t) y( t) y*( t).

-37(t- 1),. , -y(t-))
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This algorithm differs slightly from the time-invariant version in [3] by using a
posteriori predictions. A discussion of the significance of this can be seen in 15].

The theoretical possibility of division by zero while evaluating u(t) can be avoided
since it can be argued inductively [3] that division by zero is a zero probability event.
Since all the results in this paper are almost sure results, then division by zero can
only affect the convergence on a set of measure zero. This argument depends on the
above assumption of absolute continuity of the distribution functions. Hence, the
algorithm is well-posed in the sense that all variables remain bounded in finite time (a.s.).

We then have the following global convergence result:
THEOREM 3.1. Let Assumptions N.1-N.3 and S.1-S.5 holdfor the system (3.1) and

the algorithm A.1-A.6. Then with probability one, for any initial parameter estimate 0(0)

1 N

(3.13) lim sup-Noo t=l

1 N

(3.14) lim sup- u(t)2 < o,

.,l.,jra.l lim
1 N

v-, E [E{(y(t)-y*(t))21;,-1}-tr2] =0

2where trt is the minimum mean square control error achievable at time by ;_ measurable
controls.

Proof We shall present an outline proof only, highlighting the key departures
from the usual proofs for time-invariant systems as in [3], [15].
Set

(3.16) r/(t) y(t) 37(t).

We then have the following preliminary properties of the algorithm:

r(t-2)
(3.17) P.1 r/(t) e(t).

r(t-1)
N b(t- 1)rb(t 1)

(3.18) P.2 lim Y,
woo =1 r(t- 1)r(t-2)

<"

(3.19)

where

(3.20)

(3.21)

(3.22)

(3.23)

P.3 C(t,q-1)z(t)=b(t)

z( t) rl( t) to( t),

b( t) -b( -1)r( t),

P.4 E{b(t)o(t)l;,_} 6(t-1)r6(t-l) 2

r(t-1)

The above properties are as in [3], [13].
Now subtracting O(t) from both sides of (3.9) and using (3.10), (3.17), we have

5(t)=(t--1)+Oe(t)+--’---"----b(t- 1)
r(t-2)

r/(t)
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where

Oe(t)=O(t)-O(t-1),

(3.24) (t)_d(t- 1)r/(t) =/(t- 1)+ Oe(t).
r(t-:)

Define

V( 5( T( ).

Then squaring both sides of (3.24) and using (3.21) gives

V(t)/
2b(t)rl(t) b(t--1)7b(t-1) 2(t) V(t 1)/2(t 1)7"Oe(t)/llOe(t)ll 2

r(t-2)
+

r(t-2)2 r/

Hence using (3.20), (3.23) we have

2E(V(t)l,_}= V(t-1)-E(b(t)z(t)l,_}
r(t-2)

r(t-2)r(t-1)
tr,-E

r(t_2)2 r/

/ Oe(t)ll = + 2if(t- 1) TOe(t).
From Assumption S.3, there exists a G, A with 0 < G <, IAI< 1 such that

(3.26) I]Oe(t)ll 2<= IAI’"
Also, for 0 < a(t) <, we have

2[(t-1)Oe(t)]<__a(t)211(t-1)l{2/

Thus selecting a(t)2= lal and using (3.26), we have

(3.27)
2[ if(t- 1) T0(t)] < IA I’/=11 if(t- 1)11 = / GIA

IA ’/2 V(t 1 + GIA ’/.

Substituting (3.27) into (3.25) gives

E(V(t)l,.@,_,) V(t- 1)[1
r(t-2)

E{b(t)z(t)l,_}

(3.28) 2b(t-1)rb(t-l) 2 {b(t-1)Tb(t-l)r(t-1)r(t-2) trt-E r(t_2)2

Define

(3.29) S(t):=2 Y [b(j)z(j)-Sz(j)2]+K,
j---?l

S(t)
(3.30) X(t):= V(t)+r( 2"---+26

z(J)2 (j 1 2

J=.or(j-2)
+ b )rb(j 1

J=-o r(J- 2)2
r/(j)

From Assumptions S.5, S.3, Property P.3 and Theorem 2.1, we know that there
exist a no, 6> 0 and a K (depending on the conditions at no) such that S(t)>=O for
all >= no. Under these conditions X(t) -> 0.
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It is readily seen using (3.28), (3.30) that

E{X( t)l :t_l} _-< X(t 1)[ 1 + IA t/El
2b(t- 1)Tb(t 1)+
r(t--2)r(t--1)

for t>--_no.

From Property P.2, and Assumption N.2, we have that

y, b(t-1)Yb(t -1) 2

t=o r(t-2)r(t-1) o’t+ .
Thus we can apply the martingale convergence theorem (Appendix B) to conclude

(3.31) X(t)->X<o a.s.

Using (3.30), we see that
z(t)

(3.32) lim tY< a.s.,
N-, r(t-2)

v b(t- 1)rb(t 1)
(3.33) v-,lim = r(t-- 2)2

17(t)2 < G a.s.

The lower summation limits in (3.32), (3.33) can be extended from no to 1 because
the algorithm ensures all variables remain bounded in f;aite time (a.s.).

A simple argument by contradiction can now be used to conclude (3.13) to (3.15)
using (3.32) together with Assumptions S.3, S.4 and Theorem A.1. The steps are exactly
as in [3] and as explained in general in [15]. [3

4. Adaptive control with general state space model. Consider a linear finite
dimensional system described by the following time-invariant state space model:

(4.1) x( + 1) Fx( t) + Gu( t) + Vl(t),

(4.2) y(t) Hx(t) + v2(t)

where { vl(t)}, {v2(t)} are zero mean Gaussian white noise sequences satisfying:

(4.3)

(4.4)

E{v,(t)v,(t)T} Q= DDT >=0,

E{v2(t)v(t)T}= R >-O.

The initial state x(0) is also assumed to have a Gaussian distribution with mean go
and covariance Po. We make the following assumptions:

S.S. 1: (H, F) is observable.
S.S.2(a): (F, D) has no uncontrollable modes on the unit circle and Po>0

or
(b): (F, D) is stabilizable and Po>-0.

Using standard Kalman filtering ideas [12], the innovations model for (4.1),
(4.2) is

(4.5) ;(t+l)=F;(t)+Gu(t)+K(t)to(t), (0) :o,
(4.6) y(t) H(t) + to(t).

Here K(t) is obtained from the solution of the following matrix Riccati equation:

(4.7) E(t + 1) F,( t)FT F,( t)HT(HE(t)HT + R)-1HE(t)FT + Q,

(4.8) E(0) Po,

(4.9) K(t) F,(t)HT(H,(t)HT + R)-.
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In view of Assumption S.S.1, we can transform the system state such that (H, F)
are in observer canonical form, i.e. (4.5), (4.6) can be written as

-.a. 1 .. 0

ib
k(t)

(4.10) ( + 1) (t) + u(t) + to(t),

-an 0 knit)J
(4.11) y(t)=[1 0 0](t)+to(t).

Using (4.11) in (4.10) gives the following time varying ARMAX model"

A(q-)y(t) B(q-)u(t)+C(t, q-)to(t)(4.12)

where

(4.13)

A(q-) l + aq- + + anq-n,
B(q-) blq- + + bnq-n,
C(t, q-l)= 1 +(k(t- 1)+ a)q- + "+(kn(t- n)+ an)q-n.

It is known [13] that Assumptions S.S.1, S.S.2 are sufficient to ensure:

(4.14) K(t) K exponentiallyfast

and

(4.15) C(q-1) 1 +(/+ a)q- +. +(n + an)q is asymptotically stable.

We make the following additional assumptions:
S.S.3: b 0 (corresponding to d 1 in 3).
S.S.4: An upper bound for n is known. (As in S.2, this is an assumption on the

data supplied to the algorithm.)
S.S.5: The system

C(q-1)z(t)=b(t)

is input strictly passive.
S.S.6: B(z) has all zeros outside the unit circle and b 0 (the latter for simplicity

only).
We then have the following elementary corollary to Theorem 3.1:
COROLLARY 4.1. Let Assumptions S.S.1-S.S.6 hold for the system (4.1), (4.2) and

the algorithm A.1-A.6. Then with probability one, for any initial parameter estimate 0(0)

1 N

(4.16) lim sup- y(t)2 <,
Nct3 t=l

1 N

(4.17) lim sup - u(t)2 < o,
Nx3 t=l

1 N

(4.18) lim E{(y(t)-y*(t))l,_}=r
Noo t=l

where

(4.19) tr2= H,H" + R
and , is the steady state solution of (4.7).
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Proof The result is immediate from Theorem 3.1 on noting that {to (t)} is a Gaussian
2 0.2innovations sequence and therefore satisfies N.1-N.3. Also, 0.t --> exponentially fast

13]. Hence
1 v

2 0.2. ["](4.20) lim - 0.,
N-oo t=l

Remarks. 1. It should be pointed out that this result can be obtained directly from
the corresponding result for the steady-state ARMAX model [3], [15]. Firstly, note
that the covariance Po for the Kalman filter (with go) defines a Gaussian distribution
for Xo. So use of the steady-state gain K corresponds to a particular choice of the
initial condition distribution. Since the martingale convergence theorem leads to a
sample path convergence result, modification of the initial state distribution does not
affect this result. The proof for this comes by noting that once a.s. convergence has
been established with respect to one distribution, then it is also true for any other
distribution which is absolutely continuous with respect to the original one [ 18]. Thus,
having proved global convergence for the distribution corresponding to a steady-state
Kalman filter, it also holds for other distributions corresponding to the non-steady-state
case. However, it should be realized that the original martingale properties will no
longer apply.

2. If a general initial condition distribution is used and one replaces (4.12) by
the corresponding steady state ARMAX model, then the prediction error so defined
will not satisfy N.1.

3. The result in Corollary 4.1 also applies to degenerate distributions, i.e. when
the initial state is exactly known. In this case the argument in Remark 1 above cannot
be used and the more complicated machinery of 3 is necessary to deal with this case.

5. Conclusions. This paper has analyzed a robustness property of the discrete time
stochastic adaptive control algorithm based on gradient estimation and minimum
variance control. The algorithm is shown to be globally convergent when the system
parameters are exponentially convergent to values satisfying the conditions for a
globally convergent time-invariant system. This result is applied to the special case
where the time variation is derived from a non-steady-state Kalman filter.

Appendix A--Properties of convergent linear systems. We present some properties
of time-varying linear systems which are convergent toward an asymptotically stable
system.

We consider the following time-varying system:

(A.1) x( + 1) A( t)x( t) + B(t)u(t),

(A.2) y(t) C( t)x( t) 4- D(t)u(t)

and we introduce the notation:
rl--1

(A.3) (n, no)= I-I A(k)
k=

for the state transition matrix.
We will use I" for the Euclidean norm and II" for the 12 norm (similarly for the

induced norms).
LEMMA A.1. Let A be asymptotically stable. Suppose A(k)--> A. Then there exist, v > O, and 0 < < 1 such that

(m.4) I(n, no)l--<
for all n > no >--.
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Proof. Since A is asymptotically stable, ::lp > 0 such that

(A.5) p-ArpA Q with Q>0.

Now consider the autonomous time-varying system

(A.6) x(k + 1) A(k)x(k)

and try the Lyapunov function

(A.7) V x x’Px.

Then

(A.8)
V(x(k+ 1))- V(x(k))=x(k)r[Ar(k)PA(k)-P]x(k)

:= -x(k)rQ(k)x(k).

Now since Q(k)---)Q > O, then :1 such that for k >_-, we have some/z such that

(A.9) V(x(k+ 1))- V(x(k))<--lzlx(k)[2.

Introducing [xlp (x rpx) 1/2, we have

(A.10) where M= (1/AmaxP) 1/2.

Hence from (A.9)

Ix( k + 1)1 -< x(k) Tpx(k) -/lx(k)l
<_-(1 M)lx(k)l, for all x(k).

Thus

IA(k)l =< (1 -/zM2) :=/3 < 1.

Hence for n > no -> a

[(n, no)[
n-1

H A(k)
k=

n-1

H IA(k)l /---o.
k=n

SO

[cI)(n, no)[ =< vfl"-"o for all n > no >= fi

where

l) (1/ AminP) 1/2. ["]

The authors suspect that Lemma 2.1 has been established elsewhere though they
have no specific reference. Fuchs [14] states a related (but differing in detail) result.
We can now immediately establish:
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THEOREM A.1. Consider the system (2.1), (2.2). Then provided A(k) A with A
asymptotically stable and B(k), C(k), D(k) are bounded"

(a) There exist , 0 < K1 < o3, 0 <- g2 < o3 independent ofN such that

N N

(A.11) E ly(t)lK, E lu(t)l+K for all N>-no>-_a.
l,10

(b) There exist ON m3 <--o3, ON m4 < o3 which are independent of such that

(A.12) ly,(t)l<=m3+m4 max lu(,)l for all N>=t>=no.
no.r<=N

Proof. The proof mimics the corresponding proof for the time-invariant case given
elsewhere (see for example [15, Appendix B]).

In the sequel, we use the notation iix(t)ll,o:=(,=,oNN Ix(t)12) 1/2. If the sum is finite
for all N_-> no, we say x(t) lEe(7/+) where 7/+ is the set of integers no, no+ 1,. .

LEMMA A.2. Consider a matrix A and sequence A(k) as in Lemma A.1. Suppose
A( k) A exponentially. Then there exist f, X > O, and 0 < rl < 1 such that

n--1
n--1(A.13) A"-"- I] A(k) <--

k=

for all n > no >- .
Proof. Let K(k):= A-A(k). We find the following observation useful

n--1 n--2

A"-"-I-I A(k)=AA"-"-l-(A-K(n-1)) I-I A(k)
k k

=A A"-"o-1- l-I A(k) +K(n-1) 1-I A(k).
k k

Repeated application of this gives

n--1

A"-"- rI A(k)=A"-"-IK(no)+A"-"-EK(no+ l)A(no)
k--n

no+
+ A"-"o-aK(no+ 2) 1-I A(k)

k=n

n--3 n--2

+...+AK(n-2) 1-I A(k)+K(n-1) rI A(k).
k k

Now since A is stable, ly > 0, 0 < : < 1 such that

IAkl <_ .yk.

Lemma A.1 gives that for n> no-> t:lv> 0, 0</3<1 such that

A(k) <= v[3 "-"o.
k=

Further, exponential convergence of A(k) to A gives that lH > O, O< A < 1 such that

IK(k)l =< ,X

Let

q := max (y, v, f), /:= max (:,/3, ,X ).
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Then

Let

n-1

A"-"- 1-I A(k)
k=n

<= IK (no)[ IA"-- + IA(no)l [K (no+ 1)l

no+l
+ I-I A(k)IK(no+2)llA-o-

k---

n-3

+’’" + I’I A(k) IK(n-E)IIAI
k=n

n-2

+ I-I A(k) IK(n-1)l
k=

-< Cn-’(1 +m + qm-+ + qm"-"-:+ n.--o-,)
using the above exponential bounds

I]J2"0 n-1 1 de. ,on-no-1 2t_ rlT ,0
k

k=O

assuming that n no => 3

NJ2n n-1 2+1_ n

X:= b2 2+
1

Then we have the required inequality. (It is easy to see that the result holds for
n > no.)

Appendix B---Modified martingale convergence theorem. Let {X(t)} be a sequence
of nonnegative random variables adapted to an increasing sequence of sub tr-algebras
{,}. If

E{X(t+l)l;,}<=(l+y(t))X(t)-a(t)+(t) a.s.

where a(t)>-O, fl(t)>-O and E{X(0)}<, .j=l ly(t)l<c, j=o/3(j)<o a.s. then
X(t) converges almost surely to a finite random variable and

N

lim a(t)<o
Noo t=O

aoS.

Proof. See Neveu [16]. 73
The above theorem was first employed in a stochastic adaptive control proof in

10], 11 ]. Other applications are given in 15].
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QUASI-VARIATIONAL INEQUALITIES AND ERGODIC
IMPULSE CONTROL*

P. L. LIONS" AND B. PERTHAMEt

Abstract. In this paper, we solve the general ergodic control problem for reflected diffusion processes
and the associated quasi-variational inequalities. Our method relies on some a priori estimates for the
solutions of quasi-variational inequalities where the "discount factor" (i.e., the zero order term) is set to O.

Key words, quasi-variational inequalities, reflected diffusion processes, impulse control, variational
inequalities, Neumann conditions, ergodic control

1. Introduction. It is well known that impulse control problems for reflected
diffusion processes may be solved by considering the solution of quasi-variational
inequalities with Neumann boundary conditions (we refer to A. Bensoussan and
J. L. Lions [3], A. Bensoussan [1] for more details). A typical example of such a
quasi-variational inequality (QVI in short) is the following

(1)
Vv HI(I’I), v <= Mu, a.e., us HI(I), uo, <= Mu, a.e.

where II is a given bounded smooth open set in ", a > 0, f is a given function and
M is an operator defined (for example) on C(fl) by

(2) Mu k + inf {Co(sc) + u(x + )/>= O, x +
where k > 0, Co is continuous, subadditive, nonnegative and Co(0)= 0. Of course :_-> 0
means that all the coordinates of : are nonnegative. We will assume (see below for a
more precise assumption) that M maps C([I) into C(fl).

In this particular situation, our main result shows that: denoting by ()=
meas (,-)-1 gl’l v dx, (au,, u,-(u,)) converge uniformly on to the unique solution
(A, Vo) of

(3) Ia Vu " v v dx >= Ia f A v v dx’

fvHl(12), v<=Mvoa.e.,A, voHl(fl)fqC(fi), (Vo)=0, Vo<=Mvoinfi.
This result is stated in 2; the existence part is proved in 3 and 4: in 3 we obtain
H bounds on us-(u,,) while in 4 we prove that us-(u,) are equicontinuous on
The uniqueness is proved in 5 and extensions to general second-order operators and
general oblique derivative conditions are given in 6. Finally the interpretation of
these results in terms of ergodic impulse control is presented in 7. Some technical
results are collected in the appendix.

The above result (and the extensions obtained in this paper) answers a longstanding
question concerning ergodic impulse control theory. And even if we borrow some
techniques used in other ergodic problems by P. L. Lions [12], F. Gimbert [7], the
specificity of the implicit obstacle Mu requires a particular treatment. We would like
to mention a few other works on ergodic stochastic control problems: J. M. Lasry [ 10];

* Received by the editors September 20, 1984, and in revised form March 29, 1985.

" Ceremade, Universit6 Paris IX, 75775 Paris Cedex 16, France.
Centre de Math6matiques Appliques, E.N.S. Ulm, 45, 75230 Paris Cedex 05, France.
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M. Robin [18], [19]; A. Bensoussan [2]; F. Gimbert [7]; P. L. Lions [12]; J. M. Lasry
and P. L. Lions [11]; I. Capuzzo-Dolcetta and M. G. Garonni [5]...

2. The main result. We consider u,,Hl(f)f’]C(), the solution of (1) (the
existence and uniqueness is deduced from the results of [3], Hanouzet and Joly [8]).
Recall that we assume:

(4) Vu C(f), Mu C(f);

this is the case if f is convex or more generally (cf. Perthame [16], [17]) if f satisfies"

(5)

We will assume"

{so/so_-> 0; : 0; x+ s af; 3e >0, Vy->_0,

x+y_ if [y-:[<_- e} =(R).

N
(6) f Lp(f) for somep>--ifN>_-2, p>-lifN=l.

2

THEOREM 1. We assume (5) and (6). Then au,, converges uniformly on to some
constant h, and us-(us) converges uniformly on and strongly in Hi(O) to Vo. Finally
(h, Vo) is the unique solution of the system (3).

Remark. We give below extensions of this result and its stochastic interpretation.
The uniqueness of (h, Vo) is proved in 5; we prove in 3-4 that v

is bounded in Hl(f) and relatively compact in C(). Ifwe know that a(u) is bounded,
the convergence of (au, v) is then easily deduced from these bounds.

We prove next that au is bounded in L(f). First of all let us mention that this
is an obvious consequence of comparison arguments iff L(f); indeed in this case
we have:

-< fll c.
In the general case (i.e. (6)) we need to find a supersolution a,, and a subsolution
of the QVI (1) such that a,, c_u, are bounded in L(f). For the supersolution, we
just need to take ,, the solution of

-Aria + at =f+ in ft, Off---z=O on F, t. W2’p(FI)
On

(where n denotes the unit outward normal to Of- F). For the subsolution we first
consider v, the solution of

-0onF, v W2"p().--Atm q- O/)ma =f^ (-m) in f,
Ov

On

As a goes to 0, it is well known that vm--(vm) goes uniformly to vm, the solution of

-Avm =f ^ (-m) -(f ^ (-m)) in f,

(Vm)=0, =0 on F, vm W-’"(fl).
On

Remarking that v converges uniformly to 0 as m goes to c, we choose m such that
Ilvmll<_--k/4, Hence for a small enough

IvT(x - vT(y)l--< g y fi,

and thus v < Mu < 0, we mayon l, and we may take _us v, for a small (since v,,
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take _u,, Vaom for a > ao’" "). In view of standard results on linear equations au,_ is
bounded in L(f), and we conclude since we have

In what follows we set A‘" a(u,). A‘" is bounded, and v‘" u,,-(u‘’) is the solution
of the following QVI

(7)
a(v, v-v)+(v, v-v)>-(L, /v H(I’I), v <= My‘" a.e.,

where (f, g) denotes the L2 scalar product, a(o, O)= Vo. Vq dx, f‘" =f- A,,.

3. Boundedness of v,, in H(II). The bounds in H(fl) rely on the following crucial
lemma.

LEMMA 2. Let m‘" minh v‘’; then there exists C >= 0 independent ofa ]0, 1[ such
that

(8)

Using this lemma (which is proved below), it is now easy to prove the H bounds"
indeed using v--- m‘" as a test function in (7), we find

by (8).

Recalling that {v)= 0, we conclude using the Poincar inequality.
We now turn to the proof of Lemma 2" we consider the sets

E={xO,v(x)<m,+k},

F = {x , v(x) < m + 2k + Co},

where Co=sup {Co(#), #0, l#ldiam
Since we may assume without loss of generality that ml =-m is as large as we

wish, (8) will be proved if we show that

(9) meas (F) y > 0

for some y independent of a ]0, 1[.
Letting 6>0, we set F {x , dist (x, F) 6}. We may assume that E is con-

tained in F. Indeed if this were not the case, there would exist Xo E (-Fn) and
for all x , x xo we would have

v‘’(x)
_

Mv‘’(x) <- k + Co(Xo- x) + v(xo) < ms + 2k + Co,

i.e., {x I, x-< Xo}C F, proving (9) since Xo F.
Now if E c Fa, we observe that on the open set E, v < My‘" and thus we obtain

easily

-Av,, + av, =f, in E, Or---z= 0 on OE 71 0O F,
On

v m + k onaEf’lf, 2pv w,;o( u r) c(g).
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Let h LP(ft) satisfy h <=f,-ak-am,, a ]0, 1[ and let z, be the solution of

--Az,, + az,, h in F, 0 on 0f,
On

We have

z =0 on aFa-af, z W2’P(Fa).

(10)

where C does not depend on a or 8. Thus [z[ <- k for 8 small enough and, by the
maximum principle, z =< v k-m on E. At the minimum point of v we thus have
z-<-k and this contradicts (10). This shows that for 8 small enough E cannot be
contained in F and thus (9) and (8) are proved.

4. Comimetness in C(I). We first show that v is bounded in L(II) notice that
we already know from (8) and the H bound that v, is bounded from below. To show
that v,, is bounded from above, we observe that (7) yields

(11) a(v,p)+(v,q)<=(f+(1-tr)v,q) VqH’(), t#>-_0.

Hence v < -1 -1v, where v is the solution of

-A-1 - +v,+v,=f++(1-a)v, in fl, =0 on F, v e W’P,(II)ou

wherep min(p, 2N/(N 2))(ifN<2, p p).Ifp>N/2, N>3orifN<2, -is bounded in L(ft) and we conclude. Now ifp < N/2, we deduce that @ is bounded
in L"(ft) where p= Np/(N-2p) and thus v is also bounded in L(O). By an easy
bootstrap argument we then obtain the L bound

Next, we observe that v,, is also a solution of the following QVI:

(12)
a(v, v-v)+(v, v-v)>=(f,, + (1-a)v, v-v)
Vv H(f), v <= Mv a.e., v C(gt) f3 H(f), v <= Mv in

If we denote by g,, =f +(1- a)v,, we observe that g is bounded in LP(I) and thus
we conclude that v is compact in C(f) by a simple application of the following result
proved in the appendix.

PROPOSITION 3. Under assumptions (5)-(6) we denote by Tf w the solution of the
following QVI"

a(w, v w) + (w, v w) -> (f, v w)
(13)

Vv H(f), v <-_ Mw a.e., w C() f’) H(f), w <- Mw in .
Then T maps bounded sets of Lp (1)) into compact sets of C().

Using Proposition 3 we may now prove our claim (Theorem 1) on the convergence
of au, v to a subsequence (uniqueness will prove that the whole sequence converges);
we may assume that as a- 0/

h a(u,) A, v Vo in C() and weakly in H1,
(thus au,,- A uniformly). Of course we have

(Vo) O, Mv, Mvo in C(f) as a - 0+;

and we let ]lMv, Mvollo. If v H(ft), v <- Mvo a.e., v , <= My,, a.e. and
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consequently is an admissible test function for problem (7). Thus we find

a(v,,,, V-Vo,)+a(vo,, v-$,,,-vo,)>-(f-Ao,, v-$o,-v,,,)

and passing to the limit we find

a(vo, v)-> (f-A, v- Vo) +lim a(v,, v,).

Since by weak convergence

lima v, v,, _>- a Vo, Vo)

we deduce that (A, Vo) solves (3). But in addition choosing v Vo we obtain a(v,, v,)-
a(vo, Vo) and thus Vv converges strongly in Lz to a(vo, Vo), proving the strong
convergence in HI.

5. Uniqueness. We first prove the uniqueness of A" thus let (A, Vo), (/z, Wo) be two
solutions of (3). If A /z, assume for example A < tz; then for e > 0 small enough

A e( vo- C1) < tz eWo in

where CI> Iloo-woll  . Observe next that Wo (resp. vo-C1) is the solution of the
following QVI

a(wo, v Wo) + e(wo, v Wo) >- (f p, + ewo, v Wo)

tEHI(’), v<=Mwoa.e., woEC(fi)fqHl(f), Wo<=Mwoa.e.
(resp. the same problem with f-tz+eWo replaced by f-A +e(vo-C1)). Standard
comparison results then yield: Vo- C1 => Wo in f, but in view of the choice of C1 this
is not possible. Hence

We now have to prove: Vo -= Wo. This is more delicate and we are first going to
show that Vo-Wo is constant on an open set to (not empty) included in f. To prove
this, we assume Vo Wo and then we claim there exists one maximum point of Vo- Wo
denoted by such that

Wo()<Mwo().

Indeed if Xo is any maximum point of Vo-Wo on f, then if the above inequality does
not hold at Xo, there exists :>-0 such that

Wo(Xo) k+ Co(sO)+ Wo(Xl) where xl Xo+: f.

Then necessarily we have also

Vo(Xo) k + Co(:)+ Vo(Xl)= Mvo(Xo)

since if it were not the case we would have

max (Vo- Wo) < Vo(Xl)- Wo(X)

and this is obviously impossible. Now clearly Xl is a new maximum point of Vo-Wo
and we may choose Xl since Mwo(xl)> Wo(Xl).

Then there exists > 0 such that on V B(, 8) fq f we have Wo < Mwo and thus

-Awo=f-A in I’, OW-o on Vf’lOf.
On

Two cases occur. If f then in a connected neighborhood to of we have

a(vo-Wo, o)<--0 Vgo+(to), Vo-WoHl(l),

Vo-Wo achieves its maximum at g E to
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and the strong maximum principle (for weak subsolutions) implies that Vo-Wo is
constant on to.

On the other hand if s 01, then for 8 small enough to B(g, 8) fq f is connected
and we have"

a(vo-Wo, q)<-O VqH.o(f), p>=O,

max (Vo- Wo) (Vo- Wo)() > 0

where

Ho(to {u H’(to), Ulro 0},

Considering the solution ff of

Fo 0B(,

Oti
-At 0 in to, 0 on 01 f’l B(, 8),

a-(Vo-Wo)H

we have: Vo- Wo <- t-<_max (Vo- Wo) (Vo- Wo)(). Thus maxo a t(), and again by
the strong maximum principle we conclude. Therefore in both cases we have proved that

(14) Vo-Wo=max (Vo-Wo) in B(yo, 8) (Yo, 8)cf for some yof, 8>0.

Using (14), we are going to prove that Vo -= Wo+ maxa (Vo-Wo) on f and since
(Vo) (Wo)= 0 the proof of the uniqueness will be completed. To prove this last claim,
we consider the problem in fl f-B(yo, 8)

a(u, v-u)>--(f-A, v-u) VvHl(fl),

(15) v=po on OB(yo,

u C(I)) N Hl(fl), u o in B(yo, 8), u <= Mu a.e. on 121
where tpo-= wo+maxa (Vo-Wo). Clearly enough in view of (14) both Vo and qo are
solutions of (15) and hence we just have to prove that (15) has a unique solution. And
this will be done by an easy adaptation of the classical arguments on QVI due to A.
Bensoussan and J. L. Lions [3], B. Hanouzet and J. L. Joly [8]. Indeed let _u be a fixed
solution of (15), if v H()fq C(), v -> _u in 1)1 we set u= Sv the solution of the
variational inequality

a(u, w u) >= (f A, w u) Vw Hl([l), w _u on OB(yo, 8),

w<-Mt3ingll, u H(l-l), u=y on0B(yo, 8), u<-_M in fl
where t, t are the extensions of v, u to 1 by Po on B(yo, 8). Then u C(1) and thus
t C(ll). Finally we consider Uo solution of

-AUo =f- A in [’1, ---u----z 0 on Oil,
On

Uo Oo on 0B(Yo, 8);

and we set t Uo+ C. Choosing C large enough, we find 0 ]0, 1[ such that

_u_uo<=Oa+(1-O)_u infll.

Observing that S is nondecreasing and concave, we deduce

u_ <- u Suo<= OSa+(1-O)u_ <- Ouo+(1-O)u_;
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and iterating this string of inequalities, we find for n >= 1

_u <= u,, S"uo<= Ou,,_ + (1 0)_u in fl.
Therefore for n->_ 1

O<= u,,- u_ <= O"(Uo-_U) in fZ
and u, converges uniformly on 11 to _u; since _u is an arbitrary solution of (15), the
uniqueness is proved.

6. Extensions. We will only mention the extension to a general operator

A ajO,j bO
where we use the convention on repeated indices and where Oi O/Ox. We will assume
(for example)

(16) ao=a.i W’"(fZ), biaL(fl), :Iv>0, Vxe, (ao)>--ulN.
We will also consider a general oblique derivative boundary condition determined by
a smooth vector field (say C2) on F denoted by 3’ satisfying

(17) lu>0, /xF, 3’(x). n(x)>=u.

In view of (16) we may also write A in divergence form:

A -O,(aO) (b O,a)O;
and we will denote by nA the conormal

(hA), aon., Vi {1," ", N},

and we decompose 3’ as follows:

(18) nA C3" + 3’’, n 3" 0

and (17) implies c-> Co> 0 on F.

(19)

VxeF;

on F

The strong formulation (and essentially heuristic) of the analogue of (1) is now"

max (Au, +

( 0u=0 nr-max

The precise formulation of (19) is

a(uo,, v-u,)+a(uo,, v-uo,)>=(f, v-u,)

u,,, C(() f3 H(f), uo, <= Mu, in 1
(20)

where the bilinear form is now given by

Vv H(f), v <= Mu, a.e.,

a( u, v) I aijOuOjv- bOuv + OajOjuv dx + IrO,,u v dS

the last integral being well defined (by duality) on H(’])2 since 3" is tangential.
Adapting easily the arguments of A. Bensoussan and J. L. Lions [3], one finds

that (20) has a unique solution (the fact that u C(12) being deduced from the methods
of the appendix). Mimicking the arguments of the preceding sections, we obtain:

THEOREM 4. Under assumptions (5), (6), (16), (17), au,, converges uniformly on
(l to some constant A, and u,-(u,,) converges uniformly on and strongly in H(f) to
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Vo. Finally (A, Vo) is the unique solution of

(21)
a(vo, V-Vo)>-(f-A), V-Vo) VvHl(fl),

Vo C(l) CI Hl(fl), Vo <- Mvo in (l.

v <= Mvo a.e.,

7. The ergodic impulse control of diffusion processes. All throughout this section,
we assume (5), (6), (16), (17). We introduce crq /(a)/2 (r is the positive definite
symmetric square root) and we first recall the stochastic interpretation of u--the
solution of (20). To simplify notation, we will assume that b W’(f),f C(I).

We consider (a, F, F, P, B) a probability space with a F-adapted Brownian
motion in. The control will consist of a sequence of stopping times (0),o satisfying

00 0 "( 01 ( 02 (" ( O ( On+ "1-00, O a.s.

and of a sequence of random variables (:,),=1 such that

:. is Fo.-measurable, :, >- 0, X. + :, 1) a.s.,

where X’ is defined below. We define inductively X’ for 0,, 0,+1] by the solution
of the following stochastic differential equation with reflection:

dX’ r(XT) dBt + b(XT) dt- y(X’) dA’] for 0,-1 =< =< 0,,,

"-’ x"fi vt[0. 0.],Xo._ Xo._, + ,-, -,

A’= lv(X") alA"l, Vt[O._l, 0.1
On--1

where X’, A’ are continuous, Ft-adapted; A’ .has bounded variations and IA"I, is the
total variation of A" on 0,_1, t]. Finally Xoo x, so 0.

For more details on stochastic differential equations with reflection we refer the
reader to Gihman and Skorohod [6], Ikeda and Watanabe [9], A. Bensoussan and
J. L. Lions [3], P. L. Lions and A. S. Sznitman [15].

In what follows we denote by 9 any admissible control system consisting of
(0,),_o, (s.),-=1 with the above conditions. If 0 is any stopping time (0 <_-w), we define
the cost functions:

J,,(x, O, 3) E f(X) e-’’ dt + E {k + c(,)}lo.<o e

(x, y)= (x, +o,

J(x, O, 5f) E f(X,) at + . {k + c(,)}lo.<o
nl

where X, X’ for [ 0.-1, 0.[, Xo x.
THEOREM 5. With the above conditions and notation, we have

u(x) insef J(x, S).

In addition X---the limit of a(u,)--is given by

)t lim
1
inf J(x, T, 5f), uniformly for x

T "X lim a inf J(x, b), uniformly for x
0+ .5

if 0 is bounded,
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Furthermore if v C f we denote by

v(x, t)=inf{J(x, t,)+E(v(Xt)} lxfl, /t>_-0;

then v(x, t)-(v(., t)) converges uniformly on (l to Vo as +oo. In particular ifv C()
satisfies for some T> 0

v(x)=inf {J(x, T, S)+ E(v(X,))} Vxfl

then v-(v) Vo; in addition Vo satisfies (where 0 is any bounded stopping time which
may depend on ):

Vo(x)=insef {J(x, O, S)+ E(vo(Xo))}.

Finally (A, Vo) is the unique solution in R x C(fl) (up to the addition of a constant to Vo)
of

vo(x)= lira inf {f(X,)-1} dt+ (k+c())lo<r+vo(Xr)
Too 9 nl

or

Vo(X)= lim inf E {f(Xt)-A} e-atdt+ , (k+c(:,)) e-a-
a->0+ .9 nl

We skip the proof of this result since it is a straightforward application of our
results and methods and of the verification arguments given in A. Bensoussan and
J. L. Lions [3]. Let us also mention that, as in [3], all infima above are achieved for
"explicit" optimal control systems 6e obtained by considering the successive exit times
of the open set {Vo < Mvo} and by choosing at each x in { Vo Mvo} an optimal jump
i.e. choosing (in a measurable way) :_-> 0 such that

Vo(X)=k+co()+Vo(X+) if x(vo=Mvo}.

Appendix. Continuity results for variational inequalities and quasivariational
inequalities with general oblique derivative boundary conditions. We begin with results
concerning variational inequalities. We thus assume (6), (16), (17) and we let C(f/).
Then exactly as in [3], [4] (see also P. L. Lions [13]), denoting by

b( u, v)= fct aijO,uOjv- biO,uv + O,aijOjuv + cuv dx +.fr o ,u v dS

where

(A.1) c L(II),

there exists a unique solution u of

(A.2) b(u, v-u)>=(f, v-u) fvH’(f),

C >-- Co>0,

V--< a.e., uHl(fl), u<= a.e.

The following result extends and sharpens results of [3]; this result is proved by
the method of P. L. Lions [12J--see also P. L. Lions [14], F. Gimbert [7] for similar
results.

THEOREM A.1. We assume (6), (16), (17) and (A.1) and d/ C(f). Then if u is
the solution of (A.2), u C(). Furthermore ifO/ W’(t) andf Lv(f) with p > N,
u W’(f); and if d/ C’a(,) for some a]0, 1[, fLP(f) with p= N/(2-a) if
N >- 2 (p 1 if N 1) then u C’a(). Finally if lies in a compact set of C(,), f



QUASI-VARIATIONAL INEQUALITIES 613

remains bounded in LP(f) for some p> N/2 (p= 1 if N= 1), then u remains in a
compact set of C ).

Proof. We just have to prove that if wl’(f) and f LP(f) for some p > N
then u Wl’(f). Indeed the remainder then follows from the well-known inequality"

II(u,- U=)+IIL I1(,- =)+11 L
if u, u2 are the solutions of (A.2) corresponding to 1, fiE.

Now if W’(H), substracting the solution of the linear problem"

Afi+cfi=f in O, 0ya=0 on F, a W2’p(H)

we may assume without loss of generality thatf 0.
Next, we recall (cf. [3]) that u is the limit as e goes to 0 of the solution u of:

Au + cu + fl(u ) 0 in , Ovu 0 on F, u W2"p (),

where fl(t)=(1/e)fl(t), flO if t0, fl’(t)>0 if t>0, fl is convex, smooth on .
Since the bounds on llullw. obtained below just depend on (16), (17) and

ll ,,, we may assume that ao, b,, c, are smooth and so is u. ay a simple use of the
maximum principle, we find:

where C dnots various Constants independent of .
W rll from [12], [14], [15] that thCr xists smooth mtdx valued function

(a0)l_v satisfying

lv, z > 0, Vx f, vI-<_ (a0)_-< tzI,

O,(ooOivO.iv)<=O on F, Vv C2(fi),
and we set

O,v 0 on F,

w a,9,uu + x (Co- u):
where h < 0 is determined below, and Co >--1 + u IlLo. To simplify notation, we omit
below the subscript e and we set i 0p. Then wecompute easily Aw and using the
equation we find for some > 0

aw+ 2cw <- -261D-ul-- 2A6IDul=- 2a0u,fl’(u )(u) ))
+ ClD=ul IDul + cloul= + 2aoU,bk,Uk

2aoU,CU + 2A (Co- u)B(u ) + C;

choosing A large enough we deduce

Aw + (2c + X)w 2(a0ubu) + 2(a0uc) + CA

+ 2x (Co- u)(u )-’(u )(0u,u-

Since fl is convex, fl(t) =0 if t0; fl(u-)fl’(u-)(u-) and we finally obtain

Aw + (2c + X)w 2(a0ubu) + 2(aouuc) + CX ’(u )(w if)

where ff a0) + h C )2 C.
Using comparison arguments, we deduce
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where za is the solution of

Azx +(2c+ A6)z 2(aoUibkUk) + 2(aoUiUC) in

Ovz =0 on F.

But classical bounds on linear equations yield

I1 II/.r < (*)[llVu :,:o + IlVuI13
where #z (h) -+ 0 as h -+ +oo. Hence we obtain finally

IlVull <=c+ ()[llVull< <+ IlVu I1<]
and we conclude choosing A large.

Let us mention that if bi, c E W we conclude directly without introducing
We next state the extension of Proposition 3 to the case of general operators A"
THEOREM A.2. We assume (5), (6), (16), (17) and (A.1). Then we denote by u the

solution of the QVI

b(u,v-u)>-(f,v-u) VvEH(), v<-Mua.e.
(A.3)

u C() f’l Hl(f), u <- Mu in .
Then ifflies in a bounded set ofLp() with p > (N/2) ifN >-_ 2, p 1 ifN 1; u remains
in a compact set of C().

Proof. We recall first that there exists a subsolution _u of (A.3) which remains in
a compact set of C(fl) iff stays bounded in LP() (see for example the construction
of_u in 2).

Clearly the usual supersolution ti, solution of the linear problem

At + ct =f in fl, 0vt 0 on r, a E w2,(),
has the same property. We let Uo i, and we define a sequence u, inductively as the
solution of (A.2) corresponding to MU,_l. By induction we prove that umfor each
fixed n---remains in a compact set of C(fl) if f stays bounded in LP(fl). Indeed this
is true for n 0 and if it is true for u,_l, since M maps C(fl) into C(fl) (assumption
(4)) and

Mu,_l remains in a compact set of C(f) and so does u, by Theorem A.1. Hence by
Ascoli’s theorem

lu.(x)-u.(y)l<=.(Ix-yl), 6.(t)-+O as t-+0+

for all x, y 12; where 6, does not depend on f provided f remains bounded in U’.
Next, the Hanouzet-Joly argument [8] shows that u, converges uniformly to u

solution of (A.3) and

u. u ll <- co"

for some 0 E ]0, 1[, C -> 0 independent off provided f remains bounded in LP(f).
In conclusion, we find if f is bounded in Lp

_u _-< u -<_ t in 1) and thus u II-<- C,
[u(x) u(y) <-_ inf { CO" + 6,(Ix y[)} Wx, y 1).

nl

And by Ascoli’s theorem, our claim is proved.
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THE PENCIL (sE-A) AND CONTROLLABILITY-OBSERVABILITY FOR
GENERALIZED LINEAR SYSTEMS: A GEOMETRIC APPROACH*
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Abstract. In the first part of the paper we study the pencil (sE- A) by using some geometric concepts
given by Bernhard [SIAM J. Control Optim., 20 (1982), pp. 612-633] and some new ones which are
introduced here. Such concepts are then used to obtain an alternative characterization for the finite and
infinite-zero structure of the pencil and to construct a polynomial basis for ker (sE- A). Necessary and
sufficient conditions for the rows or/and the columns of the pencil to be linearly independent over the ring
of the polynomials are also given. The main geometric properties of a regular pencil are presented, including
the identification of the subspace in which the impulsive response of the autonomous generalized linear
system E Ax takes place. In the second part we consider the generalized linear system E Ax+ Bu;
y Cx and we give necessary and sufficient conditions for the infinite-zeros of the regular pencil (sE- A)
to be controllable and observable.
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1. Introduction. In the first part of the paper ( 2-4) we consider the pencil
(sE- A) where s is the complex variable and E and A are given maps.

The pencil (sE-A) is said to be regular if E and A are square maps with
det (sE-A) 0 and it is said to be singular otherwise.

Bernhard [3 and Wong 17] have introduced some geometric concepts (subspaces)
which are important for a geometric approach to the theory of pencils. In 2 we
introduce some other subspaces and we obtain geometric relations which are very
useful for the analysis undertaken in the subsequent sections.

In 3 we study the singular pencil (sE-A). Bernhard [3] has characterized the
finite-zeros, also known as the finite elementary divisors [7], and the minimal column
indices of (sE-A) by an indirect method, namely, he has identified them with the
control invariants of a certain pair of maps denoted here by (F, G).

It is shown that the above elements can be characterized directly from the geometric
concepts introduced by him without resorting to notions of linear systems. A polynomial
basis for ker (sE- A) is also constructed.

We then obtain a block triangular representation for ker (sE -A) from which we
can extract the infinite-zero structure and a polynomial basis for the left kernel of
(sE A). We also refer to 12], 14] for algebraic approaches to infinite-zeros ofa pencil.

Necessary and sufficient conditions for the rows or the columns of the singular
pencil to be linearly independent over the ring of the polynomials are also given.

The regular pencil is analysed in 4. This kind of pencil is important in the theory
of dynamical linear systems. As an example, in [1] is shown a connection between
regular pencils, almost controlled invariant subspaces [16] and the proportional-
derivative state feedback law, u Fix + F2., for the linear system Ax + Bu.

Associated with a regular pencil we have an autonomous generalized linear system
EYe Ax which has a unique solution for an arbitrary initial condition x(0-). It has
been shown in [13] that the response of such a system to an arbitrary x(0-) consists

* Received by the editors January 3, 1984, and in revised form March 11, 1985.

" Department of Electrical Engineering, FEC-Unicamp, C.P. 6122, Campinas 13100 S.P., Brasil. Part
of this work was carried out while the author was with the Department of Electrical Engineering, Imperial
College, University of London, London, England.
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of a combination of an exponential motion determined by the finite-zeros and an
impulsive component due to the infinite-zeros of (sE- A).

The subspace in which the exponential motion occurs has already been character-
ized in [3], [15], [5]. We identify here the subspace in which the impulsive response
takes place and we also summarize the main geometric properties of a regular pencil.

In the second part of the paper ( 5) we consider the generalized linear system
E Ax+ Bu; y- Cx, such that the associated pencil (sE A) is regular.

We shall concentrate on the study of controllability and observability of the zeros
of the pencil (sE-A). Rosenbrock [10] has been the first author to study this subject
and he has given conditions for the infinite-zeros to be controllable and observable.
Verghese [13] has pointed out that Rosenbrock’s conditions were correct only in a
special case and he has then provided tests which are valid in any situation. We have
built on such tests to obtain necessary and sufficient conditions for the controllability
and observability of the infinite-zeros which are expressed in terms of the geometry
of the maps E, A, B and C. Geometric interpretations for the controllable and
unobservable finite-zeros are also given.

Notation. We shall use throughout lower case letters for vectors, capitals for
matrices and maps, and script for subspaces and vector spaces.

Im and ker denote image (range) and kernel (null space), respectively.
If A is a map and and :7 are subspaces such that Ac ff{ we then denote the

restriction of A to with codomain ’ by 7{IAI. Mat A denotes the matrix of the
map A.

If and ’ are subspaces such that c ’" then (mod ) or ff/? denotes the
quotient space {k +, k 7}, dim/ dim 7’-dim .

If is a vector space then ’ stands for the associated dual vector space.
R denotes the real line and C the complex plane.
If n is a positive integer, then _n stands for the set of integers {1, 2,. ., n}.
tr(A) denotes the spectrum of A, i.e., the eigenvalues of A counting multiplicities.
R[s] denotes the ring of the polynomials.

2. Some fundamental subspaces for a geometric description of the pencil (sE-
A). This section defines some subspaces which play a vital role later and establishes
useful connections between them.

Let E and A be maps from to , dim -- n, dim m, and let At be any given
subspace of . Consider the following family F1 of subspaces

F := {Vc IAVc EV, V }.

It can be easily seen that the above family is closed under addition and therefore
it contains a supremal element V* c vg which can be computed through the following
nonincreasing sequence [3], 17]

(1) *:= Vn, V"=f3A-I(EV"-), ue_n,

Hereafter we shall assume that A-(Im E). Thus V* is the supremal element
of the family F1 which is contained in .

It has been shown in [3], 17] that if h is a finite-zero of the pencil (sE- A) then
there exists a vector v V* such that Av hEy.

Let 7 be any given subspace of and define a family F2 of subspaces according
to,

F2 := { o/, l o/, [ CI E-I(A/,,)}.

The next proposition states that the above family has a unique least element.
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PROPOSITION 1, There is a unique element t* F2 such that t4/’* c 1" for every
F2. Furthermore l,ff* can be computed by the following sequence

(2) 4/’* := //’, o/. 3 fq E-’(At/’-’), u _n, ,t/’ O.

Proof. First note that the sequence (2) is nondecreasing. We have ’ /4 and
if W, .,-1 then te""+1 Y" fq E-(A’) r f’l E-(Al-) t4/’

Thus there exists k _n such that /4ra rak, U--> k. So ’a* //.k and /4* F:. To
show that 4/’* is infimal let //’a e F:. Then /4/a o and if 4/’a /4/’ we obtain

/a X CI E-I(A/,ra) 2n E-’(AI)
Thus /Ca o/,, Vu e _n, so that /4/’a o/,,.

We shall consider three cases for the subspace
(i) t o//,,. In this situation we denote the infimal element of F2 by *, which

is then given by (see (2))

(3) * := , " * f’l E-I(A"-), u _n, fro O.

We shall see in 3 that the subspace if* is the subspace which gives rise to a
polynomial basis for ker (sE- A).

(ii) ’/" . In this case the infimal element of F2 is denoted by /b* which in turn
is given by

(4) /4/’b* := /4,, 4/’, E-’(A/’g-1), u e _n, /4/’ 0.

It will be shown in 3 and 4 that the subspace /’b* is related to the infinite-zero
structure of the pencil (sE- A).

(iii) if ’(= A-l(Im E) we let o/,, denote the infimum of F2 (computed by the
sequence (2)). It will be shown in 4 that if (sE-A) is a regular pencil then the
subspace /4/’* defined this way is the subspace in which the impulsive response of the
autonomous generalized linear system E Ax takes place.

The next lemma shows some geometric propeies of the sequences (1-4) above
defined.

LEMMA 1. Let A-l(Im E) in the sequence (2). en
(a) Eft Aft-(b) "
(d) "= *n,
(e)
oo See Appendix.
The relevance and motivation for the subspaces above defined will be better

understood in the following sections.

3. The singular pencil. Let (sE-A) be a singular pencil and let x(s) be a poly-
nomial solution of least degree for the equation

(5) (sE-A)x(s)=O

with

X(S) Xk + SXk_ + S2Xk_2 "’" " SkXo
Substituting the above solution in (5) and equating the coefficients of the same

power in s we then obtain

(6) Axk 0, EXk AXle-l, , Ex Axo, Exo O.
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It has been shown by Gantmacher [7] that the vectors x, i (0, 1,..., k} are
linearly independent. Let "= span (x}. Then from (6) it follows that A E. This
suggests that * (note that E3-* A3-* by Lemma la) is the subspace which provides
vectors for a polynomial basis for ker (sE A). In other words if x(s), l_, is a basis
over R[s] for ker (sE A) with

Xi(S Xi,k, " SXi,ki_ r" S2Xi,ki_2-’" -" sk’xi,O

for some set of nonnegative integers {k},
{0, 1,’.’,

In order to show this consider the following family of subspaces:

F3 := {lA3- E}

such that 3- span { ti.j} with

(7) Eti,o 0, Etid Ati._t, Ati.h, 0,

where r := dim (ker E f) 3-) dim (ker A fq 3-) and h, _r, is a set of nonnegative
integers.

The following theorem states that * is the supremum of F3.
THEOREM 1. ’*= sup F and

i=1

with

such that

(8)

where

span {xi,}, dim 3- ki + 1

Exi,o O, Exi. Axi.j-l, AXi.k, O, j _ki

/:= dim (ker E fq 3-*)= dim (ker A f) 3-*)

and ki, .l, is a set of nonnegative numbers uniquely definedfrom the dimensions of the
subspaces 3-u in (3).

Furthermore, for any decomposition of 3-* as the direct sum of independent
subspaces such as in (8), it is necessarily true that dim ffi ki + 1, _/.

Proof See Appendix.
Consider the set {xi,j}, _/, j {0, 1,. , ki} in (8). As an immediate consequence

of Theorem 1 we now obtain the following result.
COROLLARY 1. Let (sE A) be a singular pencil. Then

ker (sE A) span {xi(s)}, l_,
R[s]

where

:- dim (ker E f’) *) dim ker (ker A fq 3-*)

and

Xi S Xi,ki " SXi,ki_ 14t’" "- s k’xi,O"

The set {ki}, 6 l_ coincides with the set of minimal column indices defined in [7].
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Proof. Since -* is the supremum of the family F3 it follows that xi(s), il_, is
indeed a basis over R[s] for ker (sE-A). By using (8) we then have

Mat A)I -*] P(s) diag Pi(s)], _/, where

(9) P(s)

0 0

-1 0

kix ki+

Thus P(s) corresponds to the set of canonical blocks associated with the minimal
column indices in Gantmacher’s decomposition of a singular pencil. The set {k}, 6 _/,
is the set of minimal column indices due to the uniqueness of the canonical form of
a singular pencil under strict equivalence [7].
The next theorem contains a geometric characterization for the finite-zeros of the

pencil (sE A).
THEOREM 2. Let (sE-A) be a singular pencil and consider the map Ay: V*

(mod -*) EV* (mod E*) such that AfP QAv where Ao := EV*[A[V* and P: V*
V* (mod if*), Q: EV* - EV* (mod E*) are the canonical projections. Then

o-(Af) {finite-zeros of the singular pencil (sE A)}.

Proof. Let V1 be any subspace such that

(10) V* r*q) oV1

and note that V1 M ker E 0 since V* ker E 0*.
Next we show that Eff*fq EV1 0. Suppose that Et Ev, for -*, 0 # v V.

Then v ker E fq V* and thus v *, which is impossible. Thus we may consider
the direct sum

11 Eft* q) E//’

so that in the decompositions (10)-(11)

[EOr.l(sE- a)lor,] [P(s)Mat
L 0

where P(s) is as in Corollary 1 and

A121
A22J

Mat E*IA ff’l].

Since an eigenvector v associated with a finite-zero A belongs to V*, i.e., Av
AEv=:>v V*, it follows that the finite-zeros of the pencil (sE-A) coincide with the
eigenvalues of A22.

As a matter of fact, A22 is the representation of the map AI defined above. The
following commutative diagram illustrates the definition of AI.
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F’* Av EF*

F*(mod if*) As EF*(mod E-*)

To show that the diagram commutes, note that if* implies Aot Et for some
tl if*. Thus AyP- QAv and the map Ay is well defined.

Comment. As mentioned previously, in [3] the minimal column indices have been
identified with the controllability indices of a certain pair of maps (F, G) while the
finite-zeros have been associated with the eigenvalues ofthe uncontrollable map derived
from the pair (F, G) 18]. The aim of Theorem 1, Corollary 1 and Theorem 2 has been
to show that we can obtain this information (minimal column indices and finite-zeros)
and a polynomial basis for ker (sE A) by using only the geometric concepts introduced
in the previous section.

We proceed with the geometric description of a singular pencil by identifying its
infinite-zero structure and a polynomial basis for ker (sET--AT") or, equivalently, a
polynomial basis for the left kernel of (sE- A).

From Gantmacher’s decomposition of a singular pencil [7] it follows that to an
infinite-zero of order gi there corresponds a subspace 7, dim gi / 1 such that

(12) E/c Ao/r, //F fq ker A 0

and such that the map N:= A/4rIEIF has all eigenvalues equal to zero, i.e., there
exists a chain of linearly independent vectors {wi,j} which span tf (see also [8, Thm.
6]) such that

Ewi,1 0,
(13)

Ew,j Aw,_1, j{2,..., g+l}.

By using (13) we obtain the following representation:

Mat [A/fl(sE-A)l/] sN- l, where

(14) N--

0 1 0 0

0 1

(gi+l)x(gi+l)

Verghese 14] has shown that the pencil (sN- I) has an infinite-zero of order gi.

The concept of an infinite-zero is a generalization of the concept of a finite-zero in the
sense that the pencil (sN-I) loses rank at s oo.

The next lemma contains some results which will allow us to proceed with the
description of structural features of a singular pencil.

LEMMA 2. Let (sE A) be a singular pencil for which F* 0 in the sequence (1).
Let l*b be given by the sequence (4). Then"

(a) kerRtsl (sE A) 0 and the pencil has no finite-zeros.
(b) Et/F*b c Al*b and the map N := AF*b]EllC’*b has all eigenvalues equal to zero.

The infinite-zero structure of (sE- A) is determined from the Jordan decomposition
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of N. Moreover

(15) /4/’b* sup { /lEg/" c a/#’}.

(c) Consider the maps

/" (mod /#’b*) (mod A/4/’b*)

and

such that

,’ (mod /b*) (mod A/’b*)

.P QE, liP QA,

where P" (mod //’) and Q"-(mod AC’*b) are the canonical projections.
Then the pencil (sE A) has no finite and infinite-zeros and kerRtsl (sE A) 0.

Furthermore, the rows of (sE-A) are linearly dependent over R[s].
Proof. it is intuitive that if * =0 for the pencil (sE-A) then the structural

invariants of such a pencil consist in general of infinite-zeros and minimal row indices
only. Therefore (sE- A) is in general a pencil with a number of rows greater or equal
to the number ofcolumns. A formal proofofthe above theorem is given in the Appendix.

We are, finally, in a position to obtain the infinite-zero structure of the singular
pencil (sE- A) as well as a polynomial basis for the left kernel of (sE- A). For this,
let A and E be maps defined by

(16) AP QA, EP QE,

where

P" - (mod *), Q" (mod Er*)

are the canonical projections. We then have the following theorem.
THEOREM 3. Let (sE-A) be a singular pencil. Then its infinite-zero structure

coincides with that of (sE- A). Moreover, a polynomial basis for the left kernel of
(sE- A) is also a polynomial basis for the left kernel of (sE- A).

Proof. Let := sup { 1//’1/} and write := p-1. Then ,Pc/P, which
implies QAc QESf. Hence

which implies

so that

A E+ E//"*

A(+ o//,,) m E(+ F*)

+ o//,, c *=::>c*/7" 0.

Since o//, 0 we then conclude from Lemma 2 that the pencil (sE- A) has no
finite-zeros and its columns are linearly independent over R[s]. By using the results
of Corollary 1, Theorem 2 and Lemma 2, it follows that the pencil (sE- A) admits
the following triangular decomposition

sE-A
(17) Mat(sE-A)=

0
0
0

X X X

sI-As x x
0 sN-I x
0 0 sE4- A4
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where

and

x]sI- Ay
Mat [EV*I(sE A)I*]

sN
i Mat (-g).I X

0 sE4- A4
The pencil (sE-A) is given by diag [Pi(s)], i_/, where Pi(s) is as in (9). It can

be easily seen that there exists a minor M in (sE-A) such that det M skl+’’’+k’,
i.e. the rows of (sEI-A) are linearly independent over R[s].

The pencil (sI-Ay) is regular and the eigenvalues of A,. coincide with the
finite-zeros of (sE A).

The pencil sN-I has only infinite-zeros. The Jordan decomposition of the map
N (see Lemma 2b) determines the infinite-zero structure of (sE-A).

By Lemma 2c, the pencil (sE4-A4) has no finite and infinite-zeros, kerR[s] (sE4-
A,) =0 and its rows are linearly dependent over R[s].

It now follows that a polynomial basis for the left kernel of (sE4-A4) is also a
basis for the left kernel of (sE- A).

Comment. The triangular representation (17) is valid for any singular pencil. Van
Dooren [ 11 ] has obtained a similar representation by means of algorithms which make
use of the technique of singular value decomposition. His work is concerned with a
stable numerical method which extracts the invariants of a singular pencil whereas
this paper deals with the geometric structure of such a pencil.

In the remainder of this section we give geometric criteria for the rows or the
columns of a singular pencil to be linearly independent over R[s]. First we need a
preliminary result.

Consider the maps A and E in (16) and define the following sequence of subspaces

(18) o/rb := o/,, o/.=/-,(o/-,), u _n, /rb =0.
The next lemma establishes a relation between the sequence above defined and

the sequence (4).
LEMMA 3. ’b FWb, where P: --> &C(mod V*) is the canonical projection.
Proof See Appendix.
THEOREM 4. Let (sE- A) be a singular pencil. Then"
(a) Its columns are linearly independent over R[s] ifand only if* W’ * 0

(equivalently, l/’* VI ker E 0).
(b) Its rows are linearly independent over R[s] if and only if l/’*+
Proof (a) Immediate from Corollary 1.
(b) From (17) we have that the rows of (sE-A) are linearly independent

over R[s] if and only if ’b (mod V*), i.e., if and only if *+ Vb* by using
Lemma 3.

4. The regular pencil. In this section we derive several geometric properties for
regular pencils. An obvious necessary condition for a pencil (sE- A) to be regular is
that E and A are square maps. We then assume that E and A are maps from
dim n.

We first show geometric criteria for (sE-A) to be regular.
TI-IEOREM 5. The following statements are equivalent:
(i) (sE A) is a regular pencil.
(ii) *0) o/g.. .
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(iii) F* fq ker E O.
(iv) EOF*
Proof. (i)(ii). From Theorem 4 we have that the rows and the columns of

(sE-A) are linearly independent over R[s] if and only if
(ii)(iii). Since /b* = ker E, we obviously have OF* f’) ker E 0.
(iii)(i). Since OF* f’l ker E 0, then from Theorem 4 we obtain that the columns

of (sE-A) are linearly independent over R[s]. Since E and A are square maps it
follows that the rows of (sE- A) are also linearly independent over R[s] and hence
(i) follows.

(ii) =:> (iv). Note that F* 0 /b* 0 implies ker E f’) F* 0 and ker A f’) /b* 0.
Thus dim EV*= dim OF* and dim A/T’b* dim /’b*. Now suppose that

Ev=Aw, vOF*, w

This implies wA-I(EOF*)= OF*, which is not possible. Thus w=0 and hence
Ev 0. Since ker E OF* 0 we then have v 0, so that (iv) is true.

(iv) =:> (i). Consider the decompositions (ii) and (iv) in the statement ofthe theorem
and define the nonsingular map M-I: by

Ex, x OF*,(19) M-Ix
Ax, x td/’*b.

Since AOF*m EOF* and E/b* m A/C’b* it now follows that the subspaces o//., and
/d/’b* are simultaneously MA- and ME-invariant, with

(20) L:= MAl *, J := ME tC*
(21) MEIOF*= I, MA]I= I.

It now follows that in the decomposition (ii) the pencil M(sE-A) admits the
representation

(22) MatM(sE_A)=[sI-L 0 ]0 sJ-I

Since OF* is the supremum element of the family F which is contained in it
follows that the map J is nilpotent (MEw hw, 0 # w lC*, 0 h C implies Ew
hM-w hAw, i.e. we V* and hence w=0).

Since J is nilpoten it follows that det (sJ-I)=(-1) r, r:= dim o/., and from (22)
we conclude that the pencil is regular. [3

Remarks. (i) The decomposition Theorem 5(ii) has also appeared in [9] and has
been obtained by a different method.

(ii) The subspaces OF* and /4* in [5] have been described in terms of eigenspaces
of (AE-A)-IE.

We now turn our attention to the autonomous generalized linear system

(23) E: Ax

which is closely connected with the pencil (sE- A). This is easily seen by taking the
Laplace transform in (23) which yields

(sE-A)x(s) Ex(O-)

where x(0-) is the initial condition for (23).
When the pencil (sE-A) is regular then the solution of (23) exists and is unique,

namely
x(s)=(sE-A)-lEx(O-).
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We shall concentrate on systems described by (23) whose associated pencil is
regular.

Let M be the map defined from its inverse in (19) and consider the following maps:

(24)

and

(25)

Qv" *, the projection on o//.. along 4b*

Qw" - Wb*, the projection on b* along *.

Premultiplying (23) by QvM and QwM, respectively, it follows that the system
(23) can be decomposed as

(26)

and

(27)

where L and J are as in (20).

J:w Xw, Xw 14/’*b

The solution of (26) to an arbitrary initial condition x(0-) is well known and is
determined by those finite-zeros of the pencil (sE-A) which are excited (note in (22)
that the eigenvalues of L coincide with the finite-zeros of (sE-A)).

The solution of (27) to an arbitrary initial condition xw(O-) W*b is a distribution
(delta functional and its higher derivatives) and as pointed out in [13] we should
consider the distributional differential equation

(28) J:w Xw + 6xw(O-)

where 6 denotes the delta functional.
Recall that J is a nilpotent map and let J be taken in the Jordan canonical form,

i.e.,

(29)

where

J diag (J1,""", Jp, 0),

0 0 0

0 (n+l)x(n+l

In (29) the map J is decomposed into p(p >_-0) blocks Ji of size ni + 1 and a zero
block of dimension m(rn->_ 0) so that

Y (ni+ 1)+ rn =dim Wb*.
ip

It is well known 14] that the pencil sJ- I has p infinite-zeros of respective orders
ni, i p. The integers p, n and rn will be identified in a moment.

Let xT=[xl, Xp, xp+l] , where x is a column vector of size n+ 1, i p, and
xp+l is a column vector of size m.

The block diagonal structure of (29) implies that the equation (28) becomes
decomposed as

(30) J,, x, + 6J,x,(0-), 6 p

and a trivial equation Xp+ O.
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The variables Xp+ are called static variables in the sense that they exhibit no
dynamical behaviour, it has been shown in 13] that the distributional solution of (30)
is given by

(31)

Xi,1 --Xi,2(0-) Xi,ni+l(O-)(ni-1),

Xi, ni --Xi,ni+l(O-)

Xi,ni+ O

where $(h) denotes the distributional derivative of order h of &
The subspace in which the distributional solution (31) takes place will be identified

from a result of the next theorem which describes some structural features of the
regular pencil (sE A).

THEOREM 6. Let (sE- A) be a regular pencil Then"
(a) There are dim * finite-zeros which are the eigenvalues of the map L defined

in (20).
(b) There are p:=dim (ker E fqA-l(Im E)) infinite-zeros of respective orders ni,

p, which are determined from the dimensions of the subspaces t’ in (2) (with

" -- A- (Im E )). Further

ni dim /’a*.
ip

(c)

(32) A-(im E)= V*@

and

(33) Im E E*@A/*.

(d) Let c ker E be any subspace such that

(34) q) (ker E (] A-l(Im E)) ker E.

Then there are m := dim A static variables which do notplay any role in the determina-
tion of the zero structure of (sE- A).

Proof. (a) See (22).
(b) Since the map J is nilpotent it follows that there exists a basis {w,j} for /b*

such that

(35) EWi,l=O; Ew,j=Aw,s_l,ip,j{2,. .,n+l}

and

(36) Ewi,1 =0, {p+ 1," , p+ m}.

It is clear from (35) that for p, span {w,} ker E fq A-(Im E). From (35) and (2)
it also follows that w,j o/., p, j _n. Let /ra := span { w,}, p, j _ni. Hence

From (35) and (36) it is easy to see that dim /a =dim /’b*-dim ker E. From
Lemma (1 e) we obtain that E/C’b* A//’* and since the pencil is regular it follows that

dim o/. dim /b*-dim ker E.
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Therefore Wa W* and since wi,j tg, i p, j _hi, it follows that the orders of
the infinite-zeros can be determined in the following way. Let. := dim [ /C ]
and define

n := number of integers in the set {1, t)2, , tn) which are ->_ i.

Then

ti1 -> n2 -->" -> tip => 1 with n dim /4/’*.
iep

(c) First note that o//.,q)o/4/., c A-l(Im E) and let /b be any subspace such that

*=*.From Lemma l(c), f] A-l(Im E)=0. Thus ’= o//,, og/.a, o//.b and
then (32) follows.

To show (33), note from Theorem 5(ii), (iv) and Lemma l(e), (c) that

Im E E EF* + E/b* EF*@A/’*.

(d) It is clear from (36) that for {p+ 1,, ., p+ m} we have that span {w,l}
where W is as in (34).

Consider /4/’ ker E f’l A-l(Im E) and let c1 be any subspace such that

(37)

Note that A/’ c Im E and that Afff)Im E 0. Since the pencil is regular we also
have that dim Aft dim ft.

Let c2 be any subspace which yields a direct sum for the following decomposition

(38) Im E 0) (2)AV.

Let x e be represented in the decomposition (37) and Ex and Ax be represented
in the decomposition (38). Hence

(39)
I 0 0 All A12 0

Mat E 0 0 0 Mat A= A21 0 0

0 0 0 A31 0 I

where the identity matrix in Mat E has dim Im E and the identity matrix in Mat A
has dim m.

Consider the pencil (sE- A) with E and A as in (39) and postmultiply it by the
nonsingular matrix

0 I 0.

-AI 0 I

This operation does not alter the zero structure of (sE- A) [7] and the resulting pencil
is represented as

IsI-all -A12 0 1-A21 0 0
0 0 I
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It is clear from the above block diagonal structure that the zero structure of
(sE- A) can be obtained from the reduced pencil

sI-A -A12 [..]
-A2 0

COROLLARY 2. (a) The number of zeros of the regular pencil is dim E.
(b) The distributional response (31) belongs to

Proof (a) This fact is well known [13], and follows from Theorem 6(a), (b), (c).
(b) By using (35) it follows that the components xi,j, p, j 6 _hi belong to
Comment. From Corollary 2(b) and (26), it follows that the total response of (23)

to an arbitrary x(0-) belongs to A-l(Im E) (see (32)). This has a simple interpretation
for a discrete time generalized linear system Ex(k + 1 Ax(k), where x(k) must belong
to A-l(Im E) in order for x(k+ 1) to exist.

Other consequences are stated next.
COROLLARY 3. (a) The regular pencil (sE-A) has no infinite-zeros if and only if

ker E fq A-l(Im E)- 0.
(b) Suppose that the regular pencil (sE-A) has infinite-zeros. Then there exist no

static variables if and only ifA ker E c Im E.
Proof (a) From Theorem 6(b) we have that (sE-A) has no infinite-zeros if and

only if W* 0, i.e. ker E CI A-l(Im E) 0.
(b) Since (sE-A) has infinite-zeros then we must have ker E fq A-l(Im E)# 0.

From (34) we then obtain that (sE-A) has no static variables if and only if N=0,
i.e. ker E f)A-(Im E)= ker E, or equivalently ker E c A-(Im E):>
A ker E c Im E.

Corollary 3 will be useful in the following section.

5. Controllability and observability for generalized linear systems. In this section
we consider the generalized linear system E:

(40) E: E: Ax + Bu, y Cx,

such that the associated pencil (sE A) is regular, x := R", u q/:= Rm, Y := R r.
Consider the maps Qv and Qw in (24) and (25) and let M- be the map defined

in (19).
Premultiplying (40) by QvM and QwM, respectively, it follows that in the decompo-

sition of the Theorem 5(ii) the system (40) becomes decomposed as

(41 :v Lxv + Bvu, xv *,

(42) Jw Xw + Bwu, Xw W’b,

where
y Cxv + Cwxw,

B QvMB, Bw QwMB,

co= Cw=ClSr* .
In the following we describe the modal criterion for controllability and observabil-

ity of the zeros of the pencil (sE-A) [14]. Accordingly, we shall say that the system
is controllable or observable.

Test 1. The system is controllable if and only if the pencil [sE- A B] has no
zeros (finite or infinite).

Test 2. The system is observable if and only if the pencil [Sc-A] has no zeros
(finite or infinite).
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From the above tests and the fact that J is nilpotent, it follows immediately that
E is controllable and observable at its finite-zeros if and only if the pencils [sI- L Bo]
and sI--L-

cv have no finite zeros.
We first give a trivial interpretation for the reachable and unobservable subspaces

corresponding to those controllable and unobservable finite-zeros.
PROPOSITION 2. Let F* be the subspace given by the sequence (1). Then:
(a) The reachable subspace is the least subspace OFt c OF* such that

AOFc Et/’ and EI/’@Al"*b
(b) The unobservable subspace is the largest subspace OFu c OF* such that

AOFu c Et/’u and //’,ckerC.

Proof. (a) Let := Im B. It is well known that the reachable subspace is the least
L-invariant subspace OF which contains o QoM, i.e.,

(43) L/,.

and

(44) F D QoM.

But (43) is equivalent to AOF c ET’ and by using (21) and (19) it follows from
(44) that

QoM QoMET’:J QoM)-I QoMET’c EOF +M-1 14/" EOF A

(b) The unobservable subspace is the largest L-invariant subspace OFu which is
contained in ker Co which is equivalent to AY’ EOFu and

Remark. Note that when OF* (therefore /#’b* 0) and E I, the above proposi-
tion merely gives the reachable and unobservable subspaces for the linear system

Ax + Bu; y Cx.
Hereafter we shall concentrate on the study of controllability and observability

of the infinite-zeros for the system Z. Note that the infinite-zeros of the pencil (sE A)
are situated in the pencil (sJ-I). Thus the analysis of dynamic properties of the
infinite-zeros, such as controllability, must be carried out on the subsystem

(45) Jw Xw + Bwu.
Let q be the index of nilpotency of J, namely, q is the least positive integer such

that Jq= O. Campbell [4] has shown that if the control u belongs to the class of the
q- 1 ditterentiable functions, then the unique solution of (45) in the class of functions
is given by

q--1

Xw( t) , JiBwu(i) t), >- 0
i=0

where u(i)(t) denotes the ith derivative of u(t).
Cobb [6] has shown that the reachable subspace w relative to the system (45)

is given by

rw Jlw := w +JJw +" + Jq-ljw

with w Im Bw. The reachability property implies that any point in w can be reached
at any time by using a suitable control u together with its derivatives.

It is shown next that we may have a situation where w /Cb* and yet all the
infinite-zeros are controllable.
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5.1. Controllability of the infinite-zeros. We shall show that controllability of the
infinite-zeros is equivalent to reachability of certain quotient spaces. Let J"
be the map defined in (20) and let o/ c ker J be any space such that

(46) /4/’ (ker J f’l Im J) ker J.

Note that o/. provides only simple eigenvectors to the nilpotent map J, in the
sense that if { wi}, _t, :- dim o/, is a basis for o/$r then Jwi O, 1 and there exists
no chain of eigenvectors starting from wi, !. In other words, the subspace //’ can
be associated with all the simple elementary divisors of J.

Let offr := /’b*(mod 1) and let P:=
be the unique map induced in V such that JP PJ and let B :- B(mod /) - V.

Matrix representations for J and B can be readily obtained. For this, let /2 be
any subspace such that b* 1)2o Then in this decomposition

(47) Mat J
J2

Mat B B
with Mat J J and Mat B B.

Note from (46) thatJ 0
and . The last statement can be readily verified by thinking of the
eigenvector chains of J and (46). Thus by [18, Prop. 0.5], it follows that the elementary
divisors of Jl with those of together, give all the elementary divisors of J. Hence
J is a ma which possesses all the elementary divisors of order greater than one of J.

Let be a subspace as described above. Then J =0 in (47) and the system
(45) can be decomposed in the following way:

(48) xl -Bu
and

(49) J22 xz+ Bzu
where x 6 and x2

Note that the subsystem (48) is "static", in the sense that at each instant t, x(t)
is a linear combination of the control variables u(t). We recall that the variables x
have the same nature ofthe variables described in the previous section as static variables.

Test 4.2 in [ 13] gives a necessary and sufficient condition for the infinite-zeros to
be obseable. The dual of that test gives a necessa and sufficient condition for the
controllability of those zeros and it is described next.

Test 3. Apply nonsingular transformations on the right of the pencil [sE- A B]
so as to bring it to the form [sE-A A B2], where E has full column rank and
A [A A2]. Then the system X is controllable at its infinite-zeros, i.e., the pencil
[sE- A B] has no infinite-zeros, if and only if

(50) Im E1 + Im A2+

We are now in a position to link the reachability concept described previously
and the modal controllability concept introduced in Test 3.

THEOREM 7. if" is reachable, namely (]lw)= off/. if and only if the system (45) is

controllable (at infinity).
Proof. It is well known [18] that (Ylw)= if and only if

(51) Im (AI-J)+w /4/" VA C.
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Since J is nilpotent it is clear that (51) holds for A 0. Therefore

(52) (y[) o/, Im Y+
Taking J in Jordan canonical form and applying Test 3 to the pencil [sJ-!

it is readily seen that the condition (50) reduces to (52).
Based on the result of Theorem 7, a procedure can be given to obtain the

controllable subsystem of a system given by (45).
1. Choose any subspace according to (46) and take any subspace 2 such

that 2 .
2. Compute the pair (J22, B2).
3. Compute the least J22-invariant subspace which contains Im B2, i.e.

(J22[Im B2). By taking as pa of a basis for 2 we then obtain the following
representations

Mat J22
J 2 Mat B2

B
0 J 0

so that the subsystem J22 x2 is uncontrollable and Jx x+u is controllable.
Remar The procedure above described to obtain a controllable subsystem is not

based on a canonical form as in reference [13] whose authors have pointed out the
need for a geometric language to describe the concepts of controllability and obseabil-
ity of the infinite-zeros.

The next theorem contains a necessary and sucient condition for the controllabil-
ity of at infinity.

THEOREM 8. e system is controllable at infinity if and only if

(53) Im E +A ker E + .
o Let beta suspace as in (46) and let 2 be a subspace such that
2 and 2 2. is implies J2=0 in (47) and note that (J22, B2) is

the pair induced in 2. The space is now decomposed as

(54) =* 2.
Let M- be the map defined in (19). Since ImE=E and =kerJ=

ker MEI ker E c , it follows that the premultiplication of the left-hand side
of (53) by M results in

ME(*2)+ MAker E +M.

By using (20)-(21) and (46)-(47) it follows that the above expression is equal to

(55) *Im J22+(kerJOlm J)+Im B2.
But ker J Im J ker J22 and since J22 is nilpotent it follows that ker J22 Im J22.

Thus (55) can be rewritten as

* (Im J22 + Im B22).

Hence M(Im E +A ker E +) if and only if Im J22+ Im B2 2 or by (52)
if and only if the infinite-zeros are controllable.

Remarks. (a) Note that when the regular pencil has no infinite-zeros, then by
Corollary 3(a), A ker E Im E 0 so that Im E A ker E .

This simply means that absence of infinite-zeros in the pencil (sE- A), obviously
implies absence of infinite-zeros in the pencil [sE- A B].
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If (sE- A) has infinite-zeros but has no static variables, then by using Corollary
3(b), the condition (53) reduces to Im E + 3- , which is the condition given by
Rosenbrock [10] and Cobb [5]. This shows that their condition is correct if no static
variables are present.

(b) From (53) and (20)-(21) it follows that

(56) Im J+ ker J +w /4/’.

Thus conditions (52), (53) and (56) are equivalent necessary and sufficient condi-
tions for controllability of X at infinity. The condition (56) has shown up in [5] in
connection with the existence of a state feedback map that converts the infinite-zeros
into finite ones. (See also [2] on this subject).

5.2. Observability of the infinite-zeros. Consider the system

(57) J:w Xw y Cwxw.
Write again /4/’b* /4/’ 03 //’2, where /4/’1 is as in (46) and //’2 is such that J//’2 c /2.

Then by using this decomposition for /4/’b* it follows that (57) can be written as

o]r. w,l=rxw,lJ22 Lw2.] LXw2.J’ Y Cwl Cw2]LXw2J"
Hence Xw- 0 and y- CwEXw2. The system (57) is said to be observable at infinity

if there are no impulsive motions in ker Cw2. This is simply an extension of the
observability criterion for exponential modes (caused by the finite-zeros).

Let (ker CwEIJE2 := ker Cw2 f’l J2 ker Cw2 f’l" [-1J+ ker Cw2 where q is the
index of nilpotency of J22 (and of J). We then obtain:

THEOREM 9. (ker CwEIJE2) 0 ifand only ifthe system (57) is observable (at infinity).
Proof Identical to the proof of Theorem 7 on considering the pair (J2, C and

noting that (ker CwElJE2) 0 if and only if (JEllm CwT2} o.
Remark. By using a duality argument it follows that the subspace (ker C221J22}

corresponds to those infinite-zeros which are unobservable and this fact can be used
in a procedure to extract the observable infinite-zeros.

The next theorem shows how observability can be characterized directly in terms
of the maps E, A and C.

THEOREM 101. The system X, is observable at infinity if and only if
(58) ker E f’l A-(Im E)f’l ker C -0.

Proof. Let H(s):= [Sc-A]. Since the zero structure of H(s) coincides with the zero
structure of[sET.-AT. C7.] [14], we then obtain from Theorem 8 that the pencil H(s)
has no infinite-zeros if and only if

Im E 7- + A7. ker E 7. + Im C 7. ’.

By dualizing this last relation we then obtain (58).
Remarks. (a) Note from Corollary 3(b) that if the pencil has no static variables

then (58) reduces to ker E fl ker C- 0 and if the pencil has no infinite-zeros then by
Corollary 3(a), ker E (’1A-l(Im E)-0, which means that absence of infinite-zeros in
the pencil (sE- A) implies the same in the pencil H(s).

A referee has pointed out he believes that Theorems 8 and 10 are contained in a paper by D. J. Cobb
(to appear in IEEE Trans. Automat. Control). Such theorems have appeared in the Ph.D. thesis (September,
1983) of the author of this paper, and since then the author has not been aware of any published work
containing the mentioned theorems.
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(b) Let {wi}, ip, be a basis for /4/’l,=ker E n A-l(Im E). Then from (58) it
follows that the system E is observable at infinity if and only if the vectors Cwi, p,
are linearly independent. This is equivalent to the test given by Verghese 14] which
states that the columns of C corresponding to the first position of each Jordan block
of order greater than one of J are linearly independent if and only if E is observable
at infinity.

6. Appendix.
Proof of Lemma 1. (a) It is proven in [3].
(b) Note that ffl
Assume that -,-1 oV. n o/-1. Then

" V* n E A V* n l-V* n E-(Al’- n EV*)

n E-’(AI,I/"-’) n E-’(EOt/"*)
//’* n (E-’(A/,-’) n (* + ker E))

* n (E-’(AI,-’) n T* + ker E)

E-(AOt’-) n o//., + o//., n ker E

(c) The proof is analogous to (b) if we replace 7/’* by ’[= A-(Im E).
(d) From (b) and (c),
(e) By using (c) we obtain

A/- A(A-(Im E) n off,-) AOtV,-1 n Im E

and

EI4/" E(E-’(AI,t/’,-’)) A-’ n Im E. [1

Proofof Theorem 1. We first show that any subspace of the family F3 is contained
in 3-*.

Note that

ti,o ker E n er ker E n
and suppose that ti,_ *, j {0, 1,. , hi- 1}. Then

ti, E-I(A*) n c E-(A*) n * *.

Finally,

ti, h, E-(A*) n ker A E-(A*) n * *.

To show that the subspace * is the supremum of the family F3 it then suces
to write * as in (8). For this, consider the sequence " in (3) and define

(A.1) O := dim
_

u e .
By Lemma l(a),=Au-l, which implies

(A.2) p, =dim (ker E n ")- dim (kerA "-).
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From Lemma 1 (b), it follows that ker E f’l if" ker E f’l F* ker E f’l 3*, so that
dim (ker E 0 if") l, u _n. By using (A.2) we also obtain

p. p.+ + dim [ ker a f’l " ]ker A fq "-
and since ff"D ft.-l, the result is p.->_ p+l.

Let qe_n be such that ffqfqkerA=ff*kerA. Since dim(kerEf’)ff*)=
dim (ker A f’l if*) we then obtain from (A.1) and (A.2) that

t91+ 02 +" "+ pq dim ’* and pq+l pq+2 p. 0.

Let X//. := ker AIq ff, uq. Since ff"-lc if", then Mc M2c- . Mq. Let M’c
M. be such that

J._J’. ., u{2,3,...,q}.

Hence we can decompose as

(A.3) .=..-L, uaq

with ’ :=
Let d. := dim L, u q and let X.,._ be a matrix of dimension n x d. such that

(A.4) Im X.._ =’ uq.

Since Eft= Aft-, it follows that the equations

(A.5) EX, AX._, u {2," ", q}, j {1,..., u- 1}

can be solved backwards for matrices Xj_ of dimension n x d such that Im Xj_
ff- with

(A.6) EX,o 0 and AX._ O.

We need the following result.
LSMMA A. e matrices Xj_, u {2,. ., q}, j {1,. ., u 1} are monic. e

subspaces Im Xj, u q, j {0,. ., u- 1} are independent and

q u--1

if*= E ImXj.
u=l j=0

oof We shall show that ker E Im X, 0. This will imply that the solution
matrices Xj_ 0 are monic and ker A Im Xj_ 0.

The proof is by induction. Suppose there exists x_ Im X,_ L such that
Ex_ O.

Since x_ ker A we then obtain x_ ker E if* ker A . But x_ L
and ’ =0. us x_ =0.

Now assume that ker E Im Xj 0, j { u 1, u 2," , 2} and suppose there
exists a vector x_ Im X,_ such that Ex_ 0. This implies that there exist vectors

x, , x_ such that

Ex Ax_, x Im

Ex_ Ax,,
Axu-1 O, xu-1
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which implies xu-1 e t’u (qker AIq ff"-J+l ’ fq 5t_j+ =0. Thus x_ =0 and there-
fore xu_: x_3 xg xg-1 0.

In the following we prove that the subspaces Im Xud, u e q, j {0, 1,. , u- 1}
are independent, i.e., that

q u-1

Y y x,, 0
u=l j=0

implies a,,g 0, where au.j is a vector of dimension d x 1 over the field of the reals.
Note that it suffices to prove that the subspaces Aim X,., u{2,3,..., q},

j {0, 1,. ., u 2} are independent because AX,.u_I 0 and the subspaces Im X,.,_
u .q, are independent.
Thus consider

q u-2

E E AX,,,a,,, O.
u=2 j=0

(A.7)

with

(A.8)

By using (A.5) we then obtain a sequence of vectors (Xo, xl,"" ", Xq-2) such that

Exo O, Ext Axo, Exq_2 Axq_3, Axo_2 0

Xq_2 Xq,q_l Olq,o

x_ x_,,__,,o) + x,_,o+x,_, ,,,),
x_ (x_=,_,_,o) + (x_,,_,,,_,,o+ x_,,_,_,,,)

+ (x,_%o+ x,_,,, +x,_,%)
(A.9)

Xo (x,,, c,,o) + (x,,,,o+ x,c,,,) +...

+ (x,,,o+ x,,, +... + x,_,m_)+...
+ (x,,,o+ x,,, +... + x,_,,_).

Now (A.7) implies xq_2kr A VI -1--q-1 and from (A.8) we obtain xq_2
/q--1Nd 0. Since Xq,q_l is monic we then have

(A.10) aq,O 0.

Again from (A.7) we obtain Axq_ --0, which implies

%-3 ker A f) 3"-2 5tq_2.

By using (A.9), (A.10) and (A.4) we then obtain

Xq . d,q 21" d tq( ,/ tq O.

Since and q-1 are independent subspaces, the result is aq-,o aq, O.
Proceeding this way, we obtain at the last step

Xo, f3(....a;) o
and consequently a, 0, u e {2,. , q}, j e {0,. ,, u 2}, which implies that the
subspaces Im X,, u e q, j e {0,. ,, u 1 } are independent.

Since the subspaces Im X.o, u e q, are independent with dim3a Im X.ou=l
qEu"I du and since dim (ker E f’l 3"*)=dqm (ker Af’l 3*), it follows that

3"1 ker E f’l 3"* @ Im X,o.
tt=l
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From (A.2) we also obtain that for c q

q q q

c= Im Xu,o ) Im Xu,1 )",’" 0) Im Xu,
u=l u=2

and then

q u--1

q-’’*’-" ImXu,j;
u=l j=0

which concludes the proof.
Continuation of Theorem 1. Let yi: Yq=i d and consider the following set of

vectors {x,,j}, j {0, 1,. ., q- 1}"

{Xi,o} := [Xl,o; X2,o; Xq,o], T1,

{xi,1} := [X2,1; X3,1; Xq,1], ’2,

{X,,q_} := [Xq,q-1], T_ q,

i.e., {x,j}, i Y_j+l, is a set formed from the union of the columns of the matrices

Analogously to the definition of the. controllability indices of a pair (A, B) in 18],
let

ri := number of integers in the set {p, p2,""", &} which are _->i.

Then

rl>= r2>_ >= rl>-- l.

Write k := r- 1, e _/, and note that k q 1. Since the vectors {x,j} above defined,
constitute a basis for if*, it then follows that

i=1

with - span {xi,j}, dim i k + 1, such that

Ex,o 0, Ex,, Ax,,_l, AXi,k, 0,

that
Now suppose that * --Gli=l ffi, where span {xi.}, dim 3- m, + 1 and such

Exi,o O, Exi, Axi,j-1, Axi,m, 0, j _mi.

Fix an index j {0, 1,. , n} and let S be a subset of _/, such that x., S is a
vector of the above basis. Then we must have dim span {x,,j} &/, i S, which
immediately implies that m, k,, _/.

Proof of Lemma 2. (a) The statement of this item follows from Corollary 1 and
Theorem 2. Also note that *= 0 implies ker A 0.

(b) From (4) we have that /’b* E-a(A/Cb*) and thus E/b* c A/4/’b*.
Suppose that N has an eigenvalue h 0. Then there exists a vector 0

such that Ew hAw, i.e., Aw h-Ew which implies w V* 0.
Therefore all eigenvalues of N are equal to zero and N admits the following

Jordan decomposition

Mat N diag (N1, , Np, O)
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where Ni, p, is a matrix as in (14) with dim N g+ 1, g >-1. It now follows that
the pencil (sE- A) has p infinite-zeros of order g, e p.

In order to show the statement (15) consider the family F4 of all subspaces
described by (12), i.e.

F4 { o/ [EO/ A}

and such that the map N := A[E[ has all eigenvalues equal to zero.
We show next that is the supremum of the above family. This can be easily

seen by using induction in (13), i.e. w, and if w,_- then w,
E-’(A-’) .

Next spos that is a proper subspaee of := sup {]Em A}. Thn
the map on eigenvalue A 0 which implies that there exists
O# w but w such that Ew AAw which again implies w * =0, which
proves (15).

() Not that for w we hv Ew Aw, w , and thus the map is
well defined.

We now show that the maps and are moni, i.e. ker kr O. Suppos
there exists (mod) kr .

Ex O,

whence

Ex A.x E-(A)
and then ; 0. Analogously, suppose that ker . Then

and since A is monic, it follows that x and hence 0.
Since and are monic it follows that the pencil (s-) has no infinite-zeros

(see Q3)) and kerr (s-)=0, because the subspace * relative to the maps
and A is zero.

In the sequel we show (as expected) that the pencil (s-) has no finite-zeros.
Note that since A is monic, then A =0 is not a finite-zero of (sE-A). Now suppose
there exist 0 # A C and such that AEr. en

(A.II) , ,Pr QEr A-’ QAr.

Let v := span {r}. Then from (A.11) it follows that Eve Av+AI’ and hence

E(v + W/’*) c A(v + W/’*).

From (15) we then have v+ /b* o/, whence ve o/., and therefore =0.
Since the pencil (s/-,) has no finite and infinite-zeros and kerRts] (s/- .)=0,

it then follows that its rows must be linearly dependent over R[s], i.e., there exists a
vector xr(s) with components in R[s] such that xr(s)(s#.-,)=O.

Remark. A polynomial basis for ker (sE r_ At) can be computed as indicated in
the proof of Theorem 1.

Proof ofLemma 3. For u 1, o/. ker/ and o/., ker E. We have to show that
ker E P ker E.

Let (mod //’*)ker/. Then by using (16) we obtain O=ff.=ff.Px=QEx,
which implies Ex El/"*. Hence, x o//., + ker E
P ker E. Now, let x ker E. Then 0 QEx EPx, so that P ker E ker E.
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Assume that ff/,- P- and let S:= P--u7’b. Hence from (18) we obtain
/PSec gpo/-l, or QEY QAt-, which implies, EY A/-I+ E//’*. Hence

c E-I(A/’-1) + 7/’*

and then PSe o/. c po.
Now consider the subspace o///., in (4). Then

QEI/ QAt’, = .Pl, ,pl,-

which implies

pog/., c/-(go.-l) o/.
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INTRACTABLE PROBLEMS IN CONTROL THEORY*

CHRISTOS H. PAPADIMITRIOUf AND JOHN TSITSIKLIS"

Abstract. This paper is an attempt to understand the apparent intractability of problems in decentralized
decision-making, using the concepts and methods of computational complexity. We first establish that the
discrete version of an important paradigm for this area, proposed by Witsenhausen, is NP-complete, thus
explaining the failures reported in the literature to attack it computationally. In the rest of the paper we
show that the computational intractability of the discrete version of a control problem (the team decision
problem in our particular example) can imply that there is no satisfactory (continuous) algorithm for the
continuous version. To this end, we develop a theory of continuous algorithms and their complexity, and
a quite general proof technique, which can prove interesting by themselves.

Key words, complexity, team theory, decentralized control

1. Introduction. Most classical problems arising in the fields of optimization and
control are, in a very real sense, "easy to solve". By this we mean that there are
computational procedures with satisfactory performance, which can be used to compute
the solution of such problems. Naturally, a lot of effort is being devoted to finding
more and more efficient algorithms which exploit any special structure present, but
usually there is nofundamental intractability to be overcome. For example, in a nonlinear
optimal control problem (under some smoothness assumptions) a solution can always
be obtained by discretizing the problem with a dense enough grid and then using the
discrete dynamic programming algorithm. Roughly speaking, the accuracy e of the
solution so obtained is inversely proportional to the number of points in the grid and
such algorithms require time which is a polynomial function of 1/e. The situation is
similar in many other classical problems such as nonlinear optimization or numerical
integration of partial differential equations. In fact, in some extremely favorable cases
(when, for example, the problem can be reduced to the evaluation of some analytic
function), the computation time is polynomial in the logarithm of 1/e, or, even better,
the solution can be expressed in closed form.

On the other hand, certain problems that arise in the field of decentralized decision
making and control have defied all attempts for the development of realistic algorithms
or representations of their solution. (It has been customary to refer to such problems
as nonclassical control problems.) Witsenhausen’s counterexample in decentralized
control [Wi] is a paradigm. This problem can be viewed as a simple two-stage stochastic
optimal control problem without perfect recall of the measurements. In contrast to
related control problems with perfect recall, for which optimal decision rules are linear
and easy to compute, the optimal decision rules for Witsenhausen’s problem are
provably nonlinear, and it is nontrivial to even show that they exist [Wi]. Despite
persistent efforts, a representation of the optimal solution to this problem or an efficient
algorithm to compute its solution has never been found. Ho and Chang [HC] took a
closer look at the discrete version of this problem. They considered the "most reason-
able" approaches to the construction ofan efficient algorithm, and provided a discussion
explaining why such approaches fail. However, this could not rule out the possibility
that some other approach might lead to an efficient algorithm, or, more importantly,
that an efficient solution for the continuous problem is possible.

* Received by the editors September 7, 1984, and in revised form April 12, 1985. This research was
supported in part by the National Science Foundation, and by an IBM Faculty Development Award.

" Department of Computer Science, Stanford University, Stanford, California 94305.
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This increase in difficulty in going from the centralized to the distributed problem
is usually attributed to a loss of convexity; however, no formal explanation of this
phenomenon had been attempted. On the other hand, some recent work has related
the complexity of decentralized control, somewhat loosely, with the Theory of Compu-
tational Complexity [GJ], [PS]. These results indicate that the discrete versions of
some seemingly simple problems in decentralized decision making (unfortunately, so
far excluding Witsenhausen’s counterexample) are computationally intractable (NP-
complete or worse) [PT], [TA], [GJW], [Pa], ITs], thus providing objective measures
for the difficulty of the discrete problems. Nevertheless, the above research left open
the issue of the intractability of the (more interesting) original continuous problems. In
general, it is not automatically true that if a discrete version of a problem is hard, then
the continuous problem is also hard. A classical example here could be linear program-
ming, which can be solved in polynomial time, despite the fact that its discrete
version--integer programmingmis much harder.

In this paper we address and in many ways settle the issues raised above. In 2
we discuss the few available results on the complexity of discrete nonclassical control
problems. More importantly, we prove that the discrete version of Witsenhausen’s
counterexample is NP-complete, thus explaining the lack of progress on it, and the
failures reported in [HC]. Ttie goal of the remaining sections is to relate the complexity
of discrete and continuous problems. In particular, we show that complexity results
for a discrete problem can be used to prove the nonexistence of realistic (i.e., polynomial
in the desired accuracy) algorithms for classes of continuous problems. We chose to
proceed in terms of a specific example, the static team decision problem [MR], [Ra];
however, our proofs define a methodology by which similar results can be proved for
other problems as well. In 3 we make precise the notion of an algorithm that solves
a continuous problem. We observe that there are several possible such notions. We
also describe the main construction used in the rest of the paper, whereby from any
instance of the discrete version of a decision problem we construct an instance of its
continuous counterpart, which is provably closely related to the discrete one. In 4
we show our main results, linking the difficulty of nonclassical control problems (the
team problem in particular) to the theory of computational complexity. For three
different notions of "efficiently solvable continuous problem" we present evidence that
the team problem is not. These negative results depend on P NP and some related
conjectures from Complexity Theory. Finally, in 5 we discuss our results; we also
place them into perspective by contrasting them to other theories of complexity for
continuous problems [TW], [TWW], [YN], [Ko].

2. The complexity of discrete nonclassical problems. In this section we consider
the computational complexity of the discrete versions of some representative non-
classical control problems: the static team decision problem [MT], IRa], the discrete
version of Witsenhausen’s counterexample in stochastic control [Wi], as well as some
nonclassical control problems in Markov chains. The main new result is that the discrete
version of Witsenhausen’s problem is NP-complete. For convenience, we restrict to
problems involving two agents only; problems with more agents are bound to be at
least as hard.

The discrete static team decision problem. We define below the discrete version of
the team decision problem of Marschak and Radner, called DTEAM. The problem is
the following: Each one of two agents observes a separate integer random variable ki,

1, 2, 1 <_- ki _<- N and makes a decision ui /(k), ui { 1, , M} based on his own
information only. Then a cost c(kl, k2, 3/1(kl), y2(k2)) is incurred. The problem consists
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of finding decision rules that minimize the expected cost. For simplicity, we take all
pairs (k, k2) in the given range to be equiprobable.

An instance I -(N, M, c, K) of DTEAM consists of positive integers N, M (the
cardinalities of the observation and decision sets), a nonnegative integer K, and an
integer valued cost function c: {1, , N}2 x { 1, , M}2 - Z. For any pair Yl, 3’2 of
functions 3’i: { 1, , N} { 1, , M}, define their cost to be

N N

J(T,, T:)- Y Y c(k,, k:, Tl(kl), 5,:(k:)).
kl=l k2--1

The optimal cost is defined to be

J*(I) min J(l,
TI,T2

By "solving" this instance, we mean deciding whether J*(I)<-_ K, or not.
We let SDTEAM (for Simple DTEAM) be the special case of DTEAM restricted

to instances for which K -0, M- 4 and the range of c is {0, 1}.

Complexity theory. At this point is seems appropriate to introduce some basic
notions from complexity theory. See [GJ], [HU], [PS] for more complete and formal
treatments.

Most of the discrete problems that we deal with in this paper will be of the
language recognition kind, that is, problems ofdeciding whether a given string (encoding
some combinatorial object) belongs to a fixed set of strings or not. In DTEAM, for
example, the string encodes the integers M, N, and K, and the table of the cost function.
The question is whether this string is in the set of strings (language) that encode
instances of DTEAM in which the optimum cost is below K.

Our precise choice of a model of computation is not very critical. We could choose
any variant of the Turing machine, or the random access machine models which appear
to be much closer to actual computers [AHU]. All such choices are essentially equivalent
(modulo a polynomial), as long as they are basically realistic. This latter clause excludes
models which, for example, assume real arithmetic with infinite precision at unit cost
per operation. Any model, whose units of computation can be achieved within a
constant amount of time with constant hardware, is "realistic" in the above sense.

In the interest of differentiating between "easy" and "hard" problems, let us define
P to be the class of all such problems that can be solved by an algorithm in a number
of steps which is a polynomial in the length of the input string. Some well-known
"hard" problems, including the satisfiability problem for Boolean formulas and the
traveling salesman problem (with a limit on the cost of .the tour, as in the definition
of DTEAM), are not known, neither believed, to be in P; they belong, however, in
another class, called NP (for nondeterministic polynomial). A problem is in NP if,
whenever a string encodes a "yes" instance, there is a polynomially short and poly-
nomially easy to check "certificate" that testifies to this. A "no" instance has no such
certificate. For example, in the traveling salesman problem, the certificate is the shortest
tour, of cost less than the set limit; in DTEAM the optimum decision rule that achieves
cost K or less; and so on. Another, equivalent way to define NP is in terms of problems
that can be solved in polynomial time by nondeterministic Turing machines (hence the
name NP).

Is P-NP? This turns out to be the central open question in Complexity Theory
today. It is widely believed that P NP, that is, that P is a proper subset of NP, but
no proof exists (or is in sight). However, even in the absence of a definite answer to
this question, for certain problems in NP we have quite convincing evidence that they
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are indeed intractable. What has been shown is that these problems are NP-complete.
This means that all problems in NP reduce in polynomial time to these. Hence,
NP-complete problems are "the hardest problems in NP", in the sense that, if P is not
NP, then the NP-complete problems will be the first to be intractable, of nonpolynomial
complexity. A great variety of some of the hardest and most stubborn computational
problems from combinatorics, optimization, logic, number theory and graph theory
have been shown to be NP-complete (including the traveling salesman problem and
the satisfiability of Boolean formulas; see [GJ] for a complete census, circa 1979). The
usual way that a new problem is shown NP-complete is to reduce a known NP-complete
problem to it. We shall see a rather involved example shortly.

Problem SDTEAM is known to be NP-complete [PT]. In fact, it follows easily
from our proof that SDTEAM remains NP-complete even if the instances are restricted
so that we know that the optimum cost is either zero or one, and we must decide which
of the two. (This is done by taking any instance with M 3ma case which is already
NP-complete [PT]mand adding to each pair of observations a choice which can
guarantee an overall cost of one). We shall use this fact in our proofs.

In our analysis of the complexity of nonclassical control problems, we shall also
refer to complexity classes above P and NP. In analogy to polynomial-time computation,
one can study the exponential-time analog, that is, problems solvable within a number
of steps that grows as 2on, for some constant c. We let EXP and NEXP denote the
corresponding deterministic and nondeterministic complexity classes. Also, we let
DEXP and NDEXP be the analogous classes for doubly exponential complexities, that
is, growths of the form 2tEn. These complexity classes are not, of course, nearly as
practically important as P and NP, but they too are unresolved puzzles: It is not known
whether EXP NEXP or DEXP NDEXP (although we expect that inequality holds).
What is known, however, is that P NP implies EXP NEXP, which in turn implies
DEXP NDEXP (see [HU] for the standard arguments needed to show this).

Witsenhausen’s counterexample revisited. Witsenhausen’s counterexample is the
following problem [Wi]:

minimize E[K(T(x))2+(t(X + y(x)+ t;)+ x + y(x))2],

with respect to all measurable real valued functions y, 15 of a single variable, where
x, v are independent, normal, zero mean random variables (with given variance) and
K a nonnegative constant. (Notice that this is not a (discrete) computational problem
of the kind we introduced in the previous subsections. For more formal treatment of
continuous computational problems, see the next section.) As was pointed out in the
introduction, a representation of an optimal solution to this problem or an efficient
algorithm has never been found. Of course, an algorithm can always be constructed
as follows" discretize the densities of the random variables x, v and constrain the
decision rules y, to have finite range; then solve the discretized problem by exhaustive
enumeration. However, this is unsatisfactory because the number of decision rules that
have to be enumerated is exponential in the cardinality of the allowed range of the
decision rules. It is this discrete problem that was studied by Ho and Chang [HC]
with very little success. We explain this persistent record of failures by proving below
that the discretized version of Witsenhausen’s problem, as defined by Ho and Chang,
is NP-complete.

Let us now define formally the discrete problem of interest:
Problem WITSENHAUSEN: Given probability mass functions f, g:Z Q for

integer variables x, v and integer constants K, B are there functions y, 8: Z- Z such
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that
J(y, ) ,[y(x)+ K(x + y(x)+ (x+ y(x)+ v))] <- ?

THEOREM 1. WITSENHAUSEN is NP-complete.
Proof We first introduce a variation of the problem ofthree-dimensional matching

(3DM) [GJ]"
3DM: Given a set S and a family F of subsets of Smof cardinality three---can

we subdivide F into three subfamilies Co, C1, C2 such that a) subsets in each family
are disjoint; b) the union of the subsets in Co equals S?

LEMMA 1. 3DM is NP-complete.
Sketch. We basically use the construction in the standard proof that the (less

restricted) version of 3DM, in which the sets in C1, C2 are not required to be disjoint,
is NP-complete [GJ], [PS]. In that proof we construct, for each Boolean formula with
three literals per clause, an instance of 3DM, such that there is a subfamily Co as
described in 3DM iff the formula was satisfiable. It is not hard to observe, however,
that, once a subfamily Co exists, the remaining sets of the instance can be subdivided
into two subfamilies of disjoint sets.

To prove Theorem 1, we reduce 3DM to WlTSENHAUSEN. Suppose that we
are given an instance S, F of 3DM, where S {1,. ., m}, F {S,. ., S,}. Without
loss of generality, assume that n =< m. We now construct an instance of WlTSEN-
HAUSEN. There will be 3n values of the random variable x with nonzero probability
and M 1 + 4nu + 3n such values for v, where [x/3h m + 1 ]. All these values will
be taken equiprobable. To complete the construction, we need to specify the sets
X ={x,..., x3,}, V= {v,..., vM} of values with nonzero probability. Concerning
the constants B, K, we let B (3 n m)/3 riM, K 3nM(B + 1). To define the actual
integers with nonzero probabilities, we need a lemma:

LEMMA 2. There are n distinct integers O<-z <-... <--Zn<--_3?l4 such that
(a) All the differences zp- zq are distinct.
(b) Any difference (z,+-z,)-(zj+-zj) is distinct from any difference in (a).
Proof We define Zk, 1 <--k <-n, recursively. Let z 0 and assume that z,..., Zk,

k < n, have been constructed and Zk <-3k. In order to pick a value for Zk+, notice
that it has to obey only the following constraints: (i) Zk+ > Zk, (ii) Zk+I--Z Z--Z,
l <--_j, p, q <- k), (iii) (Zk+--Zk)--(Z+--Z)Z--Z, (l<-j,p,q<-k+l). (Some of the

constraints in (iii) hold automatically.) So, Zk+ has to avoid at most 3k4/ k + (k + 1)3 <
3ka+9ka<3(k+1) values. Therefore, there exists an integer less than or equal to
3(k + 1)a whose value can be assigned to Zk+.

Notice that, given n, the integers z,..., z, can be constructed recursively in
polynomial time by means of the procedure suggested by the proof of Lemma 2. Let
us assume that such a sequence zl,..., z3, has been constructed. Moreover, let us
multiply each element of the sequence by 4, so that the expressions which are distinct
by Lemma 2 are different by at least 4.

We now complete the construction ofthe sets X, V. The set X contains 3 n elements;
each element x X is associated to a set S F and an element jik Si, where jig
(i 1,. , n; 1, 2, 3) denotes the kth element of S. We then let

(2.1) Xa-)+k 3mZa-)+k + 3j,k.

The set V contains the element 0; also for any consecutive elements x, x+ of X
corresponding to the same set (that is, i= 1, 2(mod3)), V contains the numbers
x+-x+p, pU={-,,-,+l,...,-2,-1,1,2,...,9-1,,}. Finally, V contains
the numbers 3m(A+z), i= 1,2,... ,3n, where A=3zan; this completes the con-
struction.
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Let us put together a few facts, for future reference:
LEMMA 3. (a) Iffor some y, 6, we have J(y, 6) <-_ B, then I(x)l <-- , x x.
(b) 7he expressions Ixi xjl, Ix,- xj + Xp Xql, Ix,+1- x,- x+ + x + xp Xq], (1 <=

1, j 1, p, q <= n) are either zero or no smaller than 3 m. For large enough m, 3m > 4v + 2.
(c) Ixi-xjl<-3mA-2 u, for large enough m.

Proof. (a) If for some x X we have ly(x)l > u, then

u2 3n-m
j(%

3nM 3riM

(b) We use (2.1), the inequality jik =< m and the fact that the magnitudes of the
corresponding expressions involving the z’s instead of the x’s are either zero or at
least four; we obtain in the second case, for example, [Xi+l--Xi--Xj+ " Xj + Xp--Xq]
12m-9m 3m. Finally notice that increases only as the square root of m, which
also proves part (c).

The following lemma completes the proof of the theorem.
LEMMA 4. (S, F) is a "yes" instance of 3DM if and only if there exist y, 6 such

that J( y, 6 )<= B for the above constructed instance of WITSENHAUSEN.
Proof If Suppose that there exist y, 6 such that J(y, 6)-< B. Then, in particular,

K(x+y(x)+6(x+y(x)+v))2/3Mn<=B, VxX, VvV. Therefore, ]x+y(x)+
6(x+y(x)+v)lZ<=B/(B+l)<l, which implies that x+y(x)+6(x+y(x)+v)=O,
x X, /v V. Let x x. Then, using Lemma 3(a, b), we have

+ + v)- + + v’)l
>-Ix,-
->_3m-2v>0,

which shows that

(2.2) x,+y(x,)+v#xj+y(xj)+v’ Vv, v’V, Vx,,xjX, x,#xj.

Let x, x+ be two consecutive elements of X corresponding to the same set S.
Inequality (2.2) must hold for v’= 0 and v x+ x + p,
y(x+), Vp U. Consequently, either y(x)= y(x+), or ly(x)-y(x+)l> v, which
would contradict Lemma 3(a). Therefore y takes the same value on those elements of
X corresponding to the same set S. We denote this value by y(Sj).

Inequality (2.2) must also hold when x, xj correspond to the same element k S
belonging to different subsets Sp, Sq; that is, x 3mz + 3 k, x 3mz + 3 k. Let v
3re(A+ z), v’= 3m(A+ zi). Inequality (2.2) becomes y(x) # y(x), which implies
")/( Sp k ")/( Sq ), whenever Sp

Notice that (by our choice of B), y(x) can be nonzero for at most 3n m elements
of X. Moreover, at most one y(x) per element of S {1,..., m} can be zero; thus,
y(x) must be nonzero for exactly 3n- m elements; for those elements, [y(x)l 1. Let
Co (respectively, C, C2) be the family of subsets of F for which y(Sp) 0 (respectively,
y(Sp) 1, y(Sp) 1). By the discussion in the last paragraph, subsets within the same
family have to be disjoint. Moreover, y(x)=0 for exactly m elements, which shows
that Co covers S exactly and we have a "yes" instance of 3DM.

Only If Conversely, suppose that we have a "yes" instance of 3DM and let Co,
C1, C2 be the desired families of subsets. We construct 3’ by letting y(x)=0 (respec-
tively, 1, -1) if x corresponds to an element of a subset Sp Co (respectively, C1, C2).
Since Co is a cover to $, y(x)=0 for exactly m elements x6X. Consequently,
E[y2(x)] 1/(3nM)(3n-m)= B. It remains to show that 6 can be chosen so that
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x + y(x) + $(x + y(x) + v) 0, Vx X, Vv V. For this it is sufficient to prove that
xi+y(xi)+v x+y(xj)+v’, whenever xixj and for all v, v’ V. So, suppose that
the desired inequality does not hold for some x, x, v, v’. We will derive a contradiction,
but we will have to consider the various possible cases for v and v’.

(i) v v’= 0. If x + y(x) x + y(x), then Ix- xl -< 2, which contradicts Lemma
3(b).

(ii) v=0, v’=x/l-x+p, pc U. Then

(2.3) [(x,- Xj)--(X/+ Xl) --[ ’)/(Xj)- ")/(Xi)-- Pl 2,+ 2 < 3m,

which implies, by Lemma 3(b), that x-x= xt+-x. It follows that i= l+ 1, j= l;
therefore, y(x)= y(x) and, using (2.3), p 0, which is a contradiction.

(iii) V=Xp+l-X,+p, v’=xt+-xt+p’,p,p’ U. Then

IXi- Xj + Xp+ Xp X/+ "- "ll ’)/(Xj) ")/(Xi)- P -- p’l < 2,+ 2 < 3m,

which implies that x- xj + Xp+ Xp x/ + x 0. So, one of the following must hold:
x Xp, x Xl or Xp Xl. If xi Xp, it follows that x xt (and conversely); in either
case, we obtain Xp/ Xl/l and Xp xt; therefore, x x, which is a contradiction.

(iv) v=0, v’=3m(A+zt). Then, Ix,-xl=ly(xj)-y(x,)+3m(A+z)>=3mA-2,
which contradicts Lemma 3(c).

(v) v xt+ Xl + p, p U, v’ 3m(A + Zp). Then,

IXi Xj + Xl+ Xll "--I’)/(Xj) y(Xi) pt.q_ 3m(A+ Zp) >= 3mA- 2- ,,
which contradicts Lemma 3(c).

(vi) v 3m(A+ Zp), v’= 3m(A+ Zq). Let x 3mzi + k, x. 3mz.i + k’. Then, 3mlz
z+z,,-zl=13(k’-k)+r(x)-,r(x,)l. If z,-z+z,,-z=O, then 2_->lr(x,)-y(x)l=
31k- k’l, which implies k k’. Therefore, y(xi) y(x), which is a contradiction because
y takes different values when x, x correspond to the same element of S. Therefore,
12m <-]zi- zj + Zp Zql _<-3m + 2, which is also a contradiction. This completes the proof
of the lemma and the theorem.

Decentralized and output control of imperfectly observed Markov chains. By simply
observing that Witsenhausen’s counterexample and the static team decision problem
are at the root of several problems in decentralized control, we obtain some interesting
Corollaries of Theorem I. For example, one might be interested in formulating and
studying problems of decentralized control of Markov chains. However, a single stage
of such a problem would require the solution of a static team decision problem and
NP-completeness (or worse) follows.

One could also formulate a problem of output control of a Markov chain, similar
to the problem studied in [LA] under linear quadratic Gaussian assumptions: that is,
the decision at time k would be constrained to be a function only of the observation
made at time k (no recall). In fact, problem WlTSENHAUSEN is a two-stage output
control problem for a Markov chain and NP-completeness follows. The two-stage
output control problem can be also easily seen to contain as a special case the problem
ofminimum distortion quantization which is also NP-complete [GJW]. Infinite horizon
average cost versions of that problem can be also easily shown to be NP-complete.
Finally, problems of causal coding and control of Markov chains, as defined in [WV],
are also NP-complete for the same reasons.

3. Continuous problems and algorithms.
Continuous problems and their complexity. Our final aim is to derive complexity

results for continuous problems. Unfortunately, there is no standard model of computa-
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tionuor complexity measure--for such problems. In this subsection we shall discuss
various notions of computation and complexity pertaining to continuous problems. A
comparison of our framework and other existing work on the complexity of continuous
problems appears in the last section.

In an instance of a typical continuous problem, we are given a finite set F
{fl," , f,} of real functions (without loss of generality, with domains some power of
the unit interval) and we are asked to evaluate (usually approximately) a functional
G(F) R of these functions. For example, fl, , f, may be the boundary conditions
for a partial differential equation and G(fl,’" ,f,) the value of the corresponding
solution at a specific point. Closer to our concerns in this paper, we can define the
continuous counterpart of the DTEAM problem mentioned in the previous section.
In an instance of this problem, we are given a function c: [0, 1 ]4_.> [0, 1 ], assigning a
cost to each combination of observations y, Y2 [0, 1] and decisions y(y), T2(Y2)
[0, 1 ]. (Notice that we are assuming, for simplicity, that the probability distribution is
uniform over [0, 1].) The goal is to compute the functional .l*(c) defined by

J*(c) inf c(y, Y2, T(Y)T2(Y2)) dya dy2.
1,T2

We shall be interested in the special case of this problem in which the function c is
Lipschitz continuous with Lipschitz constant 1 (with respect to the max norm on R4),
as a representative of those special cases that we can hope to solve efficiently. Without
such "smoothness" conditions, no realistic solution of continuous problems is possible,
for simple information-theoretic considerations. We call the continuous version of the
DTEAM problem with the Lipschitz condition the Lipschitz continuous team problem,
or LCTEAM. That is, LCTEAM is the set of all instances, as described and restricted
above. It should be obvious that a host of problems of continuous nature are amenable
to similar formalization.

There are several possible notions of what it means for an algorithm to solve such
a problem, and, equally important, the complexity of its operation. The subtle part is
defining the sense in which the continuous functions f are "given". We examine a
number of such approaches below.

Oracle algorithms. Continuous problems of the type defined above can often be
solved by an algorithm which operates as follows: The input of the algorithm is a
positive real e, and the output is an approximation of the functional with error at most
e. Every time that the algorithm needs the value of a function f at some point x, this
is done as follows: The algorithm submits x (a rational point), and an integer k to an
oracle for f, and the oracle gives back the k most significant digits of the answer f(x).
The algorithm is "charged" for this service k steps, plus of course the time it took to
construct x up to the desired precision. We say that an oracle algorithm solves a
continuous problem II in polynomial time if, for every instance I of II there is a
polynomial p such that the algorithm solves I within accuracy e in time PI(1/e).

Uniformly polynomial oracle algorithms. There is a stronger notion of efficiency,
which requires that the polynomial be independent of the instance L We call algorithms
with this property uniformly polynomial. Notice that is a much stronger notion than
that of plain polynomial-time oracle algorithms.

Note" The distinction between polynomial and uniformly polynomial algorithms
has no counterpart in the context of combinatorial (discrete) problems, since in discrete
problems the instance plays the role of both e and I in the above definitions. It-is,
however, meaningful for continuous problems. For example, consider the problem in
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which we are given one Lipschitz continuous function f over [0, 1], and we are asked
to compute G(f) infxto.llf(x). A straightforward discretization leads to an algorithm
with time requirements O(Ky/e), where Ky is the Lipschitz constant of f; so, this is
a polynomial algorithm. On the other hand, O(K//e) is also a lower bound and since
this problem contains instances with arbitrarily large Lipschitz constants, no uniformly
polynomial algorithm exists.

Uniformly hard instances. One way to show that a continuous problem has no
polynomial-time oracle algorithm at all is to exhibit an instance for which no poly-
nomial-time oracle algorithm exists; such instances are called uniformly hard. Naturally,
for discrete problems there are no hard single instances.

Instance-specific algorithms. We obtain an interesting variant of the concept of
oracle algorithms by considering single instances of the problem II. In each instance
I, we just wish to compute a number, namely G(F). We could ask the question, is
this number polynomial-time computable, in the sense that we can compute it within
accuracy e in time polynomial in 1/e by an ordinary algorithm (involving no oracles).
This is a meaningful question only if the functions f are themselves polynomial-time
computable, in that the value f(x) can be computed in time which is polynomial in
the accuracy in which x is given, and the desired accuracy.

Iterative algorithms. In numerical analysis or mathematical programming we are
often interested in convergent iterative algorithms. These differ from the class of
algorithms we introduced above in that they do not take e as an input, and they never
halt. Rather, from time to time they produce output values Gi(F), 1, 2,.. which
are increasingly accurate approximations of G(F). We may call an iterative algorithm
polynomial if there is a polynomial p such that, for every instance, at time p(1/e), the
most recent output value is accurate, within e. It is clear that if a polynomial iterative
algorithm exists, there also exists a uniformly polynomial algorithm for the problem.
In fact the converse also holds [9]: take a uniformly polynomial algorithm and run it
with e 2-k, k 1, 2,. .. The resulting algorithm is a polynomial iterative algorithm.
For this reason, we shall not consider iterative algorithms any further.

3.7. The basic construction. Our method of connecting the complexity of the
continuous version of the TEAM problem to the (much better understood) complexity
of the discrete one, is based on the following lemma and construction:

LEMMA 5. For each instance I of the SDTEAM problem we can define a function
Cl:[O, 1 ]4 [0, 1 such that:

(i) Function cl is Lipschitz continuous (with Lipschitz constant 1), and thus it

defines an instance of LCTEAM.
(ii) The optimum J*(Cl) equals 1/20N4 if the optimum of I was 1, and 0 if it was

0 (recall for that instances of SDTEAM these are the only possibilities; N is the number
ofpossible observations in I).

(iii) For any I and k-bit numbers yl, Y2, U, U2, and any > 0, the most significant
bits of cl(y, Y2, u, u2) can be computed in time polynomial in k, l, and the size of I.

Proof. Let us first define a function a:[0, N] [0, 1/N] as follows:
1

x- [xJ if x- [xJ <--"-N’

a(x)= [x]-x if[x]-x<=--,
1- otherwise
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a(x)

n n+|

FIG.

X

(see Fig. 1), and define q(Yl, y2) (1/(1 1/N)E)a(yl)a(y2). Notice that q has Lipschitz
constant 4/N, and that its integral over [0, N]2 is one.

Let us now recall the cost function of the discrete instance /, call it
d: { 1, 2,. ., N} x {1, 2, 3, 4} {0, 1}. For 1 -< xl, X2 N, integers, and v, /32 1, 4], let
h(x, x2, v, v2) be the smallest 8 =< 1 such that there are u, u2 with [ul- v[, lu2- v21-<- 8
and d(x, x2, u, u2) 0, or 1 if no such 8 exists. Then, define, for 0 <= y, y2, u, u2 <= 1
the cost function c(yl, Y2, u, u2) to be

q( Nyl, Ny2)
[h([Ny,], [NyE],3u,+ 1, 3u2+ 1) +2p(3ul + 1) +2p(3u2+ 1)],

20

where p(x) is the distance between x and its closest integer.
Let us verify the properties of cv To verify (i), function h has discontinuities at

integral values of its first two arguments, but q is zero there, so c is continuous. To
check that the Lipschitz constant is 1, recall that if the functions f have Lipschitz
constants Li and maxima mi, i-1, 2, then the function flf2 has Lipschitz constant

Lm2+LEm. Within each "rectangle" of constant [Nyl], [Ny2] h has maximum 1
and Lipschitz constant 3, and p(3ul+1)+p(3u2/1) has Lipschitz constant 6 and
maximum 2, so their sum has maximum 3 and Lipschitz constant 9. Also, q has
maximum 4/N2 and Lipschitz constant at most 8, and so their product has Lipschitz
constant at most 20. It follows that cz has indeed Lipschitz constant at most 1, as
required.

For (ii), let us denote by the set of all functions 7:[0, 1]-[0, 1] which are
piecewise constant, with discontinuities at points i N, and taking the values {0, 1/2, , 1}.
We claim that, for fixed ’)/2, the decision function y(yl) which minimizes J(y, ’)/2) is
in . Notice that infvJ(y, )rE) is equal to

(1_ 1/N) a(Ny) mn a(Ny2)[h+2p(3u+l)+2p(372(y2)+l)]dy2dyl.

To carry out this minimization, it is sucient-to minimize, with respect to u,

(Ny)[h([Ny], [Ny],3u+l,3,/.(y)+l)]dy.+ 2p(3u+l) dy
o

for each y. The first term does not depend on y within the interval i N, (i+ 1)/N],
and thus the optimum ul is indeed constant within this interval. Secondly, notice that
the second term, together with the Lipschitz condition, ensures that the minimum is
achieved at integer values of 3u + 1, that is, at values of , in {0, , , 1}.

The same argument shows that )’2 may be constrained to be in as well. Once
we have shown that the optimizing decision functions are in 9, we have essentially
shown that the continuous LCTEAM problem defined by c is in fact qsomorphic"
to the discrete one I, and it has optimum which is J*(c)=(1/2ON)J*(I), where
J*(I) is the optimum of I, either 0 or 1. Part (iii) is trivial. VI
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4. The main results. In this section we present our evidence that the Lipschitz
continuous team problem is indeed intractable. We prove three such theorems, corre-
sponding to three different notions of complexity of continuous problems introduced
in the previous section, namely uniformly polynomial oracle algorithms, polynomial
instance-specific algorithms, and uniformly hard instances. In all three cases, we show
the intractability of LCTEAM, assuming that a very likely conjecture in Complexity
Theory is true. Naturally, the stronger our notion of intractability of LCTEAM, the
stronger the complexity-theoretic conjecture needed.

4.1. Nonexistence of uniformly polynomial algorithms.
THEOREM 2. There is a uniformly polynomial algorithm for LCTEAM if and only

if P= NP.
Proof. If. Suppose that P=NP. We shall describe a uniformly polynomial

algorithm for LCTEAM. The algorithm works by discretizing the problem, and obtain-
ing appropriately approximate solutions by solving discrete instances of DTEAM
(which is possible, once P-NP).

Let R correspond to a truncation operation" given some x [0, 1] and some e > 0,
R(x, e) retains the [log (1/e) most significant bits of x; consequently, Ix- R(x, e) <- e
and if log (1/e) is an integer, then (1/e)R(x, e) is also an integer.

Given the cost function c of an instance of LCTEAM and some e > 0 such that
log (l/e) is an integer, we construct an instance I of DTEAM by letting A e/8,
N- l/A, M 1/A and cost function

(4.1) d(i,j, k, l)=R(c(iA, jA, kA, IA),A), (i,j, k, l)e 1,...,

Clearly, d is integer-valued and C max d _-< 1/A. Let J(y, y_), Ja(, ) denote the
costs of pairs of decision rules for the continuous (c) and discrete (d) instances,
respectively. J*, J*e are the corresponding optimal costs.

LEMMA 6. IIJ*=- A3j*d < e.

Proof Let , 2 be the optimal for d. Let ),(y) A(k) for y[(k-1)A, kA],
k 1,. ., N, i= 1, 2. Using the definition of d and the Lipschitz continuity of c, we
obtain

j,c J(Yl, Y2)= E E c(yl, y2, yl(y), y2(y2)) dy dy2
k=l m=l k-1)A m-1)A

N N

E E (ad(k, m,
k=l m=l

A3jd(, 2) + 2A A3j.d + 2A A3J*d + e.

In order to prove the converse inequality, suppose that 1, 2: [0, 1] [0, 1], are
such that J(l, 2)J*+ A. Let f(y, Y2)= Jo c(y, Y2, Ul, 2(Y2)) dy2. Then f is also
Lipschitz continuous with Lipschitz constant 1. It follows that

linff(y, u) -inff(y’, Y)I 21y Y’I Vy, y’ [0, 1 ].

Let ’I(Yl) argminuto,lf(kA, u), for Yl e ((k- 1)A, kA). Then,

jc( 1, ’2) "" 2A -<_ jc. + 3A.
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In a similar way, we may construct a piecewise constant function "2: [0, 1 ] [0, 1
such that

c(,, /) _<_

The decision rules */, i= 1, 2, being piecewise constant determine corresponding
decision rules $, i= 1, 2, for the discrete cost function. Then, a chain of inequalities
similar to (4.2) leads to

A3jd*<=A3Jd(),, 62)_--< JC(l, 2)+2A <-JC*+7A <-_JC*+ e.

Since P NP there exists an algorithm for the problem of computing the optimal
cost of any instance of DTEAM (based on the algorithm for DTEAM and binary
search), which is polynomial in M, N, log C, where C is the largest integer appearing
in the cost function. Consider then the following algorithm for LCTEAM:

(i) Decrease e (at most by a factor of 2) so that log (l/e) is an integer.
(ii) Use the oracle to read the log (8/e) most significant bits of c(iA, jA, kA, mA),

l <--i,j, k, m<-N, where NA= I, A=e/8.
(iii) Run the assumed algorithm on tae resulting instance of DTEAM, as defined

by (4.1). Multiply the output by A3 and return it.
This is clearly a uniformly polynomial algorithm, and the proof of the if part is

complete.
Only If If we had a uniformly polynomial algorithm for LCTEAM, we could

solve any instance I of SDTEAM of size N as follows"
(i) Construct the corresponding instance c of LCTEAM, as in Lemma 5.
(ii) Simulate the assumed algorithm for LCTEAM on it, with desired accuracy

e 1/40N4. The time required is polynomial in N, including the computations
of c, which, by Lemma 5(iii), are polynomially related to the "charges" for
oracle calls of the corresponding computation of the algorithm.

(iii) If the result is less than e- 1/40N4, then the optimum cost of SDTEAM
was 0, otherwise 1.

Since this is a polynomial-time algorithm for SDTEAM, an NP-complete problem, it
follows that P NP.

4.2. A hard instance with efficiently computable cost.
THeOReM 3. If DEXP NDEXP then there exists an instance c of LCTEAM such

that
(i) The cost c(y, y, u, u2), where y, y2, u, u2 are k-bit numbers between 0 and

1 can be computed with accuracy e in time polynomial in 2 and 1/e, whereas
(ii) The optimum value J* is not polynomially computable; that is, it cannot be

computed within accuracy
Proof We first need a lemma concerning the existence of certain "hard" sequences

of instances of NP-complete problems, in the spirit of [HSI].
LMMA 7. If DEXP# NDEXP then there is a sequence I, I, of instances of

SDTEAM such that"
(a) Instance Ii has size (that is, N) equal to 2.
(b) There is an algorithm which, given i, constructs I in time polynomial in 2 (the

size of the instance produced).
(c) There is no polynomial-time algorithm that solves all instances I.
Sketch. Consider a problem L in NDEXP-DEXP. Without loss of generality,

instances of L are encoded in binary, and therefore an instance also represents an
integer, in binary. For each instance of L, let f(i) be the string of length 2 which
starts with the string and has O’s in all other positions. The languagef(L) {f(i)" L}
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is in NP (since L is in NDEXP), and thus there is a polynomial-time transformation
that transforms each string f(i) to an instance of SDTEAM such that the instance of
SDTEAM is a "yes" instance if and only if f(i)f(L). By "padding" these instances
of SDTEAM to make them of size a power of two, and filling in the gaps with "null"
instances, we obtain the sequence of the lemma.

To show the theorem, consider a sequence of instances as constructed in the
lemma. For each such instance Ii, we construct a continuous function ci: [0, 1 ]4 [0, 1 ],

with supportas in Lemma 5. Consider now a scaled, shifted version of c, call it c,
[ 1 2-, 1 2-+1)]2 x [0, 1 ]2 (see Fig. 2), defined in this range as

c(yl, Y2, Ul, //2) +1C’(2’+1(Yl- 1 + 2--’), (2i+1(y2 1 + 2-’), u, u2)).

ci is zero outside this domain. Finally, define the function c to be

c(y, Y2, u, u2)=
i=1

FIG. 2

This function is Lipschitz continuous with constant 1 (due to the scaling), as
required by the theorem, and it is easy to see that it satisfies condition (i) (compare
with (iii) of Lemma 5). To show (ii), notice that the optimum value J* corresponding
to c can be expressed in terms of the optima j,a of the instances I that comprise it,
as follows:

j.= j. d 1 1 1

=1 20" 2

The first term of the addend is the cost of the original discrete instance, known to be
either 0 or 1 in SDTEAM. The second term was introduced by the construction of
Lemma 5. The third is due to the scaling, whereas the last term represents the area of
the support of instance c, as defined above. Thus, J* -66o Y_- J*d2-7i. From the form
of the sum, it is evident that, if we could compute J* within accuracy e in time
polynomial in 1! e, then we could compute the optimum cost of I in time polynomial
in the size of Ii, contrary to Lemma 7. [3

Theorem 3 has a weak converse. It can be shown that, if an instance of LCTEAM
as described in Theorem 3 exists, then EXP# NEXP. The argument goes as follows:
If such a hard instance exists, then its discretizations (that is, the sequence of discrete
problems resulting by subdividing the unit interval in 2 equal intervals, and by defining
the cost function on this grid by a restriction of the continuous cost function) are not
all solvable by polynomial-time algorithms. Thus, we have a hard exponentially sparse
sequence of optimization problems of the DTEAM type (in which we are asked to
determine the optimum cost). Since each optimization problem in this sequence can
be reduced to an exponential number of a recognition problems (asking whether the
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cost of an instance is below some bound), say, by binary search, [PSI, we obtain a
hard polynomially sparse sequence of instances of this problem, known to be NP-
complete. The existence of such hard sequences is known (see [HSI], or the argument
above) to be equivalent to EXP NEXP.

A uniformly hard instance. If P NP we can show something stronger than the
nonexistence of uniformly polynomial algorithms proved in Theorem 2. In particular,
we can show that there is a uniformly hard instance of LCTEAM, which "fools" all
polynomial-time oracle algorithms. Our construction has to use diagonalization argu-
ments which are not polynomially constructive, and as a result the instance constructed
is not one that can be computed efficiently. Since a complete proof of this result would
require the introduction of machinery in a scale disproportional to the information
added, we only present an outline of the proof.

THEOREM 4. There is a uniformly hard instance of LCTEAM ifand only if P NP.
Sketch. One direction follows from Theorem 2. For the if direction, we first need

to define a discrete analog of an oracle algorithm. One way to do this is to consider
sequence algorithms, that is, algorithms which operate on infinite sequences of instances
of a problem. Such an algorithm accepts as its input an infinite tape with the sequence,
together with an integer i, and it returns the answer ("yes" or "no") of the ith instance
of the sequence. To capture the charges due to precision of the queries and the answers
of oracle machines, we require that the algorithm is charged [log k to determine the
value of the kth bit of its input tape.

We first show that, if P # NP, there is a sequence of instances of the SDTEAM
problem, of size exponentially increasing, which cannot be solved by any sequence
algorithm. The construction is carried out by enumerating all polynomial-time sequence
algorithms, and using the ith non-"null" instance in the sequence to rule out the ith
sequence algorithm as a potential solver of the present instance (i.e., sequence). Since
P # NP, an instance on which the ith sequence algorithm does the wrong thing, and
which is of size larger than some given bound, must exist. To avoid the possibility in
which the ith algorithm takes "advice" from the previous or subsequent instances in
solving the current instance, we interject a doubly exponential number of "null"
instances between two such consecutive instances.

We finally construct an instance of the LCTEAM problem from the given sequence
of SDTEAM problems, exactly as in the proof of Theorem 3. If this instance could
be solved by some oracle algorithm, it can be argued that the sequence constructed in
the previous paragraph can be solved by a sequence algorithm, which is impossible
by its construction.

5. Discussion. We have shown that the team decision problem with a Lipschitz
continuous cost function and uniform probability distribution holds the same place
in the continuous world that NP-complete problems do in the discrete world" it
possesses an approximate algorithm which is polynomial in the desired accuracy if
and only if P= NP. A similar result can be also proved if Lipschitz continuity is
replaced by some other, possibly stronger, smoothness requirement such as once or
twice differentiability, etc. Only the construction in Lemma 5 would have to be a little
more elaborate. A similar result is also possible for Witsenhausen’s counterexample
in stochastic control if the assumption of normality of the underlying random variables
is relaxed. Since the team decision problem is a basic component of (generally harder)
problems in decentralized stochastic control, such problems (at least in the absence
of any more special structure) are qualitatively different from the vast majority of
traditional problems in continuous mathematics and classical control. Such problems,
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including nonlinear optimization, filtering and control, as well as partial differential
equations, possess algorithms which are polynomial in the desired accuracy, when
some smoothness conditions are satisfied, and are solvable from a realistic point ofview.

The proofs of our results are based on the fact that the discrete version of the
team problem is NP-complete. In this sense, we demonstrate that NP-completeness
results can be exploited to make inferences about the computational complexity of
continuous problems. It should be noted, however, that the various notions of intracta-
bility used call for conjectures of varying strength from Complexity Theory, all of
them implying P # NP.

The proofs of Theorems 2, 3, and 4 determine a methodology that can be applied
to obtain similar negative complexity results concerning other continuous problems
as well. Abstracting the main elements ofthe proofs, we see that the following properties
of LCTEAM were heavily used:

(i) The discrete version of the problem of interest should be NP-complete.
(ii) We should be able to take an instance of the discret.e problem and construct

an instance of the continuous problem as in Lemma 5, while respecting certain
smoothness requirements.

(iii) The above construction should be simple enough, so that the corresponding
oracle calls can be efficiently simulated by a Turing machine.

(iv) Finally, it should be possible to take a sequence of increasingly large discrete
instances and imbed them into a single one, while keeping the dimension of the
continuous problem constant.

Finally, let us comment on the relation and some differences of our framework
with other theories of complexity for continuous problems. The complexity of any
algorithm solving a continuous problem can be roughly divided into two kinds of
activities" oracle calls to obtain information about the instance to be solved and
computations based on the values returned by the oracle. A lot of past research [TW],
[TWW], [NY] has obtained lower bounds on the overall complexity by deriving lower
bounds on the number of oracle calls necessary to obtain enough information so that
an e-approximate solution is possible. This is a valid approach for the types ofproblems
emphasized in that research (mainly mathematical programming and numerical integra-
tion of partial differential equations) and has produced many interesting results; the
main reason is that in such problems the amount of any further computation necessary
can be bounded by a polynomial (and some times linear) function of the number of
oracle calls. The team problem, however, is different: while O(1/ e4) oracle calls provide
sufficient information for an e-approximate solution, we have shown that further
computations require time which is exponential in e (unless P NP). In other words,
the structure of the team problem forces us to emphasize its computational complexity
rather than its informational requirements.

Much closer to our approach are the very interesting recent results in [Ko]. In
that paper, it is shown that there are ordinary differential equations which are given
in terms of easily computable functions, but which cannot be integrated efficiently,
unless P= PSPACE. In this sense, Ko’s results are quite similar in spirit to Theorem
3. One of the differences is that Ko’s notion of efficiency requires that algorithms
operate in time polynomial in the logarithm of 1/e.

[AHU]

REFERENCES

A. V. AHO, J. E. HOPCROFT AND J. D. ULLMAN, The Design and Analysis ofComputerAlgorithms,
Addison-Wesley, Reading, MA, 1974.



654 CHRISTOS H. PAPADIMITRIOU AND JOHN TSITSIKLIS

[GJ]

[GJW].

[HC]

[HSI]

[HU]

[Ko]

[LA]

[MR]

[NY]

[Pa]

[PS]

[Ra]
[TW]

[TA]

ITs]

[wv]

[Wi]

M. R. GAREY AND D. S. JOHNSON, Computers and Intractability: A Guide to the Theory of
NP-Completeness, W. H. Freeman, San Francisco, CA, 1979.

M. R. GAREY, D. S. JOHNSON AND H. S. WITSENHAUSEN, The complexity of the generalized
Lloyd-Max problem, IEEE Trans. Inform. Theory, IT-28 (1982), pp. 255-256.

Y. C. Ho AND T. S. CHANG, Another look at the nonclassical information problem, IEEE Trans.
Automat. Control, AC-25 (1980), pp. 537-540.

J. HARTMANIS, V. SEWELSON AND N. IMMERMAN, Sparse Sets in NP-P: EXPTIME vs.
NEXPTIME, Proc. 1983 STOC Conference, 1983, pp. 382-391.

J. E. HOPCROFT AND J. D. ULLMAN, Introduction to Automata Theory, Languages and Computa-
tion, Addison-Wesley, Reading, MA, 1979.

K.-I. Ko, On the computational complexity of ordinary differential equations, Inform. and Control,
58 (1984), pp. 157-194.

W. S. LEVINE AND M. ATHANS, On the determination ofoptimal output feedback gains for linear
multivariable systems, IEEE Trans. Automat. Control, AC-15 (1970), pp. 44-48.

J. MARSCHAK AND R. RADNER, The Economic Theory of Teams, Yale Univ. Press, New Haven,
CT, 1972.

A. S. NEMIROVSKY AND D. B. YUDIN, Problem Complexity and Method Efficiency in Optimization,
John Wiley, New York, 1983.

C. H. PAPADIMITRIOU, Games against nature, Proc. 1983 IEEE Conference on Foundations of
Computer Science; J. Comput. System Sci. (1986), to appear.

C. H. PAPADIMITRIOU AND K. STEIGLITZ, Combinatorial Optimization: Algorithms and Com-
plexity, Prentice-Hall, Englewood Cliffs, NJ, 1982.

C. H. PAPADIMITRIOU AND J. N. TSITSIKLIS, On the complexity ofdesigning distributed protocols,
Inform. and Control, 53 (1982), pp. 211-218.

R. RADNER, Team decision problems, Ann. Math. Statist.., 33 (1962), pp. 857-881.
J. F. TRAUa AND H. WOZNIAKOWSKI, A General Theory ofOptimal Algorithms, Academic Press,
New York, 1980.

J. F. TRAUB, G. W. WASlLKOWSKI AND H. WOZNIAKOWSKI, Information, Uncertainty, Com-
plexity, Addison-Wesley, Reading, MA, 1983.

J. N. TSITSIKLIS AND M. ATHANS, On the complexity ofdecentralized decision making and detection
problems, IEEE Trans. Automat. Control, AC-30 (1985), pp. 42-50.

J. N. TSITSIKLIS, Problems in decentralized decision making and computation, Ph.D. Thesis, Dept.
Electrical Engineering and Computer Science, Massachusetts Inst. Technology, Cambridge,
MA, 1984.

J. C. WALRAND AND P. VARAIYA, Optimal causal coding-decoding problems, IEEE Trans. Inform.
Theory, IT-29 (1983), pp. 814-820.

H. S. WITSENHAUSEN, A counterexample in stochastic optimum control, this Journal, 6 (1968),
pp. 138-147.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 24, No. 4, July 1986

(C) 1986 Society for Industrial and Applied Mathematics
005

STOCHASTIC MINIMIZATION WITH CONSTANT STEP-SIZE:
ASYMPTOTIC LAWS*

GEORG CH. PFLUGt

Abstract. The behavior of the stationary distribution of a Markovian process of the form

(*) X+,- rs(X-aY)

as a tends to zero is studied. The process (.) is a constant step-size (constant gain) constrained stochastic
approximation process, with rs being the projection onto the convex set of constraints $. If the gains a are
held constant, the process {X} does not converge to the point of solution but the stationary distribution
of {X,} converges to the unit mass at the solution, if a--> O. Properly normalized the stationary distribution
converges to a nondegenerated limit. This limit depends on the smoothness of the feasible set S in the
neighborhood of the solution (in particular on the dimension of the largest linear subspace contained in
the tangential cone).

Key words, stochastic optimization, stochastic approximation, constrained problems, constant gain,
asymptotic distribution

1. Introduction and general results. The aim of this paper is to study the probabilis-
tic behavior of stochastic recursions of the form

(1) X+l=Trs(X’-aY), X,R", n>-l,

where Us denotes the projection on the closed convex set S.
We assume that X, Y. are random vectors in Rm and that the conditional

distribution of Y given the history X1, X, depends only on X (and is in
particular not explicitly dependent either on the iteration step n or on the real parameter
a > 0). Thus {X} is, for each fixed a, a Markovian process. In the interpretation given
below, a is the step-size parameter. In this paper we shall be especially interested in
the stationary distribution of (1) for small a.

Recursive processes of the form (1) are widely used to approximate the solution
of the stochastic program

(2) H(x, w) dv(o) min!, x e S

where v is a probability measure on some measurable space (1, A) and H(.,.) is a
known jointly measurable function N"x
constraints in Nm. The application xH(x, w) maps N" into L(II, A, v). If F(x):=
H(x, w) dr(w) is known explicitly then the problem (2) can be viewed as a determinis-

tic constrained minimization problem. In most cases of applications however F(. is
not known in an explicit manner. There are, in principle, three possible strategies for
solution in this case:

(i) Try to calculate F(. by numeric integration and proceed as in the determinis-
tic case.

(ii) Try to approximate v by a measure Vo such that a H(x, to) duo(w) is close
to n H(x, to) dv(oo) such that n H(x, to) duo(w) is easily computed.

(iii) Use stochastic approximation.

* Received by the editors May 15, 1984, and in revised form April 3, 1985.
t Mathematical Institute, J. Liebig University, Arndtstrasse 2, Giessen D-6300, Federal Republic of

Germany.
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The first two approaches lead to deterministic procedures. Only the stochastic
approximation method is stochastic in nature. This method will be considered here.
To explain the idea behind this we have to introduce the notion of an Ll-derivative.

DEFINITION. A m-dimensional vector Hx(x*, o) of Ll-functions is called the
Ll-derivative of the function x H(x, o) at the point x*, if

IH(x, o.,)-n(x*, )-(x-x*)’n(x*, o)1 d,(,o)--o(llx-x*ll)

as x tends to x*.
Suppose that the application x H(x, o has for every x a Ll-derivative Hx(x,

(Hx,l(x,’),’’’, H,m(X,’)). Then the random vector Hx is an unbiased estimate for
the gradient(grad) of F, since

H,,(x, o) d,(o) grad F(x)=:f(x)

by componentwise integration.
The construction of a random sequence {Xn} approximating the solution Xo of

the stochastic program (2) is done in a recursive way. Suppose X1 is any starting value
and assume that Xn is already constructed. Let Yn be a random vector which is
independent of X,..., Xn_ but not on Xn, such that its conditional distribution
given Xn xn coincides with the image measure of v under H(xn," ), i.e.

P{ Y,, AIX,, x.} := v{tolHx(xn o) A}.
By this construction

E( YnIX, ", Xn) E(YnIX,,) =f(Xn) grad F(Xn).

The unknown solution point of (2) can be approximated by a stochastic version of
the gradient method, using the stochastic gradients Yn, namely

(3) Xn+ "a’s(Xn anYn).

Here an are appropriately chosen step-sizes. Many authors have considered such
recursive procedures ([1], [3], [4] among others). It was shown that under some

2conditions--including an >= 0, Y an , a < Xn - Xo a.s. where Xo is the unique
minimal point of (2).

For the practical implementation of algorithms of the type (3) asymptotic laws
(for an 0) are of limited importance. The reason is that for the first iterations the
absolute values of the step-size constants an are much more important than their speed
of convergence to zero. For larger n however the constants an a/n, which is the usual
choice, converge very slowly to zero. Therefore we might as well take an to be constant,
but small.

For this reason we shall consider in this paper the algorithm (1), i.e. the situation
for fixed but small step size a. For the unconstrained process, a similar approach was
used by Kushner and Hai Huang [5]. As we shall show, X converges in law to a
stationary sequence fulfilling (1) irrespectively of the starting value. Let X be dis-
tributed according to this stationary distribution. We shall be especially interested in
the limiting distribution of

X Xo(4) X =:
g(a)

as a tends to zero. g(a) is a properly chosen normalization and Xo is the point of
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solution of the problem (2), which is assumed to be unique. Thus Xo satisfies

Xo S -f(xo).l_ Co (i.e. y’ f(xo) >-- 0 for all y Co)

where Co is the tangent cone of S at Xo, i.e. Co is the closure of the set {A (x Xo)lX $,
x->0}.

We have assumed that the process X is a time-homogeneous Markov chain.
Denote by P(., .) its transition probabilities, i.e.

pa(x, A)= P{X+I AIX’ x}

where x S and A e 3s {Borel sets} (q S. The transition probabilities can be chosen
as Markov kernels, i.e.

(i) X}--> pa(x, A) is measurable for every A 3s,
(ii) A-. pa(x, A) is a probability measure for every x S.

Markov kernels induce operations on the set of probability measures on 3s by

A--> I P’(x, A) dlz(x)

and on the set of all bounded 3s measurable functions by

Pf: x-- I f(Y)pa(x’ dy).

The n-fold convolution of pa is denoted by P(.,.) and is again a Markov kernel.
We shall show that under some not very restrictive assumptions the chain X is

recurrent (in the sense of Harris) and aperiodic. Hence there is a unique invariant
measure/x and

for every "starting measure" y, where denotes the variational norm. j12, is the
distribution of the stationary random vector Xa. Moreover we shall be interested in
the limit distribution of the normalized random vectors X as a 40 (see (4)).

The analytic theory of Markov chains is used extensively in this paper. (A general
reference is the book of Revuz [8].) In contrast to the unconstrained case it is not
always possible to give a diffusion approximation for the process in the constrained
case. (See 3.) Therefore a discrete time Markovian process is used to describe also
the asymptotic behavior.

We begin with stating the assumptions. We rewrite the algorithm (1) in the form

(5) X+, rs(X’- af(X)- aZ(X’, o))

where Z(x, o):= Z(x):= Hx(x, o)-f(x) are independent zero mean variables. Some-
times we write simply Z, instead ofZ(Xn). When there is no ambiguity, we occasionally
drop the superscript a, writing Xn instead of X,. The inner product in R is denoted
by (.,.). A’ denotes the transpose of A and _v.} means weak convergence. The starting
value X of the recursion may be an arbitrary random variable with finite second
moment. We write Pxl for the conditional probability given the starting value X1. Px
means the law of the process started at X x. The corresponding expectation is
denoted by Ex.
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Assumptions (A).
(i) For every e > 0 there is a > 0 such that

inf
(X-xo,f())>=.

xlll-xoll IIX-xoll
(ii) IIf(x)ll A + nllx- Xoll for some constants A, B.
(iii) E(llZ(x)ll) <-_ a + nllx / x011 - for some constants al, B.
(iv) xf(x) is continuous for x e S.
(v) xZ(x,.) is continuous as a mapping

R [L2(f/, A,/)]m.

(vi) The Lebesgue measure on Rm is absolutely continuous with respect to the
disribution of Z(x), for all x $.

Remark on the assumptions. The Assumption A(i) implies that V(x):= IIx-Xo[I =
is a Lyapunov-type function. Likewise any function with similar properties could be
used instead. Assumptions A(iv) and A(v) imply the Feller property of the transition
probabilities. Indeed, if g is continuous and bounded on S then due to the continuity
of the projection operator E(g(X2)[Xl=x)=E(g(Trs(x-af(x)-aZ(x,.)))) is con-
tinuous in x. The condition A(vi) ensures the irreducibility of the process (Lemma 2)
and is equivalent to" If A

_
S has positive Lebesgue measure then P(x, A)> 0 for all

x. This condition seems to be rather stringent, but in fact can always be easily fulfilled
by adding to each random observation Yn a small noise with nonvanishing density in
m (e.g. a normally distributed noise).

LEMMA 1. Let B := {x SI IIx-xoll-<-e}, and let ’ be the first hitting time of B.
Then for every e > 0 there is an a(e) > such that for 0 < a <= a (e)

(6) Px{r > k}<-min e-=(1- alL)-llX xoll, 1)

where < 2.
Proof. We denote by :, the tr-algebra generated by X1," , X,. It follows from

the assumptions that there are constants A2, B2 such that
A2+ n2llX-Xoll 2. On the set {- > n} ;, we have

E(llX/,- Xoll=l .) E(lls(X af(X.)- aZ.)- xoll=l)
<- E(llX af(X)- aZ
X xoll - + a:J}f(x.)ll = + a=E (11/ IIl) 2a(f(X. ), X,, Xo)

<- IIx xoll = + a2A2+ anllx. Xoll=-2a IIx Xoll
<- x XoI1=(1 a/3)

for/3<28 and sufficiently small a. It follows that IIx^/xoll=(1-al3)-"^ is a
nonnegative supermartingale. Since for such supermartingales

Pv,{ gn >= b} <-_min (-, l)
(cf. Neveu [6, Prop. 11-2-7]) we conclude that

<-- Px,{llX^ Xoll(1 a)-(k ) >_ e2(1 a/3)-k}
=<min (e-2(1 a)k-llXl-Xoll2,1).
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LEMMA 2. Let As be the restriction of the Lebesgue measure A to the set S. Then
{X,} is As-irreducible and aperiodic.

Proof. For every fixed x S we can decompose the transition probability P(x,.
in the absolute continuous part w.r.t. Lebesgue measure and the orthogonal part.
According to the Assumption A(vi) the absolute continuous part has a nonvanishing
density. Hence if As(A) > 0then P(x, A) > 0 whence the irreducibility and the aperiodic-
ity follow.

LEMMA 3. The process {X,} is recurrent in the sense of Harris and ergodic.
Proof By [8, Thins. 3.2.6, 3.2.7] we have to show that the potential kernel

G(x,A)=E 1A(Xn)
=1

is not a proper kernel. We define an increasing sequence of stopping times by

z, inf { n > 01X Be},

Zm+l inf {n > zm[X B}.

We claim that P(’r,,, <)= 1 for all m. Assume that there is a first m such that
P(’rm )> 0. Because of the strong Markov property and Lemma 1

P{7"m-7"m_ > k} -<_ E(min (8-2(1 )-’IIx_,/, xoll =, 1))

which contradicts P{Zm }> 0. Let g(. ) 0 be a continuous nonnegative function
with support in S. Due to the Feller property of the chain

h(x) := E(g(X2)lXl x)

is continuous in x. Because of Assumption A(vi) and the continuity of g, h(x)> O.
Hence infxs h(x) >_- V > 0 since B is compact. Therefore

and
E,,(g(X.,,+,)) >= rl for all x S

E g(X,,) >- E. , g(X.,,+,) o.
=1 k=l

Thus by considering a continuous g 0, 0_-< g _-< 1A we see that

G(x, A):= E ,__, 1A(Xn)
equals c for every open set A

_
S and this implies that the kernel is not proper.

The Markov chain is therefore recurrent in the sense of Harris There is a unique
(up to multiplicative constant) o--finite invariant measure /z. It remains to show that
/ is finite, which is equivalent to the ergodicity of the process.

Since on {11X. Xo[I -<- e} .
E(llx,,+,-Xoll=l.) <-Ilx,,-Xoll2 + a2(a2+ B2e)

there are constants s, r/ > 0 such that

(7) E (llX./,- Xoll=l .) _-< IIX. xoll = / a2e 1 s(X.) ariel &(X.).
We consider the chain with X, Xo. Then (7) implies that v. := E(IIX= xoll =) is finite
for every n. Moreover

(8) 0<= v.+, <-- v. + a=s.P,,_,(Xo, Be)- anP,,-,(Xo, ).
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If the chain were null recurrent, then Pn(xo, B)0 (see [8, Theorem VI, 2.11]). In
this case there exists a no such that for n >- noPn(xo, Be) < q/a + rl) which leads to
a contradiction to (8). Hence the invariant measure/z can be chosen as a probability
measure, and the Lemma is shown.

Integrating (7) with respect to/x we get

a’qd B <= aZ da Be ).

Thus, for a 0/x(B) 0. This implies that the invariant measure/x of the process
(1) satisfies

/Za "-*/Sxo as a 0

where o denotes the Dirac measure at the point Xo. Nontrivial limit laws can be
obtained by a proper normalization of the process. We shall consider first the smooth
unconstrained case.

2. The smooth unconstrained case. In addition to the Assumptions (A) we impose
the following conditions.

Assumptions (B).
(i) There are no constraints, i.e. S= Rm.
(ii) f is ditterentiable at Xo with Jacobian matrix A, i.e.

f(x) A" (x Xo) + R(x Xo)

where IIR(y)II o(l[yll)as y0.
(iii) => > 0. (For the definition of see Assumption A(i).)
THEOREM 1. (Kushner and Hai Huang). Let the Assumptions (A) and (B) be

fulfilled. Let t2 be the distribution of a-1/2(X-Xo) where X is distributed according
to tz , the stationary distribution of (1). Then

/.7,-* N(0, V) as a - O,

a normal distribution with covariance matrix Vfulfilling the equation

(9) AV+ VA’= ,
where , is the covariance matrix of Z(xo, to).

Remark. By the vec-operation which transforms matrices to vectors by putting
the columns one below the other the equation (9) can be made explicit for V:

vec V= (Im(A+ A’@ Im)-1" vec:
where (R) denotes the Kronecker product and Im is the m x m unit matrix. (C.f. Graham
[2].) There is still another representation of the solution, namely

V exp (uA) 2, exp (uA’) du.

This matrix-integral formula was found by Walk [9] in a slightly different context.
Proof of the Theorem. We show first that the measures /z are uniformly tight.

From the proof of Lemma 1 we know that

E(IIX+- xoll =) E(IIX xoll=)(1 + a:B:-2aS)+
We set bn := E(llXn-xoll). From

bn+l <- bn(1 + a2B2-2a)+ a2A2
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it follows that for a < 6B
(10) lim sup b, <= aZA2(2a8 a2B2)-1

which shows that the variance of the stationary distribution is finite and O(a).
Let U, := a-1/-(X-xo) where X is a stationary sequence of the process (1). We

have to show that the distribution of U, tends to a normal distribution as a O. The
U, fulfill the recursion

U,+a= U, a A U, + rd, R v/-d U, + v/ Z,

where Z, Z( U, + xo, o).
Let go be a three times ditterentiable function on R with compact support. By

an application of Taylor’s theorem it may be shown that there is a constant C1 such
that go satisfies for every u, x, y

Igo(u + x +y)- go(u)- V go(u)(x + y)-1/2(x + y)’V2go(u)(x + Y)I
---< cl(llxll + Ilyll" Ilxll = / Ilyll=).

Let K be a sufficiently large constant. We use the above formula for

tt-- Un,

x a. A. U. +4-d. R(4-d U.)+4-d.

y x/-d Z, lllz.ll>r,
and get by taking the conditional expectation w.r.t. ,=r(X1," .,X,)=
o’(U1, Un)"

E(go( U.+I)I..) go(U.)-Vgo( U,,)(a A U. +/- R(,ur U.))

(11)

I-E(Ve(U.). a. A. U.)+1/2aE(tr(V2go(U.) ,,))1-<_ O(a)+O(a3/2).
Dividing by a, we get

IE(Vo( U,)A U,)-1/2E(tr (V2o( U.) ,,))1_<- 0(1)+o(1)

as a- 0. Since/x tends to 8o as a- 0 and K was arbitrary it follows that Er can be
made arbitrarily close to E:-E(Z(xo, ")Z’(xo, ")) by choosing K large and a small.
Because of the uniform tightness,/ has cluster points as a tends to zero. Let U be
distributed according to such a cluster point/2. Then

IE(V(U). A. U)-1/2E(tr(V:(U),))l-e 0(1)

for every e and for every test function go. Hence

(12) f [V,C(u). a. u-1/2 tr (Vz,C(u) )] d/2(u) 0

where Er E(Z.Z’.ll{llz.ll<=}l.). Let e>0. By taking a sufficiently small we may
achieve that IIR(4-" u)ll <--" 4-, Ilull for all u belonging to the (bounded) support
of go. Since U. is stationary E(go(U.+I)) E(go(U.)) and we get by taking the expecta-
tion on both sides of (11)
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for every . Let M(A, X) be the set of probability measures satisfying (12) for all test
functions . We have to show that M(A, Y) contains only the N(0, V) distribution.

First, N(0, V) is a member of M(A, E) which can be seen by direct calculation.
By simple algebra one also can show that/1 M(A, ,1) and/2 M(A, X2) imply that
the convolution/21 * 2 is an element of M(A, El + 2). Thus convoluting any element

of M(A,,) with a N(0, eX) distribution we get an element of M(A, (1 + e)X) which
has an infinitely often differentiable density and is arbitrarily close to/2. Therefore it
suffices to show that the only element of M(A,E) with C-density is the normal
N(0, V) distribution.

Let/2 M(A, ,) have a C-density f(u). Then (12) can be written as

[Vq(u)" A" u-1/2tr(V2q(u)E)]f(u) du=O.

By partial integration on ’ this is equivalent to

q(u) [tr (JA..y))+1/2 tr (V:f(u) E)] du =0

where JAf is the Jacobian of u-A. u. f(u). Hence f(u) must fulfill the differential
equation tr(JAy))+1/2tr (vEf(u)E)---0 which has the unique solution

f(u) const, exp
2

with Al/+ I/A’= ;. Thus 2 must be the N(0, V) distribution.

3. The esred setegeerte slt. Let Co be the tangent cone of S at

xo. It may happen that the cone Co contains no proper linear subspace. (Then evidently
xo lies on the boundary of S.) This situation is investigated in detail in this section.
We need some further assumptions.

Assumptions C).

(i) inf
(x- xo, f(x))

>_ 6 > O,IIx- Xoll IIf(x)]l-
(ii) Ilf(x)ll >= c > 0 for x e S.

Remark that Assumption C(i) implies that Co contains no proper linear subspace.
Before we state the main result, we shall prove a lemma which is of interest for itself.

LEMMA 4. Let pa(x, A), a >= 0 be a family of Markov kernels. Suppose that
(i) P’(x,. converges weakly to P(x,. i.e. in bounded Lipschitz metric as a 0,

uniformly on compact sets of x,
(ii) P(x,. is Feller, i.e. xP(x,. is continuous in the weak topology.
Then [.a .. [uI,

O implies that Patz’ -- Ptx. In particular all limits of sequences of
invariant laws for pa(.,. are invariant laws for pO(.,. ).

Proof. We have to show that for every bounded continuous function g

(13) f g(y)P"(x, dy) dtz"(x) f g(y)P(x, dy) dtz(x)

as a-O.
Since P(x,. is Feller, x-, g(y)P(x, dy) is bounded and continuous and hence

(14) I g(y)P(x, dy) dlxa(x) I g(y)P(x, dy) dlx(x).
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Due to Assumption (i)

g(y)Pa(x, dy)- I g(Y)P(x’ dy)

uniformly on compact sets. If/z -/x then {/z a, a >-0} is uniformly tight. Hence

(15) f g(y)pa(x, dy)da(x) f g(y)P(x, dy)did, --0

by uniformity and tightness. Putting together (14) and (15)-we get (13).
THEOREM 2. Let Assumptions (A) and (C) be fulfilled. Let i be the distribution

of a-l(x -Xo), where X is distributed according to i. a, the stationary distribution of
(1). Then

where i is the stationary distribution of the process

X.+, "a’co(X,, f(xo) Z(xo, )).

Thus the limiting law may be found by solving an integral equation.
Proof Let W a-(X Xo), X being stationary. Let Ca {a-(x xo)lx S}.

Clearly Ca is a closed convex set, Ca Co and CaCo as a0. Moreover Zrca(X)
a-l(Trs(ax + Xo) Xo). Hence W fulfills the relation

(16) W+l 7rca( W, f(xo+ aW) Z(xo+ aW, )).

Let Pa(x,A) be the Markov kernel belonging to (16). We have to show that the
assumptions of Lemma 4 are fulfilled. By Assumption A(v) Z(xo+ au,. converges in
L2 to Z(xo, ") uniformly for each bounded set of u’s. Consequently, by eventually
passing to a subsequence, rca(U -f(xo+ au)- Z(xo+ au,.)) converges a.e. to

rco(U-f(xo)-Z(xo," )) uniformly on bounded sets, which implies the Assumption (i)
of Lemma 4. The continuity of u- rco(U-f(xo)+ Z(xo," )) entails the Feller propey
of P(x, ).

The asseion of Theorem 2 is shown if we prove the tightness of the set {, a 0).
By C(i) and C(ii) using A(i) with e 1 we may find constants fl < min (2. c, 1), A3
and B such that

E(II wZ+, =) E(II wZ I1=) E(( W,f(xo+ aW)>) + E(llZ(xo+ aW ,. )11 =)

+ A3 +  =B E(II
E(II w ll =) - E(II W ll)- laE( Wll21{llWlll/a)
+ A3 + a:BE(II wll:l 11Wll=/a)"

If W is distributed according to the stationary distribution and a is suciently small
then it follows that

This implies tightness.

4. The constrained, nondegenerate situation. In this section we assume that the
minimal point Xo lies on the boundary of S and the tangent cone Co contains a
p-dimensional subspace (1 =< p _-< m 1). Under some suitable assumptions, the limiting
law is then, as we shall prove, concentrated on this subspace.
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To begin with we consider the following special case. Suppose that the set of
constraints S is of the form

(17) S=SxRp

where S is a q-dimensional convex set (p+ q m) containing no proper subspace.
Then the projection 7rs is of the special form

r(x)

where () is the decomposition of the vector x in a q- (resp. p-) dimensional part.
Suppose that Co is tangent cone to S at o. According to the above partition the
recursion may be written in the form

(18)
X+l 7rg(X’-af(X’)-aZ.),

X.+I= X.-
For this system we make the following assumptions, which are a combination of
Assumptions (B) and (C).

Assumptions D).
(i) [If(x)ll--< c > o for x e S.

(ii) (%o)f(%o)
is ditterentiable at o with the Jacobian matrix A, i.e.

where IIR()II-- o(1111) as -->0.
(iii) (x Xo, f(x)} -> 3(112 2oll + I1 oll =) for a > o.
(iv) f fulfills the Lipschitz condition

o(lly- zll ’/:)

uniformly in x, y, z.
THEOREM 3. Let Assumptions (A) and (D) be fulfilled. Let I be the distribution

of a-1/2(xa-Xo) where X is distributed according to i.t , the stationary distribution of
(16).

Then

N(O, ) asa-->O,

a normal distribution (concentrated on P) with covariance matrix

0

satisfying

A+ A’= ,
where , is the covariance matrix of(Xo," ).

Proof. Let U. := a-/2(X Xo). u.a may be partitioned into the two parts u.-a and
--aU.. Exactly as in Theorems 1 and 2 it can be shown using D(iii) that the distribution
of {a-1/2 U., /.} is uniformly tight. Thus U. converges in distribution to zero.
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Moreover with high probability 0a, is smaller than al/2K for a constant K and by
D(iv) a-/2lf(xo+ x/-d U’) f(xo+ x/-d U. isU.)I- 0 in probability. The recursion for

--a ’au +4-d](Xo+4-d u.)+4-d 2(Xo+4-d
On a set of arbitrary high probability

--a ’au,,+, U,,)+ o(a)+x/-d ;(Xo+V/d
and the rest of the proof is identical to that of Theorem 2. The more general case of
a convex set S with tangent cone Co at Xo containing a p-dimensional subspace can
be reduced to the above situation by a nonlinear local parameter transformation. We
remark that once the global conditions for convergence are met the asymptotic behavior
depends exclusively on local properties.

Instead of giving long and complicated formulas we illustrate this case by two
examples.

Example 1. Suppose that S is the m-dimensional unit ball and Xo (1, 0, , 0).
We may introduce polar coordinates (r, o, , 0m-) in R" such that Xo (1, 0, , 0)
also in this coordinate system. Then

where g= (xllxl <- 1} and B is the set of possible values for 0,..., 0m-; i.e. an
open set which contains the point zero. Also the gradient function may be written in
polar coordinates form f(r, ,. ., m-). If this function is diiterentiable at Xo and
the other conditions are met then there is a limiting normal distribution, which is
concentrated on a (m- 1)-dimensional subspace, which corresponds to the hyperplane
tangent to S at Xo.

It is worth noticing that the asymptotic distribution strongly depends on the
"curvature" ofthe set S in a neighborhood of Xo. In particular not only the ditterentiabil-
ity of f, but also the ditterentiability of the transformation into polar coordinates is
needed in the above example to establish asymptotic normality. If the convex set S
cannot be transformed in a ditterentiably way into the form (17) then asymptotic
normality is not more valid. Let us consider the following example.

Example 2. Suppose that S {() 21y <_ ixl }, 1 < a < 2 and f() (). Then
Xo (). The tangent cone is Co {()IY->-0} and contains a 1-dimensional subspace.
There is a reparametrization such that S is of the form (17) in the new coordinates
(:, 7) namely

: sgn x(x/u* +
/=sgn (y-lxl’)x/(x-u*)+(y-lu*l’)

where u* is the solution of (x-u)2+(y-lul’)Z=min! This solution is unique in a
neighborhood of () if x # 0. If x 0 set sr 0 and r/= y. S may be expressed in these
new coordinates

but the mapping (x, y) -> (:, 7) is not ditterentiable in both directions in a neighborhood
of (o), since r/(x)-’O(x2/(2a--1)).

In order to cover also such cases it is necessary to investigate unconstrained
systems for which

f(x Xo) IIx- XoliV-’A (x- Xo) + R(x Xo)
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with IIR(y)II o(llyll), 1. The smooth case is included by setting y= 1. It may be
shown that in such cases the suitable normalization in (4) is g(a)= a/+ and the
asymptotic distribution is of the Weibull type. But this is beyond the scope of this
paper. A related result for the one-dimensional case was shown by the author in [7].
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AN EXACT FORMULA FOR A LINEAR QUADRATIC
ADAPTIVE STOCHASTIC OPTIMAL CONTROL LAW*

RAYMOND RISHEL"

Abstract. For a Linear Quadratic Adaptive Stochastic Optimal Control Problem a formula for the
optimal control is obtained by applying variational methods to an equivalent problem obtained from the
Girsanov transformation. The formula does depend on a quantity defined through a martingale representation
of the conditional remaining cost.

Key words, adaptive control, dual control, optimal adaptive stochastic control

AMS(MOS) classifications. 93C40, 93E20

Introduction. Linear quadratic adaptive stochastic problems are important in
engineering and have a long history. Some very early papers on adaptive control are
[7] where they are called dual control problems to emphasize the dual aspects of
learning about the system and controlling it at the same time. Examples of more recent
work are [1], [12], [10], [2]. These problems can be considered as partially observed
stochastic control problems. However, probably because of the lack of theory they
have not generally been approached from this point of view. Instead methods such as
those in [1], [12], [10], [2] are used. There have been fundamental recent advances
in the theory of partially observed stochastic control, for instance [8], [9], [3], [4].
The purpose of this paper is to apply methods such as these to a linear quadratic
adaptive stochastic control problem to investigate their applicability. In particular,
although the methods of [4] do not apply exactly, this paper uses methods which
follow the spirit of [4] to obtain an explicit formula for the optimal control law for
this linear quadratic stochastic adaptive control problem. The methods are also some-
what analogous to those of [6] although again these do not apply directly.

Unfortunately the formula for the optimal control involves a quantity which must
be determined from a martingale representation theorem, and thus is not obtained in
a constructive manner. However, it is hoped that knowing the explicit form of the
optimal control law will lead to new methods for computing it or approximating it.

The linear quadratic adaptive stochastic optimal control problem considered is
the minimization of

(1) E IX( t)’Mx( t) + u( t)’Nu( t)] dt

where x(t) is a solution of the controlled stochastic differential equation

(2) dx [A(z)x + B(z)u] dt + dW

with initial condition

(3) x(0) Xo

in which the matrices A(z) and B(z) depend on a vector z of unknown parameters
with given prior probability density P(z).

* Received by the editors May 9, 1984, and in revised form April 11, 1985.
f Department of Mathematics, University of Kentucky, Lexington, Kentucky 40506.
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We shall show that necessary conditions that u(t) be an optimal control based
only on past measurements of x are that it have the form

(4) u(t) =---T B(z)’H(t, z)p(t, z) dz

where p(t, z) is the conditional probability density of z given the past measurements
of x up to time and where H(t, z) and O(t, z) are uniquely determined as solutions
of

(5) dO(t, z) -[x(t)’Mx(t) + u( t)’Nu( t)] dt + H( t, z)’ dW
with terminal condition

(6) O(T)=-O.

An equivalent characterization of H(t, z) is that it is uniquely determined from
the representation

or
[x(t)’Mx(t)+ u(t)’Nu(t)] dt

E [x(t)’Mx(t) + u(t)’Nu(t)] dtlxo, z + H(t, z)’ dW

of the optimal criteria as a stochastic integral with respect to the Weiner process W.
The derivation begins by obtaining the linear quadratic control problem from an

equivalent control problem through use ofthe Girsanov transformation; then variations
are taken in the equivalent problem to obtain the optimality conditions.

1. Formulation. Consider formulating the adaptive control problem (1), (2), (3)
through a change of probability measure. To do this, proceed as follows. Let A(y)
and B(y) denote respectively n x n and n x m dimensional matrix valued Borel measur-
able functions of a q-dimensional vector variable y. Let (f, , P) denote a probability
space with r-field of subsets $; and probability measure P on l. Let W(t) be an
n-dimensional Weiner process defined on (l, ). Let Xo and z denote n-dimensional
and q-dimensional random vectors such that Xo, z, and W(t) are mutually independent.
Let z have probability density function p(z). Define x(t) by

(8) x(t) Xo+ W(t).

Define the r-fields Ft and G, by, F, is the right continuous regularization of

(9) tr[x(s); 0<_--s<_-- t]

and Gt is the right continuous regularization of

(10) tr[z, x(s); 0-<_s-< t].

Define an admissible control u(t) to be an m-dimensional vector valued stochastic
process satisfying I and II.

I. u(t) is Ft adapted.
II. E[exp (1/2 IlA(z)x(t)+B(z)u(t)ll dt)]<.

Define q(t, z) by

q(t, )- exp [A()x(s)+B()u(s)]’ dW(s)

(11) -- IIA(z)x(s)/ B(z)u(s)ll = ds
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It follows from II that

P IlA(z)x(t)+B(z)u(t)ll2dt<o =1

and thus qU(t, z) is well defined.
Assumption II implies, [11, Thm. 6.1], that qU(t, z) is a Gt martingale and that

(12) E[qU(T,z)]=l.

If p is the probability measure whose Radon-Nikodym derivative with respect
to P is q"(T, z), that is if

(13) P=q(T,z)P,

then (12) asserts PU is a probability measure. The Girsanov theorem, [11, Thm. 6.3],
implies if W(t) is defined by

(14) W"(t) W(t)- [A(z)x(s)+ B(z)u(s)] ds,

that W"(t) is a (P", Gt) Weiner process. Combining (8) and (14) gives

(15) x(t)= Xo+ [A(z)x(s)+ B(z)u(s)] ds+ WU(t).

Denote taking expectations with respect to pu by E" and with respect to P by
E. Thus

E [x(t)’Mx(t) + u(t)’gu( t)] at

(16)

Thus the problem of minimizing the left-hand side of (16) suNect to (15) holding
over the class of admissible controls satisfying I and II is equivalent to the problem
of minimizing the right side of (16), suNect to (8) and (11), over the class of admissible
controls satisfying I and II. Notice that Assumption I asses the control u(t) is
F,-measurable for each t, so that u(t) depends only on the past of x(t) and we can
consider z as a vector of parameters unknown to the controller.

Define J(u) by

(17) J(u)= q(T, ) [x(t)’Mx(t)+u(t)’gu(t)] dt

Motivated by these considerations we shall consider the problem of determining the
optimal control for the problem of minimizing J(u) subject to (8) and (11) over the
class of controls satisfying I and II.

2. Variations. If u(t) is an optimal control and v(t) is a stochastic process which
is bounded and Ft is adapted, then it can be shown that u(t)+ ev(t) satisfies I and II
for -1 <_- e -<_ 1. Thus if

(18) tSJ(u, v) a d
-J(u + ev)l=o

exists, then

(19) tSJ(u, v)=0

is a necessary condition for optimality.
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(20)

(21)

LEMMA 1. 6J(u, v) exists and is given by

M(u, v)= E q(T, ) (B()v(t))’ dW" (x(t)’Mx(t)+u(t)’gu(t)) dt

+I:2v(t)’Nu(t)dt]}
Proof. Since v(t) is bounded it can be shown that

Iq+(T, ) [x(t)’Mx(t)+(u(t)+ev(t))’g(u(t)+ev(t))] dt

where

(22) E[b] <oo.

This and Lebesgue’s dominated convergence theorem justify computing (18) by
differentiating with respect to e under the expectation sign in

(23) J(u+ev)=E q"/(T,z) [x(t)’Mx(t)+(u(t)+ev(t))’g(u(t)+ev(t))]dt.

Since

(24)

(25)

qU+(T, z) exp [A(z)x(s)+B(z)(u(s)+ev(s))] dW

llor ]-- IIA(z)x(s)+ B(z)(u(s)+ ev(s))ll = ds

Cl
qu+(T, z)

de

qU(T, z) [B(z)v(s)]’ dW- [B(z)v(s)]’[A(z)x(s)+ B(z)u(s)] ds

q(7", [(v(sl’.
Thus (20) follows by differentiating under the expectation sign in (23) using (25) and
the product rule for differentiation.

Remark. Let/3[0, T] and (Eq) denote the Borel fields on the respective spaces
[0, T] and E q. Since G, r(z)x F, standard measure theoretic arguments imply for
any G, adapted process (t) there will be a function (t, y, w) which is /3[0, T] x
B(Eq) x measurable and F, measurable for each (t, y) such that

(26) (t)(to) (t, z(to), to).

Motivated by this we shall use the notation b(t, z) to denote a G, adapted process
and interpret this to mean that

(27) (t, z)(oo)= (t, z(w), w).

(28)

THEOREM 1. IfR is a Gr measurable random variable for which

E"[R2] <oo,
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(29)

and

(30)

there is a unique n-dimensional vector-valued Gt adapted process b( t, z) for which

EU II(t, z)ll = at < oo

E[RIG,] E[RIz, Xo]+ 4(s, z)’ dW.
Proof. By the representation theorem for square integrable martingales, 11, Thm.

5.4], the square integrable martingale EU[RIGt] has the representation

(31) E[RIG,] b(s, z)’ dW + l(t)

where R(t) is a martingale orthogonal to the stochastic integrals and b(t, z) is a G
adapted process for which

(32) EU II(t, z)ll = at < oo.

It will follow that

(33)

if it can be shown that

///(t) ///(0)

(34) E[((t)-R(O))f(z)g(xo) F(W)] =0
j=l

for any bounded Borel measurable functions f(y), g(x), F(x) and any b, 0-< tl -<" --<
tn -< t. This can be done by repeating the proof of 11, Thm. 5.5] with minor changes.
The crucial property needed is that if > s then the increment W"(t) W"(s) is
independent of Gs. The theorem follows from (33) since

(35) EU[RIGo] E"[RIz, Xo] M(0).

The uniqueness of b(t, z) will follow exactly as the uniqueness argument in 11, Thm.
5.7, p. 170].

THEOREM 2. If

(36) E [x(t)’Mx(t)+u(t)’gu(t)] dt <oo

and H( t, z) is the G adapted process in the representation

(37)
or

[X(t)’Mx(t)+ u(t)’Nu(t)] dt

E" x()’Mx(t)+u(t)’gu(t)] drip, xo + H(t, )’ dW

for which

(38) E IIn(t,z)ll=dt

then tJ( u, v) is given by

(39) J(u, v)= q"(T, ) v(t)’[B(z)’H(t, )-2Nu(t)] dt
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Proof. Using (37), rules for expected values of products of stochastic integrals,
and the orthogonality of stochastic integrals with respect to W" and Go measurable
functions gives

E q"(T, ) [B()(t)]’ dW" (x()’Mx(t)+u(t)’gu(t)) dt

(40)

Thus the theorem follows from (20) and (40).
Since we must have J(u, v)=0 for every bunded F adapted process v(t), a

standard argument using (39) implies

(41) E{q’(T, z)[B(z)’H(t, z)-2Nu(t)]lFt}=O

for almost every t. Thus we have from (41) that a necessary condition for u(t) to be
an optimal control is that

1 -1E[q( T, z)n(z)’H(t, z)lF,](42) u.t.=-2 U[q(T,z)lF,]

holds for almost every t. Since q"(t, z) is a G, martingale using conditioning first with
respect to Gt and then with respect to Ft and using the law of iterated conditional
expectations gives

1 .[q(t, z)n(z)’n(t, z)lF,]
(43) u(t) N-
Since Gt o-(z)x Ft and r(zr and Ft are independent r-fields under P, taking the
conditional expectation of a Gt measurable random variable given Ft under the measure
P can be expressed by integrating the random variable with respect to the prior
probability density p(z) of z. Thus (43) can be rewritten as

11,-’ j q(t, z)n(z)’H(t, z)p(z) dz
(44) u(t) -- -qi z)p(z) dz

Similarly the conditional density of z given Ft under the measure pu is given by

(45) p"(t, z)A q"(t, z)p(z)

Thus (44) can also be expressed as

1N- Iu(=- (t, )()’n(t, )

where p(t, ) is given by (45).
The quantity H(t, ) can also be determined from an adjoint equation. To see

this define 0(t, ) by

o( , ) [x(s)’Mx(s) + u(s)’Nu(s)] ds

(46)
+E [x(s)’Mx(s)+u(s)’Nu(s)] dslxo, z + n(s, z)’ dW’.
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Then from (37)

(47) 0( T, z) 0,

and (46) implies

(48) dO(t, z) -[x(t)’Mx(t) + u( t)’Nu( t)] dt + H( t, z)’ dW

which are the desired adjoint equation and terminal boundary condition.
Solutions of (48) and (47) for which

(49) E IIH(

holds are unique. To see this let/(t, z) and/(t, z) satisfy (48), (47) and (49). Then
integrating (48) from 0 to T gives

(50) [x(t)’Mx(t) + u( t)’gu( t)] dt (0, ) + IJI( t, )’ dW".

Since the increments of W are independent of Go and (49) holds for H(t, ), the
conditional expectation of the stochastic integral given Go is zero and (50) implies

(51) x(t)’Mx(t)+u(t)’Nu(t)] dt , xo (0, ).

The uniqueness of the representation (37), (50) and (51) implies

(5) N(, ) (t, ).

Then O(t, )= O(t, ) follows by integrating (48) from 0 to t, using (51) and (52).
Collecting these results into a theorem, we have
ToN 3. If u( t) is an optimal control for the problem of minimizing

(53) [x(t)’Mx(t)+u(t)’gu(t)] dt

subject to x( t) being a solution of

(54)

and

(55) E" Ix(t)’Mx(t) + u( t)’Nu( t)] at <

is satisfied for the optimal control, then u( t) must have the form
1 I p(t, z)B(z)’n(t, z)(56) u( t) -’N-1 dz

where O( t, z) and H( t, z) are solutions of

(57) dO(t, z) -[x(t)’Mx(t) + u( t)’Nu( t)] dt+ n( t, z)’ dW 0(T,z)=0

where

q"(t,z)p(z)
(58) pU(t, z)=

q"(t, z)p(z) ds
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and

(59)
qU(t, z)=exp [A(z)x(s)+ B(z)u(s)]’ dW-- IIA(z)x(s)+ B(z)u(s)ll 2 ds

3. Conclusions. Theorem 3 gives a stochastic two-point boundary value problem
involving equations (54) and (56)-(59) with (54) and (57) being the primary equations
of the two-point boundary value problem. If this could be solved to determine H(t, z),
then (56) would be an explicit representation of the optimal control.

It is natural to ask, "Is there a Riccati equation through which a solution of (54)
and (56)--(59) can be expressed?" The existence of a Riccati equation solution in a
corresponding linear quadratic control problem in [5] and the results derived there
make this appear hopeful. A number of guesses can be made for the form of the
solution; however, whether there is a solution of Riccati form is still an open question.

It is also natural to question whether an algorithm for approximating the optimal
control could be based on equations (54) and (56)-(59) of Theorem 3. This is also an
open question.
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SUFFICIENT OPTIMALITY CONDITIONS
FOR STRATIFIED CONTROL PROBLEMS*

STEFAN .MIRICAt

Abstract. Sufficient optimality conditions ofdynamic programming type avoiding the axioms of Boltyan-
skii’s "regular synthesis" for control problems that have weakly stratified Hamiltonians are proved. An
improved version of Boltyanskii’s "fundamental lemma" is applied to the "value function" defined as the
minimum of the cost functional along the solutions of a Hamiltonian inclusion which plays the role of a
"system of characteristics" for the Hamilton-Jacobi-Bellman equation of dynamic programming.

Key words, optimal control problems, dynamic programming, sufficient optimality conditions, stratified
sets and mappings, Hamiltonian systems

AMS(MOS) subject classification. 49C20

1. Introduction. The aim of this paper is to prove verifiable sufficient optimality
conditions of dynamic programming type that avoid the axioms of Boltyanskii’s regular
synthesis ([1], [5]-[7], [17], [24]) for optimal control problems whose Hamiltonians
are stratified functions in a very weak sense. As one may easily verify, a large number
of classes of optimal control problems in the literature ([1], [7], [10], etc.) admit a
stratified structure (as, for instance, the problems defined by subanalytic sets and
mappings, [5], [6], [12], [22], [23]) so the approach based on the theory of stratified
sets and mappings is by no means very restrictive.

The proofs of the main results in 4 rely essentially on the preliminary results in
2 concerning the behaviour of regular and absolutely continuous mappings with

respect to stratified sets and mappings.
In 3 we consider autonomous optimal control problems of Mayer type that have

weakly stratified Hamiltonians and we introduce a generalized Hamiltonian system
which is strongly connected with Pontryagin’s maximum principle as well as with the
theory of Hamiltonian vector fields on syrnplectic manifolds (e.g. [11]) and plays the
role of a "system of characteristics" for the first order partial differential equation of
dynamic programming often called the "Hamilton-Jacobi-Bellman equation". Under
some additional hypotheses we prove that the solutions of the Hamiltonian inclusion
(which we call characteristics) are extremals of the optimal control problem, i.e. their
projections on the phase space are admissible trajectories satisfying maximum principle.

In 4 we prove first a stronger version of Boltyanskii’s "fundamental lemma"
([1], [5]-[7], [17], etc.); then we prove several theorems giving sufficient optimality
conditions in terms of the "value function", defined as the minimum of the cost
functional along the characteristics, separately, in the case of regulated (in particular,
piecewise continuous) admissible controls and in the case of measurable bounded
controls. We note that in the case of regulated admissible controls the Hamiltonian
and the value function should be weakly C-stratified and continuous and the charac-
teristics should be regular with respect to the stratification of the Hamiltonian while
in the case of measurable bounded controls the Hamiltonian and the value function
are required to be weakly Cl-stratified and locally Lipschitzian but the characteristics
need only be absolutely continuous. The last theorem replaces a certain assumption
on the value function with the easier verifiable property that the characteristics may
be embedded i a family of "stratified flows".

* Received by the editors May 3, 1984, and in revised form January 24, 1985.
f Faculty of Mathematics, University of Bucharest, Academiei 14, 70109 Bucharest, Romania.
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In 5 we consider the well-known problem of "moon landing" ([7], [10], [16],
etc.) in order to illustrate the way the above mentioned results may be used and their
possible advantages over the usual approach involving necessary optimality conditions,
uniqueness of the extremals and existence of optimal controls ([1], [7], [10], etc.). It
is apparent that when applicable, the results in this paper may greatly simplify the
arguments proving that the result of the computations (more or less the same in any
approach) is indeed the optimal feedback control. Moreover, the intricate process of
finding the extremals of the problem by the simultaneous operations of maximizing
the Pontryagin function and integrating the adjoint system is replaced in this approach
by the more systematized (if not easier) operation of finding the solutions of a
differential inclusion which often turns out to be a piecewise smooth differential system
(for which, it is conceivable that one may combine theoretical arguments with computer
results).

The autonomous optimal control problems of Mayer type were preferred for the
sake of simplicity of notations but it is obvious that similar results may be proved for
general (nonautonomous) Bolza or Lagrange problems (which can always be written
as autonomous Mayer problems, [7], [10]). Moreover, since one looks for optimal
trajectories rather than for optimal controls, our approach is particularly suited for
control problems defined by differential inclusions ([2], [8]). As far as the sufficient
optimality conditions are concerned, the results in this paper may also be extended to
optimal control problems in which the control space depends on the phase space
variable.

It should be noted that the results in this paper considerably extend and improve
the results in [19], at the same time correcting some errors in the statements and the
proofs of Lemmas 2.2, 2.3 and 2.5 in [19] (which, however, do not affect the validity
of the main results) which should be replaced by Lemmas 2.5 and 2.6 in this paper.

2. The behaviour of regular and absolutely continuous mappings with respect to
stratified sets and functions. We shall use the following notations: Zmthe set of integers,
Nmthe set of positive integers, Rn--the real n-dimensional Euclidean space, (.,.)
the scalar product in such a space; we identify a vector x R with the corresponding
linear functional y->(x, y) in L(R, R). If X is a set, then (X) (o(X)) denotes the
family of its (respectively, nonempty) subsets; ifX c R, then CI(X) denotes its closure
in the usual topology; I, [a, b], [a, b)c R denote intervals of the real line; a, b]
denotes one of the intervals a, b], (a, b].

DEFINITION 2.1. A nonempty subset X R is said to be weakly Ck-stratified for
some k {1, 2, oo, to} if it admits a locally finite partition (i.e. any compact subset
of X intersects only a finite number of members of) into connected regular submani-
folds of R called strata.

We recall that X is said to be Ck-stratified ([5], [6], [12], [23], etc.) if has the
following additional property: for any $1, $2 s b for which S1 $2, $1 CI ($2)
one has: S C1($2) and dim (S) < dim ($2); we note that this property as well as the
so called "Whitney property" of a stratification [5] are not needed in the proofs in
this paper so we shall use only weakly stratified sets.

A weak stratification of X is said to be compatible with a family (Rn)
if any A is either disjoint of any stratum of Ae or is a union of strata.

If S R is a submanifold of class Ck and x S, then T,S denotes the tangent
space ofS at x and it will always be considered as a subspace of R T,R. We recall
(e.g. 15]) that TxS iff there exists a Ck-mapping c(" (-a, a) -> S, a > 0 such that:
c(0) x and c’(0) .



OPTIMALITY CONDITIONS FOR STRATIFIED CONTROL PROBLEMS 677

If is a weak stratification of X, then one may define at each point x X a
tangent space ofX that corresponds to the (weak) stratification 6t’ as follows: TxX TxS
if x $ 6e; if the stratification S1 is compatible with the stratification S2 of the same
subset X c R" and if for x X, TxX denotes the tangent space with respect to 5ei,

2i= 1, 2, then obviously: TX TxX.
DEFINITION 2.2. A mapping f(. X R --> R is said to be weakly ck-stratified

if there exists a weak Ck-stratification 6es of X such that for any S SOs the restriction
fs(" =f(" )IS is of class ck; f(" is said to be a weak Ck-stratified submersion if it has
the following additional property; for any S SCyf(S)c R is a regular submanifold
and the restriction fs(’): S-->f(S) is a submersion of class Ck (i.e. rank (Dfs(x)=
dim (f(S)) for any x S); f(" is said to be stratified by y.

We recall that f(.):X R"--> Y R is said to be Ck-stratified ([5], [6], [22],
etc.) if there exist a Ck-stratification Sex of X and a Ck-stratification SOy of Y such
that for any S 6ex one has: f(S) y and fs(" ): S -->f($) is a submersion of class C k.

We note that while any mapping f(. ):X c R" --> R", of class C on an open subset
X R" is weakly C-stratified, there obviously exist C mappings that are not
C-stratified in the sense above. In this paper, with the only exception of the first
component of the "stratified flow" in Definition 4.5 (which should be a weak C-stratified submersion) the functions involved need be only weakly C-stratified in the
sense of Definition 2.2.

If f(. :X R" --> R is weakly C-stratified by the weak Cl-stratification 6ey of
X, then we define the derivative off(. with respect to f as follows: Df(x) Dfs(x)
L( TxS, R") if x S 6ey. We note that if dim (S) n (hence S c R" is open) then for
any xS, Df(x) L(R", Rm) is the usual (Fr6chet) derivative of f(’) at x but if
dim (S)< n then f(. may be even discontinuous at the points in S; if dim (S)= 0,
hence S {x} is a singleton, then we take TxS {0} and Df(x)=0.

DEFINITION 2.3’ An absolutely continuous mapping x(.)" I c R--> R" is said to
be regular if its derivative, x’(. ), is regulated ([3], II.1) i.e. it has one-sided limits at
each point in I and therefore it has a countable set of discontinuities, all of the first
kind (at such points x’(. may not even exist).

The mapping x(. is said to be regular with respect to the weak stratification 6e
of X c R" if there exists a countable partition {Ik; k N} of I into subintervals such
that for any k N there exists Sk b such that X(Ik)C Sk, the restriction mapp
Xk(’) X(’)lIk is of class C and its derivative has one-sided limits at the endpoints
of the interval Ik.

We denote by Jx.) the set of endpoints of the intervals Ik, k N, and we call them
switching points of x(. ); if J.) is finite then x(. is said to be finitely regular or piecewise
smooth and its derivative is said to be piecewise continuous.

In what follows we shall use the following particular case of[4, Chap. XI, Corollary
4.2] (which is also a generalization of [3, 1.2, Prop. 2]):

LEMMA 2.4. Let f(.) [a, b]c R--> R be continuous and such that there exists a
countable subset Jf a, b with the following property: for any a, b)\Jf there exists
a sequence { tk} [a, b] such that tk (i.e. tk > for any k N) and:

f(tk) --f(t) >= O.(2.1) lim
k- k

Then f(b) >=f(a).
LEMMA 2.5. Let X R" be weakly C 1-stratified by 5, let x(. a, b] R X be

absolutely continuous and let J,,.) be the set of points a, b] at which either x(. is
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not differentiable or is isolated to the right in x-(S) (i.e. there exists r>0 such that
(t, t+r)f’lx-l(s)=) ifx(t)S6L

Then Jx(.) has zero Lebesgue measure and"

(2.2) x’(t) Tx(t)X for any t[a, b]\J<.).
Moreover, fix(. is regular, then J,(.) c [a, b] is countable.
Proof. From its definition it follows that the set Jx(.) is the union Jd U Jr where Jd

is the null set of points [a, b] at which x(. is not ditterentiable and Jr is the set
of points t[a,b] that are isolated to the right in x-l(S)c[a,b] if x(t)SSf.
According to a known result (e.g. Problem K(d) in [14, Chap. I]) the set of points
that are isolated to the right in x-(S) is countable for any $ Y and, on the other
hand, since 5e.is locally finite, the compact subset x([ a, bl) X intersects only a finite
number of strata. It follows that the set Jr is countable; hence J,(.) is a null set and if
x(. is regular, then Jx(.)= Jd U J is countable as Ja is also countable.

Further on, if t[a, b]\Jx(.)then x’(t)= lims_, (x(s)-x(t))/(s-t) exists and if
x(t) S b then (since Jr) there exists a sequence tk N such that X(tk) S for any
k N and therefore x’(t)=limk_oo(X(tk)--x(t))/(tk--t) Tx(t)S= T,(t)X as one may
easily see taking a local coordinate chart with the submanifold property at x(t) S
(e.g. 15]).

LEMMA 2.6. Let f(.) :Xc Rn R be continuous and weakly C 1-stratified, let
x( a, b]c R - X be absolutely continuous and let Jx(. be the set (defined in Lemma
2.5) ofpoints in [a, b] at which (2.2) does not hold.

(i) If x(. is regular and the derivatives off(. and x(. verify:

(2.3) Df(x(t)) x’(t)>-_O for any t[a, b]\J(.),
then f(x(b)) >-f(x(a)).

(ii) If x(. is regular and satisfies"
(2.4) Df(x(t)) x’(t)=0 for any t[a, b]\J(.,
then t--f(x(t)) is a constant function.

(iii) lff(. is, in addition, locally Lipschitzian i.e. it is Lipschitzian on every compact
subset of X) then the statements (i) and (ii) above hold for any absolutely continuous
mapping x(. ).

Proof Let h(.)’[a, b] R be defined by: h( t) f(x( t)), t[a, b].
To prove (i), we note that if x(.) is regular, t[a, b]\Jx<.) and x(t)Ssy then

x’(t) exists and x-(S) is not isolated to the right; hence there exists a sequence
tk N t, tk x-(S) and therefore, since fs(" and x(. are ditterentiable at x(t) and,
respectively, at t, it follows that

h(tk)-h(t) f(X(tk))--f(x(t))
lim lim Df(x( t)) x’( t) >- 0
k-x tk- k tk-

since the local representative [15] f(. ):U c Rm R offs(" at x(t) S with respect
to a local coordinate chart (U, a(. )), being Fr6chet differentiable, has the property:
limu_.o.s_,o (f,(y+ su)-f(y))/s= Dye(y). v at any y U, v R", rn =dim (S).

From (2.3) it follows now that h(. =f(. )ox(. satisfies the hypotheses in Lemma
2.4; hence f(x(b)) h(b) >-_ h(a) f(x(a)).

The statement (ii) follows from (i) applied to the functions f(. and -f(.) on
every interval [ a, t], e (a, hi.

To prove (iii), we note that if f(. is locally Lipschitzian and x(. is absolutely
continuous, then h(.)=f(.)ox(.) is absolutely continuous; hence at any point
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[a, b]\Jx(’) at which h(.) is ditterentiable one has" h’(t)=Df(x(t)), x’(t); since an
absolutely continuous mapping is the indefinite integral of its derivative, (2.3) implies
that h(. is nondecreasing and (2.4) implies that h(. is a constant function.

3. Generalized Hamiltonian systems for stratified optimal control problems. The
optimal control problem we are considering is defined by the nonempty subsets: X R"
(phase space), XF X (target or terminal set), U R (control space) and by the
mappings" g(. )" XF -> R (terminal payoff) and f(., )" X x U-> R" (controlled vector
field).

An optimal control problem is also defined by the set of admissible controls. Since
in our approach Lemma 2.6 is essential and, on the other hand, it seems that the
statements (i) and (ii) in this Lemma do not hold if x(. is merely absolutely continuous
(instead ofbeing regular) unlessf(. is locally Lipschitzian, we shall consider separately
the problem P in which the admissible controls are regulated mappings (the same
type of results being valid for the problem Pp in which the admissible controls are
piecewise continuous) and the problem P, in which the admissible controls are
measurable and bounded.

For every Xo X\XF the set //r(Xo) (respectively O’m(XO) of admissible controls
with respect to Xo for the problem Pr (respectively, Pro) consists of all regulated (respec-
tively, measurable bounded) mappings u(.)’[O, tF(u(’))]->U such that the
(Carath6odory) solution x(.; Xo, u(.)) of the initial value problem:

(3.1) x’=f(x, u(t)), x(O) Xo

is defined on [0, tF(U(’))] and satisfies:

(3.2) XF(U(’))=x(tF(’); XO, U(’)) XF,

(3.3) x(t; Xo, u(’))X\XF for any t[0, tF(u(.))).

The "terminal payoff," g(. ), defines a "performance" P(u(. )) for any admissible
control u(.) as follows:

(3.4) P(u(. )) g(xF(u(. ))

and an admissible control t(.) //(Xo) (respectively, (’) llm(Xo)) is said to be
optimal with respect to the point Xo X\X for the problem P (respectively, Pro) if it
satisfies:

(3.5) P(a(" )) <= P(u(" )) for any u(.) (Xo)(U(’) llm(Xo)).

An optimal feedback control for the problem P (respectively, P,) is a mapping
v(. )’Xo c X--> U such that for any Xo Xo\XF the initial value problem:

(3.6) x’=f(x, v(x)), x(O) Xo

has a solution (’; Xo) which is an optimal trajectory with respect to Xo for the problem
Pr (respectively, P,,) i.e. the mapping t(t; Xo)= v((t; Xo)) is optimal in q/(Xo) (resp.
in //,, (Xo)).

If the control t(. is optimal (in the sense of (3.5)), only among the admissible
controls u(. for which the corresponding trajectories x(.; Xo, u(. )) remain on a given
subset XoC X (i.e. x(t; Xo, u( ))sXo\XF for any t[0, tr(u(.))]) we say that t(.)
solves the problem PlXo (respectively, PmIXo) at Xo Xo\XF.

The so called "Pontryagin function" or "pseudo-Hamiltonian" [8] defined by"

(3.7) (x, p, u)= (p,f(x, u)), p R"\{0} R, (x, u) X x U
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as well as the Hamiltonian ("true Hamiltonian", [8]) defined by:

(3.8) H(x,p)=max {(x,p, u); u U}, (x,p)Ac XxR
(where A denotes the set of all points (x, p) X x R for which (x, p, has a
maximum on U) will play an essential role in what follows. We shall use also the
corresponding marginal multifunction defined by"

(3.9) 0(x, p) {u U; (x, p, u) H(x, p)}, (x, p) a.
DEFINITION 3.1. The optimal control system E=(X, XF, U,f, g) is said to be

weakly stratified if its data and the Hamiltonian have the following properties:
(i) X c R" is connected and f(.,. is continuous with respect to both variables

and of class C with respect to the first variable (i.e. if X is open, then the derivative
(x, u) Df(x, u) is continuous and if X is not open then f(.,.) has an extension
with this property on X x U where X1 X is open).

(ii) The terminal payoff g(’):XF R is continuous and weakly C-stratified by
a (weak) stratification g of XF, of dimension nF n (i.e. dim (S) _-< nF for any S g).

(iii) The Hamiltonian, H(.,. ), is continuous and weakly C-stratified by a (weak)
stratification 6en {Aj, j J} of A.

We note that property (i) .in Definition 3.1 implies the uniqueness of the solution
x(.; Xo, u(. )) of (3.1) for any admissible control u(. and also the fact that x(.; Xo, u(. ))
is regular if u(. is regulated. In fact, the uniqueness is implied by the weaker property
of f(.,. being locally Lipschitzian with respect to the first variable but the class C
was assumed in view of property (iii). The existence of local solutions of (3.1) is given
by Peano’s theorem at any interior point Xo X\XF and by Nagumo-type theorems
[25], [26] requiring an additional tangency property of the controlled vector field,
f(.,-), at the boundary points of the subset X c R".

It should be noted also that the existence of admissible controls need not be
assumed in this setting.

DEFINITION 3.2. Let (X, XF, U,f, g) be a weakly stratified control system and
let H(.,.) be its Hamiltonian.

The set-valued mapping /(., .) defined by

(3.10) sen(x, p) {(f(x, u), -pDf(x, u)) T(x,pA; u U(x, p)}, (x, p) A

is said to be the controlled Hamiltonian orientor field of H(.,. and the differential
inclusion

(3.11) (x’, p’) t-l(x, p)

is said to be the Hamiltonian inclusion of the control system :.
The set-valued mapping :( .,. defined by:

(3.12)
:/(x, p) {(g,/) Tx,p)A; (g, t)- (/, 37)

DH(x, p). (fi, 1) for any ()7, t) Tx,p)A}, (x,p)A

is said to be the natural Hamiltonian orientor field of H(.,. ).
Remark 3.3. We note that in the case a stratum At 3n is a natural symplectic

submanifold of R2 (i.e. the restriction I)IA of the natural symplectic form fl on R2"

is a symplectic form on A) the restriction ( .,. )]A coincides with the Hamiltonian
vector field (dI-I) on At defined by /-/(., .)= H(.,.)IAj [11], [20]. From (3.12) it
follows [20] that at any point (x, p)eA the set (x, p) is either a singleton (at
"symplectic" points) or a linear manifold (at "singular" points) or the empty set (at
"transversal" points).
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The justification of Definition 3.2 as well as important properties of the solutions
of (3.11) will follow from:

PROPOSITION 3.4. If , (X, X, U,f, g) is a weakly stratified optimal control system
then the derivatives of H(., and ,,(., (., ., u), u U, are related as follows:

DH(x, p) (2, if)= D,,(x, p) (2, if)= (pDlf(x, u), 2)+(f(x, u), if)
(3.13)

for any (x, p) A, (2, ) Tx,p)A, u l(x, p).

Proof Let (x, p) Aj Sen, (2, p) Tx,p)A, u l(x, p) and let c(. )" (-a, a) Aj,
a > 0, be of class C such that: c(0) (x, p), c’(0) (2,/5); from the definition of the
derivative of a mapping defined on a ditterentiable manifold (e.g. [15]) it follows:
DH(x,p).(2,ff)=limt_.o(H(c(t))-H(c(O))/t and similarly for the derivative of
u(’, "). The second part of (3.13) follows directly from (3.7). To prove the first
part of (3.13), we note that from (3.8) it follows" H(c(t))>=u(c(t)) for any
te(-a,a) and H(c(O))=N,(c(O)) and therefore for tN0 (t>0) we have:
(n(c(t))-H(c(O)))/t>-(,(c(t))-,(c(O)))/t- D,(x,p). (2,/5) and hence
DH(x, p) (2, p) >= Du(x, p), (2,/5); reasoning in the same way for 0, we obtain
the reversed inequality; hence (3.13).

COROLLARY 3.5. The mutt]functions H( ," and H( "," are related by"

(3.14) n(x, p) c (x, p) for any (x, p) A.

Moreover, if the multifunction U(.,. is defined by:

(3.15) (x, p) {u t)(x, p); (f(x, u), -pDlf(x, u)) n(x, p)}, (x, p) A,
then :H(’," is given by"

(3.16) :n (x, p) {(f(x, u), -pDlf(x, u)); u U(x, p)}, (x, p) A

and the following property holds:

(3.17)
DH(x, p) (2, p)= 0

for any (2, if) l-l(X, p), (x, p) e A= {(x, p) e A; O(x, p) }.

Proof. If (2,/5^)e H(x,p) and ()7, 4)e Tx,pA then from (3.10) it follows that
there exists u eU(x,p) such that (2, p)=(f(x,u),-pDlf(x,u)); hence from
(3.13) it follows: (2,
DH(x, p).(, :1) i.e. (x, p)e :/(x, p) and (3.14) is proved.

If u e U(x,p)c U(x,p), then from (3.15) and (3.12) it follows that (2,/5)=
(f(x, u), -pDf(x, p)) T,.pA; hence (2,/5) e H(X, p) and (3.16) is proved.

Finally, if (x, p) e A (hence H(X, p) ) and (2,/5) e H(X, p), then from (3.14)
it follows that (2,/5)e (x, p) and from (3.12) it follows that DH(x,p). (, t)=
(2, t])-(/5, 37) for any 07, t])e Tx,pA; hence for (37, t])= (2,/5) we get (3.17).

The following sets of "terminal values" for the solutions of the Hamiltonian
inclusion (3.11) are introduced in accordance with the transversality conditions in
Pontryagin’s maximum principle:

(3.18) X*F,,={(x,p)eACI(XvxR"); H(x,p)=O,(p, 2)=-Dg(x). 2(V)2e T,XF},

(3.19) X*F,a {(x, p) A f’l (XF X Rn); H(x, p) O, (p, 2) O(V)2 TxXF},

(3.20) X*F X*,n [.J X*F,a.
The set **F,, corresponds to the "normal extremals" (in the sense of mathematical

programming, 10]) of the optimal control system and the set X*F, corresponds to the
"abnormal" ones. If X* X*,,, then the optimal control system is said to be normal
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DEFINITION 3.6. A mapping x*(.)= (x(.), p(.)) :z, 0] A which is regular with
respect to the stratification 5H of A, satisfies:

(3.21) x*(O)=(x(O),p(O))X*F,
(3.22) X(t) X\XF for any r, 0)
and satisfies (3.11) everywhere except at its switching points is said to be a regular
characteristic of the system 5?.

An absolutely continuous mapping x*(. (x(.), p(. )) satisfying (3.21) and (3.22)
and satisfying (3.11) almost everywhere is said to be a characteristic of E.

We denote by cgr the set of all regular characteristics and by c,, the set of all
characteristics of E. We denote also by c- (respectively, c,) the set of regular
characteristics that instead of (3.21) satisfy:

(3.23) x*(0) (x(0), p(0)) X*F.n
and we call them normal characteristics.

PROPOSITION 3.7. If, (X, XF, U, f, g) is a weakly stratified optimal control system,
then any regular characteristic x*(. (x(. ), p(. )) % satisfies:
(3.24) H(x(t),p(t))=O for any tr,O],
(3.25) (p(t), x’(t))=0 for any z, 0]\Jx.(.)
where J,.(.) denotes the set of the switching points of x*(. )..

If, in addition, H(.,. is locally Lipschitzian, then every characteristic x*(.
satisfies (3.24) and (3.25) where Jx*(.) is the null set in Lemma 2.5 at which the relation:

(3.26) (x’(t), p’(t))
does not hold.

Proof. In both cases, (3.24) is an immediate consequence of (3.11), (3.17) and
Lemma 2.6.

To prove (3.25), we note that from (3.10), (3.11) and (3.15) it follows that for any
t[r, 0]\J..)there exists u(t) (x( t), p( t)) such that:

(3.27) (x’(t), p’(t))=(f(x(t), u(t)),-p(t)Df(x(t), u(t)));
hence from (3.7), (3.8) and (3.24) it follows: (p(t), x’(t))- (p(t),f(x(t), u(t)))-
(x( t), p( t), u( t)) H(x( t), p( t)) O.

Remark 3.8. As it is apparent from the general idea of the approach in this paper,
the projection, x(. ), on the phase space of a characteristic, x*(. (x(.), p(. )), should
be an admissible trajectory and we may, of course, introduce this requirement in the
Definition 3.6 of the characteristics. In this case a regular characteristic need not be
"regular with respect to the stratification 5ell" as it was asked in Definition 3.6. We
prefer, however, to give some sufficient conditions implying that the projections on
the phase space of the characteristics in Definition 3.6 are admissible trajectories.

We consider first the mapping :(.,., :X x R" x U R" defined by:

(3.28) (x, p, u) (f(x, u), -pDlf(x, u)), (x, p, u) X x R" x U

and for any stratum Aj / for which Aj (’l A # Q (recall that (x, p) e A if[ Cu(x’ p)
) we define:

{u e O(x, p); (x, p, u) v} if (x, p) e A (’1A, v e g2"

(3.29) V(x, p, v) lim sup V(y, q, w) if (x, p) A 71CI(A A)\(A A)
(y, q, w) (x, p, v), (y, q, w) e (A f’l A) x R2"

where lim supz-.o V(z) {u; (=l)zk - Zo, Uk V(Zk) such that Uk -- U}.
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DEFINITION 3.9. The optimal control system E (X, Xv, U, f, g) is said to be
regular if it is weakly stratified and for any stratum Aj Sen for which Aj fqA,
the set-valued mapping V(.,. ,. defined by (3.29) is compact-valued and is Lipschitz-
ian with respect to the Hausdortt distance on any compact subset of its effective
domain {(x, p, v); V(x, p, v) }.

The system E is said to be Lipschitzian if it is Weakly. stratified, the Hamiltonian
H(., .) is locally Lipschitzian and the multifunction U(.,.) defined by (3.15) is
compact-valued and has closed graph.

We prove now that if E is either regular or Lipschitzian, then the projection on
the phase space of any characteristic is an admissible trajectory:

PROPOSITION 3.10. If E is a regular optimal control system, then for any regular
characteristic x*(. (x(.), p(. ))"Jr, 0] A the projection, (. ), on the phase space,
defined by:

(3.30) ;(t) x(t + r), [0, -’]

is an admissible trajectory with respect to x( -) Xfor the problem P,
If , is Lipschitzian, then the projection (. of any characteristic x*(. c,,, is an

admissible trajectory with respect to x(z) Xfor the problem P,,,.
Proof. Let be regular, x*(. (x(.), p(. )) r and let {Ik; k N} be a partition

of [’, 0] into subintervals such that for any k N there exists Ak E,c[’H such that
X*(Ik) c Ak, the restriction x*(. )- x*(. )[Ik is of class C and its derivative has one-
sided limits at the endpoints of Ik (Definition 2.3). From Definition 3.9 it follows that
for any k N the set-valued mapping Vk(X(t), p(t), (x’(t), p’(t))) is compact-valued
and Lipschitzian on the compact interval Cl(Ik); hence according to [13, Thm. 2] it
has a continuous selection ug(. ); from (3.28) and (3.29) it follows that u(.)’[% 0] U
defined by: u(t) Uk(t) if EIk, k N and the first component, x(. ), of x*(. ), verify
(3.27) at any point t[r, 0]\Jx(.); hence from (3.21) and (3.22) it follows that if(.)
defined by" t(t)= u(t+z) for t[0,-r] is a regulated admissible control whose
admissible trajectory is (.) defined by (3.30).

If E is Lipschitzian and x*(. )= (x(.), p(. )) c,, then from the implicit function
theorem for orientor fields (e.g. [7, 8.2]) it follows that the multifunction t-
U(x( t), p( t)) has a measurable selection u(.) satisfying (3.27) a.e.; hence if(t)=
u(t + r), and [0,-r] is a measurable bounded admissible control for the problem
P, whose trajectory is ;(.) defined by (3.30).

Remark 3.11. The rather complicated property of a regular control system in
Definition 3.9 was assumed in the absence of suitable theorems concerning the existence
of continuous selections Uk(t) U(x( t), p( t)), tIk satisfying (3.27) (i.e. Filippov’s
lemmas for continuous implicit functions). This property may obviously be replaced
by more restrictive but easier verifiable conditions like the following one" for
any (x, p) A (for which sen(x, p) ) H(x, p) is a singleton and for stratum

A nfor which A (’1A , the restriction ll( )[(A f’) A) admits an extension to

Cl(A f’) A) that is either single.valued and continuous or compact-valued and locally
Lipschitzian.

4. Sufficient optimality conditions. As an easy corollary of Lemma 2.6 in 2 we
obtain the following improved version of Boltyanskii’s "fundamental lemma" ([1,
Chap. III, 11], [5], etc.):

LEMMA 4.1. Let Y, (X, XF, U, f, g) be an optimal control system with properties
(i) and (ii) in Definition 3.1 and let W(. X -> R be continuous and weakly C 1.stratified
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such that:

(4.1) W(x) g(x) for any x XF,

(4.2) DW(x)’f(x, u)>--_ 0 for any x X and any u Ufor which f(x, u) TxX.
Then for any Xo X\XF and any admissible control u(. allr(xo) one has:

(4.3) W(xo)<-P(u(.))

and therefore any admissible control (. ) llr(Xo) for which:

(4.4) W(xo)- P((" ))

is optimal with respect to Xo for the problem P.
If, in addition, W(. )I(X\XF) is locally Lipschitzian, then the statements above hold

for any measurable bounded admissible control.
Proof. If u(.) a//r(Xo) and x(" x(.; Xo, u(. )) is the corresponding admissible

trajectory then x(.) is regular and according to Lemma 2.5 there exists a countable
subset Jx.c[O, tF(U(’))] such that x’(t)=f(x(t),u(t))TtX for any t

[0, tF(U(" ))]\Jx. and therefore, since (4.2) implies: DW(x(t)) x’(t) >- O, (4.3) follows
from (4.1) and Lemma 2.6.

If W(. )I(X\XF) is locally Lipschitzian, Xo X\XF and u(.) q/,,(Xo) then from
Lemma 2.5 it follows that there exists a null set J. c [0, tF(U ("))] such that x’(t)=
f(x(t), u(t)) TtX for any t[0, tF(u(’))]\J. and (4.2) implies:
DW(x(t)). x’(t)>-_O for any t[0, tF(u(’))]\Jx.; since for any tl(0, tF(U(’))),
X([0, tl])C X\XF, the function t- W(x(t)) is absolutely continuous on [0, tl] and
(4.3) follows in the same way as in the proof of the second part of Lemma 2.6.

Remark 4.2. We note that in Boltyanskii’s fundamental lemma 1 and its other
versions ([5], [6], etc.) the phase space Xc R is open, the terminal set XF is a
singleton, condition (4.2) is verified on X\M where M c R is a "piecewise smooth"
set of dimension less than n [1] or a Whitney-stratified set [5], [6] and the admissible
controls are allowed to be only piecewise continuous (and the proof is very hard!).
Apparently [Lemma 4.1, Condition 4.2] is more restrictive than the corresponding one
in Boltyanskii’s lemma since it must be verified also on lower dimensional strata of X
but, on the other hand, Boltyanskii’s lemma is used only in connection with the very
complicated object called "regular synthesis" ([1], [5]-[7], [17], [24], etc.) for which,
as it is shown in [17], condition (4.2) is necessarily verified on all the "cells" of the
synthesis.

In what follows we use Lemma 4.1 in connection with the characteristics of the
optimal control problem, hence before their projections on the phase space are "synthe-
sized" into a precisely described global picture called "regular synthesis".

It should be noted, however, that the approach in this paper based on Lemmas
2.4-2.6 and 4.1 leaves out important classes of optimal control problems that have
discontinuous value functions [9], [22].

We consider first the problem P for the optimal control system E (X, XF, U,f, g)
which is assumed to be regular (Definition 3.9) and we introduce the following
notations" for any r/=(XF, pF) X*F we denote by %(r/) the set of all noncontinuable
to the left regular characteristics Xk*(’; r/)=(Xk(’; r/), Pk(’; r/))’zk(r/),0]-A, k
’’r(r/), satisfying:

(4.5) Xk*(O;" )= r/ X*,

(4.6) Xk(t)X\XF for any tzk(rl),O).
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As it is apparent from the definition of cCr(r) we allow the Hamiltonian system
(3.11) to have more than one regular solution through the same points (0, r/) though
this is not the case for significant classes of optimal control problems in the literature.

We define also the following sets and functions"

(4.7) XF()=yF(t, r/)--’XF, F(t, r/)=r/ if "rI=(XF, PF) EX*F, tER,

(4.8) rk(r/) rk(r/), 0] X {r/}, Yr U{ yrk(r/);

(4.9) X={x(t; n); (t, n) Y,kY(n)},

(4.10) W(x)=min{g(x(n)); (t, n) Y,k?7(n),x(t; n)=x}, xX
and we assume that the set X X on which W(.) is defined verifies:

(4.11) Xr\XF f.

The corresponding marginal multifunctions of (4.10) are given by:

(4.12) r(X) {( t,

(4.13) Kr(x)-{k?Tfr(rl); (t, rl) Yr(X),Xk(t; r/)=X}, xX,,

THEOREM 4.3. Let , (X, XF, U,f, g) be a regular optimal control system and let
Wr(" )" ffr - g defined by (4.10) be continuous and.weakly Cl-stratified and such that
for any Xo ff\XF there exist (to, r/)E r(Xo), k Kr(xo) that verify"

(4.14) DW(xo) =--(pk(to; 1), Y,) for any Txor.
Then for any such elements, the mapping :(.; Xo) defined by"

(4.15) (t; Xo)=Xk(t+to; rl) for any t[O,--to]

is an optimal trajectory with respect to Xo for the problem
If, in addition H(., and W(. )I(3\XF) are locally Lipschitzian, then (.; Xo) is

optimal also for the problem
Proof From Proposition 3.10 it follows that (.; Xo) defined by (4.15) is a regular

admissible trajectory realized by a (regulated) admissible control whose performance
is given by: P(t(. )) g(XF(q)) Wr(xo). From (4.6) it follows that W(. verifies (4.1)
and from (4.14) it follows that W(. verifies (4.2) since if =f(xo, u) TxoXr then
(pk(tO; q),f(Xo, U))=(Xk(tO; rl),pk(to; r/), U)<=H(Xk(tO; rl),pk(to; r/)) =0 (Proposi-
tion 3.7) and therefore Theorem 4.3 follows from Lemma 4.1.

To state an analogous theorem for the problem Pm in which the admissible controls
are measurable and bounded, we define c,(. ), ,,,(. ), y,,, X,,, ,, W,,(. ), ,(. ),
/,,(.) as in (4.5)-(4.13) replacing the term "regular characteristics" by the term
"characteristics". The proof of the next theorem is entirely similar to the proof of
Theorem 4.3 so we omit it.

THEOREM 4.4. Let ,- (X, XF, U, f, g) be a Lipschitzian optimal control system
(Definition 3.9) and let W,,(.)" ff,- R defined by (4.10) be continuous, weakly C 1-

stratified and such that its restriction to X,\XF is locally Lipschitzian. Iffor any Xo
f(.,\XF there exist (to, rl) ,,,(Xo) and k(,,(Xo) such that (4.14) holds, then (.; Xo)
defined by (4.15) is an optimal trajectory with respect to Xo for the problem

If, in addition, (.; Xo) is realized by a regulated admissible control, then it is optimal
also for the problem

Remark 4.5. If for any x we define: Vr(x)=t.J{O(X*k(t; r/); (t, r/) IT"(x),
k E/(x)}, then obviously any mapping v(. )" ’- U satisfying: v(x) V(x) for any



686 STEFAN MIRIC

x ., is an optimal feedback control for the problem P,]; a similar statement holds
for the problem Pr,[-,,.

We note that condition (4.14) together with the inequality" DW(x(t)).
f(x(t), u(t))>-O along any admissible pair (u(.), x(. )) of the problem PI obtained
in the proof of Theorem 4.3 may be interpreted as a generalization of the well-known
Hamilton-Jacobi-Bellman equation of dynamic programming:

min{DW,(x) f(x, u); u U,f(x, u) TxXr}=O for any xXr

for which the Hamiltonian inclusion (3.11) plays the role of a "system of charac-
teristics".

We note also that Theorems 4.3 and 4.4 remain valid if in (4.5)-(4.13) one takes
any family (not necessarily all) of (regular) characteristics but in this case the sets X,
and -m may be too small and the optimal solutions of the problems Pr]’. Psi’(’,, may
not be optimal solutions for the original problems, P, and., respectively, Pro, since there
may exist admissible trajectories that do not remain in Xr (Xm).

One of the main difficulties in applying Theorems 4.3 and 4.4 to concrete problems
is the verification of condition (4.14). The results to follow show that we can avoid
condition (4.14) if we restrict ourselves to "normal" problems and assume that the
characteristics may be embedded in a "stratified Hamiltonian flow" defined as follows"

DEFINITION 4.6. A continuous mapping x*(.,.)=(x(.,.), p(.,.))’Yc
(-, 0] x X*F,,- A is said to be a stratified Hamiltonian flow of (3.11) if it has the
following properties:

(i) There exist the upper semicontinuous functions (. ), z(’)’X*,, [-o, 0],
i Z, that are weakly Cl-stratified by a stratification e*F of X*F., and satisfy:

(4.16) z(r/)_-<.. .-<_z_(r/)-<z(r/)=<.. .=<0 for any

(4.17) lim -(r/) =0, lim z(r/) -(r/) for any r/ X*F,n
+

(4.18) Y= {(t, r/); r/ X*F.n, r(r/), 0]}

and for any r/ X*.n the mapping x*(.; r/) " r(r/), 0] A is a regular characteristic of
(3.11) satisfying (4.5)-(4.6), with the switching points {z(); i Z}.

(ii) If Zo denotes the set of those Z for which the set:

(4.19) Y {(t, r/) Y; r,_l(r/) < < ’,(r/)}

is not empty, then for any i Zo the "time-derivative" defined by’

(4.20) x’( t; r/) Dlx( t; ,), t, rI) Y
has one-sided limits at Z-l(), z(r/), and the restrictions x*(.,. ), x(.,. ), x(.,. of
x*(.,. ), x(.,. ), x’(.,. ), respectively, at Y defined by

(4.21) Y/= {(t, r/) Y; z,_l(r/) < < ’,(r/)}

are weakly Cl-stratified by a stratification S/’ of such that x(.,.) is a weakly
C-stratified submersion and for any $ there exists As Sen such that x*(S)c As.

(iii) For any i Zo the derivatives of x(.,. and x’(.,. verify"

(4.22) Dx(t; 7) DDx,(t; rl) for any (t, r/) Y,

Dx,(z,(l); r/). (?, )= (-D,(r/). )x(t;
(4.23)

if (F, PF) c T,X*F., and R.
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(iv) For any Zo and S 5e, there exist Bs 5e’v, Cs e 5’g such that for any
t, (XF, PV)) S one has" r/= (XF, PF) Bis, xrs Cs.

Remark 4.7. Since in the case z_(r/) z(r/) < 0 Zo( z,(r/) for any e N,
r R2n, (4.22) and (4.23) are the usual properties of the flow of a smooth vector field
[15], the stratified Hamiltonian flow in Definition 4.6 is a generalization of such an
object. In fact, the obvious way to obtain a stratified Hamiltonian flow is to "concate-
nate" a family, {x*(. ;. ); Z}, of smooth flows "via" a set, {z(. ); Z}, of func-
tions with property (i) in Definition 4.6 as follows [21]" x*(t; rt)=x*(t-z(r/);
x*(’(rt), rt)) for any [z_(r/), z(r/)], rt X’F.,.

We note that according to (4.16) and (4.17) we allow 0 and z(rt) to be cluster
points of the set {z,(rt); i Z} of the switching points of the regular characteristic
x*(. r/); obviously, the stratified Hamiltonian flow in Definition 4.6 may be generalized
so as to contain even more pathological cases.

LEMMA 4.8. If , is a weakly stratified optimal control system and x*( .,. )=
(x(’, ), p(’," )) is a stratified Hamiltonianflow, thenfor any Zo, t, rl) Yi (Definition
4.6) and any (?, l) T(t.,)Yi one has"

(4.24) (p,(t, rl),Dx,(t, rl) (?, (q))=-Dg(y(t, rl)) F if (,/).

Proof. According to (3.25) in Proposition 3.7 we have: (p(t, rt),x(t, rt))=0 for
any (t, r/) Y and therefore, since this is a stratified constant function, its derivative
must vanish everywhere: using (4.22), (3.11) and (3.12), we obtain" x(t,.rt) Dp(t,
p(t, rt) D1Dx,( t, rt) 0 and therefore:

d/dt(p,(t, rl)Dx(t, r/))=p(t, rl)Dx,(t, ,)+p,(t, rt)D1Dx,(t, ,)

=p(t, rl)Dxi(t, rl)-x(t, rl)Dpi(t,

=-DH(x*(t, rl)) Dx* t, ,)

=-D(H(., x* (’, ))(t, rl)=0
since from Proposition 3.7 and Definition 4.6 it follows that the function (t, r/)--
H(x*(t, r/)) =0 is stratified and constant on Y,. From this formula we infer that for
any (t, rt) Y, the mapping s p(s, rt)Dx(s, rt) is constant on the interval
[Z_l(r/), z,(r/)]; hence p,(t, rl)Dxi(t rl)=p,(’,(rl), "o)Dxi(’ri(’r]), 7q) for any (t,
and therefore from (4.23) and (3.25) (Proposition 3.7) it follows that for any (, )e
T(t.nY, =(F,/SF) one has: (p(t, rt),Vx(t, rl)"(?, ))=(p,(’(r/), r/),v). Since
P(’, 7) is continuous, from (4.17) and (3.18) it follows (4.24) and the Lemma is proved.

THEOREM 4.9. Let , (X, XF, U, f, g) be a regular optimal control system, let
x’(’, (x(’, ), p(’, ))" Y c (-, OJ x X*F.,- A k Y[, be stratified Hamiltonian

flows of (3.11) and let Y, X, X, W(. ), Y(. ), K(. be defined as in (4.7)-(4.13) such
that W(. )" f( R is continuous and weakly C’-stratified by 5t’ that is compatible with
every family {Xk(S); S 5t’k}, k Y(, Zko in Definition 4.6(ii).

Then for any Xo X\XF and any t, rl Y(xo), k K(xo), the mapping Y(.; Xo)
defined by (4.15) is an optimal trajectory with respect to Xo for the problem

If . is a Lipschitzian optimal control system and W(. )I(ff\XF) iS locally Lipschit-
zian, then Y(.; Xo) is optimal with respect to Xo for the problem

Proof The statements follow from Theorems 4.3 and 4.4, respectively, if we prove
that for any Xeff\XF, (t, q) ’(X), k e/(x),.(4.14) is verified.

Let us consider x e S e 5 and 2 e TxS TXr; since Xk(t, rt)=X, from Definition
4.6 it follows that there exists e Zok (i.e. such that the set Y defined by (4.19) is not
empty) such that (t, rt)e ’k. Since by Definition 4.6 restriction Xk,( "," )= Xk(’," )[ ’k
is a weakly stratified submersion (Definition 2.2), there exists P e 5ek such that Xk(P) S
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and Xki(’, ")IP is locally a projection [15]; hence for any g TxS there exists (?, )
T(,.,)P= T(,,,) Yki such that:

(4.25) DXk,(t, rl) (, )=
We shall prove next that in this case, if YF(’," is the projection defined in (4.7)

then"

(4.26) DW(x). = Dg(yF(t, l))" v if =(F,/F)-
Let y(’)" (-a, a)- P, a > 0, be ofclass C

and let c(. be defined by: c(s) Xk(y(S)), S (--a, a); since Xk( "," )IP is of class C
it follows that c(. is of class C and from (4.25) it follows: c(0)= x, c’(0)= and
hence the derivative of W(.) is given by: DW(x). =lim_o (W(c(s))- Wr(X))/S.
Further on, since (t, q) Y(x), from (4.12) and (4.10) it follows that W(c(s)) <-

g(YF(y(S))) for any s (--a, a) and W(x) g(YF(y(O))) and since from the definition
of YF(’,’) (yF(t,)=XF if rt=(Xv, pF), tR) and the compatibility condition in
Definition 4.6(iv), it follows lim_o(y(s)-y(O))/s=(?, ) and lim_o(YF(y(S))--
yF(y(O)))/S F if (F, PF), if S (0, a) we have:

(Wr(c(s))- Wr(X))/S<=(g(yF(y(S)))--g(yF(t, n)))ls- Dg(yF(t, rl))" F.
Hence DW(x). g<=Dg(yF(t, rl))" gF. Reasoning in the same way for s(-a, 0), we
obtain the reversed inequality hence (4.26).

To end the proof, it suffices now to note that from (4.24) in Lemma 4.8 applied
to the stratified Hamiltonian flow Xk*(’,’) it follows: Dg(yF(t,,l))’gF
--(pk(t, rl),DXk(t, r/). (?, )) and therefore from (4.25) and (4.26) it follows (4.14)
and Theorem 4.9 is proved.

5. An example. The problem of a spacecraft attempting to make a soft landing
on the moon using a minimum amount of fuel leads to the following optimal control
problem ([7], [10], [16], etc.)" minimize(-Xa(tF(U(.)))) subject to: x=x2, x_=
--go+U(t)/X3, x’3=-ku(t), xl(0)=Xl>0, x2(O)=xR, xa(O)=xI=[M,o/go),
XI(tF(U(" ))) x(tF(U(" ))) 0, x3(tF(U(" ))) I, u(t) [0, a] and x(t) > 0, x3(t) e I for
any e [0, tv(u(. ))), where go, M, k, a > 0 are given constants satisfying the condition"
M < a/go.

Obviously this is a Mayer optimal control problem of the form (3.1)-(3.5) defined
by the following elements:

(5.1) X=XoUXF, Xo=(O, oo)xRxI, X={OIx{O}xI, U=[O,a],

(5.2) f(x, u) (x2, -go+ u/x3, -ku), g(0, 0, x3) -x3, XF (0, 0, X3) e XF.
In view of the "physical" interpretations of the data of the problem it seems

reasonable to look for optimal controls in the class of piecewise continuous admissible
controls (i.e. to solve the problem Pep) but we shall find piecewise continuous controls
that are optimal in the class of measurable bounded admissible controls (i.e. for the
problem P,,) solving thus also the problems P and Pcp.

The Pontryagin function and the Hamiltonian are given by:

(5.3) (x, p, u) plx2 goP2 + uh(x, p), h(x, p) p2/x3 kp3,

(5.4)
H(x, p) px2- goP+ ’( h(x, p)),

,(s)=s if s>0, ,(s)=0 if s=<0,

U(x, p) {a} if h(x, p) > O, U(x, p) {0}

U(x, p)= U if h(x, p)- O.

if h(x, p) < O,
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It is easy to see that the data and the Hamiltonian have all the properties in
Definition 3.9 so the optimal control system E (X, XF, U, f, g) is at the same time
regular and Lipschitzian. In fact the disjoint components, Xo and XF of X are
C-stratified by {X 1, X2} and {X3, X4}, respectively, where"

X1= (0, 00) X g x (M, a/go), X2-- (0, oo) x R x {M},
(5.6)

X3= {0} x {0} x (M, a/go), X4-- {(0, 0, M)}.

The set A= X x (R3\{0}) on which H(.,. is defined is partitioned by the sets:

A+ {(x, p) A; h(x, p) > 0}, A_ {(x, p) A; h(x, p) < 0},
(5.7)

Ao {(x, p) A; h(x, p) 0}

each of them being C’-stratified by: A+ A+ fq (X x R3), A

_
A_ f) (X x R3), A

Ao (xi R3), 1, 2, 3, 4, respectively.
Remark 5.1. For the verification of the above statements as well as for the

computations to follow it is enough to recall that from the implicit functions theorem
it follows that if UcR is open, F(.)’UR" (m<n) is of class C k, k
{1, 2, , to}, and the derivative DF(x) L(R n, R") is surjective for any x U then
the set S {x U; F(x) 0}, if not empty, is a submanifold of class C k, of dimension
n-m, whose tangent space at each point is given by: TxS-{ Rn; DF(x). =0}.
From the definition of a ditterentiable submanifold (e.g. [15]) it follows also that if
F(. )" U- R is of class C k, then its graph, GF(.) {(X, F(x)); x U} is a submanifold
of class C k, of dimension n, of U x R", whose tangent space is given by" Tx,F())GF(.
{(, DF(x). ); R TxU}.

To describe the controlled Hamiltonian orientor field defined by (3.10), we consider
first the mapping so( .,. defined by (3.28):

(5.8) :(x, p, u) (f(x, u), P(x, p, u))= ((x2, -go+ u/x3, -ku), (0, -p,, upz/(x3)2))

and note that from.(3.10), (5.5) and (5.7) it follows that H(X, p) (X, p, a) if(x, p) A/
and (x,p,a)T(x,pA+, H(X,p)=(x,p,O) if (x,p)A_ and (x,p,O)T(x,pA_,
H(X, p) {s(X, p, U); U U, se(x, p, u) T(x,pAo}, if (x, p) Ao and H(X, p)
otherwise.

An easy computation using Remark 5.1 shows that we can refine the above-
mentioned stratification of Ao as follows" Ao=Ao+UAio_UAoo where A+=
{(x, p) A; Pl > 0}, A_ {(x, p) a; Pl < 0}, ao {(x, p) A; Pl 0}, i= 1, 2, 3, 4,
such that the Hamiltonian orientor field is given by"

{(x, p, a)} if (x, p) Al+,
{s(x, p, 0)} if (x, p) A[ U A2,

(5.9) n(X,p)=
:(X, p, U) if (x, p) Ao U Aoo,

otherwise.

The set X’F,, of the terminal values for normal characteristics (defined by (3.18))
contains the set X*F,a (hence the problem is normal) and is given by: X’F,, X*F
U {X+*-i U X*, U Xo*+ U Xo*_; 3, 4}, where: X+*, {(x, p) e A+, P2 q(x3, P3), P3 P},
X*= i.{(x, p) a_, P2 0, P3 P}, Xo*+ {(x, p) a+; P2 P3 0}, Xo*- {(X, p) a_;
p2 =p3 0}, i= 3, 4, P]= {1}, P (0, oo), q(x3, p3) akx3/(a-goX3).

Since the Hamiltonian cannot vanish on the sets Aoo, 1, 2, 3, 4, from Proposition
3.7 and (5.9) it follows that for any r/=(XF, PF) e X*F and any characteristic x*(., r/)
one has:

(5.10) x*( t, r/) e AI+ U A1 U A a.e. on z(r/), 0].
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From (5.7) it follows that the range of any characteristic is determined by the sign
of the function X(’, ’0) defined by:

(5.11) X(t, "0)= h(x*(t, "0)), 7.(’0), 0]

where h(.,. is defined by (5.3). Since x*(., "0) is absolutely continuous, from (5.3)
it follows that X(’, "0) is absolutely continuous and from (5.9) it follows that the
derivative ofx( ", ’0) is given by: X’(t, ’0)=-p/xa(t, "0) a.e, on 7.(’0), 0], ’0 =(xF, PF)6
X* and therefore, since Xa(t, ’0) I [M, a/go), X(’, r/) is a monotone function. It
follows that any characteristic of the problem has at most one switching point and is
finitely, regular with respect to the C’-stratification n = {A+, A-, Ao+,i Ao-,i Aoo,

1, 2, 3, 4}.
We shall prove that all the characteristics are "integral curves" ofa certain stratified

Hamiltonian flow in the sense of Definition 4.6 and Remark 4.7.
From (5.8) and (5.9) it follows that no characteristic may terminate at a point

’0 X [_J X_4 .J Xo+ since there exists r > 0 such that X(t, 7) < 0 for any t (-r, 0]
but, on the other hand, the integral curve of so( ,., 0) through (0, "0) does not remain
in A on the interval (-r, 0); hence we take r(’0)=0 in this case.

From (5.8) and (5.9) it follows also that for any ’0 X*+3 U X*+4 U Xo*_ there exists
a unique characteristic x*(., ’0) satisfying (3.21)-(3.22) and 7.1(’0)<0 such that

(5.12) x*(t, ’0)=x*+(t, "0)=(x+(t, xF),p+(t, ’0)) for t(7.(r/),0], /=(xF, pF)

where x+*_(.,. is the flow of the smooth vector field so( ., -, c), its first component,
x+(.,.), being the flow off(., a) defined by (5.2) and 7.1(’0) =inf{t <0; X(t, ’0)<0,
x+( t, x) Xo}. It is easy to see that if eitherp >_- 0 orp <- -akh( "0 )/log a / gox() then:

(5.13) 7"1(’0) To(xV)=(x(-a/go)/ak

and x*(., "0) is not defined at rl(’0) (since x*(t, "0):A for t--- rl(r/)); hence we must
take rl(r/)=r(r/) in this case. For the remaining values of rlX*+3t3X*+4 (i.e.
-akh(rl)/log(a/goX)<pF<o) we have z(r/)> To(x) and moreover, for every
xF (0, O, x() X and any (To(xF), 0) there exists r (x, p) X*+3 t3 X*+4 such
that z(r/) t; further on, in this case x*(., r/) is continuable on an interval (r(r/), 7"1( "0)]
where it is given by:

(5.14) x*(t, "0)=x*_(t-rl(’0),x*+(’0)), x*+(’0)=x*+(rl(’0), "0), te(r(’0), 7.1(’0)]

where x*(.,. )= (x-(.,.), p-(.,. )) is the flow of the smooth vector field (.,., 0)
defined by (5.8), its first component, x-(.,. ), being the flow off(., 0) defined by (5.2)
and z(’0)=inf{t<zl(q); X-;(t,x+(7.1(’0),xF))>O} which gives: 7.(’0)=r1(’0)+
Tl(X+(’0)) where" Tl(X)=(x2-((xE)E+2goxl)l/E)/go, X+(’0)=X+(7.1(’0),xF). From
these results it follows that any characteristic is an integral curve of the stratified
Hamiltonian flow x*(.,.) defined by (5.12)-(5.14) and X, X,, W,,(.) Wr(’),
defined by (4.9) and (4.10), respectively, may be described "parametrically" as follows:
X,,,={x-(s-t,x+(t, xl)); x eXF, t(To(XF),o], s(T,(x+(t, xV), t]}, W,,,(X)=--xF3
if X X-(S-- t, x/(t, xF)) f,, X,,. Using implicit functions arguments, it
follows easily that ,, {Xa" 3, 4, j 1 2, 3} where X X, X’2 {x/(t, xF)"
x Xi,

_
(To(XF), 0)}, X i’3 {x-(s t, x+(t, xF)) X c: X’, . To(x), 0), s

Tl(X+(t, xF)), t)}, is a C-stratification of Win(" which is continuous and its restriction
W,,(’)I(X,\XF) is locally Lipschitzian.
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From Theorem 4.9 and Remark 4.5 it follows now that the function v(. :X,. U
defined by:

a ifxU{X;i=3,4,j=l,2},
v(x)=

0 ifxX;3t_JX

is an optimal feedback control for the problems P,IX,, PriSm and PcplXm.
Finally, using a tangency argument [25], [26], one may prove that any admissible

trajectory (with respect to the original problem) that starts at a point in Xm\XF remains
on X, and moreover, the points in X\X,, do not have admissible trajectories; hence
v(. is the optimal feedback control of the original problem.
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THE GRADIENT PROJECTION METHOD USING CURRY’S STEPLENGTH*

R. R. PHELPSf

Abstract. It is shown that, using Curry’s steplength, the gradient projection method for finding con-
strained stationary points of a real valued C function on a closed convex subset C of Hilbert space can
work for two rather different classes of convex sets: those with C boundary and "orthogonal polyhedra".
Both results are applications of Theorem 1, whose hypotheses require that the metric projection onto C
possess directional derivatives which are continuous in a rather weak sense.

Key words. Hilbert space, gradient projection method, nonlinear optimization, Curry’s steplength,
orthogonal polyhedra

AMS(MOS) subject classification. 49D

1. Introduction. Let f be a real-valued C function on the real Hilbert space H
and suppose that C is a nonempty closed convex subset of H. The gradient projection
minimization method is designed to produce a "constrained stationary point" of f in
C. The method starts with any point Xo C and proceeds iteratively to define a sequence
{x.} in C by

(1) x.+l=P[x,,-t.Vf(x,,)], n=0,1,2,. .,
where P is the metric projection of H onto C and the steplengths t. >= 0 are chosen in
some specified manner. If C H, then P is just the identity map and one has the
method of steepest descent for unconstrained minimization. In this case, that is, when
x.+l x.- t.Tf(x.), there are at least two established ways of choosing the steplength.
The Cauchy steplength is one for which t. is a global minimum point for the C function
g(t) =f(x.- t.Tf(x.)), >=0. (This assumes, of course, that such a minimum exists.)
For the more general Curry steplength one chooses t. to be the smallest stationary
point of the same function. An historical account of these unconstrained methods (and
a proof that Curry’s method is valid in any normed linear space) is given by Byrd and
Tapia [1]. Returning to the constrained method (1), one can analogously define, the
steplengths in terms of the functions

(2) g,(t)=f(P[x,-tVf(x,)]), t>-_O.

In the case of Cauchy’s steplength, the method works: any cluster point of {x,} is a
constrained stationary point (defined below) off in C. This was proved by McCormick
and Tapia [7] for Hilbert space and by the author [9] for a reasonable class of Banach
spaces. In this note we will examine the more general but more complicated case of
Curry’s steplength. The complications arise because, even in finite dimensional
Euclidean space, P may fail to have directional derivatives (see [6], [10]), so that
differentiability of the function g, is at issue. In fact, even when P is analytic (outside
of C), the function g, may fail to be differentiable precisely at its global minimum
point. (See the Example at the end of this paper). In order to avoid this difficulty, we
modify slightly the definition of Curry’s steplength; rather than defining t, to be the
smallest nonnegative stationary point of g, we let

(3) t. =inf{t-->0: dg,,( t) >= O},
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t Department of Mathematics GN-50, University of Washington, Seattle, Washington 98195. This

research was supported in part by a grant from the National Science Foundation.

692



GRADIENT PROJECTION WITH CURRY’S STEPLENGTH 693

where dg,, denotes the right-hand derivative of gn. This latter derivative will exist if P
admits directional derivatives at every point, something we assume in our main theorem.
When gn is ditterentiable, definition (3) yields the smallest nonnegative stationary point
of g,. Moreover, it retains an important property of any reasonable steplength"

f(x,+) <-f(x,) for all n.

(To see this, note first that it is equivalent to g,(t,) <- g,(O). By definition, if t,>0,
then for e [0, t,) we must have dg,(t)<0. By a standard monotonicity result (see,
for instance, [3, p. 22]), the desired inequality holds.)

In order to say what we mean by a constrained stationary point for f, we first
recall that the metric projection always has directional derivatives at points of C. To
be precise, if x e C, the support cone,Sc(x) (or simply S(x)) is defined to be the closure
of the cone U {(C x): > 0}. It is well-known that if x e C and u e H, then dP(x)u
Ps(,)u, where

dP(x)u lim,_o+ t-[P(x + tu)- P(x)]

and Ps,) is the metric projection of H onto S(x). (See, for instance, [7] or [11, p.
300].) By combining this result with the chain rule one can compute the right-hand
derivative at 0 of

g(t)=f(P[x-tVf(x)]), t>=O

whenever x C; since Px x we obtain

dg(O) (Vf(x), Ps(,)[-Vf(x)]) (Vf(x), dP[x](-Vf(x))).

As shown in the corollary in [9], this latter quantity equals -IIPs(,)[-Vf(x)]ll z. (Note
that, in particular, we always have dg(O)<=O.) We say that xe C is a constrained
stationary point for f in C provided Ps(,)[-Vf(x)] 0. This is obviously equivalent to
requiring dg(O)>= O. Our first result asserts that any cluster point x* of the sequence
(1) (using the steplength (3)) will be a constrained stationary point for f provided dP
exists in H and is continuous in a certain weak sense. Propositions 2 and 3 exhibit
classes of sets C for whih these latter hypotheses are satisfied.

As above, we define (when the limit exists)

dP(x)u lim t-[P(x + tu) P(x)], x, u H.
t-O

The weak continuity property we use is the following. (It assumes that dP exists.)

Suppose that {x.} C, x C and x, x -> 0. Assume also that {u,} H,
(WSC) t,->0+, x,-t,u,H\intC, -uH\intS(x) and Ilu.-ull->O. Then

lim sup,_o (u,, dP[x, t,u,](-u,)) <= (u, dP[x](-u)).

This property (which is more like a semi-continuity property) is clearly satisfied if
{dP[x, t,u,](-u.)} converges weakly to dP[x](-u), something which is true (Propo-
sition 2) whenever C has a C2 boundary. Weak convergence can fail, however, for
the orthogonal polyhedra of Proposition 3, while the (WSC) holds.

2. Main theorem.
THEOREM 1. Let C be a nonempty closed convex subset of the Hilbert space H and

let P denote the metric projection ofH onto C. Suppose that the directional derivative dP
exists in H and satisfies the (WSC). Iff is a real-valued C function on H and Xo C,
inductively define g,, t, and x, as in (1), (2) and (3). Then any cluster point x* of the
sequence {x,} is a constrained stationary point forf
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Proof. If we define g(t)=f(P[x*-tVf(x*)]), >-_ O, then the foregoing discussion
shows that we want to prove that dg(O) >-_ O. Let {x,} be a subsequence of {x,} converging
to x* and let t, be the corresponding steplength used to define the successor to x,. Let
t*= inf {t,}. Following a standard approach, we consider two cases.

Case 1. t*> 0. Arguing by contradiction, suppose that dg(O)< 0. This implies
that there exists 0 < -< t* such that --[g[z)- g(O)] < O, that is,

f(P[x* ’Vf(x*)]) <f(P[x*]) =f(x*).

By continuity and the fact that x* is the limit of {x}, there exists x such that

f(P[x ’Vf(x )]) <f(x*).

Since 0 < r < t* _-__ tv and since, by definition of the steplength tv, we have dg(t) < 0
for r -< < tv, the monotonicity of gv in this latter interval implies that g(t)<- g(r).
This means that

f(x*) >f(P[x -Vf(x)]) gv(’) >- gv(tN) f(x+).

But i> N+ 1 for all but finitely many i, hence f(x)<-_f(xs+)<f(x*). Since f(x)-->
f(x*), this is a contradiction which completes the proof of Case 1.

Case 2. t*= O. Assume without loss of generality that t--> O. By definition of t
we can choose s for each such that t < s, dg(s)->_0 and s 0. Of course, x x*.
We consider several possibilities. Let

Yi Xi SiVf(x,

and suppose, first that y e int C for infinitely many i. Since P is the identity map in
C, this implies that

dR[y,](-Vf(x, )) -Vf(x,

for infinitely many i. Also, Vf(P[y])= Vf(y). Since, for every i,

(a) O<=dgi(s,)=(Vf(P[y,]), dP[yi](-Vf(x,)))

we conclude that for infinitely many the right side of (a) is (Vf(yi), -Vf(x)), which
converges to (Vf(x*),-Vf(x*)) =-llf(x*)ll 2, and hence Vf(x*)=0.

Suppose, next, that -Vf(x*) e int S(x*). This implies that x* -Vf(x*) e int C for
some " > 0 and therefore x- -Vf(x)e int C for all sufficiently large i. Since s < - for
all but finitely many i, the convexity of C implies that y-- x- sVf(x) int C whenever
s < -, which leads, as above, to Vf(x*)= 0. Thus, we are reduced to examining the
case where -Vf(x*) e H\int S(x*) and y e H\int C for all but finitely many i. (Assume
that this holds for all i.) Since y-> x* and x--> x* we have P[y]--> P[x*]= x* and
Vf(P[yi])-Vf(xi)->O. The sequence {dP[yi](-Vf(x,))} is bounded, so (Vf(x,)-
Vf(P[yi]), dP[y](-Vf(xi)))-->O. It follows from this and the inequality (a) above that

lim sup (Vf(xi), dP[y,](-Vf(xi))) >- 0

and hence, by the (WSC), dg(0) (f(x*), dP[x*](-Vf(x*)))>-O, which completes the
proof.

The foregoing theorem can be formulated and proved in a more general class of
Banach spaces, using the same definitions and hypotheses as were used in [9]. We
have refrained from proving the more general result since our main application is to
Hilbert space (via Proposition 2 below). (While Proposition 3 below could be proved
in any Ip space, it applies to rather special subsets.)
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3. Smooth bodies. Our next proposition shows that dP has the (WSC) if the
boundary of C is sufficiently smooth; this is equivalent to smoothness of the Minkowski
(or gauge) functional associated with C [2], [4].

PROPOSITION 2. Suppose that C is a closed convex subset of Hilbert space H with
0 int C and suppose that the Minkowski functional Ix for C is of class C2 (at nonzero
points). Then the metric projection P ofH onto C satisfies the following properties:

(i) The directional derivative dP(x)u lim,_o/ t-l[p(x + tu) P(x)] exists for all
x, uH.

(ii) /f x C, {y,} H\int C and IlY xll- 0, then dP[y.]u - dP[x]u weakly for
each u H\int Sc (x).

Proof. If x int C, then the first assertion follows trivially from the fact that P is
the identity mapping in C. If x 0C, then it is well known (see McCormick and Tapia
[7] or Zarantonello 11, p. 300]) that dP(x) exists and is given by the metric projection
Ps,) of H onto the support cone $(x) of C at x. (In the present case, S(x) is the
translate to the origin of the closed half-space which contains C and supports it at x.)
Finally, if x H\C, then assertion (i) follows from Holmes’ result [5] that since Ix is
C2, we know that P is C in H\C. (See [2] for related results.) Thus, we need only
prove assertion (ii), which implicitly assumes that x 0C.

Since P is nonexpansive, we have IIdP[y.]ull <- Ilull for all n, so by the relative
weak compactness of bounded sets, it suffices to prove that every weakly convergent
subsequence of {dP[y,]u} has the same limit w H and that w dP[x]u. Without loss
of generality we can assume that {dP[y,]u} converges weakly to w. Since the form of
dP[y,] depends on whether y, C, we consider first the case that y, is in Cmthat is,
y, 0C--for all but finitely many n. As we noted above, this implies that dP[y,]u
Psy.)u. Letting V Ix denote the gradient of Ix (which exists at each point of 0C), we have

S(y,) {z H: (VIx(y,,), z)-<_ 0}.
We want, of course, to show that w= Ps(,)u. Suppose, first, that (7Ix(y,), u)>O for
infinitely many n. Then (V Ix(x), u)>= 0 and for infinitely many n the vector Ps(y.)U is
the orthogonal projection of u onto the hyperplane

H(y,,) {z H" (7Ix(y,,), z) 0}.
For each such n we have the orthogonal decomposition

u Ps(y.)u+(VIx(y,,),
Since VIx (y,) V Ix (x) 0 we conclude that u also has the decomposition

u w/<V(x), u>llV(x)ll-ZV(x);
that is, w Psx)U. Suppose, therefore, that (VIx(y,), u)-< 0 for all but finitely many n.
It follows that (VIx(x), u)<=O and uS(y,) for these n, so that Psy.)U=U and hence
u w Ps(x)u.

We can thus assume that y, H\C for infinitely many n. (For simplicity of
notation, assume that it holds for all n.) We only have an implicit description of dP[y]
at points y H\C; it is obtained from the identity

(y Py, Py)VIX (Py) y Py.

(See, for instance, [2] for a derivation of this relation. Always (y- Py, y) > 0.) We can
differentiate both sides of (a) in the direction u H to obtain

{(u- dP[y]u, Py) + (y- Py, dP[y]u)}VIx Py) + (y Py, Py) dVIx Py){dP[y]}

=u-dP(y)u.
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If we now let y y, and take limits as n-, we have y,-Py, x-Px-0 and
dP[y,]u- w weakly; since/z is C2 and P is C 1, we conclude that

(v) (u- w, x)Vg(x) u- w, u e H.

Now, it is known (see, again, [2]) that (y- Py, dP[y]u)=0 whenever y H\C; from
(a), this implies that (V/z(Py), dP[y]u)=O. Taking y x,, letting n-o and using the
norm continuity of V/x at boundary points of C, this yields (V(x), w)=0. We are
interested in showing that w= Ps(x)u whenever u H\int S(x), that is, whenever
(V/z(x), u)->0. Certainly w will be the metric projection of u onto S(x)if it is the
metric projection PH(x)U of U onto H(x) {z H: (V/z(x), z) =0}. We have just shown
that w H(x). Furthermore, if z H(x), then from (y) we obtain

u- w, z- w)=(u- w, x)(V x), z- w)=O

so w satisfies the. defining inequality for PH()U and the proof is complete.
The fact that conclusion (ii) above implies (WSC) follows easily from the facts

that [[u-u,[]o0 and ]]dP[y]u,-dP[y]u[] <-_ [[u-u,[[ for any y.
A word about the hypothesis that the boundary of C be C2 smooth: it guaranteed

that P would be C in H\C, while the statement of Proposition 2 requires merely that
P have directional derivatives at each point. It is natural to suspect that a weaker
smoothness hypothesis on the boundary of C would suffice for this, but C smoothness
is not enough. Zamfirescu [10] has shown that, for almost every (in the sense of Baire
category, using the Hausdorff metric on compact convex sets) smooth convex body C
in Euclidean n-space E, there is a dense G set of points in E\C at which the associated
metric projection fails to have a directional derivative (in at least one direction). (This
is a very substantial improvement on Kruskal’s well-known example [6].) Recall that
for convex bodies in finite dimensional spaces, smoothness, that is, a unique supporting
hyperplane at each boundary point, is equivalent to C smoothness.

4. Orthogonal polyhedra. There is another class of convex sets C which contrasts
sharply with the above; typical examples in the plane would be a rectangle with sides
parallel to the coordinate axes, or a cone obtained by translating one of the four
quadrants. Following McCormick and Tapia [7], we will call them orthogonal poly-
hedra. They can be defined in any lp(A) space (for an arbitrary set A and 1
as follows.

For each a A, let as be a real number or -c and assume that the function a/

(defined on A by a+= as if as > 0, =0 otherwise) is an element of lp(A). Similarly,
let b be a real number or +c and assume that b- lp(A). Finally, suppose that as -<- b
for each a A. Define

I(a, b) {x lp(A): a, <- x, <- b for each a e A}.

It is obvious that I(a, b) is closed, nonempty and convex. For each a A and x lp (A)
we define

p,(x) min {b, max {as, x}};

this is a number between as and b which equals x if the latter is between these two
limits (and equals one of the endpoints otherwise). It is elementary to verify that
Px (p(x))A is an element of lp(A); this uses the/p-summability restrictions on a
and b (and is equivalent to the latter). Moreover, Px is the nearest point in I(a, b) to
x. (For the uniqueness part of this assertion we require 1 < p < .) Indeed, one can
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easily check cases to verify that if y I(a, b), then for all a A,

Ix, -(Px), [--Ix, -p, (x)l--< ly,

and hence Ilx- Pxll -<-Ily- xll.
PROPOSITION. 3. If C= I(a, b)_ lp(A) (with a, b as above), then dP[x]u exists

for all x and u and (in the case p 2) dP satisfies the (WSC).
Proof. Given x, u lp(A) and a e A, let

dps(x)u lim [ps(x + tu)-ps(x)]/ t.
tO

This limit exists; indeed, with some patience, it can easily be computed and is described
as follows: First, one sees that dps(x)u =0 under the following conditions: If
or if xs > bs or xs < as or xs bs (and us > O) or xs as (and us < 0). In the remaining
cases we have

(*) dps(x)u us provided as < xs < bs or as < Xs bs (and Us < 0)
or as xs < bs (and Us > 0).

Since Idp(x)ul<-Iul, it is clear that (dps(x)tt)salp(a). By reviewing the above
case-by-case computations, one obtains a bit more information, namely, that for > 0

t-l[ps(x + tu)-p(x)l <--lull for each a.

Thus, for each a,

[t-[ps(x + tu)-ps(x)]- dps(X)Ulp _-< 2lul;

by dominated convergence, we conclude that

IIt-l[p(x+tu)-P(x)]-(dpo(x)u)ll-o as t-0+,
which means that dP[x]u exists and equals (dps(x)u) for each x, u lp(A).

We now prove that, for p=2, the directional derivative dP satisfies (WSC).
Suppose, then, that {x"} I(a, b) and x I(a, b), that -u e/2(A)\int &(x) and {u"}
/2(a), and that IIx-xll-0, Ilu-ull-0 and t,0+. (We need not assume that
x"- t,u" /2(A)\int I(a, b).) We want to show that

(**) lim sup <u", dP[x" t.u"](-un)) <--__ (u, dP[x](-u)).

We use the coordinate-wise description of dP implicit in (*) to compute the relevant
quantities. For instance, (u, dP[x](-u))=- (Us)2, where the sum is taken over the
subset B of those indices a A for which xs satisfies the inequalities described in (*).
To compute, for each n, the inner-product term in the left side of (**), note that the
a-th term is either zero or -(u)2, the later holding provided either (letting y x-
t,u") we have as <y < b or as < y" bs (and -u" < 0) or as y" < bs (and -u" > 0).
The equalities in the latter two sets of inequalities cannot be satisfied: Since x" I(a, b),
we have, for instance, x" =< bs, so if-u" < 0, then y" < bs. Similarly, we necessarily
have y" > as whenever u" > 0. Thus,

(u", dP[x" t,u"](-u"))= -E (u2)2,
where the sum is taken over the subset B, c_c_ A of all those a for which as <
Since ]]u" ul] 0 and ]Ix -xl]-+0 we have u u and x -> x for each a. Consider
an index a e B. If as < xs < bs, then since t, -+ 0+, there exists ns such that as < y" < bs
for n _-> ns, that is, a e B, for all sufficiently large n. If as < xs bs and -Us < 0, then
-u"s <0 for all sufficiently large n and x"<s bs for all n, so again, a e B, for all
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sufficiently large n. The same conclusion holds if as xs < bs and -us > 0. By using
these computations and multiplying both sides of (**) by a minus sign, the latter
becomes

(***) Y (us)2<liminf= Z (.2us),
B B

where u" us for all a and each a B is eventually in B,. These last two conditions
imply that, pointwise on the set A, we have

/,/2X lim inf (un)2Xn

where X is the characteristic function of the set B and X, is the characteristic function
of the set B,. The inequality (***) is now seen to be a consequence of Fatou’s lemma.

If, for each a A, we let bs +c, then we obtain the result for orthogonal
polyhedra formulated by McCormick and Tapia [7]. (Actually, they chose an
orthogonal system {6s’a A} in an arbitrary Hilbert space on which to base their
polyhedra, but their version is canonically equivalent to the one just described.) One
can obviously extend Proposition 3 by using the fact that if T is a linear isometry of
l_(A) onto itself (or onto any other Hilbert space H), then the result is valid for the
image C T[I(a, b)], since Pc TPT-1.

We remarked at the end of the introduction that, for orthogonal polyhedra, dP
need not have the norm-to-weak continuity property exhibited in Proposition 2(ii)
(which is valid for C2 smooth bodies). This is shown by the following simple example:
In 12, let C I(a, b) be the positive cone (that is, a-= 0 and b-= +); this has empty
interior. From the description of dP given in the proof of Proposition 3, one sees
readily that if u 12 with us < 0 for all a and if {y"} is a sequence which converges in
norm to x 0 and for which y" > 0 for all n and a, then for all a, we have dps(y")u Us
while dps(X)U 0. Thus, x C, y" /2\int C and u 12\Sc(x) (this latter holding since
Sc(x) C), but dP[y"]u u while dP[x]u =0.

Proposition 3 is formulated and proved for lp(A) rather than for Lp (over a finite
measure space, say) partly because this avoids the complications of working with
equivalence classes of functions and equivalence classes of measurable sets. The proof
given above for the existence of dP goes through without change in any Lp space,
While the proof of the (WSC) property can be mimicked to provide a proof in L2.
Mignot [8] has proved the existence of directional derivatives for Pt for sets I
{f: a -<f-< b} in certain Hilbert spaces of analytic functions. He has, in fact, obtained
some fundamental results on metric projections and their directional derivatives in the
more general context of Hilbert spaces provided with a nonsymmetric inner product.
This has allowed him to give a number of applications to questions of optimal control.

5. An examlfle. The following simple two-dimensional example shows that the
composite function g(t) may fail to be ditterentiable precisely at its unique minimum
point in t-> 0, even when the set C has analytically smooth boundary.

Example. Let C {(x, y) R2: x2 + y2 =< 1}, let f(x, y) x:y and let x= (1/2, 0) C.
As usual, for >-0 define

g( t) f(Pc[x- tVf(x)]).
Then g(t) attains its minimum at 2x/, but is not differentiable there.

Proof Since Vf(x, y)=(2xy, x-), we have x- tVf(x)= (1/2,-t/4). For0_-< =< 2x/,
this is in C (where Pc is the identity), so g(t)=-t/16. For points x outside of C, we
have Pc(x)=x/llx[[ so (with a little computation) we see that g(t)=-4t(4+ t2)-3/2 if

_-> 2,/. It is readily calculated that g’(t) > 0 for ->_ 2x/, while g’(t) -1/16 for
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0 -< t<-2v/’. (We take the appropriate one-sided derivatives at 2,/.) Thus, g has
its minimum at 2x/ but is not ditterentiable at this point. Note that the boundary of
C is analytic, as is f; it is the nonditterentiability of P at the boundary which causes
problems.

The referee has called our attention to the interesting paper of Gafni and Bertsekas
[4], which presents a different and more complicated version of the gradient projection
method. The complications are offset by the fact that any limit point of the sequence
{xn} is a constrained stationary point, for arbitrary closed convex sets C. Briefly
described, the differences are as follows" First, in the definition of x,+l, the negative
gradient -Vf(x,) is replaced by a vector g, which is a somewhat complicated perturbed
version of the latter. Second, an Armijo-like steplength rule is used which guarantees
that f(x,+l)<f(x,). There is considerable latitude in the choice of gn: It is easy to
construct specific examples for which Curry’s steplength converges to an optimum in
one iteration, while their method will either take an infinite sequence of iterations or,
if gl is chosen carefully, a single iteration. They show that for the case when C is a
polyhedral cone in a finite dimensional space, Vf is locally Lipschitzian and f has a
strict local minimum, then it is possible to guarantee superlinear convergence to the
minimum point.
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Abstract. Necessary and sufficient conditions are given for the solution of a linear-quadratic stochastic
control problem, with the optimal control written explicitly as a function of the output. System dynamics
are of the state-space form h aCh + z + u, h(0) 0, where h is an observable output, a is a constant matrix,
C represents antiderivative, z is a random disturbance (e.g., Wiener process), and the control function
u Dh for some olterra integral operator D. A standard quadratic cost functional is defined in terms of
a Hellinger integral, and the corresponding reproducing kernel Hilbert space is. utilized to solve directly for
the regulator

Key words, stochastic control theory, state-space system, reproducing kernel, Hellinger integral
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1. Introduction. In a linear-quadratic-Gaussian control problem, the goal is to
find a control function which minimizes a quadratic cost functional subject to linear
system dynamics with Gaussian noise and specified initial and terminal conditions.
As discussed below, classical results in the literature on linear-quadratic-Gaussian
problems require the solution of a matrix Riccati differential equation for complete
determination of the optimal control law. In this paper, a necessary condition for
solution of a general problem is found which gives the control function as an explicit,
and uncomplicated, function of the output.

The function and operator spaces utilized in this paper allow consideration of a
general linear system h Bh + u + z on a finite time interval I-r, T], where B is a
Volterra integral operator possibly containing delay and state-dependent noise terms,
u is the control function to be determined, and z is a random disturbance. However,
to facilitate the introduction of the "operator approach" being used in this paper,
system dynamics will be restricted to the state-space format

(1.1) h(t)= ah(s) ds + u( t) + z( t), t[0, T].

Here, h is an n-dimensional, directly observable output with h(0)=0, and a is a
constant n x n matrix. The control u is required to have the form

(1.2) u(t):[DhJ(t),

where D is a Volterra integral operator. The disturbance z(t) is a mean-zero second-
order stochastic process with independent increments (e.g., n-dimensional Brownian
motion). The cost functional J to be minimized has a standard form

1 for { du* du} 1Eh,(T)h(T)(1.3) J(u,h)=-E Clh*(t)h(t)+c2--fff-(t)--d-f(t dt+-
where cl and 2 are scalar constants and E denotes the expectation operator. The
derivative du/dt appears in the cost functional because the control u is being added
to the integral equation (1.1) rather than to the corresponding differential form (1.4).
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A problem closely related to the control problem (1.1)-(1.3) is the so-called "linear
regulator" problem. In this problem, system dynamics is described by

(1.4) dx [A(t)x(t) + B( t)u( t)] dt + o-( t) dW,

where W(t) is a Wiener process. Solutions of (1.4) are interpreted as solutions of the
corresponding stochastic (Ito) integral equation, since W is not of bounded variation.
The cost functional to be minimized is

(1.5) J=E {x*(t)M(t)x(t)+u*(t)N(t)u(t)} dt+Ex*(T)Dx(T),

for positive definite matrices M, N, and D. This functional is similar to, but more
general than, the cost functional (1.3). The optimal control can be found by the method
of dynamic programming 1]. For the relatively simple problem (1.4)-(1.5) the partial
differential equation describing the dynamic programming solution implies that the
optimal control is given by

(1.6) u(t) -N(t)-lB*(t)K(t)x(t),

where K(t) satisfies the matrix Riccati equation

(1.7) K(t)=-K(t)A(t)-A*(t)K(t)+K(t)B(t)N(t)-lB*(t)K(t)-M(t),

K(T)=D.
Because K depends on a terminal condition K(T)= D, the control (1.6) is not an
admissible control in the sense of (1.2). To compute the control (1.6), it is necessary
to solve the differential equation (1.7) separately for each t. Some aspects of the
relationship between the above result and the result obtained in this paper are examined
in an example presented in 5.

The necessity of solving the auxiliary equation (1.7) provides part ofthe motivation
for reworking the linear regulator problem. The control problem (1.1)-(1.3) is stated
in terms of carefully chosen spaces of integral operators and the reproducing kernel
Hilbert space induced by a Hellinger integral, and a necessary condition for the optimal
control is found directly. These nonstandard spaces also allow consideration of control
problems which are not currently in the literature, thus providing further motivation
for the study of this approach. Similar spaces have been successfully employed to
solve various problems involving deterministic hereditary systems, including system
identification [2], parameter estimation [3], optimal control on a finite interval [4],
and control of large-scale systems [5].

The spaces of integral operators are defined in 2 of this paper. A Hellinger
integral and its associated Hilbert space and reproducing kernel are introduced in 3.
The control problem (1.1)-(1.3) is solved in 4. A necessary and sufficient condition
for the minimum is given in Theorem 4.1, as well as a necessary condition giving the
form of the optimal control. An example is given in 5 to compare the controls from
Theorem 4.1 and from the linear regulator problem.

2. Properties of the operator spaces. The following notation is used throughout
the paper. Some definitions are stated in more generality than is required in this paper;
in these cases, comments will be given to indicate the nature of the generality.

The underlying probability space is (1", F, P), where 12 is a set, F is a or-algebra
of subsets of 1", and P is a probability measure on (f, F). The space L2(f) contains
all square-integrable (with respect to P) functions on . The space L2.n(O) of n-
dimensional random variables consists of all functions from f into n-space for which
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each component belongs to L2(’). An inner product of elements f(t) and g(s) of
L2,, (I) is defined by

(f(t), g(s)) / {fl(t)gl(s)+" .+f,(t)g,,(s)} dP,

where f and g are the components off(t) and g(s), respectively. The corresponding
norm satisfies If(t)l=- (f( t), f( t)). The expected value of an element x of L2,,(f) is

Ex=Ja x dP; here, as elsewhere in the paper, f-dependence is suppressed in the
notation.

The finite time interval to be considered is S [0, T], where T is a fixed positive
constant. The space G of second-order n-dimensional stochastic processes consists of
all functions from $ into L2,,() which are L2-continuous in each component. The
subspace Go of G consists of all functions f G such that f(0)=0 and Ef(t)=0 for
each e S. The subspace Gz of Go consists of all functions z Go such that z has
independent increments: z(t + At)- z(t) is stochastically independent of z(s) for each
O<-_At<- T-t and0<-s<-t<-_T.

The disturbance z in the system equation (1.1) is taken to be a fixed but arbitrary
element of Gz. The family of or-algebras {F}ts corresponding to z is a fixed set of
or-algebras such that F c F c F whenever 0-<s_-< t_-< T, and each F contains the
or-algebra generated by {z(s): 0_-< s_-< t}. A canonical example is z(t)= W(t), a Wiener
process, and Ft or( W(s): 0 <- s <_- t). The conditional expectation ofx LE,n() relative
to the or-algebra F is denoted by E(xlFt). A functionf G is said to be nonanticipating
if E(f(s)lFt)=f(s whenever 0-_<s_-< t_< T.

Forf G and v S, the pseudonorm No on G is defined by

No(f) sup {If(x)[: O-<_x-< v}.

Forf G and v S, the projection Pof G is defined by

[P,,f](x) f(x), O<=x <_

If(v), v<=x <- T.

The above pseudonorms and projections are related by the identity No(f)= Nr.(Pof)
for each f G and v S.

Integrations will be performed with respect to the measure k(t)= 1 + t, so that
dk(t) dr. However, all results in this paper hold with k being an arbitrary right
continuous increasing function on $ with k(0)= 1. The notation k(t)= 1 + will prove
useful for writing formulas.

The operator space M consists of all functions A: G- G for which the following
hold:

(i) A is linear;
(ii) [Af](0)=f(0) for each fe G;
(iii) A is deterministic: EAf= AEf for eachf G;
(iv) there exists a constant c= c(A) such that iff G and 0=< u -< v -< T,

I[Af](v)-f(v)-[Af](u)+f(u)l<--c Nt(f) dt.

The operator space consists of all functions B: G G for which the following
hold:

(i) B is linear;
(ii) [Bf](0) 0 for each fe G;
(iii) B is deterministic: EBf= BEf for eachf G;
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(iv) there exists a constant c c(B) such that if f G and 0 _-< u _-< v _-< T,

][Bf](v)-[Bf](u)] <- c Nt(f) dt.

The inequality I N,(f) dt >-0 implies that and N are nonempty; in particular,
0 e N and I e d, where 0 and I are the zero and identity operators on G, respectively.
Another basic element of N is the operator C given by

(2.1) [Cf]()= f(s) ds, fe G.

As will be shown in 3, C has an adjoint C*, with respect to the inner product space
induced by a Hellinger integral, given by

(2.2) C’f](t) k( t)f(T) -f(O) f(s) as.

Since C’f](0)=f(T)-f(O), C* is not an element of M or 3. However, the quantity
k(t)[C*Cf](O)-[C*Cf](t) equals [CCf](t), and C2 3 follows from part (vii) of
Theorem 2.2. For similar operator spaces defined on Sr=[-r, T], a fundamental
element of r is the delay operator Br given by

[Brf](t)=
b(s)f(s-r) ds, t>0, fe G.

Delay operators are not considered in this paper.
More examples of elements of and will be .given in 5. The most important

tools for understanding the scope and nature of and are the fundamental
relationship given in Theorem 2.1, and the algebraic structure detailed in Theorem 2.2.
Using these results and the Laplace transform technique illustrated in 5, many
elements of 4 and of practical interest can be computed.

THEOREM 2.1. IfA and B , then the following hold:
(i) I B is 1 1 and onto G, and (I B)- M;
(ii) A is 1-1 and onto G, A-1 M, and I A- .
The proof of Theorem 2.1 is given in 7. In that proof, the inverse A of !- B is

constructed as

(2.3) A=(I-B)-’=I+B+B2+ E Bn"
n-----O

On appropriate function spaces, (2.3) is identical to the series representation of
Bharucha-Reid [3] for Volterra integral operators.

The two parts of Theorem 2.1 imply a 1-1 correspondence between elements of
M and . The spaces are further related by a powerful algebraic structure, part of
which is detailed in the following result.

THEOREM 2.2. Let AB denote the composition ofA and B: (AB)f= A(Bf). If A,
A, A2 M and B, B, B2 , then the following hold:

(i) -B;
(ii) A+ B M;
(iii) B14- B2 ;

(iv) BA ;
(v) AB
(vi) AA2 ;

(vii) B1 B2 E
(viii) PtB for S;
(ix) d, are convex.

The proof of Theorem 2.2 is given in 7. Theorems 2.1 and 2.2 will be used
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extensively in solving equations. For example, the equation

x y+[-B1 + (I- B2)-IA]Bx

has the unique solution, as guaranteed by Theorems 2.1 and 2.2,

x (I -.I-B1 + (I B2)-tA]B1)-y.

Although it is not a representation theorem, the following result provides some
insight into the structure of elements of M and N.

THEOREM 2.3. Elements ofM and 3 are causal; that is, iff G, A M, and B
then [Bf](t)=[BPtf](t) and [Af](t)=[APtf](t).

Proof. Let e S and fe G be fixed. It is first shown that PtBPt PtB. Clearly,
PtBP,f](O) P,Bf](O) 0. Suppose that 0 So < s <. < sq <. < sN T, and

let g =f- P,f. Consider d [[PtBg](Sp+)-[P,Bg](Sp)l. If p >- q, then Sp+ > Sp >= and

Sp+l

d=l[ng](sp+,)-[BG](sp)l<-cB N,(g) du=O,
$p

since g(u)= 0 for u-< t. Thus, P,BPt P,B, and

[Bf](t) = [PrBf]( t) [P,BP,f]( t) [BP,f]( t).

Similarly, PAP PtA, and [Af](t) lAP,f](t).
The above result indicates that the integral-like operators A and B do not use

"future" values of their arguments. This property falls short of implying that A and
B preserve the nonanticipating property. The operator DN given in Lemma 4.1 indicates
the type of operator that might not preserve nonanticipating functions.

3. The reproducing kernel Hilbert space. The types ofintegrals known as "Hellinger
integrals" were introduced in 1907 in the dissertation of E. D. Hellinger [5]. Many
properties of Hellinger integrals, including comparisons of spaces of Hellinger-
integrable functions with the spaces of absolutely continuous functions and the func-
tions of bounded variation, are given in [3] and [7], and reproducing kernels on spaces
of Hellinger-integrable functions are introduced in [3] and [9].

An inner product space {GH, Q} of Hellinger-integrable functions is defined as
follows, where k(t)= 1 + t.

The space GH consists of all functions f G for which there exists a constant
b b(f) such that for each partition {Sp}p=o, of [0, T],

N

E [f(Sp)-f(Sp_,)12/(Sp Sp_,) <= b.
p=l

The smallest such b is the Hellinger integral of f with respect to k, and is denoted
Idfl2/dk. The subspace GHO consists of elements of Gn f)Go.
The functional Q is defined on Gn x GH by

Q(f, g)= (f(o), g(O)) + (df, dg)/dk,

where the integral is the limit, through refinement of partitions, of the sums

N

E (f(Sp) -f(Sp_l) g(Sp) g(Sp_l))/(Sp Sp_l),
p=l

The corresponding norm is denoted Nn.
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It is easy to verify that {Gu, Q} is an inner product space. Furthermore, it is
complete [3]. Elements of G/_/ are (in the mean-square sense) absolutely continuous,
and GH is dense with respect to the variation norm in the space of absolutely continuous
functions [3]. The similarity of the NH norm and a Sobolev space norm should be
noted; in fact, with k(t)= 1 + t, GH can be thought of as a mean-square Sobolev space.

A fundamental issue to be resolved is the effect of elements of and on
elements of G and G/_/. As seen in Theorem 2.1, A and I-B map G onto G. The
relationship of and to GH is given in the following result.

THEOREM 3.1. Iff G, B J, and A , then Bf GH and A maps GH onto Gn.
Proof. Let 0 So < Sl <’’’ < sN- T, and let c be the constant corresponding to

B . Then

N

I[
p=l

<-- ?. c2 N(f) dt21(Sp Sp-1)
-|

p_!

<-_ c2NT(f) T.

Thus, Bfe GH. Now, let A= (I-B)-1, g GH be arbitrary, andf= Ag. Thenf-Bf=g
and f g + Bf. Since g GH and Bf GH, it holds that f GH. To show that A is onto
GH, let f GH be arbitrary and call g =f-Bf. Clearly, g GH and f= Ag.

A classical example of a reproducing kernel is the Green’s function of a self-adjoint
ordinary differential equation. For a discussion of the development and properties
of reproducing kernels, see Aronszajn [1]. A reproducing kernel is defined as
follows.

A function K from S x S into the linear transformations of L2,,() is a reproducing
kernel for {GH, Q} if for every S, x L2..(), and fe GH, the following hold:

(i) K[., t]xe GH;
(ii) (f(t), x)= O(f, K[., t]x).
It is now shown that a reproducing kernel for { GH, Q} is given by

(3.1) K(u, v)= {min (u, v)}I,

where I is the identity transformation of L2,n(). If x L2,n() and G S, it is clear
that K[., t]x GH. Letf G, S, and x L2,,(12) be arbitrary. Then

Q(f, K[., t]x)=(f(O),x)+ fs (df, d(K[., t]x))/dk

(f(0), x)+ (df, xdk)/dk

(f(0), x)+ (dfx)

(f(t), x).

The reproducing kernel is now used to compute the adjoint C* of C. Let f GH and
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g GH be arbitrary. Since Cf](O)= 0, it folloWs that

Q(Cf, g)= (d(Cf), dg)/dk= (f, dg)

(f(7"), g(r)) (f(0), g(0)) (df, g)

O(f, K[., rig(T)- K[., 0]g(0)-

0(f,

where [C*g](t) (t)g(r) -g(0) -I; g(s) ds.
Three lemmas which will be needed to solve the control problem of 4 are now

presented. The first two lemmas are versions of the Hahn-Banach and Riesz representa-
tion theorems 11 ], respectively. The proof of Lemma 3.3. illustrates some of the power
of the reproducing kernel.

LEMMA 3.1. Let Lo(f) be the set of all x e L2,n(’ such that Ex =0, and let
{hp}p=l,V and {Cp}p=l,v be sets of elements of Lo(f) such that the hp’s are linearly
independent. Then there exists a continuous linear transformation M ofL2, ([’) such that
EM ME and Mhp Cp for p 1,. , N.

LEMMA 3.2. Ifh is a continuous linearfunctional on G, then there exists a function
h of bounded variation (in S) such that forf G, h (f) s (f, dA).

LEMMA 3.3. Iff GH, h G has bounded variation, and h (T) O, then s f, dh
Q(f, CoA), where [CoAl(t) h(0)-s h(s) as.

Proof. Let x L2.,(f/), S, and f K[., t]x. Then integration by parts gives

f (f, dA)= (f(T), A(T))-(f(0), A (0))- f (df, A)
.Is .Is

-(K[0, t]x, h(0))- Is (xdK[ t], A)

-(x, x (0))- f (xdk, x)

=-(x,A(O))-(x, lsA(t) dt>
Q(f, Co, ).

Thus, the conclusion holds forf= K[ t]x. For arbitraryf Gn, the theory ofreproduc-
ing kernel Hilbert spaces [10] gives f=limi_oof, where f, where f=
-,N(i)
Zp=o K[, ti(p)]x(p) where xL2,,(f) and the partition {t+(p)}p=o,(+)is a
refinement of the partition {ti(p)}p-_o,N(). Since s (f, dA)= Q(f, CoA) for each i, it
follows that

dA)= lim Is (f’ dA)= lim Q(f, CoA)= Q(f, CoA),

and the proof of the lemma is complete.

4. The control prolflem. In this section, a linear-quadratic stochastic control prob-
lem is stated and a necessary and sufficient condition is found for its solution. System
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dynamics is given by the state-space form

h(t)= ah(s) ds+u(t)+z(t)=a[Ch](t)-+u(t)+z(t),

where is an n x n constant matrix. The output h can be measured. State-independent
noise in any part of the system is absorbed into the disturbance term z. It is assumed
that z e Gz, so that z could be Gaussian (i.e., z equals a multiple of a Wiener process
on [0, T]), but is not required to be. The general nature of z allows a specific control
problem to be formulated in terms of a "natural" model. That is, the state vector (and,
in particular, its dimension) can be chosen without regard to the resulting form of the
noise term, as long as the propeies of G are retained. This modeling issue is discussed
in more detail in 5.

The objective of the control problem is to choose a feedback control u Dh for
some D e N, such that a quadratic cost functional given by

2J(D, h)=ClN(Dh)+CENn(Ch)+lh( T)I2

E ClldU/dtl2 + c21h(t)l2 dt + Ih(T)l

is minimized.
To effectively apply the Lagrange multiplier theorem to this problem, it is necessary

to have the following result.
LEMMA 4.1. IfB , z Gz, and h Bh + z, then {f Dh: D } is dense in GHO.
Proo By Theorem 3,1, each f= Dh is in GH, and since f= DAz, Ef= O. Thus,

Dh Gno. Let 0 to < tl <" < t T, and let {Cp}p=l, be any sequence of elements
of Lo(fl). By Lemma 3.1, there exists a continuous linear transformation M of LE,n()
such that Mh(tp) Cp for p 1," ", N. For this M, define a linear transformation Ds
on Gn by

[Df](t)={O, t=O,
(t t_)Mf(t_) + Df](t-l), t_ < N t.

Note that [Dh](0) [Dh](t) =0, [Dh](t) (t- t)c, etc. We show that D e N:
if t_ N u N v N t, then

[[Df](v)-[Df](u)]=l(v-u)Mf(tp-1)lN(v-u)llMllgt_l(f)NllMl[ N(f) dt,

and DNE EDr follows from EM ME. By definition, Dch is a K-polygon in GHo:
a K-polygon is any function that can be written in the form p=o K[t, sp]x,, where
{xp} is a sequence of random variables in LE,n.(fl), and {sp} is any sequence of numbers
in (0, T]. As shown in [2], the set of K-polygons is dense in GHo. Since N, {tp}, and
{cp} are arbitrary, {f-- Dh: D 3} contains all K-polygons in Gno, and hence is dense
in Gno.

A complete statement of the control problem is now presented, followed by the
main result of this paper. The control function is written explicitly as u Dh for some
D.

Problem P. Let a be a constant n x n matrix, and let z Gz be arbitrary but fixed.
Let F be all pairs (D, h) 3 x Go, and define a functional J on F by

2J(O, h)=1/2clNEu(Oh)+CENn(Ch)+1/2lh(T)l2

for fixed positive constants C and C2. Find the pair (D, h) that minimizes J over F
subject to h aCh + Dh / z.
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THEOREM 4.1. A necessary and sufficient condition for (D, h) F to solve Problem
P is that

(4.1) (I-Po){CEC*Ch+kh(T)+cl(I-a*C*)Dh}=O

where C* is the adjoint of C in { Gn, Q} and a* is the transpose of a. Furthermore, if
(4.1) holds, then

(4.2) Dh (C2/Cl)[I - if* C]-1C2h.

Note that the expression (4.2) is independent of the end-time T.
Proof. It is first shown that (4.1) is necessary. The variation of the cost functional

J(D, h) in the direction of (D, h)e F is given by

15J(D, h; , fa) ClQ()h + Dh’, Dh) + c2Q( C, Ch) +(f( T), h(T)}.

The constraint is K1(D, h) h aCh Dh z 0, with variation K1 =/ aC/-/h
Dh. The Lagrange multiplier thorem 12] gives the following necessary condition for
a minimizing pair (D,.h)." there exists a continuous linear functional defined on Go
such that for every (D, h) F,

ClQ(h + Df, Dh)+ CEQ(Ch’, Ch)+(f( T), h( T))+ (f- acre- lh Df) -0.

By Lemmas 3.2 and 3.3, there exists a function A1 of bounded variation such that

(f aCf ]h Dfa) Q(f aCf ff)h h, CoAl) Q(f aCf h Df,
where A (I Po) CoA 1. Furthermore, if h GH, then

h(T))= Q(/, K( T)h(T)).

Thus, the necessary condition becomes" there exists A GH such that

(4.3) clQ(h+ Df, Dh)+cEQ(Ch, Ch)+Q(f, K( T)h(T))

+ Q(h aCh Dh Dh, A 0

for each (/,/) x q,o. Letting/= 0, (4.3) implies that

(4.4) Q(lh, clDh) Q(Jh, A O,

By Lemma 3.1, it follows that ciDh A, since [Dh](0)= A(0) 0. Letting/=0, (4.3)
implies that

Q(h’, cD*Dh)+Q(h’, c2C*Ch)+Q(, K( T)h(T))+Q(h, (I-,C-D)*X)=O,

h GHO.
It follows that

(4.5) (I-Po){clD*Dh+c2C*Ch+K( T)h(T)+(I-a*C*-D*)A}=O.

Combining (4.4) and (4.5) and setting A clDh gives the desired equation (4.1). We
now proceed to derive (4.2). Using the representations (2.2) and (3.1) of C* and K,
respectively, it is clear that (4.1) is equivalent to

c2(k- 1)[Ch](T)- c2C2h +(k- 1)h(T)+ A a*(k- 1)A(T)+ a’CA =0.

Calling 3’ -c2[Ch](T)- h(T)- h(T)+ a*A(T), it follows that

A +a’CA =c2C2h+(k-1)3,,
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and a*C 3 implies that

(4.6) h (I + a*C)-l(CED2h + (k- 1)y).

Intuitively, h clDh for some De 3 implies that y =0. This is formalized below.
Since h -clDh, (4.6) and the constraint h- (I-aC-D)-lz imply that

(I + a*C)-(k 1)3, cDh -(I + a*c)-lcECEh Dlh Bz,

where O and B are the appropriately defined elements of . Solving for % we find that

[(I+a*C)Bz](t)
y-- t(O, T].

Taking a limit of the above equation as t->O, and observing that (14-a*C)-(k 1)y,
and hence Bz, is differentiable, l’HSpital’s rule gives

[(I+a*C)Bz](t)
lim lim {[Bz]’(t)+ a*[Bz](t)}
t-o t-o

Bz]( e Bz](0) Bz]( e
Bz]’(0) lim lim

e->0 E e-0 E

If c is the constant corresponding to B 3, then

[Bz](e) c Io<-- Nt(z) dt <- cN(z)-->O as e-->0.
E E

Thus, y=0, and (4.2) follows from (4.6). Finally, we show that (4.1) is sufficient.
Clearly, (4.1) implies that (4.3) holds with h clDh; Suppose that (D, h) satisfies (4.3)
with h aCh + Dh + z, and that (/,/) e F satisfies h aCh + Dh + z. Then h f GHO,
and

0= ClQ(h + D(h f), Dh)+ c2Q(C(h- f), Ch)+ O(h h", kh( T))
+ Q(h f aC(h f) h D(h f), c, Dh).

Since h h aC h h) Dh Dh,

O- ClQ(h + D(h f), Dh)+ c2Q(C(h f), Ch)+ Q(h fkh( T))

+ Q(-Dh Dh + Dh, cDh)

Cl N2H(Dh) + c2N2H(Ch) Cl Q(h", Dh) c2Q(Ch", Ch) + Q(h h", kh(V)).
Thus,

0 1/2C N2H(Dh Dh) +-c2NH(Ch Ch) + 1/21 f(T) h T)I 2

J(D, h)+ J(D, h)- cl Q(Dh, Dh)- c2Q(Ch, Ch)-(h(T), h(T))

J(/, f)+J(D, h)-ClN2H(Dh)-c2N2H(Ch)-Q(h, kh(T))

J(, f)-J(O, h).

Thus, the pair(D, h) satisfying (4.1) also satisfies J(D, h)-<_ J(/,/), with equality only
if h h and D D. This completes the proof of Theorem 4.1.

5. An application. In this section, the above result is applied to a pendulum model
adapted from Russell 13]. His results are given to allow comparisons of some modeling
and computational aspects of the approach taken in this paper and of Russell’s more
traditional approach.



710 R. B. MINTON AND J. A. RENEKE

The physical situation to be referred to is that of a pendulum which is constrained
to move in a one-dimensional arc. The pendulum is thought ofas a surveyor’s instrument
subjected to a random force w, which may represent wind or other disturbances. The
connection of the pendulum to its housing causes friction, so that a simple linear
model of the displacement angle 0(t) is

(5.1) O"+O’+O=w, 0(0)=a, 0’(0)=b,

where a and b are mean-zero random variables. A control function is to be chosen as
a function of 0 and 0’, and is allowed to affect 0 and 0’.

To apply most state-space methods, it is necessary that the system noise be
Gaussian; this requirement may play a large role in determining the state vector. For
example, Russell uses the state vector X (0, 0’, w) r, because wind is not well modeled
as white noise (the "derivative" of a Wiener process). If w .is driven by white noise
(that is, w’+ w v white noise), then the system is indeed linear and Gaussian:

(5.2) X’= -1 -1 X+ v.

0 0

If w is not driven by white noise, further components (e.g., w’) might be added to the
state vector. The control only affects 0 and 0’, however, so components other than 0
and 0’ are in a practical sense superfluous.

The operator approach allows a more flexible approach to modeling, although it
must be assumed that a b =0 in (5.1). Equation (5.2) may be integrated to obtain
an admissible 3-dimensional model, and equation (5.1) may be double-integrated to
obtain an admissible 1-dimensional model. Since the control is 2-dimensional, the
appropriate 2-dimensional model is presented below. Integrating (5.1) and identifying
h (0, 0’)* gives

(5.3) h=aCh+z, a=
-1

z(t)= O. w(s) ds

The control function (4.2) and the resulting output h (I- aC D)-1 maybe computed
using Laplace transforms. If g=(I+a. C)-lf, G=(g), and F=(f), then (I+
a Is)G= F. Inverting the matrix I+a*/s and taking inverse transforms gives

g(t)=f(t)+ m(t-u)f(u) du,

m(x) exp (x/2) sin x//4 x
-1

1 + cos x//4 x
-1 -1 1

A similar computation gives

0(t)= n(t-u)w(u) du,

n(x) cosh (3,x/2)[cos fix- (1/2) sin (fix)]

+sinh (3,x/2) cos (fix)+ sin (#x)

3,2= 1 + 2v, /32= 2x/- 1/2,
from which it is relatively easy to compute E (02).
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The corresponding calculations in Russell are done numerically. For the sake of
comparison, it is assumed that the disturbance w in (5.1) is Gaussian, so that the
covariance X of the optimal (Russell) output satisfies

X’ SX + XS , + (O0 ), X(0)=0, S a + K,

K’ -a K Ka + I- K2, K(T) -I.

Some values of E (02) for the two methods are given below for T 1.

.25 .5 .75 1.0

(5.4) Russell
Operator

.0013 .0128 .0519 .1391

.0024 .0197 .0671 .1491

Another comparison of the two methods can be made by differentiating the optimal
Russell control Ur Kh, and substituting for K’ and h’. After integrating twice, it can
be shown that Uo ur satisfies

Uo=(I+a C)-lC2h+(I+ot C)-IC2Kz’.

The difference between Uo and the optimal control (4.2), then, is the final term in the
above expression. This difference is reflected in the table (5.4).

6. Conclusion. A general framework for the study of linear stochastic systems was
presented, characterized by a reproducing kernel Hilbert space and the operator spaces
M and 3. A state-space control problem was solved within this framework, and a
necessary condition was found giving the optimal control explicitly as a function of
the output. The function spaces used admit systems with delays and state-department
noise, and it is hoped that results similar to Theorem 4.1 of this paper can be found
in these more general settings.

7. Proofs of operator properties. The proofs of Theorems 2.1 and 2.2 are presented
in this section.

ProofofTheorem 2.1. Letfe G be arbitrary, and c be the constant for fixed B .
If 0 <= v <= T, Bf(O) 0 implies that

(7.1) IBf( o)l <= c Nt(f) at.

Since Nt(f) is increasing in t, it is clear from (7.1) that Nv(Bf) <- c Nt(f) dt. Applying
this inequality to (7.1) and integrating by parts gives

io, lo ioIn f(v)l<-c c N (f) dsdt=c (v-t)Nt(f) dt.

By induction, we have that

< c" [’ (v t)"-’
Is"f( Jo -(ii Nt(f) dt<--(n-1)t Nr(f).

Summing over n gives, for each p,

, ""f(v) <NT-(f) E c (n-l)!
n=O n=l

where the infinite series converges by the Ratio test. Thus, ,o B"f converges, and
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h =f+ Bh has a unique solution. This establishes that I-B is 1-1 and onto, and
hence has an inverse. Call D-(I-B)-1. Then D-I BD. Let 0<_- _-< T. Since B ,
(7.2) IDf(t)-f(t)[<=c N(f)+ Ns((D-I)f) as.

Equation (7.2) implies Ns((D-I)f)<-c o Nu(f)+ Nu((D-I)f) ds, so that integration
by parts gives

IDf(t)-f(t)l<-c (l+c(t-s))N(f)+c(t-s)N((D-I)f) ds.

Induction gives

]Df( t) f( t)l <= c 1 + c( s) +’’’ + c"(t-s)"] C(t-s)"
n

N(f) + N(BDf) ds.

Letting n--> and simplifying, we get

;o’[Df( t) f( t)l =< cea Ns(f) as.

This inequality is used in the second of the inequalities below. Arguments similar to
those given above yield

I((D-I)f)(v)-((D-I)f)(u)l<=c N(Z)+ N((D-I)f) ds

<= c N(f) + ce’ Nw(f) dw ds

<= cT(1 + cer) N(f) ds.

Thus, D= (I-B)-le sO, and part (i) is proven.
It is clear that A e sg implies I A e N. From above, then, A I (I A) is 1 1

and onto. If A-1 e M, it is clear that I- A-1 e N. It remains to show that A- e M.
Let c be the constant corresponding to A e M. Let fe G be arbitrary. Since A is

onto, f Ag for some g e G, and

IA-lf(t) -f(t)l <-- c N(g) as <-_ c Ns(f) + Ns((A-’ I)f) as.

Replacing Ns((A-1- I)f) with its bound from the above inequality and integrating by
parts, we get

IA-lf(t)-f(t)[<=c (l+c(t-s))N(f)+c(t-s)g((A-l-I)f) ds.

It follows that

IA-f(t) -f(t)l <- cecr N(f) ds.
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The above inequality is used to show that

]A-lf(v)-f(v)-A-lf(u)+f(u)]<=c Nt(g) dt

<- c N(I) + cer N(f) ds dt

<_- c(1 + cTer) N(f) dr.

Thus, A-e M, and the proof is complete.
Proof of Theorem 2.2. Let fe G, and ca, c,.., be the constants corresponding

to A, B, ., respectively.
Part (i) is obvious.
Part (ii) follows from

I(A/ B)f(v)-f(v)-(A/ B)f(u)/f(u)l<-(c / c) N(f) dr.

Part (iii) follows from

I( + lf(v-(+f(ul - (c,+ c, ,(f .
To prove (iv), let A I- B1. Then A- I e . Let Cl be the constant for A- L Then

IBAf(v)-BAf(u)l<-ca Nt(f)+ Nt(Blf) dt

<= ca(1 + C T) Nt(f) dt.

Part (v) follows from

IABf(v)-ABf(u)l<=(c,cT+c) Nt(f) dt.

For (vi), let A1 (I- B1)-1 and A2 (I- B2) -1. Since I- B M, (iv) gives B2(I-
B1) , and (i), (ii) give (I- B1) B2(I- B1) M. Then, Theorem 2.1 (i) gives AIA2 M.

For (vii), I-B2M, so that (iv) gives BI(I-B2), and (i), (iii) give B1B2
B1- BI(I- B2) .

For (viii), it is sufficient to consider 0 =< u =< =< v =< T. Then

IPtBf(v)-P,Bf(u)l=lBf(t)-Bf(u)l<-ca N(f) ds.

For (ix), cB for any constant c and (iii) imply that is convex. If a + b 1,
I-B1, and A2 I-B2, then aA1 + bA2 I-aB1-bB2 M, so that M is convex.
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HIGHER ORDER CONDITIONS WITH AND
WITHOUT LAGRANGE MULTIPLIERS*

J. WARGA"

Abstract. Let Q be a convex subset of a vector space, 0//c Q, Z a topological vector space, C a convex
subset of Z with a nonempty interior, b (bt, b2): Q-->R" xLr, te Q and b2(t)e C. We assume that b
has a pth order Taylor approximation at t when it is restricted to an arbitrary finite-dimensional simplex
in Q with a vertex at t. In the case when 0//is a proper subset of Q we also assume that Q is a uniform
space, b continuous and 0// "abundant." We establish a number of higher order sufficient conditions, not
involving any Lagrange multipliers, for the existence of neighborhoods Gt and G2 of the origins such that
bl(t)+ G1 c {bl(u)lu e q/, b2(u)+ G2 C}. These sufficient conditions, involving nonconvex sets of vari-
ations, are shown by an example to be stronger than those in the literature. We also generalize prior
"Lagrangian" conditions, more akin to the usual necessary conditions.

Key words, local controllability, inclusion restrictions, equality restrictions, Lagrange multipliers

AMS(MOS) subject classifications. 49B27, 49E15, 49E30

1. Introduction. The usual roles of first order and of higher order necessary
conditions in optimization are quite different. First order conditions provide candidates
for a restricted minimum. Higher order necessary conditions are applied in an attempt
to eliminate some of these "first order" candidates from competition. These opposite
tendencies also appear in the proofs of the necessary conditions. If we wish to minimize
bo(X) on some convex set X subject to the restriction bl(X) 0 then the usual argument
proceeds by contradiction: the assumption that the point b()= (bo, bl)() does not
lie on the boundary of some "convex version" of the set b(X) (that is, the denial of
what is essentially the statement of necessary conditions) enables us to construct a set

X1 c X such that b() lies in the interior of b(X1).
Thus various necessary conditions, of first order and of higher orders, can be

stated as (nonexclusive) alternatives [3], [4], [5]: either certain extremality relations
hold at Or b is controllable at , i.e., b(g) belongs to the interior of b(X). (We use
the term "controllable" instead of "open" because of certain additional inclusion
restrictions which are considered in the general problem.) The extremality conditions
are formulated in terms of a Lagrange multiplier which represents a functional support-
ing some convex set of variations. In the case of first order conditions, the largest set
of variations is convex and the conditions are quite general. However, in the case of
higher order conditions 1], [5] that are also presented in a Lagrangian formulation,
certain special convex subsets of the nonconvex set of nonlinear variations are
effectively singled out and much information is sacrificed in the process.

In an attempt to discover stronger higher order conditions, we at first search
directly for controllability theorems that involve possibly nonconvex sets of variations
and do not involve Lagrange multipliers. We state such theorems in 2 and then, in

3, present more specialized "Lagrangian" conditions which generalize prior results
[1], [5]. In 4 we demonstrate by a simple example that the non-Lagrangian second
order controllability conditions of 2 are more powerful than their Lagrangian pre-
decessors. The proofs are contained in 5.

Our approach to non-Lagrangian controllability conditions is based on the observa-
tion (which follows from Brouwer’s fixed point theorem) that if g is a homeomorphism

* Received by the editors December 17, 1984, and in revised form June 12, 1985. This work was partly
supported by the National Science Foundation under grant DMS 8400025.

t Department of Mathematics, Northeastern University, Boston, Massachusetts 02115.
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of some nhd (neighborhood) V of g in Rk into Rk then (g + e)(V) contains a nhd of
(g + e)(g) provided e is continuous and its sup norm is sufficiently small. Now let Q
be a convex subset of some vector space, t] Q, and bl: Q-> m. We determine some
finite-dimensional subset V of Q and a pth order Taylor approximation of thl[v at
such that only the pth degree part of the Taylor approximation of bl-bl(t])]v fails
to vanish identically, and use that part, under appropriate conditions, to construct a
related homeomorphism which plays the role of g. We use the error term to construct
e and we can conclude that bl(V) contains a nhd of bl(t). This basic argument is
suitably modified to take account of an additional "unilateral" restriction of the form
bE(q) C in some topological vector space and to apply when we replace the convex
set Q by a (possibly nonconvex) "abundant" subset a//. (In the case of optimal control,
Q may be the set of relaxed controls or any convex set of ordinary controls and
any set of ordinary control functions in Q that contains concatenations ("splices") of
any two of its elements [2, Thm. IV.3.9, p. 285].)

2. Higher order conditions without Lagrange multipliers. Let Q be a convex subset
of a vector space, o//c Q, a topological vector space, * the topological dual of, C a convex subset of with a nonempty interior, b- (bl, b2): Q--> R"x g, t] Q
and bE(t) C. Let

-k={(O1, Ok)Rk[o>--_O,. 0----<1}
We shall say that $ has a pth orderfinite Taylor approximation at 1 if, for every choice
of a positive integer k and of ql," ", qk Q, the function

0-,4,(0)a4, q+ 2 0(o-,) .--’x
j=l

admits a pth order Taylor approximation at 0, i.e. there exists, for each n 1, 2, ,
(a restriction of) an n-linear symmetric operator ((0): r

_
Nm x N such that

lim[Ol_,((O)_[,(O)/,,(O)O/.. +1,(,)(0)0,]-0 as 0->0, O 3-k.
\ I_ P!

(Observe that this does not require the existence of higher order derivatives of .) The
existence of the operators ((0) for each choice of k and q,. ., qk guarantees that
for each n 1,...,p there exists (a restriction of) an n-linear symmetric operator
4)(")(t]): (Q- t])" R’ x such that

(h()(t)(q,- t) ",... (qk-- t)"= ()(0)"

if a-->_0, ct+’’’ +a= n and 8 is the ith column of the kx k unit matrix. As
customary, we write 4)’, 4)", b’" for ((), 4) (2), 4) (3).

Our theorems will be applicable to a proper subset a// of Q if the following
condition is satisfied.

Condition 2.1. Q has a uniform structure, 4) is continuous and, for every choice
of a positive integer k, of ql," qk Q and of 0 rk, there exists a sequence (u, (0))
in o// such that

k

lim un(O)=Ft+ Oj(qj-Ft) uniformly for 0 ’k,
j=l

0 -> un (0): k -> o// is continuous for n 1, 2, .
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We write a__ for "is defined as", A, co, A, B(c, r),/(c, r) for the interior and the
convex hull of A and the open and closed ball of center c and radius r, respectively.
We identify Rk with its dual and write llX for l,. x if ll, x Rk. We denote by 0// a
subset of Q which is either Q itself or, if Q is a uniform space and b continuous, one
satisfying condition 2.1. We also write __a C- bE(t).

We say that bl is strongly locally (all, qb2, C)-controllable at 1 if there exist nhds
G1, G2 of 0 in ", such that

l(t) "" 11 C2 {I(U)]U 0", 2(U) ... 12C C).

Most of our specific second and third order conditions will follow from the
following theorem.

THEOREM 2.2. Let H be a nhd of some gk, al, C > O, >--_ 1,

I.--A{1, 2,’’’, i.},

and let the functions
b.," H - [0, c],

be continuous. Assume that

(a) ^0f"(x)e{O}xtC Vn=l,...,p-1, xeH, fP()e{O}xtC,
p

(b) a’ b.,(x)_-<l
=1 iI

so that

(c)

VxH

p

q(x,a)Aq+ a" , b.,(x)y.,Q Vx6H,
n=l iI

a [0, a],. 1
.f.6(q(x, ,))= 6(q)+ , (x)+ ,d(x, ,),

=1

where lim,_o+ d (x, a) 0 uniformly for x H.
Assume, further, that either
(d)f is continuously differentiable and the set {Of()/Oxjlj 1,..., k} spans ",

or
(d’) there exist a nhd Vof O in Rm+l and a continuousfunction a (al," ", ak)" Vo

H such that the function

0--’(01,’’’, Ore+l) " 20g, fvl(a(O))

defined for 0 V, is a homeomorphism and a(O)= .
Then tl is strongly locally (all, k2, C)-controllable.
Remark. In the special case where k m and there exists a nhd W of such that

fl;Iw is a homeomorphism, condition (d’) is satisfied. Indeed, let hl,..., hm+l be the
vertices of a simplex in m containing 0 in its interior and let V be such that

a(O) A (ff)--I flp(.) "4- Oh W VO V.

Then a(O) yields the function

0(2 0.,fi(a(O)))= O.,fi()+ 2
=1 =1

on V which is clearly a homeomorphism.
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Second and third order conditions derived from Theorem 2.2 are presented below.
THEOREM 2.3. Let I a--A{1,2,..., il}, J=a {1,2,’’’ ,jl} and assume that d has a

second order finite Taylor approximation at (1 and there exist Yi, z Q- (1 for I, j J
such that

(a) b’(q)y, {0} x ,
(b) b"(t) y, + 2b’(t) Y z {0} x C

(c) the vectors

ck’(t)(Y,)Y, qb(q)z forsI,jJ

span R".
Then qb is strongly locally (, d’2, C)-controllable at q. Furthermore, this conclusion

remains valid if assumption c) is replaced by
(c’) there exist a nhd V of 0 in Rm+ and continuous functions a, b: V (0, )

such that the function

)0=(0, Om+)- 0, rb’((l) a,(O)y, +2b(t]) b(O)z

is a homeomorphism and ai(O)= b(O)= 1 V and j.
The following corollary of Theorem 2.3 can be used to rule out candidates for a

restricted minimum.
THEOREM 2.4. Let the assumptions ofTheorem 2.2 be satisfied with , b2, C replaced

by x , ((2, t0), C x (-oo, (o()]. Then there exists u oil such that

0(u) < l}0(q), 1(u) )l(q), 2(u) C.

Third order controllability conditions, analogous to those of Theorem 2.3, follow.
THEOREM 2.5. Let I {1, 2,. ., il}, J {1,. j}, K {1,. ., k}, R

{ 1,..., r} and qb have a third order finite Taylor approximation at (1. Assume that, for
i, s I, j J, k K and r R, there exist y, zg, hk Q- (:1 and real numbers

Xsg Xso >- O, Xsg > 0 and Vrj

such that

(a) 6’(q)y, e {0I x C,
(b) Y’. Vrj6(O)Zj’O,

^0(c) qb"(q)yy+22Xjqb’(q)ze{O}x C
J

(d) b’"() /y, +6b"() y, zg +6b’() hk {0} o,
(e) the set whose elements are the vectors

3b"(t)( y,)2ys + 6b’(t)[( z)y + 2( fors E I,

ch(q)hk for k K

spans Rm.
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Then ok1 is strongly locally (1/, 1#2, C)-controllable at t. Furthermore, this conclusion
remains valid if assumption (e) is replaced by

(e’) there exist a nhd V of 0 in Rre+l, continuous functions a (al,..., ai)" V->
(0, oo)i,, b (bl, br,): V-> Rr,, C (Cl, Ck,)" V--> (0, oo) k, and a correspond-
ing function

O-->f31(a(O), b(O), c(O)) a--d#"(l) ai(O)y,

+6 a,(0)[ Xstjas(O)a,(O)+ vrjbr(O)] b’(t)y,z
i,j s,

such that

+6 Ck(O)b(t)hk
k

o=(o,,..., o)-, E o,,fl(a(O), b(O), c(O))
p,=l

is a homeomorphism and ai(O)= 1, br(O)= O, Ck(O)= lVi, r, k.
As in the case of second order conditions, third order nonoptimality conditions

analogous to Theorem 2.4 can be derived from Theorem 2.5 by replacing Z, b2, C
with ZR, (b2, tho), C (-oo, bo(t)]. Fourth and higher order controllability condi-
tions can be similarly derived from Theorem 2.2 but they become progressively more
complicated and unwieldy.

3. Lagrangian conditions. Let Y be an arbitrary set, p { 1, 2, -} and P c YP. We
refer to P as symmetric if (Yl," ", Yp) P implies (Y,,(1), ", Y,,(p)) P for every
permutation 7r of (1, 2, , p).

THEOREM 3.1. Let qb have a second order finite Taylor approximation at gl. Let
Y Q t, and let P be a symmetric subset of y2. Assume that

(a) th’(t)y {0} x Vy Y

and, for every finite subset { Yl, ", yi,} of Y and for
s ___a {(i, s)l(y,, Ys) e P}, N A {1, 2,..., il}2\S

there exist numbers OgabiS V( i, s) S, a, b)e N such that
’s b"( ’ V(a,(b) ck"(q)YoYb- E a,b t])ytyse{0}X b)eN,

(i, s)eS

(c) for each r (o’is)(i,s)es with O’is O’si > O, the system
is V(i,s)S

(a,b)eN

has a solution l tr) rll tr), ", *li, tr) such that rli( tr) > 0 and cr --> rl tr) is continuous.
Then either
(d) bl is strongly locally (ll, qb2, C)-controllable at , or

(e) there exists ll, 12) G [m ,, such that

l#O, 14’(q)z>=O VzeQ-gl, /2[c-b2(q)]_-<0 VceC,

ldp"(q)y >= 0 V(yf) P.

Somewhat stronger assumptions than in Theorem 3.1 provide some sufficiency
criteria for verifying assumptions (b) and (c) above.
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DEFINITION 3.2. Let Y be an arbitrary nonempty set and P c YP symmetric. For
any finite set Fc y and any ordering Yl,"" ", Yi of elements of F, we denote by 8i
the ith row of the il unit matrix, and set

S-a {(kl, k2,’’’, kp)[(yk,, Ykp) P},
p

m(k,...,kp
a- , i$kj V(kl,"’,kp)S, kl<-k2<--’" <--kp.

j=l

We shall say that P is independent if the set { m(k,...,kpl(kl, ", kp) S, kl <-- k2 <- <--
kp} is either empty or linearly independent for every finite F c Y. (We observe that
the particular ordering of elements of F does not affect the property of independence
of P.)

Remark. Simple examples of independent sets are provided by:

the diagonal set P a_ {y, y, Y)IY Y};

p=2, Pa--{(y,p(y))lye Y}, where p: Y--> Y is its own inverse; or by

y_a_ {Yl, 22, 23}, P 2, P a_ {(Yl, 22), (22, Yl), (21, Y3), (Y3, 21), (Y2, 22)}.

THEOREM 3.3. Let have a second order finite Taylor approximation at (1. Let
Y Q-(t and P y2 be symmetric and independent. Assume that

(a) ’(q)ye{0}xC Vyer,

(b) "(q)y)7 e {0} x ify, fi e Y but (y, 37) P.

Then the conclusion of Theorem 3.1 remains valid.
Remark. Theorems 3.1 and 3.3 generalize [5, Thm. 2.2]. Indeed, the latter is a

special case of Theorem 3.3 corresponding to the choice of P-a {(y, Y)IY Y}.
Third and higher order Lagrangian conditions with a generality analogous to that

of Theorem 3.2 appear to be too complicated to be Of much general interest. We
therefore provide a third order analogue of Theorem 3.3. Higher order analogues can
also be derived in a similar manner but they are more complicated.

THEOREM 3.4. Let have a third order finite Taylor approximation at 1. Let
Y Q-t and P y3 be symmetric and independent. For every choice of u, v, w Q-1
and everyfunction (u, v, w)-> F(u, v, w): (Q-t)3-->" x Z, let [F(u, v, w)] denote the
sum ,.b.c) F(a, b, c) over all distinct permutations (a, b, c) of (u, v, w). Assume that

for every choice of Yl, Y2 e Y there exists a point z( y, Y2) Z( Y2, Yl) Q (t such that

(a) ’(4)Yl {0} x C,

(b) "(4)yy:+2’(4)z(yl, Y2)e{O}x C,

(c) [’"(4)yly2y3+6"(4)y3z(y,y2)]e{O}x ify3e Y, (y,y2, Y3):P.

Then either

(d) qbt is strongly locally (all, qb, C)-controllable at t, or

(e) there exists ll, 12) e " x* such that

/0, ldp’(4)h>-O VheQ-t, /2[c-b2(0)]_-<0 VceC,

1[’"(4)Y22Y3+6"(4)23z(y, y)]->0 (y, y, y3)e P.

Remark. In the special case where C is a cone, Y the singlet {Yl}, P {(yl, Y, yl)}
and

_
is replaced by (2, o) as in Theorem 2.4, the above results yield Bernstein’s

necessary condition III of [1, Thm. 6.1, pp. 231-232].
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4. An example. Let Q R3, t (0, 0, 0), q (xl, x2, x3) and

b,(q) (fl, f)(q)+ o(Iql=),
where

fl(q) x+xx+xx+ x3,
f( q) xx3 +x+ 2xx3.

We shall first show that, by Theorem 2.3, bl(Q) contains a nhd of 0. Indeed, we can
eliminate the references to b2, C by choosing Lr C R and b2 0. We let

y (1, 0, 0), y2 (0,-1, 0), y3 (0, 0, 1)

which yields 37 Yl + Y2 + Y3 (1, 1, 1) and

6’(0)/2= 2(f, f2)(37) (0, 0).

Thus assumptions (a) and (b) of Theorem 2.3 are satisfied.
We have 6’() (f’,f) and

f’= 0 f= 2
1 2

and therefore

6’())7y,=(1, 1), 6’()37y_=(-2, 0), 6’(q)jTy3=(1,-1).

Thus assumption (c) is also satisfied and our conclusion follows from Theorem 2.3.
Next we shall show that prior second order conditions in the literature do not

yield this result. The most general of these results appears to be [5, Thm. 2.2] (which
generalizes the corresponding results of Bernstein [1]). For the present example, that
theorem asseas that if Y= Q- 3 and "()yly=0 for y y, y,y Y then
either (Q) contains a nhd of (0, 0) or there exists l 0 such that

ll’()yO Vy6

We shall show that such a vector l exists for every admissible choice of Y which
will prove that Theorem 2.2 of [5] cannot shed any light on our example. Indeed, if
Y contains at most two distinct elements y, y then we can always find some l 0 in

such that

l6’()yO and l6’(q)yO.

Now if Yl, Y2 are two distinct nonzero elements of then

6’(q)yy2 (f’,f)yly (0, O)

and therefore Y2 3 is normal to the two vectors f’y and fy. If these vectors are
not parallel, then y is uniquely determined by Yl except for a constant factor, and
then Y cannot contain more than two distinct elements y for which ’(q)y# 0.

It remains, therefore, to consider the case when f’Yl and fy are parallel. Since
these two vectors differ from each other and from 0 if y 0, they will be parallel if

(f’ Af)yl 0

for some A eN. Since det(f-Af)=2A3-4A2-2A-4 has only one real root A
2.6589672 and the corresponding eigenvector Yl (1,-0.323812, 0.630384) is unique,
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all vectors normal to f’Yl hYl are linear combinations of two linearly independent
vectors u=(0, 1,-1.7400899) and v=(0.5746829,0,-1). Thus, if there are at least
three nonzero vectors Yl, Y2, Y3 in Y, both y2 and Y3 are linear combinations of u and
v, say

Y2 Ot U 4- 0121.), Y3 fl U 4"

and therefore the requirement b’(t)yEY3--0 yields

On the other hand, a direct calculation shows that ck’(q)uz, ck’((1)uv and 6’((t)v2 are
each 0 and

0.60187256’(q)u2 1.37837016’(q)uv + ck’(q)v2 O,

where the first two coefficients are unique. Thus we may assume that az Bz 1 and
therefore

al/31 0.6018725, al +ill -1.3783701

which cannot be satisfied by any real a,/31. This shows that Y cannot contain more
than two distinct nonzero elements.

5. Proofs. Let b have a pth order finite Taylor approximation at q, let c > 0 and
Wn Q- 7t, bn [0, c] n 1, , p, and let a > 0 be such that

P
c ’, a’<_-l.
n=l

Then

and

P

(a) a=t + Y. b.a"w.Q Va[O,a,]

(*) b(t(a)) b(t)+ Y.f. t) b.a"w,, +aPdl(a, bl,’", bp)
j=l n=l

where limo+ d(a, b,. , bp) =0 uniformly for all choices of b,. ., bp [0, c]
(because lira dl(a, bl,’", bp)=0 as I(b, b==, b)l converges to 0). If we
rearrange the terms in (.), we obtain

p 1
,f, Pd(a, bl, bp),(**) (())= (q)+ E +

where limo+ d(a, b,. ., b) 0 uniformly for all b,. ., b [0, c] and, for z b,w,

=,
(O) 2 z,z.

ml+m2+...+mj=n

so that, in paicular,

fl=’(q)z,, fl="(q)z+26’(q)z:,

f3 ,,((q)z, +6 q)z,z+66’(q)z,

etc. We shall henceforth use the expansions in (**), (***) without any further reference
to their derivation.
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We shall use the notations 2.3(a), 3.1(c) etc. to denote statements (a) of Theorem
2.3, (c) of Theorem 3.1, etc.

LEMMA 5.1. Let V be a nhd of 0 in R"+1, >= 1, a > 0 and, for n 1, 2,

g (gl, g2): V--> Rm+l X ,
e= (e, e2)" Vx[0,

h)" V x [0, ,] m+, x .h"=(h,

Assume that g" V g(V) is a homeomorphism, that g, e(., a) and h"(., a) are
continuous for each a and n, and that

0g(0) {0} x tC lim e(x, a) 0 uniformly for x V,
aO+

Va > 0 lim h" (x, a) 0 uniformly for x

en there exist ao (0, log (1 + t-)], N {1, 2,. .} and nhds V, U, U= of 0 in +,
+, such that

U, {g,(X) + e,(x, ao)+ h(x, ao)lX V,},

g2(x) + e2(x, ao) + h(x, ao) + U2 td Vx V1.

Proofi Let r, s > 0 and a nhd U: of 0 in be such that (0, r) c gl((0, s))
B(O,r), g2(B(O,r))+U2+U2+U2ctC. Let ao(O, min[a,,log(l+t-’)]) be su-
ciently small so that

le,(x, ao)l s, e2(x, ao) U Vx

Finally, let N e {1, 2,...} be sufficiently large so that

Ibm(x, hy(x, Vxe

Next we choose an arbitrary u e+ with ]u[ s. The equation

g,(x)+ e,(x, h (x, u(1)

is equivalent to

X g71(U el(x, ao)- hlN(x, Oto)).

Since the right-hand side in (2) is a continuous function of x mapping B(0, r) into
itself, there exists a point x X B(0, r) satisfying (2) and therefore also (1). Thus

U, A/(0, S)c {gl(X) "" el(X, ao)+ h(x, ao)lX E/(0, r)}.

Furthermore, for each x e B(O, r), we have

^0g2(x) + e2(x, ao) + h(x, ao)+ U2 g2(x) + U2 + U2 + U2 c tC

This shows that our conclusion is satisfied if we set V1 ____a/(0, r). Q.E.D.
Proof of Theorem 2.2. We shall first assume that assumption (d) holds. Let

h, , h=+ be the vertices ofa simplex in" containing 0 in its interior. By assumption
(d), there exist numbers a,j for/z 1,. , m + 1, j 1,. ., k such that

k

h, E a,jOf()/Oxl.
j=l
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Let

z (z,, ., z), o (o,,..., o+,),

a(O) a--+ a.O., a(O) =(a,, am+l)(O),

and let I be a suNciently small nhd of 0 in .,+1 so that a(O)e H for 0 e We set

g(O) a-(O,,fPl(a(O))) VO
and observe that

We also have

gl(0) (0, 0) 6 N x R", g2(O) 6 t.
(k )Ogl(O)/OOt 1, Y ajOfP()/Oxj (1, h).

j=l

Thus the matrix g(0) is invertible and, by the inverse function theorem, 0 g(O) is
a homeomorphism of some nhd V of 0 in n,+ onto g(V). This shows that assumption
(d) implies (d’) so that we may assume in all cases that (d’) is valid.

Next assume that Condition 2.1 holds. Since the functions b,i are continuous,
Condition 2.1 implies that, for all (0, a) Vx (0, a], there exists a sequence (u,.(O, a))
in q/such that, for each a,

lim u,,(O, a)= t(a(0), a) uniformly for 0 V,

0- u(0, a) is continuous for each v.

For 0 V and a [0, al], we set

h"(O, a)A-(O,p!a-P[c(u,,(O, a))-qb(q(a(O), a))] [ m ,
g_(O) a--fP2(a(O)), g a--(gl, g2) e,(O, a) a--(O,p!d,(a(O), a)),

e2(O, a) a-p!dz(a(O), a), e a---(e, e2)

and observe that t, g, e and h" satisfy the assumptions of Lemma 5.1. It follows that
there exist ao(0,1og(l+t-)], N{1,2,...} and nhds V1, U1, U2 of 0 in Rn,+I,
R"+, Y such that

(1) U1c {gl( 0) -[- el( 0, Olo)hlN(X, fro)J0e Vii
(2) gz(O)+e2(O, ao)+h(O, ao)+ U2 c td V0e V1.

If we set G (1/p !)a Uz, then relation (2) yields

p!aP[E(Urq(O, ao))- b2(q)- ao"f(a(O))+ G2] td

Since

P

?l .! ao < t(e- l) <=1

it follows that

(3)

Oe V.

and f(a(O))e t Vn 1,...,p- 1,

6_(u.(O, ao))+Gz= c voz Vl.
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Now let

Ga_ 1

Relation (1) and assumption (a) imply that

61(t)+ G1 (61(UN(0, a0))[0 G Vl}

which, together with (3), yields

This completes the proof for the case when Condition 2.1 is satisfied. The proof
when =Q is even simpler; it is obtained by replacing each u(O,a) with
4(a(O), a). Q.E.D.

Proof of eorem 2.3. Let a > 0 be sufficiently small so that

2ila1+ 2jla l,(1)

and let

where
il jJ

k= il +jl, x= (xl, Xk) rll, %, ,,
X e [0, 2] q+j’, a e [0, al].

Thus a + a 2 N 1 and therefore (x, a) e Q. Since has a second order finite
Taylor approximation, we have

((x, a))= (q)+a

(2)
1

+2 a2 E n,n (q)y,y+2E’(O)z +ad(x,a),
i,sI j

where limo+ d(x, a)=0 uniformly for all x [0,2] q+h. Then Theorem 2.2 is appli-
cable with p 2, c 2, (1, 1, , 1), 1 and obvious definitions of y,, b,, ff(y
y, y= z, b % b2 , if(x) the coecient of a"/nl in (2), etc.). Indeed, if we
choose H as a suciently small nhd of, then assumption 2.2(a) follows from 2.3(a)-(b)
and assumptions 2.2(b)-(c) from (1) and (2). The paial derivatives Of/O,
evaluated at (1,. , 1) are

fl,n(x) 2i’(O) y, y, f,() 2’(O)z,

so that assumption 2.2(d) follows from 2.3(c). Similarly, assumption 2.2(d’) follows
from 2.3(c’). Q.E.D.

oof of eorem 2.5. Let

(1)

where

: -t- r -I- kl,

and

(2)

(x, a) a-4-q+a E r/o’,+ a2 E z+ a3 E ykhk,
j k

X (Xl,""" XK)= (’01, i,, (’01, O)r,, ’)/1, k,)

j-- E ,isjTliTls -]- E l)rjf’Or"
i,s R
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We restrict r/i and Yk to the interval [0, 2] and tot to the interval [-f/, f], where f/is

small enough so that lY’.t vototl <-- 1/2. Thus ’j 1/2 1, 3]. The corresponding set of values
of x will be denoted by Hi. We then restrict cr to the interval [0, a], where al > 0 is
small enough so that

ale Yk--<l

Thus O(x, a) Q for x H1 and 0 =< a -< al and

for x H.

12I+-a 2 r/,r/stb"(t)ytys + 2 Y’. ’jb’(t)z
2 i,sI

(3)
1
o [ E"’ i,s,tI

+6 E ,,"(O)y,z +6 E y’()h] + d(x, ),
d k

where lim.o+ d(x, a)=0 uniformly for xH. We denote by f(x),f2(x),f3(x) the
coecients of a, )a2, a3 above.

We have f(x)=0 by 2.5(a) and, by (2) and 2.5(b)-(c),

i,sI

+EEv6(q)z=0 Vxn,.

Fuhermore, we may choose a sufficiently small nhd H of g=

(1, , 1, 0,..., 1, , 1)contained in Ha so that the assumptionf() o of 2.5(c)
implies f(x) C for all x H. Thus assumptions 2.2(a)-(c) are satisfied with the
obvious choice of b,,. A straightforward computation shows that 2.2(d) is now
equivalent to 2.5(e). Finally, 2.2(d’) follows directly from (2), (3) and 2.5(e’). Q.E.D.

Proof of eorem 3.1. Let

Wg {b"(q) Y/z,ouv+ 2cb’((1)zl(u, v) P, ’,o 6 [O, 1], z Q- t},

where ’ denotes finite sums. The set W is convex and contains 0. Thus, by a variant
of the convex separation theorem ([5, Proof of Lemma 4.1, pp. 55-56]), either there
exists (ll,/2) R x* such that

(1) lysO, lw>-O VwW, /2[c-th2()]_-<0 cC,

or there exist points ( (:, :) WVj 1,. ., m + 1 such that

(2) 0 [co {:,’’’, ?+1}]o, 7( 0

and therefore, for some/3 > 0,

(3)
J

If the first alternative holds, then relations (1) yield statement (e).
Now assume that the second alternative holds. Let y, , y, be the elements u, v

of Y that appear in the expressions for :, and let S and N be correspondingly defined.
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Then each J is of the form

s
j Y sb"(q)yvs + 2b’(g/)z,

(i,s)S

where z Q- and s [0, 1]. Since b"() is symmetric, we may assume that s
,F /j, i, s. We can also assume that s > 0 /j, i, s because a sufficiently small perturba-
tion of the will not affect the validity of relations (2).

Let
o’s,(0)=o’,s(0) a-- (fl+Oj)zs V(i,s)S, O=(O1,. ., O,,,+I)Rm+l.

Since ri(0) > 0 /(i, s) $, we may determine a compact nhd V of 0 in R"/I such that

Then, by assumption (c), there exist continuous functions

O+i(O) a-qi(o’(O)) V+ ti=l,...,i
such that

(4) rl,(O),(O)+ Olab’a(O)b(O)-- O’is(O V(i, s) S.
(a, b) N

We deduce from (a)-(c) and (4) that there exist >-1 and continuous v, v2" V tC
such that

Now let

(5)

i(O)(’()Yi--’(O, /.)1(19)),
i=1

i(O)(O)dp"(gt)yv+2Y (+O)’(gl)Z
i,s=l

is dt).Y a(O)r/b(0) Y. aab /)yvs+(0, v2(O))
(a,b)N (i.s)S

+ E ,(O)s(O)d"(gt)yv+2Y (/3j+0)b’()zj
(i,s)aS

[i(O)s(O)+ Otabrla(O)Tqb(O)]dP"()YiYs
(i,s)S (a,b)N

+2E (& + o)4,’(,)z + (o, v2(o))
J

r,,(O)"(gt)yiys+2Y (/3+0j)b’()z+(0, v2(0))
(i,s)S

y ( + o) +(o, v(O)).

(6) (0, a) a--q+a 2 ,(O)Y,+a2Y (+Oj)z,

where a e [0, a] and a > 0 is chosen sufficiently small so that

(7) a,E,(O)+aE(B+o)l V0e
j

Then (0, a) Q and, by (5),

(4(o, ))= ()+ (0, v,(O))
(8)

l a2[(+Oj)+(O,v(O))]+ad(O,a),+
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where lim_.o+ d(O, a)=0 uniformly for 0 e V. We can verify that Theorem 2.2 is
applicable, with 0, 0, V replacing 2, x, H and with

p=2, y,i y,, y2j zj, b,,( O) a-- ,( O), b2j( O) a-- fl + O,

f(O)=v,(O), f(o)=2 (+ o): + (o, v(o)).

Indeed, assumption 2.2(a) follows from v(O)e t, (2), (3) and 3.1(a); 2.2(b) from (6)
and (7); 2.2(c) from (8); and 2.2(d) from the first relation of (2) which implies the
linear independence of {(1, ),..., (1, f+l)}. Thus Theorem 2.2 implies alternative
3.1(d). Q.E.D.

Proof of Theorem 3.3. This theorem follows directly from Theorem 3.1. Indeed,
let {Yl," Yil} be a finite subset of Y, and let S and N be defined as in Theorem 3.1
and rn(, as in Definition 3.2. Set ab 0 for all (i, s)e S, (a, b)e N. Then assumptions
3.1(a), 3.1(b) follow from 3.3(a), 3.3(b), respectively. Furthermore, the system

(1) r/r/,=r, V(i,s)S, i<-s,

for arbitrary cris > 0 is equivalent to

log rh + log r/s log r, V(i, s) S, <- s

which is a linear system in log Ti with a matrix whose rows are the m(,) and therefore
independent. Thus system 1 has a solution r/(tr) r/1 (tr),. ., r/i, (tr)) for all cr (tr)
with cr cri > 0 such that tr- r/(tr) is continuous. This shows that assumption 3.1(c)
is also satisfied. Q.E.D.

Proofof Theorem 3.4. Let P be partitioned into equivalence classes, two elements
(u, v, w), (u, v, w) belonging to the same class if (u, vl, Wl) is a permutation of
(u, v, w). Let P’ be formed by selecting one representative from each equivalence class.
We set

W a-- {Y Zuvw[Ch’"(O)uvw+6c"(q)wz(u, v)]+6’(q)h]

(u, v, w)eP’, %w e [0, 1],he Q-q},

where Y.’ denotes finite sums. The set W is convex and contains 0. Thus (as in the
proof of Theorem 3.1) either there exists (l, 12) R" x* such that

(1) 1#0, lw>--O VweW, 12[c-2(t)]=<0 VceC,

or there exist points sc’= (’, f’) WV 1,..., m + 1 such that

(2) Oe[c{l,..., 7+,}o, e c- (4) do

and therefore, for some/3, > 0,

(3) Y/3. 1, Y’,/3.sef =0.

If the first alternative holds, then relations (1) yield statement (e).
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Now assume that the second alternative holds. Let Yl,"" ", Yi, be the elements
u, v, w of Y that appear in the expressions for . Let

S - {(i, s, t)l(y,, ys, yt) P’}, zis
a_ z( Yi, Y).

Then each " can be written in the form

v. E "r qb Ft Yt.V y + 6qb F1)y z + 6b 1) hv.
(i,s,t)S

where h. Q- and zt [0, 1]. We can also assume that all zt > 0 because small
peurbations of the " do not affect the validity of relations (2).

Let

,,,(O)& E(fl+O,)z, V(i,s,t)eS, 0=(0,,’..,0+l)eR+’.

Since ,,(0) > 0V(i, s, t) e S, we may determine a compact nhd V of 0 in Rm+ such that

Then, for each 0 V, the system

(4) ,., ,,(0) V(i, s, t) S

is equivalent to the linear system in log ,/i,

log rh + log r/ + log rh log o’st(0) V(i, s, t) S

and, because of the independence of P, this last system has a matrix with the linearly
independent rows m(,,o. Therefore, system (4) has a solution (0)=
(1(0),"’’, i,(O)) which is continuous in 0.

Now let

#(0, a)= q+a E ,(0)y,+a2 Y ,(O)s(O)z,
i= i,s=

(5)
m+f

+a3 E (flu +O,)h" VOV, a[O, al],

where ale(0,1/2] is sufficiently small so that #(O,a)Qta[O, al]. Then, with the
summations below carried out over all i, s, {1,. , i}, j {1,. ,j} and /x
{1,. , m+l}, we have

b(#(0, a))= b(q) + a E b’(q)y,

la2 b"(q) ,(0)y, +2t#’((/) E ,(O)l(O)z,+" i,s

+- a b"(q) E ,(0)y, +6b"(q) E i(O)s(O)q,(O)z,ty,
6 i.s.,

+ 6’(q) E (/3. + O.)h.] + a3d(O, a),

where lim,,_.o+ d(0, a) 0 uniformly for 0 V. It follows, by (a)-(c) and (4) that there
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exist z=> 1 and continuous Vl,/)2, v3: V- ’/’ such that

q,(q(o, ,))= ,l,(q)+ ,(o, v,(O))+ ,(o, v(o))

la3{+6 (i,s,t)S
,( 0)s( 0),(0)[b’"(l)yt,vsyt + 6b"(

+ 6b’(q) E (fl, + O,)h}
+ o(o, v(o))+ od(O, o)

=6(0)+(0, ov,(O)+ ov(O)+ ov(O))
1

+- a ., ., ( + O,),[’"(q)yy, +66"()y,z,]
6 (i,s,t)s

+66’(0) 2 (fl, + O,)hg + a3d(0, )

6()+ (0, v,(O)+v(O)+v(O))
1

+- 2 (. o) + .d(O, ).
6

It follows now from Theorem 2.2 Oust as in the proof of Theorem 3.1) that & is
strongly locally (, 2, C)-controllable. Q.E.D.
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NILPOTENT APPROXIMATIONS OF CONTROL SYSTEMS AND
DISTRIBUTIONS*
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Abstract. A constructive method is given to approximate the vector fields in a nonlinear control system,
which is linear in the controls, by a system of similar form and on the same state space, with the describing
vector fields of the approximating system generating a Lie algebra which has a certain, relevant, sub-algebra
nilpotent. Given a k-dimensional distribution on R n, say locally defined near zero, the method leads to an
approximating k-distribution which has nilpotent basis, agrees with the original distribution at zero, and
each derived distribution of the approximating distribution and original distribution also agree at zero.

Key words, nilpotent Lie algebras, system approximation
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Introduction. The goal of this paper is to show how to constructively approximate
(in a sense to be made precise) the vector fields X, X1, Xk in a control system
on R of the form

k

() X(x) + E u,X’(x), x(0) 0, x(0) 0,
i=1

by vector fields yO,..., yk for which either the Lie algebra, L( yO,..., yk), generated
by yO,.. ", yk or a certain appropriate subalgebra of this algebra, is nilpotent.

Assume all vector fields are real analytic. For any set, 6, of vector fields on R"
(or an n-manifold M"), L() will denote the Lie algebra they generate, Se(0) the
elements of 6e evaluated at 0; IX, Y] (ad X, Y) the commutator, or Lie product, of
the vector fields X, Y and, inductively, (ad//1 X, Y)= IX, (ad/X, Y)].

For the vector fields of system (1), assign the weight Wo=0 to X and wi 1 to
X for 1, , k. The weight assigned to a commutator will be the sum of the weights
of its constituent factors. For 1, 2,. let

(2) 6e be the set of commutators of X, ., Xk of weight i.

Explicitly, {(adj X, X): j->0, i= 1, , m}. Recall [1] that dim span :(0)= n
is the "first" order sufficient condition for local controllability of system (1) along the
solution, denoted (exp tX)(O), of the uncontrolled equation X(x), x(O)=0. The
sets b:, play a significant role in higher order local controllability conditions, [2],
[3]. We shall assume, mainly for convenience,

(3) dim L(Ae:)(0) n

which implies that for all > 0 the attainable set of system (1) at time has nonempty
interior in R".

Assume dim span 6e(0) nl, dim span (6e: [_J 6e:)(0) n2 and N is the smallest
integer such that dim span (xLI... [_J )(0)= n. The notation X will denote a
product of specific vector fields from the set X, , Xk taken in a specific order. (If
we deal with vector fields yO,..., yk, 6fi will denote the equivalent set to : and
Y the equivalent commutator to XL)

* Received by the editors February 12, 1985, and in final form June 24. This research was supported
by the National Science Foundation under grant DMS-8500941.

f Department of Mathematics, University of Colorado, Boulder, Colorado 80309.
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THEOREM 1. Let X’,, , X., 5fx be such that X,(0), , X-,(0) are linearly
independent. Adjoint X.I/,, , X.2 52x such that XI(O), ., X-2(0) are indepen-
dent and continue in this way until one has X,, X. with X,(O), Xn(O)
independent. Then there exist vector fields yO,. yk on R" which describe the
approximating system

k

(4) = Y(x) + E u,Y’(x), x(0)=0
i=1

and satisfy (a) Y(0)=0, (b) Y,(0)=X,(0), i= 1,... ,n, (c) L(6e,) is nilpotent.
Furthermore, the yi can be explicitly constructed and have polynomial coefficients relative
to the preferred coordinates of the construction.

Remark 1. It is well known (see Example 5) that one cannot, in general, find
vector fields yO,..., yk with L( yO,..., yk) nilpotent and such that Y(0) X (0)
for all commutators X of length <_-N (or, as seen in this example, even of length =< 1).

Remark 2. If one deals with distributions, say Dk(x) span {Xl(x), , Xk(x)}
defined in a neighborhood of zero in Rn, one would have XI(0), xk(o) indepen-
dent. Then X, X1, "’’, X "a’k --Xk’, 1X --{X 1, xk while b would consist of
all products of pairs of elements of O, etc. Let Dk’I(x)=Dk(x), Dk’2(X)
span (O t5 5e)(x), etc. Theorem 1 then yields the existence of Y, , yk such that
if Ek= Ek’(x)=span {yl(x), , yk(x)}, Ek’E(x)=span (gt.J 2g)(X), etc. then E k

is a k-distribution having a "nilpotent basis" Y, Yk and which approximates
Dk in the sense that Ek’i(O)- Dk’i(o), i= 1," ", N, i.e. the derived distributions agree
to order N at 0.

Our main concern with Theorem 1 is its application to control systems of the form
(1). The solution of (1) at time for given control u can be expressed (see [4]) as

(5) x(t, u)= (exp tX) y( t, u)

where y(t, u) satisfies the auxiliary equation

(6) 3 u,(t) E (-t)
(ad xO X’)(y), y(0) 0.

i=1 v=0 /1!

If L(6ec) is nilpoent, the solution y(t, u) of (6) can be constructively expressed ([5, 3]
or [3]) as a finite composition

(7) y(t, u)= (exp Fl(t, u)W1) (exp F,.(t, u)W")(O)

where { W1, W"} is an "ordered basis" for L(bc). Substituting (7) in (5) yields
an expression for the system output as a function of the control, analogous (equivalent)
to the Volterra series expansion which is also finite when L(Se) is nilpotent. Thus
L(6e) nilpotent implies local analysis of system (1) is greatly simplified. Theorem 1
yields L(bv) nilpotent for the approximating system (4).

From the assignment of weights, 6eJx consists of commutators containing j factors
from {X, xk}. Each such factor has coefficient a control component so one can
view an element of 6ec as corresponding to a jth power of the control. In this sense,
the approximation can loosely be considered as related to a truncation, to order N,
of the expansion of the output x(t, u) in terms of the control.

Nilpotent approximations have received a great deal of attention during the past
decade. Krener [6] showed that for any integer r => 0 there exists a bilinear system of
the form

k

(8) 1= AoW+ E uiAi W, W(0) =id,
i=l
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on Gl(m, R), for sufficiently large m depending on r, having L(Ao, , Ak) nilpotent,
and a linear map I: gl(m, R) -> R such that for all il, , is {1, , k} with s -<_ r,
/([A,,, [. .[A,_,, A,s]. .]) IX", [. .IXi-,, X’] .](0). From this he deduces the
existence of a smooth map A: Gl(m, R)-> R", A(id) =0, such that for any control u,
I(x(t, u)-A( W(t, u)) <-_ Ktr+l. That is, the trajectories of the "lifted" nilpotent system
(8) when mapped to R" via A, locally approximate those of system (1) to order (r + 1).

Rothschild and Stein [7] in their study of hypoelliptic operators of the form
L--y.ik=I (Xi)2, again lift (or extend) the vector fields X1, Xk to a sufficiently
large space where their Lie algebra is "free to order r" and then achieve a nilpotent
approximation theorem.

More recently, Crouch [8], [9], approximates the system (1) by a system of the
N

dim span :(0), whose describing vectorsame form, but on a space of dimension
__

fields generate a solvable algebra containing L(1) as a nilpotent ideal. The input-output
map of his "lifted" approximating system is the Nth order truncated Volterra series
of the input-output map of system (1).

For computations, the liftings to a higher-dimensional manifold in the above
papers create a problem since the map from this manifold back to R" is, in general,
difficult to explicitly obtain. Bressan 10], obtains a nilpotent approximation to a system

kof the form -Y=I uX (x) in which the approximating system (again of this form)
lives on R ". His results are closely related to those of this paper. Indeed, it is shown
in Example 3 that our construction, when applied to Bressan’s example [10] yields
the same approximating system as obtained by Bressan. Many of the ideas and methods
of this paper were greatly influenced by those in the aforementioned papers of Crouch
and Bressan.

1. Dilations and their related nilpotent algebras. Consider R with coordinates
x (x, , x,). A dilation, ,, is a map ,: R" --> R" of the form x (tqXl, , t.x,)
where we assume all integers r 1 and r =< rE<--" r,. We first briefly review some
standard definitions.

DEFINITION 1. A polynomial h on (R", t) is homogeneous of degree j with
respect to if tJh(x)- h(x). Denote by all polynomials homogeneous of degree
j; /-/ 0 ifj<O.

Note that with x as above

(9) h implies
0h
E Hi_r.

DEFINITION 2. A vector field X on (R", ,) is homogeneous of degree m if
Xh I-I_m whenever h /-/, j 0, 1,.... Thus if X(x)== ai(x) O/Ox, X is
homogeneous of" degree m i a Hr_,, 1,. ., n.

Example 1. Consider R with ,x (tx, tx2, tZx3). Then h Ho implies h(x)=c,
a constant; h H implies h(x) cx + c=x2; h H: implies h(x) cx+ cxx2+ c3x;
h H implies h(x) CLX31 + 2X21X2 -- 3X1X2 + 4X -]- 5X3, etc.

Remark 3. If X is homogeneous of degree m, Y homogeneous of degree and
h /-/, then XhI-I_,,, Yh6I-I_ so IX, Y]h= Y(Xh)-X(Yh)I-I_,,+,)i.e. IX, Y]
is homogeneous of degree (m + l).

PROPOSITION 1. Let fi denote the real linear span of all vector fields homogeneous
of degree >=i with respect to a given dilation 6,x (tqXl, .., t.x,) on R". Then each
is a Lie algebra and 1 is a nilpotent ideal in o.

Indeed, o =1 =" =. wr.+ {0} while Remark 3 shows [,
so the descending central series of 1 terminates showing that is nilpotent.
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Remark 4. If Y(x) i=l bi(x) O/Ox .L, 1 <=j <-_ r,, relative to the dilation 6tx
(tr,xl, tr.x,), then b(0)=0 for 1 =<i=< k, k the largest integer such that rk <j.

Remark 5. Let X(x)= j--1 aj(x)O/Ox Sfl with defined as above relative to
the dilation 6,x tr’x, ", tr"x,). Then Ota(x)/Ox Ox, O if ri+ .+ r, >= , l=
1,..., n. If a (al,..., a,) is a multi-index and we define I 1-Y 7= this means
X has the form

where the cj, are constants and x (x, x-), Bressan 10] gives a direct (computa-
tional) proof that vector fields of this form generate a nilpotent algebra.

2. The constructive proof of Theorem 1.
A. Assume the vector fields X, Xk are given relative to some coordinates,

say y (y, , y,). We first make a linear change of coordinates to x (x,. , x,)
such that relative to these coordinates, X,(0)=O/Ox, i= 1,..., n. Constructively, if
in the original coordinates we had X,(y)=--1 a(y)/Oyj, i-1,..., n, let a(y)
denote the vector ai(y)=(al(y),’.’, a,(y)). Form the matrix, B, having columns
al(0), ", a, (0). Since X,(0), ., X-(0) are linearly independent, B is nonsingular.
Make the linear coordinate change x B-ly in which case X,(x)==1 a(x)O/Oxj
with a(x)= B-ai(Bx), i.e. in these coordinates X,(O)=O/Ox.

B. Choose a dilation on R" induced by system (1) as follows. Recall the assumption
dim L(5)(0) n and notation dim span (5 (_J. (3 5c)(0) n. This assumption
implies n >_-1 and there exists a smallest integer N such that nN n. Choose the
dilation (in the preferred coordinates as above).

(i) 6,x txl, , tx,,, tEx,,+, , tx,, , tx) or, for future notational con-
venience,

(ii) 6ix (t’Xl, t",x,,, t*-,+’x,,+l, tr’x,) where r is the exponent of in
(i) of the coefficient of x.

C. Let X(x)==l ao(X)O/Oxj be our vector field of weight zero. The
approximating vector field Y(x)==o bo(X)O/Ox is obtained by letting bo be the
truncation of the expansion of ao in homogeneous polynomials (relative to 6,) of
degree -<_rj. Specifically, if we expand ao(X)- t=o aloe(x) where ao Hu then

(10) bo,(X)= ao,(X), bo.(X)= E alo.(X)
1=o 1=o

IfXi(x)

_
ao(x) O/ax, 1 <- <-_ k, is a vector field ofweight one, the approximat-

ing vector field Y’(x)= j--o b(x)O/Ox where b is the truncation of the expansion
of aj in homogeneous polynomials of degree -< r- 1. In the above notation

r,--
(11) bi,(x)= ., all(X)’’’, bi,,(x)= E atin(x)

!=o I=O

D. (a) From the construction, if X=(x) ==1 ai(x)O/Ox is any commutator of
weight j _-> 1, the corresponding "approximating" commutator Y=(x)=,= b(x)
satisfies a(0) b(0), n_l + 1 <_- <_- n.

(b) If Y’(x)=i=lb(x)O/Ox is an approximating commutator of weight j=> 1,
then Y= so (see Remark 4) b(0) 0, 1 _-< =< n_.

(c) Now consider the specifically chosen commutators X"l, 1 <-l <- n, which, in
our preferred coordinates, satisfy X=,(0)== ai(0)O/cgx =O/OXl. If X=, has weight
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j, then nj-1 + 1 <= l<_- nj (see (i)) so if Y,(x) i=1 bi(x) O/Ox is the approximating
commutator, from (b), b(0)=0 for 1-< i<= nj_l while from (a), hi(0)= ai(0) for the
remaining indices. Thus Y,(0) X,(0).

Finally, L(Se,) is nilpotent by Proposition 1, while X(0)=0 certainly implies
Y(O) =o.

3. Examples. For notational and printing ease, throughout this section a vector
field X(x)= i=1 a,(x)O/Oxi will be written as X(x)=(al(x),’.., a,,(x)).

Example 2. The purpose of this example is to show that one cannot replace the
statement Y,(0) X,(0), 1,. ., n of Theorem 1 by Y,(0) X,(O) for all com-
mutators X of length <=N.

Consider R with X(x) (0, xl, x2/2), X1= (1, 0, 0), X2(x) (x2, 0, 0). Then
(adX, X)(x) (0, 1, Xl), (ad2X, X) 0, [[X, X], X (0, 0, 1),
[X2, [X, X1]](x) (1, 0, -x). One can choose X, X e 5e, X- (ad X, X1) e

and X [[X, X1], X e 6e. This system induces the dilation 8x (tx, tx2, tEx2)
and the coordinates are already the preferred coordinates which make X,(0)- O/ox,
i=1,...,3.

A polynomial h Ho implies h c, h e HI implies h(x) ClX + 2X2, h HE implies
h(x) ClX + CEXlX + CaX+ c4x3. The formulae (10), (1 1) then yield the approximating
vector fields yO Xo, y1 X1, y2 0. Thus Y,(0) X,(0), 1, 2, 3, Y(0) X(0)
but IX2, [X, X]](0) rE, yO, Y]](0).

Example 3. (An example from [10].)Consider RE with X(x)=0, X= (1, 0)e,
XE(x) (sin (xl- x2), 1 -cos (x + x_)) e. Then [X 1, xE](x) (cos (x- x)),
sin (Xl- x2)) e 6e and one finds 1 nl dim span 6e:(0) dim span (6e LI 6e2x)(0) so

n2 nl. Further computation gives [[xE, x],X1](O)=(O, 1) and this product has
weight 3. Thus 8tx (tXl, tax2) (tqx, tx) while X X, X [[X2, X], X] with
coordinates already as desired.

A polynomial h Ho implies h(x) c, h HI implies h(x) cx, h HE implies
h(x) cxl, h Ha implies h(x) cx31 + cx.

Expanding the components of X in a Taylor series about zero gives sin (Xl x2)
(xl-xE)-(x-x2)3/3!+ ., 1 -cos (x + x) (x + x)2/2+ .. The approximating
vector fields are Y X1; the first component of y2 consists of terms in sin (Xl-x2)
which belong to H_I Ho, the second component of y2 consists of terms in (1-
cos (xl + x2)) which are in with 0_<-j -< rE-- 1 2. Thus yE(x) (0, x2/2). This agrees
with the nilpotent approximation in [10].

Example 4. The case dim span 6e(0)--n, i.e. the system satisfies the first order,
local controllability condition.

Consider the system (1) on R" and assume dim spanSf:(0)=n. Then
X, X- can be chosen from Sf:, these all have weight 1, and in the preferred
coordinates x- (x,..., x,) satisfy X,(0)=O/Ox, i= 1,..., n. The induced dilation
is 8tx tXl, , tx); polynomials h e Ho are constants while h(x) HI implies h(x)
,= cx. The approximation Y(x) X(O)x where Xx(x) denotes the Jacobian matrix
of partial derivatives. For 1 <= <_- k, if X(x) Ej--1 ao(x) O/Oxj, then Yi= Ej--1 bij c)/Oxj
where bj is the constant term in the Taylor series expansion of a,j(x) about zero. Thus,
here, the approximating system is the "simplest" linearization of the original system.

Example 5. Let X(x) (x, x2/2), X (1, 0) on R. Then (ad X, X1)(x)
(1, x) while (adX, X1)(0)= X(0) for all ,>-0; hence L(X, X) is not nilpotent
nor could one find vector fields yO, y1 whose commutators agree with those of X, X
at zero to order one and with L( yO, y) nilpotent. Further computation shows
[[XX], X] (0, 1) e 5e so one may choose X’ X e 5e.; X’ [IX, X], X1]
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and the induced dilation is ,tx (txl, t2x2). The approximating vector fields are yO
X, YI= X’, L( yO, y1) is not nilpotent but L(S.) is nilpotent as promised.
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LEGENDRE-TAU APPROXIMATIONS FOR
FUNCTIONAL DIFFERENTIAL EQUATIONS*

KAZUFUMI ITO" AND RUSSELL TEGLAS

Abstract. In this paper we consider the numerical approximation of solutions to linear retarded
functional differential equations using the so-called Legendre-tau method. The functional differential
equation is first reformulated as a partial differential equation with a nonlocal boundary condition involving
time-differentiation. The approximate solution is then represented as a truncated Legendre series with time
varying coefficients which satisfy a certain system of ordinary differential equations. The method is very
easy to code and yields very accurate approximations. Convergence is established, various numerical
examples are presented, and comparison between the latter and cubic spline approximations is made.

Key words. Legendre-tau approximation, retarded systems, numerical convergence

AMS (MOS) subject classifications. Primary 65N20, 65R20; secondary 34K99, 93C20

1. Introduction. In this paper we consider Legendre-tau approximations of sol-
utions of functional differential equations (FDEs). The tau method, invented by
Lanczos in 1938 [12], is one of several approximation techniques which are referred
to as a spectral method [9]. Spectral methods have been used in numerical computations
for a wide class of partial differential equations (PDEs). In this paper, we view the
original FDE as a PDE ut ux with boundary conditions which involve time differenti-
ation. The Legendre-tau method is based upon representing the approximate solution
as a truncated series of Legendre polynomials. The evolution equation for the expansion
coefficients is then determined by substituting the series into the above PDE and by
imposing the boundary conditions. To our knowledge, the use of the tau method in
approximating solutions of FDEs and the specific manner in which it is used (i.e.,
appl3,ing the tau method to a reformulated PDE with boundary conditions involving
time evolution) are new. The idea of formulating FDEs as Cauchy problems on an
appropriate Hilbert space is not new. Within this framework, Banks and Kappel [2]
make use of approximation results from linear semigroup theory (in particular, the
Trotter-Kato theorem) to establish the convergence of numerical schemes based upon
splines.

In this paper our considerations are restricted to linear autonomous FDEs of
retarded type. Our ideas can be extended to (i) nonautonomous, (ii) nonlinear, (iii)
neutral-type or (iv) integro-differential systems. We add here that the tau method
should prove useful in dealing with partial differential equations with boundary
conditions which involve time differentiation. Our main goal is the application of the
tau method to optimal control and parameter estimation problems. As will be discussed
in 7 the tau method may offer considerable improvements over other methods (e.g.,
those discussed in [2], [3]) in many instances. One reason for this is that the semigroup
{S(t): =>0} associated with a retarded FDE has the property that the range of S(t)
is contained in (,Sk) for each t>-_ kr where M is the infinitesimal generator of
{S(t): >_- 0} with domain (M) and r is the longest delay time appearing in the FDE.
Thus, the regularity of solutions increases with time. In 3, we will see that, in such
a case, approximations by orthogonal polynomials are quite powerful.
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by the National Aeronautics and Space Administration under NASA contract NAS1-17070 while the authors
were in residence at ICASE, NASA Langley Research Center, Hampton, Virginia 23665.
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The following is a brief summary of the contents of this paper. In 2, we review
the equivalence results between FDEs and abstract Cauchy problems on the product
space R x L2. In 3, we recall various properties of Legendre polynomials including
certain estimates which are needed to establish convergence. Section 4 is concerned
with the development of the numerical scheme based upon the Legendre-tau approxi-
mation for solving the class of FDEs under consideration. In order to establish the
numerical convergence of such approximations to the actual solution in the R"x L2

norm, we first show, in 5, that convergence holds in a stronger norm under the special
assumptions that the initial data is sufficiently regular and that the inhomogeneous
forcing termf is identically zero. In 6, we then extend our result to the inhomogeneous

rlo and show that the sequence obtained by truncating the last termcase wherein f 2

in each of the Legendre-tau approximations converges to the actual solution in the
n L2 norm whenever the initial data lies in N"x L2. Finally, in 7, we present
numerical results and compare these with results for cubic spline approximations
discussed in [2].

Throughout this paper the following notation will be used. r> 0 stands for the
longest delay time appearing in the FDE. The Hilbert space of N"-valued square
integrable functions on the interval [a, b] is denoted by LE([a, b]; Nn). When the
underlying space and interval can be understood from the context, we will abbreviate

roc is the space of R"-valuedthe notation and simply write L2. LC([0, c), ), or ,2

locally square integrable functions on the semi-infinite interval [0, ). Hk is the Sobolev
space of n-valued functions f on a compact interval with fk-1) absolutely continuous
and f(k) L2 with norm Ilfll ,=o IIf ’)ll  ) The aanach space of IR"-valued
continuous functions on the interval [-r, 0] is denoted by C. We denote by Z the
product space " L2([-r, 0]; R"). Given an element z Z, r/ " and b L2 denote
the two coordinates of z: z (r/, b). The bracket (., ")H stands for the inner product
in the Hilbert space H, and the subscript for the underlying Hilbert space will be
omitted when understood from the context. 11. denotes the norm for elements of a
Banach space and for operators between Banach spaces, while ]. denotes the Euclidean
norm in ".

If X and Y are Banach spaces, then the space of bounded operators from X to
Y is denoted by (X, Y). (ag) denotes the domain of a linear operator ag. X denotes
the characteristic function of the interval I. Given a measurable function x:[-r, oo)-+ "and ->_ 0, the function x, [-r, 0] -+ " is defined by x,(0) x(t + 0), 0 [-r, 0]. Finally,
for any function 4 of the independent variable 0, we shall use either 4 or 0b/00 to
denote the derivative of b with respect to 0.

2. Linear retarded differential equations. In this section, we state the type of
equations to be considered and recall some results for such equations which are
important for the discussion to follow.

locGiven (7, b) Z and f L2 ([0, c); R ), we consider the initial value problem

(2.1)

d-x(t) Dxt +f(t), >- O,
dt

x(O) n, Xo 4,

where D: (D)_ L2([-r, 0]; R")I" has the form

(2.2)
o

Dck dl. O d# O
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with /z a matrix-valued function of bounded variation on [-r, 0]. As an example,
consider

(2.3) /z(0)= AO((o,.ol(O)+ A(s) ds,
i=0

where -r Om <" < 0o 0 and Ai and A(. are n x n matrices, the elements of the
latter being integrable on I-r, 0]. Then

(2.4) Dx, Y A,x( + 0,) + A( O)x( + O) dO, >- O.
i=0

lloc (2.1) admits a uniqueIt is well known [3], [5], [8] that for (r/, $) Z andf ,-2

solution

x L2([-r, T]; ") fq Hi(J0, T]; ")

for any T >- 0 such that

(2.5) z(t)=(x(t),x,)

is a Z-valued continuous function which depends continuously on (rt, 4) Z and
roc for each > 0.f 2

For t->0, define S(t):Z Z by S(t)(q, ch)=(x(t),x,) whre x is the homogeneous
solution of (2.1) (i.e., f= 0). Then {S(t): -> 0} forms a strongly continuous semigroup
on Z. The following results are now standard if one deals with FDEs in the state space
Z ([3], [4], [15]).

LEMMA 2.1.
(i) IfS denotes the infinitesimal generator of {S(t): t>= 0}, then

(A) {(/, 4)Z" ,Landn=4(O)}
and for (th(0), b) (A)

(b(0), b)= (Db, ).
(ii) The spectrum tr(sg) of ,ff only consists ofpoint spectrum and A tr(sg) if and

only if det A(A 0 where

IA(I=- e"d.(Ol.

For each A in the resolvent set p(sg) of, the resolvent of is given by

(2.6) (AI- )-1z (q(0), q) for z (rl, oh) Z,

with

o

(0) eab+ eX(-t(s) dO,
o

[ (Io
b m-l(,) ’0 "[" D e(’-s)4(s ds

(iii) If z(0)=(6(0), 6)e N() and fe ro2
o S s) Nf(s) ds satisfies the equation

then z(t)=s(t)z(O)+

(2.7) "-7?(t) z(t) + f(t), >-- 0,
at
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in Z where " --> Z is defined by

f=(f, O)Z forf".
(iv) For k >= 2, the domain of the kth power of is contained in the set

{(qb(O), qb) Z: (b(O)=DdandqbHk},

and is dense in Z
Since M is closed, (M) itself with the graph norm

is a Hilbert space. Then the restriction of the semigroup {S(t): t->0} to (s) also
forms a Co-semigroup on (s). Let us denote by X the space Hl[-r, 0] equipped
with the norm

11111--1(0)12/ I1= e0

and inner product

d-

It is readily established that X is isomorphic to (/)
X defined by

E((0),)=6X for (&(0), &) ().

Then E-" X ()Z is given by

E-6 ((0), ) () for X,

and it is easy to show that there exists constants 0 < c C < such that

(2.8) cll[[
i.e., E is an isomorphism.

Since generates a Co-semigroup {S(t)" 0} on () with graph norm, EE-generates a Co-semigroup {ES(t)E-" 0} on X. Moreover, it is easily seen that

(EE-’) { X: d X and d(0)= D6}
and for $ 6 (EME-).

(2.9) -=.
For the sake of convenience, we will use the notation

(2.10) g(t)= ES(t)E -1 and = EME-1.

3. Properties of Legendre polynomials. In this section, we review some propeies
of Legendre polynomials ([11], [13], e.g.).

The Legendre polynomial of degree k, p(x), -1 x 1, can be defined as the
solution of the differential equation

(3. ( x (x +(+p(x o,

which satisfies p(1)= 1. Thus, po(x)= 1, p(x)=x, p(x)=(3x- 1), and so on. The
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Legendre polynomials {Pk}k>-O satisfy the orthogonality relation
ol 2

(3.2) pk(x)pt(x) dx- kl,
-1 2k+1

and they form a basis for L2(-1, 1)" any fe L2(-1, 1) can be written as

f- fkPk
k>_O

where

with

fk
2k+l I f(X)pk(X) dx

2

2
Ilfll= X .

>_-o 2k + 1"

They possess the recursion formula

(3.3)

From this, we have

and

If f is represented as

k + 1)pk+l(X) (2k + 1)Xpk(X) kpk-l(X).

pk(+/-l)=(+l) k, Ip(x)l-<_ 1, Ixl -< 1,

pk(l)=(+l)k+lk(k+ 1)/2.

N

f= X fkPk,
k=0

then

N-1 N

(3.4) f= Y bkPk where bk =- (2k + l Y. f.
k=0 j=k+l

j+kodd

For any positive integer N, let pN be the orthogonal projection of L2 onto the
subspace spanned by {pk}V=0 Then we have the following error estimates [6].

LEMMA 3.1. For any real s >--0, there exists a constant K such that

that

f- PTII KN-S fll
LEMMA 3.2. For any real s and tr such that 1 <= s <- tr, there exists a constant K such

IIf- Prqflln <= gN--l/llfll.
The next lemma gives an error estimate in the supremum norm.
LEMMA 3.3. For any positive integer rn there exists a constant K such that

If(x)- PUf(x)l <= gN-2m+lllflln2r".

Proof Let us denote by the differential operator

(f)(x) x (1 x2)xx (x)
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From (3.1), we have

(2mp)(x)f(x) dx,f(X)pk(X) dx
k(k + 1)

k>-l.

Since is symmetric,

I (f(x)p(x) dx_
k(k+ 1)

_ (f)(x)pk(X) dx, k >- 1.

It follows that if {fn},>_-o are the Legendre coefficients of f, then

fk-- k(k+l 2 -1
( 1 )(..’f)(x)pk(X) dx -k(k+ 1)

gk,

where {gk}k>_-o are the Legendre coefficients of mf. Thus, for any M > N and Ixl-<- 1,

M

IPMf(x)- Pf(x)l 2 fkp(x)
k=N+l

k=N+l j=v+l k(k+l

=+1 k(k+l) 2 = +2k+l

x 1) 2

=(4m_2)-/(1)-/g(N+ 1 VII.
Here we have used Ip,(x)[ -< 1 for Ixl -< 1 and

( 1 )2m2k+l fk: ( 1 )2m2X+l<-- dx.
k(k+ l) 2 -1 x(’+ l) 2

It now follows that {PSf}>_o is a Cauchy sequence in C[-1, 1] and hence that plf
converges uniformly to f. Letting M above, we obtain

,f(x)-Pf(x)l<-(4m-2)-’/z(1) ’’-’/2

N(N+ 1) IImfllL"

Since " is a differential operator of order 2m with continuous coefficients on [-1, 1 ],
there exists a constant Cm for each m => 0 such that

which completes the proof.
Iff is C, then from Lemma 3.1, the error IIf- e"fll decreases more rapidly than

any power of 1! N. This is usually referred to as "infinite order" approximation.

4. Legendre-tau approximation. In this section, we discuss the Legendre-tau
approximation of solutions to (2.1).

For simplicity of exposition, we assume that r 2. See the remark at the end of
the section for the general case. If z(t, 0) x(t + 0), 0 [-2, 0], where x is the solution
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to (2.1) with initial data (r/, b) (M), then, according to Lemma 2.1, z satisfies

Oz oz
(4.1) (t, 0)=--(t, 0), 0 e [-2, 0],

dz I(4.2) -(t, 0)= dlx(O)z(t, O)+f(t).
-2

The approximate solution zN(t, 0) is assumed to be expanded in a Legendre series"

N

(4.3) zN(t, 0)=
k=0

The tau approximation [9] of (4.1) and (4.2) is as follows. Note that from (3.4),

ZN N-1

(t, 19) E bf(t)pk(O),
190 k=O

where

N

(4.4) b(t)=-(2k+l) aV(t).
j=k+l
j+kodd

Equating O/Ot (zN) with 0/00 (zN) in the sense that

00 L2

for all polynomials g on [-2, 0] of degree at most N- 1 leads to the N equations

d
(4.5) dta(t) b(t), 0kN- 1

The essence of the tau method is that the boundary condition (4.2) is then imposed
to determine an equation for a. From (4.2) we obtain

a
af(t a.(o(, ol+f(,

or

(4.6)
N-1 I 0d

a(t) Y. b(t)+ dlz(O)zN(t, O)+f(t).
dt k=O -2

Hence, from (4.3)-(4.6), we obtain a system of ordinary differential equations for
a ,’’’,a N

d
(4.7) --aN(t) ANaN(t)+ BNf(t),

dt

where a N =col (ay,..., aNN) and

BN=eN(R)I,

where eN RN/I is given by eN col (0, , 0, 1), I is the n x n identity matrix, and
(R) denotes Kronecker product. For the case where N is even, AN is given by

AN=AoN+AN,



744 KAZUFUMI ITO AND RUSSELL TEGLAS

where

(4.8) Ao

0 1 0 1 0 1 0

0 0 3 0 3 0 3

0 0 0 5 0 5 0

2N-3 0

0 0 0 0 0 0 2N-1

0 -1 -3 -6 -10 _N(N+I)
2

(R)I

and

N(4.9) A,

with
o

(4.10) Dk dl,t(O)p(O+ 1), 0=< k_-< N.
-2

For N odd, only the last column of A is different.
For N_-> 1, let

zN(t) =(zN(t, 0), zN(t, )) Z

where

N

zN(t, O)= a(t)pk(O+ l)
k=0

as in (4.3). Then the approximate solution zN(t) is the exact solution to the modified
equation:

d
N((4.11) d---t z t)=zN(t)+3f(t)+rN(t),

in Z, where

)"rN(t) 0, --a(t)pN Z.

Indeed,

and, using (4.5) and (4.6),

d a(t), b(t)pk +’N(t),
k=0 k =0

DzN(t,’)+f(t), E b(t)pk +rN(t).
k=0



LEGENDRE-TAU APPROXIMATIONS 745

But

(4.12) zn(t) + f(t) Dzn t, +f( t), 2 b( t)pk
k=0

whence (4.11) follows. Note that

d N-1

da(t)= Y b(t)+ Dz(t, .)+f(t)
k=0

_,N (t, O) + Dzn (t,’) +f(t).

This fact suggests the introduction of the projection operator Ln on Z, defined
as follows" for z (r/, b) Z.

(4.13) Lnz= r, ap
k=0

where, for 0-< k <= N- 1,

2k+ 1 "a J 6(O)pk(O+l) dO,
2

and

N-1 N-1
N__ N

aN rl- , apk(1)=rl-- 2 ak.
k=0 k=O

It is easy to show that Ln is a projection on Z (i.e., LnLn= LN) and LNz @().
The tau method can now be interpreted as follows. The approximate solution z N(t)
satisfies

d zN (t) LNZN (t) + LNf(t)(4.14) d---;

in Z. Indeed, applying Ln to both sides of (4.12) and using (4.6),
Lngzn t) + Lnf( t) gzN (t) + f( t) + ’N( t).

Remark. For the general case, i.e., r 2, the matrix AN appearing in (4.7) is
replaced by

AN 2Ao+,
where

Dk dtx( O)pk O <-- k <= N,

replac,es Ok in (4.9). In particular, if the delay operator D is given by (2.3) and (2.4),
then Ok has the form

Aip
20i+ o 20

+ A(O)p dO,
=0 "

for 0_-< k<_- N.

g. Cvergeee proof. Note that the projection operators Ln are neither
orthogonal nor uniformly bounded and therefore do not converge strongly to the
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identity operator in Z. This fact underlies an essential difficulty in trying to prove
convergence in the space Z. To overcome this difficulty, we will begin with a convergence
result in the space X which is isomorphic to (M): our motivation here is the fact
that (4.14) is also valid in (M).

Without loss of generality, we can assume that r 2. For each N => 1, let us define
the orthogonal projection IIs on Z by

(5.1) Hs(/, b)=(r/,PS-b) for(r/, b)Z,

where pS is the orthogonal projection on L2([-2, 0];
N

(5.2) (PSb)(0)= akPk(O+l)
k=0

with

2k+l I 6(O)pk(O+ 1) dO.ak 2

The orthogonality of 1-In follows from that of pN. Since the projection operators LN,
N_-> 1, given by (4.13), can be written as

(5.3) LSz=IISz+(O, (r/-(PS-lb)(0))ps) for z=(r/, b)Z,

it follows immediately that

(5.4) LSIIS=Ls and IISLS=IIs.
This fact, when combined with the convergence result for the space X, will lead to the
result that the solution zs(t) to (4.14) with initial data zS(0) LS(n, ok) converges
to z(t), the solution to (2.7) with initial data z(0)= (r/, b) in Z in the sense that

(5.5) IIIIz(t)-z(t)llzO as N-c.

For N => 1, we define the finite-dimensional subspace XN X by

XN p e X’. t(0)-- , akPk(Oq- 1), ak e[
k=O

and the orthogonal projection QS of X onto Xs by

ioO(Q’4,(0 (0+ (P’-d,(s as.

The orthogonality of Qs with respect to the inner product (.,.)1, follows from that
of pS on L2(-2, 0). If

N

QNc-" akPk,
k=O

then

d N

do
QSdp= Z ak

k=O

so that, from (4.4), ak, 1 N k <-N, are uniquely determined, ao is then determined by

N N

(QSb)(0) b(0) E ak =:> ao (0) E a.
k=O k=l
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Let us define " X X by

(5.6) sgNd ELCsgE-1Qcd for b X,

where E is the isomorphism between X and (M) defined in 2. Then (4.14) can be
written as

d
-z (t)= zC(t)+ 83f(t) in X,

(5.7)
zV(0) Qb

where, for N-> 1, s ELated.
Our goal in this section is to prove the semigroup convergence of S(t)= e’t to

S(t), defined by (2.10). The case where f# 0 and the initial data lies merely in Z will
be dealt with in the following section. The principal result of this section is based
upon the Trotter-Kato theorem (see [14, Thm. 4.6]).

THEOREM 5.1. Let S( t) and S(t), N >-1, be Co-semigroups acting on a Banach
space X, with infinitesimal generators and respectively. Assume that the following
conditions are satisfied"

(i) (stability) There exists a constant to such that

Ils(t)llx e’’ and IIs(t)llx e’, >= 0.

(ii) (consistency) There exists a subset contained in ()f’l [’-’)v= () which
together with (AI-) for some A >0 is dense in X and such that sglVqb dp for all
ch as N oo. Then for all d X, s‘ (t) s(t) x - o uniformly on bounaea
t-intervals.

LEMMA 5.2 (stability). There exists a constant to R such that,for all N >-_ 1, toI
is dissipative on X, i.e.,

Moreover, if z (t) is the solution to (5.7) with z (0) QVd for b X, then

(5.8)

(5.9)

where

(5.10)

IIzC(t)ll<-e’llz(o)ll]+ e(’-)lf(s)l- as.

Proof. For any b X and fR", it follows from (5.6) and (4.13) that

(b +uf bN}, {DbN +f bV(O))+ (IV(O)+bviv(O), 6V(O)) dO
2

b= DbN +f- tv(0).
Let I denote the integral term in (5.9). Then

I= - 16(0) dO+ (bv, 6U(O))/iu(O+ 1) dO

116(0)]2 1
(.11) = -1 (-2)1 +(b,6 (0)-(-1)6(-2)>

+ ((o, b(o+
2

where we have used p(l) (1) Note that the last term on the right-hand side
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vanishes because N is a vector in RN whose elements are polynomials of degree less
than N and hence orthogonal to Pt. Thus, from (5.11),

I=1/21,J,"(O)lZ-l,j,(-2)lZ+(D +f-(0), u(0) (-1)u(-2))
=-l&(o)l=+ (-1)((0), (-2))-kJ(-2)lz

+(O6u +f u(0)- (-1)uu(-2))

where we have used the inequality 2(x, y)-x+[ya. From this and (5.9), we find

=(D6% 4(0))+( D4
=(D6Z 6(0))+{IAa+2( D6
-ID6 + 6N(0)I+IDONIa
lf+ D6N + 0N(0)l --16N (0)l

ID6N + 6N(0)I+ I.
Note that D (X, R") with

(5.12) Io61
for some positive constant <. Thus

(5.13) (M6 +
with (1 + fl)2.

Since Q is symmetric with respect to (.,.), we have, for all X,

It then follows from (5.13) that

which implies that M-I is dissipative on X.
From (5.7) and (5.13),

1 d
( MSzS z 12.2 dt IIz t)ll$< (t)+f(t),z (t)>ll

A standard argument using Gronwall’s inequality then yields (5.8). Q.E.D.
If is defined by (2.10), (i.e., the infinitesimal generator of the semigroup (t),

on X), then Lemma 5.3 follows.
LEMMA 5.3 (consistency). Let

k { X" Hk and (0) D}.

en for k 2, k and (AI )kfor A a suciently large are dense in X and, for
k5,M6 in Xfor k.

Proo Since k densely contained in () for k 2, the denseness of k follows
from that of (). Since 2=() and, for A suciently large

(xi-)() x,
(AI-)k is dense in X for k 2.
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For b () and Qtb --- b,(5.14) (M )b +(Db (0))p
in X. From (5.10), the definition of Q,

p- and b(0) 6(0).

Thus, from Lemma 3.3,
I(o)- (o)1 KN-2m+’ll

From Lemma 3.2,

I1- 11. II$-pN-fkll’<= KN-=m//=IIII="
From (5.12),

D(" )1 -<- 11-’ 11 I1 11-P’-’ ;
so that, by Lemma 3.1,

<= ,SgN-2m m.
Since d(0)= Db for b (),

ID bN(0)l <----Ib (o) (0)l + ID(N 4)1
<= (1 +

Note that

IP(O)I=--pN(O)P,,r(O)IL p(O)iN(O) dO

where the second term vanishes as before. Hence

I/N(0)I- dO= N(N+ 1).

It now follows from these estimates and (5.14) that

I1( )II, I15 $111 +ID& SN(0)I(1 +4N(N+ 1))

(2+)KN-=+=IIIIH=.
Therefore, if & , k 5,

II(N )II, (2 + )KN-=IIIIH O,

since I . Q.E.D.
Remark. Using the same "completing the square" argument as the one employed

in the proof of Lemma 5.2, it is easily verified that M-I is dissipative on X as well.
Combining Theorem 5.1 with Lemmas 5.2 and 5.3, we have the following theorem.
THEOREM 5.4. If {sN(t)" t0} denotes the semigroup on X generated by

N 1, then, for all X,

uniformly on bounded t-intervals.

6. Convergence proof (continued). In this section, we prove the convergence of
our scheme for the cases wheref# 0 and where the initial data (, &) is merely assumed
to lie in Z.
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Let us first consider the case wheref LC([0, ); R") and (r, )-= 0. The solution
(2.1) is given by

(6.1) z(t) S( t- s)Jf(s) as.

Recall that for anyf Rn, f= (f, 0) Z. Using formula (2.6) for the resolvent of ,
(6.2) -lf= (A-if, A-lpo) Z

provided that A A(0)=

_
dl(O) is invertible.

When A is not invertible (i.e., 0 r()), we can choose o p() and consider
y(t) e-’’x(t), x(t) being the solution to the initial value problem (2.1). Then y(t)
satisfies

dy() -oy(t) + e" d(0)y( + 0) + e-f() - Doy, + e-’()

with initial data 3,(0)= e-’4(0), -rN 0 <_-0. Clearly, this problem may be formulated
as before on the product space Z; the corresponding generator sg,o will, by construction,
satisfy 0 e 0(s,,):

( (+o e("/ a(0,

det [z,o (0)] det [Z(o)] e 0.

Thus, without loss of generality, we may consider (6.2) above.
Let us rewrite (6.1) as

z(t)= S(t-s)f(s) ds

where f-= ,-ldf. Iff is continuously differentiable, it follows from [10, p. 487] that

z(t)= S(t)cf(O) cf(t)+ S(t-s)Cf(s) d.

Since f (), z(t)s () for all t_>-0 and we can write

Ez(t)= ES(t)E-’Ef(O)-ECf(t)+ ES(t)E-ECf(s) ds

(6.3)
g(t)Ef(O)-EC(t)+ g(t-s)Ef(s) ds.

LEMMA 6.1. For z (’0, qb) Z,

(N)-’ELNz= E-’IINz.

Proof. Recall that the isomorphism E ()--> X and that N ELNE-IQN
X-> XN=- QNx; thus, there will in general be many solutions w 9() to

(6.4) MNEw= ELNz.

We shall interpret (Mt)-ELNz to be the unique solution of (6.4) lying in XN. We
must then show that a unique solution exists and has the indicated form.

For z Z, let

I-INz "rl, 2 bkPk rl b
k=O
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From (2.6), -(r/, d,)= (O(0), 0), where

4,(0=a- n+ 4,(as (as,
0

and thus, since is a polynomial of degree N-1, 0 has degree N. This shows that

Since Q" Xox is a projection,

MNEM-1Hz ELME-IQEM-IHz
ELHz
ELz by (5.4).

Thus, Ew E-Hz X is a solution of (6.4).
To establish uniqueness, we must show that

Ev =0 and EvX v=0.
NLet Ev =o ap so that

v= E-16 (6(0), 6) ().

Thus, v (D, ), and so

aEv ELaE-IOEo ELao E(D6, +(D6 $(0)))
+ (D6 $(O))p.

Since is a polynomial of degree N-l, Ev=O and the ohogonality of the
Legendre polynomials yields the fact that o constant and D6 0. But

D D(ffoPo) afro
whence (cf. (6.2)) o=0, or v =0. Q.E.D.

From Lemma 6.1,

()-ELf E-Hf E-lf Ef forfR".
From the definition of and the same argument as above applied to

yields

(.5 (=s(lf(o-f(tl+ s(t-slf(s as.

It then follows from Theorem 5.4 that

S(t)f(t)f in X forfeN.
Since dim (N") < m, this implies

II(s(t) (t))Ell",x O.

Hence, from (6.3) and (6.5), if f is continuously differentiable,

(6.6) z(t) Ez(t)ll 0,

uniformly on bounded t-internals.
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According to the stability result of Lemma 5.2 (c.f. (5.8)),

IlIo II(6.7) SN(t s)cf(s) ds <- e’tllfll.2(to.t;a. ).

Using the same argument as that given in the proof of Lemma 5.2, the above estimate
holds true for (2.7); i.e.,

(6.8) E S(t-s)f(s) ds <- e’llfll

Since the space of continuously ditterentiable functions on [0, t] is dense in L2(0, t)
for all > 0, it follows from the Banach-Steinhaus theorem that (6.6) holds true for
anyf L2c as well. Thus, combining the above with Theorem 5.4, we have the following
theorem.

rlc theTHEOREM 6.2. For any initial data (b(0), qb)e Z with O H and fe2
approximate solution z(t) to (5.7) converges strongly to Ez(t) in X, uniformly on
bounded t-intervals.

Remark. The theorem yields much stronger convergence results with regard to
the nature of the inhomogeneous term than those stated in [2] and [3] where conver-
gence results in Z are obtained by other methods.

Note that Theorem 6.2 is not applicable when the initial data (r/, b) is merely
assumed to lie in Z. To complete our study of convergence, we thus need to consider
the case r/, b) Z and f 0.

TIaEOREM 6.3. For any z (rl, tb Z,

IIrI  (t)ELNz-S(t)z)llz- o
uniformly on bounded t-intervals.

Proof. Let

d d(t) II (E-’S (t)ELCz S(t)z),

thus

d IIE-sgSN(t)(f)-ELCz-IICS(t)z.

It follows from Lemma 6.1 that

d IINE-16NsN(t)Es-IIVz IIVS(t) z
IIN(E-1MN ME-)sN(t)EM-IIz
+ IINCE-’(S (t) (t))Esd-’z + IINCE-’SN(t)EsC-’(IINz z)

=- dl + d2 + d3.
Since S t)Esg-zIIz X,

d, IIN E-,ELME-’QN ME-,)SN t)EC-’nNZ
IIN (LN I)ME-’SN (t)EM-’IINZ o

as IINLNy IINy for any y Z. Since IIN is orthogonal on Z,

d=llz <- (t) (t))E,.-Zzllz <- E-’(S g(t))E-’zll
<= CIl(S’(t)- g(t))E-’zll,

by (2.8). Thus, by Theorem 5.4, IId.(t)llzO uniformly on bounded t-intervals.
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Likewise,

IIdllz <-- cIIs(t)E-’(rIl"z-z)ll, <- c. IIs(t)ll.x)
<= C e’’.

by Lemma 5.2 and the first inequality in (2.8). Thus

IIdllz II-’(n"z- z)llz + IIrI’z zllz}

and thus IId3(t)llz-O uniformly on bounded t-intervals as well. This completes the
proof of Theorem 6.3.

Remark. Theorem 6.3 would not hold without II as pointed out in 5: the
sequence of projections {L}z does not converge strongly to the identity operator
in Z. However, the theorem implies that the N-component of (t) (i.e., (t, 0))
does in fact converge to x(t), the solution of (2.1), uniformly on bounded t-intervals,
and this is all that is needed as far as numerical convergence of our scheme is concerned.
Moreover, it follows from (5.4) that {IIE-S(t)EL t->0} forms a strongly con-
tinuous semigroup on Zz= IIZ and its generator is given by

IIE-sEL IIrE-ELrsE-QL IIrsgL

by (5.6).

7. Nmedel results nd eels|tms. In this section we discuss some numerical
examples which demonstrate the feasibility of the Legendre-tau approximation. For
the purpose of comparison, we have also computed approximate solutions by using
the cubic spline approximation (S) which is discussed in [2]. All computations were
performed on a Control Data Corporation Cyber 170 model 730 at NASA Langley
Research Center (LaRC) using software written in Fortran. The integration of the
system of ordinary differential equations (ODEs) (4.6) was carried out by an IMSL
routine (DVERK) employing the Runge-Kutta-Verner fifth and sixth order method.

For the Legendre-tau approximation, implementation of the algorithms is almost
as easy for the averaging approximation (AV) which is discussed in [3] and the
first-order spline approximation (S1). In Table 1, we give the number of operations
for each approximation to compute the right-hand side of (4.6) for the scalar system:

d
x(t) ax(t) + bx(t r) +f(t)(7. a-;

SP stands for the Legendre-tau approximation. For S, C and C are .some positive
constants (independent of N). Note that, for S and S, the operations which are
required in order to perform the Cholesky decomposition of 0 (for the definition,

TABLE

Method Number of additions Number of multiplications

SP 2N+4 N+2
AV N+2 N+2

Sx 3N+4 3N+5
S 11N+ C 9N C
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see [2, p. 511]) are not included. However these numbers may not reflect directly the
CPU time required to solve the approximating system of ODEs. According to our
calculations, for the same value of N, the Legendre-tau approximation is about four
times as fast as $3. In addition, no storage space is necessary for the matrix AN

appearing in (4.6) for system (7.1) because of its simple structure. For the general
system (2.6) in fl n, the last n rows of AN need to be stored in order to integrate the
approximating system of ODEs using the DVERK routine.

As will be evident from the numerical results for the examples presented below,
both approximation methods (SP and $3) behave about the same initially. The typical
feature of the Legendre-tau method is that the relative error decreases with increasing
time. This is not unexpected due to two facts: (i) the regularity of the solution to a
problem which has smooth inhomogeneous terms increases in time (as pointed out in
the Introduction) and (ii) Lemma 3.1. For all examples, on the interval where the
solution is infinitely differentiable, the rate of convergence seems to be infinite order.
In contrast, spline approximation methods and AV yields finite-order rates of conver-
gence, which is observed in our calculations for $3.

In order to approximate the initial data, or, in the case when the system involves
distributed delays, the expansion coefficients of certain functions need to be computed.
For AV and spline approximations such computations are relatively easy, since each
element has local support. In our calculations for $3 we used a Gauss quadrature rule
[7]. In contrast, the Legendre polynomials are supported on the whole interval [-2, 0],
and, for k large, pk(X) is a rapidly oscillating function. A feasible algorithm for
computing Legendre coefficients will be discussed in a forthcoming paper. However
for AV and spline approximations, the expansion coefficients must be recomputed if
N is changed. For the Legendre-tau approximation we can use the values which have
already been computed for smaller N.

In the tables below we will use the following notation. s is one of the differences

N

(a)j(t)-xj(t)
k=O

j= 1,2,’’., n,

where a(t) is the kth segment of dimension n in the solution vector aN of the
approximating system of ODEs (4.6), and x(t) is the true solution. Similarly, i
denotes one of the differences

I(flN(O)w)(t)-x(t)l, j= 1, 2,..., n.

Example 1 (Banks-Kappel [2, Example 1 ]). In this example we study the equation
for a damped oscillator with delayed restoring force and constant external force,

d2 d
dt--x(t) +-TX(at t) + x(t- 1) 10,

with initial conditions

x(0) cos 0,
d
--:Tx(O) -sin 0
at

for 0 [-1, 0].

Rewriting the above equation as a first order system we have

Lx( Lx:( 1dtLx2( 1 t-

where xl(t) x(t) and x2(t) dx(t)/dr.
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Table 2 and Table 3 show the numerical results for x(t) and dx(t)/dt. For this
example SP achieves the same accuracy with smaller N that $3 does. For SP, it appears
that the rate of convergence is infinite-order.

TABLE 2

.25 1.2704759 0.00007 0.00022 0.000024 0.00011 0.0000047

.5 1.9936737 0.00171 0.00021 0.000022 0.00028 0.0000012

.75 3.0614837 0.00247 0.00019 0.000017 0.00011 0.0000176
1.0 4.3927203 0.00083 0.00024 0.000012 0.00027 0.0000106
1.25 5.9259310 0.00082 0.00032 0.000016 0.00020 0.0000016
1.5 7.6000709 0.00090 0.00005 0.000010 0.00007 0.0000009
1.75 9.3440157 0.00054 0.00025 0.000005 0.00006 0.0000002
2.0 11.0833011 0.00013 0.00003 0.000015 0.00003 0.

TABLE 3

.25 2.06969 0.00946 0.00205 0.00048 0.00001 0.00001

.5 3.64428 0.00792 0.00021 0.00186 0.00171 0.00025

.75 4.84445 0.00073 0.00200 0.00045 0.00335 0.00014
1.0 5.76581 0.00790 0.00192 0.00046 0.00348 0.00031
1.25 6.45956 0.00625 0.00119 0.00039 0.00029 0.00008
1.5 6.45956 0.00185 0.00245 0.00062 0.00078 0.00002
1.75 7.0159957 0.00061 0.00003 0.00067 0.00075 0.
2.0 6.8497211 0.00180 0.00200 0.00059 0.00019 0.

Example 2 ([2, Example 4]). Next we use an example due to Popov for a degenerate
system where we have (1,-2,-1)rx(t) 0 for t->2 and all iniital data (r/, b) Z. The
equation is

-,x(t)= 0 0 -1 x(t)+ 1 0 0 x(t-1).
0 0 0 0 2 0

We choose the initial data:

r/=col (1, 1, 1)

Note that (r/, b) (M).

and b(0)-=0R3 for-l=<0<-0.

In Tables 4, 5, and 6 we give the numerical results. Here the initial function is
not in the subspace ZN for either method. With respect to x2(t) and x3(t) we can see
that $3 gives slightly better approximations than SP for t-< 1. This is because x2 and
x3 have a jump discontinuity in the derivative at 1. For SP, the convergence of the
approximate solutions to the asymptotic solution (2, 0, 2) is quite rapid and seems to
be infinite-order.

Example 3 ([2, Example 5]). We consider the scalar equation

d
x(t) 5x(t) / x( 1)

dt
with initial function

x(0)=5 for 0 e [-1, 0].
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TABLE 4

0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8
3.0

1.36 0.01211 0.00493 0.00247 0.00140 0.00041 0.00001
1.64 0.00889 0.00528 0.00001 0.00146 0.00158 0.00001
1.84 0.00445 0.00334 0.00190 0.00547 0.00098 0.00016
1.96 0.00980 0.00074 0.00146 0.00233 0.00111 0.00019
2.0 0.00020 0.00221 0.00054 0.00339 0.00033 0.00009
2.0 0.00725 0.00424 0.00175 0.00237 0.00002 0.00001
2.0 0.00160 0.00460 0.00085 0.00064 0.00003 3 10-7

2.0 0.00527 0.00406 0.00130 0.00036 0.00003 13 10-7

2.0 0.00331 0.00281 0.00242 0.00028 0.00001 5 10-7

2.0 0.00256 0.00117 0.00130 0.00004 5 10-6 10-7

2.0 0.00306 0.00049 0.00096 0.00004 10-6 9 10-9

2.0 0.00531 0.00178 0.00214 0.00003 2 10-8 2 10-9

2.0 0.00212 0.00246 0.00115 5 10-6 9 10-8 10-9

2.0 0.00055 0.00251 0.00092 3 10-6 5 10-8 3 10-9

2.0 0.00117 0.00200 0.00192 2 10-6 2 10-8 0.

TABLE 5

0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8
3.0

0.8 0.00947 0.00536 0.00230 0.02139 0.00517 0.00295
0.6 0.01206 0.00451 0.00034 0.02201 0.00650 0.00302
0.4 0.00526 0.00260 0.00202 0.00021 0.00126 0.00119
0.2 0.00153 0.00015 0.00139 0.02790 0.00240 0.00039
0. 0.02133 0.01895 0.00949 0.04081 0.02072 0.01034
0. 0.01505 0.00168 0.00010 0.00135 0.00265 0.00053
0. 0.01369 0.00068 0.00094 0.00440 0.00085 0.00013
0. 0.00105 0.00078 0.00209 0.00071 0.00027 0.00003
0. 0.01149 0.00105 0.00193 0.00067 0.00006 3 10-6

0. 0.00444 0.00123 0.00020 0.00042 4 10-6 4 10-7

0. 0.00636 0.00108 0.00173 0.00004 5 10-6 3 10-7

0. 0.00521 0.00066 0.00202 0.00007 3 10-6 8 10-8

0. 0.00205 0.00019 0.00073 0.00003 10-6 x 10-8

0. 0.00407 0.00021 0.00084 0.00005 3 10-7 3 10-1

0. 0.00039 0.00051 0.00119 0.00005 3 10-7 6 x 10-1

TABLE 6

0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8
3.0

1.0 0.01131 0.00517 0.00235 0.04191 0.01044 0.00592
1.0 0.01278 0.00471 0.00022 0.04592 0.01267 0.00600
1.0 0.00628 0.00373 0.00202 0.00799 0.00181 0.00224
1.0 0.00472 0.00100 0.00164 0.04989 0.00105 0.00105
1.0 0.04871 0.03399 0.01807 0.08354 0.04269 0.02070
1.36 0.02598 0.00193 0.00149 0.00955 0.00603 0.00091
1.64 0.02266 0.00337 0.00228 0.00595 0.00250 0.00014
1.84 0.00015 0.00167 0.00248 0.00443 0.00143 0.00007
1.96 0.01932 0.00086 0.00153 0.00314 0.00117 0.00016
2.0 0.01007 0.00266 0.00049 0.00295 0.00057 0.00008
2.0 0.00901 0.00349 0.00223 0.00328 0.00002 0.00001
2.0 0.00127 0.00375 0.00198 0.00098 0.00007 10-6

2.0 0.00071 0.00321 0.00069 0.00052 0.00005 3 10-6

2.0 0.00714 0.00211 0.00049 0.00050 0.00002 9 10-7

2.0 0.00465 0.00076 0.00060 0.00011 0.00001 10-7
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The numerical results for this example can be found in Tables 7 and 8. Again,
we observe the quickness of the convergence of the approximate SP solution in this
example.

Example 4. Here we deal with the equation which has multiple point delays

-Z-x( t) x( t) + 2x(t-1/2) + x( t- 1)
dt

with initial function
x(0) 1 for 0 [-1, 0].

The numerical results in Table 9 show that both methods work equally well.

TABLE 7

X(t) 3 3 63 23
0.2 15.309691 0.03 0.00486 0.00028 0.000621 0.000066
0.4 43.334337 0.05 0.00403 0.00229 0.000243 0.000077
0.6 119.513222 0.26 0.01267 0.00080 0.000056 0.000107
0.8 326.588900 0.78 0.01900 0.00136 0.000357 0.000079
1.0 889.478955 2.39 0.09568 0.00206 0.000012 0.000123
1.2 2420.772761 7.28 0.25894 0.00031 0.000845 0.000149
1.4 6588.865818 22.02 0.77234 0.00316 0.001704 0.000036
1.6 17934.153211 65.58 0.71924 0.01228 0.004029 0.000051
1.’8 48815.256906 194.12 6.70537 0.03713 0.013520 0.001419
2.0 132871.377933 570.95 19.58949 0.10230 0.039730 0.004005

TABLE 8

X(t) (Ssp , 3s2r,

0.2 15.309691 0.04 0.00823 0.00021 0.000291 0.000046
0.4 43.334337 6 x 10-5 0.00316 0.00076 0.000368 0.000058
0.6 119.513222 0.22 0.01232 0.00196 0.000193 0.000042
0.8 326.588900 0.60 0.01626 0.00285 0.000452 0.000066
1.0 889.478955 1.67 0.01392 0.00220 0.000334 0.000049
1.2 2420.772761 5.22 0.00216 0.00007 0.000032 0.000003
1.4 6588.865818 15.56 0.00108 0.00004 2 10-7 4 10-7

1.6 17934.153211 46.07 0.00075 0.00003 0.000002 4x 10-8

1.8 48815.256906 135.58 0.00002 0.00002 0.000003 2 10-7

2.0 132871.377933 396.72 0.00069 0.00009 0.000014 0.000002

TABLE 9

0.2 1.885611 0.002409 0.000311 0.000086 0.006696 0.000193 0.000183
0.4 2.967299 0.001213 0.000022 0.000403 0.024093 0.000916 0.000748
0.6 4.331245 0.004842 0.001300 0.000565 0.021832 0.000727 0.000472
0.8 6.342954 0.010185 0.004028 0.000170 0.006117 0.001556 0.000436
1.0 9.278242 0.005778 0.003518 0.000356 0.011526 0.001310 0.000254
1.2 13.563777 0.011080 0.001466 0.000741 0.008807 0.000168 0.000027
1.4 19.903791 0.010571 0.000014 0.000361 0.007846 0.000388 0.000024
1.6 29.212354 0.002034 0.000492 0.000141 0.004891 0.000145 0.000025
1.8 42.845032 0.015807 0.001791 0.000343 0.015039 0.000077 0.000002
2.0 62.841170 0.001850 0.001460 0.000224 0.021896 0.000072 0.000013
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Example 5. This example is used in 1] for the identification problem which has
a distributed delay and a discontinuous forcing function. This equation is

d---x(t)=-3x(t)- x(t+O) dO+u.l(t),

with initial function

where u l(t) is defined by

x(O) =- 1 for 06[-1,0],

1 on[O,.1],
u.(t)

0 otherwise.

In Table 10 we give the numerical results. The approximations by $3 seem to be
slightly better initially than by SP. This is because the solution xt(0) has a discontinuous
derivative with respect to 0 for t-< 1.1. The superiority of SP on the interval where the
solution is infinitely ditterentiable is again observed for >= 1.2.

TABLE 10

X(t) 88ss 63 p 3s

0.2 0.304159 0.000447 0.000099 0.000051 0.001490 0.000040 0.0000105
0.4 --0.463775 0.000060 0.000124 0.000024 0.001717 0.000151 0.000089
0.6 --1.173353 0.000424 0.000006 0.000014 0.003747 0.000519 0.000058
0.8 --1.796286 0.000113 0.000018 0.000043 0.004891 0.000624 0.000178
1.0 --2.307740 0.001049 0.000400 0.000101 0.003346 0.000082 0.000115
1.2 --2.497698 0.002418 0.000151 0.000138 0.001002 0.000014 0.000048
1.4 --2.121921 0.001361 0.000205 0.000073 0.000652 0.000013 0.000003
1.6 --1.236591 0.000108 0.000266 0.000022 0.000533 0.000027 0.000002
1.8 0.051303 0.001261 0.000063 0.000019 0.000482 0.000037 0.000003
2.0 1.606226 0.001956 0.000227 0.000014 0.000693 0.000092 0.000002

From the discussion and numerical results presented here we can conclude the
following. For the Legendre-tau approximation, the effort in implementing the
algorithm is as much as for AV. But the accuracy of approximation is as good as that
which can be obtained using high order spline approximation. When the solution to
a problem is infinitely differentiable, the rate of convergence is faster than any finite
power of (1/N). In addition, from our calculations, our method appears to be about
four times as fast as the cubic spline approximation method. These properties are
much more evident for examples (not presented in this paper) where optimal control
and the approximation of eigenvalues were considered.
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FINITE TIME CONTROLLERS*

v. T. HAIMOf

Abstract. Continuous finite time differential equations are introduced as fast accurate controllers for
dynamical systems. These have qualities superior to controllers which are currently in use in such applications
as robotics. The structure of the phase portrait for scalar second order finite time systems is determined.
This characterization is used to develop a class of second order finite time systems which can be used as
controllers.

Key words, control systems, nonlinear stability, finite time control, ordinary differential equations

1. Introduction. A standard problem in system theory is to develop controllers
which drive a system to a given position as fast as possible. Consider

=f(x)+u(t)g(x), xin R"

where f models the natural dynamics of the system and g the effect of the control u.
An example would be the positioning of a robotic manipulator at a set point in space.

There is a considerable body of research on linear feedback input for multi-
dimensional systems, that is feedback control laws of the form

u(t)g(x)= Kx, K R"-, R".

This research has been concerned with finding K so that certain performance criteria
are met by the feedback system (see e.g., [1] and [2]). Linear feedback may be quite
good from the point of view of accuracy of tracking and placement. It has the
disadvantage, however, that solutions of the feedback system are exponential functions
of time if f is smooth, since the system behaves linearly in a neighborhood of the set
point. Thus convergence can never occur in finite time. Whether or not this presents
a serious practical problem will depend on the application.

One may ask whether it is possible to control a system to equilibrium in finite
time using a bounded control. A standard textbook solution to this problem is to use
a bang-bang control strategy (see, for example, [3]). Such controls optimize the time
to reach equilibrium for trajectories of

=Ax+Bu, xinRn, uinR, ]u]_-<l.

It turns out that the optimal control u(x) is discontinuous, and switches from u 1
to u =-1 on specific contours in x space.

The implementation of such a discontinuous control strategy leads to decreased
response time. There may also be unwanted side effects such as introduced vibrations
which arise because of repeated overshooting of the switching contour, caused by
errors in the implementation of the discontinuous control. We are thus led to rephrase
the question posed above. Can one control a system to equilibrium using a bounded
and continuous control law? We will develop such finite time controllers.

* Received by the editors January 30, 1985, and in revised form June 17, 1985. This work was supported
in part by the National Science Foundation under grant numbers ECF-81-21428 and EFS-84-03923, and by
the Office ofNaval Research, under the Joint Services Electronics Program contract number N0014-75-C-0648.

f Graduate School of Business Administration, Harvard University, Boston, Massachusetts 0213.
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2. Definitions. We will discuss qualitative properties of differential equations.
Some vocabulary which arises in this context is herewith defined. Suppose that

=f(x), x in R n,
and that x(t, To) denotes a solution which passes through Xo at =0. We will often
call solutions trajectories. When x(t, To) is regarded as a map from Rn+l to R’ then it
will be called the flow of =f. A set is invariant with respect to the flow if all solutions
intersecting the set are contained in it.

An equilibrium point is a point, x, such that f(x)= O.
An equilibrium point is asymptotically stable if
(i) for any e > 0 there exists a 8 > 0 so that Ilxoll < liT(t, xo)ll < , for all _-> 0,

and
(ii) there exists a neighborhood of 0, U, so that all trajectories which enter U

converge to the origin.
Here we have used the double bar to denote the Euclidean norm, as we shall

continue to do throughout the paper.
In studying stability Lyapunov theory is very useful. The idea is to find a function

which when restricted to a trajectory is a strictly decreasing function of time. If the
restricted function has a unique minimum which is at the origin, then the trajectory
must converge to that equilibrium.

More formally: suppose there exists v(x) so that v(0) is the unique minimum of
v in a neighborhood of x=0. Suppose also that v is C and t=(grad v,f(x))<O
except at 0 where it vanishes. (Here grad v denotes the gradient of v with respect to
the standard Riemannian metric on En.) Such a function will be called a Lyapunov
function for =f(x). Since we are only interested in studying local stability properties
of ordinary differential equations, we need only define such a function in a neighbor-
hood of zero. A Lyapunov function is positive definite if it is positive except at zero
where it vanishes.

3. Finite time systems. It is appropriate to limit discussion to differential equations
with an isolated equilibrium point at the origin, and no other equilibria, because we
are interested, for example, in the behavior of a robot arm in the neighborhood of a
set point. This set point is modeled as an isolated equilibrium and, as we are studying
local behavior, other equilibria are not of concern. We will call differential equations
with the properties that the origin is asymptotically stable, and all solutions which
converge to zero do so in finite time, finite time differential equations. Unless otherwise
specified all right-hand sides of differential equations will be C everywhere except at
zero, where they will be assumed to be continuous, and to have an isolated equilibrium.

One notices immediately that finite time differential equations cannot be Lipschitz
at the origin. As all solutions reach zero in finite time, there is nonuniqueness of
solutions through zero in backwards time. This, of course, violates the uniqueness
condition for solutions of Lipschitz differential equations.

In one dimension necessary and sufficient conditions for the finite time property
may be found easily. We have

FACT 1. : r(x), r(O) O, x in R, is finite time iff
(i) xr(x)<-_ 0 and equals 0 only at x O, for x in a neighborhood of O, and
(ii) op (dx/r(x))<o for all p in R.

Here (i) determines the asymptotic stability of the origin and (ii) determines the finite
time property.

The proof is left to the reader.
Let siga z (sgn z)lzl, for z and a in R.
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Example 1. =-sigl/2 x is a finite time equation.
One may use Lyapunov theory to extend Fact 1 to the multidimensional case.
PROPOSITION 1. Consider g(x) with x in R and g continuous. If v is a positive

definite Lyapunov function for Y g, and if f <- r(v), where r(z), z in R, is a finite
time equation, then : g is also finite time.

Proof. b <- r(v) implies that dv/r(v) >= dt since by Fact 1 r(v) < 0 for v > 0. We
then have

oe> dv/r(v) (again by Fact 1) and

dv/ r(v) >- dt T,

where the trajectory of g with initial condition x(0) =p reaches the origin at T,
for T =< o. Since this time to origin is finite, then =g is finite time.

Example 2.

X
-1 .J I_sig/

is finite time.
Proofi Let v x2 + x. Then

Ix, 1/2(x sig/2 x2+ x2 sig/,2 x).

One may show this is negative definite as follows. Let

C {(x1, X2): -Ix,
By symmetry one easily sees that t achieves its maximum on the set C when x x.
But t < 0 when x x2 and so t < 0 when x 0.

We need to show that t< r(v) where r is the right-hand side of a finite time
differential equation. Letting r(z) z4/5, we note that 6 < r(v) because h (v, t)
v4/ + f is largest when x x2, and there it is negative. Thus by Proposition 1 u is
finite time.

4. Seeontl order systems. Systems of particular interest in many control theoretic
situations are second order systems, and one may ask whether it is possible to generate
continuous finite time controllers for second order systems.

Second order systems may of course be represented as first order systems with a
special structure. One notices immediately that second order systems have at least one
Lipschitz component since if

then letting x x and x2

and

=w(x,)

E1 X2

2-- W(XI X2)"

The following theorem describes the behavior of finite time systems which have
at least one Lipschitz component.

THEOREM 1. Suppose that g(x) is finite time, with x in R", g(O)=0, and g in
C on R" -{0}, and that g(x) is Lipschitz at x =O, for some i. Ifx(t) is a solution which
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reaches zero at T < oo then

lim
xi( t)

,TIIX(t)ll -"
Proof. Suppose x(t, Po) is a solution of =g with x(0, Po)= Po and x( T, Po)= 0.

By the mean value theorem, there is some q in [0, T] so that

0= x,( T, po) x,(O, po)+ Tg,(x(q, Po))

or

g,(x(q, Po)) 1

x(O, Po) T

T may be considered to be a function of the initial condition p, where T(p) is
the time to origin for the trajectory beginning at p. We then have

g,(x(q(p),p)) 1

x,(0, p) T(p)"

One may take the limit as p 0 along the trajectory through the point Po.
Since x,(t, p) is a smooth function of and vanishes at t- T(p) then

xi(q,p)
lim 1.
-.o x(0, p)

Thus

and so

g,(x(q, p)) x,(q, p) 1
lim
p-.o x,(q, p) x,(O, p)

lim
p-,o T(p)

g,(x(q,p))
lim
p-,o xi(q,p)

g, is Lipschitz so g,/llxll is bounded. Thus

lim
g,(x(q, p)) Ilx(q,

,,-,o Ilx(q, p)ll x,(q, p)

which implies that

This result tells us that the trajectories of a second order finite time system converge
in the state space along a hyperplane Xl =0 (where Xl denotes the position of the
system as above) since such a system must have at least one non-Lipschitz component.

Theorem 1 implies that for the system to reach zero in finite time trajectories must
enter the region where the non-Lipschitz terms dominate.

We restrict our search for second order finite time systems to scalar problems. By
Theorem 1 we know that trajectories of finite time systems in the (x, ) plane converge
tangent to the line x 0. This tells us (among other things) that finite time trajectories
do not spiral around the origin infinitely often as they approach it.

In trying to generate examples of ditterential equations with certain asymptotic
behavior one may frequently exploit the fact that there are contours which may only
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be crossed in certain directions, or not at all (as in the case of contours which are
invariant with respect to the flow) in order to trap the trajectory into some region. This
is of course the heart of Lyapunov theory. If one wishes to show that a second order
system is finite time, one could search for a contour that prevented trajectories from
spiraling around the origin. It seems natural to search for a contour which is itself
invariant. This idea lies at the core of the next two theorems.

THEOREM 2. Consider the scalar differential equation g(x, ) with g(0, 0)=0.
Let g be in C except at the origin where it is only assumed to be continuous. Suppose
that the origin is asymptotically stable. Then all trajectories which reach zero do so in

finite time if and only if
(i) there exists a solution q to the scalar differential equation

dq
q(z)-z= g(z q(z)), q(0) 0,

such that , q(z) is a finite time scalar differential equation,
(ii) every solution p to

dp
p(z)-d-z=g(z,p(z)), p(O) o,

is such that p(z) is a finite time differential equation.
Proof. Note that the analysis may be restricted to a sufficiently small neighborhood

of the origin, N, such that all solutions with initial conditions in N converge to zero.
To prove sufficiency, two Lemmas are required. The structure of the proof is

Lemma 1 --> Lemma 2 --> sufficiency.

LEMMA 1. Suppose (x(t), (t)) is a solution of 5i g(x, ) with x(T) (T) 0
for T<=oo. Then there is an S, with 0<S< Tsuch that for S<t< Tx(t)(t)<O.

Proof. If x(tl):(tl) > 0, for some tl => 0, then there is a t2 > t such that x(t2)(t2) <
0. Otherwise Ix(t)[ is always increasing for > tl and thus x(t) cannot converge to zero.

Suppose there is no $ such that x(t)Yc(t)<O for S < < T. This implies that if
x(t):(t)<O for t->0 there is an s> so that x(s)(s)=O. This in turn implies that
x(s) =0 for the following reason: One may show fairly easily that xg(x, 0)<0 for all
nonzero x, since the origin is the unique equilibrium solution (in N) of 5 g, and
since the origin is asymptotically stable. Thus the vector field (, g(x, )) points into
the region in (x, ) space, x < 0, along the line 0, and so trajectories leaving this
region must exit through the line x 0.

There is a sequence of times { ti}, (with 1,. , oo and lim ti T) with x(t) 0
and (t) 0. Note that (t)(ti+l) < 0. Thus

((t,))((t,+)) (:( ti) q(x( ti))(:( ti+l) q(x( t,+)))) < 0.

(The equality holds since q(0)=0 and x(ti)=0 for all i.)
This shows that the function on R2, H(x, )= -q(x) (here we are regarding x

and as variables in R2 rather than as functions of t) passes through zero along the
trajectory x(t), :(t). By assumption (i), however, the contour in R2, H(x, )=0, is
invariant with respect to the flow. Thus H(x, ) cannot change sign when it is evaluated
along the trajectory x(t), (t). This contradiction shows that Lemma 1 holds.

LEMMA 2. Suppose (x(t), (t)) is a solution of 5i g(x, ) with x(T) (T) 0
for T <-. There is an r R+, and a function h which is continuous and smooth away
from O, such that for T>-_ > r

Yc(t)=h(x(t)), h(0) 0.
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Proof. By Lemma 1 there is an S satisfying 0<S<T so that for S<t<
Tx(t):(t) < 0. Clearly x and do not change sign for such t. If x(t) is positive, then
it decreases as a function of t, and increases if it is negative. Thus no value of x is
reached twice along the trajectory (x(t), (t)) for > S. This implies that (t) may be
expressed as a function of x(t): :(t) h(x(t)) for > S. h(x) is smooth, except perhaps
at x=0 because= h(x), so 5 (dhldx): or dh/dx= 5i1, and 5i(t)l(t) is continuous
(as a function of x and ; not t) except perhaps at : =0. : 0 on the trajectory only
when x 0.

h is continuous at zero: lim h(x) 0. Lemma 2 is proved. We show that it implies
sufficiency,

x-.o

Let (x(t), (t)) be a solution of 5/= g(x, Yc) with x(T) (T) 0 for T <- . By
Lemma 2 there is a function h such that (t)= h(x(t)) for sufficiently large t. We thus
have

dh
(1) 5/= g(x, h(x)) h(x)

except at x 0. But by L’Hospital’s rule

h(x) g(x, h(x)) dh
lim lim at x O,
x-,o x ,,-o h(x) dx

showing that (1) is satisfied for x 0. Thus h satisfies the conditions of assumption
(ii) implying that : h(x) must be finite time. Under these conditions x reaches zero
in finite time, and since h(0)= 0 so does .

As we started with an arbitrary trajectory all solutions must reach zero in finite time.
We prove necessity. Suppose 5/= g(x, Yc) is finite time. We know by Theorem 1

that limt_,r(/x)=+/-o for a solution (x, ) with x(T)=(T)=O.
Consider the function x:. If there is a sequence of times {ti}, i= 1,. ., , with

lim 6 T, where (x)(6) 0 for all i, then there is a sequence of times {sj},j 1,. ., ,
so that (sj)= 0, for all j. Suppose this were not true. Then there would be some I so
that for > I

If x(6) 0 and x(ti+l) 0 then

x(ti) O:=>x( ti) 0.

( ti):( ti+l) < O,

which indicates that =0 at some point between t and ti+l. This contradicts our
assumption.

Such a sequence, {s}, contradicts the fact that lim (/x) +/-oo as T. Thus there
is an S< T so that for S< < T x(t)<0. If for instance x <0 then x is strictly
increasing and so there is a functional relationship between x and :

(t) q(x(t)), with q(0) 0.

One may show that q is smooth except perhaps at x 0, so q clearly satisfies the
relationship

dq
q(x) --x g(x, q(x))

and also satisfies it in the limit as x goes to zero.
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By assumption, the components of the solution to 5/= g(x, ), x and , reach zero
in finite time. Thus : q(x) must be a finite time first order differential equation and
so condition (i) is satisfied. Condition (ii) also holds since for every solution p(z) to

dp
p(Z)z g(z, p(z)), p(O) O,

one obtains a trajectory (x, ) which satisfies p(x). Once again, since x and : reach
zero in finite time then =p must be a finite time differential equation.

One should note that associated to each second order scalar finite time equation,
5/= g, there is a first order discontinuous differential equation (described in condition
(i) of Theorem 2). This equation has nonunique solutions through the initial condition
q(0) =0, and these solutions are nonzero for z 0. This distinguishes them from the
classical examples of nonunique solutions of such equations as :=sigl/2x, with
x(0) =0.

Theorem 2 provides a qualitative description of the phase portraits of second
order finite time scalar systems. It can also be used to generate examples as we shall
see shortly.

The problem of determining the stability properties of an equilibrium point of a
non-Lipschitz differential equation can be difficult. In Theorem 2, asymptotic stability
of the origin is assumed. In the next theorem a special structure of g gives a Lyapunov
function associated with g.

THEOREM 3. Let i g(x, Y) =f(x) + d(), wheref(O) d(0) =0, g is C except at
zero where it is continuous, (, g) (0, O) only at (x, ) (0, 0), and f is monotone
decreasing. Then 5i--u is finite time if and only if

(i) there exists a solution q(z) to the first order differential equation on R
dq

(2) q(z) z g(z, q(z)), q(0)-0

such that . q(z) is a finite time differential equation, and
(ii) any solution, h, to (2) is such that . h(z) is a finite time equation.
Proof. (Sufficiency). We need only prove that the origin is asymptotically stable,

and then apply Theorem 2. This will be accomplished by using a Lyapunov function.
Consider the function defined in a neighborhood of the origin

v(x, :)= (1/2)2_ f(z) dz.

This is positive definite since f is decreasing and f(0)= 0.

f) (Si-f(x)) d().

We will show that this is negative for sufficiently small (x, ) except when : 0.
By condition (i) there is a solution q(z) to

dq
q(z) zz =f(z) + d(q(z)),

with q(0)=0. =q is finite time, so by Fact 1, dq/dz is negative. If z>0 then
q(z)(dq/dz)>O and so f(z)+d(q(z))>O. This implies that d(q(z))>O. (The last
inequality holds because f(z) < 0 for z > 0.) Thus d(y) > 0 for y < 0. Similarly one
may show that d (y) < 0 if y > 0.

We note that all trajectories are bounded as too, because if V(Xo)=c(cin R/)
then v(x(t, Xo)) <= c. Thus we may use LaSalle’s theorem [4] to note that all trajectories
converge to the origin.
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Necessity is a tautology because the assumption that 5/= g is finite time includes
the asymptotic stability of the origin. Thus we are back in the situation of Theorem 2.

5. Examples of second order systems. With Theorem 3 we may generate a class of
finite time second order systems. These are presented in the following corollary.

COROLLARY 1. Let 5i -sig x--sigb g with a > O, b > O. If (A) b < 1 and (B)
a > b/(2- b), then g is finite time.

Proof. -sigax is monotone decreasing. In order to apply Theorem 3, we must
prove that

(i) there exists a finite time solution q to

and

dq
q-x -sig x-sigb q(x) with q(0) 0,

(ii) that all such solutions are finite time.
Suppose that

dq
(3) qx -sig x-sigb q(x), q(0)-0.

We would like to find a solution to this differential equation. The first thing that one
notices about it, however, is that it is discontinuous when q 0. Thus the existence
theorems for solutions of continuous differential equations are not applicable. We will
generate some continuous differential equations from (3).

Consider p(x)=(1/2)q(x)2. This gives

dp dq
x q(x) x -sig x-sigb q(x).

Suppose we knew that xq(x) < 0 for x # 0.
If x _-> 0 and p _-> 0 then

(4)
dp

_sig x + rp(x) b/2, p(O) 0
dx

(where r 2 /2), and if x _-< 0, p -_> 0 then

(5) dp= _sig x- rp(x) b/2 p(0) =0.
dx

Clearly if each of these equations has a positive solution, p, for x->_0, x_-<0

respectively, and if xq(x)< 0 for nonzero x, then there is a solution to (3) for all x.
We first prove that xq(x)< 0 for nonzero x. Suppose that x > 0 and q > 0. Then

dq dq
qxx<0 SOx<0"

If q(0)= 0, however, this means we have a function which vanishes at zero, is positive
for x > 0, where it has a negative derivative. This contradiction leads us to conclude
that any solution q of (3) is such that xq(x) < 0 for x > 0. One can show similarly that
xq(x) <-_0 for all x and only vanishes at the origin.

Both differential equations (4) and (5) are defined on closed sets. In order to use
existence theorems for continuous differential equations on open sets to show that
these equations have solutions, we must extend their domains of definition. This may
be done as follows.
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Consider the differential equations

(6)
dp

sig" x + rip(x)[ b/2 p(O) 0
dx

and

(7) --’-= -sig" x- rlp(x)l /, p(O) o.
dx

These differential equations are defined for all real x and p, and reduce to (4) and (5)
when p > 0. If (6) has a solution p which is positive for x > 0, and if (7) has a solution
p which is positive for x < 0 then (4) and (5) have the required solutions.

Consider (6). If there is a positive solution p for x > 0, with p(0) 0 then dp/dx > 0
for x > 0 if x is sufficiently small. This implies that either

(i) lim
dp b/2

x-,oX lim_.o p(x)

or that

(ii) lim x lim p(x)b/2
x-0 x0

In case (i) we have that

which implies that

(limits from x > 0)

(limits from x > 0).

lim
dp

x-ox limx_o p/x limx_o p/2,

lim p(x) lim X2/(2-b).
x-O xO

Since the pb/2 term dominates the -x term, then we must have a> b/(2-b).
In case (ii) we have that

lim x lim p(x) b/2 or lim p(x) lim x2/b.
xO xO x-O xO

In this case we have 2a/b- 1 -> a since the x term dominates near 0. But 2a/b- 1 >= a
implies a >- b/(2- b). In order for there to be a negative solution p(x) to (6) for x > 0
one may show similarly that it is necessary that a <= b/(2-b).

We know that there is a solution p(x), with p(0)=0 to (6), for x > 0, by the
existence theorem for solutions of continuous differential equations on open sets. Thus
if a > b/(2-b) this solution must be positive.

One may show by the same method that (7) may have a positive solution for x < 0
if and only if a >= b/(2- b) and must have a positive solution if the inequality is strict.
Thus if assumption (B) holds, then (3) has a solution q. It is also clear from the above
analysis that if assumption (B) holds then

q(x)
(8) lim= 1 forz= 1/(2-b).

x-o -sig x

We claim that q(x) is finite time if b < 1. Define h(x) by the equation q(x)=
h(x)-sig x. Then

lim O.
-o sig x
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Consider the function v(x)=lxl-z/1-z, which is positive definite if z < 1. Then

t =(grad v, q)= (sig x)(h(x)-sig x)
and

lim t =-1-<-v/2 near zero.
x-0

Thus by Proposition 1 =q is finite time if z < 1, and z < 1 implies that b < 1. (Since
the time to origin function v, for q, is unbounded at zero if b-> 1 it follows that
the equation =q is finite time iff b < 1.)

It only remains to show that all solutions of (3) are finite time. By the above
analysis any solution of (3), q, satisfies (8). If b < 1 then all such solutions are finite time.

Note that we have also shown that if a < b/(2-b) or if b=> 1 then 5/=g is not
finite time. We have for instance

Example 3. 5/=-sig"’ x-sig’5: is a finite time differential equation.
The phase portrait of this differential equation is displayed in Fig. 1.
It should be noted that this figure also displays the nonunique solutions of the

scalar first order differential equation q(x)(dq/dx) -sig"4 x -sig"5 q(x), with q(0) 0,
where the x-axis is horizontal and the q(x) axis is vertical.

A more cumbersome proof along the lines of the proof of Corollary may be
used to show that the following holds.

COROLLARY 2. Let g -sig x-sigb +f(x)+ d(Y) where a > O, 1 > b > O, a >
b/(2- b), f(0)= d(0)= 0,O(f)>O(Ixla) andO(d) > O(l[b); then i g is a finite time

equation.
The class of examples described in Corollary 2 is quite large. Theorem 2 describes

the phase portrait of second order, finite time scalar systems, and also enables us to
identify a class of these systems. These may in turn be used as finite time controllers.

For instance, the block design implementation for controlling a link of robot arm
is displayed in Fig. 2. In this scheme I is. the moment of inertia of the link.

0s-_ + - sig"( -- _0---.--, "0o

FIG. 2. Second order servo-system with finite feedback.
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A MULTI-RESPONSE QUADRATIC CONTROL PROBLEM*

SUNG J. LEEf

Abstract. We consider a new class of regular quadratic control problem in a compact interval, which
is associated with a first order system of ordinary differential equations and very general boundary operators.
In particular the state is chosen to minimize a functional and there may be infinitely many minimizers. The
theory of least-squares solutions of multi-valued operator equations is used in the investigation.

Key words, first-order differential equation, adjoint, generalized inverse, multi-valued operator, optimal
controller
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1. Introduction. The linear quadratic control problem with single responses
generated by an ordinary differential equation has had an extensive study. The main
objective of the problem is to establish the existence of an optimal controller and
describe it by a system of differential equations. See a recent survey article [2]. Single
responses are generated when an initial condition or a certain two-point condition is
imposed in the state equation. But if an insufficient initial condition or a general or
generalized boundary condition is imposed on the state equation, then a controller
may generate multiple responses and so the associated cost functional becomes a
multi-valued map, making the situation more complicated. This is a mathematically
interesting case with a potential application, and has not yet been investigated in full
in the literature. Thus we will consider a new class of quadratic control problem where
the state is subject to a system of ordinary linear differential equations in a compact
interval and is chosen to minimize a functional with possibly infinitely many minimizers.
Because of the nature of multiple responses we will introduce a new method for the
problem. The idea of the investigation is to change the control problem into a least-
squares problem for a multi-valued operator equation in Hilbert space, and then
characterize the result by Fredholm integro-differential equations and some side condi-
tions. This process involves the recent results on least-squares solutions and generalized
inverses for multi-valued linear operators developed in [7], [8], [9]. The main results
of this paper are contained in Theorem 3.7 for the existence and Theorem 3.12 for the
characterization.

2. Adjoint, least-squares solutions and generalized inverses of linear manifolds. In
this section we will state some recent results on multi-valued linear operators which
will be needed in the next section. In this paper we will not distinguish an operator
(single-valued) from its graph. A vector space will be called a linear manifold. Let H1,
H2, H3 be Hilbert spaces over the real field i or the complex field C. For notational
convenience, the inner products of these spaces are denoted by (., while their norms
are denoted by [1" II. H10)H2 will denote the Hilbert space of all ordered pairs
{xl, XE}(Xl HI, x2 H2) with its inner product (.,.) defined by

({Xl, x2}, {y, Y2}) := (Xl, Yl)+ (x2, Y2),

and its norm II" defined by

II{x, x:}ll := (llxlll : + IIx:ll:) /:.

* Received by the editors January 24, 1984, and in revised form March 19, 1985.
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Let M be a linear manifold (also called a linear relation) in HI H2. Then

Dom M := {x" {x, y} M for some y},
Range M := {y: {x, y} M for some x},
Null M := {x" {x, 0} M},
M(x) := {y" {x, y} M},
M-1 := {{x, y}" {y, x} e M} (x e Dom M),
M+/- (The orthogonal complement of M)

:= {{x, y} e H1@ H2: ({x, y}, m)= 0 for all m e M},
M* (the adjoint of M):= {{x, y}" {y, -x} e M+/-}.

One can show easily that M* is a closed linear manifold, and M* is an operator
if Dom M is dense. Moreover, if M is a densely defined closed operator, then M* is
the graph of the usual adjoint operator of M. For this result and other related results,
see [6] where related references may be found.

Suppose that S c H2( H3 is a linear manifold. Then

SM:={{x,y}eH(H3" {x,z}eM, {z,y}eS for some z}.

Let P be the orthogonal projector from H1 onto Null M, i.e., P is the bounded
linear operator from H1 onto Null M such that P= P and P*= P. Let P+ be the
orthogonal projector from H2 onto Null M*. Define a linear manifold M* in H2@ HI
by

M* := [graph (I- P)]M-[graph (I- P+)]

where I denotes the identity operator. M* is called the orthogonal generalized inverse
of M.

The following theorem can be found in [8] (see also [7]).
THEOREa 2.1. Let M be a closed linear manifold in H H2. Then
(i) M* is a closed linear operator with

Dom M* Range M -i- Null M*,

Range M* Dom M fq (Null M)+/-,

where -i- denotes an algebraic direct sum. In particular, Range M is closed if and only iJ
Dom M*= H2.

(ii) M* ((I- P)M-1) 4- (Null M*{0}), direct sum, where P is the orthogona,
projector of H onto Null M. In particular, {y, g} e M if and only if g e Range M ant

y M*(g) + k for some k e Null M.
We remark here that if M is a densely defined closed linear operator, then M

is precisely the Moore-Penrose generalized inverse of M. Moreover, R =-(I-P)M-
is the operator such that M-= R -i-({0} Null M), orthogonal direct sum.

The conjugate transpose and the transpose of a matrix N are denoted by N* an
N (bold faced t to distinguish it from time t), respectively. Ck will denote the
k-dimensional complex Euclidean space with its inner product (.,.) and its norm II"
defined by

(x, y)= xt)7, llxll (x’x)

where 37 denotes the complex conjugate of y (where we have identified any element
of C as a column vector).

Suppose T is a m x n constant complex matrix. Then the Moore-Penrose inverse
matrix of T (which is a n x m matrix) is also denoted by T*. We can (and will) identify
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T as a bounded operator from C" into C m. Thus
Null T {x C’: Tx 0},
Range T { Tx x C"}.

When T is identified as an operator, its generalized inverse is an operator from C
into C ", and this inverse can be identified as a n x m matrix with respect to the standard
orthonormal bases of C" and C". This is precisely T*. Hence the notation T* is
consistent with the general one given earlier.

We say that u H1 is a least-squares solution, briefly LSS, of an inclusion g M(x)
(g is a given element in H2) if u Dom M and there exists y M(u) such that

g Y Min (11 g z I1: z Range M}.

Notice that when M is an operator, this reduces to the usual definition of a least-squares
solution.

The following can be found in [9].
THEOREM 2.2. Let M be a linear manifold in HI H_ and g H2. Assume that M

is closed. Then
(i) g M(x) has a LSS if and only if g Dom M. In particular, if Range M is

closed, then a LSS always exists.
(ii) u is a LSS ofgM(x) if and only ifuDomM and gM(u)q-NullM*.
(iii) Assume that g Dom M. Then the set of all LSS are given by the coset

M (g) -i- Null M.

In particular, M*(g) is the unique LSS of smallest Hi-norm.

3. Multi-response control problem. Let to, tl] be a compact interval. For a natural
number q, let Xq denote the Hilbert space of x:[to, t]->C such that Ilxll :=
(jttl. x*(t)x(t dt)/2<. The inner product (.,.) of Xo is defined by (x,y):=
tt xt(t)-y--t--) dt. In this paper all the analysis will take place within the field C, but our
results remain valid if C is replaced by the real field .

Let A(t)(t to, tl]) be an n n continuous complex matrix-valued function. Let
T be the (graph of the) maximal differential operator contained in X, X, defined by

TlX := 2 Ax ( =- dx/ dt)

for x Dom T, where x Dom T1 if and only if x X,, x is absolutely continuous
entrywise in to, t] and X,.

In this paper we will consider the problem (which will be referred to later as "the
control problem"): Find u/ X,, (called an optimal controller), minimizing

(3.1) C(u, x) := (u*gu+(x-xo)*W(x-xo))(t) dt+llFa(x)ll 2,
to

subject to

(3.2) u Xm, X Dom T,

(3.3) (t) A(t)x(t) + B(t)u(t), almost all to, t],

(3.4) IIF(x) Yll Min {[I Fa(y)- /ll: Y e Dom T1, Ty But.
Here

(i) U(t), W(t), B(t) are m m, n n, n m continuous complex matrix-valued
functions of t. For each t, U*(t) U(t), W*(t) W(t), and U(t) is positive definite
and W(t) is nonnegative definite.
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(ii) Xo is a given element of Xn and y is a given element of Cd.
(iii) Fa and FA are the (boundary) operators defined on Dom T1 by

Fa(x) := (fl* (t)x(t)+fl*2(t))(t)) dt,
to

FA(X) := (A*(t)x(t)+ A2*(t)2(t)) dt,
to

where l(t)(n x d), f/2(t)(n x d), Al(t)(n x dl), A2(t)(n x dl) are complex matrix-
valued functions of to, hi whose columns are Xn.

When (u+, x+} minimizes %), u+ will be called an optimal controller and x+ an
optimal response corresponding to u+.

We can say that the operator Fn (and hence FA) is the most general boundary
operator of finite-dimensional range generated by the formal expression )- Ax in the
sense that Fn is a continuous linear operator from the Hilbert space Dom T equipped
with the T-norm defined by

Ilxll :- (llxll = / TlXll)-) /=

into the finite-dimensional space Ca if and only if Fa has the representation as in the
above. This can be proved easily using the Riesz-Fischer representation theorem. This
operator can be a familiar general point-evaluation operator (see Lemma 3.4 below).

The main feature of this paper is: (i) the "most" general boundary operators are
involved, (ii) the state is chosen to minimize IIF.(x)- and there may be infinitely
many minimizers. Consequently, the functional ( becomes a multi-valued map of u.
In particular, for a given control u, a response x is chosen so that Fa(x) is as close
to the ideal target y as possible. This idea becomes clearer if Fa(x) becomes a
point-evaluation operator such as X(to) or x(h).

There are two obvious ways of treating %): One is to treat it as a single-valued
map of u and x and the other is to view it as a multi-valued map of u. We will present
a new method of treating the problem by viewing c as a multi-valued map. This will
be based on the recent theories [7], [8], [9] ofthe least-squares solutions and generalized
inverses of a multi-valued linear operator.

Let us define our dynamical system c XmO)Xn by

@ {{u, x}: u and x satisfy (3.2), (3.3), (3.4)}.

For {u, x} , u is called a control and x a response corresponding to u. First we will
describe . To do this let be the n x n fundamental matrix solution satisfying

c(t) A(t)(t), to <- tl,

( to) Inn.
Define operators N: X,, - X,, and Ha:X,, - Ca by

(3.5) ((u) :-- (t) (-Nu)($) ds, to t tl,

(3.6) H(u) := (I*l(U)+fl*(A(u)+Bu))(t) at.
to

Let Qa be the d x n matrix defined by

(3.7) Qa := ((a* + ll*A)*)(t) dr.
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We have the following description of .
LEMMA 3.1.
[I] The following are equivalent:
(i) {u, x} .
(ii) UXm, X= (u)+(a-QHn(u))+Q.yfor some c Null Qn.
(iii) u Xm, X (U) +afor some c C which is a least-squares solution of the

matrix equation (for u fixed)

Qa(fl) 3 Ha(u).

[II] {0, qQ3/}-i- , where

S:= {{u, (u) +(a -QHn(u))}" u Xm, a Null Qn}.

In particular, Dom Xm and is a closed convex set in Xm O)X,.
Proof. Let u X,,, y Dom T1 satisfy (3.3). Then y (u) + /3 for some

Now (u) is the solution of (3.3), subject to X(to) =0. Thus using the definition of Fn,

Fn(y) O.(/3) + H(u).

Thus {u,x} if and only if x=g(u)+a for some aC such that
H.(u)-yJl=Minimum{llQ.()+H.(u)-yll:/3C"}, or equivalently a is a least-
squares solution of the matrix equation (for u fixed) Q.(/3)= /-H.(u). Since
Range Q is closed, the set of all such a is given by the coset

Q(),-H(u))-i- Null Q.

This proves [I]. The first part of [II] follows from [I]. Clearly Dom --Xm. Since
Null Q is finite-dimensional and the map u (u)-dQHn(u) defines a bounded
linear operator from Xm into X., we see that is closed in X. 0)X..

Remark. Let {u, x} be as (I.ii) of the above lemma. Then

X( to) a QSn(u) +Q

Thus the initial state of x depends on the control u. But if Hn(u)= 0 (which is the
case, for example, if Fn(x)= X(to)), then X(to) does not depend on u.

Remark. Minamide and Nakamura [10] considered an optimal control problem
whose state is somewhat similar to ours in appearance: Minimize c (when FA--=0)
over u Xm such that

(1) : Ax + Bu almost everywhere,
(2) X(to) y,
(3) IIx(h)-Xoll <- Ily(h)-xollfor all v Xm and^ y such that )= ay+ By, y(to)= y.

Thus if we define an operator :XmC" by (v)=(((v)(h), then this problem
becomes" Minimize c over u Xm such that u is a least-squares solution of (v) Xo-
q(h)Y and g Ax + Bu, X(to)=y. This means that the state is subject to the usual
initial condition (and hence generates a unique response), but the control space is
restricted.

Thus there is no direct connection between the problems in [10] and ours. The
condition (2) in the above corresponfls to (3.4). Notice that the control space in [10]
is the coset *(Xo-q(tl)y)-i-Null while our control space is the whole space Xm.

In 11 Minamide and Nakamura considered a problem which is somewhat similar
in spirit to ours"

Find u+ X, minimizing Yj=l jt luj(t)l at, subject to Ax + Bu, X(to) Xo and
to

IIx(t ) < e, where Xo, x are given constant vectors and e > 0.
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In [10], the closed forms of generalized inverses of (single-valued) operators are
used to derive the differential equations for an optimal controller. This idea cannot
be used in this paper as the "closed" forms of generalized inverses of multi-valued
operators are not known in the literature. Instead, we use an abstract result for
least-squares solutions to derive equations for the optimal controller for our problem.

In the following we will describe 6e and 9 in terms of equality constraints.
PROPOSITION 3.2.
(i) Let be as in the above lemma. Then {u, y} if and only ify Dom T,

u Xm such that - Ay + Bu almost everywhere,

Fa(y) (I- QaQ)Ha(u).

(ii) { u, x} 9 if and only if u Xm, X Dom T1 such that

Ax + Bu almost everywhere,

Fa(x)- /= QaQ I)(,- Ha(u)).

Proof. (i) The "only if" part is easy to check. Assume now that y Dom T and
u X,, satisfy the above two equations. Write y-(u) +Oa, aCn. Then the second
condition becomes

O=Qa(a+QHa(u)).

Thus a -QQaQHa(u)+ k= -QHa(u)+ k for some k Null Qa. Hence y
(u)+O[k-QHa(u)], and so {u,y}S. We now prove (ii). Take any {u,x}9.
Then by Lemma 3.1, {u, x} {u, OQ,+y} for some y such that {u, y} . Then using
the definition of Qa and part (i) above, 2 Ax + Bu almost everywhere and Fa(x)- /=
(QaQ-I)(’y-Ha(u)). This argument can be traced back. E1

Remark. By the above proposition we can say that for {u, x} 9, the response x
"misses" the target /by QaQ I)(/- Ha(u)).

Remark. Assume that n-m, B= W-U=In, and Rank Qa=d. Then our
problem can be stated equivalently (by taking u+= TlX+ when x+ is a minimizer):

Minimize (llxll = / Txll=), subject to x Oom T FI(T).
Clearly F(y) is a closed convex set. Thus this particular case is a special case

of the abstract problem considered in [1, Thm. 4.4]. However, the vector : appearing
in this theorem vanishes in our case, and so his theorem does not give any new
information to the above case. We thank J. Burns for drawing our attention to
reference 1 ].

Since QQ is the orthogonal projector on C" onto Range Qn, from Lemma 3.1
and Proposition 3.2 we have the following.

COROLLARY 3.3.
(i) For each u X,, u has a unique response if and only if Dim Null Qn 0.
(ii) If Rank Q,=d or y-H(u)RangeQn for all UXm, then 9=

{{u, x}: u X,,, x Dom T, Tx Bu, Fn(x) y}.
The following notation will be needed later. If x, y are n x p and n x q matrix-valued

functions of t, then

(x, y):= xt( t)fi( t) at, (p x q).
to

In the following we find a necessary and sufficient condition for Fa to be a generalized
two-point operator.
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LEMMA 3.4. Let M, N be d x n constant matrices and letfbe a d x n matrix-valued
function of such that its rows are square-integrable over to, tl]. Then:

(i) Fa(x) Mx( to) + Nx( h) + f( t)x( t) dt for all x e Dom T
o

if and only if Dom T columnwise, f* + 1 almost everywhere, and

M- -*2 to), N *2 h).

(ii) If Fn has the form as the above, then

Qn fop dt + M+ N’( tl),
to

Ha(u)= g*((u))(h)+ f(u) dr,
o

H*n(fl) B*( t)(**)-l( t) **(t)N* +

U E Xm,

(*f*)(s) ds)/3, /3 c.
Proof. (i) Assume that Fa has the form as in the theorem. Then for all x E Dom T1

with x(to) x(h) 0,

(*) (f* f)x dt + a*2 dt O.
to to

We now use the idea first used in [4]. For the above x, put =g. Then g X, and

(**) x(t)= g(s) ds.
to

Since X(tl)=0, this implies that g is orthogonal to C" (after we have identified C" as
a subspace of X, in the obvious manner). Conversely, if g X, and is orthogonal to
C", then the x defined by (**) belongs to Dom T1 with X(to) x(h) =0. Now take any
g X, orthogonal to C" and define x as (**). Then (,) can be written (after inter-
changing the order of the integration) as

(*)’ (fl*l -f)(s) ds+ft*2(t) g(t) dt=O.

Therefore

" (fl*l -f)(s) ds + 1)’2(t) k a.e.. to, t,]

for some k E C". Redefining ’2 in the set of measure zero if necessary, we see that the
above is true for all and hence ’2 is absolutely continuous on to, tl]. Differentiating
the equality, we see that

fl*(t) -f(t) 2*(t), a.e. [to,

Returning to the representation of Fa, we have

Mx( to) + Nx( t,) + f( t)x( t) at [(f+ 2*)x 4:112"1 dx
to to

a*2(h)x(t,) a*2( to)X(to) + f(t)x(t) at
to

for all x Dom T1. Thus M I*(to), N= O*(h).
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The above argument can be traced back. This proves (i). We now prove (ii). The
first two parts follow directly from the definitions of Qa and Ha together with part
(i). The second part is easy to check as the general H is given by

H*() B*2fl + *(("1 "" A*2)fl) all fl C d,

ffta*(X) n*( t)(I*-l( t) f!*(s)x(s) ds for all x

This together with (i) gives the description of H as claimed. [3

We will now describe CO(u, x) in terms of the norms in X,,, Xn and Cd,. To do
this it is convenient to introduce the following"

(3.8) QA := ((AI* + A2*A))(t) dt (dl x n),
to

I ’1
(3.9) H(u) := (A* (u)+A*(A(u)+Bu))(t) dr, ueX,

0

where is defined in (3.5).
For each to, tl], let U1/2(t) denote the positive square root of U(t), and W/2(t)

the nonnegative square root of W(t).
The following will be needed later. We state it without a proof because it is easy

to check.
LEMMA 3.5. For {u, x} 9, write x (u)+q, where

Then

q t QHa(u) +Q),, Null

" (Al*x+A2*))(t) dt= QAq+ HA(U),
to

(u, x)= II{ U1/2u, wl/2((u)+dq-xo), HA(U)+ QAq}II 2,
where I1(’, ",’)11 denotes the stanaa a norm of x,

We will now show that the control problem can be written as a least-squares
problem for a multi-valued closed operator equation. We need the following definitions.

DEFINITION. " is the vector in Xm 03 Xn 03Cd defined by

’= {0, W1/2(Xo-OQ),),-QAQ3,}.
DEFINITION. /J is a vector subspace ofX, 03 (X, 03 X,Ca,) defined by {u, g} t

if and only if u Xm and

g= { U1/2u, W’/2((u)+O(a QHa(u))), HA(U)+ QA(a QHa(u))},

for some a Null
Since U1/2 is invertible on to, tl] and , Ha and HA are bounded linear operators,

we see easily that t, Range are closed and Null {0}.
In the following theorem our control problem is changed to a least-squares

problem.
THEOREM 3.6. Let u+ Xm. Then u+ is an optimal controller if and only if u+ is a

least-squares solution of u).
Proof. Note first that {u+, x+} minimizes fig subject to (3.2)-(3.4) if and only if it

minimizes fig over . Let {u+, x+} be a minimizer of fig and write it as

(1) x+=(u+)+q+
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where

q+= a+-QHa(u+)+ Q%
Take any {u, x} and write it also as

(2) x-W(u)+q

where

+a Null Qa.

q=a-QH(u)+Q),, a Null Qa.

Then using Lemma 3.5, {u/, x+} is a minimizer of fig over 9 if and only if

(3) (u+, x+)= If{ u’/2u+, w’/a((u+)+oa+-OQH(u+)),

HA(U+) + QAa+_ QAQHa(u+)}_ ]]2
(, x)= I(U/2, W1/2(()a-QH()),

H(u) Q QQH(u) 11
for all u X, Null Q. Let us put

(4) y+ { U’/au+, W1/2((u+)+Oa+-OQH(u+)),
H(u+) + Q+ QQH(u+)).

Then y+ (u+), and so (3) becomes"

(5) Ily+- ’11 Min (lly- ll" Y Range

Thus if u+ is an optimal controller for the control problem, then by definition
there exists x+ such that {u+, x+} 9 which minimizes fig over 9. But then by (5), u+

is a least-squares solution of " eg(u). Conversely, let u+ be a least-squares solution
of sr t(u). Then there exists y+(u+) satisfying (5). We now write y+ as in (4)
for some a+ Null Q,.

Define x+ as in (1) and x as in (2) for some u X, and a Null Q,. Then it
follows from(5) that

(u+, x+) <- e(u, x)

for all {u, x} 9. Thus {u+, x+} minimizes c over , and hence u+ is an optimal
controller.

Having identified an optimal controller as a least-squares solution, a general
theorem, Theorem 2.2, is applicable.

THEOREM 3.7. There always exists a unique optimal controllerfor the controlproblem.
This is given by u+ := *(). Moreover, the set of the responses corresponding to u+ is

given by

{(u+) +O(a-QHa(u+)+ Qy)" a Null Qa}.

Proof. It was noted earlier that Null {0}, and d//, Range are closed. Thus
the first part of the theorem follows from Theorem 3.6 together with (1), (3) of Theorem
2.2. By definition, x is a response corresponding to u/ if and only if {u/, x} e 9. Thus
the second part follows from (I.ii) of Lemma 3.1.

A response x corresponding to d*(sr) may not be an optimal response, i.e.,
{d/t*(’), x} may not minimize fig over . Recall that when this element minimizes fig,
x is called an optimal response (corresponding d*(’)). Later we will characterize all
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optimal responses. To do this, we introduce a linear operator R: Null Q
Cal, and a function p" X,, X,, 0)Xn 0)C al by

R(fl) (0, wl/Efl, QAfl, fl Null Q,

p(u)= -{ U/Eu, W/2((u)-dPQHa(u)), HA(U)- QAQHa(u)).

Evidently, R is a bounded linear operator with closed range, and so Dom R

First we have the following lemma.
LEMMA 3.8. II(RR* I)(P(*(’)))ll --< IIR(fl)-p(u)llfor allfl Null Qa, u x,.
Proof. Put u+= *(r) and let x+ be an optimal response corresponding to u +.

Then since {u+, x+}
(1) x+= (u+)+dp[a+-QH.(u+)+Qy]

for some a+ Null Q., and since {u +, x+} is a minimizer of

(2) (u+, x+) <- (u, x) forall {u,x}.

Take any { u, x) and write x as

(3) x= ((u)+[a-QHo(u+)+Q),]

for some t Null Q,. Then using the definitions of R and p and Lemma 3.5 we have

(4) CO(u, x)= IIR(a)-P(U)II.
Thus (2) can be written equivalently as

(5) IIR(a +) -p(u+)ll <--II R()-p(u)ll
for all a Null Qn and u X,,.

This is true, in particular, for all a Null Qa and u u*. Thus it follows from
(4) that a+ is a least-squares solution of R(fl)=p(u+), and hence a+= R*(p(u+))+ k
for some k Null R. Returning to (4), we have

[IR[R(p(u+))+ k]-p(u+)l[ iI(RR* I)(p(u+))ll <= IJg(a)-p(u)Jl

for all a Null
In the following theorem we find all optimal responses.
THEOREM 3.9. X

/ is an optimal response corresponding to the optimal controller
+u ) if and only if

x+= (u+)+d(a+-QH.(u+) + Q7)

for some a+ Null Qa belonging to the coset

R(p(u+))-NullR,

or equivalently, for some a+ Null Qa which is a least-squares solution ofR(fl)=p(u+).
In particular, an optimal response is unique if and only if Dim Null R 0.
Proof. Let x+ be an optimal response corresponding to u+. Then {u+, x+} is a

minimizer of over 9. Thus

(1) x+= (u+)+[a+-QHa(u+)+Q’r]
for some a+ Null Qa, and

(2) C(u/, x+) <- (u, x) forall {u,x}.
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Arguing similarly as in the proof of the above lemma, we see that a + must belong
to the coset in the theorem. Suppose now that x/ is defined as in (1) for some
a+ Null Qn such that

(3) a+= R*(p(u+))+ k, k Null R.

Then by (4) of the above lemma,

x+ +) p(u+)ll- ]](RR*- I)(p(u+))]].(4) +, )=IIR( 
Take any {u, x} and write x as

x= Yg(u)+[a QaH(u)+Qy]

for some a Null Qc. Then using (4) of the Lemma 3.8 again,

(5) x)= IIR( )-p(u)ll.

Thus by Lemma 3.8,

C(u+, x+) -II(RR * I)(p(u+))ll <= R(c)-P(u)ll- (u, x).

Thus x/ defined as (1) for some a+ s Null Qa defined as (3) is an optimal response.
The second part of the theorem is clear. I-I

We have identified the optimal controller to the control problem as *(’). In a
practical point of view this is not satisfactory as the "closed" form of T* for a general
multi-valued operator T is not known in the literature. Thus in the sequel of this paper
we will characterize the optimal controller by integro-differential equations. The follow-
ing is (ii) of Theorem 2.2 adopted to the present situation.

LEMMA 3.10. U
/ is the optimal controller to the control problem if and only if

" (u+)4- Null d//*.

We will replace the above inclusion by integro-differential equations. To do this, first we
describe * which is a subspace of (X,n O) X, 0)Ca’)0) Xm.

LEMMA 3.11. {{ V, f,/3 }, U } * if and only if
(i) u Xm, (/),f, fl}G Xm(Xn(Cdl,
(ii) (W1/2*,f)+ Q’A/3 (Null Qn),
(iii) u (U1/2)* v + B*(A2/3 1221)

+ *(( W1/2)*f+ (A1 + a*A2)fl -(121 + A*122)/)
where

/:= Q)*(Q*A + w1/2, f)).
Proof. Take any {{v,f, fl}, u}*. Then for any {Ul, {vl,fl, fll}},

(1) -(u, Ul)+(t) t)l)+(f, fl)+( 1) O.

By the definition d,

1)1--" U1/2Ul, fl
1 HA(Ul) + QA[a onn(u,)]

for Ul X,,, a Null Qa. Taking Ul 0 in (1), we see that

(2) (f,, W’/:cba)+(fl, Qa)=O
for all a Null Qa. Thus

(3) W1/:O,f)+ Qfl (Null Qa) +/-.
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Returning to (1), we see that

(4) -(u, Ul)-(t) U1/2t,/1)-+-(f W1/2[(ul)-QHa(ul)])
+(fl, HA(Ul) QAQHa(Ul))= O

This then yields that

(5) u=(U’/2)*v+*((W’/2)*f)-H*((Q)*(W’/2O, f))

for all u Xm.

+ H*A()-- H((QAQ)*).

Thus v, f, fl, u satisfy (3) and (5). Conversely if these satisfy (3) and (5), then we see
easily that (1) holds for all {u, {v,fl,/3}}. Now as was given in the proof of
Lemma 3.4,

(6) H*(8)= B*fI2+ *[(flI +A*I2)8], 8cCd,
(7) H*A() B*A2 + ffta*[(A1 + A’A2)], C’.

Thus since {{v,f,/3}, u}* if and only if (3) and (5) hold, we see that using (6), (7)
the result follows immediately. U

The following is a main result of this paper. Recall that Qa(d x n), QA(d x n)
are defined in (3.7), (3.8), respectively, while Ha" Xm o Cd, HA" Xm o Cd’ are defined
in (3.6), (3.9), respectively.

THEOREM 3.12. U+ Xm is the optimal controller for the control problem if and
only if

u/ U-B*q almost everywhere

where rl is an element ofXm for which there exists z Dom T1 such that
(i) : Az + BU-B* rl almost everywhere,
(ii) Qa(z(to)+ QHa( U-B*rl)-Qy)=0,
(iii) *W(z-xo) dt + Q](HA(U-1B*B) + QAZ(to)) Range (Q),
(iv) Dom T,
(v) (n-)(t,) =0,
(vi) d( )/dt -A*( ) + almost everywhere.

Here and are vector-valued functions oft (depending on and z) defined by:

=a()* 2N(U-B*n)+2(to)+ *W(-o) dt
o

((-*n+(o),

= W(z-xo)+(A, + A*A2)(HA( U-’B’n)+ QAz(to))

-(a+*ag(* N(-*n+2(.+ *w(-x. a
o

Proo By Lemma 3.10, u is an optimal controller if and only if u eX and

(1)

Equivalently, there exists g M(u) such that

(2) g- " Null M*.

Using the definition of " and vR, we can write

(3) g---{U1/2u, W’/:[(u)+c(a-QHa(u)+Q3,)-Xo],
HA(U) 4- QA[a QHa(u) +Q5’]},
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for some a c Null Qn. Let

(4) q=a-QHa(u)+Qa%

(5) z= Z(u)+q.

Then it is clear that z c Dom T1 and is the unique solution such that
(i) J. Az + Bu almost everywhere

and

(6) Z(to) q.

Using (4), this initial condition is equivalent to
(ii) Q.[Z(to)+ QHn(u)-Qy]=O.

Using (3), (4), (5) we can rewrite (2) as

(7) {U1/2u, W1/Z(Z--Xo),HA(u)+QAq}CNulldlt*.

Since (W/Z)* W1/2 W, (U1/2)* U/9- U, Z( to) q, by Lemma 3.11 the above inclusion
is equivalent to (iii) and (8) below:

(iii) (W, Z-Xo)+ Q*A(HA(U) + QAz(to)) Range (Q’n),

(8) 0= Uu+B*[Az(HA(u)+QAZ(to))-f_l]

+ Y(*[ W(z- Xo)+ (A + A*A)(HA(U) + QAZ(to)) -(1 + A*O)/],
where

Let

(9)

(10)

l= (Q)*[Q*A(HA(u)+ QAz(to))+(W1/Z, W1/(Z-Xo))].

6 f21- Az(HA(U) + QAZ(to)),

= W(z-xo)+(A + A*A2)(HA(U)+ QAz(to))-(f + A*f2)l.

Then using the characterization of Y(* given in the proof of Lemma 3.4, we can rewrite
(8) equivalently as

(11) 0= U(t)u(t)-B*(t) g(t)- *-l(t)*(s)(s) ds

for almost all c to, tl]. Let

(12) ,(t) := g(t)- **-l(t)*(S)(S) ds, to t tl.

Then, since (d/dt)*-=-A**-1, we can rewrite (12) equivalently as the three
statements below:

(13) n-g Dom T,,

d
(14) (n-g)=-A*(n-8)+6, almost all t,

(15) (n-)(t)=0.

Now (11) can be written as

(16) u(t)= u-l(t)B*(t)(t), almost all t.

Thus g=6, = and the statements in (13), (14) and (15) are equivalent to the
statements (iv), (vi) and (v) in the theorem.
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Remark. In the above theorem may not even be continuous. Thus we cannot
write the condition (v) as r/(tl)= ’(t) as they are meaningless. But we can if the
columns of ’2 and A2 are in Dom T1. In fact, r/ Dom T if and only if sr Dom T.

Remark. There always exists r/ X, and z Dom T satisfying (i)-(vi) ofTheorem
3.12 as an optimal controller for the control problem always exists.

If 2 and A2 are suciently smooth, then Theorem 3.12 can be simplified fuher.
COROLLARY 3.13. Assume that the columns of 2 and A are in Dom T. en

the optimal controller u for the control problem is given by

u U-B* almost eerywhere,

where is an element of Dom T for which there exists an element z Dom T1 satisfying
(i), (ii), (iii) of eorem 3.12 in addition to

(v) n(t,)=a:(t,)(Q)* QHA(U-’B*n)+QQAZ(to)+ **W(z-xo) dt
to

A2( t,)(HA( U-1B*) + QAZ(to)),

(vi) =-A*n+ W(=-Xo)+(A,-A:)(H(U-’S*n)+Qz(to))

almost everywhere.

oo Because of the assumption on and A, the condition (iv) of Theorem
3.12 is equivalent to e Dora T. Thus (v) and (vi) of Theorem 3.12 can be written as
(v) and (vi) of this corollary.

If Fa is the usual two-point evaluation operator, then Corollary 3.13 becomes
Coo3.14. Assume that A e Dom T (columnwise) and there exist constant

matrices M d x n N d x n) such that

Fa(x) Mx( to) + Nx( t) for all x e Dom T1.

Lee u+ be the unique optimal controller for the control problem. en it is given by

u+ U-B* almost everywhere

where q is an element of Dom T1 for which there exists an element z Dom T1 satisfying
the following"

(i) , Az + BU-1B* rl almost everywhere;
(ii) (M+ N(tl))(M+ N(tl))(y-N((U-1B*))(t))

=(M+ NC’(t,))Z(to);

(iii) * W(z- Xo) dt+Q*A(HA(U-’B*rl)+QAz(to))
to

belongs to Range ((M + N(tl))*);

(iv) r/(tl)= N*((M+ N(tl)))*

Q*AHA(U-’B*rl)+Q*AQAz(to)+ *W(z-Xo) dt
to

A2(t,)(HA( U-’B*rl)+ QAZ(to));



MULTI-RESPONSE QUADRATIC CONTROL PROBLEM 785

(v) =-A*r/+ W(z-Xo)+(Al-Jk2)(HA(U-1B*rl)+QAz(to))
almost everywhere.

Proof. By Lemma 3.4, [12 Dom T1 and N* fl2(t), Q, M+ N(tl), 12
H(U-1B*q) Ac((U-B*q))(tl). Thus the result follows from Corollary 3.14.

If FA is the usual two-point evaluation operator, then Corollary 3.13 (using Lemma
3.4) becomes.

COROLLARY 3.15. Assume that fl2 Dom T1 and

FA Mix(to) + Nx(t) for all x Dom T
for some constant matrices Ml(d x n) and N(d x n). Let u/ be the unique optimal
controller for the control problem. Then it is given by

u/ U-1B* r almost everywhere,

where "0 is an element of Dom T for which there exists an element z Dom T1 satisfying
the following"

(i) Az + BU-1B*q almost everywhere,
(ii) Q,(z(to) +QH,( U-B* r/) Q 3’) 0,

(iii) * W(z- xo) dt

+(M + N,(t))*(N(N( U-’B*n))(t)+ (M, +
belongs to Range (Q’a),

(iv) n(t)= -N*I (N(( U-1B*r))(t)+(M +
+a(t)(()*((M + N())*N((U-1B*n))(t)

+(M, + gldp(tl))*(M, + NdP(t))Z(to)),
(v) =-A*n+ W(z-xo)+((l:-l)(Q)*

((M + N(t))*((U-B*q))(t)

+(M + NldP(tl))*(M + NldP(t))Z(to)

+ *W( xo) dt almost everywhere.

We have so far seen that if one of Fa and F is not a two-point evaluation operator,
then the optimal controller is described by a Fredholm integro-ditterential equation.
In the following, we will show that the optimal controller is described by a usual
differential equation if Fa and F are point-evaluation operators.

COROLLARY 3.16. Assume that

F(x) Mx( to) + NX( tl),

FA(X) Mix(to) + Nix(t,)

for all x Dom T1, where M(d x n), N(d x n), Ml(dl x n), N(dl x n) are constant
matrices. Let u+ be the optimal controller. Then it is described by

u+ U-1B*rl almost everywhere,
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where Dom T1 is such that there exists z Dom T1 satisfying the following:
(i) . Az + BU- B* rl almost everywhere,
(ii) (M+ N(tl))(M+ N(tl))*(y-N((U-1B*rl))(tl))

=(M+ N(tl))Z(to),

(iii) *W(-xo) dt+(M+ N(t))*(N((U-B*r))(tl)
o

+ (M + N(t))z(to))e Range ((M + N(t))*),

(iv) n(t)=-N*(N,(N(U-B*n))(t)+(M+ N(t)(t.)))
+ N*((M + NO,(tl))*)*((M -t- NIt’( t))*N((U-1B* r/))(tl)

+(M + NdP(tl))*(M + NdP(tl))z(to)),
(v) -A* q + W(z Xo) almost everywhere.
Proof. This follows from Corollaries 3.14 and 3.15.
If N 0 and M1 0 then the above result reduces to a rather familiar result below.
COROLLARY 3.17. Assume that

Fr(x) Mx( to), FA(X) Nix(tl)

for all x Dom T1 where M and N1 are d x n and d x n constant matrices, respectively.
Then the unique optimal controller u+ for the control problem is given by

u/ U-1B*q almost everywhere,

where rl is an element of Dom T1 for which there exists z Dom T satisfying:
(i) . Az + BU- B* almost everywhere,
(ii) MM* y Mz(to),

(iii) *W(-xo) d+(N(tl))*(N((U-’B*r))(t)+ N(t)(to))
0

e Range (M*.),

(iv) r(t)= -N*(N(N(U-IB*rl))(tl)+
(v) -A*r/+ W(z Xo).
Remark. When M I,,, the above result is well known in the literature. Notice

that in this case the condition (iii) becomes redundant.
Example. In the control problem, take [to, t] [0, 1], A =0,,, U Iram, W=

I,n, Xo 0n, FA 0, and

Fa(x) Mx(O) + gx(1) + f( t)x(t) dr, x e Dora T,

where M(d x n), N(d x n) are constant matrices and f(t)(d x n) is a matrix-valued
function of such that f*f is integrable in [0, 1] entrywise.

Then the problem becomes"
Minimize Io (x*x + u’u) dr, subject to u e X,,,, x e Dora T, 2 Bu almost

everywhere, and the least-squares condition:

Mx(O) + gx(1) + fx dt y

Min My(O) + Ny(1) + fy dt y y e Dora T1, Bu almost everywhere
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Let fi be the corresponding dynamical system, i.e., the set of all ordered pairs {u, x}
satisfying the above constraints. Then we see that the following are equivalent:

() {u,x}.

(2) u X,., x Dom T, Bu almost everywhere,

and

fxdt+Mx(O)+Nx(1)-r=(QQ*-I) 3,- N*+ f(s) ds B(t)u(t) dt

(3) u e Xm, x B(s)u(s) ds a

Q* N* + f(s) ds B(t)u(t) dt + Q*

for some a Null Q,

where Q (corresponds to Qa) is the d x n matrix M+N+J fdt. Notice that for
{u,x},

x(0l= *--* N+ f(s) as (tlu(l at

for some e Null Q.
Thus if f= 0, N 0, then the least squares condition becomes a transversality

condition"

x(0)- M* e Null M.

Since this condition does not depend on controls, even though generates multi-
responses, one can treat the control problem as a standard single response problem
by eliminating ’multi-responseness".

However, if N 0, f 0, and Null Q {0}, then x(0) depends directly on controls
and Null Q, and so the least-squares condition is no longer a transversality condition.
Thus it is not clear whether the maximum principle or the Bellman’s dynamical
programming method can even be useful in handling this case.

By Corollary 3.13 we have: The optimal controller u+ is given by

u+ B* almost everywhere

where is an element of Dora T for which there exists e Dora T such that

BB* almost everywhere,

(ii) (0)+Q* g*((1)-(0))+ f(-(0)) dt- eNull Q,

(iii) dte Range Q*,

(ivl n( *(** a,

(v) =-f*(Q*)* dt almost everywhere.
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Let be the orthogonal projector of C onto Null Q, and let

g Q 3/- Q N* + f(s) as B(t)u(t) dt.

Then using Theorem 3.9 we see that

x+: B(s)u+(s) ds+g+ (s-1)B(s)u+(s) ds

is the unique optimal response corresponding to u+, while for any e Null Q,

x:= B(s)u+(s) ds + g +

is a nonoptimal response corresponding to u +.
elege. The author thanks the re%rees for the constructive comments

which led to improving this paper.
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OPEN LOOP CONTROL OF WATER WAVES IN AN IRREGULAR DOMAIN*
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Abstract. This paper considers open loop control of linear, small amplitude waves on a fluid surface.
It extends the controllability results of Reid and Russell [4] to a two-dimensional domain with irregular
bottom contour, constructing a null control via its Laplace transform, provided the bottom has finite arclengh
and no beaches. The domain may be multiply connected, i.e. contain fixed objects, provided they do not
touch the surface.

Key words, water waves, small amplitude waves, linear waves
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1. Introduction. This paper builds on results from an earlier paper by Reid and
Russell [4], and relies heavily on that paper for background and comprehensibility.
In [4], we developed a model for a controlled system of water waves on the surface
of a two-dimensional region. The development of the model and the proofs of
existence/uniqueness required no special assumptions about the shape of the region.
The controllability result in [4], however, depended on knowledge of the eigenvalues
of the underlying system, and thus applied only to a simple geometry for which the
eigenvalues are known (infinitely deep tank with straight sides). The control result
obtained was that an (essentially) arbitrary initial state can be steered to zero (surface
is still) in infinite time, but not in any finite time, with the boundary control modeled.
The rate of convergence to zero was not examined.

The current paper perturbs the argument in 14] to obtain the same result for
variable, finite-depth regions. It constructs on open-loop, boundary null-control, i.e.
one that steers an "arbitrary" initial state to zero in infinite time, and shows that no
such control is possible in finite time.

This work begins with the evolution equation derived in [4] to describe linear
waves controlled by a vibrating wall, and uses the existence/uniqueness results proved
there. It also uses the result that the evolution operator A is self-adjoint with compact
resolvent, and that an open loop null control must satisfy a certain moment equation
involving exponentials of eigenvalues (equation (1.5) here). In [4], we solved the
equation (1.5) for a simple geometry for which both eigenvalues and eigenfunctions
are known, namely an infinitely deep, straight-sided tank. This work solves (1.5) for
much more general geometries, following the same line of attack as [4]. It proceeds
by perturbation of the work in [4], first by estimating the eigenvalues for a more general
geometry, then by establishing functions which have zeros at those eigenvalues and
which are recognizable as Laplace transforms of L2 functions. Motivation for the
perturbation techniques comes from equation (2.4) of this paper, which displays a
potential function for the infinite depth tank. That potential decays exponentially with
depth, leading one to expect that the effect of a bottom should also decay exponentially
with depth. Such a guess is essentially correct, and is the key to eigenvalue estimation:
one can estimate the influence of a bottom by looking in the infinite depth tank at the
flow through the proposed bottom, then computing the influence of placing a bottom
there. Calculating that surface influence is the same as computing the electric field at
the surface due to a charge distribution placed on the bottom, where the charge

* Received by the editors April 1, 1984, and in revised form April 15, 1985.
t Department of Mathematical and Computer Sciences, Michigan Technological University, Houghton,

Michigan 49931.
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distribution equals the flow in the infinite depth tank through the proposed bottom;
an integral form for such a potential is known.

In the proofs here, ideas and estimates are borrowed from the proofs in [4], so
a reader must either recall key estimates from [4] or accept them without proof. If
arguments duplicate those in [4], only necessary changes are supplied.

We begin the current work with a summary of the problem formulation, then give
a brief overview of what follows.

Consider a fluid in a two-dimensional region , with nonzero vertical walls at
water level, i.e. no beaches. Denote the vertical segments by W and W, the remaining
fixed boundary (the bottom) by F, and the undisturbed surface (z- 0) by So. Assume
F has finite arc length. See Fig. 1.

FIG.

The surface contour ’(x, t) is a solution of

(1.1) ’= -A’,

where the evolution operator A is defined in terms of a harmonic
potential" @, which satisfies"

"acceleration

(1.2) ’ on So,

Oq-O on FU W U W.
On

(If fluid velocity is -Vb, then tp=Ock/Ot, hence the name "acceleration potential.")
Then A is defined by

(1.3) A
Oq’
-Z So’

provided r D(A), i.e. Hl L2[0, r] and J (x)dx=O. (The last condition is
needed to ensure volume conservation; hereafter we write it as L(0, r).)

The controlled system, where wall W2 oscillates with velocity F(z)U(t), can be
written

[ 0 (0)(1.4) 0-’( n q d(x)Ot -A \’]+ u(t)

or more briefly (O/Ot)=Ao+B(x)u(t), with l=o/Ot, and d(x) an L2 control
distribution function.
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Existence, uniqueness, and regularity of solutions to (1.4) were established in [4],
and an open loop null control u(t) valid in infinite time was shown to satisfy

(1.5) a + b e-Wu( t) dt O, k + 1, +2, +3,. ..
Here are the eigenvalues of Ao; a and b are expansion coefficients of :(x, 0) and
B(x) in terms of eigenfunctions of Ao. (It was shown in [4] that no such control can
be hoped for in finite time, because wave propagation speeds approach zero as
wavelength approaches zero.)

Existence of a control u(t) satisfying (1.5) depends on the eigenvalues . For a
simple domain ll= {(x, z): 0<_-x_-< r, _<-0} (with straight sides and infinite depth),
the operator A-= A, its eigenvalues and eigenfunctions are known; solutions to (1.5)
were constructed for this case in [4]. Here we prove similar results for a more general
region 1. In what follows, ll, A,f, q, refer to the infinite depth domain, while
A, q refer to the finite domain. The eigenvalues of A, were established in [4] as

I k, k 0, 1, 2,...; here we establish and use estimates of the eigenvalues of A.
We will use henceforth to denote eigenvalues of A, and w to denote eigenvalues
of Ao as above, specifically

(1.6) W+/-k + ix/--k, k 1, 2, 3," ".

Theorem 2.1 shows that the eigenvalues ’k of the evolution operator A in the
finite domain fl are close to the eigenvalues of Ainf in the simpler domain ’inf,
specifically IAk-k[= O(1/k). Lemma 3.1 uses this closeness to show that a product
analogous to 1/F(z), but with zeros at ’k instead of k, is asymptotic to 1/F(z) in any
sector lying in the right half plane. Using this product and a property similar to the
reflection property of the Gamma function, Theorem 3.1 establishes a function Gp(z)
with zeros at +ik and bounded in the right half plane. Theorem 3.2 shows that a
control u (t) can be constructed using Gp(z) in the same way as for the simpler geometry
inf- Smoothness conditions on the initial state which ensure convergence of the series
defining u(t) are the same as for the infinite depth case.

2. Eigenvalue estimates.
THEOREM 2.1. The operator A has a discrete spectrum ofeigenvalues ’k k + ek/ k,

where the [ek[ are bounded, and an associated complete orthonormal set ofeigenfunctions
(x).

Proof. We prove three lemmas showing that the effect of a bottom is bounded:
Define B and p by

(2.1) A Ainf--b B,

where B is a bottom perturbation operator and pp is a harmonic function defined in. The domain of B is that of A and Ainf, namely Hl f L(0, r), and B is related to
p by (1.3), B =OOp/Ozlso. Since both A and Ainf are self-adjoint (from [4]) and since

(2.2) A2 Anf-b Ainf B + B Ainf-[- B2,

(where D(A2) HE Lo2(0, r)), we can display the eigenvalues of A as (k2 + O(1))1/2
k + O(k-1) provided we can show that the last three terms in (2.2) are bounded. To
this end, let

(2.3) ’(x) an cos (nx)

be the Fourier expansion of " (ao-0 by conservation of volume). The potential
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corresponding to st(x) in "inf must satisfy O(z=O)= ’(x), O0/Ox=O at x=O, x= 7r

and OO/Oz-->O as z -oo, and thus can be verified to be

(2.4) Iinf(X Z) E a, e cos nx.

Therefore,

(2.5) Ainf(COS nx) n cos nx, n 1, 2, 3,. .
Assume sr Hi[0, 7r], so

(2.6) E 2 2
tl

To estimate B, we derive an integral representation for Op as defined in (2.1).
Construct an extended domain as shown, (see Fig. 2) so that the new domain is
symmetric about x =0, x =Tr, and z =0. If F(s) is a parametrization of the bottom
contour, define a flux density r(s) on F by

(2.7) 7rr(s)
--0 I]/in

r(s)

defined on F(s) and extended as in Fig. 2 to be symmetric about x=0, x=Tr,
antisymmetric about z=0. (r(s, z)=-r(s,-z))

T

one period

FIG. 2

x=3

Let F’ represent the extension of F shown in Fig. 2, and hereafter or(s) refers to
the extended domain although the notation is unchanged.

LEMMA 2.2. The perturbation potential Op and operator B of (2.1) are given by

(2.8) G(x, z) It’ r(s) In r(s, x, z) dx,

o’(s)h(s)
(2.9) Be(x) [-s-, x, -O-)j2 ds



OPEN LOOP CONTROL OF WATER WAVES 793

where h s is the z coordinate at the point parametrized by s, and r( s, x, z) is its distance

from (x, z). (Dependence of qp and B on (x) comes from tr(s) via (2.3), (2.4), (2.7).)
Note that B=(O/Oz)(d/p)lz=o, and that B is linear.

Proof. qp is the integral form of the two-dimensional potential whose normal
derivative on F’(s) is rtr(s). Symmetry of the domain and the flux density tr(s) shows
that qp has normal derivative zero on W1 and W2 and that qp 0 on z 0, and equation
(2.7) shows that (0/0/l)(tinf-- tp) --0 on F. Thus tinf-b tp fulfills the requirements (1.2)
for (recall that Oinf-- on SO) SO Op and B =-(O/OZ)Oplz=o satisfy (2.1). [3

LEMMA 2.3. B Ainf is bounded.
Proof. Using (2.3), (2.5), we have

(2.10) BoAinf() na,(B cos nx).

Let r.(s) be the flux density tr(s) obtained by taking ’(x)= cos nx (compute I/in
with value cos nx on the surface So, and denote the result by qi"nr- Use (2.7) to calculate
tr(s), and denote that result by r.(s)). Then B(cos nx) can be estimated by putting
an estimate of tr.(s) into the integral form (2.9) for B. Since the potential q’nf is just
that of a single term in (2.4),

(2.11)

and (2.7) implies

(2.12)

I]tinnf--" e cos fix,

where H is the minimum depth of the tank. If M is the maximum depth, we see from
(2.9) that

Mn e-nil
(2.13) IBcos(nx)l<--

,[r(s,x,O)

for some k independent of n, provided F has finite arc length. Combining this with
(2.10) we have, recalling (2.3),

(2.14) Ilnminf(’)ll <-__ K E n2a. e-"n <- cIlll,

so that B Ainr is bounded.
LEMMA 2.4. minf B is bounded.
Proof

(2.15) Ainf B anAinf B cos (nx),

so by the Schwarz inequality we need only a bound for

(2.16) Y’. IAi.ro B(cos nx)l2.

Use estimate (2.12) to define I  (s)l < 1 by

(2.17) r,(s) n e-"n,(s),
then consider an integral similar to (2.13)"

(2.18) Ainf B(cos nx)= n e-"n Ainf i";’,,2 Ms
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The term in brackets may be shown to be bounded independent of n by estimating
the derivative of the integral, and noting from (2.5) that

ainff(x)ll ,.= f’,, x)ll,
The derivative of the integral can be estimated by:

(2.19)

d’,(s)h(s)(O/Ox)r(s, x, O)
I" -2r(s,x,O)

M Ir (O/Ox)r(s, x, O) asdx<=-- ((x+H)/x/)

4 (X + H)
ds < oo.

Note that 1(O/Ox)r(s, x, 0)l -< 1 because r(s, x, 0) is the distance from (x, 0) to the point
parametrized by s, and that the arclength of F is finite. [q

Finally, we note that BoB is bounded, from (2.13), establishing Theorem 2.1.
We know from [14] that A is self-adjoint with compact resolvent, hence has a

complete system of eigenfunctions. [3

3. Construction of an open-loop control. Under some assumptions on ak and bk,
(1.5) can be solved for a control u(t) LI[ L2[0, o). Rewrite (1.5), recalling the Wk
are eigenvalues of Ao [_ o/], and the Ak the eigenvalues of A, as

_ak(3.1) e-Wktu( t) dt ck =- k + 1, +/-2,.
bk

with the convention Co=0, and the approximate controllability assumption bk Y O.
Solve this moment problem for u(t) in a way parallelling [4]" establish a function
Gp(z) which is uniformly bounded in the right half-plane and which has simple zeros
at the W+/-k --+iVk, k-- 1, 2, 3," ". Then factor out zeros one at a time to establish a
set of functions pk(Z), k- +1, +2,. , satisfying

(3.2) I e-Wktp(t) dt ,, k, j + 1, +2, +3,...
.Io

so that u (t) satisfying (3.1) is

(3.3) u(t) CkPk(t).

To construct Gp(z) as noted above, let Fp(z) be a "perturbed" gamma function with
poles at z =-, instead of z =-n"

(3.4) -e 1 1+ e
[’p(Z) =1

The product converges absolutely since {A,- n} is bounded (Theorem 2.1).
THEOREM 3.1. The function

r[(z+l)]
(3.5) Gp(z) =F,(z)[eZ+F(z + 1)]4
is analytic for Re (z) > 1, uniformly bounded for Re (z) >= O, has bounded derivatives
on the imaginary axis, and simple zeros at W+k + ix/--k.

Proof. Zeros and analyticity of Gp(z) are clear; we establish boundedness by
comparing Gp(z) with the G(z) discussed in [4], using the result from [4] that G(z)
is uniformly bounded in Re (z)->0 with bounded derivatives on Re (z)=0.
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LEMMA 3.1. Let

(3.6) H(z)
r(z

Then H(z) and 1 /H(z) are uniformly bounded for

(3.7) larg zl <
r-- 0 for any 0 > O.

Proof.

(3.8) H(z) 1-I
(1 + z/(n + e,)) e, e, e z

(1 +z2/n)
1 t-

,= n+e, n+z (n+e,)(n+zz)
where A, n + e, as in Theorem 2.1. Since e, 6,/n where 3,[ C,

(3.9)
c

< (20)n+z2 =csc
The product in (3.8) converges provided the sum of the last three terms converges, and

En 8n 8n+
z2

+
,= n+e, n+ (n+e,)(n+z2)

C C csc (20) C csc 20

-<1 + +(n+e,)x/-ff nx/-ff (n+e,)nx/-ff"
The series on the right converges absolutely, and is bounded independent of z in

the argument range (3.7). A similar analysis shows uniform boundedness of 1/H(z)
in the same sector. [3

Lemma 3.1 implies that G(z) H(z) G(z) is bounded in the argument range
(3.7). In establishing boundedness of G(z) when larg zl= 7r/2 in [4], we used the
reflection principle

1 -z sin 7rzF(_z).(3.10) r(z)-
We need a similar reflection equation for Fp(z); from (3.4) we see that

II r (-zl.

Let

(3.12) p(z) z 1-

Then we expect p(z) to be related to sin rz; in fact we can show:
LEMMA 3.2. For some fl(s) L-[-Tr, 7r], and some constant C,

(3.13) p(z) 1-[ 1- C sin rz- (s) e" ds

Proof. The exponentials e+/-, together with 1, form a Riesz basis for L[-", ’]
because {I-k} is square summable (see [2]). In addition, {sin 1r} is square sum-
mable, so that there is a unique fl e L;[--, r] with

(3.14) (s) e ds-sin A-, k =0, +1, +2, +/-3.
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Therefore

(3.15) g() =sin -- (s) e ds

is entire, and has zeros precisely at =0, +iI. The product (3.12) shows p() to be
entire with the same zeros. Choose a zero of neither p nor g, define

p(a)=Cg(a),
then

(z)
P(z) Cg(z)

Z--

is entire, L2 on the real axis, and of exponential type (see [3]). Therefore it is the
Fourier transform of some (t)e L2[-, ], which is onhogonal to 1, e and thus
is zero.

We complete the proof of Theorem 3.1 by noting that for /2-0 arg z[ /2
(using estimates of G(z) from [4],

1 l_e_ (s) e(- ds Cr(-)(3.16) G()=4e F(_)

and thus is bounded and has bounded derivatives there.
To 3.2. efunctions (), defined by

wG(z)
(.7) p(z) =,,,z(z-w)a’(w)’

are Laplace transforms of functions pg(t) L L[O, ) and satisfy biorthogonality
relations

(.8) p2(w) .
oof Estimates of G(z) from [4] and the fact that [w-i= O(1/k/) allow

the proof to follow the infinite depth ease: fi(z) is in L(-,) as a function of y,
uniformly in x and with estimates independent of k. Since y derivatives of fi(iy) are
in L, tp(t) must be in L and therefore p(t)

The series (3.3) for a control a(t) will converge provided the initial state is
sufficiently smooth.

The a are the expansion coefficients ofthe initial state o in terms of eigenfunctions
of Ao (see (1.5)). The b are coefficients of a control distribution function B(x), and
are design parameters of the control mechanism. Assume they were chosen to be slowly
decaying, say [b[ 1/kv, where p> ensures that {b} is square summable. Then (3.3)
will converge to an admissible control provided [a/b[ is summable, for example if
[a[ < 1/k for some q > p + 1.
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FINITE DIMENSIONAL COMPENSATORS FOR INFINITE DIMENSIONAL
SYSTEMS WITH UNBOUNDED INPUT OPERATORS*

R. F. CURTAINf AND D. SALAMONf

Abstract. This paper contains a design procedure for constructing finite dimensional compensators for
a class of infinite dimensional systems with unbounded input operators. Applications to retarded functional
differential systems with delays in the input or the output variable and to partial differential equations with
boundary input operators are discussed.
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differential equations, partial differential equations, boundary control
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1. Introduction. In 15], 16], 17] Schumacher presented a design procedure for
constructing stabilizing compensators for a class of infinite dimensional systems. The
novel feature was that the compensators were finite dimensional and that they could
be readily numerically calculated from finitely many system parameters. The class
included those systems described by retarded functional differential and partial
differential equations provided that the eigenvectors of the system operators were
complete and provided that the input and output operators were bounded. In [3]
Curtain presented an alternative compensator design which applied to essentially the
same class of systems, except that for the special case of parabolic systems unbounded
input and output operators were allowed. By means of enlarging the state space of
the given distributed boundary control system, Curtain in [2] essentially transformed
the original problem with unbounded control into one with bounded control action
so that the techniques of either [16] or [3] could be applied. The resulting control,
however, was of integral type. Neither of these two compensator designs are applicable
to retarded systems with delays in the control or the observation.

In the present paper we make use of the abstract approach developed by Salamon
[ 14] to extend the results of Schumacher 16] to allow for unbounded control action.
This is done in a direct way without reformulating the original problem into one with
a bounded input operator. In 2 we outline the abstract formulation and prove a
theorem on the existence of a finite dimensional compensator paralleling the develop-
ment in [16]. In 3 the general approach is then applied to retarded functional
differential systems with delays in either the input or the output variables. The conditions
are easy to check and they are quite reasonable, except for the assumption of complete-
ness of the eigenfunctions which seems to be too strong. In a special case we are able
to weaken this assumption.

Finally, in 4, we show how boundary control systems fit into the abstract
framework of 2 and give an example. The results are compared with the approach
in [3].
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2. A general result. We consider the abstract Cauchy problem

(2.1.1) Yc(t) Ax(t) + Bu(t), x(0) Xo X,

(2.1.2) y( t) Cx( t),

on the real, reflexive Banach space X where A: (A)- X is the infinitesimal generator
of a strongly continuous semigroup S(t) on X and C (X, m).

In order to give a precise definition of what we mean by an unbounded input
operator we need an extended state space Z X. For this purpose let us first introduce
the subspace

Z* @x*(A*) X*

endowed with the graph norm of A*. Then Z* becomes a real, reflexive Banach space
and the injection of Z* into X* is continuous and dense. Defining Z to be the dual
space of Z*, we obtain by duality that

XmZ

with a continuous dense injection.
Remarks 2.1. (i) A* can be regarded as a bounded operator from Z* into X*

and S*(t) restricts to a strongly continuous semigroup on Z*. By duality, A extends
to a bounded operator from X into Z. This extension, regarded as an unbounded
operator on Z, is the infinitesimal generator of the extended semigroup S(t) (Z)
(see [14, Lemma 1.3.2]).

(ii) If r(A)= r(A*), then the operator II-A:X--> Z is bijective. Further-
more, this operator commutes with the semigroup $(t) so that it provides a similarity
action between the semigroups S(t) (X) and S(t) (Z).

(iii) It follows from (ii) that the exponential growth rate of the semigroup S(t)
is the same on the state spaces X and Z, i.e.

Oo lim -1 log S( t) ]]:e(x) lim - log []S(t)l[(z).

(iv) It also follows from (ii) that the spectrum of A on the state space X coincides
with the spectrum of A on Z (see [14, Lemma 1.3.2]). Furthermore, the generalized
eigenvectors for both operators are the same, since the eigenvectors of A and Z are
contained in z(A)= X. Finally, the (generalized) eigenvectors of A are complete in
X if and only if they are complete in Z.

We will always assume that B is a bounded, linear operator from R into Z.
However, we want the solutions of (2.1.1) to be in the smaller space X on which the
output operator is defined. Therefore we need the following hypothesis.

(H1) For every T> 0 there exists a constant br > 0such that S(T- s)Bu(s) ds
X and

S( T- s)nu(s) ds --< bllu(.
x

for every u(. LP[0, T; R] where 1 -< p < o. In the following we collect some impor-
tant consequences of (HI) which have been established in [14, 1.3].

Remarks 2.2. (i) (HI) is satisfied if and only if the inequality

IIB*S*(" )X*IIL,tO.T;R,<=

holds for every x*eZ* and every T>O where lip+l/q= 1.



FINITE DIMENSIONAL COMPENSATORS FOR INFINITE DIMENSIONAL SYSTEMS 799

(ii) If (H1) is satisfied, then

(2.2) x(t) S(t)Xo+ S(t- s)Bu(s) as e x

is the unique strong solution of (2.1.1) for every XoS X and every u(. )s LP[0, T; Rl].
More precisely x(t) is continuous in X on the interval [0, T] and satisfies

x(t) Xo+ lAx(s)+ Bu(s)] ds, 0 < t<-_ T,

where the integral has to be understood is the state space Z. Thus (2.1.1) is satisfied
in the space Z for almost every [0, T].

(iii) If (HI) is satisfied, then for every w(.) c[0, T; X] there exists a unique
x(. ) c[0, T; X] satisfying the equation

x(t)= w(t)+ S(t-s)BFx(s) ds, t>-O.

This solution x(. depends continuously on w(. ).
Moreover hypothesis (H1) implies the following important perturbation result.
THEOREM 2.3. Let F (X; It) be given. Then the following statements hold.
(i) There exists a unique strongly continuous semigroup SF( t) on X satisfying

(2.3) SF(t)x=S(t)x+ S(t-s)BFSF(s) xds

for every x X and every >-O. Its infinitesimal generator is given by

(AF) {x XIAx + BFx X},

AFX Ax + BFx.

(ii) A*F A* + F’B*: (A*F) Z* X*.
(iii) SF(t) extends to a strongly continuous semigroup on Z and the infinitesimal

generator of the extended semigroup is given by A+ BF: X--> Z.
(iv) Let Xo X and v(. ) LP[O, T; R] be given and let x(. ) c[0, T; X] be the

unique solution of

(2.4)

Then

(2.5)

x(t)=S(t)Xo+ S(t-s)B[Fx(s)+v(s)] ds,

x(t)= SF(t)Xo+ SF(t-s)Bv(s) ds,

O<=t<=T.

O<=t<=T.

(v) Hypothesis (HI) is satisfied with S( t) replaced by SF(t) and SF(t) satisfies

(2.6) SF( t)x S( t)x + SF( s)BFS(s)x ds

for every x X and every >= O.
(vi) Let Xo X and f(. LP[O, T; X] be given and define

(2.7)

Then

(.8)

x(t)= SF(t)Xo+ SF(t--s)f(s) ds, O<__t<_T.

x(t)= S(t)Xo+ S(t-s)[BFx(s)+f(s)] ds, O<_t<=T.
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Proof. Statement (i) has been shown in [14, Thm. 1.3.7] and (ii) follows from
14, Thm. 1.3.9] since the input space is finite-dimensional. By (ii), S*F(t) restricts to a

strongly continuous semigroup on Z*= (A*F) and hence SF(t) extends to a semi-
group on Z. By Remark 2.1(i), the extended semigroup is generated by the adjoint
operator of A*, where A*F is regarded as a bounded operator from Z* into X*. This
proves statement (iii).

In order to establish statement (iv), let us first assume that v(. [0, T; 1] and
let x(. ) [0, T; X] be the unique solution of (2.4). Then it follows from Remark 2.2
(ii) that x(. ) [0, T; Z] and

d
d-t x(t) (A + BF)x( t) + By(t), 0 <= <-_ T.

Hence it follows from (iii) and a classical result in semigroup theory that x(. is given
by (2.5). In general, statement (iv) follows from the fact that the unique solutions of
both (2.4) and (2.5), regarded as continuous functions with values in Z, depend
continuously on v(. ) LP[O, T; l].

It follows immediately from (iv) that (HI) is satisfied with $(t) replaced by SF(t).
NOW let x(t), t--> 0, be defined by the RHS of (2.6). Then it follows from (iv) that

x(t)=S(t)x+ S(t-s)B F Se(s-r)BFS(r)xd’+FS(s)x ds

S(t)x + S(t- s)BFx(s) ds

for >_-0, and hence x(t)= SF( t)x, by the definition of SF(t). This proves statement (v).
Statement (vi) can be established straightforwardly by inserting (2.3) into (2.7)

and interchanging integrals.
The aim of this section is to give sufficient conditions under which system (2.1)

can be stabilized by a finite-dimensional compensator of the form

(2.9.1) (t) Mw( t) Hy( t), w(O) Wo,

(2.9.2) u(t) Kw( t) + v( t),

where MN, H v,,, Ks are suitably chosen matrices. To this end we
need the following well-posedness result for the connected system (2.1), (2.9).

PROPOSITION 2.4. Let (H1) be satisfied. Then for all Xo X, Wo , v(.
L{’oc[0, ; ] there exists a unique solution pair x( t), w( t) of (2.1) and (2.9). is means
that x( t) is continuous in X and absolutely continuous in Z, that (2.1.1) is satisfied for
almost every tO where u(t) is given by (2.9.2) and that w(t) is continuously
differentiable and satisfies (2.9.1) where y( t) is given by (2.1.2).
oo Let us introduce the spaces X X x, Ze Z X Ue X and

the operators S( t) (X), n ( Ue, Ze), Fe (Xe, Ue.) by

0 et
Be= 0 -H Fe=

Then hypothesis (HI) is satisfied with X, Z, S(t), B replaced by Xe, Ze, Se(t), Be,
respectively. Moreover x(t) X and w(t) satisfy (2.1) and (2.9) in the above
sense if and only if the following equation holds for every >= 0

W(t)/’-Se(t)(Xw:)"l-IoSe(t--S)ne[fe(X(S)
This proves the statement of the proposition.
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The following hypothesis together with (H1) will turn out to be sufficient for the
existence of a stabilizing, finite dimensional compensator for system (2.1). It generalizes
the approach of Schumacher 15], 16], 17] to systems with unbounded input operators.

(H2) Suppose that there exist operators F (X, Rt), G (R", X) and a finite
dimensional subspace Wc X such that the following conditions are satisfied.

1. The feedback semigroup SF(t) (X), defined by (2.3), is exponentially stable.
2. The observer semigroup S(t) (X), generated by A + GC is exponentially

stable.
3. SF(t) Wc W for all t_->0.

4. Range G W.
If (H2) is satisfied and N dim W, then there exist linear maps

RN satisfying

(2.10) "tr id, ’rrx x, x W.

Moreover, W= (AF) and hence "rrAF is a well defined linear map on ]v. We will
show that the system

vb( t) 7r(AF + GC)w( t) -TrGy( t), w(O) Wo,
(2.11)

u( t) Fw( t),

defines a stabilizing compensator for the Cauchy problem (2.1).
THEOREM 2.5. If (HI), (H2) and (2.10) are satisfied, then the closed loop system

(2.1), (2.11 is exponentially stable.
Proof. By Proposition 2.4, the system (2.1), (2.11) is a well-posed Cauchy problem.

Now let x(t) X, w(t) s be any solution pair of (2.1), (2.11) and define

(2.12) z(t) w(t) x(t) X, ->_ 0.

Then

(2.13) b(t) 7rAFW(t) + 7rGCz(t),

and hence, using rSF(t) erAFt and Theorem 2.3(vi) with f(t)= GCz(t), we get

z(t)= TrSF(t)Wo+ TrSF(t-s)TrGCz(s) ds-x(t)

S(t)wo+ Se(t-s)GC(s) ds-x(t)

S(t)Wo+ S(t- s)[BFw(s)+ GCz(s)] ds

-S(t)xo- S(t-s)Bu(s) ds

S(t)z(O) + S(t- s)GCz(s) ds, >- O.

This implies z(t)=S(t)z(O) and hence, by (2.13), stability of the pair z(t), w(t).
Now the stability of the pair x(t), w(t) follows from (2.12).

Clearly, the hypothesis (H2) is not very useful in the present form since it is rather
difficult to check in concrete examples. Following the ideas of Schumacher [16], we
transform (H2) into an easily verifiable criterion. The basic idea is to approximate G
by generalized eigenvectors of AF and to show that, if A has a complete set of
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generalized eigenvectors and is stabilizable through B, then there exists a stabilizing
feedback operator F which does not destroy the completeness property of A.

More precisely, we need the following assumptions on A.
(H3) The resolvent operator of A is compact and the set A=

{A Ptr(A)lRe A >=-to} is finite for some to > 0.
If (H3) is satisfied, then we may introduce the projection operator

f (I- A)-’ d/PA
2ri .r

where F is a simple rectifiable curve surrounding A but no other eigenvalue of A.
Clearly, PA is a projection operator on both X and Z. Correspondingly we obtain the
decomposition

X =XA@XA, Z =XA(R)ZA,
where XA range PA, ZA= ker PA, XA= zAf") X are invariant subsapces under $(t).
If NA dim XA, we may identify XA with NA and obtain two maps

tA: NA --- XA, ’ITA:Z--NA
with the properties

(2.14) "trAtA id, tA’rrA PA
Then the projection XA(t)= "rrAx(t) of a solution to (2.1) satisfies the finite dimensional
ODE

(2.15)
A(t) AAXA(t) + BAU(t), XA(0) XrAX0,

yA(t) CAXA(t)

where

(2.16) AA ’rrAAtA, BA 7tAB CA CtA.

Now we can replace (H2) by the following stronger conditions which can in many
cases be easily verified. The result has been proved by Schumacher [16] for the case
that range B c X (bounded input operator).

PROPOSITION 2.6. Let the operator A satisfy (H3), assume that the exponential
estimate

(2.17) IIS( t)IxAII(XA) M e-’t, >= O,

holdsfor some M >- 1 and that the reducedfinite dimensional system (2.15) is controllable
and observable. Furthermore, assume that the generalized eigenvectors ofA are complete
in X. Then H2 is satisfied.

Proof. Since (2.15) is controllable, there exists a matrix FA INA such that the
matrix AA+ BAFA is stable. Furthermore, the estimate (2.17) implies that

IIs(t)lz ll z ) <- M e-’t, >-- O,

(Remark 2.1(iii)). It is a well-known result in infinite dimensional systems theory (see
e.g. [5] or [16]) that under these assumptions the closed loop semigroup S(t) Z(Z),
generated by A+ BF: X --> Z with F FAXrA: Z -> l is exponentially stable. By Theorem
2.3, S(t) restricts to a strongly continuous semigroup on X and the operator/.tI- A-
BF:X--> Z provides a similarity action between both semigroups (Remark 2.1(ii)).
Hence the restricted semigroup SF(t)Z(X) is still exponentially stable (Remark
2.1(iii)).
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By assumption, the generalized eigenvectors of A are complete in X and hence
they are complete in Z (Remark 2.1(iv)). Therefore it is possible to choose the feedback
matrix FA such that SF(t) is exponentially stable and the generalized eigenvectors of
A+ BF:X- Z are complete in Z (Schumacher [16]). It follows again from the above
similarity argument, that this completeness property carries over to the restricted
operator AF’. (A)X introduced in Theorem 2.3(i).

Now choose GA.NAxm such that AA + GACA is stable and define G AGA:
X. Then it is again a well-known fact from infinite-dimensional linear systems theory
that A+ GC: (A)X generates an exponentially stable semigroup on X (see [5] or
16]). It is also well known that A + GC still generates an exponentially stable semigroup
on X whenever Glide(urn,x) is sufficiently small. Now we make use of the fact that
the generalized eigenvectors of AF are complete in X. This implies that G: R"- X
can be approximated arbitrarily close by an operator G:m . X whose range is spanned
by finitely many generalized eigenvectors of AF. We choose G in such a way that
A+ GC generates a stable semigroup and denote by W the finite dimensional subspace
of X which is invariant under A and generated by those generalized eigenvectors
which span the range of t. Since W is a finite dimensional subspace contained in
(AF) and invariant under AF, the restriction of AF to W is a bounded, linear operator
generating a semigroup Sw(t) on W. Since d/dt Sw(t)x AFSw(t)x, the semigroup
Sw(t) coincides with SF(t) on W. Hence W is also invariant under the semigroup
S(t). We conclude that the operators F:Z-I and t’Rm" X satisfy hypothesis
(H2).

Combining Proposition 2.6 with Theorem 2.5, we obtain a constructive procedure
for designing a finite dimensional compensator for the Cauchy problem (2.1). The
construction is based on the knowledge of the finite dimensional reduced system (2.15)
and on the knowledge of sufficiently many eigenvalues and eigenvectors of the operator
AF. For the case of bounded input operators (range B X) the procedure has been
described in detail by Schumacher [16]. Precisely the same algorithm applies to the
case where range B X.

3. Retarded systems. In this section we apply the abstract result of the previous
section to retarded functional differential equations (RFDE) with delays either in the
input or in the output variable. If delays occur in the input and output variables at
the same time, the RFDE can still be reformulated as an abstract Cauchy problem
(see e.g. Pritchard-Salamon 12]) however, the completeness assumption will no longer
be satisfied.

3.1. Retarded systems with output delays. We consider the linear RFDE

( t) Lxt + Bou( t),
(3.1)

y(t) Cx,,

where x(t)", u(t), y(t)" and x, is defined by x,(-)=x(t+-) for -h-< --<_0,
h > 0. Correspondingly Bo is a real n x/-matrix and L and C are bounded linear
functionals on c c[_h, 0; "] with values in " and m, respectively. These can be
written in the form

= an(4,(), c4,= a,(,4,(,l,
-h -h

where r(’) and y(’) are normalized functions of bounded variation, i.e. they vanish
for r _-> 0, are constant for r-<_-h and left continuous for -h < r < 0.
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It is well known that equation (3.1) admits a unique solution x(.)
Loc[-h, c; "] f’) W’c[0, o; n] for every input u(. ) LlPod0, c; ] and every initial
condition of the form

(3.2) x(0) 4), x(r) b l(r), -h <- r -<_ 0,

where b (b, b 1) , x LP[-h, 0; Rn] Mp. Moreover, in these spaces the solution
x(. of (3.1) and (3.2) depends continuously on b and u(. ). This has motivated the
definition of the state of system (3.1) at time >-0 to be the pair

(3.3) ( t) (x( t), xt) Mp.

The evolution of (t) can be described by the variation-of-constants formula

(3.4) (t)=S(t)c+ S(t-s)Bu(s) ds, t>-O,

where B(NI, Mp) maps ueN into the pair Bu=(Bou, O) and S(t)e(Mp) is the
strongly continuous semigroup generated by

@(A) {c MPIc WI’p, b 1(0) b},

Ac (Lob 1,.c 1).
Here WI"p denotes the Sobolev space WI’p[-h, O, "].

We will consider the evolution of the state (3.3) of system (3.1) in the dense
subspace {(b (0), b)lb WI’p } c Mp which we shall identify with WI’p. Then B becomes
an "unbounded" operator ranging in the larger space Mp. However, it follows from
the existence, uniqueness and continuous dependence result for the solutions of (3.1)
and (3.2) that the state (t) of (3.1), (3.2) defines a continuous function in WI"p

provided that b WI"p and u(. L{’o[0, ; R]. Hence, the operators A and B satisfy
hypothesis (HI) with Z Mp and X WI’p. This implies that the state (t) WI’p of
(3.1), (3.2) with b WI"p satisfies the Cauchy problem

d
;(t) A(t) + Bu(t) ;(0) ( G__. WI’p,

dt
(3.5)

v( t) C;( t),

in the sense of Remark 2.2(ii). Of course, the output operator C: WI"p " is given by

c4, ,(,4(), 4, e w1,.
-h

On the state space W’p this operator is bounded.
Remarks 3.1. (i) If the equation

(3.6) r/(r) r/(-h) + A1, -h < r -< e h,

holds for some e > 0, then the generalized eigenfunctions of A are complete in Mp

and in W’p if and only if

(3.7) det A # 0

(see Manitius [9], Salamon [14, Chap. 3]).
(ii) It is well known that the operator A satisfies (H3).
(iii) The exponential growth of the semigroup S(t) on the complementary sub-

space XA corresponding to A {h cr(A)lRe h =>0} is determined by sup {Re h[h
tr(A), Re h < 0} < 0.
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(iv) Let (2.15) denote the reduced finite-dimensional system obtained by spectral
projection of the solutions of (3.5) on the generalized eigenspace XA. Then (2.15) is
controllable itt

(3.8) rank [AI- L(e), Bo] n A A

(Pandolfi [10]) and observable iff

rAI-L(eX)](3.9) rank L C(ex’)
n /)t A

(Bhat-Koivo [1], Salamon [13], [14]).
Combining these facts with Proposition 2.6 and Theorem 2.5, we obtain the

following existence result for a finite dimensional compensator for system (3.1).
THEOREM 3.2. If (3.6)-(3.9) are satisfied, then there exists a finite dimensional

compensator oftheform (2.9) such that the closed loop system (3.1), (2.9) is exponentially
stable.

3.2. Retarded systems with input delays. In this section we consider the RFDE

(3.10)
g(t) Lx, + But,

y(t)=Cox(t),

with general delays in the state and input and no delays in the output variable. This
time Co is a real m x n-matrix and B a bounded linear functional on c[-h, 0, Rt] with
values in Rn given by

,= (,,(,, ,e [-h, 0, ’],
-h

where fl(r) is an n x/-matrix valued, normalized function of bounded variation. Of
course, we can immediately get an existence result for a finite dimensional compensator
for system (3.10) by dualizing Theorem 3.2. However, for reasons to become clear
later, we make use of a direct approach for system (3.10), following the ideas of Vinter
and Kwong [18] (see also Delfour [6], Salamon [14]).

First note that (3.10) admits a unique solution x(.)eLfo[-h, oe, N"]Cl
WI;[0, oe, for every input u(. )e L’o[0, oe; N] and every initial condition of the
form

(3.11)
x(0) th, x(r) bl(r),

u(’) :(’), -h<-r<O,

where b Mp and LP[-h, 0; l]. In order to reformulate system (3.10) as an
evolution equation in a product space, we rewrite (3.10)-(3.11) as

(t)= drl(r)x(t+r)+ d(r)u(t+r)+fl(-t),
(3.12)

y( t) Cox(t), x(O) =fo,

where the pair f= (fO, fl)e Mp, given by

(3.13)

fl(o’) dr(’)4l(z- o’) + dfl(’)(’- o’), -h <_- o_-<0,
-h h
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is regarded as the initial state of system (3.12). The corresponding state at time >-0
is given by

(t)=(x(t),xt)aMp,
(3.14)

x(o’) dn(z)x(t+z-o’)+ d(z)u(t+’-o’)+f(o’-t).

It has been shown in [6], [14], [18] that the evolution of this state can be described
by the variation-of-constants formula

(3.15) :(t) Sr*(t)f+ Sr*(t--s)BT*u(s) ds, t>-O.

Here Sr*(t) (Mp) is the adjoint semigroup of Sr(t) P(Mq), l/p+ 1/q 1, which
corresponds to the transposed equation (t)= Lrx, in the sense of 3.1. Since St(t)
restricts to a semigroup on the dense subspace Wl’q c Mq, the adjoint semigroup ST*(t)
extends to the dual space W-I’p= (w’q)* which contains Mp as a dense subspace in
a natural way. The input operator BT* f(R, W-’p) is the adjoint operator of BT

(Wl’q, ) given by

I_BTdd dfl(z)d/’(z)e’, e Wl’qc Mq.
h

Since the infinitesimal generator AT* of ST*(t) and the input operator B T* satisfy the
hypothesis (HI) of 2 with X Mp and Z= W-’p (see Salamon [14]), the state
tic(t) Mp of system (3.12), given by (3.14), defines the unique solution of the abstract
Cauchy problem

at :(t)= aT*:(t) + BT*u( t), fir(O) f Mp,
dt

(3.16)
y( t) Cflr( t),

in the sense of Remark 2.2(ii). Of course, the output operator C: Mp ...m is now
given by

Cf Cof m, f Mp.

in order to make the results of this section more precise, we briefly outline the
construction ofthe reduced system (2.15). For this purpose let XA c WI’p andX W’q

denote the generalized eigenspaces of A and AT, respectively, correspondig to A
{A tr(A)lRe A >= 0}. Since A is a symmetric set, we can choose real bases {bl, ",

or XA and {q,. ", } ofX such that the matrices

[q, bv,,] e wl’p[-h, 0;

[#A’’" #/Na] w"q[-h, O; l"xN"],
satisfy

xltT(0)(I)(0) + T(o’) drl(z)(’r-o’) do.= IRN,,NA.
h

Then rA" RtA -) M’ and 7rA" Me ’* IN’ may be defined by

[aXA]=(0)XA, [AXA]’(r)= dV(Z)(z--r)XA,-h<-tr<=O,
h

I-h
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for XAeRN^ and fsMp, and the matrices AARNAxrcA, BAtvAxl, CAmxA are
given by

A(q(0),) ((0), )AA, BA *7-(r) dfl(r), CA Co(0)
h

(see Salamon [14, 2.4]).
Remarks 3.3. (i) If (3.6) is satisfied for some e > 0, then the eigenfunctions of A7-*

are complete in M’ and in W-I’p if and only if (3.7) holds (see Manitius [9], Salamon
14, Chapter 3]).

(ii) If AA, BA, CA are defined as above, then system (2.15) is controllable iff

(3.17) rank [AI- L(eX), B(eX’)] n VA A

and observable iff

(3.18) rank [XI- L(eX’)]Co
=n VAA

(see Salamon [14]).
THEOREM 3.4. If (3.6)-(3.7) and (3.17)-(3.18) are satisfied, then there exists a

finite-dimensional compensator of theform (2.9), such that the closed loop system (3.10),
(2.9) is exponentially stable.

Remark 3.1(i) and Remark 3.3(i) show that the completeness property of A and
A7-* can be destroyed by arbitrarily small perturbations in the delays (compare Manitius
[9]). However such perturbations would not affect the stability of the closed loop
system (3.1), (2.9) respectively (3.10), (2.9). This indicates that the completeness
assumption is somewhat artifical for the purpose of stabilization by a finite-dimensional
compensator. This assumption can be weakened slightly in the special case ofthe RFDE

(3.19)
( t) Aox( t) + Ax( h) + Bou( t),

y( t) Cox(t),

with a single point delay in the state variable if the state space is chosen to be

X (f M’lf(r) range Ai, -h _<- _-< 0}.

It has been shown by Manitius [9] that the completeness property for the operator
AT"* in this space is equivalent to the rank condition

(3.20) rank [Ao-AIA 0 =n+rankA

for some A C. Therefore we have the following result.
COROLLARY 3.5. If (3.8), (3.18) and (3.20) are satisfied then there exists a finite

dimensional compensator of the form (2.9) such that the closed loop system (3.19), (2.9)
is exponentially stable.

Remark 3.6. This result suggests that it should be possible to weaken the complete-
ness assumption for the general RFDE which would be an important improvement.
Another extension would be an existence result for RFDEs with delays in simul-
taneously the control and the observation. However, it is not obvious how this can be
achieved with the present approach, the main difficulty being the completeness property.

Remark 3.7. Although the main results of this section, Theorems 3.2 and 3.4 are
stated as existence results, we emphasize that the stabilizing compensator can in fact
be constructed using exactly the same procedure as it is explained in detail in [ 16] for
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RFDEs without delays in the external variables. The construction, as outlined in the
proof of Proposition 2.6, involves calculating finitely many eigenvalues and eigenvectors
of A and hence the projected system AA, BA, CA as it is described in 3.2. Then the
matrices FA and GA can be calculated by standard finite dimensional procedures. The
most difficult part of the design lies in finding eigenvectors of A+ BF to generate the
subspace W. The approximation of G- AGA by an operator G with range in W then
reduces to a finite-dimensional linear optimization procedure. This procedure has to
be repeatedmwhile increasing Wmuntil G is close enough to G. The numerical example
for a retarded system examined in [16] gives insight into the details of the design
procedure.

4. Boundary control systems. The purpose of this section is to show how abstract
boundary control systems in Hilbert spaces fit into the framework of 2. When these
results are applied to obtain finite-dimensional compensators for particular classes of
partial differential equations (PDE), there is a considerable overlap with results of
Curtain in [2], [3], [4]. The relation between both approaches will be discussed in
detail at the end of this section.

Let W, X, U, Y be Hilbert spaces and suppose that

WcX

with a continuous, dense injection. Furthermore, let A ( W, X), F ( W, U), C
(X, Y) be given. Then we consider the boundary control system

d
dt

x(t) Ax(t) x(0) Xo W,
(4.1)

with the output

(4.2)

Fx(t)=u(t), t>-O,

y(t) Cx( t), >- O.

DEFINITION 4.1 (strong solution, well-posedness).
(i) Let u(.) [0, T; U] and Xo W satisfy Fxo u(0). Then a function x(.)

[0, T; W] is said to be a (strong) solution of (4.1) if x(. ) 1[0, T; X] and if (4.1)
is satisfied for every [0, T].

(ii) The boundary control system (4.1) is said to be well-posed if the subspace
{x WIFx 0} is dense in X, if the restriction of A to this subspace is a closed operator
on X, and if for all Xo W and u(.) W1’2[0, T; U] with Fxo= u(0) there exists a

unique solution x(.) [0, t; W] 1[0, T; X] of (4.1) depending continuously on

Xo and u(. ). This means that there exists a constant K > 0 such that the inequality

sup Ilx(t)llw+ sup Ilyc(t)llx<-K IlXoitw+ Ilfi(t)[[bdt
O<=t<=T O-<t<=T

holds for every solution x(t) of (4.1).
Remarks 4.2. Let system (4.1) be well posed.
(i) Taking u(t)--0, it follows from a classical result in semigroup theory (Phillips

11]) that the operator

(4.3) Ax= Ax, (x wlrx:o 
is the infinitesimal generator of a strongly continuous semigroup S(t) on X and that,
for every Xo (A), the function x(t) S(t)Xo is the solution of (4.1) with u(t) -= 0.
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(ii) As in 2 we introduce the dense subspace Z* x.(A*)c X*. Then

XcZ

with a continuous, dense injection, A extends to a bounded operator from X to Z
and S(t) to a strongly continuous semigroup on Z.

(iii) It follows from [14, Lemma 1.3.2(i)] that

{x WlFx 0} x(a) {x X z(a)lax X}

or in other words, if x e X and Ax X, then x e W and Fx =0. Furthermore, the
W-norm on x(A) is equivalent to the graph norm of A [14, Remark 1.3.1(iii)]. This
means that there exists a constant K1 > 0 such that the inequality

[[xll : --< gl[ IIx I1,, / Ilaxllx]
holds for all x e W with Fx 0.

(iv) F is onto. Hence there exists a constant Ko> 0 such that for every u e U there
exists a w e W such that

(4.4) Fw u, wll :-<- goll u .
Let us now construct the input operator B e ( U, Z).
1. Given u e U we may choose w e W such that Fw u since F is onto (Remark

4.2(iv)). For this w e W we define Bu := Aw Aw Z. This expression is well defined
since Fw 0 if and only ifAw Aw (Remark 4.2(iii)). Hence the map B: U --> Z satisfies,
by definition, the equation

(4.5) BFx Ax- Ax, x W.

2. It is easy to see that B is a linear map.
3. Let u e U be given and choose w e W such that (4.4) holds. Then

Ilnullz <--II a- all(,zll wll :-<- golla- all(,zllull u
and therefore B’U--> Z is bounded.

LEMMA 4.3. Let the operators A and B be defined by (4.3) and (4.5), respectively.
Furthermore, let x X and u U satisfy Ax + Bu X. Then

x W, Fx=u, Ax=Ax+Bu.

Furthermore there exists a constant K > 0 such that

Ilxll w-<- g Ellxllx / u u / Ilax + Bu IIx]

for all x X, u U with Ax + Bu X.
Proof. Let x e X and u e U satisfy Ax + Bu X and choose w e W such that (4.4)

holds. Then
A(x- w) Ax + Bu -(A+ BF)w Ax + Bu Awe X.

By Remark 4.2(iii), this implies that x e W and

x : -<- w w / x w w

--< Ilwll w / gEIIx- wll, / IIa(x-
_-<[1 +g Ilidll< :,,, + Kill A I1<:,:,] w :

+ gllxll,, + gllax + Bull,,
<- g Eli u u / x I1,, / ax + Bu x 3,
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Finally, we obtain again from Remark 4.2(iii) that Fx Fw= u and from (4.5) that
Ax Ax + BFx Ax + Bu. [q

The above operators A and B allow us to reformulate the boundary control system
(4.1) as a Cauchy problem of the type (3.1). More precisely, we introduce the following
concept of a weak solution for (4.1).

DEFINITION 4.4 (weak solution). Let the operators A (X, Z) and B ( U, Z)
be defined as above. Moreover, let Xo X and u(.) L2[0, T, U] be given. Then
x(. ) c[0, T; X] fq W1’2[0, T; Z] is said to be a weak solution of (4.1) if

d
dtX(t)=Ax(t)+Bu(t) 0 < < T,

(4.6)
x(0) x0

is satisfied in Z (almost everywhere).
It follows from the definition of the operator B (Remark 4.2(iv)) that every strong

solution x(. ) [0, T; W] f-I c1[0, T; X] of (4.1) is a weak solution in the sense of
Definition 4.4. Moreover we have the following result.

PROPOSrrION 4.5. Suppose that the operator A defined by (4.3) is the infinitesimal
generator of a strongly continuous semigroup S( t) on X and that F ( W, U) is onto.
Furthermore let B ( U, Z) be defined by (4.5). Then the following statements are
equivalent.

System (4.1) is well posed.
(ii) The operators A and B satisfy hypothesis (HI) of 2 with p 2.
(iii) For every Xo Xand every u( L2[0, T; U] there exists a unique weak solution

x(. ) [0, T; X] fq W1’2[0, T; Z] of (4.1) depending continuously on Xo and u(. ).
Moreover, the weak (and in particular the strong) solutions of (4.1) are given by

(4.7) x(t)=S(t)Xo+ S(t-s)Bu(s) dseX, O<=t<-_ T.

Proof. It is a well-known semigroup theoretic result that the solutions of (4.6),
and therefore the weak solutions of (4.1), are given by (4.7). Furthermore, it follows
from Remark 2.2(ii) that (ii) is equivalent to (iii).

In order to prove that (ii) implies (i), suppose that (H1) is satisfied and let x(t)
be given by (4.7) with Xo W and u(. ) 1[0, T; U] satisfying Fxo u(0). Then it is
a well-known result from semigroup theory that x(.) [0, T; X]fq 1[0, T; Z]
satisfies

(t)=Ax(t)+Bu(t)

S(t)[Axo+ Bu(0)] + S(t-s)Bft(s) ds

S(t)Axo+ S(t-s)Bfi(s) ds, 0 - <- T.

By (H1) and Remark 2.1(ii), this implies that (. ) [0, T; X] and

sup II(t)llx < sup Ils(t)ll<x)llAIl<c,x)llxoll+ blli(" )[[L2[O,T.,U]
O<=t<-- T Ot<-- T

Applying Lemma 4.3 to the term Ax(t)+Bu(t)=(t)X, we obtain that x(.)
c[0, T; W] f) c1[0, T; X] satisfies (4.1). Since every strong solution of (4.1) is given
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by (4.7), x(t) is in fact the unique solution. Furthermore, we obtain from Lemma 4.3
that

Ilx(t)ll w -<- K[[ix(t)[l / Ilu(t)ll u + II(t)llx].
Since

sup x( t) ll --< sup IIS(t)ll.)llidll.,.,)llxoll,+bllu("
O<_t<=T

and
sup Ilu(t)ll Ilrll(w,)llxollw+4Yll(’)llto,;

O<_t<=T

for u(. ) c1[0, T; U] with u(0)= Fxo, this shows that system (4.1) is well posed.
Conversely, suppose that system (4.1) is well posed in the sense of Definition 4.1,

let v(. ) c1[0, T; U] and define

Iox(t)= S(t-s)B v(r) drds, u(t)= v(’r) dr, 0=< t_-< T.

Then x(. ) Cl[0, T; Z] and

Ax(t)+Bu(t)=:i(t)= S(t-s)Bv(s) ds, O<t<_T.

Hence x(.) c1[0, T; X] and we obtain from Lemma 4.3 that x(.) c[0, T; W],
Fx(t) u(t) and Ax(t) Ax(t) + Bu(t). Hence x(t) is a strong solution of (4.1) in the
sense of Definition 4.1(i) and satisfies the inequality

S(T- s)Bv(s) ds II (T)II =< Kllv(. [I,.:’to,; 2.
x

This shows that the operators A and B satisfy the hypothesis (HI).
Having established hypothesis (H1) we are now in a position to apply the

perturbation result of 2 (Theorem 2.2) to the boundary control system (4.1).
COROLLARY 4.6. If system (4.1) is well posed, then the following statements hold.
(i) For every F (X, U) the operator

(4.8) AFX AX,  (AF) (X wlrx Fx}

is the infinitesimal generator of a strongly continuous semigroup SF( t) on X.
(ii) For every Xo (AF) the function x(t)= SF(t)Xo, >--0, is continuous in W,

continuously differentiable in X, and satisfies the closed loop boundary control equations

(4.9)

d
d-- x(t)= Ax(t), x(0) Xo,

Fx(t) Fx( t), >- O,

where the derivative has to be understood in the space X.
(iii) If U isfinite dimensional, then SF (t) extends to a strongly continuous semigroup

on Z whose infinitesimal generator is given by the extended operator A+ BF X Z.
Proof. By Proposition 4.5, the operators A and B defined by (4.3) and (4.5),

respectively, satisfy hypothesis (HI) of 2. Hence it follows from Theorem 2.3(i) that
the operator

AFX Ax + BFx, (AF) {x XIAx + BFx X}

generates a strongly continuous semigroup of X (note that the proof of this result in
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[14, Thm. 1.3.7] does not require U to be finite dimensional). Lemma 4.3 shows that
this operator AF coincides with the one defined by (4.8). This proves statement (i).

In order to prove statement (ii), let Xo (AF) be given and define u(t) FSF(t)Xo,
_-> 0. Then u(t) is continuously differentiable for _-> 0 and satisfies u(0)= Fxo Fxo.

Hence (4.1) admits a unique strong solution x(t), t_>-0, which by definition of the
operators A and B also satisfies (4.6) and is therefore given by (4.7). This implies

x(t)= S(t)Xo+ S(t-s)BFSF(S)Xo ds= S(t)Xo,

by definition of the semigroup S(t).
Statement (iii) is an immediate consequence of Theorem 2.3(iii). 71
So far we have shown that the general theory of 2 also covers abstract boundary

control systems. In particular, we have reformulated the boundary control system (4.1)
in the semigroup theoretic framework with an unbounded input operator. A very similar
approach has been developed by Ho and Russell in [8] under only slightly more
restrictive assumptions. However, [8] does not contain any feedback results and also
the above Proposition 4.5 seems to be new. Furthermore we point out that earlier
results in this direction for various classes of partial differential equations can be
found, e.g., in the classical work by Lions-Magenes [22], in the more recent papers
]y Washburn 19], Lasiecka-Triggiani [20], [21] and in the book by Curtain-Pritchard
[5] (this list is by no means complete). Another general approach has been presented
by Fattorini [7]. In [7] the input operator is bounded, however, there are derivatives
in the input function which do not appear in our approach.

In [2] and [3] Curtain,has used Fattorini’s results for the construction of finite
dimensional compensators which leads to integral terms in the loop. These integral
terms will disappear if we apply the approach of this section to obtain existence results
for finite dimensional compensators. More precisely, we have to assume that the
operators A, B and C, introduced in this section, satisfy hypothesis (H2) of 2, or
respectively, hypothesis (H3) and the assumptions of Proposition 2.6. Under these
conditions it follows readily from Theorem 2.5 that there exists a finite dimensional
compensator of the form (2.9) such that the closed loop system (4.1), (4.2), (2.9) is
exponentially stable.

Starting from (4.1), (4.2), the following problems have to be solved for the
construction of the compensator.

1. Find the operators A and B.
2. Determine the spectrum of the operator A and the reduced subsystem (2.15).
3. Find the stabilizing operators F: X--> U and G" Y-> X.
4. Determine the eigenvalues and eigenvectors of AF to approximate G.

To illustrate this procedure, we consider the heat equation with Neumann boundary
conditions and boundary control which has also been treated in [3] with different
methods.

Example 4.7. Consider the parabolic PDE

(4.10.1) Zt-"’ff-2Z, 0<<1, t>O,

(4.10.2) z:(O, t) u(t), z(1, t) O,

(4.10.3) z(sC, O) Zo(:), 0<:< 1,

(4.10.4) y(t)= c()(, t) d, t>O.

t>0,
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This system can be written in the abstract form (4.1) with

X L:[0, 1], W={b H2[0, 1]l(1)=0}, U=,

a =-;, r=(0),
Z*= @(A*)= (A)= {@ H2[O, 1]1(0 =0= (1)}.

The operator A satisfies (H3) and has a complete set of eigenvectors bo(:) 1,
b,(:) x/ cos ncr:, corresponding to the eigenvalues ho=0, h, -n2, n. In order
to determine the operator B’- Z, let us choose any W such that F 1, e.g.
6()=-(-1)2/2. Then, for every Z*, the following equation holds

B*ff (B*, F&)= (if, BF)= (, a A&)z..z
(, )u -(A*@, ),

1=-- [q(1)(1)- (0)(0)]

1-- (0).

It has been shown in Pritchard-Salamon 12] that these operators A and B satisfy
hypothesis (HI) and therefore system (4.10) is well posed in X L2[0, 1] in the sense
of Definition 4.1 (see Proposition 4.5). The spectral projection of L2[0, 1] onto the
eigenspace XA {abola R} of A corresponding to the unstable part A {0} of the
spectrum is given by

PAb(:) b(r) dr, 0< s < 1.

With the choice of {bo} as a basis of XA, this operator splits into PA ArA, where
rA: L2[0, 1]--) R and A:R--) L2[0, 1] are given by

"trASh 6(7") dT", tAXA(Sc) Xa, 0 -< : <- 1.

Then the reduced finite dimensional system (2.15) is described by the "matrices"

Aa 0, BA --’a"-2, Ca c() d.

This sytem is controllable and obervable if and only if

(4.11) CA

Stabilizing matrices are given e.g. by
2

FA ---, GA -Cx
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so that AA+BAFA=--1/4, AA+GACA=--I. Then the operator A with F=FA’rrA"
L2[0, 1] --> given by

(A) the H2[0, 1]l(1)=0, 6(0)=-- 4’(:) d:

Arab= 1_ .
The eigenvectors and eigenvalues of AF coincide with those of A except for Ao 0
which is now replaced by AF =---. The corresponding normalized eigenfunction is

(s) x/ sin

We will choose W span {b} and the maps

(w)()=qb()w, 0<<1, wl,

(’rrF)() bF(SC)(S) d, b L2[0, 1 ],

So that VrF" L2[0, 1 ]--> W is the orthogonal projection onto W and XrFI,F-- 1.
Let us now consider the case that c(:) : for 0 -< : _-< 1. Then CA 1/2 and we choose

GA =--xrg/2x/, g >0. With this choice the operator G:R-> L2[0, 1] is given by

Gy](:) [AGAy](:)

We replace this operator by

rg
2Y, 0-<:-<1.

,ff
Gy]() [vvGy]() -gyx/ sin- , 0<:<1,=

whose range is in W. Since the perturbed operator A+ GC generates an analytic
semigroup it satisfies the "spectrum determined growth" assumption. Furthermore, its
spectrum is given by

o’(A + (C)= {-oZlg[1-cos o,rr] w318K +’rr2/2n/-n/’rr2w2lsin w’rr, 0) # 0}

if g > O. In the case g < 0 there is an additional positive eigenvalue Ao 0)2> 0 where

e + e-’- 2
g ,o[8K +r/2v+e.,_ e-W

We conclude that A +C generates an exponentially stable semigroup if and only if
g>0. Hence the operators F and satisfy the hypothesis (H2) with the one-
dimensional subspace W= span {F}. In this case the compensator (2.9) is described
by the "matrices"

1 4
M w(AF + GC)F

4
g’

H arG g,

K FA,rrA F --.
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Hence the first order system

(4.12)

v: -- w-g L-- w-y

defines a stablizing compensator for the parabolic PDE (4.10) with c(sc) -= sc if and
only if g > 0.

Remark 4.8. The results of this section show that the abstract framework of {} 2
is general enough to cover both FDEs and PDEs. We mention that the approach of
this section can also be applied to damped hyperbolic systems. Hence this paper
represents a complete generalization of the compensator design of Schumacher [16]
to infinite dimensional systems with unbounded control action. However, the degree
of unboundedness which we can allow for the input/output operators is not as general
as one would desire. For example, for the parabolic PDE (4.10) we cannot allow
simultaneously Neumann boundary control and point observation. Also we cannot
allow Dirichlet boundary control when the output operator is an arbitrary functional
on L2[0, 1]. A general theory which covers these cases would require the consideration
of unbounded output operators as well. The extension of our theory to this case seems
to involve some further difficulties and would be an interesting problem for future
investigations.

Remark 4.9. Using the abstract approach outlined in 2, it is possible to directly
extend the results of Schumacher [15], [17] on tracking and regulation in infinite
dimensions to unbounded control action. A different approach is to use the extended
system formulation discussed in [2], which results in integral control action and this
can be found in Curtain [4].

Note. Stronger results on finite dimensional compensators for some classes of
functional differential equations have recently been developed by Kamen-
Khargonekar-Tannenbaum [23], Nett [24], Logemann [25] using frequency domain
methods.
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MINIMAL ORDER ESTIMATION OF MULTIVARIABLE DISCRETE-TIME
STOCHASTIC LINEAR SYSTEMS*
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Abstract. Minimal order estimation of the state of a discrete-time, multi-input, multi-output stochastic
linear system is considered. The relationship between the given system structure and the order of the minimal
estimator is investigated and a necessary and sufficient condition for order minimality is derived in terms
of the internal system structure.

Key words, stochastic systems, estimation, filtering
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1. Introduction. This paper is concerned with the minimal order of the state
estimator of a given state-space system. Order minimality of the estimator implies
nonexistence of a lower order state estimator for the system. It is well known that an
order reduction can be obtained when the observation noise is colored or when it is
white with a singular covariance matrix [1]. In this paper we show that an order
reduction may be obtained due to the internal structure of the system, even when the
observation noise is white with a nonsingular covariance. In fact, we assume a nonsin-
gular observation noise covariance and obtain a necessary and sufficient condition for
the minimality of the state estimator in terms of the internal system structure and
parameters.

Consider the system

1.1 a) x,,/ Ax,, + Bw,,, x, RP,

(1.1b) y. Cx. + u., y. Rq,

with

and

where

We further assume

E{Xo}=E{w,,}:E{u,,}=O,

E{wnw}=O,,,k,

{ w.x } { 0,

E { u,,uk}

1 n=k
Q > 0, P > 0 and tn’k 0 n k"

E{w,u}=O.

Let us denote by Y {Yn-k, k >= 0} the space of past observations at time n and by
X,.ik the linear mean-square projection of x. on Y. We assume that the system is
asymptotically stable and that E{x.l,._x.._l} has a constant value II and E{(x.-
x.i._l)(x._ x.i._l T} has a constant value E. It is well known that II and E satisfy the

* Received by the editors June 5, 1984, and in revised form May 13, 1985.
f Department of Electrical Engineering, Technion, Israel Institute of Technology, Haifa, Israel.
Department of Electronic Systems, Tel Aviv University, Tel Aviv, Israel.

817



818 YORAM BARAM AND URI SHAKED

equations

(.)

(.3)

where

H ArIA7- AKRKTAT,, A,AT + AKCYAT BQB7",

K =ECTR- R--cEcT+p.

The state predictions are obtained from the stationary Kalman filter

(1.4) x.+l. Ax,,i,,_ + AKu,,

where v,, y,, Cx,,i,,_.
Let us denote by T the matrix whose columns are the eigenvectors ofH correspond-

ing to nonzero eigenvalues and define

(1.5) z. TTxnln_,.
Then z. has orthonormal components and dim z. rank H. Furthermore, we have the
inverse transformation

(1.6) x.i._ Tz,.

Substituting (1.5) and (1.6) into (1.4) we get

(1.7) z.+= TTATz,, + TTAKv,,
with v. y,,- CTz,,. Estimation updates can be obtained as

(1.8) x.i Tz. + Kv,,.

Since, clearly, there is no vector of dimension lower than that of z., from which
can be obtained by a linear transformation, it seems justified to call (1.7) a minimal
state estimator of the system (1.1).

2. Filter order minimality. Recall that to each Jordan block Ji, 1,. ., t, in the
spectral decomposition of A there corresponds one eigenvalue ai and one-eigenrow
vr (we note that a is not necessarily different from aj for i,j= 1,..., t). We have
the following result.

THEOREM 1. The filter (1.4) is of minimal order if and only if (A, B) is reachable,
A is not singular and for any eigenrow v ofA

(2.1) C(aT’I A)-’BQBTvi # O.

Proof. It follows from (1.3) that

zI A)X(z-’ I AT) + AX(z-I AT) + ZI A),AT + CXAT BQBT,
where z is the Z transform variable and where we have denoted

K AK.

We multiply both sides of this equation by (zI-A)-, on the left, and by
(Z-I--AT)-cT, on the right, and obtain

XCT +(zI-A)-A,CT +,AT(z-I-AT)-CT

+ (zI A)-C,AT(z-I AT)-CT

(zI A)-’BQBr(z-’I- AT)-’C r.
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Since AEC7-=/R, we readily find then that

(2.2) ,C T +(zI-A)-I,.R[I+ ,.’(z-II-A’)-IC T]
(zI A)-IBQB’(z-I AT)-IC T.

We consider next the partial fraction expansion ofthe two sides ofthe last equation.
Since the eigenstructure of A may consist of Jordan blocks of dimensions greater than
one, we consider the contribution of each Jordan block to the partial fraction expansion
separately. It is well known that the terms in the partial fraction expansion of (zI A)-that correspond to the Jordan block of dimension r of the eigenvalue a are

(k),. (j)T(z Oti)-(r,-j-k)(2.3) 9,,k,s(Z) U, t,, j, k O, 1,’’’, ri- 1,

where u and vr are the eigenvector and the eigenrow that correspond to this
Jordan block and uk and vkr are the corresponding kth order pseudo-eigenvector
and pseudo-eigenrows, respectively [2].

It follows from the asymptotic stability of the system (1.1) that the terms in the
partial fraction expansion of (zI-A)-IBQBr(z-II-Ar)-IC r that correspond to the
eigenvalues of A are of the form tgi,k.s(z)BQlimz_,,,Br(z-lI-Ar)-lc r. Obviously
there may be terms in the expansion that correspond to (z-ai) -r,. These terms result
from different Jordan blocks that correspond to a and aj where a aj. They include
tgs,o,o(z)BQ limz_,,j Br(z-I-Ar)-lc r, for all as ai and r r and also other dyadic
terms that result from Jordan blocks of a a which are of dimension greater than ri
(i.e., OS, k,rj_,_k(Z)BQ limz_, Br(z-lI-Ar)-lc r, k => r- ri >-0). Since the eigenvectors
and pseudo-eigenvectors of A are all independent, it is possible, given the matrix
coefficient of (z-a)-,, in the partial fraction expansion of (zI-A)-IBQBr(z-II
Ar)-lcr, to find the term that corresponds to (z- a)-, and the eigenrow vT of the
specific Jordan block of a, namely, tg,o,o(z)BQ limz_, BT(z-II-AT")-IC 7". The corre-
sponding term in the partial fraction expansion of (zI-A)-lgR[I+
gT(z-1I--AT)-IcT] in (2.2) is clearly tgi,o,o(Z)gRlimz_,,,,Fr(z-), where F(z)=
I+C(zI-A)-lg is the return difference matrix of the one step ahead stationary
Kalman filter. It follows therefore from (2.2) and (2.3) that

(2.4) vrgR lim Fr(z-) vrBQ lim BT(z-1I-AT)-IC T.

By the Popov-Belevitch-Hautus test for reachability [3, p. 135], (A, gR/) is reachable
if and only if none of the eigenrows of A lie in the left annihilating subspace of K.
Since the zeros of Fr(z-) are the reciprocals of the poles of the Kalman filter, they
lie outside the unit circle and limz_., Fr(z-) is therefore nonsingular. The eigenrow
vOr will lie then in the annihilating subspace of/ if and only if

(2.5) vl)rBQ lim Br(z-I-Ar)-ICr=O.

It follows from (2.5) that the pair (A,/(R 1/2) is not reachable if and only if one of the
following three cases holds.

(i) The matrix A is singular: The limit for a 0 will then yield the required
zero in (2.5), independently of the specific structure of B and the eigenrows of A.

(ii) The pair (A, B) is nonreachable: In this case vrB -0, which readily satisfies
(2.5), independently of the specific structure of C.

(iii) The pair (A, B) is reachable and a 0 for each i, but (2.5) is satisfied for
some i.

Since reachability of (A,/R 1/2) implies that II has a full rank [4, p. 64] and since
dim z,- rank II, it follows that the state estimator (1.4) is minimal if and only if A is



820 YORAM BARAM AND URI SHAKED

nonsingular, (A, B) is reachable and none of the eigenrows of A satisfy (2.5). The
proof is thus completed.

Let us now examine the conditions of Theorem 1. The matrix A is known to be
nonsingular if the system is obtained by discretizing a continuous time linear system.
Suppose that the pair (A, B) is reachable. Then by the Popov-Belevitch-Hautus test
Bvi 0 for all i. Suppose further that r-> q, i.e., that there are no less outputs than
inputs. Then a sufficient condition for minimality of the filter is that the matrix
C O -11 A)-1B is nonsingular. It follows that a sufficient condition for filter minimality

-1 is not a zero of the system, i.e., that none of the system’s zerosin this case is that a

is a reciprocal of any of its poles. Reciprocal pole-zero pairs are known as all-pass
elements as they represent a fiat (unity) spectral density. In the single-input, single-
output case, we immediately obtain that when the pair (A, B) is reachable, a necessary
and sufficient condition for filter minimality is that the system contains no all-pass
pairs. Condition (2.1) may then b regarded as a generalization of the no-all-pass
condition to the multivariable case.

Finally, we note that the concept of filter order reduction, in the sense of this
paper, is different from that of degeneracy of the Ricatti equation, which has received
considerable attention in the literature (e.g. [5], [6]). The minimal filter order is equal
to the rank of the matrix H and not to that of the matrix E. Consequently, the filter
order may not be minimal even when E is of full rank, as condition (2.1) need not be
satisfied even ifthe system is reachable and observable. In the single-input, single-output
case, when the system is reachable and observable and contains all-pass elements, E
will be of full rank but II will be rank deficient, yielding a state estimator of order
lower than that of the given system.

3. Conclusion. This paper has investigated the relationships between a discrete
time, stochastic linear system in state-space form and its minimal state estimator. A
necessary and suffidient condition for the minimality of the Kalman filter as a state
estimator has been obtained in terms of the internal system structure.
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1. Introduction. The object of this paper is the study of a static quadratic Nash
game where the players do not have knowledge of the parameters involved in the
description of the cost of their opponents and of their opponent’s information. The
game is played repeatedly and at each stage the players know the past actions of their
opponents. The only dynamics involved are in the accumulation of the information
on their opponent’s previous actions; apart from this dynamic aspect, the problem
considered is a repeated static game. We examine both the deterministic and stochastic
case, consider some adaptive schemes for updating the players decisions, and we show
convergence to the optimal decisions (in the mean square sense and with probability
one for the stochastic case), under some conditions. The scheme for the stochastic
case is actually a stochastic approximation algorithm of the Robbins-Monro type.

The underlying motivation for the present paper is to study situations of conflict
where the players do not know some of the parameters involved in the description of
the others’ cost functionals, or in the state equation. Such situations have been and
are being studied for the single playermi.e., control problemmcase and come under
the name of Adaptive Control; the corresponding problems for situations of conflict,
i.e., Adaptive Games, has received very little attention up to now. The problem studied
here can be considered as a very simple type of adaptive game where the players adapt
their decisions as to converge in the limit to the solution of a static Nash game. It
should be noted that the strategies exhibited in this paper do not constitute a Nash
equilibrium pair for the construed dynamic--dynamic due to the dynamic informa-
tionmgame; but similarly, the adaptive control strategy in the self-tuning regulator
problem [5], converges in the limit to the optimal solution without being necessarily
optimal at each stage. Adaptive games are important for several reasons. For example,
when two players are involved in a situation of conflict, it is reasonable to assume that
each player knows his own objective, but not that of his opponent; in addition, he
might not know several of the parameters of the dynamic system which couples him
with the other. In decentralized control, we think of decentralization as a scheme
according to which each controller knows his own objective and information but not
those of the others. If each controller knew the objectives of the othersmas is implicitly
assumed in many existing decentralized schemesmthen the notion of decentralization
is weakened. Although considerable progress has been achieved for the centralized
controller, single objective adaptive control [4]-[6], the area of adaptive games is in

* Received by the editors June 26, 1984, and in revised form April 1, 1985. This research was supported
in part by the U.S. Air Force Office of Scientific Research under grant AFOSR-82-0174 and by the University
of Southern California Faculty Research and Innovation Fund.

f University of Southern California, Department of Electrical Engineering-Systems, Los Angeles,
California 90089-0781.
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its infancy. The only work that the author is familiar with in this area is [7] and [8].
In [7], adaptive schemes based on self-tuning for stochastic Nash and Stackelberg
games are considered, where the players have the same information. (In the present
paper the information of the players is different.) In [8] two adaptive schemes are
studied for repeated Stackelberg games in a determinisitic framework.

The structure of the paper is as follows. In 2 we consider the determinisitic case
and study three simple adaptive schemes. In 3 we consider an adaptive scheme for
the stochastic case. The stochastic scheme is a Robbins-Monro type of stochastic
approximation algorithm. Although several results exist for such algorithms, many of
which can be used to provide convergence for the scheme considered here, the
conditions of convergence that they would obtain for our scheme are more stringent
than those that we prove here. In each section we provide several comments relating
the results with previous work, expand on their meaning and provide appropriate
motivation. Finally, we have a conclusions section.

2. Deterministic case. Let J1, J2: R"I x RmE--) R be two functions defined by:

(1) Ji( ul UE) 1/2u Riui + u’iUi"’Ui iCi, i#j, i,j= 1,2

where ui R", R1, R2 are real constant matrices and el, c2 are real constant vectors
of appropriate dimensions. A pair (Ul*, u2*) is a Nash equilibrium if it satisfies ([1], [2])"

(2) Jl(Ul, u2)Jl(Ul, u2) lUl_Rm,
(3) J2(u*, u2*)<--J2(u*, u) Vu2 R",

or equivalently if

(4) R u,]+c=0, R= c=
c

Ji and u are the cost and the decision of player i.
Let us assume that player knows R and c, but not Rj and cj (j # i); then he

cannot solve (4) for u*. Consider also that this game is played repeatedly at times
1, 2, 3 , that at time t, player knows It’--(Ul,1,""", Ul,t--1, U2,1, U2, t--1} and

plays u, which is chosen as a function of I ,, i.e.,

(5) u,,= F(I, t), i= 1,2, t=2,3,....

The question is: For what F1, F2 the recursion (5) will converge to a solution of (4).
Let us now examine three possible choices of F, F2.

CASE 1.

(6) F(It,t)=-R,u.t_-c,, i= 1,2, i#j.

The meaning of (6) is that player 1 minimizes Jl(U, u2,t-1), i.e., he reacts only to the
last announced decision of player 2. Recursion (5) assumes the form:

U2t /’/2,t-- -J Id2,t-1

Recursion (7) will converge to a solution of (4) for any initial condition (u.l, u2,) if
and only if all the eigenvalues of the matrix R lie within the open disc of radius 1
centered at the point 1 in the complex plane, i.e.,

(8)

((8) is equivalent to IA (R, R){ < 1). Condition (8) also guarantees that (4) has a tlnique
solution.
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CASE 2.

1-0
Fi(I, t)= -R,[uj.t_, + Ouj,t-2+" "+ Ot-2u.i,,] l_Ot_------c,,

(9)
1>0_->0, i=1,2, i#j.

The meaning of (9) is that player 1 minimizes J1 with respect to ul, with u2 fixed to a
value that is a weighted average of u2,t-,’", u2, where more weight is put on the
recent values of u2. We assume that both players use the same 0. Recursion (9) can
be written equivalently"

u, u,_ 1 0- R + c 2.

Recursion (10) will converge to a solution of (4) for any initial condition (u., u2,)
if and only if all the eigenvalues of the matrix R lie within the open disc of radius
(1- 0)- centered at the point (1- 0)- in the complex plane, i.e.,

1 1
(11) A(R)-I-0 <’1-0
Condition (11) also guarantees that (4) has a unique solution. (Notice that as +,
0’-0 and thus (1- 0)R in (10) assumes the role of R in (7).) Obviously, for 0=0,
(11) reduces to (8) and (10) to (7).

CASE 3.

1
(12) F,(I, t) -R,[u,,_ + u.,_: +... + u,]-c,, 1, 2, j.

The meaning of (12) is that player 1 minimizes J with respect to u, with u2 fixed to
the arithmetic mean of u2,,-,’", u2,1. Recursion (12) can be written equivalently"

(13) [u,]=[u,_l] 1 ( [u,_] )u,A u,_ - R
u,_

+ c 2.

Recursion (13) will converge to a solution of (4), for any initial condition (u,, u,)
if and only if all the eigenvalues of R has positive real pas, i.e.,

(14) Re A(R)>0

(for proof see Appendix A, Lemma A3). Condition (14) also guarantees that (4) has
a unique solution. Notice that as 0 1, (11) reduces to (14).

Remark 1. Obviously (8)(11)(14). If (8) holds, (7) converges faster than
(10) and if (11) holds, (10) converges faster than (13).

Remark 2. In all three cases we assumed that both players use the same scheme.
Nonetheless, it might happen that they use different ones. It is easy to verify that if
player 1 uses scheme 1 and player 2 uses scheme 2, the region of convergence is larger
than if both were using scheme 1 and worse than if both were using scheme 2. Similar
results holds for the other combinations.

Remark 3. If we consider (10) with 0 > 1, i.e., more weight is assigned to the old
measurements, the scheme will not converge. This can be easily verified by considering
the scalar version of (10) with c 0:

1- - 1
u=u_l 1-r], 1- =0
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which for +o behaves like

1-ix
Yt Yt-1 1 rIx

(since 0 < Ix < 1) and is easily seen to fail to converge.
Remark 4. Conditions (8), (11) and (14) can be expressed equivalently in terms

of the eigenvalues of RIR2.

C2

1+0
i-?

Im A

FIG.

Condition (8) corresponds to [h(RIR2)I< 1, i.e., inside the unit disc, (11) corresponds
to

( 1/2(1 0)1 1+/- 20 cos - -(1 + 0)< 0,

i.e., inside the curve C2 of Fig. 1. Condition (14) corresponds to eigenvalues of R1R2
being inside the parabola defined by

Re A +1/4(Im A)2< 1, A A(RR2).

Remark 5. If (8) (or equivalently IA(R1R2)I < 1) holds, the sOlution of (4) is called
in game theory a stable equilibrium, and the game is called stable [1]. The reason is
that if player deviates from u*, then player j(j # i) responds according to scheme
(6) and to that player responds according to scheme (6) and so on and eventually
they both converge back to (Ul*, u2*). Obviously the notion of stable equilibrium depends
on the reaction scheme that the players employ. If schemes (9) or (12) are used as
reaction schemes, we have an enlarged class of stable games.

Remark 6. Since the scheme of Case 3 (12) has the best convergence region out
of the three schemes, in the next section we will deal with the stochastic analogue of
(12).

Remark 7. All three schemes considered can actually be viewed as schemes for
solving Ru + c-0 (see (4)), by using an iteration of the form:

(15) un+=un-Dn[Run+c]
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where D, has to have the structure

D,=
0 D

(Iterative solutions of linear equations is a vast subject, see for e.g. [16].) Scheme (13)
employed: Di,, =(1/n)L We can create new schemes which converge under weaker
conditions than (14) by allowing Di. (1/n)D where D1, DE are properly chosen
constant matrices. For example, if R1, RE are scalars, (14) is equivalent to 1 > rlr2; but
if we use Di. =(1/n)di in (15), the convergence condition becomes

which is equivalent to"

1 rl]) 0ReA([ dl0 d20][r2 1
>

dl + d2 > 0, dl d2(1 rl r2) > 0,

and can always be satisfied for some dl, dz as long as # rlr. Notice that 1 # rlr is
the necessary and sufficient condition for solvability of (4) for any c.

Remark 8. Another way of going about the problem of this section is to consider
that at each stage, each player uses a certain scheme to estimate the R and C of his
opponent and then calculates his action by solving (4) wherein he employs the estimates
of the R and c of his opponent. In such a scheme, each player should know at each
stage not only the previous actions of his opponent--as in our scheme--but also the
rationale according to which his opponent calculates his actions. This is necessary in
order just to estimate his opponent’s parameters at each stage. Nonetheless, such an
additional knowledge can be permitted and the convergence of the resulting scheme
studied. Finally, it should be noted that the problem considered here and the schemes
proposed, besides having their own merit, provide a certain motivation for the scheme
considered for the stochastic case of the next section.

3. The stochastic case. Let x be a Gaussian random vector in R" with zero mean
and unit covariance matrix. Let

(16) y= Cx, i= 1,2

represent the measurements of the two players, where C1, CE are fixed real matrices
of dimensions nl x n, n2 n respectively. Let F be the set of all measurable y"

functions with E[y(y)’y(yi)] < +oo. Set u yi(y) and let

(17) J(Y, T2) E tSix #j, i,j= 1 2[-uu + uRu + ui

represent the costs ofthe two players. R1, R2, $1, $2 are fixed real matrices of appropriate
dimensions. A pair (y*, y*)e F1 x F2 is called a Nash equilibrium if it satisfies

,(,*, *)<-,(,, *) v, r,,
(18)

(,*, *) -< (,*, ) v r.
For background concerning the formulation of the stochastic Nash game see 18]. (18)
is equivalent to (see [2], [3]):

(19a) 3/l*(Yl) "k- RE[’r,*2(Y:)IYl]+ S,E[xly,] =0,
(19b) y*:(y:) + RzE[ r,*(Y)IY2] + S:E[x[y:] O.

It is known (see [3]) that if no eigenvalue of R1R2 equals the inverse of any arbitrary
but finite product of powers of the squares of the canonical correlation coefficients of
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Yl, Y2 (i.e., of O1, 002," ), then (19) has a unique solution which as to be linear in the
information. The set of values where the eigenvalues of RIR2 should not lie is a
countable isolated set of points in [1, +oo) and thus it is generically true that (19)
admits a unique solution which has to be linear in the information. We can assume
without loss of generality (see [3, Lemma 1]) that

n <= n2C1C Inxn, C2Ct2 In2xn2, C1C2 002...
(20) O’nl nl

002 00n 0

and then y*(Yi)= Ltyi where L1, L2 are the solutions to the system:

(21)
L + RL2CEC + SC 0,

L2 + R2L1CC+ $2C O.

Let us assume that player knows Ri, Si, C, but not Rj, Sj, C, i# j; then he cannot
solve (21) for L. Consider also that this game is played repeatedly at times t=

1, 2, 3,. ., that at time player knows

(22) I,= {ul.1, "’, u,,_, u2., ", u2,,-1, Y,, ",

where y, is the measurement of player at time t. We assume that

(23) Yit Cixt

where the xt’s are independent Gaussian vectors with zero mean and unit covariance.
At time t, player 1 employs the following scheme for finding ult"

+ $1C’yt O.U2,kY l,k
k=l

A justification of this scheme is the following: at time player 1 has to solve (19a) for
Ult and thus he has to calculate E[u2,tlylt], E[xlylt]. If UEt is linear in YEt, then UEt, Yt
are jointly Gaussian and thus

(25) E[u,,ly,] E[u2tYt](E[YltYt])-y,t.
t--1 TPlayer 1 approximates E[u2tyt] by 1/(t-1)k= aU_,kYlk); motivation for this

approximation is the following: If player 1 knew all the parameters of (16), (17), he
would then solve equation (19) at state t, employing (23); due to the independence of

t--1the xt’s, 1/(t--1)k=(UEkYk) would provide a reasonable approximation of
E[UEtlYlt], since U2k would be independent of u2t, Ylt, # k. By overlooking the lack
of independence of U2k on g/El, Yll, k, he still employs the above approximation,
hoping that things will work out. The convergence results of Theorems 1’ and 2’ provide
a posterior justification for the reasonableness of this approximation.

By our assumption (20) E[YltYt I and E[xtlylt] S Cylt. (24) yields that Ult
is linear in Yt, i.e., ult LltYlt where Lit satisfies

uv +SC 0.
k=l

A similar equation is satisfied by L2t if we consider that U2t is calculated by an equation
corresponding to (24) and UEt LEtY2t. The equations for Lit, LEt can be written
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recursively as"

1
(27a) Lit-" Ll"t-1 t- 1

[Ll,t-1 + R1L2,t-lY2,t-lY,t- + Sl C],

1
(27b) L_, L2,t-1

1
L2,t-1 + R2Ll,,_lyl,,_lY2,t_l + S2Ct2].

Recursion (27) is the recursion that we intend to study and show that under some
conditions converges to the solution of (21) in the q.m. sense and w.p.1. The initial
condition Lll, L2 of (27) is taken to be an arbitrary pair of real constant matrices and
we are interested in convergence for any initial condition. The recursion (27) defines
a Markovian stochastic process (Lit, L2t) and is obviously a stochastic approximation
algorithm ofthe Robbins-Monro type [9] for solving (21). Recursion (27) is a stochastic
analogue of the scheme of Case 3 of the deterministic case.

Let us now study the convergence of (27). Let us call lit, m,, ci, di the ith columns
of L1 t, L2t, S1C, $2C respectively, i.e.,

(28)
Llt=[llt," ",ln, t],

Sl C!,=[c,, .,
Let

L2t m t, m.t],

S2C_= Ida," ", d.].

(29) lit E[/,t], nS,t E[ m,,].

Using (20) and the fact that Lit depends on Yll,""", Yl,-I, Y21,""", Y2,t-1, we obtain
from (27)"

(30a) lit lit-
t-- 1 li’t- + ’iRlffli’t-1 + ci]’ i= 1,. n

1
(30b) fflit fflit_ ]rli, t_ "" criR2 li t--1 -]" di], 1 nl

t-1

and

1
(30c) rit ri.t- t- 1

[ffli’t-1 + di] i= nl + 1

Recursion (30c) converges for any initial condition (see Lemma A3). Recursions (30a)
and (30b) can be written as

(31)
I_r--,t iR2 Ii,t-

and using Lemma A3 yields that (31) converges for any initial condition if and only if

>0.(32) Re I
R I

It is easy to see that if (32) holds for 0" then it holds for any tri, 0 -< cri-<_ trl. We
thus have proven the following theorem.

THEOREM 1’. The means of Lt, L2t as defined by the recursion (27) converge to a
solution of (21) for any initial condition, if and only if

(33) Re h > 0.
trlR2 I
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It is easy to see that if (33) holds then (21) has a unique solution. If we want (27)
to converge to a solution of (21) not only for any initial condition, but also for any
pair of measurements, i.e., any C1, C2, we have to consider trl 1 in (33) which is
exactly the condition for convergence of Case 3 of the deterministic case.

Next we will show that Lit L2t converge to a solution of (21) in the mean square
sense, under condition (33). For simplicity and w.l.o.g, we will assume SICk=O,
$2C=0. We can write (27) component-wise in tems of lit, mit and then form the

i-1 n, j-products litlt, i,j 1, ,111, mitmjt i,j 1,. ,/I2 and litm’rnt
1,..., n. These products satisfy recursions that can be easily calculated, and taking
expectations of which result in a recursion which gives the evolution of E(l,l),
E(mitm,), E(litmj,) in terms of E(li,t-llj,,-1), E(mi,,-1, mj,,-1) E(li,t_m,,_l). Before
writing down this recursion we introduce some notation:

(34a)

(34b)

(34c)

(35) Nt

(36) Q

I

o"1R2

o

0

K 1,n2

K

O’n RE
0

0

Then Nt satisfies

1 1
(37) Nt Nt_a Nt_Q’+ QNt-1] + ."-- o( Nt_l).

t-1 (t 1

where (. denotes a linear time invariant function of its argument. (For details of
this derivation, see Appendix B.)

Using Lemma A4 we conclude that Nt goes to zero for any initial condition if
and only if the matrix Q has eigenvalues with positive real parts which is easily seen
to be equivalent to (33). We thus have proven.

THEOREM 2’. Lit L2t as defined by recursion (27) converge to a solution of (21)
for any initial condition, in the mean square sense, if and only if (33) holds.
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Next, we will show that (LI,, L2t) converges under (33) for any initial condition
to the solution of (21) with probability 1 (i.e., a.s. convergence). We again assume for
simplicity and w.l.o.g, that SC- 0, $2C- 0. We will use the theorem in paragraph
3 of 11 (or 13, Lemma 3.5]) which we restate here and which is an easy consequence
of the martingale convergence theorem of Doob.

LEMMA 1. Let { V} be a sequence of random variables such that E (V1) exists. Let
A be a real number and suppose Vt>-_A. Furthermore, assume that Et=l E(E[Vt+I-
vtl V, ,Vt]+) converges. Then the sequence {Vt} converges with probability 1.

(Recall that if x is a random variable" x+=1/2(Ixl+x).) Let xt=(lt, l’,,,,t,
m,,,..., mn2,t). We will prove that xt converges to 0 w.p.l, or equivalently that
v,- IIx, dos. Let A-0. From (27) we can easily obtain (see Appendix C)

IE[ Vt+l- Vt Yl, Vt][ ’7 Vt

for some positive number a and thus

E[Vt+I- VtIv, ,Vt]+_-<7 Vt.

In order to fulfill the assumption of Lemma 1, it suffices to show that

(38)
t=l

E[ V,] tr N, holds, and thus it suffices to show that

(39) y tr N,
< +oo.

From (37) we obtain

(40) Nt+, X, Q Q’+ .. -t=l k=l k=l

If we assume that Q has eigenvalues with real pas (40) can be solved for k=l (Nk/k)
to yield

Since N converges, it is bounded and so is = (N/k). Thus = (N/k) is
uniformly bounded and thus (39) and (38) are bounded. We thus conclude that
IIx, ll = converges with probability 1. IIx ll converges to 0 in the mean square sense
by Theorem 2’ and thus in probability and thus it has a subsequence converging to
zero with probability one [17, Thins. 2, 5, 3, p. 93]. Since we just showed that IIx,
converges with probability one, this limit has to be zero. Let us now summarize the
results of this section in a theorem.
TOM. L, L as defined by recursion (27) converge to a solution of (21) for

any initial condition, in the mean square sense and with probability one if and only if

Rel >0
R I

(under this condition (21) admits a unique solution).
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Remark 1. Nt, (37), goes to zero but it does not have to converge monotonically.
Remark 2. One can construct the stochastic analogues ofthe deterministic schemes

of Cases 1 and 2, if a differentmappropriate--approximation is used for E[u2tlylt] in
(25). A little reflection, though, will persuade the reader that these schemes will converge
under conditions more stringent than (33).

Remark 3. For a repeated Stackelberg game one can consider schemes similar to
those considered here, if one assumes that the Leader does not know the parameters
involved in the Follower’s cost. An idea of this sort was recently studied in a determinis-
tic framework in [8].

Remark 4. It should be clear from (30) and (37) that the rate of convergence of
the means and the covariances of li,, m, depend.on the eigenvalues of the matrices in
(32) for cri 1, or1," , or,l, or equivalently of Q. Actually, a recursion of the form (A1)
with Re (h) > 0 goes to zero like (nx) -1, (see [12]). Thus if ’m denotes the real part
of the eigenvalues of Q, m 1,..., nl + n2 and A =min Re (h,,) the mean converges
no slower than (tx)-, the covariances no slower than (t2x) -1, the third moments no
slower than (/3X)- and so on. Thus if one were to consider whether t[L,, L2,]
converges weakly to a Gaussian random variable as , 0 should be chosen equal
to so that the second moments converge to a nonzero constant, but then automatically
all the moments will also do so. Thus in general one cannot have asymptotic normality
of n[L,, L2,] for some 0>0. As a matter of fact, Theorem (1) of [12] cannot be
applied since its assumption (A4) fails for the stochastic approximation algorithm
(27), considered here, as should be expected from the above remarks. Finally, it should
be pointed out that the fact that the rate of convergence of the algorithm is given by
-x and -2x for the first and second moments, is a useful fact when implementing it,

in deciding when to stop, what is the probability of error when stopping in a finite
number of iterations, etc.

Remark 5. Stochastic approximation has been an object of intensive study (see
[9]-[15]). Several of the results available can be used to prove convergence of the
iteration (27) but they demand conditions stronger than (33), or they are not applicable
to it. For example, in [9] it is required that in the scheme x,,+ =x,-(1/n)y,,, y,, is
uniformly bounded. Assumptions III and IV of [10] do not hold for (27). In proving
asymptotic normality [12], he uses Assumption (A4) which does not hold for (27).
Assumptions A5, A5’ of [11] do not hold for our scheme. Lemma 3.1 and Theorem
4.3 of [13] can be applied to (27) but result in more stringent conditions than (33).
The convergence analysis of 15] demands boundness of the second term in (27) which
is not applicable to our case. Assumption iii in [14, Problem 1, p. 92] does not hold
for (27).

4. Conclusions. There are several directions in which this research can be con-
tinued. One of them is the corresponding problem for the Stackelberg game (see
Remark 3 in 3). The dynamic case where the players are also coupled through the
evolution of a discrete time equation is obviously important and useful. We hope that
the analysis presented here will be helpful in such further research.

Appendix A.
LEMMA A1. Consider the scalar recursion

(A1) x,+ (1-)x,, n= 1,2,3,...

where A and x are complex numbers. Then x, 0 for any Xl if and only if Re (h) > 0.
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(If we set tn 1 +. + 1/n, we see that (A1) is a discrete approximation of =-hx and
thus Re (h)> 0 is expected in order to have asymptotic stability of (A1).)

LEMMA A2. Consider the scalar recursion

--+ 0 x,,, n 1, 2, 3,
n

where x and Xl are complex numbers. Then x,, --> 0 for any Xl if and only if Re (h) > 0.
Proof It is an immediate consequence of Lemma A1 since h/n dominates

O(1/n2). []

LEMMA A3. Consider the recursion

x,,, n 1, 2, 3,
n

where A is a real square matrix and Xl is a vector. Then x. --> 0 for any Xl if and only if
Re h (A) > 0.

Proof We bring A to its Jordan form and apply Lemma A2. It is helpful to notice
that if P is a real symmetric matrix

x.+Px,,+ x.Px. x’.[PA+ A’P]x. + x’.O
1

X
n

and thus if A has Re h (A) > 0, we can find a positive definite P so that A’P + PA > O.
Therefore if n is sufficiently large

x,[PA + A’P]x > x,,O x,,
n

Px,, < x’,,Px,, and consequently x,, is bounded. This justifies the fact thatand thus xn+
the 1/n term dominates in (A3).

[.,EMMA A4. Consider the recursion

1 1
(A4) N+= N -, [NO’+ ON] +-- (N), t= 1,2,...

t------ t:
where N, Q are square matrices. N - 0for any initial condition ifand only if Re I (Q) > 0.

Proof. Let x be the vector composed of the columns of N. We can write the
recursion equivalently as

1 1
x,/ x,--i x, +- (x,.

It can be checked that Re I(A)> 0 if and only if Re I(Q)> 0 and thus Lemma A3
can be applied.

It should be pointed out that if x evolves as in (A1), and I is real, x,, behaves
like n- (see 12, (2.3)). If I is complex, then (A2) implies that Ix,,I behaves like n
and thus Ixl behaves like n-", i.e., n-1". Consequently x,,+ in (A3) behaves like n
where . =rain Re A (A) and N in (A4) behaves like -x where [ =min Re I(Q).

(B1)

Appendix B. Let lit, mit, Ci, di be as in (28). For convenience, let

IYl’I" IZll"Yi, t-1 Y2,t-1

Y,,,
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Equation (27) can be written as

1
li, t-l+yiR1 zjmj, t-1 + ci 1, nl,(B2) lit li.t-1 t-- 1 j=l

(B3) mit mi’t-1 t- 1 mi’t-1 + ZiR2 yjlj’t-1 + di 1 rl2.
j=l

For convenience, let us drop the subscript t- 1 from I,,_1, m,,_l. From (B2), (B3), we
obtain:

l,tlt l, lfi -1 2/,/; + Y.i .. Zll,mR’ + y,R 2 Zkmkl; + l,cj + C,
/=1 k=l

1 [ rl2 n2 n2
+

(t 1)2 k l,lj + yj Zll,mlR +y,R Y Zkmkl + yyjR1 ZkT.tmkmR
1=1 k=l k,l=l

(B4)
’+ E ZlCimR + licfi + cil + cic+ yiRi ZkmkCj y

k=l /=1

i,j=l,’’ ",nl,

m,,m, m,m--1 2m,mf + z 2 ylm,lRi + z,R2 .. yklkmfi + m,dj + d,mj
/=1 k=l

1 F nl nl nl
+

(t 1)2 Lmm+ zs Y ylmlR’+ zR2 yklkm5 + zzR2 yky,lklJR’
/=1 k=l k,l=l

(BS)
+ z,R2 2 yklkdfi + Z.i _. yld,lJR’2 + m,dfi + dim5 + didj

k=l /=1

i,j=l," ",n2,

l,m, l,mfi --1 21,ms + z 2 y,l,lJR’2 + y,RI 2 Zkmkmfi + l,d; + c,mj
/=1 k=l

1 F nl t12 n2 nl

L ’+ 2 E ’’+
(t- 1)2 lim + z;

/=1
ytllR+ yiR1 k=lE Zkmkmj YizjR1

k=l /=1
ZkYlmkllR2

(a6)
n2 n2

+ yiR Zkmkd + Zj ytc,lg.+ lid + c,m + c,d
k=l /=1

i=l,’’’,nl, j=l,’’’,n2.

Let At0, Mo,t K or be defined as in (34), let c, d 0 for simplicity and w.l.o.g.. We take
t--1expectation in (B4)-(B6) and drop for convenience the superscript t-1 from A 0

Mot-, K t-lo in the right-hand side. (When taking expectations, we use the fact that
t--11-, mi are independent of Yl.t-1, Y2.t-.) We obtain:

(B7)

1
A A --- [2A + trsKRi + ’RI(K)’]

+
1 2 Ao + )KoR + o-,R(Ko)’

+
R M+ 2 2(y,z,)M,, Ri,

\k=l
ki

ifij

i,j=l,...
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(B8)

(B9)

1
Mij Mij- t_- [2Mo + o)Ki)R2 + r,R,(K))’] +

1

(t_ 1)E 2(A0’s

i,j 1, , n2 and g 0 if i> nl,

%=0 ifj>nl,

1
K 0‘= Kj [2Ko+ o)AoR’+o’,RIMu]+

1

(t- 1)E 3(A/,
Mo, Ko’s),

i=l,...,nl, ri=0ifi>nl,

j 1, , rt2, o’j 0 ifj >

Defining Nt and Q as in (35), (36) we see that (B7)-(B9) can be written in compact
form as in (37).

Appendix C. Let xt (1’,, ,1,,,,,, m,t, ", m,,:,t). Using (27) or the equivalent
(B2), (B3) we have

1
(C1) Xt+l xt-7 [R(Ylt Y2t)xt]

where the definition of R(yt, YEt) Rt is obvious from (B2), (B3). From (C1) we obtain

(c2) iix,/,[i = iix, = 2 1

-7 x’,,x, +-fi x’,’,l,x,.

It holds

(C3)
E Eli X,+l : x, =1 X1 =, , x, ]

E[E[IIx,+,II- IIx, lll Ilxlll, IIx, ll]lxl, x,],

E[x’,M,x,I Ilxlll, Ilx, ] [U[x’,M,x,I Ilxlll, IIx, ll]lxl, x,]

(C4a)
E[E[xtttXtlXl,..., Xt]lX1,""" Xt] Ilxlll=, IIx, =3
E[x’,E[,Ix,,’’’, x,]x,I Ilxlll=, IIx, =]

E[x’,R,x,I Ilxlll:, IIx, ll],
since R depends only on Yl,, Y2t which are independent of Xl,’’ ", xt and where R1
is a constant matrix defined by

(C4b) E[R(ylt, YEt)] R1.
Similarly

(C4c) E[x’,,K,x,I [Ix, liE, [[xtll E E[x’,Rx,I Ilx, i[z, IIx, =3
where RE is a constant matrix defined by

(C5) E[R’(yl,t, Y2,t)R(Ylt, Y2t)]- R.
From (C3)-(C5) we obtain

E x,/,
2 x, 21 x, , , x, =3

(C6)
E x: -7 Rl+ RE xtl IIx, ll=, IIx, =
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It holds

(C7)
2 1 aaI<_--Rl+ R2<=-I-for some positive constant a and thus

E x’,--.R,+R2

(C8)

Let Vt IIx, ll=; then from (C6) and (C7) we obtain

(C9) ]El V,+- V,] V,..., V,]]
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THE LINEAR-QUADRATIC OPTIMAL CONTROL PROBLEM
WITH DELAYS IN STATE AND CONTROL VARIABLES:

A STATE SPACE APPROACH*

M. C. DELFOUR

Abstract. This paper generalizes the results of Vinter and Kwong to a control operator with a more
general delay structure than the one in A. Ichikawa and to delay systems with both finite and infinite
memories. The linear-quadratic optimal control problem over both finite and infinite time horizons is treated.
Several forms of associated abstract Riccati differential and algebraic equations are presented. The properties
ofthe kernel ofthe solution are studied and a coupled set of matrix ordinary and partial differential equations
is obtained.

Key words, optimal control, delays, state space, state control

AMS(MOS) subject classifications. 34, 29, 93

1. Introduction. The linear quadratic optimal control theory of systems with delays
in state and control variables has been studied by several authors from different view
points (cf. A. Ichikawa [1], [2], [3], Koivo and Lee [1], R. H. Kwong [1], [2], [3],
Kwong and Willsky [1], [2], L. Pandolfi [1], [2], Vinter and Kwong [1]). Recently
state-space techniques have been emphasized and two concepts of state have been
proposed: the first one by A. Ichikawa [1], [2], [3] and the second one by Vinter and
Kwong 1 ]. Both approaches lead to some Riccati equations. The work of A. Ichikawa
[3] aims at a general theory for a family of evolution equations with a control operator
containing a finite number ofpure delays; the work of Vinter and Kwong 1 deals with
differential delay equations in R" and a less general control operator which does not
contain pure delays.

The object of this paper is to generalize the results of Vinter and Kwong 1 to a
control operator with a more general delay structure than the one in A. Ichikawa [3]
and to delay systems with both finite and infinite memory. Finite time and infinite time
optimal control problems will be covered. We do not attempt to extend our result to
abstract evolution equations in a Hilbert space. We emphasize the basic state space
theory of a differential system with delays in state and control variables ( 4). Three
sets of differential equations are derived for the decoupling operator: the standard
operator Riccati equation, a new weak form of the equation, and a coupled set of
matrix ordinary and partial differential equations for the kernel of the decoupling
operator. The first one is a generalization of the one of Vinter and Kwong [1] and
several numerical methods are available to approximate its solution. The second one
is new and can advantageously be used to construct direct Galerkin full discretization
(in space and time variables) methods nicely incorporating the natural characteristics
of delay systems. A detailed discussion of those methods is unfortunately beyond the
scope ofthis paper. The last set of coupled matrix differential equations is a complement
to the first two. In specific applications and for certain classes of delay systems, it can
become a very useful tool in the analysis of the structure of the feedback law. A recent
and striking example of this philosophy can be found in the recent work of A. Manitius

* Received by the editors April 22, 1981, and in final revised form June 3, 1985. This research was
supported in part by the Natural Sciences and Engineering Research Council of Canada under grant A-8730
and by a FCAC grant from the Ministre de l’Education du Qu6bec.

" Centre de Recherche de Math6matiques Appliqu6es, Universit de Montr6al, Montr6al, Qu6bec,
Canada H3C 3J7.
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on the design of feedback controllers for a wind tunnel. He used this set of equations
to obtain the structure ofthe feedback law. He then numerically adjusted the parameters
to meet other design criteria. So it is not possible to priviledge a single tool in the
analysis and solution of linear quadratic problems. The issue is not to play one method
against another one. Those tools and others are available to the designer who uses his
experience and judgment in specific applications.

The presence of pure delays in the control operator makes it an unbounded
operator (in the state space formulation). This creates new difficulties in the modelling
and the solution of this linear quadratic problem; it necessitates special techniques
which bear a certain similarity with those encountered in the analysis of parabolic
systems with boundary control through a Dirichlet condition (cf. Delfour and Sorine
[1]). It must be stressed that the techniques of A. Ichikawa [3] only apply to control
operators with a special delay structure (a finite number of pure delays and an integral
term on the length of the memory); they do not apply to the general delay structure
we shall consider in this paper.

In 2, we give the fundamental lemma which asserts that the conditions of
Borisovic and Turbabin [ 1] are always verified for linear time-invariant delay-differen-
tial equations with finite or infinite memory. This is a special case of M. Delfour [3].
We also extend the concepts of hereditary operators and state found in Vinter and
Kwong 1].

In 3, the statement and solution of the linear quadratic optimal control problem
on [0, T] are provided. It is shown that the decoupling operator Ii(t) is a linear
continuous transformation of the space ME (ME=Rn LE(-h, 0; Rn), 0< h_<+oo, cf.
Notation). However this is not sufficient to obtain a Riccati differential equation for
H(t) and it is necessary to embed our optimal control problem into a larger family
with initial data and right-hand side in a "bigger" space.

In 4, the method of transposition is used to make sense of the solution of the
state equation for more general data. Fundamental isomorphisms are characterized
and an integration by partsformula is obtained; perturbation theorems are also presen-
ted. To our knowledge the results contained in Theorem 4.5 are new.

In 5, the original optimal control problem (OCP) is embedded in an enlarged
class of OCP’s. The solution of this new OCP leads to an optimality system, the use
of decoupling techniques and the construction of a Riccati differential equation. It is
interesting to notice that the decoupling operator is a "smoothing operator." We
essentially follow the method of J. L. Lions 1].

In 6, we construct the matrix function associated with the decoupling operator
P(t), study its properties and derive a set of coupled ordinary and partial differential
equations for it. We recover as a special case the equations given by Koivo and Lee
[1] and R. H. Kwong [3] for a single delay in the state and control variables. Our
results also generalize the linear quadratic optimal control theory of delay systems
without delays in the control variable (cf, M. C. Delfour [4] and [1], and Delfour,
Lee and Manitius [1]).

In 7, we solve the infinite time optimal control problem, derive a Riccati equation
for the decoupling operator P and a set of coupled partial differential matrix equations
for the kernel of P. To our knowledge the techniques used in that section are new.

Some of the results presented in this paper have been announced without proofs
in M. C. Delfour [2], [5].

Notation. g will denote the field of real numbers and, for an arbitrary integer
n _-> 1, R" will be the n-dimensional Euclidean space. The norm of x in R" and the
inner product of x and y in " will be written [x and x.y, respectively.
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Given -o<=a_<b<=+, I(a,b)=Rfq[a,b]. For a real Banach space X,
L2(a, b; X) will denote the space of all equivalence classes of square integrable
Lebesgue measurable functions on I(a, b) into X. The derivative of a function x on
I(a, b) intoX will be denoted by , dx/dt, Dx or Dtx (in the distributional sense).
The Sobolev space of all functions y in L2(a, b; X) with distributional derivatives/Yy,
j 1,..., m, in L2(a, b; X) will be written H"(a, b; X).

C(a, b; X) will be the Banach space of all bounded continuous functions x from
I(a, b) into X; when a =-c, b +c, or both, Co(a, b; X) will be the Banach
space of bounded continuous functions vanishing at infinity Co(a,b;X)=
{X C(a, b; X)l/e >0, :1 compact K c I(a, b), such that Ix(t)l< e, VtKC}, where
K is the complement of K with respect to I(a, b),

KC={tI(a,b)ltC:K};

when a and b are finite we define Co(a, b; X) as C(a, b; X). Co(a, b; X) will be the
subspace of functions of C(a, b; X) with compact support in ]a, b[. It is not to be
confused with the space of bounded continuous functions with support in I(a, b). In
general, the two spaces do not coincide except on I(-, ). In addition to the above
function spaces, we shall also use the notation

roc(a o; X)= {y: I(a, )--> XIVT> a, YI,,.T ;(a, T; X)}

for any function space (for instance, can be C, L2, H1, etc.).
Given a real measure/x on a or-algebra of subsets of a set S, will denote the

total variation of tz (cf. W. Rudin [1, pp. 117-118]). The total variation of an n x m
matrix/3 of real measures {/3,11 -<- _--< n, 1 <--j --< m} is defined as

Z
i=lj=l

where 1/31 is the total variation of/3.
Given two real Banach spaces X and Y, (X, Y) will denote the space of all

bounded (or continuous) linear maps from X to Y. The topological dual of X will be
written X’ and the duality pairing (x*, x)- (x*, x)x" X’x X- R. The transpose of an
operator T in (X, Y) will be denoted T*( Y’, X’).

When X is a Hilbert space, the inner product in L2(a, b; X) will be denoted )2.
The inner product of two elements b (b, bl) and @ (q/o, @1) in the space M2=

X x L2(-h, 0; X), 0 < h -<_ +c, will be defined and denoted as follows"

((, ,))= o. o+(, ,).

(]a, b[; R") will denote the vector space of all infinitely continuously ditterentiable
functions from ]a, b[ into

In the paper we shall introduce several continuous injections (typ. L: X --> Y). The
same notation will be used to denote the injection of a space of functions from I(a, b)
to X into another space of functions from I(a,b) to Y (typ. L: L2( a, b; X) -->

L2(a, b; Y), (Lx)(t) Lx(t) for almost all in I(a, b)). Also the integral of a function
t-->f(t)’I(a, b)--> X will often be written jfdt instead of f(t)dr. This notation is
more economical.

Given a Hilbert space V, we shall say that an element T in ( V’, V) is symmetrical
if

Vv, we V’, (v, Tw)v=(w, Tv)v;
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we shall say that T is positive if

Yv V’, (v, Tv)v>=O.

Given an n x m matrix M (n ->_ 1, m >= 1, integers) the transposed of the m x n
matrix M will be denoted Mr.

2. System deseriltioa and Imsie theory. Let h, 0< h-< +o, be the length of the
memory of our system. When h is finite, we say that it has finite memory; when h +,
we say that it has infinite memory. Let B: Co(-h, 0;
be continuous linear maps. Consider the system of equations

dx
Lx, + +fo( t), >-_ O,

(2.1)
x(0) b, Xo bl, Uo w,

where x(t)’, u(t)", (b,bl)M2, wL2(-h,O;ffm), fLoe(0, cx3;"), u
L2oc(0, c; R’) and ut and xt are defined as follows"

u,(O)={u(t+O), t+O>=O, x(t+O), t+0=>0,
(2.2)

w(t + O), otherwise,
x,(0) [ bl(t + 0), otherwise.

2.1. Existence and uniqueness theory. For a fixed real number a > 0 and a con-
tinuous function y in Co(-h, a; ) (resp. v in Co(-h, a; m)), the functions t+
(y)(t)=Lyt(resp. t(v)(t)=Bvt) belong to C(0, a;R). Though the function y
(resp. v) does not have a pointwise meaning for a function y in L2(-h, a; ) (resp.
v in L2(-h, a; m)), we shall show that it globally makes sense as an element of
L2(0, a; "). This amounts to showing that the three conditions of Borisovic and
Turbabin 1 ] are always verified for delay systems with both finite and infinite memories.

LEMMA 2.1. Fix h, 0 < h <- +0, and the continuous linearmap B: Co(-h, 0; ")
(resp. L: Co(-h, 0; R") R")).

(i) There exists a unique n x m (resp. n x n) matrix fl (resp. rt) of real regular
Borel measures such that

Bw doflw(O) Vw
h

(2.3)
(resp. L4 dor(O) Vrb e Co(-h, 0; N").

h

(ii) Let a > 0 be a fixed real number. For each
C(- h, a; ")) the function 1v resp. y),

(2.4) t(lv)(t)=Bv,:[O,a]N" (resp. t-(y)(t)=Ly,:[O,a]+N")

is continuous and the map

(2.5) v

(resp. y ’y: Cc(-h, a; R")+ L2(0, a; R"))
is linear and continuous.

(iii) The map (resp.) extends to a continuous linear map defined on
L2(-h, a; Rm) (resp. L2(-h, a; "))

(2.6) :L2(-h,a;Rm)->L2(O,a;R") (resp.f:L2(-h,a;R")+L2(O,a;R")).

Proof Cf. Appendix to 2. l-1
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Remark 2.1. For convenience we shall often use the notation By, (resp. Ly,)
instead of (v)(t) (resp. (y)(t)) for v in L2(-h, a; Rm) (resp. y in L2(-h, a; ")).

Remark 2.2. For h finite, Lemma 2.1 is essentially Theorem 2.1 in Delfour and
Manitius 1]. However, to our knowledge, this result is new for h

Lemma 2.1 says that we can now make sense of the right-hand side of (2.1) for all:

(2.7) T> 0, x in L2(0, T; "), u in L2(0, T; Rm),

$1 in L2(-h, 0; "), w in L2(-h, 0; ").

Since the maps and S are defined between spaces of L2-functions, it is possible to
rewrite (2.1) in a way which separates the solution x and the control u defined on
[0, oo[ from the initial functions 1 and w on I(-h, 0),

(2.8) Yc=(e+x+e_4,1)+J(e+u+e_w)+f x(0) b

where for an arbitrary function z defined on I(a, b), -oo<_ a < b -<_ +o, and an arbitrary
sI(a,b)

z(t), tI(s,b), (resp.(eLz)(t)={O, otherwise(2.9) (e+z)(t)=tO, otherwise, z(t), tI(a,s)]"

Notice that the terms in b and w are zero outside the interval I(0, h). This
suggests the introduction of the following structural operators

(2.10) H: L2(-h, 0; ")-> L-(-h, 0; R"),

which are defined for each a in I(-h, 0) as

(2.11) (Hl)(a) (e_ck)(-a),

K: L:(- h, 0; R") --> L2( h, 0; n)

(Kw)(a) (e_w)(-a).

It is readily seen that for d in Co(-h, 0; ") and w in Co(-h, 0; .m)

(2.12) (Hb)(a) dn(O)ckl(o-a), (Kw)(a) dfl(O)w(O-a).
h h

In Delfour and Manitius [1, Thm. 2.1, p. 470], the first identity (2.12) was used to
define H on C(-h, 0; "), h < +; then it was shown that H has a continuous extension
to L2(-h, 0; ") which coincides with the operator defined by the first identity (2.11).

In view of (2.8) and (2.11), (2.1) is of the form

(2.13) = (eO+x)+ (eO+u)+fo+ ,(:1), X(0)-- :0,
where

(2.14) := (70, 1) ((0, Hck + Kw) M2,
and g’ is the continuous linear map from L2(-h, 0; ") into Loc(0, 00; R") defined as

(2.15) c(l)(t)=(e_hl)(--t), tI(O, oo).

But (2.13) still makes sense for arbitrary sel in LE(-h, 0; n). We summarize our
conclusions in the next theorem.

THEOREM 2.2. (i) Equation (2.1) (or, more accurately, (2.8)) has a unique solution
x in Hoc(O, ;) andfor each T> 0 there exists a constant c > 0 such that

(2.16) IIfOII  <O,T; >/ II(4’O, H4’’ / Kw)II ,q"
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(ii) For arbitrary (, ) in M2 ( not related to alp),(2.13) has a unique solution
x in Hoc(O, oo; R") and for each T> O, there exists a constant c > 0 such that

(2.17) <-- c[ll u

Proof By standard arguments. See also M. Delfour [3]. l,]

2.2. Associated semigroulS. Let w, u and fo be zero in (2.1). The solution x of
(2.1) generates a strongly continuous semigroup {S(t)} of class Co on M2

(2.18) S(t)(6, k)= (x(t), x,)

with infinitesimal generator

A(qb, &’)=(Lqb’,Dod’) V& =(b, b’)e (A),
(2.19)

(A) {(b, b’): b’ Hl(-h, 0; I"), b b’(0)}.
Notice that the above characterization of the operator A implies the following lemma
which can also be proved directly.

LEMMA 2.3. HI(-oo, 0; Rn) c Co(-Oo, 0; n) and the injection is continuous.

Proof Cf.. Appendix to 2.
Associate with system (2.1) the following "transposed" system

(2.20) d(t) L7‘z,, >= O, z(O) o, Zo ’,

where the operator LT‘: Co(-h, 0; R")",

(2.21) Lq= fo drt(O)q(O), q Co(-h, 0; "),
d-h

is in some sense the "transpose" of L. As above the solution of system (2.20) generates
a strongly continuous semigroup {ST‘(t)} of class Co on M2

(2.22) ST‘(t)(, q)=(z(t),z,), t>-O,

with infinitesimal generator

(2.23) AT‘(, qta)=(Lrq’,Doq’), V(qt, qtl)(a7‘), (ar)=(A).
From the theory of semigroups of class Co we know that for each

the map t $7‘(t)q defined on [0, oo[ belongs to C(0, T; M2)fq C(0, T; (A7‘)) for
all T> 0, when (AT") is endowed with the graph topology of A

We shall denote by V the Hilbert space (AT‘) endowed with the norm

(2.24)

The restriction of ST‘(t) to V also generates a strongly continuous semigroup
{S,(t)} of class Co on V with infinitesimal generator

(2.25)
A(qt, q’) (LT’, Doq’) I(, q’) (A,),
(A) {(qo, q,). q,e H(_h, 0; I"), qo= q’(0), Lq’= Dq’(0)}.

The space V is isomorphic to the Sobolev space Hl(-h, 0; ") since the map

(2.26) qt Jq (q(0), qt)" H’(-h, 0; I")--> V

is clearly a continuous bijection, In fact one could define the analogue {,(t)} of the
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semigroup {S,(t)} directly on Hl(-h, 0; ") as follows:

(2.27) [grv(t)]b](O)=y(t+O), OsI(-h,O),

where y is the solution of

(2.28) d__y Lry,, Yo q.
dt

Its infinitesimal generator would be

Lrq, 0=0,(2.29) (,q)(0)
D(0), 0 0,

(,) { H2(-h, O; R")" LrO Dq(O)}.

2.3. Extension of the state space theory of Vinter and Kwong. We have seen that
a knowledge of the pair (b, Hr / Kw) at time 0 is sufficient to solve (2.1). So at time
> 0 it is sufficient to know

(2.30) ( t) (x( t), Hxt + Kut) in M2

in order to solve (2.1) for all times greater than or equal to t. For the more general
case of (2.13) with an arbitrary :1, the definition of the L2-component ;(t) or (t)
must be modified as follows

(2,31) [’(t)](O)=(H(e+x),+ K(e+u),)(O)+ ;(’)(t-O).

More generally for arbitrary initial time s => 0 and initial function :1, (2.13) becomes

(2.32) :(t)=((e_x)+J(e+u)+f)(t)+ (sc’)(t-s), t>--s, x(s)=.
Denote by x(t; s, , u,f) the solution of (2.32) at time >= s and by :(t; s, , u,f)
((t), l(t)) in M2 its state at time >-s defined as follows:

(2.33)
( t) x( t; s, :, u,f),
l(t)(O)=(H(eS+x),+ K(e+u),)(O)+ (l)(t-s-O), OI(-h,O).

In their paper, Vinter and Kwong 1 have obtained an equation for the evolution
of the state (t) :(t; s, , u, fo) in M2 in the case where the operator B is of the form

(2.34) Bw Bow(O) + Ih B,( O)w( O) dO,

where Bo and B1(0) are n x m matrices and the elements of the matrix B1(0) belong
to L2(-h, 0; ). In this special situation, for any T>0 and u in L2(-h, T; m) the
map associated with B reduces to

o

(2.35) (u)(t) Bou( t) / BI( O)u( + O) dO.
-h

The object of this section is to extend the above mentioned results to all continuous
linear B: Co(-h, 0; ")-". This will be given in Theorem 2.7. It necessitates the
following definition and technical lemmas.

DEFINITION 2.4. To fix h, 0 < h <= +o, we fix the arbitrary continuous linear map
B: Co(-h, 0; ")" (resp. L: Co(-h, 0; ")") and its representation in terms of
the n x m (resp. n x n) matrix/3 (resp. r/) of real regular Borel measures.
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(i) We shall denote by B (resp. LT) the following continuous linear map

4 - 4 o 4 o Co h, 0;
h(.3

resp. Lr donr(O) Co(-h, 0; N)N
-h

where r (resp. r) is the transposed n x m matrix (resp. n x n-matrix ) of real
regular Borel measures.

(ii) For each in Co(-h, 0; N) define the function

(2.37) (Kr)() dor(O-) (resp. (Hr)() donr(O-))
-h -h

in L(-h, 0; N) (resp. L(-h, 0; R)). As in Lemma 2.1 and in the discussion from
(2.10) to (2.12), the linear map Kr (resp. Hr) extends to a continuous linear map
Kr: L(-h, 0; N) L(-h, 0; N) (resp. Hr: L(-h, 0; N) L(-h, 0; N)).

LEMMA 2.5. If H* and K* are the respective transposes of the maps
H: L(-h, 0; N) L(-h, 0; N) and K: L(-h, 0; N) L(-h, 0; ), then H*= Hr

and K* K r

Proo Cf. Delfour and Manitius [1, pp. 473-474].
LMMA 2.6. Let a>0 be a fixed real number. For each in C(-h, a; N) the

function rz (resp. r) is defined as

o(rz)( t) Brz,: [0, a] o
(2.38)

(resp. to(rz)(t) Lrz,: [0, aloe").

(i) e function rz (resp. rz)(t) is continuous and the continuous linear map

z z: Cc(-h, a; R") L:(O, a; am)
(2.39)

(resp. z rz: C(-h, a; ") L2(0, a; "))
extends to a continuous linear map

r: L2(_h, a; R")o L2(-h, a; m)
(.40)

(resp.: L2(-h, a; R")o L2(-h, a; ")).

(ii) For all > s, z in L2(s, t; R") and x in L2(s, t; ") (resp. u in L2(s, t; m))

(t-r) (ex)(r) dr= (re)(t-r). x(r) dr,

(resp. (-r) (Neu)(r) dr= (Nre)(t-r) u(r) dr).

Proo CK Appendix to 2.
In the following theorem the map j" gM is defined as the injection

into M

(2.42) j(o, ,1)= (,o, 1),
where V is endowed with the topology generated by the norm (2.24). We shall also
identify the elements of the topological dual M2) ofM2 with those ofM2. This means
that we obtain the following chain of continuous dense injections

V- M--- (M) --



LINEAR-QUADRATIC PROBLEM WITH DELAYS 843

THEOREM 2.7. (i) For each pair 0 <- s <- t,

(2.43) j*:(t; s, , u,f)=j*ST"(t-s)*sr

+ S,(t-r)*[(BrJ-)*u(r)+j*(f(r), 0)] dr,

where J: H(-h, 0; ")- V is defined by (2.26), the same notation Br is used for the
restriction to the subspace H(-h, O; N) of the map Br: Co(-h, O; N)N
(H(-h, 0; N) is a subspace of Co(-h, 0; N), 0< h N +m).

(ii) For each pair 0Ns< T, the function (t)=(t; s, , u, f), s N N T, is the
unique solution in the space

(2.44) (s, T; M2, V’)= {y C(s, T; M2 dj*y L(s T; V’)}
of the equation

d
) rJ-Z *u(2.45) (j*y(t))=(A *y(t)+(B t) +j*(f( t), O) in V’, y(s)= ,

wherej*, (BrJ-)* and (At)* are the transposes of the mapsj, BrJ- and Ar: VM.
(iii) In weak form the first equation (2.45) is equivalent to

d
(2.46) ((j$,y(t)))=((Ar$,y(t)))+BrJ-$ u(t)+$, f(t), ts,

for all =(o, $) in V (recall that for each $=($o, $) Hl(_h, 0; ,) and= 1(o)).
(iv) en B is of the form

(2.47) Bw Bow(0) + B(0)w(0) dO,
h

then

(2.48) BTj-ldp Bj& Vb V,

where B" M2- U is the continuous linear map

(2.49) B(d, 4) B4+ B(O)rd(O) dO.
-h

For such a B, (2.43), (2.45) and (2.46) reduce to

(2.50) .(t;s,,u,f)=Sr(t-s)*+ Sr(t-r)*[(B)*u(r)+(f(r),O)]dr,

d
(2.51) -(j*y(t))=(Ar)*y(t)+j*[(B)*u(t)+(f(t),O)] in V’, y(s)= in M,

d
(2.52) --((J0, Y(t)))=((ArO, y(t)))+((j, (B)*u(t)+(f(t), 0))),

for all in V.
Proof. Cf. Appendix to 2.
Remark 2.3. Part (iv) of the theorem is precisely the special case covered by Vinter

and Kwong [1]. It corresponds to the subfamily of all continuous linear operators
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B’Co(-h,O;Rn)->R for which the operator (Brj-)*" U--> V’ is continuous with
values in ME. This condition is equivalent to say that the continuous linear map
g/--> BrJ-b V--> U is continuous for the ME-topology. So it can be extended to a
continuous linear map B4: ME -> U such that Brj-1 B rMj.

3. The linear quadratic optimal control problem On [0, T]. Fix T> 0. Associate with
the solution of (2.1) the quadratic cost function

(3.1) jr(u o, , w)= [Qx(t) x(t)/ Nu(t) u(t)] dt,

where "." denotes the inner product in R" or m. Q and N are n n and m x m
symmetrical matrices. Q is positive semi-definite and N is positive definite:

(3.2) Q* Q >_- 0, N* N> 0.

The optimal control problem on the finite time horizon [0, T] consists in finding a u*
in L2(0, T; m) such that

(3.3) jr(u. o, bl, w)-Inf{jr(u, b, th 1, w)" u E LE(O, T’, m)}.

We have seen that system (2.1) can be expressed in state form by introducing the
state (t) which is a solution of (2.50) with s-0 and s given by identity (2.14). The
cost function (3.1) can be redefined in terms of (t),

(3.4) jr(u (ho, 1, w)= [((((t), (t))) + Nu(t). u(t)] dt,

by introducing the linear transformation ( of ME

(3.5) t(o, if,)= (QO0, 0).

The minimizing control u* is completely characterized by the following optimality
system

dj*: Tj-1(3.6) ---=(Ar)*:+(B )*u*+j*(f,O) in V’, (O)=(,HI+Kw),

(3.7) u*(t)=-N-1Brp(t),

(3.8) djP+Arp+(=O, p(T) 0,
dt

where the solution p of (3.8) belongs to C(0, T; V) since ((t)=(Qx(t), 0) and
p(T) 0. So (3.7) makes sense.

The next step consists in decoupling the Hamiltonian system

dj*
(3.9) -dt’ =(Ar);-Rp+j*(f’O)’ (O)=(4)’HI+Kw)’

(3.10) djP/Arp/O=O, p(T) =0.
dt

R=(BTj-1)*N-1BTj-1,

(3.11) Inf{Jf(u, :)" u E L2(s, T; m)},

To do that, we fix s, 0-<_ s < T, and consider the embedded problem
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where

(3.12) J(u, :)= [((0y(t), y(t)))+ Nu(t) u(t)] dt,

and y is the solution of

(3.13) dj*Y=(Ar)*y+(BrJ-1)*u+j*(f,O), y(s)=.
dt

The minimizing control is again completely characterized by the Hamiltonian system

(3.14) dj*Y-(Ar)*y-Rq+j*(f,O), y(s) :,
dt

(3.15) djq+A7rq+Oy=O, q(T) =0.
dt

Following the decoupling theory of J. L, Lions [1]

(3.16) p(t) II(t)(t) + r(t) in [0, T],

where II(t) is a continuous linear operator from M2 into V and r(t) a vector in V.
II(t) and r(t) are constructed from (3.14)-(3.15) as follows:

(3.17) dj*_ (Ar)* Ry, (s) ,
dt

(3.18) --’+Ary+Q =0, y(T) 0,
dt

(3.19) iI(s): 3,(s),

(3.20) dj*dP-(Ar)*ck-R+j*(fo, O), b(s) 0,
dt

(3.21) dJ----+Ab+Odp=O, (T) =0,
dt

(3.22) r(s)= ,(s).

The second step is the study of the properties of II(s) with respect to s. This is
easy if II(s) is considered as an operator from M2 into M2. By standard arguments
(cf. J. L. Lions [1]) it can be shown that for each s in M2, the map s-->jII(s)s is at
least weakly continuous, bounded and strongly measurable from [0, T] into M2. It is
more difficult to obtain the same properties for the same map from [0, T] with value
in V.

To get around this technical problem, we are led to embed system (3.13) into a
larger class of systems indexed by the initial time s in [0, T[, initial conditions s in
V’ and arbitrary functions f in L2(0, T; V’) instead of j.(f0, 0). However, we must
make sense of (3.13) and the cost function (3.12) for such data. The advantage of this
approach is that with V’ as space of initial data, the techniques of J. L. Lions [1] are
available to show that the new decoupling operator, P(s), is a continuous linear map
from V’ to V and that for all s in V’ the map .s --> P(s):: [0, T]-> V is weakly continuous
bounded and strongly measurable.

The fundamental theory is given in 4, used in 5 to derive the Riccati differential
equation for P, and, in 6 to derive the differential equations for the kernel associated
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with the decoupling operator. In the sequel H(t) will denote the decoupling operator
considered as a continuous linear operator from ME into M2 and not from ME into V.
In particular the decoupling identity (3.16) will be rewritten in the form

(3.23) jp(t)=II(t)(t)/jr(t) in [0, T].

4. Fundamental isomorphisms. In this section we establish two fundamental
isomorphisms, obtain an "integration by parts formula" and prove a perturbation
theorem which will be used to obtain the Riccati differential equation. Since this section
is rather technical, we summarize the notation which will be used. Define the space

(4.1) W=R’xHI(-h,O;R’)

endowed with the product norm

(4.2) (t#, I11[1,.
Identify the elements of the dual (M2), of M2 with those of M2 and define the chain
of continuous dense injections"

J i* l* J*
Hl(-h, O" ") V W M2= (M2) W’ V’ (H)’,

j-t
(4.3)

i(to, )1)_._ (t0 tl), l(bo, tl)__(o, )1), J()--((0), (), j-l(o, 1)__ )1.
Given two spaces X, Y with canonical dense injection ix" X.--> Y, define for T> 0

(4.4) /4/’(0, T; X, Y) {v C(0, T; X): Dtixv L2(0, T; Y)}.

4.1. Adjoint isomorphism. It is well known from semigroup theory that for T> 0,, V and g L2(0, T; V) the function

(4.5) v(t)=s(r-t)+ Srv(r-t)g(r) dr

is the unique solution in the space 1/’(0, T; V, M) to the differential equation

(4.6) Dtjv+Arv+jg=O, v(T) .
In addition for T> 0, 6 V and gO L2(0, T; R") the function

(4.7) v(t) (p(t), p ’), > 0,

constructed from the solution of the differential equation

(4.8) p(t) + LTp + gO(t) O, (p(T), p T) =d/ V,

is the unique solution in iF(0, T; V, M2) to the differential equation

(4.9) Dtjv+ATv+(g(t),O)=O, v(T) .
We combine the two sets of results in one.

LEMMA 4.1. Fix T>0. For all # V and g L2(0, T; W), there exists a unique
solution v in t4/’(0, T; V, M2) to the differential equation

(4.10) Dtjv+Arv+ig=O, v(T) tp.

From the above lemma, the map

v-->(-(D,jv+ATv), v(T)): /,F(0, T; V, M2)--> L2(0, T; M)x V
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is injective, linear and continuous. It is also surjective onto the subspace L2(0, T; W) x
V. This suggests the definition of the space

(4.11) V(0, T)={v C(0, T; V)l-(Dtjv+Arv) L2(0, T; W)}

endowed with the norm

(4.12) IIo11 o, ) [I/)[I 2c(o.r;v+llD,jv+mrvll=L (0,T; w).

The inclusion

-(Vdv+ Arv) L(O, T; W)

is to be understood as follows

:lwL-(O, T; W) such that-(Djv+ATv)=iw.

Notation 4.1. It will be convenient to associate with each element v of V(0, T)
the function

(4.13) -[Dt+AT]veL2(O, T; W)

characterized by the identity

(4.14) i[D,+AT]v Djv+ATv.

It can be shown by standard arguments that the space //’(0, T) is a Banach space.
THEOREM 4.2. The map

(4.15) v-->(-[Dt+Ar]v, v(T)): (0, T) L2(0, T; W)x V

is an (algebraic and topological) isomorphism.

4.2. Transposed adjoint isomorphism. From standard semigroup theory we can
always construct the continuous linear map

(4.16) (f, :) x: L2(0, T; V’) x V’ C(0, T; V’)

where

(4.17) x(t)=S,(t)*+ S(t-r)*f(r) dr, O<-t<= T.

We shall see in Lemma 4.3 that we can further characterize the image of the map
(4.16) and construct an isomorphism between L2(0, T; V’)x V’ and that image. This
result is in fact completely general and independent of the special semigroup S,(t)*.

However it will not be sufficient four our purposes. We shall need the following
additional property:

(4.18) :lz L2(0, T; W’) such that l*z( t) x( t) a.e. in [0, T],

where W’ is the topological dual of the product space W=R" Hl(-h, 0; R"). This
property will be obtained with the help of the "method of transposition."

For the reader who is not familiar with the method of transposition, pertinent
details will be given in Lemma 4.4. This method is widely used in the theory of partial
differential equations to make sense of the solution of equations with "nonsmooth
data." Its starting point is the construction of the so-called "adjoint isomorphism"
which is an isomorphism between two Banach spaces of "smooth functions" for the
associated "adjoint system." The transpose ofthat isomorphism is itself an isomorphism
between the duals of the initial spaces of "smooth functions" endowed with their
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respective norm topologies. It will be referred to as the "transposed adjoint
isomorphism."

Coming back to our specific problem, the "transposed adjoint isomorphism" and
the "integration by parts" formula will be given in Theorem 4.5. The first Lemma gives
a general construction which applies to any strongly continuous semigroup of class Co.

LEMMA 4.3. Let (A,) be the domain of the operator A,: (Av) V defined in
(2.25) of 2.2. With the topology defined by the norm

(4,19) o11 {11 o11%/ IIa oll%}

(A,) is a Hilbert space. Denote by jr" (Arv) V the continuous linear injection of the
subspace (A,) of V into V.

(i) For all T> O, in V’ andf in L2(O, T; V’) the function

(4.20) x(t) S(,(t)*+ S(,(t- r)*f(r) dr

is the unique solution in W(O, T; V’, (Arv)’) to the equation

dj*vx
(Av).x =j*vf x(O)(4.21) d---

where (A,)’ is the topological dual of the Hilbert space (Arv) endowed with the norm
(4.19) and (Av)* is the transpose of the continuous linear operator Av: (A(,)- V.

(ii) The subspace

(4.22) g(O, T)= (x (0, T; V’, (A(,)’)lDd*vx-(A,)*x L(O, T; V’))

is a Banach space when it is endowed with the norm

(4.23) Ilxll <o, ) Ilxll o,;v,> + IlD,j*x-(a,)*xll=o.;v,>.
(iii) The map

(4.24) x - ((Dtj*v-(A,)*)x, x(0))" (0, T) L-(0, T; V’) x V’

is an (algebraic and topological) isomorphism when the product space L2(0, T; V’)x V’
is endowed with the norm

(4.25) II(f,

Proof By standard arguments.
Notation 4.2. It will be convenient to associate with each element of the space

(0, T) the function

(4.26) [D,-(A,)*]x L2(0, T; V’)

which is characterized by the identity

(4.27) j*v[D, (Av)*]x Dj*vx (Av)*X.
With the above characterization

(4.28) [Dt-(A,)*]j*x= Dtj*x-(AT")*x Vx W(0, T; M2, V’). 1-1

At this juncture it is useful to recall our twofold objective" to obtain property
(4.18) and an "integration by parts formula." All this will be easily obtained by
transposition of the adjoint isomorphism (4.15) of Theorem 4.2. The method of
transposition uses the following lemma.
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LEMMA 4.4. Given an (algebraic and topological) isomorphism T: X Y between
two real Banach spaces X and Y, its transpose T*: Y’ - X’ is also an isomorphism between
the topological dual spaces Y’ and X’ of Y and X endowed with their respective norm
topologies. Therefore for each x’ in X’ the "variational equation"

(4.29) (T*y’, X)x (x’, X)x Vx X

has a unique solution y’ in Y’ which is equal to T*)-x’. Moreover the solution y’ is
continuous with respect to the datum x’.

Proof. Cf. Dunford and Schwartz [1, Vol. I, p. 479, Lemma 7]. The existence of
a unique solution to the variational equation (4.37) is a trivial consequence of the
continuous invertibility of T*. rq

THEOREM 4.5. (i) Given (f, ) in L2(0, T; V’) x V’, the variational equation

(z(t), ([D,+Ar]v)(t))wdt+(zr, v(T))v= (f(t), v(t))vdt+(, v(O))v
(4.30)

Vv r(0, T; V, W),

has a unique solution (z, zr) in L2(0, T; W’) x V’ and there exists a constant c > 0 such
that

(4.31) II(z, z )ll -< cll(f, )ll.2O,T..V’)v

for all (f, ) in L2(0, T; V’)x V’.
(ii) The solution of (4.30) is given in terms of andf by the formulae

(4.32)

(4.33)

where x is the function

l*z(t)=x(t) a.e. in [0, T],

ZT X(T),

(4.34) x(t)=Srv(t)*+ Srv(t-r)*f(r) dr.

(iii) The map

(4.35) zo([D,-(Av)*]l*z, (/*z)(0))" (0, T)o L2(0, T; V’)x V’

is an isomorphism for the Banach space

(4.36) ’(0, T)= {z L2(0, T; w’)ll*z (0, T)}

endowed with the norm

(4.37) Ilzllo, Ilzll2:(o,T..w,) + IIl*zil2(o,
(iv) For all v in (0, T) and z in (0, T)

(z(t), ([Dt+Ar]v)(t))wdt+((l*z)(T), v(r))v
(4.38) rr

Jo (([Dt-(A)*]l*z)(t), v(t))vdt+((l*z)(O), v(0))v.

oo Cf. Appendix to 4.
Remark 41. Pa (iii) of Theorem 4.5 says that the spaces (0, T) and (0, T)

are isomorphic:

(4.39) l*(0, T)= (0, T).
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So for each element x of (0, T)

(4.40) :lz=(z,z)(O, T)c L-(O, T; W’) such that x=l*z,

where W’, the dual space of W=l"x L2(O, T; ), is identified with the product
space "xH(0, T;R")’. This is a generalization of the familiar and convenient
product space structure M=" x L2(-h, 0; R"). Therefore any element x in (0, T)
can be represented in terms of a pair (z, z) in R" x H(0, T; ")’ as follows:

(4.41) (x(t), Jv)v z(t) v(O) + (z(t),
’vs H(-h, 0; t") almost everywhere in [0, T].

4.3. Perturbation theorem.
THZORM 4.6. (i) Let K, t--> K t) [0, T]--> ( V, V) be a strongly measurable and

bounded operator-valued map. For each v in C(O, T; V) denote by Kv the function
(Kv)(t) K(t)v(t), 0<= t<= T.

The continuous linear map

(4.42) v - -+AT v lKv, v( T) (0, T) - L2(0, T; W) x V

is an (algebraic and topological) isomorphism.
(ii) Let F, t F(t):[0, T)- &(V’, V’) be a strongly measurable and bounded

operator-valued map. For each y in C(0, T; V’) denote by Fy the function
(4.43) (Fy)(t)= F(t)y(t), 0 <- t<-_ T.

The continuous linear map

(4.44) y --(A,)* l*y-Fl*y,(l*y)(O) "(0, T)L2(0, T; V’)x V’

is an (algebraic and topological) isomorphism.
Proof. Cf. Appendix to 4.

5. The new embedding of the control problem and the operator Riccati differential
equation. In 3 we have considered the following problem:

Inf{Jr(u, b, b 1, w): u L2(0, T; Rm)},(5.1)

where

(5.2)

and

jr(u 60, 1, w)= [Qx(t) x(t)+ Nu(t) u(t)] at

d- Lxt + Bu, +fo(t) in [0, T], x Hi(o, T; "),
(5.3)

(x(0), Xo, Up)= (th, 6, w) a" x L2(-h, 0; ") x L2(-h, 0; I").

By using the extended state space theory of Vinter and Kwong (cf. 2.3), problem
(5.1) to (5.3) was embedded in the following larger family of problems indexed by
s [0, T[ and : in M2:

(5.4) Inf{Jr(u, :)" U L2(s, T;
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where

and

T

J(u, :)= [(((y(t), y(t)))+ Nu(t) u(t)] dt

d
(5.6) -j*y=(Ar)*y+(BrJ-’)*u+j*(f,O) in Is, T], y(s)=M2,

(Q is defined by (3.5)).

5.1. New embedding of the control problem. In 4 we have seen that system (5.6)
can be further embedded in the larger family of problems indexed by s [0, T[ with
initial conditions : in V’ and fight-hand sides f in L2(0, T; V’); there exists a unique
y in (0, T) such that

(5.7) [Dt -(A,)*]l*y (BTj-1)*u +f in [s, T], (l*y)(s) .
The critical property that y (0, T) c L2(0, T; W’) makes it possible to also associate
with : in V’ and u in LE(s, T; m) the cost function

(5.8) .[(u, s) [(y, Qy+2q)w+ Nu. u] dr,

for q in L2(0, T; W) and t) a continuous linear map from W’=R"x(H1) into
W R" x H defined as

(5.9) 0(0, 1)= (Qb, 0), H1= H’(-h, 0; a").

When q =0 and : and f are of the form s =j* and f=j,(fo, 0), it is not too
difficult to see that (5.7)-(5.8) reduce to (5.6)-(5.5). Indeed the solution y to (5.7) is
of the form y i*)7 for some y in /(s, T; M2, V’) (cf. Theorem 2.7(ii)) and by identity
(4.28)

d ,[Dt--(A(,)*]I*y=[Dt-(A,)*]I*i*=[Dt-(Arv)*]j*=--j -Ar.
Furthermore,

LEMMA 5.1. Q=iQi*.
Proof. For all pairs (b, b) and (fro, ) in M2

and

(((o, 6,), 0(,o, ,,)))= o.

bo(i,(tho, bl), Qi,(oo, O))w QOO. l-1

So by construction Q- iQi* and

(y(t), (y(t))w=(i*y(t), (i*y(t))w=((y(t), i(i*y(t)))=((y(t), (37(t))).
Thus problem (5.6)-(5.5) is indeed embedded in problem (5.7)-(5.8).

The new optimal control problem in Is, T] consists in minimizing J(u, ) over
all u in L(s, T;)

(5.10) Inf {ff(u, )lu L2(s, T; )}.

5.2. Solution of the optimal control problem. The techniques of J. L. Lions [1]
directly apply to problem (5.7), (5.8) and (5.10) and the minimizing control u* is
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completely characterized by the equation

(5.11) [(z, Oy+ q)w+ Nu* v] dt=O

for all v in L2(s, T; n) where y is the solution of

(5.12) [D-(A,)*]I*z=(BrJ-)*v in Is, T], (l*z)(s) =0.

As usual we introduce the adjoint system

(5.13) -[D,+Ar]p=Qy+q in [s, T], p(T)=O,

with solution p in //’(0, T) (cf. Theorem 4.2 and Notation 4.1). By using identity (4.30)
of Theorem 4.5 on the interval Is, T], we readily obtain

(5.14) (BrJ-p+Nu*) vdt=O vet2(s, r;m),

or since N is invertible

(5.15) u*(t)=-N-1Brj-lp(t) in Is, T].

The substitution of u u* (given by expression (5.15)) into (5.7) leads to the following
Hamiltonian system

(5.16) [Dt-(Arv)*](l*y)=-Rp+f, (l*y)(s)=, R=(BTj-1)*N-BrJ-,
(5.17) -[Dt+Ar]p=Oy+q, p(T) 0.

It is important to emphasize that the above and forthcoming results follow the
standard arguments of J. L. Lions 1]. For this reason proofs will be omitted. The next
theorem uses invariant embedding with one small difference with respect to J. L. Lions
1 ]. The space of initial conditions V’ is a Hilbert space which has not been identified
with its topological dual since we have already identified the elements of the dual
(M2) of M2 with the elements of M2. This difference does not affect the proofs but
is very essential in our results.

THEOREM 5.2. (i) For s =0, there exists a family {P(t): 0<-_ t<= T} of continuous
linear maps from V’ into V and a family { r(t): 0 <- <- T} of vectors in V such that

(5.18) p(t)= P(t)(l*y)(t)+ r(t), 0 <- t<--_ T.

P( t) and r( t) are obtained by the following rules:
a) Solve

(5.19)

(5.20)

b) Solve

(5.21)

[D,-(Arv)*](l*b)=-R in Is, t], (/*b)(s) h,

-[Dt+Ar]b=Oqb in Is, T], (T)=0,

P(s)h g/(s).

[D,-(A,)*](l*fl)=-Ry+f in Is, T], (l*fl)(s)=O,

-[Dt+Ar]y=Ofl+q in Is, T], y(T) =0,

(5.22) r(s) y(s).
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(ii) The operator P(s) is symmetrical and positive

Vh, k in V’, (h, P(s)k)v (k, P(s)h)v
(5.23)

th in V’, (h, P(s)h)v >- O.

For all h in V’, the map

(5.24) P(t)h" [0, T] - V

is weakly continuous, bounded and strongly measurable. In particular

(5.25) :lc>0 such that /’t[0, T],

The proof of this theorem uses standard arguments and will be omitted.

5.3. Riccati differential equation for P. The remaining considerations and the final
results are based on the perturbation Theorem 4.6 and a lemma. Theorem 4.6 will be
used to perturb the adjoint isomorphism (4.15) by the operator K(t)= P(t)R; the
lemma will say that if q(t) is chosen equal to -lP(t)f(t) in (5.17), then the pair of
solutions (y,p) to system (5.16)-(5.17) verifies the identity p(t)= P(t)y(t), 0 < t<-_ T.

LEMMA 5.3. Recall the Hamiltonian system (5.16)-(5.17), identity (5.18) and the
characterization of r in Theorem 5.2(i). The following conditions are equivalent:

(i) Vs, O<--_s<= T, r(s)=O,
(ii) s, 0 <- s <- T, p(s) P(s)(l*y)(s),
(iii) for all h in V’ and s, 0<-_ s <- T,

(5.26) [(b(t), q( t))w + (f( t), (t)}v] dt=0,

where (c, d/) is the solution of system (5.19) on Is, T] with initial condition h at time s.
In particular if
(5.27) q(t) =-lP(t)f(t), 0<-_ <- T,

condition (5.26) is verified and r(s) O, 0 <- s <= T.
Proof. Cf. Appendix to 5.
THEOREM 5.4. (i) For each x in Lr(0, T) the function Pl*x,

(5.28) (P(l*x))(t) P(t)[l*x](t)= P(t)l*x(t), 0<-_ <- T,

is the unique solution in V(0, T) to the equation

(5.29) [Dt/Ar]Pl*x-IP[Dt-(Arv)*]l*x-lPg(Pl*x)+tx=O, P(T) 0.

The family P {P(t) (V’, V)[0_-< <-_ T} is the unique family with the above property
in the class () of all families of weakly continuous symmetrical operators Z
{z(t) z( v’, v)[0 <- -<

(ii) The map PI*" (0, T)--> V(0, T) is linear and continuous.
(iii) The function r is the unique solution in F(0, T) to the equation

(5.30) -[Dt+Ar]r+PRr=Pf+q in [0, T], r(T) =0.

Proof. Cf. Appendix to 5.
Equation (5.29) is not the usual form of the Riccati equation. We now make this

connection.
THEOREM 5.5. Thefollowing statements are equivalent to each other and to Theorem

5.4(i).
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(i) For each x in /4/’(0, T; M2, V’), the function Pj*x is the unique solution in
t/’(O, T) to the equation

d
(5.31)--d(jPj*x)+ATpj*x+jP[-D,(j*x)+(AT)*x-RPj*x]+Ox=O P(T) =0.

In the class the solution P is unique.
(ii) For each h in M, thefunction -> P( t)j* h is the unique solution in //’(0, T; V, W)

to the equation

d
(5.32) -(jP(t)j*h)+ATp(t)j*h+jP(t)(AT)*h-jP(t)RP(t)j*h+Oh=O,

P(T)-- 0.

P is the unique solution in the class ().
Proof. Cf. Appendix to 5.

6. Differential equation for the kernel of the equation P(t). In this section we
construct the kernel P(t, a, 0) associated with the operators H and P and derive a set
of coupled partial differential matrix equations for it. We recover, as a special case,
the equations derived by H. N. Koivo and E. B. Lee [1] and R. H. Kwong [3] for a
single delay.

Recall that

(6.1) V= {(b, th 1) MElbl Hl(_h, 0; ") and &o= b 1(0)},

that J is the isomorphism

(6.2) b Jb (&(0), b): H V,

and that j, and are the continuous injections

(6.3) (b, b’) j(b, b’) (b, bl): VME,
(6.4) (b, bl) l(b, bl) (b, bl): V W,

(6.5) (b, b’)-- i(b, b’) (b, bl): W- M2,

HI=HI(-h,O;"),

j= il,

where V is endowed with the norm (2.24).

6.1. Definition and properties of the matrix kernel P(t, a, 19). Recall the definition
of P(t), the results of Theorem 5.1 and the definition of H(t) at the end of 3.

PROPOSITION 6.1. For all in [0, T]

(6.6) II(t) =jP(t)j*.

Proof. From definitions. D
The subspace V of M2 endowed with the norm (2.24) is essentially isomorphic

to HI. It will be convenient to introduce on H1, an operator equivalent to P(t) on V.
DEFINITION 6.2. For each in [0, T]

(6.7) Pj(t) J-1p(t)(J*)-l. 0

It is readily seen that for each t, Pj(t) is a continuous linear operator from (H1)
into H and that the family {P(t): 0-< =< T} has properties analogous to those of the
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family {P(t): 0 -< t_-< T}:

lh, k(H1)’,

Vh(H1)’,

(6.8)

(h, Pr( t)k)Hl (k, Pj( t)h)nl,

(h, Pr( t)h)n, >- O,

c>0, VtE0, T0, IlP(t)llc,
Vh (H1) ’, t-> P(t)h’[O, T]-> H

is weakly continuous, bounded and strongly measurable.

DEFINITION 6.3. For each (t, a, 0)[0, T]xI(-h,O)xI(-h,O), let P(t,a, O) be
the n x n matrix defined as follows"

(6.9) (e, d)-> d. P(t, a, O)e=(6od, Pr(t)(6,e))n’" x ->,
where for each " in I(-h, 0) 6 is the continuous linear map

6’’-->(H1)’, (6c,
It is easy to check that P(t, a, 0) is well defined. The following lemma will be

useful in the study of the propeies of P(t, a, 0).
LMMA 6.4. (i) For each e in , the function

(6.10) a 8e’[-h, 0] (H1)
is uniformly continuous,

(6.11)

and there exists a constant c’> 0 such that

c’(6.12) Va e I(-h, 0), JIB,eli(H,), [el.
(ii) For all

(6.13) o(0) dO= JV*(O, O) in (g)’.
-h

Proo (i) For each in H

(oe-e, 4), e. [(0)-()] e. D() d,

By definition of the norm in (H)’, we obtain (6.11). To prove (6.12) recall the definition
of and the norm in (H)’:

[l.ell(.,),= sup {l(.e, v>wl" Ilvll 1} sup {le" v(a)l" Ilvll., 1}

[e[ sup {c’[[v[[n: [[v[ln 1} c’[e[,
since the injection of Hl(-h, O; ") into the space of bounded continuous functions
C(- h, O; ") is continuous.

(ii) For each v in Hl(-h, O; ") and almost all 0 in I(-h, O)

(o(0), v)., (o). v(O),

(6o(0),
-h -h
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Therefore

<I ob(O) dO, v> =(J’j*(0, g,), v),.
h H

THEOREM 6.5. (i) For all t, c, O) in [0, T] x I(-h, O) x I(-h, O)

(6.14) P(t, a, 0)*= P(t, O, a).

(ii) The matrix function
(6.15) (t, a, 0) P(t, a, 0) [0, T] x I(-h, O) x I(-h, O)

is continuous and bounded.
(iii) ere exists a constant c > 0 such that

(6.1) sup IP(t, O, ) dO(t, )e[O, r]xl(-h,O) Nc,
-h

(.7) sup IP(, o,) 1(, o)e[o, r]x(-h,O) c,
h

P(t,o,) (,O)e[o, r]x(-h,O)(6.18) sup
h I

(.9) sup (t,o,) dol(,)e[O, r]x(-h,O) c.
-h

en h is finite the matrix function
(, , 0(, , 0,

(,,ol(t,,o,
(.o .[o, rl x (-h, O x (-h, Ol (,,OP

(,,ol(t,,o,
all belong to L([O, T] x I(-h, 0) x I(-h, 0);

(iv) For each in M the function
(. e(lJ*j*4: [o, r]

is continuous and the functions

(.;3 (e(J*j*(o: [o,

belong to H(O, T; L) and H(O, T; ), respectively.
(v) For each (o, ) in M, in [0, T] and in I(-h, 0)

(.4 (e(j*j*l( e(t, o, o+ e(, o, (o ao.
h

Moreover the following functions are continuous

(.;5 e(, o, o+ e(, o, ’(o ao: [o,
-h

(.a) e(t, o,. "+ e(, o,.(o ao. [o, r],
h
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(6.27)

where

(6.28)

the functions

(6.29)

(6.30)

DP( t, O, )ck+ D P( t, O, )ck l( O) dO: [O, T] - L2,
h

DP(t, O,.)tk+ D P(t, 0,. )ok’(O) dO (ce)
h

OP 0
P(t, O, a)tkl(0) dO;oa t’ O’ a dP +-a h

OP
,ko+ 0__ I_’t---( t, O, O) P( t, O, 0)tk’(0) dO’[O,

Ot Ot h

OP
dpo

d
t--(t,O, + P(t,O,.)ckl(O)dO’[O,T]L2,

Ot h

belong to L2(0, T; R’) and L2(0, T; L2), respectively.
(vi) For each d in " and a in I(-h, 0), the following functions are continuous

t- P(t, t, 0): [0, T]---) In,
t-> P(t,., 0)b: [0, T] L2,
-. DP( t,., 0)$: [0, T] -, L2,

(6.31)

(6.32)

(6.33)

where

(6.34)

the function

OP o;[DP(t,., 0)b](cz)=-(t, a, 0)b

OP
(6.35) t---(t,. 0)tk" [0, T] - L2

Ot

belongs to L2(0, T; L2). Moreover for each c and in LE(-h, 0; n)

(6.36) ck(a) "-- P(t, O, )(0) dO da
h h

-h h
(t, a, O)(a) da (0) dO.

en belongs to L2(-h, 0; R") Ll(-h, 0; R"),

(6.37) (a) P(t, o, aoa 
h h

o, do
h h

in particular when h isfinite, L2(-h, 0; ") 0 L(-h, 0; ") L2(-h, 0; ") and the above
identity is tme for all and in L2(-h, 0; ).

(vii) e continuous linear operator H(t)=jP(t)j* on M2 can be decomposed as a
matrix of operators

(6.38) H(t) HlO(t) Hl(t)
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where

1-I(t) E([n Rn), Hl(t) E(L2, Rn),
(6.39)

IIl(t) (", L2), II(t)(L2, L:).

For each in [0, T], a in I(-h, 0) and b (tk, 11) in M2

(6.40) II(t) P(t, 0, 0), [IIl(t)b](a) P(t, O, c)ck,
(6.41) IIl(t)4 P(t, O, 0)4,(0) dO= P(t, O, 0)’4(0) dO,

h h

o

(6.42) [IIll(t)tkl](a) P(t, O, a)c O) dO= P(t, a, 0)*tkl(0) dO.
-h h

Proof Cf. Appendix to 6.
Remark 6.1. The case h + introduces additional difficulties since the matrix

functions (6.20) need not be L2 with respect to (t, a, 0). Moreover identity (6.37) is
not necessarily true and only identity (6.36) can be used in the derivation of the
differential equations for P(t, c, 0).

6.2. Coupled differential equations for P(t, t, 0). Knowing the properties of
P(t, a, 0) and its relation to P(t), we can now use the Riccati differential equation
(5.45) of Theorem 5.5 to obtain a set of differential equations for P(t, a, 0).

THEOREM 6.6. The matrixfunction P(t, a, O) satisfies thefollowing set ofdifferential
equations (in the sense of distributions):

O--( t, 0, 0)+ dorirp( t, O, 0)+ P( t, O, O) don,
h h

(6.43) P(t, , O) dflN- derP(t, O, )+ O=O,
h -h

P(T, O, O) O,

(6.44)

(6.45)

- -O-d P( t, O, 0)+ d,,rITp( t, O,
h

P(t, , O) dflN-1 dfl Tp( t, O, ) O,
h h

P( T, O, O) O, 0 I(-h, 0),

--+ P( t, a, O) P( t, ;, O) dflN-1 deft Tp( t, a, ) 0,

P(T,a, 0)=0 Va, O in I(-h, O),

(6.46) P(t, a, 0)*= P(t, O, a) Vt[0, T] Ya, O I(-h,O).

The matrix function
OP

(6.47) (t, 0) -> -(t, 0, 0) [0, T] x I(-h, O) -> (",)
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is an L2-matrix function. When h is finite the matrix function
OP

(6.48) (t, a, 0)->--(t, a, 0)" [0, T]xI(-h,O)xI(-h,O)-(Rn, Rn)

is an LE-matrix function.
Proof. Cf. Appendix to 6.
Remark 6.2. When h + the matrix function P(t, a, O) is not necessarily an

LE-matrix function.
COROLLARY 6.7. Let a > 0 and b > 0 be twofinite real numbers and h max {a, b}.

Let B and L be of the form
(6.49) Bw Bow(O) 4- B1 w(-a),

(6.50) Lb Aob(0) + Al(-b).
Then the system of equations (6.43) to (6.45) reduces to

OP
O--[(t, O, 0)+ AP(t, 0, 0)+ AP(t, O,-b)+ P(t, O, 0)Ao+ P(t, -b, O)A1,

(6.51) -[P(t, O, O)Bo4- P(t, -a, O)B1]N-I[BoP(t, O, 0)+ BT1P(t, O,-a)] 0,

P(T, O, O) O,

-+-- P(t, O, O)+ AoP(!t, O, O) + AP(t, 0, -b),

(6.52) -[P(t, O, 0)So+ P(t, -a, O)B]N-I[BfP(t, O, 0)+ sr P(t, O,-a)] =0,

P(T, O, 0)=0 V0e I(-h, 0),

( O_-,+ O--+_O--:P(t, a, O)-[P(t, O, O)Bo+ P(t,-a, O)B1]N-’
\OtO0/Oa

(6.53) [B[P(t, a, 0)4- BP(t, a,-a)] =0,

P(T, a, 0)=0 Va, 0 e I(-h, 0).

"Modulo" an appropriate change of variables, the above system of equations
coincides with the one of Koivo and Lee [1] and R. H. Kwong [3, (2.29)-(2.31)].

7. The linear-quadratic optimal control problem on [0, oo[. We now associate with
equation (5.3) on [0, [

dx
d-- Lxt + But in [0,

(7.1)
(x(O), Xo, Uo) (,

the cost function

(7.2) J(u, o, 1, w)= [Icx(t)l=+ Nu(t)" u(t)] dt,

where CO is an arbitrary r n matrix (r >-1, an integer).
Define Q (C)TC. The infinite time horizon optimal control problem consists

in minimizing the functional (7.2) over all u in L(0, ; W"):

(7.3) Inf {J(u, o, l, w)lu e L(0, ; ")}.
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7.1. Stabilizability. The fundamental hypothesis to ensure the existence of a
unique solution to problem (7.3) is the stabilizability hypothesis with respect to the
observation operator.

DEFINITION 7.1. The pair (L, B) is stabilizable with respect to CO if for each 4) in
M2 and w =0, there exists u L2(0, c; ’) such that

(7.4) ICx( t)l2 dt < oo. [q

We have seen that system (7.1) can be reformulated in state space and embedded
in a larger family of state equations

(7.5) [D,-(A,)*]I*y= (BTj-1)*u, in [0, [, (/*y)(0) yO in V’.

The cost function (7.2) becomes

(7.6) .(u, yO)= ICy(t)l+ Nu(t) u(t) dt

where C: W’’ is defined as

(7.7) C(wo, wl)= Cwo.
Define t" W’ W as ((Wo, Wl)=((C)TCwo, 0). So we can associate with problem
(7.5)-(7.6), the following concept of stabilizability.

DEFINITION 7.2. The pair ((A(,)*, (BT)*) is stabilizable with respect to the
observation C if for each yO in V’, there exists u in L2(0, o; m) such that

(7.8) ICy( t)l= dt < oo.

Remark 7.1. Definition 7.1 (resp. Definition 7.2) says that for each initial condition
b in M2 (resp. yO in V’), there exists a control function u in Lo(0, ; ") for which
the cost function is finite or, equivalently,

Io ;o ( Iolu(s)l= and Icx(t)l= dt<oo resp. ICy(t)l= dt<oo

At this stage we do not want to speculate on the properties of an eventual feedback
operator and the well-posedness of the closed loop system. We shall later see (cf.
Theorem 7.5) that the hypothesis of Definition 7.1 is equivalent to the existence of a

closed-loop operator of the form

(7.9) K---N-1BTj-1p: V’->R", PSE(V’, V)

for which the closed-loop system

(7.10) [D,-(A)*+(BTj-1)*N-1BT"J-1P]I*y=O, (l*y)(O)=y6 V’

is well posed and its solution is exponentially stable for all yO in V’.
When h is finite we have the following extension of the result in Vinter and Kwong

[1].
THEOREM 7.3. When h is finite, Definitions 7.1 and 7.2 are equivalent.
Proof It is clear that Definition 7.2 implies Definition 7.1. It suffices to choose

y=j*(b, Hbl+Kw). The converse of the theorem follows from the next lemma
which is an extension of Proposition 7.2 in Vinter and Kwong [1]. E1
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LEMMA 7.4. When h is finite, there exist (o, 1) in M2 such that

(7.11 (l*y)(2h) =j*( 4S, HI),
where y is the solution of (7.5) with initial condition yO in V’ and u(t)= 0 in [0, 2hi.

7.2. The family of operators Pr(s). In 5 we have fixed the final time T> 0 and
embedded our problem in an internal Is, T], 0 =< s <- T. More precisely we have minim-
ized the cost function (5.5) associated with the state equation (5.6). In Theorem 5.2
we have defined a family of decoupling operators {PT(S)IO<=s<= T} which we shall
now index with the superscript T. This family is completely characterized by Theorem
5.2(i)a):

[D,-(A,)*]I*b =-Rd/in [s, T], (l*&)(s) k,

(7.12) [D,+AT]O+ tb =0 in Is, T], ,(T) =0,

PT(s)k= d/(s).

Denote by (th, ) the solution of (7.12) for the initial condition k. Using the integration
by parts formula (4.38)

((/*b)(s), (S))v ((/*b)(T), ( T))v

[<d,[D,+AT]6>w+<[D,-(A,)*]I*&, 6>v] dt

and
T

(7.13) <k, PT(s)k->v [<&, O6>w+<R@, 6>v] at.

But recall that the optimal controls are of the form

u -N-IBTj-Id/, ft= -N-’BTj-16;

thus (7.13) can be rewritten in the form

(7.14) (k, Pr(s)k-)v [(q, O>w+ u N] dt.

In particular

(7.15) (k, PT(s)k>v=.(u,k)=Inf{.T(v,k)lveL2(s, T; m)}.

It is not difficult but fundamental to notice that for all s in [0, T[ and all h in V’

(7.16) Inf {.T (v, k)lve L-(s, T; ’)}= Inf {.-(w, k)lwe L2(O, T-s;")}.
As a result for all T s 0 and all T2 s2 0

(7.17) T- s= TI-- S,PT:(S2) PT,(S,),

(7.18) .T2- s2 TI SlPT(S2) PT,(S,).

7.3. Solution of the optimal control problem on [0, [. We summarize our results
in a single theorem.

THEOREM 7.5. Assume that the pair (L, B) is stabilizable with respect to C.
(i) For each k in V’ there exists a unique u in L2(0, ;) such that

(7.19) j(u, k)= Inf{(v, k)lve Lo(0, ; )}.
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(7.20)

(7.21)

such that

(7.22)

(ii) There exists a positive symmetrical operator P in ( V’, V),

Vk, k e V’, (k, Pk)v (k, Pk)v,

’k V’, (k, Pk}v >- O,

Vt>--O, Vk V’, PT(t)k-> Pk in V-strong as T goes to +oo.

(iii) The optimal control is of the form
(7.23) u(t)=-N-1Brj-1P(l*y)(t), t_>-0,

where y is the solution in

(7.24) oc(0, co)= {v" [0, oo[--> W’IIT>O VIt0,T] t ’(0 T)}

of the equation

(7.25) [D,-(Arv)*](l*y)+RP(l*y) =0, 0_-< t, (/*y)(0)= k.

Moreover for all k and k in V’

(7.26) (k, Pk)v Cy(t). C(t) + u(t). Nil(t)] dt,

(7.27) (k, Pk-}v [Cy(t) C(t)+(RP(l*y)(t),.P(l*)(t)}vdt,

where i and are the optimal control and the solution to (7.25) corresponding to the
initial condition k.

(iv) P is a positive symmetrical solution of the Riccati equation

(7.28) ArPj* +jP(Ar)*-jPRPj* / (=0 in (M2, ME),

where (ME, ME) is defined as O( dp, dp 1) QthO, 0).
(v) P is the minimal positive symmetrical solution of (7.28). That is, any other

positive symmetrical solution P of (7.28) is such that

(7.29) Vk e V’, (k, Pk)v >- (k, Pk)v.

Proof. The Proof will be given in the Appendix.
It is also possible to give conditions to ensure the uniqueness of the minimum

positive solution to the Riccati equation (7.28) in terms of the stabilizability of the
pair (LT, C)T) with respect to the identity matrix in R (when the length h of the
memory is finite). The reader is referred to Vinter and Kwong 1] and L. Pandolfi [2].
Necessary and sufficient conditions can be obtained by using techniques developed
by M. Sorine [1], [2].

7.4. Equations for the kernel of the operator P. We proceed exactly as in 6.
DEFINITION 7.6. The operator Pj in ((H1)’, HI) is defined as

(7.30) pj j-p(j.)-l.

Its properties are analogous to those of P"

V/, k s (HI) ’, (/, Pk)H, (k, Pk-)H,,
(7.31)

Vk (H1)’, (k, Pzk)n,>-O.
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DEFINITION 7.7. For each (a, 0) I(-h, O) x I(-h, 0), let P(a, 0) be the n x n
matrix function defined as follows:

(7.32) (e, d)->d. P(a, O)e=(i$od, Pj(,,e))nl:RnxRn-->R.

THEOREM 7.8. (i) For all (re, O) I(-h, O) x I(-h, O)--> (R",")

(7.33) P(a, 0)*= P(O, ).

(ii) e matrix function
(7.34) (, O)P(a, O):I(-h,O)xI(-h,O)(a",a)

is bounded and continuous.
(iii) ere exists a constant c > 0 such that

(7.35) sup IP(O, )1 dOl e I(-h, 0) N c,
-h

(7.36) sup IP(a, 0)l dlO e Z(-h, O) c,
h

(7.37) sup O, ) dlO e I(-h, O) N c,
h

(7.38) sup (0, ) dOl e I(-h, O) N c.
h

(7.39)

When h is finite the matrix functions
(re, 0) P(a, 0), )

I

(o,

(, 0)-(, 0),

I(-h, O) x I(-h, O) -> 0(, ),

all belong to LE(I(-h, O) x I(-h, 0); (", ")).
(iv) For each b =(b, b 1) in M2 and a in I(-h, O)

(7.40) (PjJ*j*(b)(a)= P(O, a)b+ fo P(O, a)$(O) dO.
d-h

For all and in LE(-h, 0; ")

(7.41) $(a) . P(O, a)(O) dO da (a, O)O(a) da" 6(0) dO.
h -h h h

en belongs to LE(-h, 0; ") Ll(-h, 0;

(7.42) (a) P(O, a)(O) dO da
-h h h h

inparticular, when h isfinite, L2(-h, 0; R") L(-h, 0; R’) L2(-h, 0; R") and the above
identity is tree #r all $ and $ in L2(-h, 0; R).

(v) e continuous linear operator H =JO’* in (M2, M2) can be decomposed as
a matrix of operators as in eorem 6.5(vi).
00 Similar to the proof of Theorem 6.5.
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THEOREM 7.9. The matrix P(at, O) satisfies thefollowing set ofdifferential equations

I_’ I_’ I_’(7.43) dorlrP(0, O)+ P(O, Ol dorl- P(,O) dflN-1 deflrP(O, e)+Q=O,
h h h h

(7.44) --(0, 0)+ d,I Tp(o, at)- P(, O) dflN-1 dfl’P(O, s)=0,
h h h

(7.45) -+ P(at, 0)- P(, O) dN-1 dTP(at, s)=0,
h

(7.46) P(at, 0)*= P(O, a) Va, O I(-h, 0).

When h isfinite, the elements ofthe matrixfunction (at, O) OP/Oat at, O) and OP/dO(at, 0).
belong to L2.

Proof Similar to proof of Theorem 6.6 13

Appendix to Section 2.
Proof of Lemma 2.1. In the proof we shall use results from W. Rudin [1, Chap.

6] on complex measures which includes, as a special case, real measures. We only
provide a proof for B; the argument for L is the same with obvious changes.

(i) By the Riesz representation theorem (cf. W. Rudin [1, p. 131, Thm. 6.19]).
(ii) The map vt: [0, a] Co(-h, 0; Rm),

v,:I(-h,O)Rm, v,(O)=v(t+O),

is continuous since the functions v in Cc(-h, a; ’) are uniformly continuous. So the
function u is continuous since B is continuous on Co(-h, 0; m). Hence the map
(2.5) is linear and continuous.

(iii) For arbitrary functions f in C(0, a; ") and u in Cc(-h, a; ") consider the
integral

(1) dtmf( t) doflu( + O) d,mf( t) doflijuj( + 0),
h i=lj=l

where the f’s, flo’s and uj’s are the respective components off,/3 and u and m denotes
the Lebesgue measure on [0, a]. For each pair i,j the integrand is continuous in
[0, a] x I(-h, O) and hence (mx/3ig)-measurable. Moreover it is also integrable since

dim If(t)ldol/311u(t+o)l<l/31([-h,O]Cq)llfllcllull<o,
h

where 1/31 is the total variation of the matrix of measures/3. By the Riesz representation
theorem and the definition of I 1, the quantity Il((-h, 0)) is finite. So the conditions
of Fubini’s theorem (cf. W. Rudin [1, p. 140, Thm. 7.8]) are met and the order of
integration can be changed in (1)"

(f, 3v) doflo d,mf(t)v( + 0).
i=1 h
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Each element in the above double summation can be estimated separately:

doflij dtmfi( t)vj( + O)
h I-< dolol d,mlf( t)l [v( / 0)l

-h

ol
< 1/301(I(-h

Finally

This new estimate combined with the density of C(0, a; R") in L2(0, a; Rn) (cf. W.
Rudin [1, p. 68, Thm. 3.14]) yields

Note that the L2-norm of v is with respect to the Lebesgue measure. By density of
Cc(-h, a; gm) in L2(-h, a; m) (cf. W. Rudin [1, p. 68, Thm. 3.14]) the map (2.5)
extends by continuity to a continuous linear map on all LE(-h, a’, m). l’]

Proof of Lemma 2.3. We already know that an element x of Hl(-oo, 0; n) is
almost everywhere equal to a unique bounded continuous.function 2 in C(-c, 0; Rn).
We also know that the injection x - 2 of Hl(-c, 0; n) into C(-o, 0; ") is continuous
(cf. Adams [1, p. 97, Thin. 5.4]).

It remains to prove that 2 belongs to the closed subspace Co(-Oo, 0; ") of
C(-, 0; "). For each pair -c<s’-< t_<-0

2(t) 2(s’) + Dx(r) dr

and

But 2 x in L2(s, t; R") and for s t- 1

But for each e > 0, there exists T< 0 such that

In view of the above two inequalities

Ve > 0, :1 < 0 such that V =< T,

This shows that 2(t) goes to zero as goes to -oo and proves that 2 belongs to
Co(-Oe, o; ").
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Proof of Lemma 2.6. (i) Same proof as in Lemma 2. l(ii).
(ii) Choose z and x in Co(s, t;

z(t-r) (e+x)(r) dr= z(t-r) don(e+x)(r+O) dr
h

(t-). do’o(ex)(r+ O) dr
h

(e)(t- r). don(ex)(r+ O) dr

(e)(t- r+ 0). don(ex)(r) dr
-h +0

on(e),_(o) (ex)(r) dr
h

Lr(e),_ (ex)(r) dr

(Tez)(t--r)" (ex)(r) dr.

oofofeorem 2.7. (i) For s the result is obvious. Fix the pair 0 s < t. Let
x be the solution of (2.32):

ax(rr r)= [e_x+ le_u+f](r)+(eyh)(s r),
(

x(s)=. s<=r<=t,

For an arbitrary 0 (o, 1) in V= (Ar), let z be the solution in Hoc(0, c; R") of
the equation

We know that for r 0

(4) (z(r), zr)= Sr(r).
Inner product (2) with z(t-r) on Is, t]:

(5) (t- r) [-.(r)+(e+x)(r)+(leu)(r)+f(r)+(eh’)(s r)] dr=O.

Integrate by parts and use identities (2.41)

0= [-i(t- r)+(re+z)(t r)]. x(r) dr

+ [(Nre+)(t-r). u(r)+(t-r).f(r)] dr

+ (t-r). (eyh)(s-r) dr-(O), x(t)+(t-s), x(s)

(3) rZ(r) Lrz, r>-O, (z(0), Zo) .
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or

x(r)+(re_z)(t-r) dr+d/, x(t)[(re_z)(t-r)

(6) [(Nrz)(t-r). u(r)+z(t-r).f(r) dr

+z(t-s). o+ z(t-r) (e_hl)(s-r) dr.

But e 0 and after a change of variable the left-hand side of the above inequality
becomes

o. x(t)+ [(re)(-a)x(t+a)+(reOl)(-a) u(t+a)] da
(t-s)

(7) o. x(t)+(H%1, (ex),)+(K%, (eu),).

In addition

(t-r) (e;h)(s-r) dr= (e)(t-s+) (e;h)() d
(8)

((el,_, (_, )-((e’l,_, ’and
o

((e_O)t_s, )= (e_O)(t-s+a) 1(o)
-h

(9)

=/- l()(e-hl)(s--t+)d/3 =(O1, ’(l)(t--S))
d--h

By combining (6)-(9) we obtain

o. x(t)+($, H(ex)t+ K(eu)t+ (l)(t-- S)

[Br,_ u(r)+(t r) f(r)]dr+(t s) 0+(l,_, 1)

or using the definition (2.34) for (t) and (2.42) for j

((0, (t))=((Sr(t-s)jO, ))
(o)

+ [BTj-’S(t r)$. u(r)+ sT(t r)j$. (f(r), 0)] dr.

By definition of j in (2.42)

(11) sT(t)j$=jS(t)$ W$ V=(AT),
and identity (2.43) can be obtained from identity (10) which is true for all in

(ii) We first show that R belongs to C(s, T; M). By construction, the "-
component of (t) belongs to H(s, T; ) and, a foiori, to C(s, T; "). We only
need to show the continuity of the L2-component of R(t). Pick any t’ and in Is, t]:

I1’(t’) ’(t)]12 ]]H((e(x))c-(e(x)),)ll2 + 11K ((e(u))t,- (e(u))t)[2

+ I((’))(t’-s-o)-((’))(t-s-o)l dO
h
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The function e_h is the extension by 0 of the function scl defined on I(-h, O)
to ]-, 0]. For all r-> 0 we define the right shift

(e_hl)_r:I(-h,O)-->Rn (eyhscl)_r(O)=(eyhl)(O-r), OI(-h,O).

As a result for all r-> 0 and 0 I(-h, O)

(’)(r- O) (e-hl)( O r).

By continuity of H and K, we obtain the following first upper bound"

c[ll(e(x)),,-(e(x)),ll=/ II(e+(u)),,-(e(u)),ll=/ I1(’-)-,,- (k)-, I1=].

But the square bracket only contains terms which can be considered as right or left
shifts of L2-functions. The continuity of l(t) now follows from the continuity of the
shift operator.

Next compute the vectorial distributional derivative of j*(t). For all ff in V

tp, j*,( t))v <, j*() + ())v,

where

()= ST"(t-s)*+ ST(t-r)*(f(r),O)dr M2,

(2)= S(- r)*(BrJ-)*u(r) dre

In view of the definitions and results of 2.2, the function - (, j*(i)} v ((jO, (i)))
belongs to Hi(s, T; R) and

d
d---(6,j*())v=((AT6, ()))+ ((j6, (f(t), 0)))

for all , in (A) V. For all q, in fi(Arv), the function t-->(q,())v belongs to
Hi(s, T; ) and

d--t(q, ()v= (S(t- r)A4,, (BrJ-)*u(r))vdr+(, (BrJ-)*u(t))v

Finally for all in (A,), AT@=jA@ and

--(@,j*(+())v=((jATvt, ())) + ((j@, (f(t), 0))) + (A@, ())v + (q,, (BTj-1)*u(t))v

=(A,@,j*()+()v+(@, (BTj-1)*u(t)+j*(f(t), O))v.

But

and

(ATv@,j*()+()v (A,@,j*;( t))v ((jA,@, ;(t)))= ((ATe, :(t))),

o(12) -t(@,J x(t))v=(b, (AT)*(t)+(BTj-1)*u(t)+j*(f(t), O))v.

By density of (Arv) in V the above equation is true for all , in V and the vectorial
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distributional derivative Dtj* ofj* is the element of L2(s, T; V’) given by
d

(13) d--t (j*)(t (AT)*(t)+(BTJ-1)*u(t)+j*(f(t), 0).

At this stage we have shown that belongs to f(s, t; M2, V’) and that is a
solution of (13) with (s)= :. The proof of uniqueness follows standard arguments
and will be omitted.

(iii) Equation (2.49) follows from (12) (ii).
(iv) By definition of B, the map BT" Co(-h, 0; R") R" is given by the expression

BTo BoTCh(0) + BI(O)T(O) dO’,
h

by definition of B and all b in H(-h, 0; R")

BTj-6= Bj6BTj-I= BTj.

Making use of the above identity, we get

Sv( r)*(BTj-), Sty(t_ r)*(Bj)* S,( r)*j*(B )* j*sT r)*(B )*.

Then the substitution of the last identity in (2.46) yields

(t)=Sr(-s)*+ Sr(-r)*[(B)*u(r)+(f(r),O)] dr.

Identities (2.51) and (2.52) are obtained from identities (2.45) and (2.46) by a similar
argument.

Appendix to Section 4.
Proof of Theorem 4.5. (i) From Lemma 4.4 by transposing (4.15).
(ii) We first establish identity (4.33). For some arbitrary in V, let v be the

solution in (0, T) of the equation

djV’bATv=O, v(T)=d/v(t)=S(T-t)q ’qt[0, T].
dt

Upon substitution in (4.30) we get

(zr, )v (f(t),S(T-t))vdt+(, S(T))v

STv(T)*+ S(T-t)*f(t) dr,

Since is arbitrary we obtain (4.33). To establish identity (4.32) fix an arbitrary g in
L2(0, T; V) and construct the solution v in (0, T) of the equation

djv
d--+ATv+jg=O, v(T)=Ov(t)= S,(r-t)g(r) dr.

By direct substitution in (4.30)

Io (z(t), Ig(t))wdt= (t), STv(r--t)g(r) dr dt+ , S(r)g(r) dr
v v

S,(r)*+ Sf(r- t)*f(t) dr, g(r) ar.
v

Since the last identity is true for all g we necessarily obtain (4.32).
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(iii) Denote by M the isomorphism (4.24) in Lemma 4.3. From parts (i) and (ii)
for all (f, so) in L2(0, T; V’)x V’ there exists a unique x in Lr(0, T) such that

x(t) l*z(t), a.e. in [0, T] and (f, so) Mx= Ml*z.

Moreover, always from parts (i) and (ii), the map

(f, so)- z: L2(0, T; V’) x V’- (0, T)

is linear, injective and continuous. As a result Ml* is surjective, linear and, from (4.31),
(Ml*)-1 is continuous. Therefore Ml* is an isomorphism.

(iv) The integration by parts formula follows from parts (i) and (iii) by choosing

d T),]f= -tt A (l’z) and (l*z)(O)

in the variational equation (4.30). U
Proof of Theorem 4.6. (i) Given v in C(0, T; V), let t; be the unique solution in

V(0, T)c C(0, T; V) of the differential equation

"FAT =lKv+g, (T) q

for arbitrary g in L2(0, T; W) and q in V. Denote by F the map

v Fv ; C(O, T; V) C(O, T; V).

By construction, it is linear and continuous. We show that the map F is a contraction
and hence has a unique fixed point. Given vl and v2 in C(0, T; V), we obtain, by
linearity, that 2- is the unique solution of the equation

+Ar (t-)-lK(v-v), (r)-l(r)=0.

This last equation is equivalent to

( ( S(s-(s[v(s-v(s] ds, 0- r.

By uniform boundedness of the operators {K (t)" 0 _<- _-< T} and {S(t)" 0 _-< <_- T}

II=(t)-,(t)llv <--c Ilv_(s)-vl(s)ll,ds, O<-t<= T.

This is sufficient to conclude that F is a contraction (standard argument). In particular
there exists a unique v in C(0, T; V), and afortiori in 7/’(0, T), such that Fv v: v is
the unique solution in T’(0, T) of the equation

+Ar v=lKv+g, v(r) .
From this we conclude that the continuous linear map (4.42) is bijective. By the Banach
inverse mapping theorem, it is an isomorphism.

(ii) An argument similar to the one of part (i) can be used to prove that the map
(4.44) is an isomorphism.
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Appendix to Section 5.
Proof of Lemma 5.3. The equivalence of (i) and (ii) is a direct consequence of

identity (5.18). We show that (i) is equivalent to (iii). Substitute v= 0 and z fl in
the integration by parts formula (4.38) of Theorem 4.5(iv) on the time interval Is, T]

((/*fl)(s), ,(s))v=((l*3)(T), O(T))v+ (/3,-[D,+Ar]O)wdt

([D,-(Arv)*]l*, ,)vdt.

In view of (5.19) and (5.21) the above identity reduces to

(1) 0 [(fl, Qck)w + (Ry f, b)v] dt.

Similarly substitute v=y and z b in (4.38) on the time interval Is, T]

((*4,(s), ,(s),=((*4,(r), ,,,(r),+ (4,,-[,+A],/)dt

([D,-(A,*]*4,, ,,d
and

T

(2) (h, r(s))v [(b, Off + q)w+(Rb, Y)v] dt.

Using the symmetry of ( and R and substracting (1) from (2) we obtain

(3) (h, r(s))v [(b, q)w+(f, )v] dt

for all s in [0, T] and all h in V’. This last identity proves the equivalence of (i) and
(iii).

To complete the proof of the lemma, recall that @ and b are necessarily related
as follows:

p(t) P(t)(l*dp)(t), s <- <- T,

(cf. identity (5.18) in Theorem 5.2 applied to system (5.19)-(5.20).) Thus

(f(t), d/( t))v (f( t), P( t)( l* ck )( t))v (( l* d )( t), P( t)f( t))v

=(l’alp(t), P(t)f(t))v=(dp(t), IP(t)f(t))w
and when q(t)=-lP(t)f(t), the right-hand side of (3) is identically null for all h and
s. This shows that r 0 and completes the proof of the lemma.

Proof of Theorem 5.4. (i) Pick any x in (0, T) and consider the equation

(4) -[Dt+AT]p+IPRp=Ox-IP[Dt-(A)*]I*x, p(T) =0.

By the perturbation Theorem 4.6 there exists a unique solution p in Y(0, T) since the
right-hand side belongs to L2(0, T; W). Define the function f, q and the vector :

f= [D,-(A,)*]l*x+ Rp, q -l/, := (/*x)(0).
Then the pair (x, p) is the solution of the system

-[Dt+Ar]p=Ox+q, p(T)-0, [Dt-(A)*](l*x)=-Rp+f, (/*x)(0) s.
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But this is precisely the Hamiltonian system where q and f are such that q -lP. By
Lemma 5.3 this implies that

p( t) P( t)( l*x)( t).

The substitution of the right-hand side of the last identity into (4) yields (5.29).
To prove uniqueness, let Z be a family in the class () such that for all x in

(0, T) the function Zl*x is the unique solution in //’(0, T) to the equation

(5) [D,+Ar]ZI*x-IZ[D,-(A)*]I*x-IZRZI*x+Ox=O, (Zl*x)(T)=O.

By substracting (5.29) from (5) we obtain

{[ D, +Ar]_ lPR}(Z- P)l*x- l(Z- P){[D,- (A,)*] + RP}l*x
-I(Z-P)R(Z-P)I*x=O,

(6)
[(Z-P)I*x](T)=O.

For all x in .(0, T), (Z-P)I*x belongs to Y(0, T). We use integration by parts
formula (4.38) on t, T] to obtain

(x, {[D +A] IPR}(Z- P)l*x)L(,r;w
-({[D- (A,)*] + RP}I*x, (Z- P)I*x)L;r;v

--((l*x)(t), (Z- P)(t)(l*x)(t))v.

Finally from the last identity and (6)

-2({[D- (A,)*] + gP}l*x, (Z- P)l*x)L:.r;v
(7) (R(Z- P)l*x, (Z- P)l*x)L:.;v

+ ((l’x)(t), (Z P)( t)(l*x)( t))v

where we have used the fact that Z(t) and P(t) are symmetrical. For an arbitrary h
in V’, construct the solution x in (t, T; W’, V’) to

{[Dt-(A(,)*]+ gP}l*x=O in It, T], (l*x)(t)- h

(this is possible by the perturbation Theorem 4.6). Substitute this x in (7) to obtain

(8) (h, [Z(t) P(t)]h}v <- 0 Vh V’.

Now repeat the same steps with P and Z interchanged. The end result will be

(9) (h, [P(t)-Z(t)]h)v <-O th V’.

Since P(t)-Z(t) is a positive symmetrical operator, for all h and k in V’

4(h, [P(t) Z( t)]k)v (h + k, [P(t) Z(t)](h + k))v -(h k, [P(t) Z(t)](h k))v

--0
since from (8) and (9)

(h,[P(t)-Z(t)]h)v=O Vh V’.

This shows that for all in [0, T], Z(t)- P(t). Therefore P is unique in the class ().
(ii) The continuity of the linear map Pl* defined by (5.28) is a direct consequence

of the continuity of the solution p to (4) with respect to the data and the uniform
boundedness of P in [0, T].
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(iii) From identity (5.18) in Theorem 5.2(i)

r(t) p(t) P( t)( l*y)( t).

The function r belongs to V(0, T) since both p and Pl*y do. Recall that

(10) -[Dt+ar]p=t)y+q, p(T) =0.

Substitute x y in (5.29)

(11) -[Dt+AT](PI*y) Oy-IPRPI*y-IP[Dt-(A,)*]I*y, (Pl*y)(T)=O.

By substracting (11) from (10)

(12) -[Dt+AT]r=IP{[D,-(A,)*]l*y+RPl*y}+q, r(T)=O.

But from identities (5.18) and (5.16)

RPl*y R(p- r), [Dt-(Arv)*](l*y) -Rp+f,

the expression between curly brackets in (12) reduces to f- Rr and (12) finally reduces
to (5.30). By the perturbation Theorem 4.6, we know that the solution r to (5.30) is
unique.

Proofof Theorem 5.5. (i) When x belongs to 14/’(0, T; M2, V’), i*x (0, T) and
l*(i*x) =j*x (since j il). So P(l*i*x)= P(j*x) is the unique solution in V(0, T) to
the equation

(13) [D+AT](Pj*x)-IP[Dt-(A,)*]j*x-IPRPj*x+Oi*x=O, (/*x)(T) 0.

Equation (5.31) is now obtained from (13) by having the map act on each term of
(13). The following identities are used

iti*x tx, ilP[ jP[ ],

d
i[ D, + AT](/*X)=--(jPJ*x)+ ATPj*x,

d . ).[Dt-(Arv)*]j*x=--j x-(AT x.

(Cf. Lemma 5.1, identities (4.14) and (4.28) and Lemma 4.3.) The uniqueness argument
is similar to the one in the proof of Theorem 5.4(i).

So far we have proved that the statement of Theorem 5.4(i) implies part (i) of the
theorem. Conversely we can go back from (5.31) to (13) and use .the density of
{i*xlx t/V(O, T; ME, V’} in (0, T) to recover (5.29). We just sketch the proof. The
linear subspace i*C(O, T; M2) of L2(0, T; W’) is dense in L2(0, T; W’). So the linear
subspace

S {x (0, T)IEIz C(O, T; M2) such that i*z x}

is dense in

E {x (0, T)lz LE(0, T; W’) such that x z} (0, T).

But it is not too difficult to see that

S i* g/’(0, T; M2, V’) (as a topological vector space).

This is sufficient to prove the equivalence of part (i) and Theorem 5.4(i).
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(ii) Equation (5.32) is obtained from (5.31) by choosing functions x of the form

x(t)=h, O<-_t<-_T, hM2.

We now show that the property

(I) VhM2, t->P(t)j*h belongs to (0, T)

implies the property

(II) Vx W(O, T; M-, V’), t-> P( t)j*x( t) belongs to r(0, T).

For each x W(0, T; M2, V’)c C(0, T; M2) and from property (I) the function t->
P(t)j*x(t) belongs to C(0, T; V). Moreover the function

d
-> -dJ*x

belongs to L2(0, T; V’).
Therefore for almost all in [0, T]

d d
(14) --[jP(d t)j*x(t)] =-d[JP(t)j*h]=o +jP(t)-(j*x(t) ).

But from (5.32)

d
,It

(jP( t)j* h --x,) [AP( t)j* +jP( t)(A)* -jP( t)RP( t)j* + <)Ix(t)

and necessarily d/dt(jPj*x) belongs to L2(0, T; M2). Furthermore

d
d-(jP( t)j*x( t) + AP( t)j*x( t)

d ,-[jP(t)(Ar)*-jP(t)RP(t)j* + Q]x(t)+jP(t)-j x(t).

But j il, ii* and

d
d-- (JPJ*x) + ATpj,X iF

where F L2(0, T; W) is given by the expression

F= I{ P-(j*x) P[(Ar)* RPj*]x} Oi*x.

There exists a unique y F(O, T; V, W) such that

[D,+AT"]y=F, y(T) =0.

Therefore

d r/,x
d

d-t jPj*x + A itO,+Ar]y:--jy+Ary, (Pj*x)(T):O:y(T).

By uniqueness of solution in /’(0, T; V, M2), y -/*x (0, T). This proves that (I)
implies (II). The converse is obvious. Now to complete the proof we must show that
for an arbitrary x in /’(0, T; V, M2) we can go from (5.32) to (5.31). Set h x(t) in
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(5.32) and recall from (14) that

d dd
(jP(t)j*h)[h=x(O (jP(t)j*x(t))-jP(t)-[j*x(t)].a-t =-

This yields (5.31) and completes the equivalence of property (II) and (5.31) with
property (I) and (5.32). The uniqueness property of P for (ii) follows from the
uniqueness property for (i). This completes the proof of the theorem, l-3

Appendix to Section 6.
Proof of Theorem 6.5. (i) From the first property (6.8)

re, d R", (god, Pj(t)tae)H (ae, Pj(t)od)H,

d" P(t, a, 0)e= e. P(t, O, a)d.

This proves identity (6.14).
(ii) For all ? and in [0, T], h h, k and in (H)

(h P(Okn, -(h, P(t)k)n, (g- h, P([- k])n, + (h, P(O P(t)]k)n’

+(h-h, P(k)n, +(h, P( t)(k- k))n,.

In paicular for h 8d, h 8od, k 8e, k 8e,

Id P( [, , )e d P( t, a,

cll(- o)d II<’),ll( )ell<’),+l<od, P(Oe)-(od, P(t)e)l

where we have used the boundedness of Pr(t) (cf. third property (6.8)). In view of
Lemma 6.4,

II(a- o)d I1,’>’--< Idl Iff- 011/=,
II( 15)e IIH’)’ =< lel I l/,
c’>O, Va I(-h,O), IIell<,), c’lel.

As a result

Id. P(?, a, if)e-d. P(t, a, 0)el
I(o< P(e)-(o< P(t)e)l+ cldllellff- 01/=la- 1
+ ldl lel Iff- 01 ’= + cldl lel la 1/=,

where c > 0 stands for a generic constant. From the last propey (6.8) the function
t(o< P(t)c), is continuous. As (?, a, 0) goes to (t, a, 0) the right-hand side of
the above inequality goes to zero. This shows that each component of the matrix
P(t, a, 0) and a foiori the matrix P(t, a, 0) itself is jointly continuous with respect
to its arguments. To show it is bounded, consider

Id. P(t, a, 0)el I(o< PJ(

We know that the norm of the operator Pj(t) is uniformly bounded with respect to
(cf. third propeay (6.8)); we also know that

c’c’>0 such that IIodll<’)’ Idl, IIell<’), c’lel
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(cf. inequality (6.12) in Lemma 6.4). As a result there exists a constant c > 0 (indepen-
dent of t, a, 0, d and e) such that

Vd, e R’, Id" P(t, a, O)el <= cldl lel.
(iii) In view of the symmetry (6.14) it is sufficient to prove (6.16) and (6.18)" the

estimates (6.17) and (6.19) will follow from (6.16) and (6.18), respectively. For each
e in R’, in [0, T] and (9 in l(-h,O) the function Pj(t)8oe belongs to H1=

Hl(-h, 0; "). Moreover

IIPj( t)($oellH <= IlPj(t)ll:e<<>’.’>ll0ell<> <- cc’lel
(from the fourth property (6.8) and inequality (6.12) in Lemma 6.4). But for all d in

" and a in I(-h, O)

d. P(t, 0, a)e <d, Pj(t),oe>=d. (Pj(t)(Soe)(a)

and

(1)

In particular

(Pj(t),$oe)(a) P( t, O, a)e.

IIP( t),oell+ 11DP (t),0ellL IlP( t),oell, < c"lel
or in view of (1)

(2) IP(t, 0, )el d + (t, O, )e d c"lel.
-h h

Estimates (6.16) and (6.18) now follow through a chain of standard estimates
(iv) Recall that the following sequence of maps and injection is linear and

continuous (cf. Theorem 5.4(ii))

i* PI*
(o, ; M, V’) (0, ) (0, ) (0, ; V, M).

In paaicular all functions x of the form

x(t) =(6, 61), 0tM

for some (o, ) in M, belong to (0, T; M, V’) and the function *x Pl*i*x
belongs to (0, T; V, M), that is

*x c(o, ; v), j*x H(O, ; M).
By definition of P(t), P(t) J-P(t)(J*)-,
(3) e*j*x -*x c(o, ; 1),
(4) je*j*x 1(o, ; M).
But for each in [0, T]

Therefore

(5)

and the function

(6)

jJPz( t)J*j*6 ([Pj(t)J*j*dp](0), P( t)J*j* ).

PjJ*j*x Hi(o, T; Lu)

--) [ Pj( t)J*j* dp ](O) [O,
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belongs to H’(0, T; n). The properties of the functions (6.21), (6.22) and (6.23) follow
from (3), (5) and (6).

(v) We prove (6.24) and apply the results of part (iv) to obtain identities (6.25)
to (6.30). For all d in Rn and a in I(-h, O)

where we have used Lemma 6.4 and the symmetry relationship (6.14). This proves
(6.24). The continuity ofthe functions (6.25) to (6.27) is a consequence of the continuity
of the function (6.21), and for (6.25), the continuity of the injection of H(-h, 0; R")
into Co(- h, 0; ").

The properties of the functions (6.29) and (6.30) are obtained from those of the
functions (6.22) and (6.23).

(vi) The properties of the functions (6.31) to (6.33) and (6.35) are obtained from
the properties of the functions (6.25) to (6.27) and (6.30) with b1= 0 and the symmetry
property (6.14). To prove (6.36), we use (6.24) with (b, bl)= (0, ), the property of
the function (6.27) and identity (6.28):

(7) (p, DPr(t)J*j*(O, ))2 th(a) "-ah -h
P(t, O, a)(O) dO da.

But from identity (6.13) in Lemma 6.4

o

J*j*(o, ,)= o,(o) do
-h

and by continuity of D and Pj(t)

DPj( t)J*j*(O, t)= I-h DP( t)tod/( O) dO.

Moreover, for b in L2(-h, 0; ")
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and using (6.14)

(8) (q, DPj(t)J*j*(O, I]/))2= d(t, a, O)b(a) da ,(0) dO.
-h -h

Comparing (7) and (8) we obtain (6.36).
The proof of identity (6.37) amounts to justifying a change in the order of

integration on the right-hand side of (6.36). In view of inequality (6.19) it is easy to
check that the integrand

OP
(, O)-.--(t, , 0)() a/(O)

is an Ll-function when b L2(-h, 0; Rn) and 4’ L2(-h, 0; R") f’l Ll(-h, 0; Rn). This
proves (6.37). When h is finite L2(-h, 0; ") c Ll(-h, 0; R") and this justifies the remark
following identity (6.37).

(vii) Recall that for all b (b, 4 1) in M2

H(t)b =jP( t)j*c =jJP( t)J*j* dp ([P( t)J*j* dp ](O), P( t)J*j*b ).

Now from identity (6.24)

o

1(H(t)qb+Hl(t)dpl=[pj(t)J*j*cb](O)= P(t, O, 0)b+ P(t, O, O)b O) dO,
-h

O

[IIl(t)qb+IIll(t)dpl](a)=[Pj(t)J*j*dp](a) P(t, O, a)dp+ P(t, 19, 0:)t1(19) d19.
-h

Since (h and b are independent, this is sufficient to obtain (6.40) to (6.42). The last
part of identities (6.41) and (6.42) is again a direct consequence of (6.14).

Proofof Theorem 6.6. Start with the Riccati equation (5.45) of Theorem 5.5. Take
the inner product (5.45) with k in M2. The first term is the derivative of

I I(=((jP(t)j*h, k))= P(t, O, 0)h+
-h

P(t, a, 0)h(a) da] k

+ P(
--h I lt, O, O)h+ P(t, a, O)h’(a) da k’(O) dO.

-h

The second term is

(= ((ArP(t)j*h, k))= ((ATjp(t)J*j*h, k))

LTp(t)J*j*h, k+(DoPj(t)J*j*h, k1)

dorl r P(t, O, O)h + P(t, a, O)hi(a) da] k

+ -- P(t,O,
-h

O)h + P(t, a, 0)hi(a) da kl(0) dO.
h
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The third term is

( ((jP( t)(Ar)*h, k)) ((h, ArP( t)j* k)

h. n (, o, )+ e(t, o, )(o) o
h -h

+ h’(l. (,o, + (, o, (o o .
-h -h

In view of (6.36)

h’(a) . P(t, O, a)k’(O) dO da (t, , Olh’() da (01 dO.
-h -h h h

Using propey (6.16) we can change the order of integration in the term

I_ I_’ Io [Ih. dnr P(t, O, )(0) dO= dO P(t, , O)dnh (0).
h h -h -h

The final result is

@= P(t, a, O) drlh, k+ dO P(t, a, O) drlh k(O)
-h -h -h

OP ( kO+ -’(t, t, O)h t) dt"
h

+ dO (t,a,O)h a) (0).
h -h

The rough term is

@= ((jP(t)RP()j*h, k))= N-BrJ-P(t)j*h BrJ-P(t)j*k

But

rJ-p( )j* k rJ-Jj( )J*j*k

h -h

and in view of (6.16) the order of integration can be changed in the last term. Finally,

-h h h

dcflrP(t, O, )k+ dO dflP(t, O, )k’(O)
h h -h

The last and simplest term is

@ (( Oh, k)) Qho. ko.
Equations (6.43), (6.44) and (6.45) are now obtained by special choice of the pair
(h, k) in the equation

(9)
d
d-(R)+@+(R)+(R)+(R)=o.
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For h =(h, 0) and k=(k, 0) we obtain (6.41). For h =(0, h 1) and k=(k, 0) equation
(9) reduces to

P(t, a, O)hl(a) da + dorl T da P(t, a, 0)hi(a)
dt h -h -h

o OP
(10) + --- (t, a, O)h’(a) da

-h

i
o i_’ i

o

P(t, C, O) dflN-’ da dflTp(t, a, )h’(a) 0.
-h h -h

From Theorem 6.5(vi) the map a OP/Ot(t, a, 0) belongs to L2 and

Z P(t, a, 0)h(a) da (t, a, O)h a) da.
dt h h

In view of (6.16), the order of integration can be changed in the second term of (10)
and the map

a donTp(t, , O)
h

belongs to L2. The same remark applies to the last pa of the last term in (10). As a
result we can regroup terms in (8) to obtain

(, , o+ aone(, , o+(, , ol

e(, , 0ag- aerie(t, , h( a =0.
h h

As a function of , all terms in the curly bracket belong to L and are continuous with
respect to in [0, T] with values in L(-h, 0; (N, N)). Therefore the curly bracket
is null almost everywhere. This establishes (6.44).

To obtain (6.45), we set h (0, ) and k (0, ) in (9)

P(t, a, O)6(a) da. (0) dO+ P(t, a, O)6(a) da (0) dO
dt h h h h

+ , , o( (o o
h h

-N-’ deflrP(t, a, ) 6(a) da dflrP(t, O, C) (0) dO=O.
h h h h

But in view of (6.30) with (o, 1)= (0 6)

P(t, a, O)6(a) da. (0) dO= P(t, a, O)6(a) da (0) dO.
dt h h h h

Moreover for all in LE(-h, 0; R") Ll(-h, 0; R") and @ in LE(-h, 0; R") (cf. (6.37))

h h
P(t, a, O)6(a) aa (o) ao=

h h
(t, a, O)6(a) aa (o)
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By factoring

(11) -0 P(t, a, O)ck(a) da+ Z(t, a, O)d(a) da O(O) dO
h h h

where

(12) z(t, , 0)

Since the above identity is true for all $ in La(-h, 0; ") L(-h, 0; ") and $ in
La(-h, 0; ), the time distributional derivative of P(t, , O) is given by

0P(t, a, 0) + Z(t, a, 8) 0 a.e.

When h is finite the matrix function Z is L2 with respect to its arguments hence P/t
also belongs to L

Appendix to Section 7.
Proof of eorem 7.5. The proof of pas (i) and (ii) follows standard arguments

given for instance in R. Datko [1]. Pa (iii) also uses standard arguments.
(iv) Sta with the ccati differential equation (5.45) of Theorem 5.5: for all

in M2

d
(1) -(jPr(t)j*k)=ArPr()j*k+jPr(t)(Ar)*k-jPr(t)RPr(t)j*k+Ok.
Denote by Zr() the right-hand side of (1). For all > 0 the operator Zr(t) strongly
converges to some operator

() z
in (M, M) as T goes to +m and

Vke V lim
d

tT(jPT(t)j*k) -Zk in M2.

For each arbitrary fixed > 0, define the sequence

f.(t) =jP.(t)j*k, ot , n 1.

The sequence {f.} belongs to Hi(0, ; M2),
lim f.

lim f.( t) g( t) -Zk, O

But (d/dt)f. and g belong to L2(0,
and in [0, ]

d
f,(t) N cllkl Ig(t)lNcllkl[.

By the Lebesgue Dominated Convergence Theorem

df g in L2(0, ," ME).
dt
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Finally we have shown that {f.} converges in the Hi-norm, and that

dA
dt

By completeness of Hi(0, z; M2)

df_ d
,it

g o-(j*) -z.

Since the above is true for all k in M, we conclude that Z =0. Equation (7.28) is
finally obtained from (2) with Z 0.

(v) Let P in (V’, V) be another positive symmetrical solution of (7.28).
Rearrange (7.28) for P"

(3) [AT-jPR]YO’*+jP[AT-jPR]*+jPRQ*+O=O.
Let z in o(0, ; M2, V’) be the solution of

d ,(4) j z(t)-(A)*z(t)+R*z(t)=O, z(O)=keM

(by Theorem 4.6(ii) and Theorem 2.7(ii) by choosing u =--BTj-*z). From (3)

() ((z(t), {[A-jPR]*+jP[A-jPR]*+jPg*+ O}z(t)))=O
and if w is defined as

(6) w(t) =-N-’s-’Pz(t), t0,

we obtain from (5)

2([A-jPR]*z(t), *z(t))v+ Nw(t) w(t)+((z(t), Oz(t))) 0.

From (4) the above equation reduces to

d
d{(j*z(t), *z(t))v+ Nw(t) w(t)+(i*z(t), Qi*z(t))w}=O

and for all > 0

{j*k, *k}v={j*z(t), *z(t)}v+ [ICi*(s)l+ g(s) (s)] dseJ;(,j*)

where u is the minimizing control on [0, t]. By letting go to +m, we obtain

(7 (j*, * e (j*, *.
By density ofj*M in V’ and continuity of the symmetrical operator - P, inequality
(7) extends to all of V’.
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RICCATI EQUATIONS FOR HYPERBOLIC PARTIAL DIFFERENTIAL
EQUATIONS WITH L2(0, T; L2(F))---DIRICHLET BOUNDARY TERMS*

I. LASIECKA’ AND R. TRIGGIANI"

Abstract. This paper studies the quadratic optimal control problem for second order (linear) hyperbolic
partial differential equations defined on a bounded domain II c R" with boundary F. Both the finite interval
case [0, T], T < oo, and the infinite interval case T oo (regulator problem) are considered. The distinguishing
feature of the paper, which differentiates it from previous (scarce!) literature on the subject, is that the
controls are only L2(0, T; L2(F))-functions which act in the Dirichlet B.C. and that the corresponding
solutions are penalized in the L2(0, T; L2(fl))-norm (smoother controls, particularly in space, were taken
in the few previous works on this subject). The well-posedness of this formulation stems from recent results
by the authors about regularity of second order hyperbolic mixed problems [L-T.1 ], [L-T.3]. Under minimal
assumptions, the optimal control is synthesized, in a pointwise feedback form, through an operator which
is shown to satisfy in a suitable sense a Riccati differential equation for T< oo and a Riccati algebraic
euation for T oo. Unlike most, if not all, of the literature on quadratic control problems (for different
dynamics!), the algebraic Riccati equation is not derived as a limit process as T’o of the Riccati differential
(or integral) equation on [0, T]. This has a special advantage in the case of hyperbolic dynamics. Rather,
the approach followed for the control problems is direct, in the sense that first an operator is defined in
terms of the hyperbolic dynamics and only subsequently shown to satisfy a Riccati equation (differential
for T< 0% algebraic for T oo). Regularity results of the optimal pair are also included. A functional analytic
model, based on cosine operator theory and introduced by the authors in [L-T.1 ], [L-T.3], is used throughout
to describe the hyperbolic dynamics.

Key words. Riccati equations, boundary control, hyperbolic partial differential equations

AMS(MOS) subject classification. 35

1. Introduction, problem formulation and statement of main results.
1.1. Introduction and problem formulation. The aim of the present paper is a study

of the quadratic optimal control problem on both a finite, fixed interval [0, T], T <,
( 2-4) and also on the infinite interval T ( 5) for second order (linear) hyperbolic
partial differential equations, where L2-boundary controls act in the Dirichlet Boundary
Conditions (B.C.). In this introductory section, we shall first formulate the problems
and point out their relationship to (scarce !) existing literature on the subject, and then
present a general orientative statement of our main results. Complete formal statements
and proofs are given in 2-5.

Let 12 be an open bounded domain in R with boundary F, say (piecewise) of
class C2. Let -A(sr, 0) be a partial differential operator of order two in with smooth
real coefficients

-A(:,O)= aj(sc)
i,j=l

b, e)
o

Co 6)

with principal part uniformly strongly elliptic in 12

i,j=l j=l

a>0.
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We consider the mixed hyperbolic problem

02y
t, ) -A(, O)y( t, ) in (0, T] f/-- Q,

y
(1.1) y(0, :) Yo(:), (0, ) Yl()

y( t, 0") u( t, tr) in (0, T] x F -= X,

where the control function u(t, r) acts in the Dirichlet B.C. and is assumed to belong
to L2(0, T; L2(I’)) L2(). Let L2(0, T; L2(fl))-- L2(Q). The homogeneousproblem (i.e.
(1.1) with u-= 0) is uniformly well-posed in L2(); equivalently [F1], the operator -A
consisting of-A(, ) plus homogeneous Dirichlet B.C. is the generator of a strongly
continuous (s.c.) cosine operator C(t) on L2(), E R. Thus, Ah A(, O)h, h (A)
{X L2(): A(, O)h L2(), hit 0}. The self-adjoint principal part of -A(, 0) gener-
ates a s.c. (self-adjoint) cosine operator on L2(), while the first order part of-A(, )
is a perturbation which preserves generation of a s.c. cosine operator IF.3, Thm. 2.1],
[T-W.1, Prop. 4.1]. Similarly, -A* generates a s.c. cosine operator on L2(), given
precisely by C*(t); see IN.2] for the general case. For the necessary background on
cosine operators, we refer e.g. to IF.l, I, II], IF.3], IN.2], IS.l], [T-W.1] plus bibliogra-
phy cited therein. Of this theory we shall recall below only a few facts that will be
frequently needed in the sequel. The optimal control problem of penalizing on [0, T]
both the boundary input u L2(X) and the corresponding solution y in a suitable norm
is, of course, intimately dependent on the problem of regularity of the mixed problem
(1.1). In particular, does u E L2(E) imply that the corresponding solution y L2(Q).9
Only very recently was this seemingly natural question given an affirmative answer
[L-T.1]. (For instance, the-regularity results of the fundamental treatise [L-M.1] do
not answer the above question.) Even more recently, this L2( Q) -regularity result was
markedly improved to conclude that, in fact, for u L2(X) the corresponding solution
y E C([O, T]; L2()) [L-T.3]. See also the rather comprehensive study on regularity
of hyperbolic mixed problems in [L-L-T.1].

THEOREM 1.1 (Regularity for (1.1)). Let either have C-boundary F or else be
a parallelepiped. Let Yo L2(’) and y H-(). Then:

(i) The map from the input u--> corresponding solution [y, ] is a continuous
operator: L2(X)-> L2(Q)(R)L2(0, T; H-()) [L-T.1].

(ii) In fact, the map from the input u-> corresponding solution [y, f] of (1.1) is a
continuous operator L2(X)- C([0, T]; L2(O))(R) C([0, T]; H-()) [L-T.3].

On the basis of the (weaker) regularity result (i), one can then associate with (1.1)
the quadratic cost functional2 on [0, T],

(1.2a) J(u, y) =- {(Ry(t), y(t))n+lu(t)l} dt=lR1/2yl2+lul2

with R satisfying:

(1.3) (H.1) R is a nonnegative self-adjoint, bounded operator on L2()

so that R may be the identity on L2().

In January, 1983 Professor J. L. Lions has kindly informed us that he also had proved this result in
1982 with a proof"100% different" from ours. Paper [L-L-T.1] is the result of correspondence that followed.

The norms are all L2-norms over the indicated domains, unless otherwise stated. Also, our treatment
can be directly extended as to include quadratic penalization of the velocity )(t) in H-t().
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The optimal control problem (O.C.P.) on the finite interval [0, T] is now:

(O.C.P.) Minimize J(u, y(u)) over all u LE(E), where y(u) is the solution to (1.1)
corresponding to u.

In light of Theorem 1.1(i), the functional J(u, y(u)) is continuous on La(E); since
it is strictly convex, it follows by standard arguments in optimization theory, that the
(O.C.P.) admits a unique solution, which we shall denote by u. The corresponding
optimal solution is then denoted by yO. Actually, in view of the stronger regularity
statement (ii) in Theorem 1.1, there is no essential extra difficulty in penalizing also
the final state [y(T)[; i.e. in replacing J in (1.2a) with

(1.2b) J(u, y) [y(T)[ + ]y[ +

since the operator u e L2(E)- y(r)e L:(a) is bounded. Thus:
THEOREM 1.2. Under the conclusion of Theorem 1.1, the (O.C.P.) corresponding to

(1.2a) or (1.2b) admits a unique solution: u e L2(E) and yO e C([0, r]; L:(a)).
In 5, we study also the quadratic optimal control problem (1.2a) with T= oo

(regulator problem), under the minimal assumptionverified in [L-T.5]that for
each initial data there is a pair of u and y such that the corresponding cost with
T oo be finite. Before turning to the statement and proof of our results, we review
(the scarce) existing literature on the quadratic optimal problem for hyperbolic partial
differential equations, under Dirichlet boundary control. As already explained, a basic
preliminary difficulty encountered in the study of the (O.C.P.) is a question of regularity
of the solutions to the mixed problem (1.1); in particular, whether the cost J in (1.2a)
is well-set. Thus, the crux of the case that we study here is that we penalize both the
Dirichlet boundary control and the corresponding solution in the L2-norms; i.e., in
L2(0, T; L2(F)) and L2(0, T; L2(I))), respectively. This is the distinguishing feature,
which differentiates our present results from those already existing in the literature,
e.g., [C-P.1], [C-P.2], [L.1]; where, in face of this, smoother boundary controls were
considered, e.g. u e Ho2([0, T] x F) as in [L.1, p. 325], or u e L(0, T; H1/2(F)) as in
[C-P.1] and [C-P.2]. Moreover, Riccati’s synthesis is not investigated in [L.1] in the
hyperbolic boundary case, only in the distributed case, see [L.1, p. 348]. We also stress
that our approach here to the Riccati’s synthesis is "explicit" and "constructive" (in
the style of [L-T.2] in the parabolic case) in the sense that an operator is first defined
by an explicit formula in terms of the given dynamics (see (2.22a) or (2.24) below)
and only subsequently proved to be a solution of a Riccati differential and integral
equation. This way, the usual difficultyencountered in all "indirect" approaches to
Riccati synthesis of much of the literature (for different dynamics!)of proving
existence of a solution to the operator Riccati differential equation is automatically
taken care of. As to the infinite interval case, T oe, we are not aware of any derivation
of the algebraic Riccati equation for the hyperbolic dynamics (1.1) in the literature.

1.2. Statement of main results. While we refer to 2-5 for the complete, technical
statements of our results, we wish to give here a preliminary general description of
them, which will help orient the reader. To do this, some preliminary background

This fact is surprising in light of known results for parabolic equations, where the solution y to an

L2(X)-control acting in the Dirichlet B.C. may not have a well defined point y(T) [L.1, p. 202]. This pathology
adds extra difficulty in the corresponding quadratic cost problem with final state penalization in L2(fl) see

[L-T.2].
See also [V-J.1].
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material is needed. It is well known that the operator

(1.4) _0A 1, with domain=(A)(R)(A1/2)

generates a strongly continuous (s.c.) group on Hol(f/) (R) L2(f/), which is, in fact, unitary
if A is self-adjoint. (We may assume without loss of generality that the fractional
powers of A are well-defined.) With H(f/)= (A1/2) IF.2], [L.2] it follows quickly
from Theorem 1.1 that the operator M,

(1.5) M= _0A 0/1, with domain(M)=(A1/2)(R)L2(l))

generates a s.c. group, which will be denoted by eat, also on the space

(1.6) E L2(1)) x [(A1/2)]’-= LE(f) x H-I(I)),

X2 E

We next introduce the Dirichlet map D (natural "harmonic" extension of boundary
data on F into the interior f/), defined by

(1.8) Du y where
ylr u in F.

in f,

It is a well-known result of elliptic theory [L-M.1, I], [N.1] that

(1.9a) D is a continuous operator H’(F)- H+l/2(f), real.

We shall in particular use

(1.9b)
D" continuous L2(F) H1/2-2() (A1/4-e),
Ilzll IIA/4-z

e>O,

where for the identification on the right of (1.9b) as well as for the identification

(1.9c) H/2-2(fl) ---= (A3/4-), e > 0, e # 1/2,

we refer to [[F.2], [L.2, Appendix]. We shall also use freely that [L-M.1, p. 196 with
Remark 2.6, p. 121], [L.3, Remark 5.1, p. 238]

(1.9d) (A) (A*), hence (A) (A*), 0<-_ 0 < 1.

Regarding cosine operator theory, we briefly recall that C(t) is even and C(0)= I,
thus S(t)X=o C(r)xdz is odd. Moreover d2C(t)x/dt2 -AC(t)x, x(A) and
dC( t)x/ dt -AS( t)x, x (A1/2). Also, [F.1, I, II]

(1.10) the map t- A1/2S(t)x, is well-defined and continuous for all x L2( and
IlA / s(t)ll <-- My e’.

It is important to note that [S.1] (see also [L-T.1, Prop. 2.1]

(1.11a) C(t)x-x=-A rC(t-r)xd% X G L2()
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which after integration by parts can be written as

(1.11b) C(t)x-x=-A S(t--)xdz=-A S(o’)xdo-, xe L(a).

A few other results on the cosine operator theory (e.g. identities (3.6) below) will be
quoted when needed. Our main results on the Riccati’s feedback synthesis of the
optimal control are as follows (see 2-4 for more complete results).
TORM 1.3. Case T< oo: (i) For R as in (H.1), see (1.3), the unique control u

of the optimal control problem (O.C.P.) on [0, r], T < oe can be expressed in feedback
form as (see (2.28) below)

u(t) u(t, to 0; Yo, Y) -*(t)
yO(t)
y(t)

-D’A* S*(’- t)R(’, O) Yo d" in e [0, r].

(r, t)=[( ), ( )] is the evolution operator of the optimalfeedback system (see
(2.13)-(2.14) below), while (t) is defined ((2.22a) below)

(t)x ea.(,_t) R 0
dp(r, t)xdr.

0 0

(ii) For R satisfying, in addition (see (3.43) below) the assumption

(H.2) R" continuous H1/2-(f) ’(A1/4-/2) n/2+() (A1/4+/2)
for some arbitrarily small 5 > O, henceforth kept fixed, then"

(ii.1) For initial data [Yo, Yl] Yr H1/2-(O) x H-/2-(f) we have (see more
precise statement in Theorem 3.11 below)6

tl
0 H1/2+’1/2+’5(,), a fortiori u C([O, T]; L2(F)),

yO C([0, T]; H/2-(f)) I’I H1/2-(0, T; L2(f)),

0 C([0, T]; H-1/2-5()).
(ii.2) The operator

N*(t)x D’A* S*(’- t)R(’, t)xdz

is continuous Y- C([0, r]; L(F)) (Theorem 4.1 below).
(ii.3) The operator ( t) is a self-adjoint nonnegative definite operator on 17, and

satisfies the following Riccati differential equation:

d
(R.D.E.) -((t)x, y) =-(Rx, y)a-((t)x, My)-((t)Mx, y)

+(3"(t)x, 3"(t)y)r

This last result (1.11) rigorously justifies for all x L2(f) the following proceduremwhich however
is only formal for x (A1/2)

Io’ Io Io-A S(tr)x dtr= -AS(tr)x dtr
d

xd C(t)x- x.

Hr,S(E) L2(0 T; H’(F))f’IHs(O, T; L2(F)) as usual [L-M.1, II] and similarly for Hr’(Q).
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for all x, y Yr and in [0, T) with terminal condition ( T) 0 (see Theorem 4.3
below), as well as the corresponding Riccati integral equation.

Remark 1.1. A direct approach (i.e. with no reference to a control problem, in
particular without using the preliminary optimality conditions available in the control
problem) was carried out in [DaP-L-T.1] to study the well-posedness of the R.D.E.
for hyperbolic dynamics. In particular, in the case of the present paper, this approach
shows also uniqueness of a nonnegative self-adjoint solution of the R.D.E. (satisfying
further properties), provided a stronger assumption is made on R, namely that RA1/4+

is a bounded operator on L2().
In 5, we study the regulator problem, i.e. problem (1.2a) (or the corresponding

version which penalizes quadratically also the velocity ) in H-1(12)) for T- c, under
the sole assumption (H.1) for R (which allows R to be, in particular, the identity on
Lz(fl)) and under the usual minimal assumption of the finite cost (see Theorem 1.2
below). We then derive that:

(i) the optimal control of the regulator problem is given in feedback form by

-u(t)=* yO(t)
=*(t) Yo

P(t) y

(ii) here is a nonnegative, selfoadjoint operator on E satisfying the algebraic
Riccati equation

(Rxl, y)+(x,Cy)E+(Cx, y)=(*x,*y)r, x, y6 ();

(iii) moreover, the optimal solution (t)lyo/yl defines a s.c. semigroup on E
generated by-*. Uniqueness of the algebraic Riccati equation for the problem
which also penalizes ) is discussed in Theorem 5.11.

The approach presented in 5 is particularly simple, when applied to a special
but physically important case, which includes, in particular, the canonical wave
equation, see Remark 5.2. A main feature of this approach is that--contrary to much,
if not all, of the existing literature (see e.g. [F3] for a recent contribution on the
parabolic case with Dirichlet boundary control)--the algebraic Riccati equation is not
derived as a limit of the differential Riccati equation on [0, T] via the limit process
T: this would have required the study of the limit *7-(t) to *(7.(t)= Riccati
operator of the problem on [0, T]) a particularly delicate question in the case of
hyperbolic dynamics. This way we can dispense of assumption (H.2) for R, used for
the Riccati differential equation, and derive the algebraic Riccati equation with R
satisfying only assumption (H. 1).

2. Optimality, the operators ’(t) and tp(.,.) and their preliminary properties. As
an abstract version of the mixed problem (1.1), we can take the input-solution formula
(see [L-T.1]) with Yo L2(fl), Yl H-(I)):

(2.1a) y(t) y(t, to=0; Yo, Y,)= C(t)yo+ S(t)yl +(Lu)(t),

(2.1b)
dy dy d- (t)=- (t, to=0; yo, Yl)=-AS(t)yo+ C(t)yl +---(Lu)(t),

where C(t) and S(t)x o C(z)x dr are, respectively, the cosine and "sine" operators
on L2(), R, generated by -A, and where the linear operators L and dL/dt are
defined by

(2.2a) (Lu)(t) A S(t-’)Du(z) dr,
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d
(Lu)(t)= A C(t-z)Du(z) dz.(2.2b) d--

In view of Theorem 1.1 (ii), we have that

(2.3a) L: continuous L2(E)--> C([0, T]; L2(fl)),

dL
(2.3b) -d--: continuous L2(E)--> C([0, T]; H-l(fl)).

Thus, by duality of Theorem 1.1 (i), the operator L* adjoint of L, defined by (Lu, v)o
(u, L*v), and hence given by

(*v(t D** S*(,- v(, ,
(.4

D’A* S*(t-z)v(r) dr, 0 <- t<-_ r
T

satisfies the property

(2.5a) L*: continuous L2(Q) --> L2(E)

and, in fact, even the property

(2.5b) L*: continuous L(0, T; L2(fl)) --> L2(E)

by duality of Theorem 1.1 (ii). (Here and throughout the paper, we extend an inner
product by continuity into a corresponding duality pairing, without changing notation
and with no explicit mention necessarily made).

In order to treat the (O.C.P.) corresponding to the cost J(u, y) in (1.2a), we
introduce the Lagrangian

(2.6) (u,y,p)=1/2{lul2+(Ry, y)o}+(p,y-C(.)yo-S(.)y-Lu)o.
The optimality conditions: y(U, yO, pO) .u(uo, yO, pO)= 0 yield, respectively e.g. as
in [L-T.2, below (2.7), p. 47]

(2.7) pO= _RyO, u= L*p, hence u= -L*Ry.
By eliminating yO between (2.1a) and (2.7), we obtain

(2.8a) u -[I + L*RL]-L*R{C(.)Yo+ S( )Yl} L2(E)

and hence, using this in (2.1a) and (H.1)= (1.3)

(2.8b) yO {I L[I + L*RL]-1 L*R}{C(.)Yo+ S(. )Yl}.

Note that, in (2.8), the (self-adjoint) inverse operator is well-defined and bounded on
L2(E). On the other hand, if we eliminate u instead between (2.1a) and (2.7), we obtain

(2.8c) yO= [I + LL*R]-I{c( )yo+ S(. )Yl},

(2.8d) u= -L*R[I + LL*R]-I{c( )yo+ S(. )Yl},

where we have to show the existence and boundedness of the new inverse operator.
Indeed

(2.8e) [I / LL*R]- I- L[I + L*RL]-L*R

-A*7yhus, L*t Oz/OtA.lr, where: z,,= (,O)z+v, in(O,T]xll, z(T, sC)=z,(T,)=O, andz(t,) =-0,
in (0, T]xF.
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well-defined and bounded on L2(Q). In fact, first [I + LL*R] is (i) injective on L2(Q)
(since x+ LL*Rx 0, x L2(Q), after L2(Q)-inner product with Rx, yields L*Rx =0
by (1.3), hence x=0) and (ii) has range dense in L2(Q), since its adjoint [I+ RLL*]
has trivial null-space here (z+RLL*z=0, z L2(Q), after L2(Q)-inner product
with LL*z, yields L*z 0 by (1.3), hence z 0). Secondly, the identity I I + LL*R
L[I + L*RL]-I[I + L*RL]L*R, where [I + L*RL]L*R L*R[I + LL*R], yields that
the two sides in (2.8e) coincide on the range of [I+ LL*R] on L2(Q) and so, by (ii)
and the boundedness of the right-hand side operator, on all of L2(Q). Equations
(2.8c-e) are justified. Notice that (2.8) provides the optimal solution (u,y) as
L2(0, T)-trajectories with values in L2(F) and L2(f), respectively, in terms of the initial
data. Our goal, however, is to express the optimal control u in "feedback form;" i.e.
as an operator acting pointwise in time (or a.e. in t) on the "measured" solution
[y(t),f(t)] (so called "on line," or real time implementation in the engineering
literature), precisely as described in Theorem 1.3. To accomplish this, an evolution
operator will be introduced to describe the dynamics of the feedback system. Let s be
an arbitrary time 0-< s < T. Henceforth we take s as the new initial time of our optimal
control problem with corresponding initial datum Ys [Yos, Yls] E; i.e. we consider
the optimal control problem of the introduction, but over the time interval s, T] rather
than over [0, T]. We shall denote the corresponding optimal solution by y(t, s; Ys)
and u(t, s; ys).8 The same procedure leading to the expressions (2.8c-d), once applied
to the new problem, gives then

(2.9a) -u( s; y)= L*R{y(., s; Ys)},

(2.9b) u(t,s; ys)=-L*R[Is+LL*R]-l{c(.-s)yo+S(.-s)yl},
(2.9c) y(t,s; y)=[I+LsL*R]-{C(.-s)yo+S(.-s)y},

as elements of L2(s, T; L2(F)) and L2(s, T; L2(f)), respectively. Here (compare with
(2.2a) and (2.4)), we have

(2.10) (Lsu)(t)=- A S(t-z)Du(-) d’, s<-_ t<-_ T,

(2.11) (L*v)(t) =- f(L*v)(t)’ s <- <- T,
a.e.

0, 0 <- t<s,

The optimal dynamics is

(2.12)
y(t, s; y) C(t- s)Yos + S(t- s)yl + {Ls[u( ", s; y)]}(t),

ri(t, s; y)=-AS(t-s)yo+C(t-s)y+A C(t-r)Du(-, s; )

(in C([s, T];L2(f)) and C([s, T]; H-l(f/)), respectively). We now wish to obtain an
explicit expression for the operator (t, s) defined by

(2.13)
y(t,s;ys)
f( t, s; y)

=(t, s) YOs

Ys
O<=s<=t<=T,

which describes the evolution of the optimal solution originating at the starting point
y at the initial time s. Using (2.9c) and its time derivative, we arrive at the explicit

In the new notation, the optimal solution on [0, T], so far denoted by yO(t) and u(t), will be yO(t, 0; Yo)
and u(t, 0; Yo), respectively.
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expression of (t, s), (0 <-_ s <- <-_ T)

(2.14) (t, s)=
VC(.-s) VS(.-s)

=_
l(t, s)
(t, s)

where we have set V --- [Is + LsL*R]-1. For fixed s, by (2.13) and Theorem 1.1, (., s)
is a bounded operator E C([s, T]; E). Note that Ls acts on functions defined after
s (see (2.10)) and after s the actions of the operators L* and L* coincide (a.e.) (see
(2.11)), thus

(2.15) LsL* LsL*.
Moreover, since obviously on LE(Q): I[Is 4- L*RLI[->_ 1 and hence II[I / L*RL]-I[ <= 1,
uniformly in s, the version of (2.8e) corresponding to "s" gives Vslle(g(o)) <_- constr,
for all s [0, T] and hence from (2.14)

(2.16) II(’, s)ll((o, , ))-<-M uniformly in s [0, T].

Actually, a stronger version of (2.16) is true. From (2.11) and (2.5a) we obtain

IIL*ll IIL*ll and along with (2.9b) and the uniform bound on Vsl[ in the (LE(Q))-
norm we deduce

(2.17) [[u( s; x)ll(, ; (r))-<-constr Ilxll,
Uxt( ;x) denoteswhere the constant constr depends on T but not on s. Moreover, if r, s

the extension to O<=z<s by zero of the function u(z, s; x), we have from (2.10)

[[{Lsu( s; x)}(t)ll,(m-< s A S(t-’)Duxt(7", s; x) dT"
0 TI L2(I)

(2.18) < Crll o (by (2.3a))Uext(" S; X)IIL2(0, T; L2(F)),

-crllu(.,s; x)[[,(. -; ,.(r_--< const-[[x[[. (by (2.17)

From (2.12)-(2.13), we then plainly obtain (by (2.18))"

(2.19a) I1( t, )xll(. Ily(t, s; x)II =(. <-- const Ilxll
uniformly in s and t, 0-<_s -< t_< T, which is the sought after improvement over (2.16).
A similar argument gives

(2.19b) 11’2(t, s)xlln-(m <-_ constr Ilxll
uniformly in s and t, 0 <_-s <_- <_- T. We can then collect some preliminary properties of
(I)(t, s) in the next lemma.

LEMMA 2.1. For the operator (t, s), defined by (2.13), O<=s<= t<= T, as a bounded
operatorfrom E into itself, the following properties hold true:

(i) (t, t)= I (identity on E), 0<-_ t<-_ T.
(ii) (t, s)C(s, -)= q(t, ) (transition), O<- z<- s<- <- T.
(iii) For each fixed s, the operator p(., s) is continuous E- C([s, T]; E) (strong

continuity in the first variable).
(iv) The following uniform bound attains"

lib(t, s)lle(--<const for all O<-s <- <- T,
where constT-depends only on T, but not on s.

(v) Fortfixed, 0< <- T, the operator (t, is continuous E C([0, t]; E) (strong
continuity in the second variable).
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Proof. (i) and (ii) above are obvious; (iii) and, in fact, (iv) were proved above
(see (2.19a-b)). Moreover, strong continuity in the first variable (property (iii)) com-
bined with the uniform bound in property (iv) yields strong continuity in the second
variable in the usual way (see e.g. [L-T.2, p. 58]. [3

In order to express the optimal control u in a (pointwise, or a.e.) feedback form,
as claimed in Theorem 1.3, we compute via (2.9a), (2.13), (2.11), and (2.4):

-u( t, s; ys) {L* Ry(,, s; ys)}(t)= {L*ROl(’, s)y}( t), s<-_ < T

D’A* S*(r- t)R(z, s)yd.

If we now take the initial time s with initial data y yt [yO(t), )o(t)], we obtain
the desired pointwise relation

(2.20) -u(t) D’A* S*(r- t)RO(r, t)
y(t)

dr
Y(t)

(2.21) =DA* S*(z- t)R*(z, O)y dr

with initial point Y [Yl, y2]E E at -0, where in going from (2.20) to (2.21) we have
used [y(t), )(t)] (t, 0)y, (see (2.13)), as well as (z, t)(t, 0)y-
[(% t)(t, 0)y]l [(r, 0)y] l(r, 0)y by Lemma 2.1(ii). Indeed, we Can see also
directly the following.

PROPOSITION 2.2. The expression (2.21) is well-defined as an LE(E)-function for all
yEE.

Proof The proof will follow quickly from certain results to be established in 3.
It is therefore deferred to Appendix 1.

Motivated by this, we now define an operator (t) on E by

(2.22a) (t)x e.(,_,) R
(r, t)x dr, x E

0
T

=_- e*(-t)

For y [Yl, Y2] also in E, we compute

where, of course, from (2.1)

(2.23) et

to get that

Rl(r,t)x
0

C(t) S(t)
-AS(t) C( t)

dr.

onE,

T

((t)x, Y)tz {(C*(r- t)R(r, t)x, Yl)a

+(A*I/2s*(r- t)Rl(r, t)x, A-/2y2)n} dr.

We have written the last term so that, by (1.7b)

(A*I/2s*(r- t)Rl(r, t)x, A-/2y2)n= (A1/2A*I/2s*(r- t)R(r, t)x,
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Thus, we obtain that (t)" E--> E is given alternatively by the more illuminating
expression

dr, xE.
C*(r-t)RI(7. t)x

(2.24) (t)x= A1/EA*/S*( t)Rl(’, t)x

Now, by (1.9) with tr=0, the Dirichlet map D is continuous" L2(I)- H/2(’)
H/2(I) [L-M.1, I, p. 55]. Thus, D* is continuous H-/E(f)- LE(F), (L(F) =pivot
space) where (Du, y)n (u, D*y)r, for all u LE(F), and y H-/E(f). Next, we define
an (unbounded) operator *" E fi(*)- LE(F) by

(2.25) *v= D*A*/EA-1/v2, v [v, v2] (*).

Since (*) L2(I)(R) H-1/2(), we conclude that * has domain dense in E. Also,
we obtain from (2.24)-(2.25)"

(2.26) N*(t)x D’A* S*(r- t)R(r, t)xd"

(2.27) {L’R*1(’, t)x}(t)

for any x E for which (2.26) is well-defined a.e. in in L2(F). By comparison with
(2.20), we see that this is certainly the case on the optimal points [y(t), )(t)] and,
indeed, the optimal control u in (2.21) can then be rewritten as an L2(E)-function as

(2.28) -u(t) 3*(t)
yO(t)

3*(t)(t, 0) Yo [Yo, Yl] e E)(t) yl

more desirable than (2.20), since now (t) has range in, and * acts from, the basic
space E. (t) will be the Riccati operator. This completes the proof of part (i) in
Theorem 1.3.

Some (to be expected) properties of (t) are collected next.
LEMMA 2.3. The operator (t) defined by (2.22) or (2.24) satisfies the following

properties"
(i) For each fixed [0, T], ( t) is a bounded linear operator on E, and, in fact,

(t) is continuous E- C([0, T]; E).
(ii) For each fixed [0, T], the following identitywhich is symmetric in x and y

(both in E)holds"

(2.29) ((t)x, y)e (Rl(Z, t)x, (-, t)y)n dz

+ (*(r)(,, t)x, *(r)(-, t)y)l-d-.

Yht/s,
1 (t) *(t) and (t) is self-adjoint on E;
2) is nonnegative definite.

(iii) The minimal (optimal) value of the performance index J of the optimal control
problem on Is, t], s < T, that initiates at Ys at time s is

(2.30) J(u(., s; ys), yO( ., s; y)) ((s)y, y)E.

Hence, for any x E, the map ((t)x, x) is monotone decreasing.
Proof (i) That (t) is bounded on E for fixed t, or that (t)x Loo(O, T; E), x

E, follows immediately from (2.24) using: (1) the uniform bound on in Lemma 2.1
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(iv); (2) the norm (1.7c) on H-(f/); and (3) the property (1.10) for A*/’-S*(t)z,
z L2(f/). To show that, in fact, (t)x C([0, T]; E), one adds and subtracts a same
quantity and uses, in addition to the above, the Lebesgue’s dominated convergence
theorem [H-P.1, p. 83]. Details are omitted.

(ii) By combining (2.1a, b) and recalling the definition of (.,.) in (2.12) and
also (2.23), we can write for x E

S(7" or) Du(o., 7"; x)
c(-, t)x=e-t)x+A C(z-cr)Du(cr, z; x)

do’,

i.e. in view of (2.28)

(2.31)
S(z- o’)D:*(o’)O(o’, t)x
C(- o.)D* (o.)O(o., t)x

We next substitute the expression of e<-t) given by (2.31) into the right-hand side
of (2.22b) to get

(.3 ((tx,),l (,,(,, tx, ,(,, ), d,+

where, changing the order of integration on I (see Appendix 2), we can write

I (l(r, t)x, AS(z-o’)D.d*(o.)(o’, t)y)n do" de

D*A*S*(-o’)*I(, .....,.’,, dr, @*()*(, t) de

(since (z,o’)(o’,t)x=(’,t)x, by Lemma 2.1(ii), and thus l(,r,o’)(o’,t)x=
(z,t)x)

(2.33)
T

(*(o’)q(o’, t)x, *(o’)q(o’, t)y)r do"

where, in the last step, we have made use of (2.26). Setting x y in (2.32)-(2.33) yields
(ii.1)-(ii.2). Property (iii) follows from (ii) via (2.12) and (2.28).

3. Regularity results.
3.1. Further regularity results for the mixed problem (1.1) needed for the (O.C.P.).

In order to establish appropriate regularity for the optimal pair u, yo of the (O.C.P.)
and to derive a Riccati equation, it is necessary to obtain preliminary certain regularity
results of the mixed problem (1.1). This will be done in the present section, since we
cannot merely quote these results from our own, or others’ previous work. The technique
used is in the style of [L-T.1], [L-T.3]. To this end, we begin with an abstract lemma,
which will be used repeatedly.

LEMMA 3.1. With X and Y two given separable Hilbert spaces, let F( t) (X, Y)
a.e. in [0, T]. Define a (linear) operator F( by: F( )x F( t)x Y, a.e. in [0, T],
x X and assume that F(. is continuous X L2(0, T; Y); i.e.

(3.1) IIF(.)xll = -Io,._O,T;’) IIF(t)xll at < CTIIxll

Then, for any x( t) L,(O, T; X), the operator defined by" (x( ))( t) -= F( t) to x( d-
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is continuous LI(0, T; X)o L2(0, T; Y)"

(3.2) I[ 2F(t) x(r) dr
Y
dt<- CT

Proof of Lemma 3.1. If F*( t) ( Y, X) a.e. in is the adjoint of F(t)"
(F(t)x,y)g-(x,F*(t)y)x a.e., x6X,y Y, we compute for g L2(0, T; Y), through
a change of the order of integration and Schwarz inequality

(3.3)

(Fx(. ), g)r2(o, r; g)= (F(t) x(r) dr, g(t))gdt

(x(r), F*(t)g(t))xdrdt

(F(t)x(r),g(t))ydtdr

--< Ilgll=o, ; Y) IIf(t)x(,)ll dt

-<- cligll IIx(,)llxdr<o

dr

(by (3.1))

and F is well-defined from all of LI(0, T; Y) into L2(0 T; Y). Moreover, from (3.3)
the adjoint/* of , given by

(3.4) (*g)(r)----IT F*(t)g(t) dt

is certainly well-defined on a dense set (e.g. step functions) of L2(0, T; Y) into
LI(0, T; X). Thus, F is closable [K.1, p. 168] and by the closed graph theorem, F is
bounded as claimed.

The next theorem was proved in [L-T.3] and has a trace theory interpretation for
the mixed problem (1.1). It played a crucial role there in our argument that succeeded
in strengthening the regularity of the operator L in Theorem 1.1 from statement (i)
into statement (ii). For completeness, we shall also include a sketch of its proof.

THEOREM 3.2 [L-T.3, "only if" part of Theorem 2.1]. The operators J1 and J2

(3.5) (JlX)(t) =- D*A*S*(t)x; (J2x)(t) D*A*I/2C*(t)x

are bounded linear operators L2(I))--> L2(E).
Proof (sketch). It makes crucial use of the boundedness of L*:L2(Q)--> L2(E)

(statement (2.5a)), thus of statement (i) in Theorem 1.1. The following identities hold
for cosine and sine operators [T-W.1], IF.l].

(3.6a) S(s+ t)+ S(s- t)= 2S(s)C(t),

(3.6b) S(s + t) S(s)C( t) + S( t)C(s),

(3.6c) C( + s) C( t- s) -2AS( t)S(s).
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For x L2(I’I), we now compute directly L’C(. )x via (2.4) and (3.6a) (see also (1.11))

L*C*(.)x=D*A* S*(r-t)C*(r)xdr

1D’A* [S*(2’-t)-S*(t)]xd"
2

1 10*C*(2r-t)x (T-t)
D*A*S*(t)x(3.7) =- ,=t 2

1
D*C*(2T-t)x -1 D*

(T-t)
D*A*S*(t)x.-- - C*(t)x----’

Since L*C*(.)x L2(), and the first and second terms on the right of (3.7) are in
C([0, T]; L2(F)), we deduce that (T-t)D*A*S*(t)x L2(0, T; L2(F)) for any T, and
hence that D*A*S*(t)x L2(O, T; L2(F)). Next, one proves that J1 is closable, since
its dual J] (given explicitly below in (3.8)) is densely defined. By the closed graph
theorem J is bounded L2(fl)--> L2(E).

The proof for J2 is similar, starting now with L*A*I/2s*(.)x. See [L-T.3] for
details. (We also refer to [L-T.3] for the converse of this result, which is not needed
here: i.e. if J and J are bounded L(fl)--> L2(E), then L* is bounded L2(Q)-> L2(E).)

Remark 3.1. Theorem 3.2 admits a trace theory interpretation of problem (1.1)
with homogeneous B.C. u -= 0, since D’A* is nothing but the operator of the co-normal
derivative on F

D’A*
0

in particular D’A*
0

OPA* F’ OP F
(3.8)

in the Laplacian case -A(:, 0) A.

See in [L-T.3, Remark 2.1] or in [L-L-T.1, (3.4)] for more details.
By taking the dual operator to J1 and J2: (Jix, u)=(x,J*u)a, we obtain the

following.
COROLLARY 3.3. For u L2(E), the integrals

(3.9) A S(r)Du(-) d- and A/ C(-)Du(’) d-, ON <- T

are well-defined as L()-functions, which moreover, are continuous in e [0, T].
THEOREM 3.4. For ON 0 <= 1 and with reference to (1.9c) the operators J of (3.5)

(JlX)(t)-- D*A*S*(t)x, (J2x)(t) O*A*l/2c*(t)x
are continuous @(A) (A*)--> H2’2(,) ootnote 6).

Proof It suffices to prove the case 0 1, and interpolate with Theorem 3.2 (0 0).
With x @(A*), we compute

de
D*A*S*()x= D*A*C*(t)x=-D*A*S*(t)A*x,

(3.10) d d ,A,/S,(t)A,x D*A*/-C*(t)A*x,
e L(Y.,)

dr--- D*A*/C*( t)x =---t D

continuously, by Theorem 3.2 and Jx- H(O, T; L(F)). To prove that

(3.11) J,x e L2(0, T; H2(F)), x e (A*),
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we introduce, as in [L-L-T.1], a second order operator

B=E b0

on f, tangential to F (i.e. without transversal derivatives to F, when expressed in local
coordinates) and with smooth coefficients b0 on f/. For simplicity of notation (only),
we take A self-adjoint. We argue only for J1. The solution of the problem

b,t -A(:, 0)b in Q,

(3.12) [=o 0, =o x (A) H2() in ,
[r 0 in ,

is (t)= S(t)x and by Remark 3.1 with O/VA written as /

6(t)
(3.13) (JlX)(t)= D*AS(t)x= S(t)x

r r
If we introduce a new variable

(3.14) w=B,

then proving (3.11) for i- 1 is equivalent to proving that

Bb(3.15)

Notice that, as is well known (e.g. [K-N.1]), the commutator

(3.16) K=-BA( ., .)+A(.,.)B
is an operator of order 2+2-1- 3 in :, with smooth coefficients in f/. From (3.14)
and (3.12), we obtain the problem for w

wtt=-A(,O)w+f

(3.17) wlt=o 0, wtlt=o Bx Lz(l)

W]r=0

in Q,

inf/

in E,

where we have set f= Kb. Thus, since th(t)= S(t)x (A3/2) c H3() for x (A),
we have

(3.18)

The solution of (3.17) is

(3.19)

f-= Kb LE(Q).

w(t) S(t)(Bx)+ S(t-r)f() aT".

By Theorem 3.2, since Bx L2(), then

(3.20) D’AS(t)(Bx) L2(E).

Using identity (3.6b), we can write

(3.2I)

D*A S(t-r)f(r) dr= D’AS(t) C(z)f(r) dr

-D*A1/2C(t) A’/2S(’)f(") dr.
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Now, both integrands in (3.21) are in L2(0, T; L2(f)) by (3.18) and (1.10). Thus,
Theorem 3.2 allows us to apply the abstract Lemma 3.1 with X L2(E), Y L2(F)
and obtain that each of the two terms on the right-hand side of (3.21) is in L2(E).
Thus, returning to (3.19), and using (3.20)-(3.21), we conclude that

(3.22) 0__w= D*AS(t)(Bx)+ D*A S(t-r)f(r) dze L2(E)
Ov

and (3.15) is proved. Thus, (3.11) holds true if i= 1. A similar argument proves (3.11)
for 2. An application of the closed graph theorem completes the proof.

The next theorem complements statement (2.5a) on the regularity of the operator
L*; in its proof, we shall use Theorem 3.4 for 0 1.

THEOREM 3.5. With 0 <-- 0 <-- 1, we have for the operator L* in (2.4)

L*: continuous L2(0, T; (A))--> H2’2(,);

d2(L*v)
(3.26) v L2(0, T; (A*)) --> (t) e L(E)

dt2

we compute from (2.4)

(3.27)
d(L*v)

dt2
d
D’A* C* t)v(r)dr D*A*v(t) (L*(A*v))(t)--t r-

and (3.27) implies (3.26) via (2.5a).
The following consequences, particularly Theorem 3.8 below, will be needed in

3.2, in the study of the regularity of the optimal solutions of the O.C.P.
THEOREM 3.6.
(i)

(3.28)
u e C([0, T]; H1/-(F)) f’] Hi(0, T; L_(F)) } --, Lu C([0, T]. Hl()).
u (0) 0 compatibility relation

(3.23a)

equivalently,

(3.23b) L*A-" continuous L2(Q) --> H2’2(,).

Proof. It suffices to prove the case 0 1 and interpolate with (2.5a). To prove

(3.24) v L2(0, T; (A) (A*)) --> L* v L2(0, T; H2(F))

we use (2.4) and indentity (3.6b) to get

(L*v)(t) D’A* S*(r- t)v(r) dr

(3.5 *c*(*-l/ */s*(,l*v(,

-D*S*(t) C*(r)A*v(r) dr.

Afortiori from Theorem 3.4 with 0 1, we are authorized to apply the abstract Lemma
3.1 with F(t) either D*C*(t)A*-/ or D*S*(t), while X L2([) and Y H"(I’). We
thus obtain that each term in (3.25) (right) is in L2(0, T; H2(F)), i.e. (3.24). To prove
the remaining part
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(ii) Moreover,

u H(0, T; L2(F)) ] dLu
(3.29) -* C([0, T]; L2(f))=o -ff

Proof. (i) Integrating (2.2a) by parts with ti L2(Y.) and using the compatibility
relation gives

(3.30)

(Lu)(t) A AS(t-r)A-’Du(-) dr= A
dC(t-r) A-’Du(r) d-

dr

C(O)Du(t)-C(t)Du(O)- C(t-7")Dft(-) dr

(Du( t) A-’
dt ]

t)

where by (2.2b) and the identity

(3.31) C(t+s)=C(t)C(s)+AS(t)S(s) s, teR

(obtained summing up identities (2.4) and (2.28) in [T-W.1]),

/(t)= C(t-7")Dfi(r) dr

(3.32)
C() C(’r)li(’r) d’r-S(t)A/2 Nl/s()O() d.

By Corollary 3.3 and (1.10), each of the two terms on (3.32) (right) is in

c([0, r]; (/))= H(a)). Returning to (3.30), we have Due C([0, r]; HI(a)), by
elliptic theory with u e C([0, T]; H/(F)), and (i) follows. (ii) Differentiating (3.30)
(via the left-hand side of (3.32)) yields for e L()

( dLu](3.33)
\ dt /

t)=A S(t-r)Dfi(r) dr=(Lfi)(t)e C([0, T]; L2(f))

by statement (2.3a). [3

Theorem 3.6 states what is needed in the sequel: a more complete result is given
in [L-L-T.1]. A fortiori, since [L-M.1, I, Thm. 3.1, p. 19]

(3.34) U HI’I():::: u C([0, T]; H1/2(1-’))

we obtain part (i) of the following corollary.
COROLLARY 3.7. We have
(i)

(3.35)
u H’"(,) ] Lu C([O, T];

"> dLu
u(0) =0 e,C([0, T];

-> Lu HI’I(’-),

(ii) For O <= O < 1/2
Lue C([0, T]; H(f))

(3.36) u e H’(E) dLu-- e C([O, T]; H-’(O))
--> Lu H’(Q).
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(iii) Indeed for 0 <- 0 < 1/2
dLu

(3.37) u H(O, T; L2(F)) C([0, T]; H-l(f)).

Proof. We interpolate with 0<= 0<1/2, so that the C.R. (compatibility relation)
u(0)=0 is irrelevant, between (2.3) and part (i) to get part (ii); and between (2.3b)
and Theorem 3.6(ii) to get part (iii), see [L-M.1, Thm. 14.2, p. 95]. [3

THEOREM 3.8. With reference to the operators L and L* in (2.2) and (2.4), the
following regularity results hold:

(i) For 0<= fl < , we have

(3.38a) A3LL*A-3: continuous L2(Q)- C([0, T]; L2(Q));

equivalently, with (A)= H2(12) (see (1.9b))

(3.38b) LL*: continuous L2(0, T; (A))- C([0, T]; (A)).
(ii) Moreover, for any e > 0

d dLL.(3.39) -(LL*) =-d-f continuous L2(O, T; H/2- (f)) C([0, T]; H-/2- (f)).

Proof (i) We have

(3.40) L*A-3: continuous L2(Q) H2’(E)
by (3.23b) in Theorem 3.5, and restricting/3 to 0_-</3 <- so that H(12) (A), we
have

(3.41) A3L: continuous H2’(E) C([0, T]; L2(f))

a fortiori from Corollary 3.7(ii).
(ii) Plainly,

d(LL*) Ld
(3.42) --- L*dt dt

from (2.2a) and (2.4). But, by (3.23) in Theorem 3.5

L*: continuous L2(O, T; (A1/4-/2) H/2-’(f)) H1/2-’/2-(E)
and part (ii) follows a fortiori from Corollary 3.7(iii) with 0 =1/2-e.

3.2. Regularity of optimal lmir u, y of the (O.C.P.). Once in possession of the
regularity results of the previous subsection for the general mixed problem (1.1), we
can now proceed to obtain regularity results for the optimal pair (u, yO) of the (O.C.P.).
While throughout 2, the penalization operator R was subject only to the general
assumption (H.1), so that R could also be the identity I on L2(), it turns out that

yOthe regularity theory for the optimal pair u, is particularly rich, if R is subject to
any one of various possible "rather minimal" assumptions of e-regularity type for an
arbitrary e > 0. This will also help in the derivation of the Riccati equation. Of said
possible choices, we opt here for the following two versions. In addition to the standing
hypothesis (H.1), R is assumed to satisfy either

(3.43) (H.2) R" continuous H1/2-(f)= (A1/4-’/2) ---> n/2+(f/)= (A/4+/2)
or else, less restrictively,

(3.44) (H.2’) R: continuous H/-() (A/4-/2) -.-> (A1/4)
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for some arbitrarily small number 6 > 0. Henceforth kept fixed: as a result of (H.2) or
(H.2’), we shall obtain two slightly different regularity results for u in Theorem 3.11
below. As the injection (A1/4) or ((A1/4+/2)) HI/2-’() is compact, we have that

under either assumption (3.43)
H1/2_(3.45) R is compact () - itself

or assumption (3.44) J
a property needed later. With T and 6 > 0 fixed once and for all, we next introduce
a function space

(3.46) W= f: fe L(0, T; H/-(a)), e L(0, T; H (a))

By interpolation, fe W implies Dl/2-fe L2(O), i.e.

(3.47) fe W:=>fe H/2-’/E-( Q).

We shall need below a well-known compactness result, which we find convenient to

state explicitly for easy use in various situations.
LEMMA 3.9 [A.1]. Let Bo, B, B be three Banach spaces with (i) Bo c B c B1, B-

reflexive, i-O, 1 (where means that the inclusion is algebraic and topological) and
with (ii) injection Bo- B compact. Define the Banach space

X= { v: v Lp(O’ T; Bo), v’
dv }=--d; L"(O’ T; B,)

0 < T <, 1 < Pi < o0, O, 1 with norm

V LPOo. T;

Then, the injection X LPo(O, T; B) is compact.
A first application of this Lemma 3.9 is in the following theorem, a first step

toward the regularity of yO (refer to (2.8c)).
THEOREM 3.10. Let R satisfy (H.1) and (H.2’)= (3.44). Then
(i) the operator LL*R is compact W W (see (3.46));
(ii) the operator [I + LL*R] is invertible on W, with bounded inverse on W.
Proof. (i) With reference to (3.46) and Y below, we have:

R injection LL*
(3.48) W Y L2(0, T; H1/2-8(-)) W,

continuous compact continuous

by Lemma 3.9 by Theorem (3.8)(i)
,8 =-6/2

{ dv -1/2- }(3.49) Y= t): t)G L2(0 T; (A1/4)),- G L2(0 T; n (f))

where in the second step we apply Lemma 3.9 with Bo=(A/4), B-H1/2-(f),
B1 H-1/E-(f), Po P 2 and in the third step Theorem 3.8, (3.38b) with/3 1/4- 6/2.
Diagram (3.48) proves (i).

(ii) Because of the compactness of part (i), it suffices to see that A 1 is not an
eigenvalue of LL*R as an operator W- W, finite otherwise A 1 would be a fortiori
an eigenvalue of LL*R: LE(Q)--) LE(Q), which we already know to be impossible (see
injectivity below (2.8e)).
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THEOREM 3.11 (regularity of optimal control u and optimal solution yO). Let the
initial data be

(3.50) {Yo, yl]e H1/2-a(f) x H-1/2-a({l) (A1/4-a/2) [(A1/4+a/2)]
and let R satisfy ((H.1) and) (H.2’) (3.44). Then:

(3.51) (i) yO C([0, T]; H1/2-(f))fqH’/2-(O, T; L2(f)),

(3.52) dY H-/2-c([o, T]; ())
dt

and

(3.53) (ii) u H1/2"1/2(,).
Moreover, if R satisfies instead (H.2) (3.43), then

(3.54a) (ii’) u E n/2+a’/9-+a(,),
(3.54b) afortiori u C([0, T]; L2(F)).

Proof (i) By (2.8c) and (3.50), as a consequence of Theorem 3.10(ii), we have
yOe W in (3.46) and by (3.47) yOe H/2-,,/.,-(Q). From here, a bootstrap argument
gives the full statement (3.51)-(3.52): we return to (2.8c), now rewritten as

(3.55) yO= _LL.RyO+ C(. )yo+ S(. )Yl

where, a fortiori, RyeL2(O, T; H1/2-(II)). Thus, we can apply Theorem 3.8(i)
[(3.38b), with/3 =1/4-a/2], and (ii), to obtain the regularity of LL*Ry, while (3.50)
(and (1.10)) determines the regularity of C(. )yo+ S(. )yl. We obtain

LL*Ry, C(. )yo+ S(. )Yl C([0, T]; H1/--a(-)),
(3.56)

d d
d---(LL*Ry), - {C(. )yo+ S(. )y]e C([0, T], H-/-a(f)),

and (3.51)-(3.52) now follow from (3.56) via (3.55).
(ii) To prove (3.53-(3.54), we use u= -L*Ry, (2.7), where, a fortiori from part

(i),

cC([0, T]; (al/4)) if R satisfies (H.2’)= (3.44),(3.57) RY ([0, T]; )(A/4+a/2)) if R satisfies (H.2) (3.43).

The desired conclusions on u now follow from (3.57), by invoking Theorem 3.5,
(3.23a). [3

3.3. Further regularity prolerties of (t, s). In Lemma 2.1 we collected some
preliminary properties of the evolution operator (t, s) on E, which were valid for
any penalization operator R satisfying only the general assumption (H.1). In 3.2, we
introduced some "minimal" regularity assumptions (H.2) or (H.2’) on R and deduced,
in Theorem 3.11, corresponding regularity properties of y0. These, via the definition
(2.13), translate into analogous properties for (t, s), with s fixed. The goal of the
present subsection, which culminates in Theorem 3.16 below, is to deduce further
regularity properties for (t, s) in the case where R satisfies also assumption (H.2)=
(3.43) or (H.2’)= (3.44): these will be uniformly on s and either on a space smoother
than E or else on the space of distributions H-a/2-(12) for the first coordinate a(t, s).
These properties will be needed in the derivation ofthe Riccati equation. To accomplish
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our aim, we see. through (2.14) that we must therefore study properties of the family
of operators Is + LsL*R Is + LsL*R (see (2.15)), s [0, T]. First, we shall extend the
statement of Theorem 3.11(ii), uniformly in s. This is accomplished via the following
lemma, which we give in a generality larger than our needs in the sequel will call for.

LEMMA 3.12. Given a Banach space Z, I1" II, assume that:
(a) {K,} is a family of compact operators on Z, for each [0, T], T < c;
(b) the map Ktx is continuous for each x Z;
(c) for each fixed [0, T], the inverse [I + Kt]-1 exists as a well-defined bounded

operator on Z.
Then, in fact
(3.58) uniformly in t[0, T].

Proof. From (a) and (b) it follows that the set

Y{-= (_J K, [unit ball inZ]
O<_t<=T

is precompact.9 Next, by contradiction, let conclusion (3.58) be false so that there are
sequences {t,}, {x,}, t, [0, T], IIx ll- 1 such that

(3.59) [I+Kt.]XnO as n.

But plainly {K,.x,}e K and thus, there is a convergent subsequence

(3.60) Kt.x,, - y .
Then, by (3.59)-(3.60)

(3.61)

so that Ilyll . Also, by (b), the Principle of Uniform Boundedness gives IlK, II(z> c,
for all [0, T]. Thus, by (3.61), K,.k(x, +y)O. Also, at the price of extracting a
further subsequence (denoted by the same symbol), we have t,k toe [0, T]. These
last two conclusions, along with (b) give

(3.62) K,.x,,k K,.,(x,, + y) Kt.y -K,oy.

From (3.59), using (3.61) and (3.62), we then obtain

-(y+ Ky)=0, Ilyll 1

which contradicts assumption (c) at to. lq

Our first application of Lemma 3.12 is a version of Theorem 3.10(ii), uniform in s.
THEOREM 3.13. Let the operator R in (H.1) satisfy (H.2’)=(3.44). Then, with

reference to the space W in (3.46), we have1

(3.63) [[Is + LsL* R]-lll:e(w) <= Cr uniformly in O<-_ s <= T.

Proof. We shall apply Lemma 3.12 with Z W; with Ks LsL*sR--LsL*R (see
(2.15)) compact on W and with I + LsL*R boundedly invertible on W for each fixed
s, as guaranteed by Theorem 3.10. To verify the remaining assumption (b) of Lemma

We omit the details of this topological result: it is closely related to the concept of "a collectively
compact family of operators" as in P. M. Anselone’s Collectively Compact Operator Approximation Theory,
Prentice-Hall, Englewood Cliffs, NJ, 1971. Our proof here is a modification of that of Thm. 1.6 in this
reference.

1We embed L2(s, T;.) into L2(0, T;.) by extension by zero on [0, s) uniformly in s, where, in the
last step, a subset of diagram (3.66) was used.
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3.12 that the map: s LL*Rf continuous in W,f W, it suffices to show that

(3.64) f W LL*Rf Lo(O, T; W)
(in s)

since then (3.64) combined with a standard approximating argument (to be made more
precise at the end of the proof)

fn smooth W
(3.65) while s LL*Rfn continuous in W, for each n

f,,fin W

will yield the required continuity in s of LL*Rf. Let Q (s, T]xf/, and for g
L2(s, T;. ), let gext be its extension by zero on 0=< <= s, and for simplicity Hr( )
Hr’( with either Q or E. We complement diagram (3.48) by

(3.66)
feW Rf L2(0, T; (A1/2))

(3.44)

, L*Rf H’/2-(E) LL*Rf H1/2-(Q),
(3.23a)

continuously at each step, where Corollary 3.7(ii), (3.36) was used in the last step.
With f W, using diagram (3.66)

(3.67) IlLL*Rflln,/2-(o)= liL[L*Rf]extlli,/2-8(o) <- CTIIL*RflIH,/-8() <= CTllfllw
uniformly in O-<s<= T. Similarly, using (d/dt)(LL*Rf)=(dL/dt)L*Rf, [(3.42)], we
have for fe W, and invoking Corollary 3.7(iii) ((3.37)) with 0=1/2-8"

L2( s, T;H-I/2-8()) L2(0 T;H-1/2-())(3.68)
CTIIL*RTII"-O,T; CTIIflI

uniformly in s, where in the last step, a subset of diagram (3.66) was used. Conclusions
(3.67)-(3.68) combined are stronger than the desired propey (3.64). To make (3.65)
more precise, note first that if, say, g C([0, T]; L2(F)) with L2(E), then e same
steps carried out in (3.30) give, after integration by pas

Dg(tl-C(-sg(s- C(-,I(,

e C([O, r]; N/-(al.
(in )

Differentiating in

d(Lg)(t)
dt

=AS(t-s)Dg(s)+A S(t-z)D,(z) dr

C([0, T]; H-’/2-(I)), e > 0
(in s)

by (1.9b-c); i.e. taking 2e , we conclude that s Lg continuous in W. Next, with
f W, choose f, W,f,f in W with, say, f, L2(0, T; (A)). Then from (3.23a), we
obtain L*Rf,, H2’2(E) and the above argument with g L*Rf, works a fortiori, and
(3.65) holds. The proof of Theorem 3.13 is complete, l-]
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We need two more results, before collecting the properties ofthe evolution operator
(t, s) crucial in the sequel. They are a counterpart of Theorem 3.10 and, respectively,

of its uniform version, Theorem 3.13 this time, however, on the space of distributions
H-1/2-(’)=[H/2+(’)]’=[(A1/4+/2)]’, and for R satisfying (H.2).

THEOREM 3.14. Let the operator R in (H.1) satisfy (H.2)= (3.43). Then
(i) The operator LL*R is compact: L2(0, T; H-1/E-(f))- itself.
(ii) The operator [I + LL*R] is invertible on L2(0, T; H-1/2-(’)), with bounded

inverse here.
Proof. For notational convenience, we set/3 + 8/2 in this proof. The operator

LL*R on L2(0 T; H-1/2-()) is equivalent to the operator

(3.69) A*-LL*RA* on LE(Q).

(i) Compactness of the latter in (3.69) is equivalent to compactness of its adjoint,
i.e. of

(3.70) ARLL*A- on L2(Q)

(as LL* is self-adjoint on L2(Q) and R is self-adjoint on L2(f)). Now for 2a 1/2- 5 <
2/3 1/2+ 8, we have the diagram

(3.71)

L2(Q)
L*A- compact

H2a,2a
L

H2a,2aHEa’E(E) (E) (Q)
continuous injection (3.36) |by (3.23b)

R (3.43)
A

L2(Q) L2(0, T; L2(f)), L2(0, T; H/2+a(O) (a)).
continuous

From here, we deduce that the operator in (3.70) is compact, and hence so is the
operator on (3.69).

(ii) Because of the compactness of part (i), it is enough to show that A 1 is not
an eigenvalue of LL*R on L2(0, T; H-/2-(I))) equivalently, by (3.70), of RLL* on
L2(0, T; (A)). Indeed, the latter statement is true, for otherwise A 1 would be a
fortiori an eigenvalue of RLL* on L2(Q), i.e. x + RLL*x 0, impossible, as it is seen
by taking L2(Q)-inner product on the right with LL*x.

The uniform version (in s) of Theorem 3.14(ii), in the style of Theorem 3.13 is
now the following.

THEOREM 3.15. Let the operatorR in (H.1) satisfy (H.2) (3.43). Then (seefootnote
10):

IIIs+ LsL* R]-lll:e(L2(O, T., n-’/2-8(a))) <- CT, uniformly in s[0, T].

Proof. As in the proof of Theorem 3.13, we shall apply Lemma 3.12, this time
with Z=L2(0, T; H-1/E-(f)), Ks=LsL*R=LsL*R, [(2.15)], compact on Z and
Is + LsL*R invertible on Z for each fixed s, as guaranteed by Theorem 3.14. To verify
the remaining assumption (b) of Lemma 3.12 that the map

(3.72) s LsL*Rg is continuous in Z, for each g Z

it will suffice to show, as is the proof of Theorem 3.13, that LsL*Rg Loo(0, T; Z) in
s, indeed that

(3.73) IILL*RglIz <= CTIIgllz uniformly in s [0, T],

equivalent to (see the paragraph containing (3.69) and (3.70))

(3.74) IIARLL*A-vII(,r;(m<- C llvll =(o uniformly in s [0, T]
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with/3 =1/4+ 8/2. But (3.74) holds true: in fact, in the notation of gext used above (3.66),
we have by diagram (3.71) (2a =1/2-8)

(3.75)
IIARLL*A-VIIL2(,T;L2(m)= IIA RL[L*A- v] xtIIL (O

as desired. 13
Remark 3.2. We sketch another proof of conclusion (3.72), i.e. of the statement

that with/3 1/4 + 8/2

I1[I + ARLL*A-]-lll(r2(o,r;r2(r)<- Cr uniformly in s [0, T].

First, using the full strength of (3.36) in the diagram (corresponding to the initial time
s) in the proof of Theorem 3.14, we have that the operator

G, =- AaRLL*A-: continuous L2(s, T; L2(F)) C([s, T]; L_(f)) with bound
independent of s

due to the continuity in s. Next, we consider the interval s-< t-<_ T, where T-s < h,
for some h > 0, and prove that Ix + G]-I" continuous L2(s, T; L2(F)) - itself with a
bound independent of h. Indeed

=< { sup IGx(’, s)(t)l(a)}(T- s)
T-h<=s<=t<__T

T
2<- Crh Ix(t, s)lr2(m dt (by(,))

where CT is independent of h by (.). We then choose h so that, say, CTh < 1/2 and
repeat the procedure. After a finite number of steps we obtain the desired conclusion
(3.72). ]

The following is the main result ofthe present subsection and complements Lemma
2.1. It is obtained as a corollary of the result given above, via (2.13)-(2.14). First, let

Yr denote for convenience the space of "regular" initial data, as in (3.50):

(3.76) Yr nl/2-() X H-1/2-(")-- (A1/4-’/2) X [(A1/4+’5/2)] ’.

THEOREM 3.16. (i) Let the operator R satisfy ((H.1) and) (H.2)’ =(3.44). Then:
(a) For each s fixed, s< T, the operator (.,s) is strongly continuous Yr-

C([s, T]; r).
(b) Moreover, with W as in (3.46)

(3.77a)

(3.77b)

uniformlyins[O, Y] i.e.,

II(’, s)yll<,;,’,-<.))/ II=(" s)YlI(,T;-"-(.) < CrllYll)=

(ii) If R satisfies (H.2) (3.43), then

(3.78) (a) IIA’/4+/2RdI( s)yll(,:(.))-<- cllyll - uniformly in s [0, T].

(b) for. y [Yo, Yl] [(A1/4+/2)]’X [(A5/4+/2)]’, whose norm we indicate
by II1"111, then

(3.79) IIl(., s)Y.II<,T;H-’/-<m) clllylll uniformly in s [0, T].

(We shall use (3.79) with much smoother y, however.)
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Proof. Property (ia) is a restatement of Theorem 3.11(i), via (2.13). Property (ib)
follows from Theorem 3.13 [(3.63)], via (2.14) (and (1.10)). Property (iia) follows a
fortiori from (3.77b), with A/4+/2R continuous H/E-(f)- LE(fl). Property (iib)
follows a fortiori from Theorem 3.15 [(3.72)], via (2.14) (and (1.10)).

4. Further lrolerties of (t) and derivation of a Riceati differential equation.
4.1. A fundamental result for *(t). We now proceed to show that the operator

(t) satisfies the Riccati differential equation, as claimed in part (ii) of Theorem 1.3.
To this end, it is necessary, as a preliminary step, to give a meaning to the operator
*(t) as a function of t, which appears there in the quadratic term. This point is
the major difficulty that one encounters in deriving the Riccati equation (whether
differential or integral) for the problem under study. A fundamental role in this direction
is played by the following theorem.

THEOREM 4.1. Let R satisfy ((H.1) and) (H.2)-- (3.43) and recall the space Yr of
"regular" initial data from (3.76). Then, for the operator *(t) defined by (2.26), the
following property in holds:

(4.1) * (t) is a bounded linear operator

Yr-> C([0, T]" L(r)), i.e. max II*(t)xll<constT Ilxll-, x
O<_t<_T

Remark 4.1. Most of the effort required to prove Theorem 4.1 has already been
made at the level of proving certain properties of (Theorem 3.16). Observe first that
the weaker statement

(4.2) J*(t) continuous operator Yr L(0, T; L2(F))

can be quickly obtained from Theorem 3.16: with x and R as assumed, we can write
(2.26) as

(4.3)
T

3*(t)x=D*A*/4-/2 A*/2S*(r-t)A*/4+/2RcI(’, t)xdr

from which, invoking (1.9b), (1.10) we obtain

(4.4)

T

II*(t)xll() < c IIA*/4+/:R(% t)xll(.) d

-< c IIx - uniformly in [0, T]

where in the last step we have used Theorem 3.16, statement (iia), ((3.78)). Thus, (4.2)
is proved.

Proof of Theorem 4.1. Right continuity. Let tl [0, T) and let > tl. From (2.26),
we compute after a change of variable

(4.5)

*(t)x *(tl)X D’A* S*(o’)RtI)I(t + o’, t)x dcr

r-tl
-D’A* S*(tr)RCl(tl+r tl)Xdt:r= I(t)-I2(t),
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II( t)= D*A* S*(tr)R[dP(t +tr, t)x-dPl(t+cr, tl)x] dtr,

(4.6)
T-q

/2S*(o-)A*U4+/2RdPl(t + 0-, tl)X dtr.I2(t) D*A*1/4-/2 A*
dT--t

As to i2(t), proceeding as in going from (4.3) to (4.4), we have that its integrand is in
L2(h, T; Lz()). Thus, as t, I2(t) 0. As to I(t), in a similar fashion we obtain

I[Ii(t)l[ < CT I[A*/4+/R[I(t+, t)x-(tl +, tl)X]ll z dLE(F) L2()

(adding and subtracting l(t + , tl)X)

(4.7) N Cr A( t, ) + B( t, ) d

(4.8a) A( t, ) IlA*/4+/2R[*l( + , t)x -*,( + , t)x][I 2
L2(fl)

(4.8b) B( t, ) IIA*/4+/=R[( + , t)x-(tl + ,
Since > tl, as below (2.21) we have l(t + , tl)X l(t + , t)(t, t)x and

(4.9) A( t, ) IIA*/4+/=R( + , t)[x -( t, t)x] I1).
Returning to the integral of A(t, ), we use there the Schwarz inequality, (4.9), and
Theorem 3.16(iia), [(3.78)]. We obtain

A(t, )d Cr [IA*/4*/2R*l(t+, t)[x-*(t, t)x][l<.)d
(4.10)

cllx -(t, t)xll =y0 astSt
as desired, with the right-hand side going to zero, by Theorem 3.16(ia). As to B(t, ),
the same Theorem 3.16(ia) implies that for It-t] [(t + a)-(t + )1 sumciently small,
and all [0, T], the difference in square brackets in (4.8b) is arbitrarily small in the
norm of H/2-(). But A*/4+/R" continuous H/-(O) L(O). Hence,

(4.) (t, )0 as t.

Returning to (4.7) with (4.10) and (4.), we conclude IIl(ll0 as well as t.
L@ continuity. We interchange the role of and t in the above proof, i.e. we

keep fixed and let t run t. The above proves N*()x e C([0, r]; L(F)), x
and by (4.4), Theorem 4.1 follows.

Remark 4.2. From the pointwise relation (2.28), we obtain again, via Theorem
4.1 and Theorem 3.11(i), ((3.51)), that for ye E, the corresponding optimal control
u(t) u(t, 0; y) e C([0, r]; L(F)), a regularity result contained a foiori in (3.54a).

4.Z Dert f te Neefi fferefil et fr (t). With the help of the
fundamental Theorem 4.1, we can now proceed to derive the ccati differential
equation. In fact, we can now asse that the quadratic term (N*(t)x,
in the R.D.E. is in C[0, T] for x, y e E, [(3.76)].
LMM 4.2. Let R satisfy ((H.1) and) (H.2) (3.43). Let x, y e E, [(3.76)]. en,

both E-inner products ((t)x, y) and (t)x, y)e are well-defined at each and in
c[0,
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Proof. Because of self-adjointedness of (t) (Lemma 2.3), it is enough to consider
the first inner product. For fixed t, we use (2.24) with Rl(’,t)xC([t, T];
(A1/4+/2)) for x Y, along with (1.5). Details are omitted (see also Lemma 2.3(i)). [3

THEOREM 4.3. Let R satisfy ((H.1) and) (H.2)=(3.43). Then the operator (t)
defined by (2.22a) or (2.24) satisfies the following Riccati differential equation

d
d’-t (t)x’ y) -(xl, Yl)a- (t)Mx, y). (t)x, My). + J*(t)x, 3"(t)y)r

for all x, y Yr H1/-a(l") H-/-a(f), [0, T) with terminal condition ( T) O.
Proof. Step 1. From (2.22a),

fr( Rdl(z,t)x e(’-’)Y) d-((t)x,y)=
0

we compute with x, y Y and l(t, t)x [q(t, t)x]l Xl; using Lemma 4.2

d-- ((t)x, y).
0

y
E

(4.12)

fr( OOl(z,t)x R[e_t)y]l)+ dz-((t)x, My)E
Ot

where we have to justify and evaluate the second term on the right-hand side of (4.12).
This will be done below.

We first recall the operator *" E fi(*)-, LE(F) from (2.25)"
*/)= D*A*I/EA-1/Et2, v [)1 )2] (*)

where (*) LE(fl)(R)H-1/2(l). For v (*) and u LE(F), the inner product
(u, *v)r is well-defined on LE(F) and we then introduce an operator , through the
duality pairing defined on E"

(4.13) (u, V)e=(u, *V)r, UeLE(F), v(*).

Thus, for x Y, and Y-[Yl, Y2] LE(fl)(R)LE(fl) (*) we compute the following
well-defined expression (see Theorem 4.1) via (1.7)

(4.14a) (*(t)x, *y)r=(*(t)x, y)

([*(t)X]l, Yl)a+ (3-1/2[*(t)x]2, A-1/Ey2)a
in C[0, T] and on the other hand via (2.25) we have

(4.14b) (*(t)x, *Y)r (*(t)x, D*A*I/EA-1/EyE)r
(A1/ED*( t)x, A-l/EyE)a.

We compare (4.14a) and (4.14b), with Yl e L2(-) and A-1/EyE which exhausts all of
(A1/2) H(), as Y2 runs over L2(I)). We thus deduce

(4.15a) *(t)x]l O,

(4.15b) A-1/2[*(t)x]2=A1/ED*(t)xH-l(fl), xaE.

Step 2. We collect a few facts.
LEMMA 4.4. (1) For x Y, =- H1/E-t([’) X H-1/2-() (A1/4-/2) x

[(A1/4+/2)] and for each fixed, we have

(4.16) (a) S(z- t)AD*(t)x C([t, T];/-/-1/2-(fl))
(in ’)
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where A can indifferently be moved in front of S(.

(4.17) (b) lit + LtL*t R]-I{s( t)AD*(t)x}(z)
q)1(7", t)*(t)x L2(t, T; H-1/2-(12)).

(2) In addition, let y Yr as well, and let R satisfy (H.2)= (3.43). Then
(a) the following duality pairing on H-1/E-(f)x H/2+(I) is well-defined in the

sense that

(4.18) (lit + LtL*t R]-I{S( t)AD*(t)x}, R[ea-ty])c L2( t, T),

(b) the following expression is well-defined in the sense that

IT((J*(t)x, *(t)y)r lit + L,L*t R]-S( t)ADJ*(t)x, R[e<-t)y] d-

(4.19)
c[o,

Proof of Lemma 4.4. (1) Use Theorem 4.1 and (1.10) to obtain (4.16) (where
A/4+/2 is viewed as the isomorphic extension L2(’)[(AU4+/2)]’). Then, (4.17)
follows from (4.16), via Theorem 3.14(ii). (2) In turn, (4.18) follows from (4.17), since
R[ea’y] C([t, T]; H/2/(f)). (2b) By selfadjointness of (t) (Lemma 2.3(ii.1))
and by (2.22a), we compute for x, y Yr the following expression, where, by Theorem
4.1, the left-hand side, and thus the right-hand side also, is well-defined and in C([0, T]:

(*(t)x, *(t)y)r=((t)J*(t)x, y)

((I)1(’/" t)*(t)x, R[e(’-ty])a dz

[recalling from (2.9c) and (2.13),

yO(., t; x) (z, t)x= {lit + LtL*tR]-[C( t)xl + S(.- t)x2]}(’), x E]

(4.20)
({lit + LtL*tR]- x {C(.- t)[J*(t)X]l

+ S(’- t)[*(t)x]2}}(z), R[e-ty])n d"
T

(zero + lit + LtL*tR]-S( t)AD*(t)x, R[e-y]l)n d"

where in the last step we have used (4.15), and (4.19) follows. The correctness of these
expressions is also asserted in (4.18).

Step 3. If x Y, then A/2S(.- t)A/2xl C(.- t)x2 C([ t, T]; H-/2-(f)) and
via (1.5) and (4.20) we obtain

(4.21) (It + LtL*t R]-[A1/2S(" t)A1/2Xl- C(. t)x2]}(z)

-q(z, t)Mx L2(t, T; H-1/2-(1"))

by Theorem 3.14(ii). Thus, for x, ye Y,, (4.19), (4.21) yield the well-defined expression
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in C[0, T] via Lemma 4.2

’T([It + LtL*t R]-I[s( t)AD*(t)x + A1/2S(.- t)A1/2x -C(.- t)x2],

R[e(-t)y])a dr
(4.22)

IT(*:(t)x, *(t)y)r-

(*(t)x, J*(t)y)r-((t)agx, Y)E

,ea(r-t)y)
E
dr

where, in the last step, we have used the definition (2.22a) of (t).
Step 4. We now return to (4.20), with LtL*, L,L* ((2.15)), and x Y,, rewritten

as

(4.23) 1(’, t)x + LtL*, RI(., t)x C(. t)x + S(. t)x2

and compute first the term

O--{L,L*Rdp(. t)x}=-7 AS(r-tr)D[L*Rdp,(. t)x](o’)dtr
Ot

=-s(,-l[*,(., x](+ ,,*----(., tlx (,

=-AS(r-t)Dl*(t)x+ LL* R---(., t)x (r) (by(2.26)).

Hence by differentiating (4.23) in with x e Y,

[I,+L,L* R]---(’, t)x (r)=AS(r-t)D*(t)x+A1/2S(r-t)A’/2x,-C(r-t)x2

(4.24) e L2(t, T; H-1/2-(f))
which, in r, belongs for each to L2(t, T; H-1/2-(f)) by Lemma 4.4, ((4.16)) so that

01 (., t)x=[I, + L,L*t R]-I{AS( t)Dgd*(t)x+A1/2S(.- t)A/2Xl-C(.- t)x2}
t

(4.25) L:(t, T; H-’/2-a()), x Y,

is well-defined and in LE(t, T; H-1/2-(), as guaranteed by Lemma 4.4, [(4.17)].
Step 5. By (4.25) and (4.22), with x, y Y

(-’- (’’ t)x (r), R[ea(’-t)y]l dr

(4.26)
(*(t)x, ga*(t)y)r-((t)aCx, y)E

which is well-defined as an C[0, T] function, Theorem 4.1 and Lemma 4.2. But the
left-hand side of (4.26) is, in fact, the second term in (4.12) which we sought to compute.
Hence, inserting (4.26) into (4.12) gives, finally, the claimed Riccati differential equation
of the statement.

We explicitly single out a result, which is essentially already contained in (4.25).
Using (4.17) plus (4.21), we can rewrite (4.25) as

O(I)l (" t)x
-q),( , t)[a- 33*(t)]x L2(t, T; H-1/2-(f/)), x Y,

Ot
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as a well-defined expression, which is in L2(t, T; H-1/2-()) for each t. A similar
result can be obtained for 2. Thus, we obtain the following.

PROPOSITION 4.5. For x Yr, we have

0(’, t)X
-(., t)[- *,(t)]x

ot

as a well-defined expression in L2(t T; [(AI/4+8/2)]’x[(A3/4+6/2)]’) for each t.
As a corollary to Theorem 4.3, we obtain a Riccati integral equation for (t) in

a standard way.
COROLLARY 4.6. The Riccati operator (t) of Theorem 4.3 satisfies the following

integral equation"

((t)X, y) eC(’-t)x, eC(-t)y d-
0 E

(R.I.E.)
+ (*(’/’) eS(r-t)x, *(r) e(’-t)y)r dr

for all x, y Yr and all [0, T].
Remark 4.3. Plainly, the solution (2.1a, b), (2.2a, b) of problem (1.1) can also be

written as

(4.27)
y(t) eet Yo + (u)(t).
)(t) y

See (1.5), (2.23), where we have introduced the operator

(Lu)(t)
6 eM(t-),.-l/,/(T) d"(,u)(t) (dLu)

\---t ]
t)

(4.28)

@ as in (4.13) so that

continuous L2(0, T; L2(F))--> C([0, T]; E)

M_Iu
-Du ,.-1 Le(L:(r), E).
0

We shall find it convenient to use (4.27)-(4.28) in 5 (below (5.3)), where, by conven-
tion, we shall write (4.28) more expediently as

(-’u)(t) et-’)u(") d’.

See also [D-L-T.1], for a direct study of the Riccati integral equation for hyperbolic
dynamics written in the form (4.27)-(4.28).

5. The quadratic regulator oroblem for (1.1). The present section is devoted to a
quick study of the optimal quadratic control problem over an infinite time interval
(quadratic regulator) for the hyperbolic dynamics (1.1). Our treatment, in particular,
has the important advantage that it does not require the usual limit process--present
in most, if not all, available literature, see e.g. [B.1]of deriving the algebraic Riccati
equation from the differential (or integral) Riccati equation on [0, T], as T $ oo. This
advantage pays off particularly in cases like the hyperbolic dynamics, where regularity
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properties of*( Riccati operator of problem on [0, o]) can be deduced directly
with minimal assumptions on the observation operators, in particular, without passing
through the limit of *r(t)(T(t)= Riccati operator of problem on [0, T]), whose
very definition may require, by contrast, stronger assumptions on the observation
operators. In line with problem (1.2a) on [0, T], T< of the preceding sections, the
problem that we study now is" minimize the cost

(5.1) J(u, y(u))= {(Ry(t), y(t))a+lu(t)l} dt

over all u L2(0, ; L2(F))-= L2(E), with y(u) solution of (1.1) corresponding to u. R
satisfies only assumption (H.1) of nonnegative definiteness on L2(I); in particular, R
may be the identity. A minimal assumption Which we must impose for the above
problem to make sense is, as usual:

For each initial data [Yo, Yl] E, there exists a u L2(E),
(H) whose corresponding solution gives Ry in L2(0, x3; E), whereby

the corresponding cost J is finite.

Remark 5.1. It is proved in [L-T.5] that, under some assumptions on the bounded
domain l, the boundary feedback u( t) -D*yt( t), once inserted in (1.1) with
-A(:, 0) A, gives rise to a closed loop hyperbolic system with the following properties"

(i) The corresponding closed loopfeedback dynamics [y(t), y(t)] is a s.c. contrac-
tion semigroup SF(t) on L2(I)x H-(f); i.e. it can be represented here by

y(t) lyoy,(t)
=SF(t)

Yl

(ii) u -D’y, L2(0, ; L2(F)).
(iii) The semigroup SF(t) in (i) is exponentially stable in the corresponding

uniform operator topology; i.e. there are constants C, both positive, such that

IIs (t)ll <-- c e-’, >- 0

where is here the uniform operator norm on L2()x H-I().
As a consequence of this result, for each initial piece of data [Yo, Yl] E, there

exists a u L2(E)--indeed u =-D*y,--such that the cost

(5.2) {(Ry(t), y(t))L(a+(R’yt(t), y,(t))-,(a+lu(t)12(r} dt.

R’ nonnegative definite on H-(I) is finite and the corresponding regulator problem
could be studied, indeed with the techniques of the present section modulo only minor
additions. For sake of simplicity, and in line with 2-4, we shall, however, concentrate
on problem (5.1), rather than (5.2) (see also footnote 2). Thus, a fortiori, assumption
(H) above is satisfied, indeed in a boundary feedback, constructive manner. Reference
[L-T.5] gives a version of the uniform feedback stabilization problem, with feedback
acting in the Dirichlet B.C. Treatment of the same problem, with feedback acting,
instead, in the Neumann B.C. on the nontrivial portion F or F, with homogeneous
Dirichlet B.C. in the possibly empty portion Fo of F, FoU F F, with Fofq F d, was
previously given, in its most general and complete version, in [L-4], improving upon
[C.1].

It is a standard result that, as a consequence of assumption (H) being satisfied,
there is a unique optimal pair ou, yO of the quadratic problem (5.1).
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We shall now proceed to obtain certain quantities of the optimal control problem
(5.1) over [0, o] (e.g. the Riccati operator , the optimal control and optimal solution,
etc.) via a limit process as T ’ o of the corresponding quantities of the corresponding
optimal control problem (1.2a) over [0, T]. However, at the level of deriving the
algebraic Riccati equation, we shall not take the limit ofthe differential Riccati equation,
as done in much if not all, of the literature e.g. [B.1]. Rather, we shall first derive for

a relation (see (5.30) below), and then derive both the pointwise synthesis for the
optimal control and the algebraic Riccati equation.

Relation (5.30) for may be taken as a defining relation in the special but
important case where the original s.c. (semi-) group ea’ is uniformly bounded on E, a
situation large enough to include most physical systems, in particular, the canonical
wave equation -A(s, 0)= A, where ea’ is indeed a unitary group on E. When et is
uniformly bounded on E, our treatment becomes particularly simple and direct, see
Remark 5.2 below.

With 0< T<o fixed, we shall henceforth indicate with a subscript "T" the
quantities related to the optimal control problem (1.3a) on [0, T] of 2-4. Thus,
ur(t) ur(t, 0; x), yr(t) y-(t, 0, x) and )r(t) )-(t, 0; x) are the optimal control
and solution of (1.3a) on [0, T], starting at x, while r(t), Jr(’,’), r(t,s)x=
[yr(t, s; x), )r(t; s; x)] are the corresponding Riccati operator, cost, and evolution
operator. Extension by zero beyond T offr will be indicated b, ft. Thus, )7r(t) -= y-(t),
0 <- <-T, and 7r(t)-= 0, > T and similarly for ff-(t) and r. The same quantities
with T=c refer to the problem (5.1) over [0, oo]. We begin by considering 7-(t, s).

Recalling Remark 4.3, we introduce the operators

(5.3) --- R 0
0 0

nonnegative definite on E,

(5.4) w _=

L
continuous L2(0, T; L2(F)) C([0, T]; E) by (2.3a, b).

If -* [L*, dL*/dt] is the dual operator (u, v)L2(o, r; E) (u, *v)t2(o, 7-; _(r)), then

* L*R, 0] and

(5.5) [I +*
I+ LL*R

+dLL,I+ --d-f R
boundedly invertible on L2(0, T; E)

(same argument as below (2.8d)). Moreover, the optimal dynamics (2.31a) can be
rewritten as

Cr(t, s)x ea(t-S)x + {5fur( s; x)}(t)
(5.6)

e(t-S)x-{&*dPr( s; x)}(t)

where, with as in (4.13)

(5.7) (&u)(t) ee(t-’)u(r) dr,

(5.8) (* v)(t)=- * ea*(’-v(z) dr,

using the same convention as in Remark 4.3.

s<=t<=T,

O<-- t<--_s,
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LEMMA 5.1. In the notation introduced above (5.3), we have

T_,(o’,0)--r(t+o’,t) onE, O<-_t<T, O<=o’<-T-t.

Proof. From (5.6) we have for x E

7_,(cr, O)x+{*dP_t(.,O)x}(cr)=ea’x, O<-cr<- T-t

or explicitly, from (5.7), (5.8)

( I(5.9) ex=dPT_t(O", 0)X+ ea(-’) * ea*(r-’)dPr_t(r, O)xdr d’.

Similarly

eat+-’x=r(t+o-, t)x+{t*r(., t)x}(t+o-), O<_o-<__ T-t

=dPr(t+cr, t)x+ ee(t+’r-r)(* ee*(’-’)r(a t)xdcr dr.

Setting r-t =/3 in the first integral and then a- r in the second integral yields

(5.10) eC’x=dPr(t+o’, t)x+ ea’-3) * ea*r-3)7.(t+ r, t)xd dr.

Comparison between (5.9) and (5.10) shows that both r_,(cr, 0) and r(t+tr, t)
satisfy the same equation, say (5.10). But then the difference

(5.11) z(o’,t)-----dPr(t+o’,t)x-CPT-_,(tr, O)x C([0, T-t];E)
(in

satisfies [! + *]z(., t)=0. By (5.5), we deduce that z(tr, t) is the zero element in
L2(0, T-t; E) and by (5.11) the conclusion follows.

THEOREM 5.2. In the notation introduced above (5.3), we have:
(i) The (self-adjoint) nonnegative definite operator r(O) converges strongly on E

to a (self-adjoint) nonnegative definite operator as T ’[ oo; i.e.

dr, xRdPT,I( 7",O)x
(5.12) x= lim r(0)x= lim e E.

(ii) _,(0) (t), 0-<_ < T.

(iii) in (i) can likewise be defined by

(5.14) x= lim T(t)x lim e*(’-t)
RdPr’(z’t)x dr, x e E

7"t 0

independently on t, 0 <- < T.
(iv) For x E

o o(5.15) Joo=-Joo(uoo(’,O;x),yoo(’,O;x))= luoo(t)l+(Ry(t),y(t))dt=(x,x)..

(v) The optimal pair on [0, T] for problem (1.3a) converges to the optimal pair on

[0, ] for problem (5.1) strongly in L2; more precisely
or- uoo in L2(E),

(5.6)

for a suitable subsequence in T "[ o.
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(vi) For each fixed, we have

(5.17a) y7.( t) yoo( t) in L2(fl) uniformly on bounded intervalsJ(5.17b) f,r( t) yoo( t) in

as T ’[ oo, < T. Moreover, for x E

(5.17c)
yoo(t, O; x)
poo(t, O; x)

=_
Yoo(t)
oo(t) C([0, To]; E) for any To < oo.

Proof. Property (i). From the nonnegative definite operator r(O) satisfying

(5.18) (T(0)x, x)E Jr(ur( ", 0; x), y(’, 0; x))-= Jr, x e E

(Lemma 2.3(iii)) one obtains, in a standard way (e.g. [B.1, p. 270]), the operator as
in (5.12) left; then (5.12) right follows from (2.22a).

Property (ii). Identity (5.13), which is intuitive in view of Lemma 2.3(iii), is a
direct consequence of definition (2.22a) of r(t), via Lemma 5.1.

Property (iii) then follows by taking the limit in (5.13) as T and using (5.12)
left, and (2.22a).

Property (iv). Step 1. As remarked below Remark 5.1, the existence of a unique
ooptimal pair uo L2(Eoo) and yoo L2(Qoo) for problem (5.1) is a standard consequence

o oof the assumption on the finiteness of the cost for some pair. Let uoo,r and yoo,r be
othe "cut" functions of uo and yoo at T; i.e. t) (resp. ouoo,r( yoo,r(t)) coincides with

u(t) (resp. y(t)) over 0<=t_-< T, and vanishes for t> T. From (5.18) with xE

(r(O)x, x)E lUT(t)12r+(Ry(t), yOT(t))n dt

(5.19) _< o o ouo,r(t)[+(Ryo,r(t), y,r(t))a dt
o

<--_ Jo(uoo( 0; x), yoo( , 0; x))-- J<

Thus, the extended functions {tr} and {R1/2)7} are contained in a fixed ball of L2(Eo)
and L2(Qoo) respectively, for all T. Hence, we can extract subsequences

(5.20a) tr weakly convergent to, say, some

(5.20b) R1/2T weakly convergent to, say, some R1/2 in L2(Qoo).

Step 2. With reference to (5.20) we have, in fact, that 37 is the solution of (1.1)
due to t; i.e. for any 0 < To < oo

(5.21) 7= C(. )xl + S(" )x2+ Lff C([0, To]; L2(f/)).

Indeed, with T> To, Lur Lar converges weakly to La in L2(0, To; L2(f)), while the
extension by zero of R/2 applied to y= C( )Xl + S(x)x2+ Lur converges weakly to
R/2 in L2(0, To; L2(f/)). By uniqueness of the weak limit, (5.21) follows (first in
L_(0, To; L2())).

Step 3. Passing to the limit in (5.19) yields

(5.22) x, x)E <- jo

by (5.12) left. On the other hand, the well-known lower semicontinuity of the quadratic
cost Joo resulting from the weak convergence (5.20) [E-T.1, p. 11] completed with (5.21)
gives the inequality in

T(O)x, X)E JT(UOT, yOr) Joo( ffr, 50T) >--_ Joo( ff, )
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from which, taking the limit via (5.12) left,

(5.23) (x, x) _-> Jo(t, 37) >= J.
Then (5.22)-(5.23) yield (5.15):

o yO).(5.24) (x, x)E J(t, )7)= J= Jo(uo,

Property (v). By uniqueness of the optimal pair (Step 1), we conclude from (5.24)
that

(5.25) a u in L2(E), 37 y in L2(Q),

and thus, (5.20) becomes

0(5.26a) ffr converges weakly to uo in L2(Eoo),

1/2 0(5.26b) R1/2fiT converges weakly to R yoo in L2(Qoo).

On the other hand, the established convergence Jo jo provides norm convergence"

Ila ll
This, combined with the weak convergence in (5.26), yields the strong convergence
(5.16) as desired.

Property (vi). For each fixed t, (5.16) implies ((Lur)(t)-->((Lu)(t) in L2(fl) and
((dL/dt)ur)(t)-->((dL/dt)u)(t), by the continuity (2.3a, b) uniformly on bounded
intervals. Then (5.17a, b) follow via the limit on the optimal dynamics on [0, T]. (5.17c)
is a restatement of (5.21) via (5.25), used also for the corresponding dynamics of the
velocity 1o.

We next define the operator (t) on E by

dp,(t)x yO(t, 0; x)
(5.27) dp(t)x

,2(t)x )o(t, 0; x)
x E E.

COROLLARY 5.3. In the notation introduced above (5.3) and in (5.27), we have:
(i)

(5.28) dPT,(’, O)x OPoo,(" )X in LE(Qoo), x E E.

(ii) For each fixed > O, as T ’ o, T> t:

(5.29) T( t, O)X di,( t)X, X E; uniformly on bounded intervals.

(iii) oo( t) is a strongly continuous semigroup on E.
(iv) The operator defined on E by (5.12) or (5.14) satisfies

(5.30) x= e. R.(’)x
dz+ e*’o(to)x x e E,

0

where to is an arbitrary point 0 <-to < o.
Proof. The convergence properties (i) and (ii) are restatements of properties

(5.16b) and (5.17a) in Theorem 5.2.
(iii) Recalling (5.27) and (5.17c), we see that o(t) is strongly continuous on E.

The semigroup property of (t) then follows from (5.29) via the evolution properties
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of r( and Lemma 5.1" indeed, for x E

T(t+z, 0)X=T(t+’, Z)q)T(Z, 0)X (by Lemma2.1(ii))

q)T-,r(t, 0)CI)T(Z, 0)X (by Lemma 5.1)

_(t, 0)[(, 0)x-(, 0)x] + _Jt, 0)oo(, 0)x.

Taking the limit as T ’ o we obtain by virtue of (5.29)

o( + 7")X o( t, 0)q)oo(’r, 0)x

as desired, since for fixed t, T--’r(t, 0) is uniformly bounded in T in the operator norm
of E by the Principle of Uniform Boundedness.

As to (iv), we have from (5.22) for an arbitrary 0< to < T and x E

x lim e RCT,(z, 0)x
0

T

dz + e*t e
to

ROr,l(Z, to)T(to, 0)x
0

Roo,7", O)x[ dz+ e*t T,lim T(tO)dPT(tO, O)X

where we have used (5.28) and (5.14). But

lim T(t0)OT(t0, 0)X= lim {T(t0)[OT(t0, 0)X--(t0, 0)X]+ T(t0)o(t0, 0)X}
T?

(5.31 oo( to, 0)x oo(to)X

by (5.29), the uniform boundedness of T(to) in T for to fixed, and (5.14).
Remark 5.2. With reference to Remark 5.1, suppose that we are studying the

minimization problem, over all u L2(Eo), of the cost functional (5.2), which penalizes
also the velocity component. Let Ig ’1 be positive definite on E. Then, the same
procedure culminating in Corollary 5.3 leads to the further conclusions that"

(i) The corresponding semigroup o(t) on E satisfies

o(t)x e L2(0, oo; E), xE.

(ii) The corresponding operator satisfies

(5.32a) x= e*,ro(z)xdz+e*too(to)X, xeE,

a counterpa of (5.30). Suppose in addition, that the original semigroup et is uniformly
bounded on E: Ile’ll<) c, 0, a situation which includes many physical hyper-
bolic, systems, in paicular the canonical wave equation -A(, 0)= A, where et is
indeed a unitary s.c. group on E. Then, by a well-known result [D.1], propey (i)
above: (t)x L2(0, ; E) implies that (t) is indeed exponentially stable on E:

e t>_-0, some to>0.

Then, in (5.32) we can let to, thereby obtaining

(5.32b) x e*,rdoo(-)x dz, x e E,

a defining formula for . Thus, under the assumptions of the present remark, the
procedure which follows simplifies considerably with oo(to) oo(oo) 0. r3
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THEOREM 5.4. With and d( defined by (5.12) and below (5.27), and * as
in (2.25)"

(5.33a) -u(t, 0; x) -u(t) *(t)x, x E

where

(5.33b)

Proof. Recall

(5.34) e*ty

*dPo( t)" continuous E L2(Eoo).

C*( t)yl S*( t)A*I/2A-1/2y2
A1/2A*l/2s*(t)yl + A1/2C*(t)A-1/2y2

computed as in obtaining (2.24). By (2.25)

(5.35a) * e*ty D*A*S*(t)yl + D*A*I/2C*(t)A-1/2y2

(5.35b) continuous E L2(0, T; L2(F))

which follows from Theorem 3.2. Next, recall (2.28) and (2.22a)

(5.36) -u(t, 0; x)=-u(t) *T(t)dPT(t 0)X= IlT(t)+ I2T(t),
t Rr,(z, O)x

(5.37a) Ilr(t) * e*(-t) dz,
0

(5.37b) hr(t) N* e*(’-’ e.(,_,. Rr.(, to)r(to, O)x
d.

0

But by (5.35a) and (3.6b)

I,,T(t)=-D*A*S*(t) C*(z)RT,,(z, O)xdz

(z, O)x dr+ D*A*I/2c*(t)A*I/2 S*()RL1

{F(. ),1 (’, 0)x}(t)

where, by Lemma 3.1, F(. is continuous LI(0, T1; L2()) L2(0, T1; LE(F)) for any
finite T. Thus, by (5.28) in Corollary 5.3, we conclude from (5.37a)

* .If,t e._t) Ro,l(r)x drlim I1T(t)
r’o 0

(5.38) ,o-, Roo l(tr)oo(t)x
do"* ea*

.o 0

the limit being taken in the L2(0, T; L2(F))-topology. As to I2T in (5.37b), recall
(2.22a) and (5.31) to get

(5.39) lira I2r(t) lira * e*(t-t)r(to)r(tO, 0)X * e*(t-t)oo(to)X
T’oo T’c

by (5.35b), the limit being taken as in (5.38). We return to (5.36) and use (5.16a) on
the left, and (5.38), (5.39), (5.30) (with to in (5.30) replaced by to- now) on the right,
thus obtaining (5.33).

DEFINrrION 5.1. Henceforth, we let M (F for "feedback") be the closed, densely
defined infinitesimal generator of the s.c. semigroup (t) on E of Corollary
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5.3(iii): q(t) e:

(5.40)
dt

x MFoo(t)x=co(t)MFx, x (r).

LEMMA 5.5. With defined by (5.12), we have (*)(MF) and for x
()

D*Rxl / D* o C*(z)R,(z)rxdz*x=
(5.41)

-D*C*(to)R,(to)X +* e*’(to)X L2(F)

where to (depending on x) is chosen so that the last term in (5.41) is well-defined on
L2(F). See the proof below (the measure of the set of all such to’S contained in a finite
interval is the length of this interval).
oo We use now (5.30) complemented by (5.35a). Integration by pas on the

integral term of (5.30) produces the first three terms at the right of (5.41), for an
arbitrary 0 < to. Next, note that

(5.42) * ea*’(to)X * e*’ fo (t)MFX dt+ e*tox

since d(t)x/dt (t)Mrx. But each of the two terms on the right of (5.42) are in
L2(0, T; L(F)) in the variable to, for any finite T1, by (5.35a, b) and Lemma 3.1. For
each x, the measure of all to (depending on x) in [0, T] for which both terms are in
L2(F) is equal to T1.

We next provide information on
LEMMA 5.6. For x E and 0

(5.43) d(t)= [M-*](t)x (M*)]’.
dt

us,
(5.44a) [M--*](t)X=MF(t)X=(t)MX,X(MF), t>0,

(5.44b) [M-*]x MFX, X (MF).

OO From the optimal dynamics and the optimal control in (5.33a),

e(’-’N*()x d,(5.45 ((x, (e’x,

We differentiate in with x e N and e ()

(5.46)

where the second term on the right of (5.46) is well-defined as a duality pairing on
[(*)]’x (*) by (5.33b) and, say -1 being bounded on E. Re-using (5.45)
with z replaced by *z inside (5.46) yields (5.43).
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LEMMA 5.7. With defined by (5.12), we have
(i) M*: 9(SCF) --> E.
(ii) *" 9() - E.
Proof. Again, we use (5.30).
(i) For x 9(MF), we apply M* to (5.30) and integrate both sides in to (variable)

on some [0, To]. Performing integration by parts on the right side, we easily see that
Tos*x E.

(ii) To show MF:E -> [9(M)]’, we take x E, z 9(M) and compute (MFX, z)E
via (5.30). Integrating both sides of this expression in to over some [0, To], (the right
side by parts) we likewise find that To(MFX, z)E is well-defined.

LEMMA 5.8. With defined by (5.12), we have

(i) -M*x Rx +MFxE,
0

(ii) --*FZ RZl + Mz E, z
0

Proof. Differentiate in to the expression (x, z)e with given by (5.30) and then
set to 0. We get

(5.47)
0

,g +(MFX, Z)E+(X, MZ)E=O, Xe(MF),
E

From here, using the a priori regularity of M* and M*F given by Lemma 5.7, we
extend the above inner products by continuity to all z E with x 9(MF), and to all
x E with z 9(M). Lemma 5.8 follows.

COROLLARY 5.9. For defined by (5.12)

(*x, *y) well-defined for x, y 9(M), or else x, y 9(MF). Thus,

) - L(r)*" ()j

Proof. From Lemma 5.6, (5.44b)

(5.48) -(*x, *Y)r (Mx, y) -(Mx, y)e

where the first term on the right is well-defined by Lemma 5.8(ii) for x E and y
(or x 9() and y E) and the second term is well-defined for x 9(M) and y E
(or, by Lemma 5.8(i), for x E and y 9(M)).

THEOREM 5.10. (i) The operator defined by (5.12) satisfies thefollowing algebraic
Riccati equation

(5.49) (Rx1, Yl)n + (x, My) + Mx, y)E *x, *Y)r

for x, y 9(M), or else for x, y 9(MF).
Proof. (i) Combine Lemma 5.8 and Corollary 5.9.
Remark 5.3. In the study of the minimization of the functional cost (5.2) which

penalizes also the velocity component, we have already noted in Remark 5.2 that, for
] R,I positive definite on E, the corresponding semigroup oo(t) is exponentially

stable here: (#) IIoo(t)ll()-<_ Mo, e-’‘, t>=O, to <0. From here, it then follows, via a
standard argument along the lines of lB.1, Corollary 5.3.1, pp. 272-273] or the notes
[DaP.1], that the corresponding algebraic Riccati equation ((5.48) with the first term
replaced by (x, z)e) admits a unique self-adjoint nonnegative definite solution within
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the class of linear operators (E) such that * ((SF), L2(F)). Indeed, a
generalization of this uniqueness result is available, as stated by"

THEOREM 5.11. With reference to the optimal problem (5.2), let =1 ’1 be
nonnegative definite on E, so that the existence statement of the corresponding algebraic
Riccati equation ((5.48) with thefirst term replaced by gtx, z)) holds true, as in Theorem
5.10. Assume further that 11 there exists an operator Y(=l ’] with K,K’
(L2(f/)) f’) ((A)) such that the s.c. group generator M: M + y(i/2 is exponentially
stable as - +" ea,t <) <-- M, e-’, > 0 for some > O. Then, said algebraic Riccati

equation admits a unique self-adjoint nonnegative definite solution within the class of
linear operators &(E) such that ** ((SgF), L2(F)).

Proof. As noted in the first paragraph, it suffices to show inequality ), i.e. the
exponential stability of o(t) on E for >= 0. To this end, we write as usual

ddPoo( t)
dt

x (M-*)dPoo( t)x + {gt 1/2oo( t)x- 77{ 1/2o( t)x,

on E, or else

do(t)x
6K dP x ff{t 2dp x J* d x

dt

on [()]’. Thus, for x E

(t)x=e’x+ e(t-’y/2(z)xdz

where

$o  o 115o II
since l/2(t)X L2(0 ; E), by the finiteness of the optimal cost, as usual. Thus,
in order to apply [D.1] and conclude with exponential stability of (t) on E, what
is left is to show the following result, the cx of our proof. This is the counterpa of
the regularity Theorem 1.1(i), via Remark 4.3, extended to the infinite time inteal
for exponentially stable e.

LEMMA 5.12. e map

is continuous L(0, m; L(F)) L(0, m; ); equivalently, the map}" (u, v)(o,;
u, }v)(o.;(r, given by

is coninuous L(0, m;)L(0, m; L(F)).
oo The proof for } is carried out by applying to an hyperbolic dynamics

the same multiplier technique used in [L-L-T.1, see in paicular Remark 3.1] for a

This assumption is plainly satisfied with f -k-1/2, k sufficiently large, when is positive definite.
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finite time interval or in [L-T.5, Prop. 3.1] on an infinite time interval with a decaying
factor e-s’,/3>0. To this end, use is made of the definition *[Vl, v2] D’v2 ((2.25)
in the self-adjoint case) along with D’v2= D*AA-lv2=(9/v)A-lv2 on F, see (3.8).
We refer to these last two references for details.

Appendix 1. Proof of Proposition 2.2. By identity (3.6b), we re-write (2.21) (as
done a few times in 3, e.g. in (3.21)) as

(2.21) D*A*S*(t) C*(’)(I)I(Z, 0)y dr

(AI.1)
-D*A*/2C*(t) A*l/2s*(z)dp(% O)y d% ye E.

The abstract Lemma 3.1 can then be applied with X L2(), Y LE(F), the integrands
of (A1.1) in C([0, T]; X), by Lemma 2.1(iii) and (1.10)] and the operators outside
the integrals continuous X-)L2(0, T; X), see Theorem 3.2. As a result, (A1.1)
L2(0, T; L(r)). El

Appendix 2. Change of order of integration below (2.32) Lemma 2.3(ii). In order
to justify the change of order of integration, one first considers the regularized problem;
i.e. the same problem with J replaced by Je

Je (Ry(t), y(t))a dt+ lu(t)l dt

where Re -> R strongly, e 0, R positive self-adjoint and A*Re bounded for each e > 0
(for example, one can use the resolvent R(A, A) ofA and take Re 1/e R 1/e, A*)R ).
For the problem with Re, it can be readily shown that

*e: continuous LE(f)--)C([0, T]; LE(F)).

Then, absolute integrability holds

f’r I [(D*A*S*(’-tr)dPl(% t)x, *e(tr)*(o’, t)y)r[dtr dr

the function on the left of the inner product being in L2 in the variable tr, the one on
the right being continuous in tr. Hence, change of the order of integration is legal for
the problem with e, and one obtains

((tlx,y (,.(, x, ,.(, tly

+ (*(,,(, x, *(,,(,,y a,.

It is then straightforward to show that e - , qe -; ue- u in L(0, T;. ). Passing
to the limit yields (2.29).

[C.l]
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ESTIMATION OF COEFFICIENTS AND BOUNDARY PARAMETERS
IN HYPERBOLIC SYSTEMS*

H. T. BANKS," AND K. A. MURPHY

Abstract. We consider semi-discrete Galerkin approximation schemes in connection with inverse prob-
lems for the estimation of spatially varying coefficients and boundary condition parameters in second order
hyperbolic systems typical of those arising in 1-D surface seismic problems. Spline based algorithms are
proposed for which theoretical convergence results along with a representative sample of numerical findings
are given.

Key words, hyperbolic systems, parameter estimation, spline approximations
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1. Introduction. In this paper we consider computational techniques for the fol-
lowing class of inverse problems: For the system

o(x >o,

(1.2)
xO
-( t, 0) + kl v( t, 0) s( t; k),

Ov Ov
(1.3) - (t, 1)+ k2 x(t, 1)=0,

(1.4) v(0, x)= b(x), vt(O, x)= (x),

given observations {33o} for { v(h, xL)}, choose, from some admissible set, "best" estimates
for the parameters p, E, kl, k2, k. These problems are motivated by certain versions
of the so-called "I-D Seismic Inversion Problem" (see, e.g. [ 1 ], [9]). Roughly speaking,
one has an elastic medium (e.g., the earth) with density p and elastic modulus E. A
perturbation of the system (explosions, or vibrating loads from specially designed
trucks) near the surface (x =0) produces a source s for particle disturbances v that
travel as elastic waves, being partially reflected due to the inhomogeneous nature of
the medium. An important but difficult problem involves using the observed disturb-
ances at the surface or at points along a "bore hole" to determine properties (represented
by parameters in the system) of the medium. In the highly idealized 1-D "surface
seismic" problem, one assumes that data are collected at the same point (x 0) where
the original disturbance or "source" is located. In addition to this hypothesis which
cannot be true, other unrealistic special assumptions are made about the nature of the
traveling and reflected waves. Although the standard 1-D formulations are far from
reality, exploration seismologists have developed techniques for processing actual field
data (performing a series of experiments and "stacking" the data) so that the 1-D

* Received by the editors March 9, 1984, and in revised form June 10, 1985. This research was supported
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Center, Hampton, VA, which is operated under NASA contracts NAS1-16394 and NASI-17130., Department of Mathematics, Southern Methodist University, Dallas, Texas 75275.
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problems are generally accepted as useful and worthy subjects of investigation. Con-
sequently, numerous papers (for some interesting references, see the bibliographies of
[1], [9]) on the 1-D problems can be found in the research literature.

In many formulations of the seismic inverse problem, the medium is assumed to
be the half-line x > 0 (with x 0 the surface) while in others (especially some of those
dealing with computational schemes) one finds the assumption of an artificial finite
boundary (say at x 1) at which no downgoing waves are reflected (an "absorbing"
boundary). While there are several ways to approximate such a condition in 2- or
3-dimensional problems (see [13], [23]), for the 1-D formulation this condition is
embodied in a simple boundary condition of the form (1.3); here k:x/E(1)/p(1) and
one can view this boundary condition as resulting from factoring the wave equation
(1.1) at x 1 and imposing the condition of "no upgoing waves" at x 1.

Equation (1.1) is a 1-D version of the equations for an isotropic elastic medium
while (1.2) represents an "elastic" boundary condition at the surface x 0 (kl represents
an elastic modulus for the restoring force produced by the medium).

As is the case in many inverse or "identification" problems, the problems described
above tend to be ill-posed (including a computationally undesirable instability) unless
careful restrictions a,e imposed on the admissible parameter class (for some discussions
of these aspects, see [1], [11]). We shall not focus on this aspect here. Rather, the
purpose of our presentation in this paper is to demonstrate the feasibility of a certain
theoretical approach and certain approximations in developing computational schemes
for problems in which there are (i) unknown boundary parameters and (ii) unknown
spatially varying coefficients in the system equations. We are, to our knowledge, the
first to develop a sound theoretical framework for problems such as those considered
here. Certain technical difficulties arise when one includes unknown boundary para-
meters in the estimation problems and we demonstrate one means of successfully
treating (both theoretically and computationally) these difficulties. Ideas for estimation
of variable coefficients in parabolic equations were carefully developed in [6] and we
show here that these same techniques can be readily employed to give a rather complete
theory for efficient schemes for problems involving hyperbolic systems.

We choose the "I-D seismic inverse problem" involving (1.1)-(1.4) as a test
example to exhibit the efficacy of our ideas. However the technical features and notions
we present are of importance in a number of other applications. There are rather easily
motivated and fundamental problems in dealing with large elastic structures (large
space structures--e.g, beamlike structures with tip bodies) that involve estimation of
boundary condition parameters. In these cases the models are often hybrid models
with distributed system (Euler-Bernoulli, Timoshenko) state equations and ordinary
differential equation boundary conditions (see, for example, [2], [10], [20], [22]). A
second class of problems for which the techniques introduced in this paper have
immediate use are related to bioturbation [8], [14]. This is the mixing of lake and
deep-sea sediments by burrowing activities of organisms. Understanding of this
phenomenon is fundamental to geologists in interpreting geologic records contained
in sediment core samples. The best models to date involve parabolic state equations
(for a nonuniform "mixing chamber") with unknown parameters in the boundary
conditions describing the flux into and out of the chamber.

In our approach here we employ the Trotter-Kato theorem to obtain theoretical
convergence results (assuming regularity of parameter sets to guarantee existence of
solutions to the inverse problems) for spline approximation schemes for the states.
Boundary parameter estimation is treated directly via mappings that iteratively change
the parameter-dependent spline basis elements into "conforming" elements (i.e., ele-



928 H.T. BANKS AND K. A. MURPHY

ments which satisfy the appropriate boundary conditions). We deal only with estimation
of regular spatially-varying coefficients in (1.1), where again splines are used for
parameters in a secondary approximation. Estimation of discontinuous coefficients
(including location of the discontinuities) in problems such as those that are the focus
of our attention in this paper can be effectively treated theoretically and numerically
in a framework similar to that here using, for example, tau-Legendre state approxima-
tion schemes [4].

We turn then to the estimation problem for (1.1)-(1.4). It is theoretically and
numerically advantageous to deal with homogeneous boundary conditions by trans-
forming the problem so that the source term s in (1.2) appears in the initial data and
in a term in the state equation. We make the transformation u- v+ G where (here
"." represents differentiation with respect to t)

G( t, x; q)
1

s( t; k) + xE(x-1.)i( t; k)

and obtain the system

ql(X)
O2tl O ( Otl)Ot’--=O- q2(x) + F(t, x; q),

Ux(t,O)+q3u(t,O)=O,
(1.5)

u(t, 1)+ q4u(t, 1)=0,

u(0, x)= 6(x; q), ut(O, x)= qt(x; q).

Here the forcing function F is given by

t;)+ (x-
\q3q4/

1)’(t; k)

-0" qz(x) (3x2-2x)( -}t; k)

where here and throughout we adopt the notation q (ql, q2, q3, q4, k) with ql--p,

q2 E, q3--kl, and q4 k2. The transformed initial conditions have the form

qb(x; q)= th(x)-
1

s(0; k)+ xE(x-1)g(0;/),

(x; q)= q(x)-
1

(0; k)+ x2(x 1)&’(0; ).

We assume henceforth that we have observations ))i ())il, , 33im), 1, 2," ", n,
corresponding to w(ti; q)=(u(t,x),..., U(t,Xm)) where u is the solution of (1.5).
For a criterion in determining a best estimate of the parameters we use a least-squares
function

(1.6) J(q)= Ifii- w(ti; q)l2
i=1

which we seek to minimize as q ranges over some admissible parameter set Q. We
remark that in the event our observations (1, , im) are for the original system
(1.1)-(1.4), we may apply directly the theory and techniques ofthis paper by considering
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in place of (1.6) the criterion

(1.7) ](q)= [,+t(t,; q)-w(ti; q)[-
i=1

where G(ti; q) (G(t,, xl; q)," ", G(t,, x,,; q)).
We make some standing assumptions to facilitate consideration of our problem

in subsequent discussions. We shall search for q in a set Qc C(0, 1) x Hi(0, 1) x R
R x Rk (we shall sometimes write Q as Q1 x Q2 x Q3 Q4 Qs). We further assume
that Q is compact in the C H x R2/k topology, and that there exist positive constants
q, t]i, 1, 2, 3, 4 such that

q<=qi(x)<-_Tq forqQi, i=1,2,

q3 --q3 <- t3 for q3 Q3, and

qa =< q4 =< t4 for q4 Q4.

Finally, we assume th Hi(0, 1), H(0, 1)., and s(.;/) H3(0, T) for each/ Qs,
where t [0, T], T<c, and that k- s(. ;k) is a continuous mapping from Q5 to
n3(0, T).

We turn next to the theoretical foundations of the approximation schemes we
propose to use in solving our inverse problem of minimizing J over Q, subject to (1.5).

2. Abstract formulation. The object in this section is to lay the theoretical founda-
tion for the problem. First, we shall write our partial differential equation as an abstract
ordinary differential equation in a Hilbert space, then determine a set of approximating
ordinary differential equations. Each of these abstract equations will have an associated
identification problem; the original will be referred to as (ID), the Nth approximating
problem will be referred to as (IDN). We shall use the theory of semigroups to obtain
existence and uniqueness of solutions to the differential equations. We can then fit our
problem into the theoretical framework developed in [5], and deduce that, under
conditions stated there (reiterated below for clarity), one can solve (IDv) for each N,
and these parameter estimates thus obtained will "lead to" a solution of (ID).

The equation (1.5) can be rewritten as a first order system, motivating the use of
a product (V(q) L2(q)) of two spaces to be our Hilbert space X(q).

Define V(q) to be Hi(0,1) with inner product defined by (v,w)v(q)
[.10 q2DvDw dx- q2(O)q3v(O)w(O). (D denotes the spatial differentiation operator O/Ox.)
It can be readily shown that for any q Q, V(q) is a Hilbert space, and moreover, the
assumptions made about Q imply that the V(q) norm is uniformly equivalent to the
H norm as q ranges over Q. Let VB(q) contain those elements of V(q) which satisfy
the elastic boundary condition, i.e., VB(q) {v V(q)(’l H2(O, 1)[Dv(,0) + v(0) 0}.

We define L2(q) to be H(0, 1) with inner product given by (v, W2o.q Jo qlvw dx,
and note that for each q Q, L2(q) is a Hilbert space and its norm is uniformly
equivalent to the standard H norm as q ranges over Q.

As described earlier, we take X(q)= V(q) L2(q) with inner product given by
(X, y)q Xl, Yl)v(q) + (X2, Y2)o,q (where x (xl, X2) T and y (Yl, Y2) T). It is clear from
our remarks above that for q e Q, X(q) is a Hilbert space, and the X norm is uniformly
equivalent to the H H norm as q ranges over Q. We can formally write (1.5) as an
abstract equation in X(q)"

.(t) A(q)z(t)+ G(t; q),
(2.1)

z(O)=zo(q),
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u(t,.),where we have identified z(t)X(q) with u,t,.J. The boundary conditions are in-
corporated into the domain of A(q) by defining dora A(q)
{() VB(q) x HI(0, 1)Iv(l) + q4Dtt(1) 0}, and A is the unbounded linear operator
given by

( 0
A(q)=

(1/ql)D(q2D)

The function G and the initial condition are given by

G(t; q)=
F(t,.; q)

and o(q)= q(;q)

It can be shown that for each q s Q, A(q) is the infinitesimal generator of a Co-
semigroup, T(t; q) on X(q), so that we have the existence of mild solutions to (2.1),
given by

(2.2) z(t; q)= T(t; q)zo(q)+ T(t-s; q)G(s; q) ds

with z(.; q) C(O, T; X(q)). In this context, the inverse problem can be stated as:

(ID) Given observations = {i}i%l, minimize J(z(. ;q), ) over q s Q subject to
z(.; q) satisfying (2.2).

Here, J(q)=-J(z(.; q),5)=y.,"l:,-(t,,q)l where (t,,q)=(zl(t,,xl; q),"’,
zl(t, x,,; q)) and Zl denotes the first component of z.

To prove that for each q, A(q) generates a Co-semigroup, one can use the
Lumer-Phillips theorem [17, p. 16]. To employ this theorem, one must show the
operator is dissipative, densely defined, and satisfies a certain range statement. To
demonstrate the dissipativity of A(q), we takef dom A(q), q Q, and compute (with
an integration by parts)

(a(q)f,f)q (((1/ql)D(q2Dfl)), (ffl2))q
(f2, fl)v(q> + ((1/ql)D(q2Dfl), f2)o,q

q_DflDf dx q(O)qfl(O)f(O) + D(q.Dfl)f dx

-q(O)qfl(O)f(O) q(O)Dfl(O)f_(O) + q(1)Dfl(1)f(1)

-q2( 1 )q4(Dfl (1))2 __< 0.

By relating dom A(q) to other subsets (see [16] for details) which are known to be
dense in H x H, one can easily argue that for each q Q, dom A(q) is dense in X(q).
One can also argue that (A-A(q))=X(q) for some A >0, by demonstrating that
given (Yy’2)X(q), there exists () dom A(q) such that

-(1/ql)D(q2Du)+ Av f2
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This is equivalent to solving the following two point boundary value problem:

-(1/q)D(q2Du) + h2u Af +f2,

Du(O) + q3u(0) 0,

Au(1) + q4Du(1)=fl(1),

for u H2(0, 1), and setting v(x)= hu(x)-f(x).
If we let y=u-(1/q4)x2(x-1)fl(1) the above problem is transformed to an

equivalent one with homogeneous boundary conditions:

(-1/ql)D(q2Dy)+ A2y F,

Dy(O) + q3y(0) 0,

q4Dy(1) + Ay(1) O,

where F L2(q). One can then use the theory of self-adjoint operators (again see [16])
to argue that a solution exists for any F LE(q).

We now turn to the approximation of our equation (2.1). We shall obtain a solution
zN to an approximating equation (to be discussed in detail below) in a finite dimensional
subspace of X(q), denoted XN(q). Specifically, let S3(AN) represent the standard
subspace of C2 cubic splines corresponding to the partition AN {x} =o, x iN (see
[18, pp. 78-81]); then, given q Q, we take XN(q) to be that subspace of $3(AN) x
S3(AN) whose elements satisfy the boundary conditions corresponding to q (i.e.,
XN(q)cdomA(q)). Let B]v, j=-l,..., N+ 1, be the B-spline basis elements for
S3(AN). Then XN(q) is the (2N+ 3)-dimensional subspace spanned by the following
set of basis functions:

fl v 3 Nq4
B

4

/+ )fl+2 3Nq4n
4

BN+I BN_I

( iflN+2 ,4q3.B+ 3 + B flVN+3 B_I + 3 B
N

Let pN(q). X(q) - XN(q) denote the orthogonal projection ofX(q) onto XN(q),
i.e., given fX(q), pN(q)f is that element in XN(q) which satisfies [pN(q)f--flq<--
Ig --flq for all g XN(q). For each q z Q, we define an operator AN(q) on X(q) given
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by AN(q)= pN(q)A(q)pN (q), and then the approximating equation to (2.1) is written
as:

,N(t)=AN(q)zS(t)+pS(q)G(t; q),
(2.3)

zS(O)=PS(q)zo(q),

where zS(t) EXS(q). Using the fact that A(q) is closed, pS(q) is bounded, and the
Closed Graph Theorem, one finds that AN(q) is bounded. The operator AS(q) inherits
the dissipativity of A(q), and therefore it follows that for each q Q, AN(q) is the
infinitesimal generator of a Co-semigroup of contractions TN(t; q) on X(q). It is
readily seen that TS(t q) leaves XS(q) invariant. Thus, for each q Q and each
N= 1,2,. , there exists a unique mild solution zS(.; q) C(O, T; XS(q)) of (2.3),
which can be expressed as

(2.4) zs(; q)= TN(; q)PS(q)zo(q)+ TN(--s; q)PS(q)G(s; q) ds.

The associated approximate identification problem is given by

(IDN) Given observations 33 {)i}in___l, minimize J(zS(. q), 33) over q Q subject
to zS(.; q) satisfying (2.4).

Here, JN(q)=J(zS(.; q),33)=E,=11,-(t,, q)l= where N(t,, q)=(z(ti, x,; q),
"", Z(6, X,,; q)) and z denotes the first component of z.

Since XN(q) is finite-dimensional, (2.3) is in fact a system of 2N + 3 ordinary
differential equations, which can be solved using standard numerical packages.
Similarly, there are numerical packages available to solve (IDN), provided solutions
exist and we have some computationally feasible representation for ql and q2. A
detailed description of our numerical implementation, including a discussion of poss-
ible representations of ql and q2, will be deferred to subsequent sections. First, our
concern is to determine under what conditions solutions of (IDs) exist and how they
relate to a solution of (ID). This is the subject of the next theorem, a slight modification
of that given in [5, p. 820].

THEOREM 2.1. Assume Q is compact in the C x Hl x R2+k topology. If q zo(q),
q, pS(q)f, q_ TN(t; q)f, fX =X(q) are continuous in this same Q-topology, with
the latter uniformly in E [0, T], then:

(i) There existsfor each N a solution ts of (IDs) and the sequence {tN} possesses
a convergent subsequence

(ii) If we further assume that, for any sequence {qJ} in Q with qJ-, we have
Iz(t; q)-z(t; 4)lq-0 as j o0, uniformly in t [0, T], then (t is a solution of (ID).

The reader may, at first glance, find the convergence statement of (ii) suspect in
that z;(t; q;)X;(q) and z(t; )X(), but this statement is meaningful in view of
the following observation. In defining the spaces V(q), L2(q), and X(q), it was noted
that V(q), L2(q), and X(q) are uniformly equivalent to H1, H, and H x H, respec-
tively, as q ranges over Q. This implies that the X(q) are setwise equal as q ranges
over Q. To be technically precise, we should use the canonical isomorphism when
relating an element ofX(qJ) to its counterpart in X(t), but to simplify our presentation,
we shall throughout abuse notation and omit the isomorphism.

It is easily seen from the form of zo(q) that q- zo(q) is continuous. It is also true
that for our pN(q), TN(t; q) we have q- pN(q)f and q- TN(t; q)f continuous; this
will be readily seen from the matrix representations for our approximating scheme,
and so further discussion is postponed until 5.
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The next theorem gives sufficient conditions for the hypothesis of (ii) from Theorem
2.1 to hold.

THEOREM 2.2. Let q, be arbitrary in Q such that qS__> as N-->o (recall
convergence is in the C x Hl x R2+k topology). Suppose that the projections pS(q) are
such that I(PN(qS)--I)f[qN-->O as N-->c for all fX(l), that fX(t) implies
[TS(t; qS)f--T(t; )flqN-->O as N->o, uniformly in t[0, T], and that [zo(q)
Zo(t)lqN0 as N-->o. Then the mild solutions zS(t; qS) of (2.3) converge to the mild
solution z( t; ) of (2.1) uniformly in [0, T].

The proof of this theorem, which is based on a standard "variation-of-constants"
representation for solutions z and zN in terms of the semigroups T and Ts, essentially
follows immediately from [5, Thm. 3.1, p. 823]. One only needs to verify that our
spaces, operators, etc. satisfy the conditions required in [5].

It is clear from the continuity of q--> zo(q) that ]Zo(qN)--Zo((1)lq -">0 as qS t. It
remains only to show the convergence of the projections and the semigroups. The
main result of the next section is the convergence of the semigroups; the convergence
of the projections is obtained as an intermediate proposition. In summary then, at the
end of the next section, we will be able to deduce from Theorem 2.2 that zS(t;
converges to z(t; t) whenever qS _.> , and hence by Theorem 2.1 we are assured that
the sequence of iterates {N} we obtain by solving (IDS), has a subsequence which
converges to a solution, q", of (ID).

3. Convergence arguments. This section will be devoted to establishing the result:
For each convergent sequence qS_t in Q, and for any fX(), ITS(t; qS)f_
T(t; 4)flq - 0 as N--> , uniformly in [0, T]. As explained in the previous section,
this convergence result is crucial in arguing that zN(t; qS)__> z(t; ) whenever qS q-,
which in turn is necessary to ensure that our candidate (the limit of our approximating
subsequence) is indeed a solution to our inverse problem.

We shall first prove a slightly different form of convergence of the semigroups
using the following version of the Trotter-Kato Theorem [3].

THEOREM 3.1. Let (, I’l) and ( I’ls), N= 1,2,. ., be Banach spaces and
let HN" s be bounded linear operators. Further assume that T(t) and TS(t) are
Co-semigroups on and s with infinitesimal generators , and ,t, respectively. If

(i) limN_ III sfls Ifl for all f ,
’ for(ii) there exist constants M, to independent of N such that TS t)lN < M e

t>=O,
(iii) there exists a set , dom (A), with (Ao-A) for some AoO,

such that for allf we have

then IT(t)IIf-IIT(t)fl-O as N-->o, for all f , uniformly in on compact
intervals in [0, ).

It will be a standing assumption throughout this section that qS __> in Q with
this convergence in the C x H x R2/k topology. Let =,X() with norm denoted by

I" I#, s X(qS) with norm l" Iq for N= 1, 2,..., A= a(t) with corresponding
semigroup T(t)= T(t; ), and ,S=AS(qS)= pS(qS)A(qS)pS(qS with
corresponding semigroup TS(t) TS(t; qS) (as described in 2). For each N,
HN" X() X(qs) will be a bounded linear operator which will map elements of
dom A(t) into elements of dom A(qS). Define

gs (x) exp ([ t3 q3]x) (x2/2)[ t3 qV] exp t3 q3N];
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given f= (;), let II be defined by

IIf (q4l 4)gNfE]"

The functions g are defined so that as N, gN(x)- 1, and D(gN(x))- 0 for any
positive integer j, where in each case the convergence is uniform in x e [0, 1].

A simple computation demonstrates that iffe dom A(), then IINfe dom A(qrq).
For each N, IIN is a bounded linear operator from X() to X(qN), but moreover,
the set of operators {IIN} is uniformly bounded. This statement can be proved using
the assumptions on Q and the properties of g mentioned above. Similar comments
apply to the proof of our first proposition.

PROPOSmON 3.1. For any fe X(), IrI’f-fl., -,o a N--,oo.
In order to argue the convergence of the infinitesimal generators, we shall need

error estimates for the spline approximations and their derivatives. These will be
variations of estimates such as those found in [21], modified to take into account our
q-dependent norm, and the presence of the operator II.

The following notation will be used throughout this section. Given a vector function
f, we shall use f or (f)i to denote the ith component of f. Given the scalar function
h, Ih will denote the standard cubic spline interpolant of h (thus INh $3(A)). For
a vector function f (yY), INf will be the vector whose components are the spline
interpolants of the components of f, i.e.,

s s= sS_/
ana s’+S s(a’)

The interpolant of f which satisfies the boundary oonditions corresTondint to will
e written as #() Wkile #S interTolates S ana S at te values {ilN)o ana the
derivatives of S and S at 0 and 1, #()S will interTolate Sl and S at the vales
(ii N)o, and will additionally satisfy

and

[D(I(q)f),](O)+ q3[(I(q)f),](O)=0,

[D(I(q)f),](O) =-q3f(0) for i= 1, 2,

[(I(q)f)2](1)+ qa[D(II(q)f)l](1)=0,

D(I(q)f), 1 -( 1/q4)f2 1 ).

or equivalently,

or equivalently,

ID(h Ih)lo_-< N-11D2(h Ih)lo-_< N-1lD:hlo,

Ih Ihlo <- N-:ID(h Ih)lo--< N-lD:hlo.
The convergence statement of this lemma follows immediately from the density

of H in H2, the estimates of [21, Thm. 6.9], and the first integral relation (4.15) of
[21]. The estimates follow from (4.24) and (4.25), respectively, of [21] and the first
integral relation.

One can use the results of Lemma 3.1 and the equivalence ofthe X(q) and H x H
norms to derive similar statements for the interpolants in the X(q) norm.

ID2(h-II’Ch)loO as N-oo,

We note that if f satisfies the boundary conditions involving q, then I(q)f= Imfi
The first estimates involve cubic interpolants for scalar functions.
LEMMA 3.1. If h HE, then
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LEMMA 3.2. IffEH2H2 and qE Qc CHIR2+k, then

IINf-flq <- K1N-1 (I DE(f1 INfl) Io / DE(f2 If2)12o)1/2
<-_ K1N-I(ID2flI+ IDZfl)1/,

[D(IVf-f)lq <= g,(lO(f INfl)l / O2(f2 lf)Ig)1/2
where K1, K are constants which are independent off, q, and N.

Again, due to the equivalence of norms, the Schmidt inequality of [21, Thm. 1.5]
can be modified and used component-wise to give a Schmidt type inequality in the
X(q) norm.

LEMMA 3.3. Iff S3(AN) X S3(AN) and q Q, then IDflq <-_ gaNIflo, where K is
a constant independent off, N, and q.

The preceding estimates can be used to establish convergence properties for the
canonical projections pry(q) where q -> in Q.

PROPOSITION 3.2. Iff X(O), then

IPV(qrV)f-f[qN +0 as S-+oo.

Proof. First consider fe dom A(t) f’l (H2x H2). For such f, IIVfE
dom A(qrv) f’l (H2x H2) and I(qrV)IlrVf IVlIVf. We use Lemma 3.2 in the triangle
inequalities below to derive

ip q rv )f flq, <__ [pV qV)[f IIvf]lq, + IPr q rV )IIrf IIlVflq + Invf f[q
-< 2llIf-flo,, +lI(q)IIf-IIVflq,
2lIIf-flo

Thus we have IP(qrV)f-flqrV bounded by terms which we can show converge to zero
using Proposition 3.1 and the properties of

The pV(qV) are uniformly bounded, and the set dom A(4) fq (H2 x H-) is dense
in X(4), hence one can use standard arguments to conclude that the statement of the
proposition holds for all fe X().

PROPOSITION 3.3. For each feX(), N-,oo, ana
each fe dom A(t)

Proof. The first statement is proved within the proofof Proposition 3.2; specifically,
it was shown that

The proofofthe second statement is obtained from the following triangle inequality
(here we also use Lemmas 3.3, 3.2)"

P" ln"f-n _-<

<__ KNIP’ q’)n"f

_-<

+
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Thus the conclusion ID[(PN(qN)_ i)iif]lqN 0 as N follows from the observa-
tion that for 1, 2

ID2[IN (IIvf), (IIvf),]lo -< ID[Iv ((II vf), _f)

+ ID[Ivf -f][o + D2[f (IIvf)

<= 21D2[(FINf), -f][o+ [D2[INf -f][o,

with the latter terms approaching zero because of the properties of gS and Lemma
3.1, respectively.

In later arguments, it will be helpful to have bounds (in the H and H norms)
on one component of an element of X in terms of a bound (in the X(q) norm) on
the entire element. Thus, we consider for fX(q), Ifl=-Ifl = =

q v() + If2lo,q which is
equivalent to IDfll20+lfll+lf2l, so that there exist constants kl and k2 such that
IDTII < kllfl 2 and 1f2120 < k2lfl 2 Similarly, IDfl 2 IDfll2vq + IDT2[ 2

o,q which is equivalentq q- q

to IDT, IDf, IDf=l so we infer the existence of constants k3 and k4 such that
ID=fllg--< k3lDfl and IDf_lg <-- k41Dfl. For future reference, we combine and label these
observations as

(3.1)

IDf, I, <= k, lfl,
q

is l, < /  41Dslq q"

It is now possible to state and prove the following convergence theorem.
THEOREM 3.2. Suppose qm in Q (convergence is in the C x H x R2/k topology).

Then

ITV(t; q)IIVf-IIT(t; 4)fl  +o as N-oo,

for allf X(t) uniformly in on compact intervals in [0, ).
Proof. The result is an immediate consequence ofTheorem 3.1, once the hypotheses

of that theorem have been shown to hold. Part (i) follows from Proposition 3.1, while
part (ii) holds since TV(t; q) and T(t; q) are contraction semigroups for each N and
q Q. It remains only to verify (iii), for which we take to be the set dom A()f3
(H2 H2). Let fe . Then

It follows directly from Proposition 3.3 that e2(N) --> 0 as N --> o. We must work harder
to establish that e(N)-O. We begin by breaking the norm into its two components
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and treat each separately. Thus

[e(N)] (1/q)D(qD) (P’(q’n’f-n’
(/,illD(DI

-I(P(q)Hf): gf212v(q

+ (1/q)D[qD(pN(qN)HNf)I] (q/)gN(1/

[,(N)]+ [(N)].
We first obsee that, N) ](PN qN)HNf)_ q/4)gNf2] v(N) + ][(q/,) 1]gNf[ v(N

](pN(qN)HNf)2_ (HNf)2V() + ]((q/4) 1)gNf2]v(qN).

It is more convenient, and due to the equivalence of the norms, it is sufficient, to
establish the convergence in the H norm. This can easily be done for the first term
by invoking Proposition 3.3 and the inequalities (3.1). An argument can be made for
the second term based on the properties of the gN and the convergence qV q-.

We turn now to the estimation of 32(N). Using the equivalence of the L2(qv)
and H norms, and the inequalities (3.1), we establish the following chain of
inequalities"

1 (q ) 1 D([TEDfl)(N)= qD[qfD(P(q)Hf)]- gq4 o,q

which is equivalent to

1 p q 1 Dq2D(pv qq--qD2( )IIf)1 +q-- )II vf)

q4 v 1 qagvlg qED2f, Dq2Df,
q4 q q4 q

Dq2lD[(P’(q)- -)II"f]lq + q

q-- -q, \ 44 /
gDf’

ID((PN(q) I)II
o

q---iif" q-’- \ 44
gr Df,
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We thus see that t2(N) can be bounded by four terms which go to zero as N ; the
convergence of the first two terms is the result of Proposition 3.3 and the convergence
of qV to t, while the convergence of the second two can be argued using the properties
of g and q - .

We can use this theorem, the convergence properties ofthe operators H (Proposi-
tion 3.1), and the semigroup properties of Tv and T, to establish the final result we
need, as a corollary.

COROLLARY 3.1. Suppose qrV t. Then

iTr(t; qr)f_ T(t; )flq"-O as N

for all f X(), uniformly in on compact intervals in [0, c).
We can now invoke the results (see Theorems 2.1 and 2.2) stated in 2 to conclude

that (obtained there as the limit of an approximating subsequence, (}) is a solution
to the identification problem.

4. Parameter allroximtio. In 2, we pose the problem of minimizing J(q)
over Q. The arguments underlying Theorem 2.1 yield that (under certain assumptions)

^Neach Nth (approximate) problem has a solution q and for any convergent sub-
sequence {}, with - q, we have , is a solution of the original identification
problem. Recall, however, that q and q are functional coefficients, and hence each,
of the approximate optimization problems is in fact infinite-dimensional in nature. In
this section, we discuss some methods for approximating these infinite-dimensional
optimization problems by finite-dimensional ones, thus providing numerically tractable
problems. This, of course, results in a second, or parameter, approximation that must
be considered.

In 5, we shall present the results of several numerical test exa.mples. To facilitate
our presentation, we set ql =P 1 and search for q2 E, q3, q4, k, with q2 the only
functional unknown. We therefore restrict our theoretical discussions here to this case.
(We note however that in principle, our methods and ideas can be applied to the
estimation of both p and E.)

An approach that one might take would be to assume an a priori parameterization
for q. Thus the estimation of the unknown function becomes the estimation of a set
of unknown constants appearing in the parameterization. The convergence theory
developed thus far is directly applicable to this method. However, it would only yield
results for best approximates (through the criterion on state observations) to q2 within
thefixed a priori parameterization class. Little can be said about convergence to a "best
fit parameter" t2 from the original parameter set Q.

An alternate approach, which does not require qualitative (e.g., shape) assumptions
about the parameter class, is to search for the unknown parameter in a sequence of
sets Q which are finite dimensional approximations to the set Q. For example, one
might search for the unknown parameter in sequences of classes of linear combinations
of spline (or members of any other suitably chosen approximation family) basis
elements. Such an approach was given a careful theoretical development for problems
involving parabolic equations in [6] and elliptic equations in [15]. Since the basic
ideas do not depend on the particular type (e.g. parabolic, hyperbolic, elliptic) of
system, they are easily adapted to the problems under investigation here. We therefore
shall only sketch the pertinent results, referring the reader to [6], 15] for further details
and to [21] for the necessary technical estimates.

We shall consider here two cases" Q as a set of linear spline interpolants, and
Q as a set of cubic spline interpolants. For both cases we need to generalize the
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theory developed in 2, since we now have a "double index" (reflecting approximations
for both the parameter and the state space) sequence of iterates, which we would like
to argue converges to a solution of the original identification problem.

To be specific, let Q= Q2 Q3 X Q4x Q5 C H1X R2+k, and assume we have a
mapping iM: Q2 H1. For I the identity map, define M=i (i)2+k, i.e., for q Q,
we have (q) ilVt (q2), q3, q4, qs).

Let Qa4 M (Q). We assume

(4.1) The set (Q)2--i(Q2) is compact in H1.

(4.2) For q2 Q2, iM(q2) - q2 in H as M, and this convergence is uniform in
q2 Q2.

The original set Q is assumed to be compact in Hx R2+k, so it follows from (4.1),
the definition of o, and Theorem 2.1 that for each N and M, a solution t exists
to the problem of minimizing jN over Q. From the definition Q4= oCM(Q), we see

,Nthat there exists t Q such that o (t) q for each N and M. But the compactness
of the original set Q then implies the existence of some subsequence {qk} and an
element t) Q such that qk t) in Q; moreover, this subsequence may be chosen so
that both N-o and Mk 4oo. The limit t is in fact a solution to the problem of
minimizing J over Q; this claim is verified as follows" From the definition t we haveMk

J(q4) --< J(q) for q Q4.

This implies

(4.3) J()<=J(clk(q)) for q Q.

^Nj_^< t - _-E ’-E [, and thus tinQasN-z,MkBut ]q ql=l (qM) ql+lq--q
follows from (4.2), the definition of, and q . If we take the limit in (4.3) asMk, Mk , we see that J(q) J(q) for q Q. Here we have used Theorem 2.2 with
the obseation that the convergence statement z(t; q) z(t; ) for any q 4 is
still valid if replaced by z(t; q) z(t; ) as j, N , for any q2 ; this can be seen
using a reindexing argument. These remarks are summarized in the following theorem.

THEOREM 4.1. Let Q=(Q) where (4.1) and (4.2) are satisfied. Let be a
solution to the problem of minimizing J over Q. enfor any convergent subsequence
qI with , Mk and , the limit is a solution to the problem of minimizing
J over Q.

We first consider the above results applied to the case where the Q are sets of
linear spline interpolants. Let S(A) represent the subspace ofpiecewise linear splines
corresponding to the paition A {x}o, x i/M, and let " H S(AM) denote
the standard linear spline interpolating operator. If, in addition to assuming Q2 is
compact in H, we assume Q2 satisfies Q2 = {q2 H21lD2q2o K}, then it is not difficult
to show that (4.1) and (4.2) are true for Q and as defined above. From a standard
representation result for linear interpolating splines [21, p. 12], we infer the continuity
ofthe operator as a mapping from H to H,. and the compactness of(Q)2 (Q2)
in H follows immediately. To establish (4.2) we appeal to standard estimates such as
[21, (2.17) and (2.18)]. Having verified (4.1) and (4.2), we now state

THEOREM 4.2. Suppose Q Q2 x Q3 x Q x Q5 is a compact subset ofH x R+k with
Q2 additionally satisfying Q2 {q2 H2ID2q2IoK}. Let Q (Q) where

Nx (i)2+k and is the linear spline interpolating operator. Ifq represents a solution
obtained from minimizing J over Q then for any subsequence lq of {q} such
that as , Mk , in Q, we have that is a minimizer for J over Q.M
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Under slightly stronger assumptions on the set Q, we can develop a similar
convergence result using cubic spline approximations to q2. Let S3(AM) be the subspace
of C2 cubic splines corresponding to the partition A, and let M" C - $3(A) denote
the standard cubic spline interpolating operator (see 2 and 3 for details). We assume
Q2 is a compact subset of C satisfying also Q2 c {q2 H211D2q21o <-- K}. We again may
use standard interpolating spline representations (see [21, p. 45]) to conclude that
is a continuous operator from C to H, from whence it follows that (Q4)2 is compact
in H1. To verify (4.2), we again refer to (4.19) and (4.20) in [21]. Thus we have the
following theorem.

THEOREM 4.3. Suppose Q= Q2 X Q3 x Q4 x Q5 is a compact subset of Cx R2+k

with Q=(qHIIDq_Io<-_K). Let Qt oCM(Q) where 4=_ x (i)2+k, and is
the cubic spline interpolating operator. Ift represents a solution obtainedfrom minimizing
jN over Q, then there exists t Q which minimizes J over Q, and a subsequence lq4k
of {1} such that as N, Mk , q- t.

In the next section we present numerical findings for double (state and parameter)
approximation schemes such as those described here.

5. Numerical implementation and examples. Recall from 2 that the approximating
identification problem is:

Given y, minimize JN(q)=,=lli--N(ti, q)12 over qQ (where :N involves
point evaluations, in space, of the first component of zN) subject to zN(.; q) satisfying
the following ordinary differential equation"

,N(t) AC(q)zN(t)+ PN(q)G(t; q),

zN(O)= PC(q)zo(q).

(We continue our discussions in terms of the transformed system (1.5) and criterion
(1.6) even though the numerical examples summarized in this section involve "data"
for the original system (1.1)-(1.4) used in conjunction with the criterion (1.7).) Since
zNXN(q), Z

N has a representation in terms of the basis elements of XN(q),
2N+3 w/N(t; )/N(x; q). If let [ANzN(t; q)=i= q we (q)] and [fN] be the matrix and

vector representations, respectively of AN(q) and PN(q)f (where f is an arbitrary
function in X(q)) with respect to the basis elements of XN(q), and let wN(t; q)=-
col (w(t; q),..., WEN+a(t; q)), then wN(t; q)solves the following system of ordinary
differential equations"

ffc(t; q)=[AN(q)]wN(t; q)+[GN(t; q)],

wN(O; q)=[ZOn(q)].
As in [5], this can be written more explicitly as"

(5.1)
QNN(t; q)= KNwN(t; q)+ RNG(t; q),

QNwN(0; q)= RNzo(q),

where QN and KN are matrices, with elements described by (QN)id=(fliN, flfV)q
(K N)id=(fliN, A(q)flfV)q, and (RNf), (iN,fq forf X(q). Due to the form of the
B-spline basis elements we have chosen (see 2), QN can be stored as a banded
symmetric matrix; this banded, symmetric structure permits more efficient computations
and requires less storage space. The matrix KN has a similar sparse (although not
symmetric) structure.
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Each element of the matrices Q and K, and of the vector RVf depends
continuously on q, therefore the representations [As(q)] and [fN] are continuous in
q. The basis elements for XN (q) depend linearly on q, and hence are continuous in
q, which implies q--> PC(q)f and q--> Tr(t; q)f (we note T(t; q)=exp(AS(q)t)
since AC(q) is a bounded operator) are continuous mappings (recall this was a
necessary condition in Theorem 2.1).

We note that in the case where ql and q2 are assumed to be constant, or to have
a representation as, for example, a linear combination of spline elements, then the
computations can be done more efficiently; in such cases, the numerical quadratures
required to compute the inner products which form Q and Kv need be performed
only once for each N. Then, to construct QV and K the appropriate multiples or
linear combinations of these stored values are computed.

Many of the computations in the software package used to generate the following
examples were done with IMSL subroutines (for example, the optimization, and the
solution of the differential equation in (5.1)). Although much modification was
necessary for the present application, the core of the package was developed by James
Crowley [12]. The examples were computed either on an IBM VM/370, or a CDC 6600.

The optimization is done using a Levenberg-Marquardt algorithm. For fixed N,
each iteration in the optimization is performed as follows. Given q, beginning at time
zero (tl-0), a Cholesky decomposition method is used to solve (5.1) for ffc(t; q)
and wV(tl; q); this is then integrated using Gear’s method to obtain w(t2; q). We
use the components of the vector wv (rE; q) to recover z(t2; q) as the linear combina-
tion of the first components of the basis elements. The vector N(t2, q) is ziN(t2; q)
evaluated at each of the spatial observation points. Using wC(t2; q) as the initial value,
(5.1) is solved again for t2, t3], :(t3, q) is obtained, and this procedure is repeated
until :v(ti, q) has been evaluated at all times ti; then jV(q) can be computed as the
sum ofthe residuals, Ifi,- :(t,, q)l-. The data {33} is read in and stored at the beginning.

In the selection of examples to follow, the "data" has been generated with an
independent finite ditterence scheme (an implicit method [19] was modified for our
boundary conditions and the variable coefficient, q2(x)) applied to the model with a
priori chosen "true" values q* of the parameters. In all examples, ql(x) is taken to
be identically one (this is done to reduce ill-posedness, as mentioned in 1). We begin
each example with an initial guess, and a value of N; we solve (IDLY), to get converged
values, tv (these are numerical approximations (to tv) that result from the Levenberg-
Marquardt algorithm), which we then use as starting values for the next value of N.
So, in Example 5.1 (below) we begin with N- 4 and a guess qO, and generate t]4. We
then start with t4 at N 8, and generate q8.

The examples we present here are simple and are chosen mainly to illustrate how
the scheme we have discussed theoretically performs when one is attempting to estimate
boundary parameters or spatially varying elastic modulus. We have carried out
numerous other numerical experiments to test the efficacy of the ideas. For example,
we have found the algorithms to be rather robust with regard to the initial parameter
guess qO. That is, the integrity of the method is preserved in examples similar to
Examples 5.1, 5.2 even though one starts with initial guesses which are as much as
200% in error from the "true" values. The optimization algorithm requires more
iterations, CPU time is increased, but we still obtain convergence to accurate estimates
of the parameters. Moreover, our theoretical and computational considerations can
be modified to treat more realistic problems in which one has to estimate discontinuities
in the elastic modulus E. Some initial numerical findings on such problems are reported
in [4].
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We remind the reader that the computations reported on below were carried out
using "data" for the system (1.1)-(1.4) with criterion (1.7) and an appropriate approxi-
mate criterion for the Nth problem. (We have also successfully tested the methods on
similar examples with the transformed system (1.5) and criterion (1.6), although, of
course, this is not the typical formulation of the inverse problem for which data will
be available.)

Example 5.1. For our first example we used "data" consisting of observations at
x=0 and times =.25, .5, .75,... ,2.0. This is meant to simulate the situation in
"surface seismic" experim.ents where only data at the surface are available. The source
term was chosen as s(t; k) qs(1 e-St) eq6t, a function which rises to a peak quickly
and then gradually diminishes to zero; again this attempts to mimic the situation in
seismic experiments. We assume vanishing initial conditions and seek to estimate a
constant elastic modulus q2 as well as the boundary parameters q3, q4 and the source
parameters k (qs, q6). True values along with our estimates are given in the results
summarized in Table 5.1. Graphs comparing the true solution at the surface u(t, 0; q*)
with the approximate solution ur(t, 0; t] N) are shown in Fig. 5.1. We also tested the
method on this example using "data" for more spatial observations (data at x 0, .5,
1.0 and .5, 1.0, 1.5) with our findings given in Table 5.2. Based on these computations
and a number of other tests, we suggest that there appears to be little difficulty with
our method in the case where only one spatial observation is available as long as a
sufficient number of time observations are available.

TABLE 5.1

Converged values

Initial guess N 4 N- 8 True values

q 2.0 t] 2.96001 t82 3.0001 q 3.0
q3= -1.0 t34= -1.98861 t]38 -1.99012 q -2.0
q 2.0 t 0.97428 t= 1.00683 q 1.0
q5= 1.5 t= 1.97135 t58 1.99809 q 2.0
q -0.5 t -0.98500 t68 1.00506 q 1.0

No. of iterations 11 2

R.S.S. 0.659 x 10-5 0.119 x 10-5

CPU 125.363 84.688

Number of iterations in the optimization algorithm.
Residual sum of squares=
The CPU time given in seconds.

Example 5.2. In this example we compared the performance of our method on

problems with "noisy data" with that on those without noise in the data. We used the
same source term as that in Example 5.1, zero initial conditions, but a "true" parameter-
ized elastic modulus E(x) + 1/r arctan [q21(x- q22)]. Data for observations at x
0.0, 0.5, 1.0 and .416, .832, 1.248, 1.664, 2.08, 2.496 were used. Results for the case
of data without noise are summarized in Table 5.3, while findings employing data with
a noise level of approximately 3% are given in Table 5.4. In both cases, the method
converges nicely but as one might expect, the converged values of the parameters do
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FIG. 5.1

TABLE 5.2

Initial guess

Converged values

N 4 N 8 True values

q= 2.0 t42 2.98515 t= 2.99378 q 3.0
q3 -1.0 t -1.92304 t38 -2.01999 q -2.0
q= 2.0 t44= 1.01302 t= 1.00285 q 1.0
q 1.5 t 1.97120 t85 2.00578 q 2.0
q6= -0.5 t= -1.03296 t= -0.99172 q -1.0

No. of iterations 12 5

R.S.S. 0.235 x 10-5 0.441 x 10-5

CPU 117.597 147.323



944 H.T. BANKS AND K. A. MURPHY

TABLE 5.3

Converged values

Initial guess N 4 N 8 True values

q 1.0 t 2.97352 t 2.99994 q2* 3.0
q2 1.0 t242 0.51115 t282 0.50053 q2"2 0.5
q3 -2.0 t] -0.99892 t]3 1.00026 q 1.0
q4= 2.0 =3.05138 t= 3.01070 q 3.0
q5 1.0 t 2.00322 t] 2.00056 q 2.0
q= -2.0 t46 -1.01163 486 -1.00217 q -1.0

No. of iterations 13 3

R.S.S. 0.1025 10-3 0.82859 x 10-5

CPU 269.696 196.335

TABLE 5.4. (Noisy data).

Converged values

Initial guess N 4 N 8 True values

q2 1.0 t 3.30536 ts2 3.29222 q2* 3.0
q2 1.0 t2 0.53802 t2 0.53115 q2"2 0.5
q3 -2.0 t] -0.86648 t3 -0.86017 q 1.0
q 2.0 744 2.99610 t]48 2.96002 q 3.0
qO 1.0 2.09207 t]85 2.09295 q 2.0
q6= -2.0 t64= -1.15602 t86 -1.15571 q -1.0

No. of iterations 13 2

R.S.S. 0.6509 10-3 0.476 10-3

CPU 270.11 136.87

not agree with the true parameters in the case of noisy data. In Figs. 5.2, 5.3, 5.4 and
5.5, we graphically depicted the curves for/ and E* in several cases.

Example 5.3. In this example we illustrate the ideas discussed in 4 regarding
parameter approximation in the set of linear and cubic splines. We do not assume an
a priori shape for the elastic modulus E(x), the "true" value of which is given by
E*(x) =+tanh [6(x-.5)]. Rather we first search for E in the class of linear spline
approximations to E*. We then carry out the search using cubic splines. Initial
conditions are u(0, x)= ex, u,(0, x)=-3 e and no source term was assumed (i.e.,
s-=0). Data for observations at 3 spatial points (x =0.0, 0.5, 1.0) and 6 time points
(t =.16, .32,..., 1.0) were used. Figure 5.6 depicts graphs of the true modulus E*,
the initial guess E, and the converged estimate/4 where we used linear splines (with
4 basis elementsmM 3 in the notation of 4) to approximate E and cubic splines
(N =4) to approximate the state. At the same time we searched for the boundary
parameters q3, q4 (true values q3* =-1.0, q4* 3.0) and obtained converged estimates
t=-1.05425, = 3.3576 with a CPU time of 38 seconds and R.S.S. 0.255 x 10-2.
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Figure 5.7 contains graphs similar to those in Fig. 5.6 except N 16 was used in the
state approximations. Boundary parameter estimates corresponding to /16 were t]6=

1 10063, -16
q4 =3.07049 with CPU time of 118 seconds and R.S.S.=0.472x 10-4. The

error (in the H norm) in estimating E* in each case was calculated to be IE*-/41- .081
and [E*-/161- .030.

We carried out similar calculations for the same example in which we employed
cubic splines (M 1 in the notation of 4, i.e. 4 basis elements) for the parameter
approximations. The graphs of E*, E and/ t6 are compared in Fig. 5.8. In this second
test we did not search on the boundary parameters q3, q4 but rather held them fixed
at their "true" values. The error at the converged parameter was IE*- j161 --.109, with
R.S.S. 0.293 x 10-2 and a CPU time of 178 seconds.

6. Concluding remarks. We have presented in this paper both theoretical and
numerical results using some of our ideas involving spline approximations for inverse
or parameter estimation problems for hyperbolic systems. Among the novel features
is the capability of estimating variable coefficients and boundary parameters with
methods that are both theoretically sound and readily implementable. Our techniques
(reported on earlier, [7]) involve the use of parameter dependent basis elements for
the approximation subspaces in a Galerkin type semidiscrete scheme.

While we have focused on 1-dimensional space domain problems here, our ideas
are in principle applicable to problems in 2- and 3-dimensional domains. We have
devoted some thought to such problems in connection with use of basis elements that
are tensor products of 1-D elements. These ideas offer some promise, given the
parallelism that would be inherent in the resulting algorithms and given the emerging
technology related to supercomputers and array processors. However, there are other
ideas that also offer great promise; in particular, there are those involving spectral
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methods such as the tau-Legendre for which we have reported preliminary findings in
[4]. A fundamental difference between these techniques and those proposed in this
paper is that in the tau-Legendre one does not require the approximation subspace
basis elements to satisfy the boundary conditions. Instead the boundary conditions
are essentially imposed as side constraints adjoined to the Galerkin type ditterential
equations. This can offer significant computational advantages, especially in higher
dimensional domain problems. We are currently pursuing investigations of these ideas.

The assumption of compactness on Q in our presentation was used to guarantee
convergence results within our theoretical framework. It can also be used to establish
stability results (i.e., a type of continuous dependence of parameter estimates t on the
observations {)3i}). When specifying a typical parameter set Q, this compactness require-
ment will often be manifested in terms of functional parameter constraints (e.g. bounds
on certain derivatives) which can be important with regard to implementation. Thus,
while we did not find it necessary to impose any such constraints in the algorithms
used in producing the numerical results discussed in 5 (this, we conjecture, was
because the examples we considered here were relatively simple and rather well
behavedme.g, no other local extremals near the "true" values q*), it is sometimes
necessary to take them into consideration to obtain acceptable numerical performance.
We have carried out numerical experiments with other problems for which this is a
critical point, and satisfactory numerical performance will be guaranteed only if a
constrained optimization procedure is employed. The compactness-related constraints
can and should be implemented in certain cases. We are currently investigating further
these questions and will report on our findings elsewhere. Here we just observe that
the "compactness of Q" is an important computational as well as theoretical feature
of our approach.

In closing we remark that the theoretical results presented above only guarantee
convergence of subsequences {tk} to a minimizer t for J. But for the class of problems
investigated here and for a number of other types of inverse problems we have studied,
we have in practice observed (numerically) convergence of the original sequence {}.
This has been our experience even in examples with noisy data and may be due in
many cases to the fact that the original problem of minimizing J over Q has a unique
solution t. In this situation, elementary and quite standard arguments can be employed
to actually establish convergence of {v} itself to .
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GENERALIZED SOLUTIONS OF CONSTRAINED
OPTIMIZATION PROBLEMS*

TOMA ROUBi(EK,

Abstract. A constrained optimization problem on a uniform space X is considered. Under certain
assumptions, the problem may be extended onto the completion of X with respect to the precompact
modification of the original uniformity on X, which yields the generalized problem. It is shown that the
solution of the perturbed classical problem (or of the penalized classical problem) converges to the solution
of the generalized problem, which makes the generalized problem more convenient than the classical one.
Finally, the general framework is demonstrated in special cases in normed linear spaces.

Key words, optimization, generalized solution, stability

1. Introduction and notation. In [6] the unconstrained optimization problem on
a noncompact domain X was investigated with the aim to construct a "natural"
extension of the domain, denoted X, which guarantees the existence of the generalized
solution (which is an element of X) together with the stability of the set of the
generalized solutions with respect to certain perturbations of the function to be
minimized. The domain X was considered as a uniform space and the extended domain
X was constructed as a completion ofX with respect to another (admissible) uniformity.
The existence and stability of the generalized solution is then guaranteed if the later
uniformity is sufficiently coarse. Moreover, there exists such a uniformity which is
optimal from the stability point of view.

In this paper the approach mentioned above is applied to a constrained optimi-
zation problem where the situation is more complicated than that in the unconstrained
case. In this section the basic notation and some results from [6], required in what
follows, are introduced. The "classical" constrained optimization problem, its per-
turbed version, the generalized problem, and basic relations between them are given
in 2. In the further sections, a characterization of the set of the generalized solutions
using the level sets of the classical problem, some convergence results for the perturbed
classical problem, and for the unconstrained problem arising from the use of the
well-known penalty-function method are stated. The general framework exploiting the
uniform-space theory, used in 2-5, is somewhat unusual in optimization; in 6 it
is applied to two special cases, both employing the more usual normed-linear-space
notation.

Now, we start with some definitions (see e.g. [1]). The filter 9 on a set M is a
nonempty collection of the nonempty subsets of M such that A , B A=:>B 9
and A, B ::>A f3 B .. Let X be a completely regular Hausdorff topological space
endowed with an admissible uniformity gx. It should be recalled that the uniformity
Rx on X is a filter on X x X with the properties" V U Rx" A c U, U-I Rx and
::l V x, V2 c U, where A {(Xl, x2) X2; x x2} U-1 {(Xx, x2) X2; (x2, Xl) E U}
and V2= {(Xl, x2) X2; =lx3, (Xl, x3) V, (x3, x2) V}. The elements of the uniformity
are called entourages. The uniformity a//x is admissible iff it generates the topology
of X. x is precompact iff V U s a//x:l a finite set S X: U(S)= X, where U(S)-
{x X; :Ix1 S, (x, Xl) U}. Also, a//x is precompact iff the completion of X with
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respect to 9/x is compact. The finest from the precompact admissible uniformities on
X which are coarser than a//x, denoted ?/*x, is called the precompact modification of
a//x. *x is also the coarsest admissible uniformity on X which makes uniformly
continuous all the functions X-> [0, 1] which are uniformly continuous with respect
to a//x. A typical situation in most applications is the case when X is a normed linear
space (with the norm denoted [[. [[x) and //x is generated by means of the base
{ V,., e > 0}, where V {(xl, x2) E X2; IIx,- x=llx < }.

In [6] the minimization problem for a 1.s.c. (lower semicontinuous) function
f" X--> R is investigated; R denotes the usual two-point compactification of the real
line, i.e. R R U {-oo, +oo}. As the extended domain X the completion of X with
respect to *x is taken. Obviously, since J is compact, there is a unique admissible
uniformity on X, denoted q/g, the entourages of which will be denoted with the bar,
e.g.U. Also elements of X will be denoted with the bar, e.g. . Note that the trace of
//x. on X is just //*x, especially, 0 fq X2 ll*x for 0 a//. We can naturally extend f
on X (the extension will be denoted again byf without any confusion) by the formula
f() lim inf,,_,,xxf(x); x--> means, of course, the convergence in . Clearly, we
have inff(J)=inff(X). An element J is said to be the generalized solution of
the considered minimization problem iff f()=inff(X). The (nonempty) set of the
generalized solutions is stable with respect to the perturbations off in certain topology
on the space of the functions X--> R. This topology is induced by the uniformity on
the space of the epigraphs which can be constructed by means of the uniformity
/x x; for details see [6]. Moreover, the uniformity *x is the finest uniformity by
means of which the stable set of the generalized solutions can be constructed for
arbitrary functionf, see [6, Thm. 3]. The uniformity 0//.x has also the important property:
tAc X, tU llx, 3V ll*x: V(A)c U(A); in other words, for every Ac X and
U E //x there exists a q/x-uniformly continuous function " X --> [0, 1] such that O(A)
0 and (X\ U(A))= 1. This property of //*x enables us to describe certain sets in
by means of the original uniformity q/x, which is remarkable because the uniformity
//*x and the extended domain J have been defined in a somewhat nonconstructive
manner, see also Remark in 3.

For X we denote W() the filter on X which is the trace of the neighbourhood
filter of in X. W() is a maximal //x-round filter on X, and the mapping -->()
defines a one-to-one correspondence between the points in X and the filters of the
mentioned property. Recall that the filter on X is said to be //x-round (see [2]) iff
tA ;IB ::IV ollx. V(B)c A. Of course, W(), being maximal in the class of the
q/x-round filters on X, can be constructed generally by means of the axiom of choice
only. Still other characterizations of () can be stated (see [6, Thm. 4]) but they use
the uniformity q/*x instead of the axiom of choice.

For M c X denote (M)= f’){W(); E M}. Clearly, W(M) is again a filter on
X. Moreover, let M1, M2 be closed subsets of X, then M1 M2 implies (M1) # (M2).
Thus the closed subsets of X are characterized by their filters W(. ), which will be
employed in Theorem 3.

2. The classical and the generalized optimization problems. In the case of the
constrained optimization problem, very little may be said under the condition that the
mapping to the constraints is only continuous as usual in the classical theory of
optimization. Here, the uniform continuity will be exploited. First, we will treat a
general framework, and afterwards, in 6, we will apply the obtained results to more
usual and detailed structures.
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Let X, Y be the uniform Hausdorff spaces endowed with the uniformities x,
q/v, respectively; f: X- R be a 1.s.c. function; F" X- Y be a uniformly continuous
mapping; and C be a subset of Y. We shall deal with the classical optimization problem,
denoted Pc"

minimize f(x),

subject to x X, F(x) C.

As usual, we define the admissible set SaaPc {x X; F(x) C}, the value inf Pc
inff(S,dPc), and the set of the classical solutions ArginfPc={XSadPc;
f(x) inf Pc}. Also we use the set of the approximate classical solutions Arginf Pc
{x S,dPc ;f(x) --< inf Pc + e}, with e > 0. From the "practical" or "engineering" point
of view, some perturbed problems are very interesting. We employ the perturbations
of the set C, namely in the form C V(C), V 9/y. For the perturbed problem Pe
thus obtained, we can again define S,dPc, inf PC, and Arginf Pc by replacing C by
C in the corresponding definitions for the problem Pc.

In most problems of"technical" origin, it suffices to find a solution from Arginf Pc,
because such solution is "almost" optimal and, at the same time, the constraints are
fulfilled with accuracy prescribed in advance, which is realistic in the technical prob-
lems. Similar approach has been already used in the book of J. Warga [7], in which,
however, a specific structure of the optimal control problems on certain function spaces
has been employed (our classical problems correspond to those which are named
"original" in [7], and the generalized problems introduced below correspond roughly
to the "extended" problems). There is, however, a fundamental difference between
these two mentioned approaches because the extended problem in [7] is obtained by
exploiting a topology which is weaker than the initial one, while our generalized
problem will be obtained using the initial topology only.

Since the sets Arginf Pc are of"technical" importance, there is na.turally a question
whether there exists a limit (in certain sense) when e-0 and C- C. Note that
Arginf Pc generally does not converge to Arginf Pc. Thus we are motivated to introduce
a generalized problem which is, in fact, a more natural setting of the classical problem
Pc. To construct this generalized problem, denoted GPc, we extend f and F on the
space X (= the completion of X with respect to *x). The extension of f has been
already defined in 1. It is easy to see that F, being uniformly continuous with respect
to x and 0g, is uniformly continuous with respect to *x and a//,y as well. Denoting

the completion of Y with respect to 0,g, we may extend F"- (the extended
mapping is denoted again by F) in such a manner that F is continuous on X. As X
is dense in X, this extension is unique. It should be emphasized that X, Y, R are
compact, which together with the continuity of F and 1.s.c. of f yields the base for
most of the following results.

We introduce the generalized problem"

GPc
minimize f()

subject to X, F(g) C cl C,

clg C denotes the closure of C in Y. For this problem we define the admissible set,
the value and the set of the generalized solutions by a straightforward manner, i.e.
SadGPc {g X; F(g) C}, inf GPc =inff(S,dGPc) and Arginf GPc { SadGPc;
f(g) inf GPc}.
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The optimization problem is said to be nontrivial iff its value is less than +.
Especially, the nontrivial problem has a nonempty admissible set. Basic relationship
between the optimization problems defined above is given in the following theorem.

THEOREM 1. Let Pc be nontrivial, V( C), V O’y, IF, > O. Then P and GPc are
nontrivial, too; Arginf P and Arginf GPc are nonempty; inf Pc >--inf GPc >- inf P;
and

f
X f’) Arginf GPc Arginf Pc,.c

if inf Pc > inf GPc,
if inf Pc inf GPc.

Proof. Clearly, P6 and GPc are nontrivial and Arginf P is nonempty. Arginf GPc
is nonempty, as well, because f is 1.s.c. on a compact set S,dGPc. Also the inequality
inf Pc >- inf GPc is obvious. To prove inf GPc >= inf P6, we consider g Arginf GPc
and 17 02/. such that V2(C)c t with V " f3 y2. Since F is continuous on ., there
is Oz such that F( O(g)) "I?((). At the same time, inff(X A U(g))<=f(g)
infGPc. Thus for any e>0 there is xX’f(x)-<infGPc+e and F(x)
(,"() f) Yc V-(C)c . As e can be considered arbitrarily small, we have inf P-<_
inf GPc. The last assertion of the theorem is straightforward, lq

The situation in the constrained optimization problems differs essentially from
that in the unconstrained problems, where the case inf Pc > inf GPc cannot appear
(see [6]) and therefore the generalized solutions cannot be "better" than the classical
ones. It will be shown in 6.1 that certain "classical" conditions can guarantee that
inf Pc inf GPc. Now, an example for the case inf Pc > inf GPc is given. An example
of a similar nature has been given in [7, p. 247]. In our example, the problem Pc is

even convex, but noncoercive. Problems which are coercive but nonconvex can be
constructed, as well. To construct the example, we consider X l, i.e. the Hilbert

space of the squared summable sequences denoted x-(Xl, x2,’’’ ); Y-R; f(x)=
z xi; and C is the set of nonpositive reals. Obviously, SaaPc {0}

and inf Pc =0. Taking the sequence x0, j-1, 2,. ., where x= 22i for i=j and
vanishes for ij, we have f(x)=-2 and F(x/)=2-j. In consequence of the
compactness of ., the sequence {x} has a cluster point g , for which we have
f(g) =-o and F(g)=0; thus inf GPc =-c.

3. A characterization of inf GPc and Arginf GPc by the level sets. In what follows,
we will consider the classical problem Pc to be nontrivial. For a R and V g, we
denote the level set of the problem Pc" lev (a, V)- {x X;f(x)<-a, F(x) V(C)}. By
means of these level sets, a characterization of the value and of the set of the solutions
of the generalized problem is given in Theorems 2 and 3, respectively.

THEOREM 2. The collection {lev (a, V); a > ao, V Oy} is a filter base on X iff
ao --> inf GPc.

Proof. For ao < a < inff(X) the set lev (a, V) is empty, and therefore the collection
in question is not a filter base. Now, consider inff(X)_-< ao < inf GPc. Then the sets
{g ; f(g) <- ao} and {g 2; F() (} are disjoint and compact in J, hence they
have disjoint open neighbourhoods A1, A2, respectively. As X\A1 is compact and f
is 1.s.c. on J, inff(J\A1) > ao. As J\A2 is compact, F(J\A2) is compact and disjoint
with . Thus we see that for sufficiently small e > 0 and l? q/g, the sets {g ; f(g) -<
ao+e}c At and {g J; F(g) lT(t)} c A2 are disjoint, as well. Taking V= lT"fq y2,
lev (ao + e, V) is empty; thus the collection investigated cannot be a filter base.

On the other hand, for ao -> inf GPc, the considered level sets are nonempty, as

it has been proved already in Theorem 1, and it is easy to see that they form a filter
base. [3
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THEOREM 3. (Arginf GPc)={U(lev(a, V)); U x, V g, a>inf GPc}.
Proof. Due to Theorem 2 the collection in the right-hand side is a filter on X.

First, consider any A- U(lev (a, V)). Note that we may choose U a//*x and V *y
without any enlargement of A; cf. 1. Taking symmetric U , V og., and al such
that 02 [") X2 c U, gr3 [.-) y2 V, inf GPc < al < a, we investigate the set B
U({ X; f(g) <-_ al, F(g) V(C)}). Clearly, B D U(Arginf GPc). Let x B X. Then
there is X" x U(g), f(Y)<-al, F(g) V(C). Due to the continuity of F on X and
the definition of the extension of f, :Ix1 X" xl (), f(xl) <- a, F(xl) I7"2((), and
also F(Xl) I7"3(C), hence x A. In other words, B X A and B is a neighbourhood
of Arginf GPc, thus A (g) for every 6 Arginf GPc.

Conversely, let A(ArginfGPc). Then A=clx A is a neighbourhood of
Arginf GPc. Since Arginf GPc is compact, for a sufficiently small U a//8, we have
D/2(Arginf GPc) and A 2(Arginf GPc) X. To prove the last inclusion, let us

suppose the contradiction, i.e. that for every U8 the set Nt=
(X\A)f/.)2(Arginf GPc) is nonempty. Consider the set Mo =/)2(No) Arginf GPc.
For a symmetric entourage U, Mt is nonempty. Note that it is generally not true if U
is not symmetric. Furthermore, {Mo; U be symmetric } is the base of a filter on
Arginf GPc which has a cluster point g Arginf GPc, because Arginf GPc is compact.
For this , (X\A) 3(g) is nonempty for every 098, which shows that A (g).
This is, however, the desired contradiction.

To go on with the proof, we consider the sets M=X\U(Arginf GPc) and
L(e, 17) { .g; f(ff) <_- inf GPc + e, F(g) "(()}. We may suppose to be open,
hence M is compact. We will prove that ::le > 0 and V " M CI L(e, V)- . If it
does not hold, {ML(e, V); e >0, V6} will be the base of a filter on M which
has a cluster point in M, say . For this we have f()_<-inf GPc and F() C, thus
g M, which is, however, the contradiction. Hence for sufficiently small e > 0 and

we have L(e, ()c O(Arginf GPc). Therefore A /2(Arginf GPc)OX
O(L(e, I)))X= U(lev(inf GPc/e, V)) with U= xEallx, V= ’ y2

0v. D
Remark. The filters (), being maximal x-round, can be "constructed" either

by means of the axiom of choice, at least if g X, or by means of the uniformity ag.x
(see [6, Thm. 4]), which is again of a nonconstructive nature. On the other hand, the
characterization of (Arginf GPc) by Theorem 3 may be considered as constructive
because it does not use either the axiom of choice or the uniformity *x. Thus Theorem
3 gives certain "constructive" information about Arginf GPc, while there does not

exist any possibility to give such a characterization for the element of Arginf GPc.
4. Some convergence results for the perturbed classical problem. In this section, it

is shown that the value and the set of the approximate solutions of the perturbed
classical problem Pe converge just to the value and to the set of the generalized
solutions of the problem GPc, respectively. Thus the generalized problem GPc may
be considered as a more natural setting of the investigated optimization problem than
its classical formulation Pc. The convergence results are summarized in the following
theorem.

THEOREM 4. Let 8 0 and U all: be given. Then for sufficiently small e 0 and
V Og it holds

inf GPc >- inf Pe ->_ inf GPc 8,
Arginf Pe c U(Arginf GPc),
Arginf GPc /_)(Arginf Pc), where - V(C).
Proof. Due to Theorem 1, we have inf GPc >- inf Pc. Asf is 1.s.c. on X and SadGPc

is compact, the set {g X;f(g)_->inf GPc-8} is a neighbourhood of S,dGPc. Hence
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there is an open entourage Uo R:e such that f(Uo(SadGPc)) >- inf GPc & Using the
compactness of X\ Uo(S,dGPc) in the same manner as in the proof of Theorem 2, we
obtain I7"1 such that {g; F(g) 1?1(()}c o(S,aGPc). Taking V1 I7"1 y2
and t VI(C), we have S,dPe c (]o(SaaGPc), hence inf Pe >_-inf GPc-

Taking V2 OR, and e > 0 such that L(e, V2)c U(A.rginf GPc), see the proof of
Theorem 3, we obtain Arginf Pe c/.)(Arginf GPc) for C V2(C) with V2 I7"2 y2.

It is clear that the first two assertions of Theorem 4 are fulfilled if we choose
V ORy such that V V1 V2. Moreover, for a sufficiently small V, we have inf Pe
inf GPc e/2. Consider g Arginf GPc and /)1 OR8, /-)1 c/_)-1. There is x X such
that x UI(), F(x) V(C) and f(x) <- inf GPc + e/2, and also f(x) <= inf Pe + e. Thus
g U(x) and x Arginf Pc, which completes the proof.

5. The penalty-function method. In this section, a general setting of the well-known
penalty-function method is investigated. Denoting p a function Y- R and {K,} an
increasing sequence of positive constants tending toward the infinity, we can introduce
the sequence of the unconstrained classical optimization problems, denoted Pc, which
is created by applying the penalty-function method to the original problem Pc"

minimize fn (x),
with fn f+ K.. o F,

subject to x X.

The expression (-c)+ (+) in the definition off, will be avoided due to the assump-
tions in Theorem 5. As usual, we denote the value inf Pc, inff,(X) and the set of
the approximate classical solutions Arginf Pc, {X X;fn(X) --<inf Pc,,, + e}. In the
classical framework, very little can be said about the convergence when n -, see e.g.
[3]. The generalized problem GPc, however, enables us to give some convergence
results. Recall that Pc is supposed to be nontrivial.

THEOREM 5. Letf be boundedfrom below by a constant b >-o; and let p" Y- R
fulfill the assumptions" tp is uniformly continuous, p( C) O, and I V
0: q( Y\ V(C))>-8. Then inf Pc,./ inf GPc (monotone convergence). Furthermore, let

xn Arginf(.) Pc,. with e(n) 0 for n - +c. Then the sequence {xn} has a cluster point
and each of such cluster points belongs to Arginf GPc.

Proof. The sequence {inf Pc,.} is nondecreasing, because fn-<f. for n _-< m, and
thus there exists its limit lim._ooinf Pc, Clearly, the assumptions imposed on
guarantee that p(37) 0 for 37 and p(37) > 0 for 37 (. Let g Arginf GPc. Then
f(g)=infGPc and (F(:))=0. Since poF is continuous on X, there is
(depending on e > 0) such that q(F(U(g))) -< e. Also there is x X (’1 U() for which
f(x)-<_ inf GPc + e. Therefore, we have f.(x) <= inf GPc + e(1 + K.). Thus for every n,
inf Pc, <- inf GPc, because e has been arbitrarily positive, and obviously
limn_.oo inf Pc,. <- inf GPc.

Since X is compact, the sequence {x.} has at least one cluster point, say g. We
can easily obtain the estimate q(F(xn))<-(infPc-b+e(n))/K., which gives
p(F(xn))-O for now. Thus p(F(:))=0, and also F(:) C; in other words,
SdGPc. Obviously, inf Pc,.>-f(x.)-e(n), hence limn_ooinf Pc,.>-f()>-inf GPc.
This shows that limn_ inf Pc, inf GPc and f() inf GPc, i.e. Arginf GPc.

6. Connections to the classical concepts. In this section two special cases are
studied. In both of them, X is a normed linear space (not necessarily complete) with
the norm II" Ilx. Naturally, the uniformity Rx is the norm uniformity, i.e. with the base

x=) x=; IIx - x=llx --< > 0}.
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6.1. Y is an ordered normed linear space. Let Y be an ordered normed linear
space with the norm I]" - and the ordering -<. We suppose that the nonpositive cone
C {y Y; y -< 0} has a nonempty interior; and y > 0 will mean that -y int C (this
notation is due to [3]). Of course, q/y is the norm uniformity on Y.

In this framework the classical optimization problem Pc has the form

minimize f(x)
P)

subject to x X, F(x) _-< O.

Since for p > 0 C +p is a uniform neighbourhood of C (i.e. C +p V(C) for some
V y), the perturbed classical problem may have the form

minimize f(x)p+p
subject to x X, F(x) <- p,

with p > 0. Note that for every V 0"y we can choose a sufficiently small p > 0 such
that C+pc V(C). Thus due to Theorem 3, the filter N(Arginf GP)) has the base
{A,p’, e > 0, p > 0} with ae,p {x X’, ]x

_
X, [Ix x, llx <= , f(xl) <= inf GP)+ e,

F(Xl) -< p}. Furthermore, Theorem 4 gives the convergence results for p N 0 and e N 0,
r(1)namely inf rc+n- inf GP( and Arginf rc+,-- Arginf GP( (in the sense of

Theorem 4).
Now, we can investigate the penalty-function method in more detail. In the function

spaces discussed in the sequel, C will be the cone of nonpositive functions on a
measurable domain FI in an Euclidean space. Using the usual quadratic penalty function
and the projection onto the cone C, we obtain a special form of the function used
in 5, namely’yinfy,<__o IlY- Y]]. Obviously, this function is uniformly continuous
as a function Y- R, rp(y) 0 for y _-< 0 and Vp ) 0::13 ) 0; y -<_ p or rp(y) ->_ 3. Thus we
may apply Theorem 5 to obtain the convergence results. It should be emphasized that
for the evaluation of rp we need not know the projection of y onto C. For example,
for the case Y L(), i.e. the Banach space of the essentially bounded measurable
functions, we can explicitly evaluate (y) ((ess sup y)+): where a+ max (a, 0), while
the projection of y onto C is generally nonunique. The same situation appears in the
space C(), i.e. the Banach space of the continuous functions on a compact domain. On the other hand, the evaluation of may be very difficult even if the projection
onto C is unique. This is the case Y HX([0, 1]), i.e. the Sobolev space (of the Hilbert
type) on the interval [0, 1], in which the projection is of very complicated nature, as
it was shown in [5].

Remark. In applications, the interior of the cone C is often empty. For example,
this is the case Y= L:(), i.e. the Hilbert space of the squared integrable functions.
In such cases the notation used in this section cannot be employed because C +p is
not a uniform neighbourhood of C. However, the general theory may be applied. Using
the function q’y--infyc Ily-y, lly, the filter N(Arginf GP)) can be generated by
the base {a,;e>0} with A={xX;txX, max(llx.-xllx;f(x)-infGP);
q(F(Xl))) < e}. The pertu.rbed problem can take the set C {y Y; q(y)-< e} with
e > 0. Note that the sets C, having nonempty interiors, are quite large in comparison
with C, but even such large perturbations are reasonable from the point of view of
our theory because they still guarantee the convergence (in the sense of Theorem 4)
of the perturbed problems. The penalty-function method can be applied in the same
manner as in the case when C has a nonempty interior. If Y L2(12), then we can
even evaluate q(y)= Ily+}l 2

L2()
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6.2. Classical dual problems. Now it will be shown that inf GPc equals just to
the extremal value of the classical dual problem obtained by the usual augmented-
Lagrangian method (for a survey of the duality theory in optimization see [4]). Here
C is a nonempty subset of a normed linear space Y endowed with a norm I1" Y. The
dual problem can be constructed by the general duality theory of Lindberg when
considered the generalized pairing " YxR/x Y*-R defined by (p,r, v)--
(v, p)+ r. [[p[[ ]. where R+ is the set of nonnegative reals, Y* is the dual of Y, (.,.) is
the pairing between Y* and Y, and a > 0. The perturbed objective " X x Y- R of
the problem Pc is defined as @(x,p)=f(x)+6c(F(x)-p) where 8c" Y- R is the
usual indicator function of C. The (augmented) Lagrangian L’X x R/x Y*-/ is
then defined by

L(x, r, v)= inf (d(x, p)+ d/(p, r, v))=f(x)+ inf d/(F(x)-p, r, v),
p Y pC

and the dual objective G" R+x Y* has the form

G(r, v)= inf L(x, r, v)= inf (h(p)+ q,(p, r, v)),
xX p Y

where h" Y R is the extremal-value function defined by

h(p) inf (x, p).
xX

The extremal value of the dual problem (i.e. the problem: maximize G over the domain
R+x Y*) is denoted/3 (i.e./3 =sup G(R+, Y*)).

We will prove that/3 inf GPc provided thatf is bounded from below as required
in Theorem 5. Denote

e(r, v)= inf b(p, r, v).
pY

Clearly, e(r, v)_-< 0 and lim_.+ e(r, v) 0 forany v Y*.As p(p, rl, Vl)+ P(p, r2,v2)=
if(p, rl + r, Vl + v2), for r >= ro -> 0 we have G(r, v) >- G(ro, Vo) + e(r- ro, v Vo). For any
8>0 we can take to, Vo such that G(ro, Vo)_>-fl-8/2 and r such that e(r-ro,-Vo)>=
-8/2, hence G(r, O)>=fl-8. Since the function r--G(r, 0) is nondecreasing, we see
that lim_/oG(r,O)=fl. However, using the notation of 5 with p(y)=
infyc Ily-yll-, we have clearly inf Pc,, G(K,, 0), and employing Theorem 5, we
come to inf GPc ft.

The problem Pc is called 0-normal (with respect to the perturbations ) iff
/3 inf Pc, see [4]. Thus we may use the usual criteria for 0-normality which in our
situation ensures that infPc=infGPc and, due to Theorem 1, ArginfP.c=
Arginf GPc f3 X.

6.3. R-valued constraints. Let I be an arbitrary index set. We will study the
optimization problem

minimize f(x)
P

subject toxX, Fi(x)<_-0, iI,

where F" X- R are uniformly continuous. To employ the general framework used
above, we set Y=, F-- (Fi)iI and C {(Yi)iei I., Vi Iy --<0}. If the uniformity
on Y is considered as the product of the uniformities on/ (i.e. 0?/y l-I o1/), then
F is uniformly continuous, C is closed and, moreover, Y is compact. Therefore " Y
and C C, which simplifies the generalized problem which can be explicitly written
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in the form

minimize f(.g)
Gp(

subject to X, F, (.g) =< O,

The perturbed classical problem can now have the form

minimize f(x)

subject to x X, Fi(x) <= e,

with e>0 and J is a finite subset of L Obviously, the sets in the form A,j=
x; x, Ilx- <-- f(x ) <- inf GP + e, Fi(Xl) <- e for J} generate the

filter X(Arginf GP)) when e ranges the positive reals and J ranges the finite subsets
of L Furthermore, Theorem 4 gives the interesting result that inf GP and Arginf GP
can be obtained with prescribed accuracy when one fulfills (with certain accuracy)
only a finite number of the constraints.

Supposing I to be finite, we can obtain the usual penalized problem by means of
the function o" (Yi)iei--iei (y)2 which clearly fulfills the properties required in
Theorem 5. It is interesting that the penalty-function method can be generalized to the
case when I is countable, say I-{1,2,...}. Then the penalized problem can be
constructed by means of the function 0 "(yi)i --YI 2-iy-/(1 +y). The verification
of the properties required for o is again a simple matter.

Remark. The widely appearing case of a finite number ofthe constraints F" X R
can be treated by both of the mentioned special cases; however, the former case ( 6.1)
requires Fi to be uniformly continuous with respect to the additive uniformity on R,
while for the later case F may be only uniformly continuous with respect to the
uniformity induced from R.

Remark. Let X be an Euclidean space, C be closed in Y, and the optimization
problem Pc have certain coercive structure, namely either f(x) +oo for [[Xl]x +oo
or :IV Ry such that the set {x X; F(x) V(C)} is bounded. Then we can restrict
our investigation to a sufficiently large closed ball B in X. Since B is compact, we
have clearly B f’l S,dGPc B f-) S,dPc, Arginf GPc Arginf Pc and inf GPc inf Pc.
Thus our theory is not too interesting for the coercive problems on a finite-dimensional
domain.

7. Concluding remarks. If we accept the generalized problems as a realistic setting
of the "technical" optimization problems, and thus avoid the classical problems, we
can introduce also the perturbed generalized problems, which might be denoted as
GPe, for which we can investigate the convergence infGPeinfGPc and
Arginf GP, Arginf GPc in a similar manner as it was made in 4. Also the penalized
classical problems can be extended on X in consequence of the uniform continuity
of . Thus we can obtain the problems which might be denoted as GPc,,, and similar
convergence properties as in 5 can be established.

Also, it should be pointed out that our concept is closely related with the notion
of a proximity space, see e.g. [2]. For readers familiar with the proximity-space theory
we recall that R*x induces not only the same topology as a//x, but also the same
proximity as //x. Moreover, q/*x is the only precompact uniformity inducing this
proximity. At the same time, 9/*x is the coarsest uniformity inducing the proximity in
question. X is isomorphic to the so-called Smirnov compactification of X with respect
to the proximity induced by Rx.
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SIMILARITY AND REDUCTION FOR TIME VARYING LINEAR SYSTEMS
WITH WELL-POSED BOUNDARY CONDITIONS*

I. GOHBERG" AND M. A. KAASHOEK

Abstract. The classical theory of similarity and reduction of causal and anti-causal systems is generalized
and extended to time varying linear systems with well-posed boundary conditions. Two main problems are
solved. The first is to determine to what extent a system with boundary conditions can be simplified by
similarity and reduction. The second problem is to find the invariants of such a simplification. Special
attention is given to the time invariant case.

Key words, time varying systems with boundary conditions, controllability, observability, irreducibility,
weighting patterns, similarity, dilation, structure theorems, integral operators, semi-separable kernels
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0. Introduction and summary.
0.1. Introduction. On a finite time interval a multivariate time varying linear system

with boundary conditions has the following state space representation:

( t) A( t)x( t) + B( t)u( t), a <- <-_ b,

(0.1) y(t)= C(t)x(t)+ D(t)u(t), a<= <- b,

NlX(a)+ N2x(b)=O.

Here A( t) X -> X, B( t) Z --> X, C( t) X -> Y and D(t) :Z --> Y are linear operators
acting between finite dimensional linear spaces. As a function of the main coefficient
A(t) is assumed to be integrable on a =< =< b, the input coefficient B(t) and the output
coefficient C(t) are square integrable and the external coefficient D(t) is measurable
and essentially bounded. The boundary conditions of the system (0.1), which are given
in terms of two linear operators N1 and N2 acting on the state space X, are assumed
to be well-posed, which means that det (N1 + N2 U(b)) # 0. Here U(t) X --> X, a =< -< b,
is the fundamental operator of the system (0.1), i.e.,

(J(t)=a(t)U(t), a<=t<-b, U(a)=Ix.

The well-posedness of the boundary conditions implies that the input/output map of
the system (0.1) can be written in the form of an integral operator:

y(t)= D(t)u(t)+ k(t, s)u(s) ds,

the kernel k(t, s) being given by

C(t)U(t)(N1 + NaU(b))-IN1U(s)-lB(s), a <- s < <- b,
k(t, S) -C(t)U(t)(NI+N2U(b))-IN2U(b)U(s)-B(s), a<-_t<s<-_b.

Time varying linear systems with boundary conditions in state space representation
appear for the first time explicitly in the work of A. J. Krener [17], [18], where he
used such systems to model the problem ofboundary value regulation. Later he analysed
in this way the smoothing of non-Markovian linear processes 19]. More recently, also
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f School of Mathematical Studies, Tel Aviv University, Ramat Aviv, Tel Aviv, Israel.
t Department of Mathematics and Computer Science, Vrije Universiteit, Postbus 7161, 1007 MC
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in the linear estimation theory of stochastic processes governed by time varying systems
with boundary conditions, further progress was made by M. B. Adams, A. S. Willsky
and B. C. Levy [1], [2], [3]. Systems with boundary conditions appear implicitly in
several earlier papers on linear estimation theory written by T. Kailath and his
co-authors (see 11] and the references given there). In Kailath’s papers the systems
are hidden and only their input/output maps appear in the form of integral operators
with semi-separable kernels. Let us mention in particular the paper of B. D. O. Anderson
and T. Kailath [4], where these connections are seen more clearly.

Together with H. Bart the present authors came to systems with boundary condi-
tions via an analysis of Wiener-Hopf integral equations and related convolution
equations [6], [7]. To illustrate this, consider the equation

(0.2) y(t)=u(t)- k(t-s)u(s) as, o<-t<=z,

and assume that the matrix function k(t), which is defined on I-r, r], admits an
extension to a function on the full real line which has a rational Fourier transform
/(A) with /()=0. Then, using the classical realization theory for rational matrix
functions, k(h) can be written in the form/(h) C(A-A)-IB, and it turns out that
the integral equation (0.2) describes the input/output map of the following boundary
value system:

(t) -iAx(t)/ iBu(t), 0 <-_ <-_ -,
(0.3) y(t) -Cx(t)

I P)x(O) + Px("r) O,

where P is the spectral projection corresponding to the eigenvalues of A in the upper
halfplane. The connection between Wiener-Hopf equations and systems with boundary
conditions allows one to obtain explicit formulas for the solutions of the equations
and for the factorizations of the corresponding symbols. These results are not restricted
to systems with finite dimensional state spaces and are of interest also for various
classes of infinite dimensional problems. In particular, in this way it is possible to
solve for the non-conservative case the linear problem of energy transport in a semi-
infinite or finite medium [5, Chap. 6], 16], [21]. Let us mention that for the transport
problems the parameter in the systems (0.1) and (0.3) is not the time but a spatial
variable which characterizes the deepness in the medium.

We feel that the time has come now to find out the basic theory for systems with
boundary conditions and to bring it up to the level of the classical theory of time
varying causal systems which was developed in the sixties by R. E. Kalman, D. C.
Youla, L. Weiss and others (see, e.g., [14], [24], [25] and the books [8], [12], [15],
[22]). In particular, this means that a similarity and reduction theory for systems with
boundary conditions has to be developed. To do this is the main aim ofthe present paper.

0.2. Summary. The main results about causal systems which we would also like
to obtain for systems with boundary conditions can be described shortly as follows.
First of all, a causal time varying system 0 is irreducible if and only if it is controllable
and observable. Here 0 is called irreducible if among all causal time invariant systems
with the same weighting pattern as 0 the state space of 0 is of minimal dimension. By
definition the weighting pattern is the finite rank kernel

k(t,s)=C(t)U(t)U(s)-lB(s), a<-t<-b, a<_s<-b.
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Secondly, after similarity any causal system can be reduced to a controllable and
observable one in a canonical way and without changing the weighting pattern, and,
thirdly, two irreducible causal time varying systems with the same external coefficient
and the same weighting pattern are similar. From these results it is clear that the
weighting pattern is the full invariant for similarity and reduction.

In our case for time varying systems with noncausal boundary conditions it is not
always possible to transform a system by similarity and reduction into a controllable
and observable one. Further, examples show that the weighting pattern is not the full
invariant. In fact, in the general case the role of the weighting pattern is taken over
by a sequence of finite rank kernels"

kr(t,s)=C(t)U(t)pr-lU(s)-lB(s), a<-t<-b, a<_s<-b,

where r- 1, 2,. and P (N + NEU(b))-NEU(b). This sequence of kernels (or their
associated finite rank operators) will be called the sequence of weighting patterns of
the system (0.1). In the causal case (i.e., N1 =/, N2 0 and hence P 0) all kernels in
the sequence are identically zero except the first one which is the classical weighting
pattern.

To characterize the noncausal irreducible systems, we need to introduce for each
noncausal system an extended system which is obtained from the original one by
adding in a standard way a number of new inputs and new outputs. For the system
(0.1) the extension we have in mind is defined as follows"

:( t) A( t)x( t) + B( t)( t), a <-_ <-_ b,

(0.4) )7(t) (t)x( t), a <--_ <= b,

where

Nix(a)+ N2x(b)=O,

(t)=[B(t) U(t)PU(t)-IB(t) U(t)P"-U(t)-IB(t)],
(t)=[C(t) C(t)U(t)PU(t)-1... C(t)U(t)p"-Iu(t)-I]r

with P=(NI+ N2U(b))-N2U(b) and n equal to the state space dimension. (Here,
as well as in the sequel, the symbol [...]at means that one has to take the block
transpose.) We prove that the original system (0.1) is irreducible if and only if the
extended system (0.4) is controllable and observable, which means that the following
block matrices have full rank:

[ P p--’], [ P tgp--’],
where and are the controllability and observability Gramians of (0.1), respectively,
i.e., -- g(t)-lB(t)B(t)*(g(t)-l)*dt, = U(t)*C(t)*C(t)U(t) dt.

Irreducibility of (0.1) means now that among all time varying systems with the same
sequence of weighting patterns as (0.1) the state space of (0.1) is of minimal dimension.
As in the causal case a canonical procedure allows one to reduce (after similarity) any
time varying system with boundary conditions to an irreducible one. Further, we show
that irreducible systems with the same external coefficient and the same sequence of
weighting patterns are similar.
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We specify and extend the theory of similarity and reduction for time invariant
systems. The system (0.1) is time invariant if the coefficients A=A(t), B= B(t),
C C(t) and D D(t) do not depend on t. In the time invariant case irreducibility
means that the following block matrices have full rank:

[B AB A"-IB PB PAB PA"-IB P"-B P"-IAB P"-IA"-B],

[C CA CA"-I CP CAP CA"-P CP"-I CAP"- CA"-P"-I],
where, as before, n is equal to the dimension of the state space. For time invariant
systems with the extra property that the operator P commutes with the main coefficient
A, which is true obviously in the causal case, our results concerning similarity and
reduction resemble strongly the classical theorems for causal time invariant systems.

Let us make a few remarks about the extended system defined by (0.4). In the
paper we actually work with a more refined type of extension which has a few additional
properties. Namely, if 0 denotes the original system and E(O) the extension, then
E (E (0)) E (0) and E (0) 0 whenever 0 is causal, anti-causal or 0 is controllable
and observable. In our opinion this notion of extension deserves to be studied further
from the system theoretic point of view.

The theory of similarity and reduction developed in this paper has a natural
analogue for discrete time systems with boundary conditions which we have set out
fully in 10, Chap. IV]. In [10] one also finds a more detailed exposition of the present
paper.

1. Preliminaries. This section has a preparatory character. We introduce some
necessary terminology and we recall for systems with boundary conditions the notions
of similarity, dilation and irreducibility.

In what follows the time varying boundary value system (0.1) will be denoted by

O=(A(t), B(t), C(t), D(t); N1, N2) b

Here A(t) X X, B(t) :Z X, C(t) :X Y and D(t) :Z Y are linear operators
acting between finite dimensional linear spaces. As a function of the main coefficient
A(t) is integrable on a _-< <- b, the input coefficient B(t) and the output coefficient C(t)
are square integrable, and the external coefficient D(t) is measurable and essentially
bounded. The spaces X, Y and Z are finite dimensional vector spaces over 0 endowed
with a norm and an inner product. The boundary conditions of (1.1) are given in terms
of two linear operators N1 and N2 acting on the state space X. In (1.1) the indices a, b
will be omitted when it is clear on which time interval the system 0 has to be considered.
By definition the fundamental operator of 0 is the unique absolutely continuous solution
U(t) :X - X, a <_- -< b, of the operator differential equation

(1.2) (_J(t)=A(t)U(t), a<-t<-_b, U(a)=lx.

The boundary conditions of 0 are said to be well-posed ifthe operator N1 + N2 U(b)
is invertible, in which case they can be rewritten in the following equivalent form:

(1.3) (I-P)x(a)+ PU(b)-lx(b)-O,

where P (N1 + N2U(b))-IN2U(b). The operator P is called the canonical boundary
value operator of 0. For a system 0 with well-posed boundary conditions the input-
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output operator To: L2([a, b], Z)--> L2([a, hi, Y) is the bounded integral operator

(Totc)(t)= D(t)C(t)+ C(t)U(t){(I-P) IJ U(s)-lB(s)tc(s) ds

-P U(s)-B(s)o(s) ds a<-t<-b.

Controllability and observability of a system with well-posed boundary conditions
do not depend on the particular form of the boundary conditions (see [18]) and they
are the same as for causal systems (i.e., N1 =/, N2 0). The operators

c(0) U(t)-lB(t)B(t)*(U(t)-l)* at, (7(0) u(t)*c(t)*c(t)u(t) dt

are called the controllability Gramian and observability Gramian of 0, respectively, and
as in the causal case a system 0 with well-posed boundary conditions is controllable
(resp., observable) if and only if (0) (resp., (0)) is invertible.

Two time varying systems 01 and 02,

(1.4) 0 (A(t), B(t), C(t), D(t); N), N(2)), v 1, 2,

with state spaces X1 and X2, respectively, are called similar (notation: 01---02) if 01
and 02 have the same external coefficient and there exist an invertible operator
E:X1--> X2 and an absolutely continuous function S(t) X1--> X2, a <-t<= b, of which
the values are invertible operators, such that

(1.5) A2(t) S( t)Al( t)S(t)- + ( t)S(t)-1,

(1.6) BE(t)= S(t)Bl(t),

(1.7) C2(t) CI( t)S(t)-,
(1.8) S2= ESpieS(a)-1, N2= EN21)S(b)-1,
almost everywhere on a _-< t_-< b. This notion of similarity appears in a natural way
when in (0.1) the state x(t) is replaced by z(t) S(t)x(t) (see [9, 1.5]). We shall refer
to S(t), a -<_ -<_ b, as a similarity transformation between 01 and 02. Formula (1.5) implies
that the fundamental operators U(t) and UE(t) of 01 and 02, respectively, are related
in the following way:

(1.9) U2(t)=S(t)Ul(t)S(a)-, a<=t<=b.

Well-posedness of the boundary conditions is preserved under a similarity transforma-
tion and similar systems with well-posed boundary conditions have similar canonical
boundary value operators. In fact, if P and P2 are the canonical boundary value
operators of 01 and 02, respectively, then the above formulas imply that P2
S(a)P1S(a)-1. It follows that similar systems with well-posed boundary conditions
have the same input-output operators.

For a system with well-posed boundary conditions we define 0 to be the system

(1.10) 0 (0, U(t)-lB(t), C(t)U(t), D(t); I-P, P)b

Here U(t) is the fundamental operator of 0 and P is its canonical boundary value
operator. Obviously, 0-0; in fact, to obtain 0 one applies to 0 the similarity
transformation S(t) U(t)-1, a _-< _-< b. Note that, (0) 0.
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A system O (A( t), B( t), C(t),D(t); N1, N2)b will be called a dilation of the
system 00 (Ao(t), Bo(t), Co(t), Do(t); N), N)) b if D(t) Do(t) a.e. on a -< <= b
and the state space X of 0 admits a decomposition, X X103XoX2, such that relative
to this decomposition the coefficients of 0 and its boundary value operators are
partitioned in the following way:

(1.12)

(1.13)

A(t)= Ao(t) B(t)= Bo(t)
0 0

C(t)=(0 Co(t) *),

N,,=E N v= 1,2.
0

Here (1.11) and (1.12) hold a.e. on a<-t<-_b. The operator E appearing in (1.13) is
some invertible operator on X. The symbols denote unspecified entries. The dilation
is said to be proper whenever dim X > dim Xo. Ifthe dilation 0 has well-posed boundary
conditions, then the same is true for 00 and the systems 0 and 0o have the same
input-output operator. To see this, one uses the fact that the fundamental operators
U(t) and Uo(t) and the canonical boundary value operators P and Po of 0 and 0o are
related in the following way:

(1.14) U(t) Uo(t) P= Po
0 0

The system 0o is called a reduction of 0 if 0 is a dilation of 00, and 0o is said to
be a proper reduction if, in addition, the state space dimension of 00 is strictly less
than the state space dimension of 0. It is one of the classical results about causal
systems that for a causal system 0 the system 0[] (see (1.10)) has a controllable and
observable reduction (cf., [14], [24], [25]). Since 0"--0r, it follows that a causal time
varying system is similar to a dilation of a controllable and observable system (which
is the main part of Kalman’s canonical structure theorem 14]).

A time varying linear system 0 with well-posed boundary conditions is called
irreducible if none of the systems similar to 0 admits a proper reduction. Since the
system 0= has a proper reduction whenever 0 (or any system similar to 0) has a proper
reduction, one may conclude that 0 is irreducible if and only if 0r does not have a
proper reduction. For a causal system irreducibility is equivalent to controllability and
observability (see [14]), but for systems with noncausal boundary conditions this is
not true. In fact, in contrast to controllability and observability the notion of
irreducibility depends heavily on the boundary conditions.

2. Main theorems. To state our main theorems, we use a standard procedure to
add to a system new inputs and new outputs without changing the state space. Let
0 (A(t), B(t), C(t), D(t); N1, N2) b be a system with well-posed boundary conditions.
Let U(t) be the fundamental operator of 0 and P its canonical boundary value operator.
For r and q positive numbers we define the (r, q)-extension of 0 (notation: E,q(O)) to
be the system

f:( t) A( t)x( t) + B(r)( t)ft( t), a <= <- b,
Eq(O) f(t)= cq)(t), a<- t<= b,

[N,x(a)+ N:x(b)=O,
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of which the input space is equal to Z(r) (i.e., the direct sum of r copies of the input
space Z of 0), the output space is Y(q (i.e., the direct sum of q copies of the outspace
Y of 0) and

B(’)(t)=[B(t) U(t)PU(t)-B(t) U(t)pr-lu(t)-lB(t)],

c(q)(t)-[C(t) C(t) U(t)PU(t)- C(t) U(t)Pq-U(t)-] T.
The definition of Erq(O) does not involve the external coefficient of 0. The system
Erq(O) has well-posed boundary conditions, and Eq(O) and 0 have the same canonical
boundary value operator. The controllability and observability Gramians of Erq(O) are
the following operators"

(2.1) C(Erq(O))= p-cC(O)(P*)-,
v-----1

q

(2.2) (Eq(O))= (P*)-?(O)P-,
where (0) and 6(0) are the controllability and observability Gramians of 0,
respectively. Obviously,

(2.3) ImC(Eq(O))=Im[C(O) P(O)... Pr-l(0)],
q

(2.4) Ker 6(Eq(O))= f’l Ker 6(0)Pj-1.
j=l

Let m and be the smallest positive integers such that both C(E,,l(O)) and
6(E,,(O)) are of maximal rank. Note that the dimension of the right-hand side of
(2.3),is maximal for r d, where d is the degree of the minimal polynomial of P (which
is less than the dimension of the state space of 0). It follows that 1 -< rn =< d. Similarly,
1 <= l<-d. The system E,,l(O) will be called the standard extension of 0 (notation:
STE (0)). If 0 is causal (i.e., N1 =/, N2 0 and hence P 0) or if 0 is anti-causal (i.e.,
N1 0, N2 I and hence P I), then the degree of the minimal polynomial of P is
1 and hence in those cases STE (0)= 0. The equality STE (0)= 0 also holds if the
original system 0 is controllable and observable. Finally, if the standard extension
procedure is applied to the system STE (0), then nothing new is obtained, i.e.,

(2.5) STE (STE (0))= STE (0).

THEOREM 2.1. Let 0 (A(t), B(t), C(t), D(t); N1, N2) beasystem with well-posed
boundary conditions, and let U( t) be its fundamental operator. The following statements
are equivalent:

0 is irreducible.
(ii) The standard extension of 0 is controllable and observable.
(iii) The following block matrices have full rank:

[c(0) POe(O)... Pd-’c(O)], [6(0) 6(O)P 6(o)pd-’]T;

(iv) rank Wj+k_l(0)]j,k=ld dim X.

Here c(0) and (0) are the controllability and observability Gramians of O, respectively,
X is the state space of O, the operator P is the canonical boundary value operator of O,
the number d is the degree of the minimal polynomial of P and W( O) is the finite rank
integral operator:

(2.6) (W(O)q)(t)=C(t)U(t)P- U(s)-B(s)o(s) ds, a<-_t<-_b.
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The operator W(0) defined by (2.6), which acts from L2([ a, b ], Z) into
L2([a, b l, Y), will be called the jth weighting pattern of the system O(j 1, 2,...). For
a causal system all weighting patterns are zero except the first one which is the classical
weighting pattern. In case P is a projection only the first two weighting patterns are
of interest. If the coefficients of 0 are analytic functions in the time parameter and
P is a projection, then the weighting patterns are uniquely determined by the input-
output operator and, conversely, the input-output operator is uniquely determined by
(the first two) weighting patterns. The weighting patterns do not change under similarity,
dilation and reduction.

THEOREM 2.2. TWO irreducible systems are similar ifand only if they have the same
external coefficient and the same sequence of weighting patterns, and in that case the
similarity transformation is unique.

THEOREM 2.3. A time varying system 0 with well-posed boundary conditions is
irreducible if and only if among all time varying systems with well-posed boundary
conditions and with the same sequence of weighting patterns as 0 the system 0 has the
smallest state space dimension.

THEOREM 2.4. A time varying system 0 with well-posed boundary conditions is similar
to a dilation of an irreducible system. More precisely, let 0 (A(t), B(t), C(t), D(t);
N1, N2)b have well-posed boundary conditions, let U( t) be the fundamental operator of
0 and P its canonical boundary value operator, and choose a direct sum decomposition,
X X1 O)XoO)X2, of the state space X of 0 such that X1 Ker 6 and Xo is a direct
complement ofX fq Im in Im qg, where and are the controllability and observability
Gramians of the standard extension of O, respectively. Then relative to the decomposition
X X1 O) XoO) X2 the following partitionings hold true:

U(t)-lB(t) B t) C(t)U(t)=(O Co(t)

P= Po *
0 *

), a<-t<-_b, a.e.,

the system Oo (0, Bo(t), Co(t), D(t); I-Po, po)b is irreducible and 0 is similar to a
dilation of 0o.

COROLLARY 2.5. TWO time varying systems 01 and 02 with well-posed boundary
conditions are similar to dilations of the same (irreducible) system if and only if 01 and

02 have the same external coefficient and the same sequence of weighting patterns.
The theory developed in this section yields a general procedure to transform an

arbitrary time varying system 0 with well-posed boundary conditions into a controllable
and observable system. First one applies (as in Theorem 2.4) a similarity and a reduction
to transform 0 into an irreducible system 0o. Next, one adds to 0o inputs and outputs
using the standard extension procedure defined in the beginning of this section.
According to Theorem 2.1 the resulting system STE (0o) is controllable and observable.

In an earlier version of this paper (see [10]) we used the terms p-controllability
and q-observability to describe irreducibility. Here p-controllability and q-observability
of 0 mean that the operators

p q., PI-’cC(O)(P*)I-1, ., (P*)J-’e(O)W-’
j=l j=l
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are invertible. Thus 0 is p-controllable and q-observable if and only if the (p, q)-
extension Epq(O) is controllable and observable, and according to Theorem 2.1 the
system 0 is irreducible if and only if 0 is p-controllable and q-observable for p and q
sufficiently large.

3. Proofs of the main theorems. In this section we prove Theorems 2.1-2.4 and
Corollary 2.5. We begin with a few general observations. In what follows 0 (A(t),
B(t), C(t), D(t); N1, N2) is a system with well-posed boundary conditions, U(t) is
the fundamental operator of 0 and P its canonical boundary value operator.

LEMMA 3.1. Assume that 0 admits a reduction, i.e., the state space X of 0 admits
a decomposition X X(Xo(X2 such that relative to this decomposition (1.11), (1.12)
and (1.13) hold true. Then

(3.1) Im pr-l(o) c XotX, Ker c(o)pr-l X, r>--_ 1.

Proof. From formula (1.11) it follows that the fundamental operator U(t) of 0
can be represented as in (1.14). This implies that Im U(t)-lB(t)cXa(Xo and
Ker C(t) U(t) X for almost all a -< -< b. But then it is clear from the definitions of
the Gramians c(0) and (0) that Im qg(O)cX@Xo and Ker 7(0)X1. Next, use
the fact that P can be written as in (1.14). So the spaces X@Xo and X .are invariant
under P and (3.1) follows.

Let E,,l(0) be the standard extension of 0. Denote by qg and the controllability
and observability Gramians of Eml(O). From the definition of the standard extension
it follows (see (2.3) and (2.4)) that

(3.2) Im qg=Im[(0) Pqff(O) Pr-q(0)], r >-m,
q

(3.3) Ker f’l Ker ’(0)Pj-, q >- I.
j=l

This implies that Im c and Ker are invariant under P.
Put X Ker , and let Xo be a direct complement of X1 f’l Im q in Im qg. Further-

more, let X2 be a direct complement of X1 + Xo in the state space X of 0. Then
X X@Xo@ X2. The fact that P leaves invariant the spaces X1 and X1 + Xo implies
that relative to the decomposition X X@Xo@X_ the operator P admits the following
partitioning:

(3.4) P= Po
0

Let us consider the partitioning of U(t)-lB(t) and C(t)U(t) relative to the
decomposition X X1 XoX2:

/Bl(t)/(3.5) U(t)-lB(t)=lBo(t) C(t) U(t)=(Cl(t) Co(t) C2(t)).
\B:(t)

LEMMA 3.2. In (3.5) the entries B:(t) and Cl(t) are zero almost everywhere on
a<=t<_b.

Proof. Introduce the following auxiliary operators:

(3.6) F: L2([a hi, Z) --- X, F U(s)-lB(s)((s) ds,
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(3.7) A:XL2([a,b], Y), (Ax)(t)=C(t)U(t)x.

Note the FF*= c(0) and A’A=6(0). In particular, ImF= Im c(0) and Ker A=
Ker 6(0). Since Im c XIXo, we have Im c(0) c XIO)Xo (see (3.2)), and it follows
that HF 0, where II is the projection of X along X10)Xo onto X2. In other words

bnU(S)-n(S),C(S) ds=O V e L2([a, b], Z).

But then we may conclude that II U(s)-1B(s) 0 on a _-< s -<_ b. This proves that B2(t) 0
a.e. Next observe that (3.3) implies that KerA X1, and thus C(t)U(t)x=O a.e. on
a_-<t-<_b for eachx

Proof of Theorem 2.1. (i)(ii). Assume 0 is irreducible. Put

(3.8) 0o (0, Bo(t), Co(t), D(t); I Po, Po) b

where Bo(t) and Co(t) are defined by (3.5) and Po by (3.4). The triangular form of P
(see (3.4)) and the fact that in (3.5) the entries BE(t) and Cl(t) are zero a.e. imply that

0o is a reduction of the system 0[] (which is defined by (1.10)). It follows that 0 is
similar to a dilation of 0o. But 0 is irreducible. So X- Xo, and we may conclude that
Ker 6 (0) and Im c X. In other words, the standard extension of 0 is controllable
and observable.

(ii)(i). Assume that the standard extension of 0 is controllable and observable.
Let 01 be a system that is similar to 0. We want to prove that 01 does not have a proper
reduction. First we show that the standard extension of 01 is also controllable and
observable. Let X and X1 be the state spaces of 0 and 01, respectively, and let
S(t) X - X1, a <= =< b, be the similarity transformation between 0 and 01. Then for
any pair of positive numbers r and q the transformation S(t) is a similarity between
Erq(O) and Erq(O1). This implies that the standard extension of 0 and 01 are similar.
Since controllability and observability are preserved under similarity, it follows that
the standard extension of 01 is controllable and observable.

But then it suffices to show that 0 does not have a proper reduction. Assume, as
in Lemma 3.1, that 0 has a reduction induced by the decomposition X X10) Xo0) X2.
Then (3.1) implies that Im = XoO)X1 and Ker6 X1. But 0 is controllable and
observable. So Im c X and Ker 6 (0). It follows that Xo X, and the reduction is
not proper. So 0 is irreducible.

(ii):(iii). Let d be the degree of the minimal polynomial of P. Assume E,,(O)
is the standard extension of 0. Then we know that 1 <_- m -<_ d and 1 <_- <- d. In particular
(see (3.2) and (3.3)) we have

d

(3.9) ImCC=Im[C(0) P(0)... pd-lc(O)], Ker6= f’l Ker(0)Pj-1.
j=l

Thus the standard extension of 0 is controllable and observable if and only if

d

(3.10) X=Im[C(0) PrO(O)... pd-lc(O)], f3 Ker6(0)pj-l=(0).
j=l

This proves the equivalence of the statements (ii) and (iii).
(iii) :> (iv). Using the auxiliary operators F and A defined by (3.6) and (3.7),

respectively, one can rewrite the jth weighting pattern in the form: W(0)= AP-F.
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It follows that

(3.11) W+k_l(0)]ja,k=l / A.Ap /[F PF

Since FF*= c(0) and A*A 6(0), it is easily seen that

Im[(0) P(O)... Pa-I(0)J=Im[F
d d

fq Ker 6(0)pj-1 ("1 Ker APj-l,
j=l j=l

pd-IF]"

PF Pa-IF],

Fo" L2([ a, b ], Z)-> Xo,

Ao" Xo L2([ a, b], Y),

ro Bo(s)p(s) ds,

(Aox)( t) Co( t)x.

From the partitioning of U( t)-lB( t), C(t)U(t) and P we may conclude that

(3.12) pr-lF= r--1 Apr-l=(0 AoP;-1 ,), r>l

Now recall that Xo Im = Im [F PF Pa-F], where d is the degree of the
minimal polynomial of P. So the first identity in (3.12) implies that Xo
Im[Fo PoFo Poa-lFo]. Furthermore, X1 f3=1 Ker APj-l, and so the second
identity in (3.12) shows that fq=l KerAoP-=(0). Now apply Theorem 2.1 to
conclude that 0o is irreducible. I-]

Proof of Theorem 2.2. It is easily seen that the weighting patterns are preserved
under similarity. It follows that two similar systems have the same external coefficient
and the same sequence of weighting patterns. Wc have to prove that for irreducible
systems the converse statement is also true.

For v 1, 2 let 0 (A(t), By(t), C(t), D(t); N), N()) be an irreducible
system. Assume that DI(’)= O2(’) and that 01 and 02 have the same sequence of
weighting patterns. We want to prove that 01 and 02 are similar. For v 1, 2 let X be
the state space of 0, let U(t) be the fundamental operator of 0 and P, its canonical
boundary value operator. Take n to be the maximum of dim X and dim X2. Put

(t)=[B,,(t) U(t)PU,.(t)-IB,.(t) U,.(t)PnU(t)-lB,.(t)],
.(t) C(t) C.(t) U.(t)P.U(t)- C(t) U(t)P" U(t)-],

and consider the causal system A (A(t),/J(t), (t), 0;/, 0)a, where v 1, 2. The

auxiliary operators

and thus the rank of the left-hand side of (3.11) is equal to dim X if and only if (3.10)
holds. This proves the equivalence of (iii) and (iv). D

Proof of Theorem 2.4. Lemma 3.2 and the paragraph preceding this lemma show
that U( t)-lB( t), C(t)U(t) and P have the desired block matrix structure. It follows
that the system 0o (0, Bo(t), Co(t), D(t); I Po, Po) b is a reduction of the system 0[]
(see (1.10)), and thus 0 is similar to a dilation of 0o. It remains to prove that 0o does
not admit a proper reduction.

Let F and A be the operators defined by (3.6) and (3.7), and consider the following
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irreducibility of 01 and 02 implies that A1 and A2 are controllable and observable. Note
that the first weighting pattern of A is given by

Wl(a) +_,(" "+’
tv lj,k= 1"

Since 01 and 02 have the same sequence of weighting patterns, we conclude that A1
and A2 have the same first weighting pattern. But then we can apply the classical
similarity theorem for (observable and controllable) causal systems (see, e.g., [25]) to
show that A1 A2. So there exists an absolutely continuous function S(t)’X1 - X2, of
which the values are invertible operators, such that

(3.13) A(t) S( t)Al( t)S(t) -1 + ( t)S(t) -1,

(3.14) /2(t) S(t)/1(t), 2(t) 1( t)S(t) -1,
almost everywhere on a <_-t-< b. Obviously, (3.14) implies that

(3.15) B2(t) S(t)Bl(t), C2(t) Cl(t)S(t)-1.

So to prove that 01 and 02 are similar, it remains to show that P2 S(a)-IP1S(a). To
do this, introduce

(t)=[B(t) U(t)PU(t)-IB(t)
(t)=[C(t) C(t)U(t)PU(t)-1

for v 1, 2. From (3.14) we may conclude that

(3.16) B2(t) S(t)Bl(t),

(3.17)

U(t)Pn-1U(t)-lB(t)],

C(t) U( t)P-1U( t)-l] T

U2( t)e2 U2(t)-1/2(t) S( t)( UI( t)P1UI(t)-l) Jl(t).

Now use that (3.13) implies that UE(t)S(a)= S(t)Ul(t), and insert this latter identity
in the right-hand side of (3.17). So with (3.16) and (3.17) we come to:

But then

(P2-S(a)P1S(a)-I)u2(t)2(t)=O, a<-t<=b, a.e.

(P2-S(a)P1S(a)-I)( PJ2-1c(o2)(P*2)j-l)
j=l

Ia’=(P2-S(a)P1S(a)-1) U2(t)-l2(t)2(t)*(U2(t)-l)* dt=O,

and we can use the controllability of the standard extension of 02 to show that
P2-S(a)P1S(a)-I--o.

The uniqueness of the similarity follows directly from the corresponding statement
for causal systems. Indeed, let So(t) X1 -> X2, a <- <- b, be a similarity transformation
between 01 and 02. Then U2(t)So(a)=So(t)Ul(t) for a<-t<-b and P2So(a)=So(a)P,.
It follows that So(t) is also a similarity transformation between A1 and A2. But A1 and
A2 are causal systems, which are controllable and observable. Hence the similarity
transformation is unique.

ProofofCorollary 2.5. Similarity and dilation do not change the external coefficient
and the sequence of weighting patterns. So we have only to prove the "if part" of
Corollary 2.5.

To do this, assume that 01 and 02 have the same external coefficient and the same
sequence of weighting patterns. We know (Theorem 2.4) that 01 is similar to a dilation
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of an irreducible system, 01o say. Also 02 is similar to a dilation of an irreducible
system, 02o say. Since similarity and dilation do not change the external coefficient
and the sequence of weighting patterns, we conclude that 01o and 02o have the same
external coefficient and the same sequence of weighting patterns. But then we can
apply Theorem 2.2 to show that 01o and 02o are similar. Put 0o 01o. Then 0o is
irreducible and 01 is similar to a dilation of 0o. Further, since 02o 0o, we can use the
next lemma to show that 02 is similar to a dilation of 0o. [3

LEMMA 3.3. Let 0 be a dilation of 0o, and let o be a system similar to 0o. Then 0
is similar to a dilation of o.

Proof. Let O=(A(t), B(t), C(t), D(t); N1, NE)ab and Oo=(Ao(t), Bo(t), Co(t),
Do(t). N), N(2)) b. Further, let So(t)" Xo- -o,. a _-< _-< b, be a similarity between 0o
and 00. Thus the boundary value operators of 0o are of the form

)Qo) FoNO)So(a)-l, /(2) FoN(2)So(b -1,

where Fo’Xo Xo is some invertible operator. Since 0 is a dilation of 0o, we may
assume that (1.11), (1.12) and (1.13) hold true. Put S(t) Ixl So(t)O) Ix2 and F= IxlO)
FoO) Ix2. Then F, S(t)" X1 q) Xo0) X2 XIXo0) X2, a =< _<- b, are invertible operators.
Consider S(t), a <- t<=b, as a similarity transformation. When applied to 0, this
transformation yields a new system 0 of which the boundary value operators are
given by

][1-- FE-1N1S(a)-1, 1([2 FE-1N2S b

where E is the invertible operator appearing in (1.13). So 0 0, and it is easily checked
that ff is a dilation of fro. [3

Proof of Theorem 2.3. Assume that among all systems with the same sequence of
weighting patterns as 0 the dimension of the state space of 0 is as small as possible.
Let 0o be the system introduced in Theorem 2.4. Since 0 is similar to a dilation of 0o,
we know that 0 and 00 have the same weighting patterns. So our hypotheses imply
that the dimension of the state space Xo of 0o is larger than or equal to the dimension
of the state space X of 0. But from the construction of 0o it is clear that Xo c X. Thus

Xo X. But then 0 "-0o, and we can use the irreducibility of 0o to conclude that 0 is
irreducible.

To prove the converse, assume that 0 is irreducible. Let 01 be a system with
well-posed boundary conditions and with the same sequence of weighting patterns as
0. Without loss of generality we assume that 0 and 01 have the same external coefficient.
Then, by Corollary 2.5, the systems 0 and 01 are similar to dilations of the same
irreducible system 0o. The fact that 0 is irreducible implies that 0 0o. So the dimension
of the state space of 0 is equal to the dimension of the state space of 00 and the latter
dimension is less than or equal to the dimension of the state space of 0. O

4. The time invariant case. In this section we review and specify the theory
developed in 2 and 3 for a time invariant system with boundary conditions:

( t) Ax( t) + Bu( t),
y( t) Cx( t) + Du( t),
NlX(a)+ Nzx(b)=O.

Such a system is characterized by the fact that the main coefficient, the input and
output coefficients and the external coefficient do not depend on the time variable t.

For brevity we write 0 (A, B, C, D; N1, N2)b
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The fundamental operator of the time invariant system 0 is equal to U(t) e(t-a)A,
a =< <= b. Hence 0 has well-posed boundary conditions if and only if det (N1 eaa+
N2 ebA) # O, and in that case the canonical boundary value operator P of 0 is given by

(4.1) P eaA(N1 eaA + N2 ebA)-1 N2 e(b-a)A.

For a time invariant system 0 (A, B, C, D; N1, N2)ab with well-posed boundary
conditions, the (r, q)-extension Erq(O) is the system"

where

f( t) Ax( t) + B(r)( t)( t), a <- <- b,
Erq(O) (t) c(q)(t)x(t), a <= <-_ b,

( N,x(a)+ N2x(b) =O,

B()(t)=[B e(t-")Ape(’-OAB e(t-a)Apr-1 e(a-t)AB],
c(q)(t)--[C Ce(t-a)Ape(a-t)A Ce(t-a)Apq-1 e(a-t)A] T,

with P equal to the canonical boundary value operator of 0 (see (4.1)). It follows that
in general the (r, q)-extensions of 0 are not time invariant, but depend on time. (An
important special case when the (r, q)-extensions are time invariant systems will be
discussed in the next section.) The fact that the (r, q)-extensions of 0 (which include
the standard extension) are not time invariant is probably one of the reasons that in
many respects a time invariant system with well-posed boundary conditions behaves
like a time varying system.

The rth weighting pattern of a time invariant system 0 (A, B, C, D; N1, N2)b is
the finite rank integral operator

(Wr(O)tp)(t)=Ce(t-a)Apr-1 e(a-s)ABcp(S) ds.

By expanding e(t-a)A and e(a-s)A into power series in t-a and s- a, respectively, one
sees that the weighting patterns are uniquely determined by the operators

(4.2) CAipr-IA’B, i, r- 1 O, 1, 2,. ..
The triple sequence (4.2) will be called the sequence of moments of 0.

Next we review the theorems of 2 for the time invariant case. Let 0=
(A, B, C, D; N1, N2)b be a time invariant system with well-posed boundary conditions,
and let P be its canonical boundary value operator. The condition of irreducibility for
0 in Theorem 2.1(iii) may be replaced by the condition that the following block matrices
have full rank:

[B AB A"-IB PB PAB PAn-IB pd-IB Pd-AB pd-IAn-IB],

C CA CA"- CP CAP CAn-lp Cpd- CApd- CA,,-pd-]r.

Here n is the dimension of the state space and (as before) d is the degree of the
minimal polynomial of P.

In Theorem 2.2 (for time invariant systems) the weighting patterns can be replaced
by the moments. Note, however, that the similarity transformation between two similar
irreducible time invariant systems does not have to be time independent. For example,
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consider the following two systems:

2 =u, 0-<_t-<_1,

01 y-- X2,

x(0) x2(0) + xz(1) O,

2=u, 0-<t-<l,
02 y x2,

x(O) x2(O) + x2(1) O,

One checks that

x,(O) x(1) x(1) O;

Xl(O Xl(1) X2(1) O.

0 0--<t-<-l’

is a similarity transformation which transforms 0 into 02. Since the main coefficient
of 0 is zero and the main coefficient of 0 is different from zero, there is no time
independent similarity transforming 0 into 02. It is readily checked (using Theorem
2.1) that 0 and 02 are both irreducible.

In Theorem 2.3 for a time invariant system one may replace the weighting patterns
by the moments. The same remark holds true for Corollary 2.5.

When applied to a time invariant system the similarity and reduction procedure
of Theorem 2.4 does not always yield an irreducible system which is also time invariant.
In fact, it may happen that a system 0 is time invariant and that there is no irreducible
time invariant system with the same sequence of weighting patterns as 0. For example,
take

l U, 2 X, 3 0, 0--< =< 1,
A ]y x3,

lXl(0) X2(0) 0 X2(1) X3(1) 0.

The first weighting pattern of the system A is the zero operator and all other weighting
patterns are equal to the rank one integral operator

(Wq)(t) (s- 1)o(s) as, 0<-t_-<l.

It is not difficult to check that the following system Ao has the same sequence of
weighting patterns as A:

Il=(1-t)u, fc2=(1-t)u, O<=t<=l,
Ao --x + X2,

(x(O) =0, x,(1) =0.

Note that the state space of A has dimension three and that of Ao is two-dimensional.
Thus (see Theorem 2.3) the system A is not irreducible. On the other hand by applying
Theorem 2.1 one easily sees that Ao is an irreducible system. However, A0 is time
varying and one shows without difficulty that there is no time invariant system with a
two-dimensional state space that has the same sequence of weighting patterns as A

and Ao. So for the time invariant system A there is no irreducible time invariant system
with the same sequence of weighting patterns as A.

5. Displacement systems. Deviating slightly from the terminology introduced in
[9, 1.6] we call a time invariant system 0 with well-posed boundary conditions a
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displacement system if the canonical boundary value operator P of 0 commutes with
the main coefficient A of 0. Causal (or anti-causal) time invariant systems are displace-
ment systems. For a displacement system the kernel k of the input-output operator is
a displacement kernel which means (see [13]) that k depends only on the difference
of the arguments, i.e., k(t, s)= h(t-s) for some function h. A similar remark holds
true for the kernels of the weighting patterns of a displacement system. In fact, for a
displacement system the kernel of the rth weighting pattern has the form

Cet-a)apr-n, a<_t<_b, a<_s<_b.

and its moments can be written as CAkpr-IB.
Let 0 (A, B, C, D; N, N)b be a displacement system, and let P be its canonical

boundary value operator. The (r, q)-extension Eq(O) of 0 is the following system:

a<-_t<-b,
Eq( O) ( t) cq)x( t), a <-_ <-_ b,

Nix(a)+ N2x(b)=0,

where

Br)=[B PB Pr-IB],
Cq) [C CP cPq-1] T.

It follows that Erq(O) is again a displacement system. In particular, we see that the
(r, q)-extensions (including the standard extension) of 0 are time invariant. As a
consequence for displacement systems the theory of similarity and reduction of 2
resembles strongly the classical theory of causal time invariant systems.

THEOREM 5.1. A similarity transformation between two irreducible displacement
systems is time independent.

Proof. For v= 1, 2 let O=(A, By, C, D; N1 N2) b be an irreducible displace-
ment system with state space X. Let S(t) X1 X2, a <_- -< b, be a similarity transforma-
tion which transforms 01 into 02. We want to show that S(t) does not depend on t.
Put F= S(a). Then S(t)= eta2Fe-tal and P2F FP1, where P1 and P2 are the canonical
boundary value operators of 01 and 02, respectively. Since P1A1 AlP1 and P2A2
A2P2, it follows that

(5.1) S(t)PI=P2S(t), a<-t<=b.

For v 1 2 consider the causal system A (A / t, 0"/, 0) b where

,,=[B,, P,,B,, Pa-IB,,],
(,=[C, C,P, Cvp-l] T.

Here d is the degree of the minimal polynomial of P, (which does not depend on v).
From (5.1) it follows that S(t), a <= t<= b, is a similarity which transforms A into
The irreducibility of 01 and 02 implies that A and A2 are controllable and observable
systems. Since, in addition, A and A_ are causal, we can use the classical theory of
causal systems to show that S(t) does not depend on (see, e.g., [25, Thm. 2]). [3

THEOREM 5.2. A displacement system is a dilation of an irreducible displacement
system.

Proof. Let 0= (A, B, C, D; NI, N2)b be a displacement system. Let P be the
canonical boundary value operator of 0, and let n be the dimension of the state space
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X of 0. Put
n--1 n--1

(5.2) X CI Ker CAP, V Im prAB,
j,r=O j,r=O

where Vjo z stands for the linear hull of the spaces Zo, , Z,,. The operator P" is
a linear combination of the operators I, P,. , p,-1..So, if x X1, then CAJP"x -0
for j 0, , n 1, and Px X1. Also, Im P"AB c X, which implies that P c ’.
Hence X and " are invariant under P. Since A commutes with P, we may interchange
in (5.2) the positions of A and P. It follows that the spaces X1 and " are also invariant
under A.

Let Xo be a direct complement of X f3 " in ’. Furth.er, let X2 be a direct
complement of XaqXo in X. So X X Xoq3 X2 and Xo X X Xo. It follows
that relative to the decomposition X- X1 XoX2 the operators A and P admit the
following partitioning:

(5.3) A= 0 Ao * P= Po
0 0 * 0

Note that Im B X Xo and Xa Ker C. So

(5.4) B= C =[0 Co ,]

relative to the decomposition X X03 Xo03 X2. Put

Oo (Ao, Bo, Co, D; I- Po, Po e-(b-a)A)b

Then 0 is a dilation of 00. The fact that A commutes with P implies that Ao commutes
with Po. Note that Po is the canonical boundary value operator of 00. Thus 0o is a
displacement system. To prove that 0o is irreducible, it suffices to show that

n--1 n--1

f3 Ker CoA)oP (0), V PAoBo Xo.
j,r=O j,r=O

But these identities follow readily from the partitionings of A, P, B and C (see formulas
(5.3) and (5.4)).

Note that Theorem 5.2 implies that a displacement system is irreducible if and
only if it does not admit a proper reduction. The next result is an immediate corollary
of Theorem 5.2 and Theorem 2.2.

COROLLARY 5.3. Two displacement systems O1 and 02 are dilations of similar
irreducible systems if and only if 01 and 02 have the same external coefficient and the
same sequence of moments.

The results of this section can be extended to certain classes of time invariant
systems with well-posed boundary conditions that are nondisplacement systems. For
example, if AP- PA aP+ flA for some complex numbers a and/3, then one can use
the results of [20] (cf. [23]) to get the desired generalizations.

Acknowledgment. It is a pleasure to thank L. Lerer for useful discussions on the
subject of this paper.
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LARGE DEVIATIONS ESTIMATES FOR SYSTEMS WITH SMALL NOISE
EFFECTS, AND APPLICATIONS TO STOCHASTIC SYSTEMS THEORY*

PAUL DUPUIS? AND HAROLD J. KUSHNER$

Abstract. For typical stochastic systems (e.g., tracking systems), estimates of the behavior are hard to
get. If the noise effects are small, then asymptotic methods are appealing (to get, for example, estimates of
times required to lose track, etc.). In this paper, systems with small noise effects and wide bandwidth noise
inputs are analyzed via large deviations methods. Inputs to many systems in control, communication or in
physics are not "white noise", but of certain "wide bandwidth" types. Since large deviations results can be
sensitive to the actual noise model used, working with a model that is close to the "physical" form is
important. Several such models are dealt with, where the bandwidth is large, but the "intensity" small. For
the models chosen, the action functionals turn out to be the same as for the "small Gaussian white noise"
models. Thus, it is actually feasible to do computations with them. Estimates of the probability that the
path lies in various sets are obtained. The formula for the mean escape time of the system from a set in
which the "average dynamics" are stable is given, as are results on the most likely escape routes and the
likely locations of the path on long time intervals. Such quantities, already available with small white noise
model, are very helpful for understanding the long term systems behavior. The methods are applied to a
detailed analysis of a phase locked loop tracking system (a special form of a nonlinear filter).

Key words, large deviations, phase locked loops, escape times, asymptotic analysis, wide bandwidth
noise inputs, small noise effects

AMS(MOS) subject classifications. 60F10, 93E03, 94A05

1. Introduction. The most common model used for large deviations (or small noise
effects) asymptotic analysis in physics and engineering is the "small Gaussian white
noise" model

(1.1) dx b(xe) dt+vt-tr(xe),1/2 dw, x. R",

[1], [2], [3], [13], [14]. We insert the (nonsingular) matrix E in anticipation of future
developments. Typically, the asymptotic analysis is used to estimate escape times from
certain sets of interest, or the probability of inclusion of the path in a given set over
some given time interval.

Suppose, in particular, that 0 is an asymptotically stable point for b(x) and
G is a neighborhood of 0, with a smooth boundary. Then we might be interested in
an estimate of the probability of escape of x( from G on a time interval [0, T]. Let
Cx[O, T] denote the set of continuous Rn-valued functions on [0, T], with initial value
x. Define the H-function (for (1.1)) and its dual L by

(1.2) H(a, x)= a’b(x)+ a’r(x)Yr’(x)a/2,

(1.3) L(,x)=sup[’a-H(a,x)]=sup[od(O-b(x))+a’tr(x),tr’(x)a/2].
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If tr(x)Etr’(x)= (x) is invertible, then

L(, x) ( b(x))’,-l(x)( b(x))/2.(1.4a)

If

with E1 invertible then (write/3 =(/31, fiE), b (bl, bE))

(1.4b) L(fl, x)--{ (fll-bl(X))’’-l(X)(fll-bl(X))/2oe otherwise.
for/32 b2(x),

Define r(b) inf { t" b(t) G} for b(. Cx[0, oo). All b(. below are in either
Cx[0, T] or Cx[0, ). Define the action functional S(b, T) by

L((s), (s)) ds
S(b, T)=Jo

otherwise.

for b(. absolutely continuous,

Finally, define S(b)=S(b, z(b)). Let Ac C,[0, T] with A and A denoting the
interior and closure of A, respectively. Let A denote the set of functions b(.) in
C0[0, T] such that rk(t) OG for some t< c, and define z =inf {t: x(t): G}.

Typical results for (1.1) are (under broad conditions in G, b(.) and r(.), there
is equality in (1.5b)), for x G,

(1.5a) lim e log Ez inf S(b),
bAG

(1.Sb)

inf S(b, T)<_-lim e logP,{x(.)A}
A

_-<lim e log P,{x(.)A}<--inf S(qb, T).

Thus, obtaining the estimates in (1.5) requires solving a variational problem. With
model (1.1), the integrand L(, b) can be written explicitly, which is not usually the
case for models which use other than "white noise". This simplicity underlies much
of the popularity of (1.1).

By defining u=(r(rk)E/2)-(b-b(rk)) in (1.3), we see that the variational prob-
lem of inf6A Jo L(, rk) ds is equivalent to the "optimal control" problem:

(1.5c) inf [u(t)l dt,
bA

(b b( dp) + tr( c)E1/Zu.

This equivalence will be useful in 4.
From the point of view of applications to physical problems, the model (1.1) has

several deficiencies. Owing to the small noise effects and the stability of b(x), the
escape phenomena of interest requires a long time to occur, and escape depends on
a burst of "unusual" noise. No physical noise is actually "white Gaussian", and the
estimates can be quite sensitive to the actual noise model; e.g., let

: b(x) + o’(x)sc

where to (s) ds/x/- converges to a Wiener process. Under quite reasonable conditions,
the estimates for the quantities in. (1.5) for this model can differ considerably from
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those obtained for (1.1). [4]. See also [5] which presents some continuity results on
the estimates with respect to the statistics of :(.).

In this paper, we replace w(.) in (1.1) by more realistic noise processesmwhich
are approximations to a Wiener process in an appropriate sense. We choose models
such that the above action functional S(b, T) can be used; i.e., the small Gaussian
white noise approximation is valid. The treatment of applications with realistic noise
processes (in, for example, stochastic systems theory) seems (to date) to require the
type of analysis which we do here. The noise models are of the type which arise in
numerous applications in control and communications theory, and in physics. A
detailed application to a phase locked loop (a special form of nonlinear filter) problem
is given in 5. Owing to the possible sensitivity of the results to the model, we treat
the system without simplifying itmand then show that the "Gaussian white noise"
model for a simpler form is indeed valid, under the stated assumptions on the input
noise.

We work with systems of the form

(1.6)

where p (e, 3’), and b(.) and tr(.) are bounded, together with their first partial
derivatives. Let denote the escape time of xP( from G. Two specific stationary
models will be used for the :v(.); in either case the integral of the driving noise

o V(s)ds converges weakly to a Wiener process w(.). In the phase locked loop
example, we illustrate how the model might be easily modified to handle a variety of
slightly different cases.

We will take limits as e - 0 and 3’ 0 simultaneously (i.e., as O - 0). Thus sc(t)
"white noise" (loosely speaking) and its "weight" e converges to zero. This allows a
more realistic modelling than we could get with only a single parameter, since it allows
us to vary the "bandwidth" and "intensity" of the noise more or less independently.

In 1, p. 132], the system x b(x, e) is dealt with, where :(. is a fixed Gaussian
process, and the analogue of (1.5a) is obtained, but the result t,c technique are not
appropriate for our model or for applications such as those in 5. In such cases, we
are concerned with "small noise effects", and these can be caused by either (a) small
noise (multiply a fixed process by e), or (b) by using a process (t/y), for small 3’
(wide bandwidth), or by combination of both effects (e.g., use e(t/y)/x/-). Such
combinations are important in applications.

In 2, we define the specific noise models which are to be used, and in 3, the
appropriate H-functionals are obtained. The basic limit theorems are stated and proved
in 4. Analogues of both (1.5a) and (1.5b) are obtained, as well as estimates of the
locations of the points of escape from G.

The proofs depend on several (large derivations type) estimates for the noise
processesmand for related dynamical systems, and these are derived in the appendices.
We also obtain some results on the "jumping" of the process from invariant set to
invariant set (of = b(x)), analogous to the results in [1, Chap. 6]. These results are
useful for the problem of the asymptotic distribution of x( ), for large and small
e, when the system b(x) has several stable points or invariant sets.

In 5, the techniques of 4 are applied to a phase locked loop problem, and it
is shown, under reasonable conditions, that a "small white noise" model is appropriate,
and that the "high frequency" terms which appear in the actual dynamical equations
can be neglected, in the sense that the correct action functionals are actually of the
"small white noise" type, without the "high frequency" terms. These results validate
the types of approximations and simplifications made in the PLL model analyzed in [3 ].
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2. The noise models. The "wide-bandwidth" Gaussian noise process of Model I
is a standard one in many applications. With Model II, we attempt to get close to the
"physical" noise in many applications in control and communication theory, and in
applications in physics. The idea is that the noise is "close to" impulsive but has a
"short memory". Thus, we use a scaled and filtered impulsive noise process. Consider,
for example, "shot" or "impulsive" noise in an electrical circuit. Owing to the sensitivity
ofthe large deviations estimates to the noise model (see [4], for example), it is important
to use a model which is as close to the "physical" situation as possiblemeven though
for standard applications (not of a "large deviations" or "small noise" type) a Gaussian
process approximation is usually adequate. With scalings other than that used in Model
II below, the limit action functional would not be of the "small white noise" type.

Model I. Let :(t) :(t/y)/v/-, where

(2.1)

Then

d Adt + B dw, A stable, w(. standard.

Wr(t) =- r(s) ds

converges weakly to a Wiener process with covariance matrix

l+=El=I_E,’(t),r(O)dt=I_E,(t),(O)dt
where

1 =-A- (exp At)BB’(exp A’)

An integration by parts yields E =(A-B)(A-B)’.
Model II. :r(t) ’(t/y)/3’, where

(2.2) dsr Ar dt + dJr,

where yv(.) is a jump Markov process with jump rate/zyy, and the jumps have the
distribution of a random variable 0 r, where EOr =0, var 0r= ur and udzy Co, a
constant matrix. In order to obtain the desired "Gaussian" limit form for the H-
functional an additional condition on the higher moments of Or, and on the relation
between e and y is required" for some a > 0 and k < o

(2.3)

Define

Then

# o(,--"), ,, o(,=+") Co,

EI4,?l="<-_n!k"lvl ",

/l+a/2/e -> 0 as p 0.

2 (exp At) dt (exp As) Co exp A’s ds.

Wr(t) =- r(s) as
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converges weakly to a Wiener process with covariance

,2 I? EV(t)v(O)’ dt 2+. A-1Co(A’)-l.

Large deviations results for these noise models cannot be obtained directly from
existing works. Freidlin and Ventsel [1] use (1.1), Ventsel [6] requires a Markov
property for x( ), and other conditions which are not necessarily satisfied here.
Azencott and Ruget [9] also require a Markov property on x(.). In Freidlin [7], a
bounded noise process (and a single scaling parameter) is used. Except for a special
case, we concentrate on the analogue of (1.5b) for x( ), and also obtain estimates of
the type

(2.4) lime2 log Exr inf S(b).
p Ao

The usual arguments for the equality in (2.4) (as in [1]) depend heavily on a
Markov property and the use of Markov stopping times. In order to prove (2.4), we
need various "large deviations" type estimates for Wv( ), uniform in the initial
condition :(0) in certain sets. Regrettably, this complicates the development.

3. The H-functions for the noise models.
Model I. Define

(3.1) H(a, x)= a’b(x)+ Ho(a, x),

where Ho is defined by (for any >0 and with t*., defi;;ition A. e2),

(3.2) trio(a, x) lim/9 A/9 log E exp e Jo a’tr(x)(s) ds/Ap

a’tr(x) fo EV(s)V(O) as r’(x)a/2

If a(.) is a piecewise constant function, then for each T> 0,

(3.3) Ho((s), x) ds lira I/9 log E exp e od(s)o-(x)(s) ds//9.

The normalization sequence {A/9} does not depend on 3’.
Model II. H(a,x) is defined by (3.1), and Ho(a,x) by the limit in (3.2), where

also A/9 eg-; but here we have (for any > 0)

(3.4)

trio(a, x) lim A/9 log E exp ca’ tr(x)CsV(s ds/A/9
p

=lim /9 log E exp ea’tr(x) ds exp A(s-r)dJ(r)/A/9
p

t/y

=lim A/9 log E exp ea’tr(x)flo

where rio o exp As ds -A-1 Continuing, we have

(3.5) Ho(a, x) lim A/9/x,[E exp ea’tr(x)loq/A/9 1].
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Under (2.3),

(3.6) No(a, x): a’cr(x)A-’(l,v,,)(A’)-ltr’(x)a/2 a’tr(x)2,:cr’(x)a/2,

(3.6) is of the Gaussian form, and it is the form which one would obtain if edW were
used in (1.6), where W(.) is the Wiener process limit (weak convergence sense) of
{ WV( )}. Ho(a, x) also satisfies (3.3) for any piecewise constant function a(. ).

Remark. By the above calculations, the H, L and S functionals are those of 1,
where the there is either E1 or 2, depending on the noise model.

4. The limit theorems. Recall the definition of L(.,. in (1.3) and S(b, T) in 1.
THEOREM 4.1. Under the assumptions in 1 and 2 on the noise models and on

tr(. and b(. ),

inf S(, T)---lirn ho log P,{x(.)eA}
rheA p

(4.1) _-<lim Ao log Px{x( )e A}
p

<-- inf S(, T).

Further, if 0< 6 <1/2, then (4.1) holds uniformlyforx in a compact set and I(0)1 <- y-* e -1

(Model I) or I(0)l_-< --//= (Model II).
The proof of this theorem is long, and is provided in Appendix I (Theorem AI.1

there).
Define S* inf6,r $(b, T), where the infimum is over all T, Co[O, T] satisfying

&(T) e 0G. By (1.5c), this is equivalent to the optimal control problem

(4.2a) inf lu(t)l2 dr,

(4.25) =b()+tr(),l/2u, &(O) x,

where r(&) is the first hitting time of OG.
The mean exit time problem. We next prove a result for the mean exit time from

a set G. The proof is an adaptation of that for the "white noise" case in [1], but is
more complex since x( is neither Markovian, nor is the noise bounded. The proof
in [1] requires that tr(x),tr’(x) be uniformly positive definite (the "nondegenerate"
case). This is a very serious restriction in applications. In order to avoid it, we introduce
the following controllability assumption for (4.2).

Assumption 4.1. There is an M1 <oo such that for small el and each x, ye N,(O)
(el-neighborhood of 0) there is a u(. such that lu(t)l <--M1 and for the corresponding
trajectory (4.2b), (0) x, th(tl) y, where 0 as e -) 0.

This assumption always holds in the nondegenerate case. The assumption was
used in [5, 4 and elsewhere] to construct "approximately" optimal trajectories for
certain "degenerate" problems.

THEOREM 4.2. Let 0 be an asymptotically stable equilibrium position of b(x),
and assume (bounded) G is attracted to O. Furthermore, assume that the boundary OG
is smooth and (b (x), n (x)) < 0 for x 0G, where n (x) is the exterior normal of the
boundary of G, and let S*< c. Then, under Assumption 4.1, there exists a set with
probability greater than 1-exp (-Mo/A), where M-c as p-O such that

(4.3) lim Ao log E,r IAo- S*

where .o is the first exit time ofx( from G.
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Remark. The proof of Theorem 4.2 is an adaptation of that for the "white noise"
case in 1], but is more complex, since x( is not Markovian. Equation (4.3) differs
slightly from the "usual" result, due to the presence of the "exceptional" set -Ap,
of "exponentially small probability". This is hardly a restriction in applications.

Proof Part I. First we show that for each d > 0, there is a set Ap and a po > 0
such that P{A}>-I-exp(-Mo/A), where M,--) as p0 and for P<Po
(4.4) Ap log Exla,,rt, < S* + d

(d does not depend on st(0) for I(0)l < y-e-’, 6 (0, 1/2)).
As is discussed in [1, p. 124], we may choose positive /z, h, T, T2, k < 1, such

that the following conditions hold:
(a) All solutions of b(x) starting in G OG satisfy

IO- x( t)l < kz
for >- T/2.

(b) For every point in the set

D {x" lO x] <= l}

there is b’(.) Cx[O, oo) such that bx(O) x, bx(t) reaches the exterior of the h-
neighborhood of G at time T(x)<-_ T2 and

d
s(, r(x)) < s* +-.

2

In [1], the ’(. do not hit the kz-neighborhood of 0 after exit from D, but this is
not needed.

The construction of such 4,’(.) is clear in the nondegenerate case. For the
degenerate case, the controllability assumption is needed if the d-optimal for S* are
tangent to OG at the first.hitting time. It also guarantees that the particular points in
D to which the trajectories (in the cycles constructed below) return are irrelevant in
the analysis--since we can move "quickly and cheaply" between any point in D for
small p. Henceforth, we simply assume the existence of the paths specified in (a) and
(b) above.

We prove the theorem for Model I. The proof for Model II is entirely analogous.
Let 0< 61 < 82<. By Theorem 4.1 there is po>0 such that p<po implies, uniformly
in y D and in I(0)1 <- e-y-’,
(4.5) P,o){ sup IxO(t)-4Y(t)l<h}>-exp(-(S*+d)/ez).

O<=t<=T(y)

which implies that

Py,(o){ r < T2} _>- exp (-(S* + d)/e2).

In order to complete the proof, we need the following auxiliary lemma.
LEMMA 4.1. There is po> 0 such that for p <-Po and uniformly in x G and in

](0)1 <= y-,e-, we have

P,.(o){r < T + T2}>=exp (-(S*+ d)/e2).

Proof of Lemma. Let ’ denote the time of first entrance into a z-neighborhood
of 0. For any M < c and small p

Px,(o){r <-- T, + T2} >= E,,(o)[ Pxo(,){ rp < T2} I,,.,_ r, [s(’r,/ Y)I =< 7-:e-’]( e-M/e2)
-P,,(o) { sup Isc(t)l _-> ,-e-’}.

O<-t<= Ti/ y
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By Lemma A2.1, uniformly in I(o)l <= y-’ e -1, the second term on the right is less than
exp (-M/e2) for any given M if p is small enough. By (4.5), and the fact that the
conditional probability that {1 -< T1} goes to unity as /9 0, the first term is greater
than (for small p)

2),(4.6) exp(-(S*+d/2)/e

and the lemma is proved.
Define T= TI+ T2 and the sets Bp={to’supo<=,<_exps.+a)/21(t)l< y-’e-} and

np(n) (to" supo<__ ,_<_ ,r Isc(t)l < y-’e-}.
Select (by Lemma A2.1) po>0 such that for p<--po,

(4.7) P{f -Bo} <- exp (-M/e-).

By the Markov property of (x(.), Cv(.)), for nT<-exp(S*+d)/e we have

E,p{ -o >_ n T} IB, <__

E,P,,{’r >- nTI7"p >= nT- T, to Bo(n
We have

Px{- >= nT[- >= nT- T, to n(n 1)} <= sup Pr,o){ ’P ->- n T}
yG

Io)1__<--

Then, iterating yields

=1- inf Py,o){r < T}
yG

--<_ 1-1/2exp (-(S*+d/2)/e2).

(4.8) E,P{7" >- nT}Io<-_ (1-1/2 exp (-(S* + d/2)/ e2)").

For nT exp (S* + d)/e, we find that for small p (so that (exp (d/2e2)/T >-_ 2M/e2))

E,,P{’rp >= exp (S* + d)l e:}l <-- [1-1/2 exp -(S* + d12)l E2)] [exp(S*+d)/e2]/T

_-< exp -[exp d/2ez]/2 T) <- exp-Mez.
Define / {to" zp <_- exp (S* + d)/e} and ao Bo fq/. Then

P{Ao} ->_ 2 exp Me2)
and

exp(S*+d)/e

Ex’rIAo <- T Z Px{’r >= nT}
o

(4.9) --< TE [1-exp (- (S*+ d/2)/e2)]"
o

_-< exp (S* + d)/e.
Proof. Part II. We now prove the reverse inequality to (4.4), namely that for each

d > O, there is a po > 0 such that for p <= po,

(4.10) Ap log F,"p - S* d, x G.
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It is convenient to separate the proof into a few lemmas. We first prove
LEMMA 4.2. Given 6 > O, M <c there is a Po > 0 such that for p <- Po and x G

(4.11) Px { sup [sc(t)l _-> 3,-88 -1} exp (-M/ez).

If the probability in (4.11) is conditioned on (0), then the result holds uniformly for
for any >

Proof of the lemma. By Part I of the proof, for any Ma < c and h > 0, there is a
po> 0 such that p <= po implies that for x e G, and I(0)1--< 7-’e -1,

P,,(o){ r > exp Ma/e2} -<- (exp (-MI/e2)) exp (S* + d)/ez.
It follows from Lemma A2.1 that for each M2 < c and small enough p (and uniformly
in the desired I(0)1 set),

P(o { sup [sc(t)l-<- r-e-} <- (exp (-M2/82)) exp M/e2.
(exp M/ea)/V

Using the above two estimates and selecting M and ME--M1 large enough and p
small enough yields the lemma

LEMMA 4.3. Let (0, 1/2) and a > 0 (and small). There are c > 0 and To < o such
that for all T<o and x -N(O) and [sc(0)l_-< )’-e -1 we have for small enough e

(4.12) P,,{’ > T} <_- exp (-c( T- ro)/e2),
where -’ inf { t" x (t) G N, (0)}.

Remark on the proof. Using the bound on the noise I:(t)l --< Y-ae-1 on [0, .o/y]
(w.p.>= 1-exp-M/e), the proof is a simple modification of that of [1, Chap. 4,
Lemma 2.2].

We are now ready to start the proof of (4.10). Following the idea in [1], fix small
/x > 0 and define F {x: d(x, 0) i/z}, for 1 and 2. Define the Markov times
by ro 0 and

th inf { > ’" x (t) FE},

r =inf{t> try_a" x(t)eFIUOG}.

Let 0< a < &_<1/2 and let B denote the set {se" I 1_-< For simplicity, we always
will assume that the various initial conditions (t)e B for < .o. This is true w.p. ->

1-exp (-M/e2) for small p by Lemma 4.2. If (4.10) holds under this assumption,
then it holds as stated.

For x e F1,

P,,e(o){X(rl) e OG} <- max [Py,:(o){7" 7" < T, I(ro/3’)1----< Y-e-1}
yF2
(O)eB

(4.13) + P,,.e(o){r r, ->_ T, Ise(tro/3/)1-<- y-e-’}

+ Pe(o){I :(ro/",’)l ->

Since Cro <-", Lemma 4.2 implies that, for any M <, the last term on the right side
of (4.13) is <=exp (-M/e2) for small p. By Lemma 4.3, there is a T1< such that for
all y F2 and small p,

(4.14) Py,(o){7" 7" Tll I(O’o/’y)[ <- T-Sze -1} <- exp (-M/e2).

By Theorem 4.1 (with the appropriate choice for the set A) we have, for all y e F2 and
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sufficiently small p, and large enough T,

Py{,r- T < Tll I(O-o/)l ,)t-62 -1}
(4.15)

<- Py( < 7"11(o/v)l-<- ---<- exp (-(s* d/e)/.

Combining (4.13) to (4.15) yields, for small p,

(4.16) Px,o){XP(’l)OG}<-_exp(-(S*-d)/e:).
Let v denote the smallest n for which xP(-n) OG. Then by the strong Markov

property of (xp (.), :r (.))
Px,o){V > n} Px,(o){X(’ri) G F1, < n}

E,,(o)P,,t(o){X(-,,) r,l(’,_l/y),

(4.17) >-inf Py,t{x(-,)F1}. Px,t(o){V> n-l}.
yr2
#eB

>-_[1-exp-(S*-d)/eZ]Px,t(o){V > n- 1}.

-> [1 -exp-(S*- d)/e2] ".

By Lemma 4.3, there is a K1 such that Ex,(o)(’l -tro) ->_ K for x G N(0). This
and (4.17) yields

,x Z ExI,.(-.

(4.18)
P{vn} inf Ey,(-o)

yF
(0)e

K1 exp (S* d)/e.
Thus, (4.10) holds for x e F; hence for all x e N, (0). The result holds in general, for
any x e G, since P{ro > rl} 1 for any x e G. Q.E.D.

COROLLARY 4.3. Assume the conditions of eorem 4.2 except we allow part of the
boundary OG to be a trajectory of 2=b(x) (i.e., (b(x), n(x))NO on OG) and assume
nondegeneracy (i.e., in (4.2b) (x)E’(x) I in G, where a>0). en (4.3) continues

to hold.
Remark on the proo The proof follows the same lines as that of Theorem 4.2.

Although we cannot necessarily find the required T for x near OG, to get (4.9), we
simply use the fact that

inf S(, T) S 0 as x 0 G,
,T

where the inf is over {" (0)=x, (T)eOG}, and the fact that for any d>0,
P,e(o{ONT}exp-(S+d)/e for [(0)lNe-y- (Model I, and analogously for
Model II) and small e. To get (4.10), we use a set G, a < 0, (to which Theorem 4.2
can be applied), and the fact that the S* for this converges to the S* for G, as a 0.

Many of the other results derived by Freidlin and Ventsel in [1] for the "white
Gaussian noise" case carry over to our noise models. We have

TUEOREM 4.4. Assume all the conditions of eorem 4.2, and let there be points
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y, , yq c OG such that

(4.19) inf inf S(4, T) inf inf S(4, r),
T>0 bAi T>0 &A

where Ai {c Co[O, T]: th(T) Yi} and Ao { e Co[O, T]: oh(T) OG}. Thenfor each
x G and 3>0,

q

(4.20) lim Px{d(x(rP), U {y,}) < 6}
p-O

(i.e., the points of exit ofx( from G conuerge to (_J {y} as pO).
Remark. We omit the proof. The method of proof closely parallels that of [1,

Thm. 4.2.1], with modifications of the type used in Theorem 4.2 in order to account
for the unboundedness of s( ). We only note that, for any M > 0 there are To oc

such that Px,(o){’rp<- Tp} and also [se(t)[-<_ e-’y-a (for 6 (0,1/2) and Model I, with
an analogous estimate for Model II) for all <- To, with the probability _>-l-

exp (-M/e). When r(x)2,cr’(x) is degenerate somewhere in (, then we use the
condition (A4.1) as an aid in constructing the "almost" optimal paths which the proof
in 1] requires.

Although the details are many and tedious, it can be verified that Theorems 6.6.1
and 6.6.2 of 1 hold for our noise models when the system is nondegenerate. Since the
statements ofthese theorems require the introduction of a great deal ofnew terminology,
the reader is referred to [1]. These theorems give a fairly complete picture of the
behavior of xO( for large times, when 2 b(x) has many invariant sets; in particular,
they deal with the jump times from one collection of invariant sets to another.. The phase locked loop prolflem. From the point of view of asymptotic methods
one of the most interesting systems in communication theory is the phase locked loop
(PLL). In [3], the theory of large deviations was applied to estimate the mean time to
"loss of track". The model Was of the form (1.1)a small white noise model, and the
PLL system was reduced to "basehand", by dropping all terms with high frequency
components.

The point of view here is a little more realistic. We use the wide bandwidth noise
models I or II and show explicitly that the so-called high frequency terms can be
neglected. For notational simplicity, we use the very simplest system, but the analysis
and conclusions are applicable to general forms of the PLL and related systems.

Let oJ denote the carrier frequency, and suppose that the noise is wideband in
an absolute sense but narrow band relative to wL In particular, we model the noise
as follows: let (.), i= 1, 2, be two mutually independent processes of the form of
Model I or II. Let r/r be such that r/v/,/ --> 0. A standard way of describing wide
bandwidth noise n( ofthe desired type is via the formula (or is a constant matrix here)

nr(t)=euV(t),
(5.1)

u’(t) r[’(t) sin (wot/rt,)+ (t) cos (wot/r,)].

The bandwidth is O(1/y) and the "center" and "carrier" frequencies are Wo/rt-= wL
See Fig. 5.1 for a description of our system.The dotted box could contain a filter, but
we omit it for simplicity until later. The VCO (voltage controlled oscillator) is an
oscillator whose frequency deviation from a central (carrier) frequency is proportional
to its input. The device is an essential component of many modern communications
systems, and much effort has gone into its analysis 10], 11 ]. The purpose of the PLL
is to provide an estimate (t) of the unknown input phase 0. The statistics of escape
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multiplier

Aosin(Tt+O)+-j
nT(t)

cos (,rt+

FILTER

vco t
FIG. 5.1. A phase locked loop.

of the estimate from a neighborhood of 0 are important in understanding the tracking
ability of the system.

We first study the PLL system

0p u p,
(5.2)

up cos (to t + 0P)[Ao sin (to t + O) + en (t)].

Thus

Ao Ao
=--sin (0-0P)+--sin (O+P+2toTt)

(5.3) +- tr[sc’(t) cos #P :’(t) sin #P]
2

+- cr[:’(t) cos (2tot + OP)+ :’(t) sin (2tot + OP)].
2

By a direct calculation using the definition of the H-functional, and the fact that
cos (2to vt) and sin (2to t) are scaled "faster" than 0’ is, we can see that the H-functional
for (5.3) is the same as for the system

(5.4) :P Ao e xp xp
2 sin(O-xP)+- tr[[(t) cs -sc’(t) sin ]"

The H-functional for (5.4) is of the "Gaussian white noise" form

Ao O’EO"’O2
(5.5) n(x, a)= a-- sin (O-x)+----,
where E E1 or E2 depending on the noise model, and the normalizing sequence is

In fact, according to Appendix III, the large deviations formulas (4.1), (4.2) for
(5.3) are the same as those for the model (5.4). The effects of these high frequency
terms all disappear in the limit, from the point of view of the theory of large deviations,
and these terms can be ignored in all the calculations.

If a filter is incorporated into the forward branch of the PLL, then the system
(5.3) is replaced by

(5.6) )P =Alvp + BlU p, 0p H1 vp,
where A is stable, and H1 vp is the filter output. The analysis is the same. Arguments
such as that of Appendix III show that the "high frequency" terms can be dropped
irrespective of the filtering action.
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We next study the mean time required until [0(/)[ first reaches the critical level
7r, for a simple PLL with a first order filter.

Mean escape time for a PLL with a simple filter. As noted in Corollary 4.3, it is
possible to generalize the conditions on the domain G in Theorem 4.2 if certain
conditions hold near the boundary OG. The PLL treated below will be such a case.
For specificity, let us use a first order filter in Fig. 5.1, although analogous results will
hold if any order stable filter is used. Denote the filter by

fl -avl + b. (filter input)

filter output=cv, a>0, b>0, c>0.

Write x (x, x2)= (Vl, 0). For simplicity, let O(t)=0. This is not a restriction, since
it is only the errors in the estimate which are important. Then

: -ax+ b sin (-x) + en’
(5.7) -----f(x)+

The system is degenerate, but satisfies (A4.1), since the linearized system

2 Ax Bu’ A [ -0b] B [ Io]
is controllable.

In "PLL" parlance, a "cycle slip" refers to 0(. )= x_(. reaching the level
or a movement away from the origin into the domain of attraction of another stable
point. Refer to Fig. 5.2. The natural region of interest is G. A slip can occur if Ix2(
exceeds 7r--or if x(t) exists G through the curves C1 or C2, which are trajectories of
the unperturbed system f(x). In the latter case, they will move quickly toward the
stable points (0,27r) or (0,-2r), at a "rapid" change in phase (often causing a
noticeable effect on the behavior of the communications system with which the PLL
is used). So, we are concerned with exit from G.

Near C1 and C2, the trajectories of =f(x) are parallel to these curves, and the
curve through x takes longer and longer to reach a neighborhood of the origin as
x C or C. Thus Theorem 4.2 cannot be used directly. But a slight modification of
the proof yields (4.3). The method combines the ideas of Theorem 4.2 with the remarks
after Corollary 4.3. We note the following facts. We restrict our attention to the point
(0, 7r) of C1, although the identical remarks can be made about C and (0,-Tr).

(1) The system =f(x)+ Bu is controllable (in the sense of Assumption A4.1)
in a neighborhood of (0, 7r). To see this, we need only check controllability (in the
usual sense for linear systems; see, e.g., [2]) for the linearized (about (0, 7r)) system

y ay+Bu, a [-a ] B=
C

(2) For any a > 0 there is a neighborhood N of (0, 7r) and positive/ such that
if x Nf3 G, then there is a ux(’) transferring x to ON(G) at a time Tx with

or [u(t)[= dt <= .
(3) For a as in (2), there is a/3 > 0 and a neighborhood No of C1 such that for

xNG,
inf inf S(b, T) <- a,
T bAfl

where Ao {b(. ): b(0) N, oh(T) ON(G)}.
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(4) For x(0) N G, and u > 0, there is a Tf such that the trajectory of 2 =f(x)
reaches the u-neighborhood of the origin in time <-Tf/2.

By using these facts in the proof of Theorem 4.2 to treat points near to C1 or C3
(see also the remark after Corollary 4.3), we obtain (4.3).

Remark on "batches" of cycle slips. It is noted in applications that cycle slips (or
what are taken to be cycle slips) often occur in "batches". Perhaps some insight into
this one possible cause can be obtained from Fig. 5.2. If due to large noise, the path
is pushed far out but between the upper and lower trajectories, it will quickly return
to a neighborhood of a stable point, perhaps in an oscillatory manner, when the noise
level drops, giving the impression that many cycle slips are occurring in a very short
period of time. Similarly, if it returns to a stable point after reaching a neighborhood
of the separatrices, the oscillations will give the appearance of a "batch" of cycle slips.
An explanation of a possible alternative cause involving the crossing of several "Tr-
levels" in a short time is given in 14, pp. 281-284].

rr.

FIG. 5.2. Trajectories for the noiseless phase locked loop.

Appendix I. Proof of large deviations theorems. Here we state and prove the basic

large deviations inequalities (A1.3), (A1.4) and indicate how these are used to prove
(4.1). In order to satisfy the hypotheses of Theorem 4.2, it will be necessary to obtain
our estimates uniformly in x(0) G, and I(0)1 7-e-1 (Model I). The analogous
uniformity that is required for Model II is for I(0)1 e-7-//2. Note that the
uniformity for Model I is expressed in terms of :(. ), while that of Model II is in terms

of (.). The reason for this difference is the different scaling required to get weak
convergence to a Wiener process in the two cases. The main Theorem AI.1 is first

stated. But before giving the proof, it is convenient to first obtain large deviations
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results for the system,

(AI.1) yP(t) e :V(s) ds+x,

and this will be done in Lemmas A1.1 and A1.2. Following this, we modify the method
which Varadhan [8] used to extend large deviations results for the process ew(.) to
system (1.1), in order to extend our results for (A1.1) to the system (1.6.).

THEOREM A1.1. Consider system (1.6), the associated H, L, and Sfunctionals, and
the normalizing sequence Ap e 2. Let A be a set in Cx[0, T]. Thenfor 1/2 > 6 O, the limits
(A1.2) hold uniformly in ](0)1 <-- y-e -1 (noise Model I) and I(0)1 =< ’)#-tt+l/EE-1 (noise
Model II), and for x in any compact set.

(A1.2a)

(A1.2b)

lirn Ao log P{xO( A} >-_ inf S(b, T),
p 4bA

li- Ao log P{xO( A} <- inf S(b, T).
P

Definitions. By 3, the H, L and S functionals for the process yP(. are defined
by

(A1.3)

(A1.4)

(A1.5)

Hy(a)= a’Att/2,

L(/3) =/3’A-/3/2,

Sy(b, T)= 6(s)’A-16(s) ds/2.

(Here, as elsewhere, Sy(b, T)=oo if b is not absolutely continuous). For Model I,
A =El, and for Model II, A-2 (see 2 for the definition), and we can assume
(w.l.o.g.) that Ei are nonsingular. Define Y= {b 6 Cx[0, T]: Sy(b, T)_-< s}. The set s
is compact [7].

Before proving the main theorem, it is convenient to prove the following auxiliary
lemmas.

LEMMA A1.1. Let yO (.) be given by (A1.1). Then given c > O, h > O, s > O, 1/2 > 6 > O,
and 49 Cx[0, T], there is po > 0 such that for p < po and x G, I (o)1 -<- y-e- (Model
I), or I(v(O)l <= e-’ y-+1/2 (Model II),

(A1.6)

(A1.7)

P,,e(o)(d(y, b)< c} => exp (-[Sy(b, T)+ h]/Jt,),

P,,e(o)(d (y’, (I) Y) > c} <_- exp s h]/X,).

Proof. First we prove the result for Model I. Via a change of variables s s y
and using :(s) ds= A-A(s) ds= A- d(s)-A-1B dw(s), we have

y’(t)=e (slr) ds/v+x

Vr-eA-’((tl y)- (O))-vreA-’B(w(tl y)- w(0)) + x.

By Lemma A2.1, for given c > 0, M < oo, and uniformly in I(o)1-<-i%_,, for small
p we have

P { sup i4"-eA-((t/3,)-(O))i>-_c}<=exp (-M/e).

Hence the large deviations properties of (A1.1) are the same as those of

-eA-’Bx/--[ w( tl 3’)- w(0)] + x.
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As -v/[w(t/y)- w(0)] (t) is a standard Brownian motion, the inequalities (A1.6),
(A1.7) follow from the fact that Theorem A1.1 holds if the xP(.) there is replaced by
(define A-1B C)

P(t) eC(t)+ x

and the action functional

Sy(6, T)= k(s)’(CC’)-l,(s) ds/2,

and normalizing sequence A e2 are used [1], [8].
We now consider Model II. We have

y(t)= e ’(s) ds+x

tl ,
se-ve (s) ds + x

o
(A1.8)

I]/ A-e [dV(s)-d]V(s)]+x

eA-(v(t/y)--(O))-eA-(yv(t/y)-yv(O))+x.

As for Model I, we may ignore the first term on the right (Lemma A4.1). Several
standard "continuity" methods can be used to establish the statement of Lemma AI.1
for the system

(A1.9) 37’(t) -eA-l(YY(t/y) YY(0))+ x

with action functional

Sy(c, T)= (s)’Efl(s) ds/2

and normalizing sequence Ao e 2. (For exarnple, one can use the technique in [7,
Thrn. 2.1], based on Gartner’s theorem for a sampled system.) Q.E.D.

From Lernrna AI.1, by a standard argument in large deviations literature (see,
e.g., [7], or [9, Prop. 7.6]) we obtain the following:

LEMMA AI.2. Let A c C,[0, T], 1/2> 8 > 0. en the limits in (AI.10) hold, uniformly
for x in any compact set, and for [(0)[ y-%-i (Model I) or lffv(0)[ y-+l/2e-
(Model II).

inf Sy(, T) lim Ao log Px,e<o){y (.) A}
A

(AI.10)
P A} in Sy(, T).lim Ao log ,o{Y (’)

OeA

The proof of Theorem A1.1 uses a device of Varadhan [8]. To facilitate this, it is
convenient to next prove a form of Lemma A1.2 or, Theorem A1.1 for a special auxiliary
systemdriven by Y(. ). Let a >0, and define (t)= a[t/a], where It] is the largest
integer less than or equal to t. Define the system

x(t) b(x((t)))+ e(x((t)))v(t)
(AI.ll)

x(0) x.
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Thus the arguments of b(. or tr(. are constant on intervals of length a. For each
a > 0, there exists a continuous map F,x from Cx[0, T] to Cx[O, T] such that

(Al.12) x( F,x ( e I (s) ds).
The F,x is continuous uniformly in x in any compact set, and in I(0)1 <- e-- for
noise Model I and Iv(0)[ <= e-ly-/1/2 for noise Model II. Large deviations results
may be transferred from one system to another if they are connected by a continuous
map. Let S (b, T) denote the action functional for x(. ). Then ([8, Remark 1, on p.
5], [1, Thm. 3.3.1])

S(b,T)= inf Sy(f,T).
Fa,x(f)=b

If tr(x)Atr’(x) is uniformly positive definite (where A- E1 or 2 as appropriate), we
can evaluate S explicitly, since F,x is 1" 1 and we get

l forS(6, T) = [d(s)- b(dp((s)))]’[tr(qb(Tr(s)))Atr’(6(Tr(s)))]-1

[c(s)-b((w,(s)))] ds.

In general, the integrand is L(s), where

L(s) inf [a’((s) b( 6(r(s)))) a ’tr( 6(r(s)))Act’(6(w (s)))c/ 2].

The normalizing sequence is still Ap e2.
Thus, the large deviations result, Theorem AI.1 holds for system (AI.11), uniformly

in the desired initial conditions of (x, :v(0)), with the use of S. In order to extend
the result to (1.6), we need to bound Ix(t)-xP(t)l, and this is done in the next lemma.

Let b b in C,[0, T]. Then the "lower semi-continuity"

lira S(qb, T) >= S(b, T)

can be proved, but we omit the details.
LEMMA A1.3. For given c > O, M < oo, T oo, there is an ao 0 such that for each

a o there is a p 0 such that for p p and all x G and I(0) 7-%-1 (Model
I) and %(0) e-17-+/2 (Model II)

(Al.13) P { sup Ix"(t)-x(t)l> c}exp (-M/A).
OtT

Proo For simplicity, we only prove the lemma for noise Model I. The details in
the other case are essentially the same. By writing,

x(t)=x+ b(x(s)) ds+e (x(s))V(s) ds+flf(t),

where

fl’(t) [b(x(w(s)))-b(x(s))] ds

+ ds,
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we have

A(t)=-xP(t)-x(t)

(Al.14) [b(x(s))- b(xX(s))] ds

+ [(x(s-(xX(sll’(s ds-f(.

We next prove the asseion: For c > O, M <, T<, and small enough , there is a

Po > 0 such that for p Po and x e G and I(0)l -e-1 (Model I)

P { sup [fl(t)[> Cl}exp (-M/Ao).
OtT

In order to prove the asseion, first note that for small enough and for
s ia, i + ), we may assume that x(s)- x(ia)[ is as small as desired (uniformly
in the appropriate initial conditions), save on a set of measure exp (-2M/e2). This
follows from the decomposition (see the proof of Lemma A1.1)

e ff(x((t)))v(t) dt=e(x((yt)))A-[(t)-Bw(t)]l/via/T

Lemma A2.5, and the boundedness of b(. and (. ). In fact, by Lemma A2.5 and the
above decomposition (v 1/2)

P ( sup supx(s)-x(i) a)exp(-2M/e)
iT/a ta

for small A and p. We thus assume that x(s)-x(i), for s[ia, ia+).
Owing to the Lipschitz propey of b(. and (. ), we may now assume that the

terms [b(x((s))) b(x(s))], [(x((s))) (x(s))] entering into the definition
of (. are as small as desired save on a set of measure exp (-M/A) for arbitrary
M. The first consvquence of this fact is that in proving the assertion, we may ignore
the first integral in the definition of (t). After a change of scale, the use of A(s) ds
d(s)-B dW(s), and an integration by pas (for the term involving d), the second
term in fl(t) becomes a sum of the following terms"

[(x((s-(xX(s]-,
e g(xX((Ts))) (xX(Ts)) A-(s)l g v,

o

e2 (s)’’(xX(s))x(XX(s))A-l(s) ds,

e [g(x(ia+a))-(x(ia))]A-l((ia+a)/7).
i=0

The last term arises due to the discontinuity in g(x((Ts)) at 7s= ia for each i.

These terms are taken care of, with the required uniformity, by Lemmas A2.2, A2.1,
A2.4, A2.3, and A2.5 (owing to which we can assume that the coefficients in the last
sum are less than Ka for v (0, ), and obtain the appropriate estimate for the sum).
This finishes the proof of the assertion.
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Now, return to the proof of Lemma A1.3 and consider the second term in the
definition of A(.) in (Al.14). By a decomposition analogous to the one above, we
may write that term as

e [o’(x(s))-tr(x(s))]r(a) ds

-v/--e [tr(x(ys))-tr(x(ys))]A-1B dw(s)+ (t)

where fl(t) satisfies the same conditions as (t) does. (It can be represented as a
sum of the same types of terms (Al.15).) Thus we can assume that Ifl(t)lany c
w.p. 1-exp (-2M/e2). There exists a standard Wiener process if(t) such that x"(.
and x(.) are nonanticipative with respect to if(. and

-e [(x(ys))-(x(ys))]A-1Bdw(s)

e [(x(s))-(x(s))]A-B dff(s).

Define fi(t) fi(t) fi(t), a(t) a(t) (t), and the terms

b*(s) b(x(s) + rA(s)) dr,

*(s) (x(s)+ a(s) d.

Then, by Taylor’s formula with remainder

A(t) b*(s)A(s) ds+e *(s)A(s)A-1Bdff(s)+(t),

so we can write

X(= b*(sX(s as+e *(sX(s-(s
(A.

+ b*(s)(s) s+e *(s)(s)-(s).

By what we have shown above, given any > 0, for small enough and 0 we may
assume that ff(t)l < (w.p.e l-exp (-2M/e)).

In order to estimate the solution to (Al.16), we now introduce a technique of
Varadhan [8, 6] and develop an argument paralleling his. Define =inf{s"
I(s)l e c} Consider the Nnction

g(z):(O+lz]2)

where 0 and will be chosen later on. By ItS’s formula, and the boundedness of b*(. ),
*(.), there are constants k such that

(Al.17) dg(NX( t)) al(t) dt + a( t) d( t)
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where

t(t) <-- kll(O + I(t)12)-1( r/+ [(t)l)[ (t)l
+ k2e2l(l 1)(0 + [(t)12)-2(2 +]-
+ k3el(O+l" ( +lN(t)l)(tl)’-’

kl(O+l"(t)l)’-(n
+ k,e21(O+l(t)12)’-(n2+["A (t) I)

Let 0 2. Then for some constant k,

(t) kl( + /)g((t)).
Let A cl(1 + e21). Then

is a nonnegative supermaingale. Let l/e2 replace I. By the supermaingale propey,

(,)l)’/1
Hence

(z< r) (exp el(l+ 1)rle)(nl(n+c)) ’i’.
Choos 1 and small enough to obtain

e{, < T) exp (-2MI
From this aria I(t)l , we get

P { sup IA(t)l e c + n) N exp (-MI e2)
ONtNT

for small and . This proves Lemma A1.3. Q.E.D.
We are now ready for the
Proof of eorem AI.1. Recall that A c C[0, T], and let A have a nonempty

interior. Define A<: complement of A and define the sets

{@. a(@, <) > -a), a < 0,

A" A, a 0,

{4. a(@, )< a), a>O.

First w show (A1.2a). Rcall th dfinition of S:(I, T) liven low (t1.1). Lt
h > 0, and choose a < 0 so that there is @ e A" such that

(1.1) S(I,, T) inf S(4, T)+hl4.
@eA

ine S:(I, T)+ S(I, T) for each I as + 0, we may assum that is small enough
so that-

(t1.19) S:(I,, T)S(@,. T)+hl4.

From Lemma tl.2, by taking smaller if necessary we may assume that for fixed
M<m,

e, ( sup IxO()-xX(t)l> a)exp-/a..
pNtNT



LARGE DEVIATIONS FOR SYSTEMS WITH SMALL NOISE EFFECTS 999

By picking M large enough, for small p, we have

Px{xP( ) A} >- Px{x(" ) Aa}- exp (-M/hp)

->exp (-[ info S(b, T)+3h/4])-exp (-M/hp)
4eA

>-exp (-[ inf S(t, T)+ hi).
4,eA

The second inequality above is due to the fact that Theorem AI.1 holds for the x(.
process (with action functional S), and (Al.18), (Al.19). Since h > 0 is arbitrary, the
string of inequalities proves (A1.2a).

Before proving (A1.2b), it is convenient to prove
LEMMA A1.4. Let F c Cx[0, T] be closed. Then

(i) lirn inf S(b, T)->_ inf S(b, T).
t-O bF ,kF

(ii) lim inf S(b, T)= inf S(b, T).

Proofi (ii) is a consequence of the lower semicontinuity of $(., T) and the
compactness of each set {b" S(b, T)=< s}. We only show (i) for the case

inf S(b, T) <.
Assume (i) is not true. Then there are b,, c, and h > 0 so that for all n 1, 2,...

S.(n, T)-<_ inf S(b, T)- h.
4eF

It is easily seen that {bn} has compact closure. Hence there is b* such that

By the "lower semicontinuity" result cited above Lemma A1.3,

S(6", T) -< lirn S.(6,, T) -< inf S(6, T) h,
beF

a contradiction. Q.E.D.
We can now complete the proof of (A1.2b). Let h > 0 be given. By Lemmas A1.3

and A1.4 we may choose a > 0, > 0 so that for small p and small fixed a

inf S(b, T)-> inf s(6, T)- hi4,

(A1.20) inf $(b, T) => inf S(qb, T)- hi4,

Px { sup Ixp(t)-x(t)l> a}<-exp(-M/h).
O<=t<--_T

By picking M large enough, the large deviations results for x(. (Theorem A1.1 for
the x(. ) and action functional S,,) and (A1.20) yield (for small p and small fixed a)

Px{x( A} <= Px{x( Aa}+ (exp (-M/A))
=<exp(-[ inf S(ck, T)-h/4])+(exp (-M/h))

_-<exp (-[inf S(4, T)-h]).

The proof of Theorem A1.1 is completed for Model I.
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The proof for Model II is the same as that of Model I with the following three
changes"

(a) When uniformity in < is required for Model I, we require
1’/(0)[ < )t-6+l/2e-1 for Model II.

(b) When an estimate from Appendix II is used, we substitute the analogous
estimate from Appendix IV.

(c) The upper bound on al(t) is even easier to get since we can use a standard
differential. Q.E.D.

Appendix II. Estimates for noise Model I. The following estimates are used
repeatedly in the large deviations proofs associated with the wide bandwidth Gaussian
noise model I.

LEMMA A2.1. Fix a > O, T> O, and 6 > O. For each M < o there is a Yo > 0 such
that for 3/<- "Yo and all To
(A2.1) P { sup [sc((t+ To)/y)-(To/y)l>-a/eya}<-exp(-M/e2).

O<-t<= T/ ),

If the probability in (A2.1) is conditioned on ( To/ y), then the estimates are uniform in
I(To/T)I <-- -T-’ for 61 < 6.

Proof. W.l.o.g., set To 0, then

(A2.2)

P { sup s(0)l _--> a/ey}
0 t<:--_ T "y

T/’y-1 T/ 3,’-

<- Z P{l(i)l>-a/4e7} + Z
:0 i--0

P { sup I#(s)-#(i)l>=a/4e/}.

Via an integration by parts,
i<=s<=i+l

(s) (i) [exp As I]sC(i) + B[w(s) w( i)]
(A2.3)

+ A exp A(s-r)B[w(r)-w(i)] dr.

By the stability of A, there is k < oe such that

(A2.4) I(s)-(i)lkl(i)l/k sup Iw(s)-w(i)l.
is<--_i+l

Hence the estimate is reduced to sums of terms of the form (for appropriate values of
al and a2)

(A2.5) P{] :(i)l a,/ey},

(A2.6) P { sup [w(s)-w(i)l>=a2/ey}.
i<=s<=i+l

As :(i) is Gaussian, there are K and K2 such that

(A2.5) <_- K exp (-K2/e2y2a).

To estimate (A2.6), we work with each component of w(. separately. By the submar-
tingale inequality, for A > 0,

(A2.7) P { sup exp A(w(s)-w(i))>-exp Aa2/ey}<-exp(-Aa/ey)’exp A2/2.
i<=s<=i+l

By picking A a2/eys, and repeating for -w(. ), we see that there are K3, K4 such that

(A2.6) <- K3 exp K4/e-V2.
These estimates imply the first part of the Lemma, for small enough po.
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In order to prove the uniformity assertion, note that the estimates on the Wiener
process are unattected by the values of :(0), so all we need to do is get the appropriate
bound on

(A2.5’) Pe(o){l(i)l >-- e- Y}.
Since

(A2.8)

(A2,9)

(i) eA’sc(0) + eA(’-t)B dw(t),

I(i)1 -<- (O)l + eA(i-t)B dw(t)

Thus there are a3, a4 such that

(A2.5’) <= P<o){l(0)l--> a/}+ P<o) ! eA(i-’)B dw( t) >- a4/ e)’
The assumption [:(0)]<_-e-y- and the first part of the proof yield the uni-
formity. Q.E.D.

LEMMA A2.2. Let f(. be bounded (by, say, k) in norm and nonanticipative with
respect to w(. ). Then,

(A2.10) P sup f(s) dw(s) >- ale -<2 exp (-a/2Tke).

Proof We can suppose that w(. and f(. are scalar valued, and (by symmetry
of w(. )) drop the absolute value bars. The proof follows by bounding the expectation
of the exponential martingale as

E exp h f(s) dw(s)<-exp h2k2T/2y,
.to

and choosing A properly, as in the proof of Lemma A2.1. Q.E.D.
LEMMA A2.3. Fix a > O, T> O. For each M < az, there is a Yo > 0 such thatfor y <-_ Yo,

(A2.11) P y I(s) ds >a/ _-<exp (-M/e

Ifthe probability is conditioned on (0), then the result holds uniformlyfor I (0)l
for any 1/2> 8>0.

Proof For simplicity, we let so( and w(. be scalar valued. With the appropriate
notational changes, the proof for the vector valued case is the same. The Ki denote
constants. Define Q,

_
exp A(n z)B dw(z). We have, for s i, + 1

(s) =exp A(s- i)(i)+ exp A(s-r)B

(A2.12) :(i) exp A(i- n)Q,,

+

exp A(s z)B dw(-)
i+l

K1 [W(S)-- w(i)[2 ds.

By an integration by parts

IQ.I2-<- K2 f.’--1 Iw(s) w( i)l as+ giw( n) w( n 1)1.
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Now write (for Ty integer)

I(s)l- as y I(s)l= as
o

TIll-1
(A2.13) =< K3 E I(i)l2+ K3

o

For some b [0, 1),

(A2.14)

T .y-1Z J i+1

0
[w(s)- w(i)lz ds

TIll-1 TIll-1
Z 1(i)12<--K5 Z Q2+K5 Z b"Q2,
0 0 n=0

Relations (A2.12) to (A2.14) imply that

I(s)l as <- g6 ]w(s) W( i}l 2 ds + Iw(i + 1) W( i)l 2
0 i=1

(A2.15)

+K6 b-i Iw(s)-w(i)lds+lw(i+l)-w(i)l

For Gaussian x, E exp ax2 (1 2aEx2)- if Ex 0 and 2aEx2 < 1. Let us first consider
the term

T/-I f i+1 0 J" i+1

(A2.16) MV E Iw(s)-w(i)l ds+ E b-’ [w(s)-w(i)l ds.
i=1 d i=--

For any A > 0, if 2Ay < 1, then

P{yMVa/e2}(exp (-Aa/e2))E exp XrM
r//-

(A2.17) exp (-Aa/e2) I-I
i=0

i+1

E exp A/ Iw(s) w(i)l2 ds

0 J i+1

I-I E exp A/b-’ Iw(s)-w(i)]2 ds.

By Jensen’s inequality, and the fact that E exp clw(s)-w(i)l2 is increasing for c >0,
we get

i+1 I i+1

(A2.18) E exp A Iw(s)-w(i)[ ds<-E exp A3,1w(s)-w(i)l ds
i

<-E exp Aylw(i+ 1)- w(i)l2.
Hence,

0

(A2.19) P{/MV>=a/e2}<=[exp-Aa/e2](1-2A/)-r/v-lI-I (1-2A*/b-’)-.
Picking A 2M/a, there is K7 < o3 such that for small y,

(A2.20) P{),M/a/e2}<-_K7exp(-2M/e2).

The other terms in (A2.15) are easier to estimate, although the same general argument
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is used and we omit the details. Hence the first part of the lemma is proved. To see
the asserted uniformity in (0) ofthe conditioned probability, note that for some K1 < oo,

(A2.21)

T /

0

This estimate and the previous argument complete the proof. Q.E.D.
LEMMA A2.4. Under the hypotheses of Lemma A2.3, for fixed M and small y

P I(s)l ds >- al ey3/2 -< exp (-MI e2).
dO

If the probability is conditioned on (0), then the estimate is uniform in [:(0) -<_ e -17-8
for 1/2> 6>0.

Proof For any b>0 and u>=O, u<=b+u2/b. Let b=a/2ev/-T. Then

a ev/T
I(s)l+2[(s)l2

2ex/-T a

Thus, we need only show that

{Io }P [sO(s) ds _-> < exp (-M/62)
a E’)t31

for small p. But this follows from Lemma A2.3. The prooffor the conditional probability
is similar. Q.E.D.

LEMMA A2.5. Let 0 < v < 1/2. ThenforfixedM < c, T < o, there are yo > 0, Ao > 0,
such that for y <- Yo, and A __< Ao,

P{x/--e sup sup ]w(iA + t) w(iA)[ _-> A} =< exp (-M/e2),

P{x/-e sup sup [(iA + t) :(iA)[ >_-- A} --< exp (-M/e).

If the last probability is conditioned on (0), and 0 < , < 1/2, then the estimate is uniform
for Is(0)l

The proof follows the lines of the previous lemmas and is omitted.

Appendix III. An estimate for the phase locked loop problem. We wish to show
that the last (the high frequency) term in (5.3) can be dropped when calculating the
large deviations estimates. Here, we do this for a simpler (and scalar) problem, to
simplify the notation. We prove the result for noise Model I. An analogous result can
be obtained for noise Model II.

Define P(.) by

:(t) b(YP( t)) + etr(YP( t))( t) + e(sin tOot/ rl)tr(YP( t))scr( t),
(A3.1)

(o) x

where //y- 0, and O’1(" satisfies the same conditions as does tr(. ). We first prove
the following auxiliary lemma.

LEMMA A3.1. For each M < o, T> O,.and a > 0 there is a po> 0 such thatfor p < po,

(A3.2) P { sup lid’(t)] >_- a} =< exp -M/e2,
O<--_t<__T
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where

I( t) e(sin oos/ r)o(,(s))’(s) ds.

The same estimate holds uniformly in I:(0)1_-< e-y- for e (0, 1/2), and in x in any
compact set, when the probability is replaced by the probability conditioned on (0).

Proof. By repeating the proof for -I, we may drop the absolute value bars in
(A3.2). By a change of variable s 3’ - s, we obtain

tl/

I’(t) ev (sin yOoS/,)oh(’(ys))(s) ds.
dO

By an integration by parts with

da sin yOoS/, b oq(:’( ys))(s) ds

I’(t) ex/--rlv (cos TWOS/rlv)O’l(,’(’ys))A(s) ds
(DO

(A3.3)
+ terms of smaller order.

By repeating the integration by pas on the first term on the r.h.s, of (A3,3) and
2 2collecting like terms, we find (N=[I+vA/]-I’[vI(cos yoS/v)o-

A(sin yoS/)/])

I (t) -egl((ys))N(s)l

+e l(X(ys))NB ds(s)

+ ey3/2 b’((ys))x((ys))N(s) ds

+ ’(s(((s

+(sin os/n,)((s)))’((s))N(s) ds.

As NI 0 when 0, Lemmas A2.1, A2.2, A2.3, and A2.4 imply the estimates
and the required uniformity.

LMMA A3.2. eorem AI.1 holds for the system defined by (A3.1), where the
S-functional is that for (A3.1) with the high frequency term (the last one on the righ of
(A3.1)) dropped.

Proo The proof is essentially the same as that of Theorem AI.1. Simply add the
high frequency" term in (A3.1) to the in the proof of Theorem AI.1. This is justified
by Lemma A3.2. There is also an additional term in the in Theorem AI.1, due to
the high frequency term." The term appears due to the high frequency" contribution
to the terms which arise during the paial integration. But these terms are of the same
type as (A3.1) and can also be collected in the f. The other details are the
same. Q.E.D.

Remark. In (A3.1), we retain only one high frequency term, but the result for
(5.3) is the same; i.e., Theorem 4.1 or Theorem AI.1 (equivalently) hold, where the
S-functional is that for the system without the high frequency terms; namely for (5.4.).

we obtain
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Appendix IV. Estimates for noise Model II. Estimates analogous to those obtained
in Appendix II can also be obtained for the noise Model II. Using the appropriate
analogues of Lemmas A2.1 to A2.5, the proofs are the same as for the noise Model I
case. In order to obtain the correct forms of the lemmas, simply replace dw(s) by
d.V(s) and :(s) by V(s)/4- in the statements of the Lemmas A2.1 to A2.5. We only
give details where they are significantly different from those used in Appendix II. We
do the proofs in the scalar cases for notational convenience. In every lemma, the
method of proving the required uniformity is the same as in Appendix II, and the
details are omitted. For simplicity, all the details are for scalar case only.

LEMMA A4.1. Fix a > O, T> O, and 8 > O. For each M < oo there is 3"0 > 0 such that
for 3" <-_ 3’0 and all To
(A4.1) P { sup [(v((t + To/3")) ( To/3")] >= a/e3"-1/2} <= exp (-M/e2).

t<=T/y

If the probability in (A4.1) is conditioned on stY(To/3’), then the estimates are uniform
in IV( To/ y)l <- e-l y-’+1/2 for 8 <8.

Proof. Following the argument used in Lemma A2.1, all that is needed are estimates
on (for arbitrary a, > O)

(A4.2)

(A4.3)

P{I(i)I -> a/e3"-1/2},
P { sup IY(s)-Yr(i)l> a:ley-’/:).

i<=si+l

Write ’(i) (exp (-A(s-i)))dJ(s). Then for I >0,

log N exp I’(i) , [exp (I0 exp As)- 1] ds.

Hence as 3’-> 0

1__ log E exp A:v(i) - Co -- exp 2As ds.
Y

Via the exponential Chebyshev’s inequality, for A all Co[i exp 2As ds]e3"+/2

find (for small % and similarly for
we

P{:-(i) >- all E3’-’/2} _<-- (exp -a,h/e3"-’/:)E exp h(i)

Nexp [-a/[2Co [Sf exp Asds] e2y2].
In order to estimate (A4.3), we use the fact that exp A (](s) ](i)) is a submaingale
to get

P { sup (]V(s)-]v(i))aE/ey-/2}
isi+l

(exp (-Aa2/ey-’/2))[(E exp A(Jv(i + 1)-](i))].

Picking A a2/Coe3"+1/-, and using the fact that

lim[E exp A(]v(i+ 1)-iv(i))] lim ytty[E exp A,v- 1] COA2/2,

yields the desired estimate.
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LEMMA A4.2. Let f(. be bounded (by, say, k) in norm and nonanticipatioe with
respect to J(. ). Then,

(A4.4) P sup f(s) d]’(s) >- ale -2exp-(a/2TCoke).
LO<=t<_T/y

LEMMA A4.3. Fix a > O, T> O. For each M <, there is a o> 0 such thatfor o

(A4.5) P IV(s)2 dsea/e2 exp(-M/e2).
d0

If the probability is conditioned on (0) then the result holds uniformly for [((0)
e-1 y-+/2 for any > > O.

Proo By an expansion analogous to that used in Lemma A2.3, there is a K such
that

F/Y T/y-1 j" i+1

I(s)l= ds K E I(s)-(i)l= ds

T/V--1
+K I(i+1)-](i)12

o ,+, o

-’1 Y+ K E b-’ l]V(s)-Yv(i) ds+ K E b ]v(i+ l)- (i)12

s? + s+s+ sz.
We evaluate only

(A4.6a) P{S a/ e2},
as the others are handled in a similar manner. Recall the restriction (2.3)"

(A4.6b) y1+/2/e 0 as p 0,

and that O(y-2-) for some a > 0. For notational convenience (and w.l.o.g.), we
let v y-2-. Let N denote the number ofjumps ofiv(.) on the inteal i, + 1). Then

(A4.7) P{Ni n} exp (- y/Zy)(Vg)"/n!

Fix m > 1. The terms in (A4.7) decrease geometrically for n >= ytzym, hence for n >- gym
if y< 1. Thus, using Stirling’s formula (and always using 3/< 1) there are Ki (not
depending on y) such that

P{Ni >= mlxy} <- Kl(exp-
(A4.8)

<_-Kexp- 1+_-2-. log -1

Hence

P { sup Ni -> m/xy} _-<-exp- 1 + log 1 y
i<= T y ’)/

By (A4.56b), we have

e2 [1+ (log ()-1)]y-l-’>=(eZm/y2+’) (log ()-1)=6o (log ()-1)
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where ,5
0

--> oo as p -> 0. Then

P{sup Ni>-ml}<-_ T/yexp(-[o (log()-l)/e2])<-exp(-o/e2)
i<=

for small p. Henceforth, in evaluating (A4.6a), we can assume that p > 2M and that
Ni-<-m/x. We have for A > 0,

E exp AS’= E exp, [J’(s)-J’(O) ds

(A4.9)
=<(E exp x lY(1)-Y(0)l) /.

The inequality in (A4.9) follows from Jensen’s inequality and the fact that if {zl, z2}
is a zero mean martingale, then by the submartingale inequality,

E exp AIzl=_-< E exp AIz=I=.
Neglecting jumps above m/xv on each interval i, i+ 1), we get

E exp A"(1)--(0)’2
,-t, (1)2E E exp A ’ (exp (-ylz.,,))(yp,v)"/nt,
n=O

where the { 0’} are mutually independent and each has the distribution of v. Assume
for the moment that the q’ are normally distributed. Then 0’ is normally distributed
in the mean zero and variance nvv, and for small enough A we would have the bounds

(1-2Xnv)-l(exp (-ytx))(’ylxv)"/n!<- E (1 +4Xnvv)(exp
0 0

_-< 1 + 4A vv/xy.

Thus for purposes of evaluating (A4.6), we may bound (A4.9) by

(1 + 4ACoy) T/’y exp 4ACo T.

Next, use the exponential Chebyshev inequality to obtain (neglecting a set whose
probability is _<- exp (-2M/e2))

P{S( >- a/e2} <_- (exp (-Aa/e2)) exp 4ACoT
choosing A 2M/a yields the desired estimate for small y.

If the ,i are not normally distributed, the estimate remains the same, owing to
the assumptions made on the upper bounds to the moments of the ,’ in (2.3). The
same procedure is used to estimate S’, S’, and S’. Q.E.D.

LEMMA A4.4 Under the hypotheses of Lemma A4.3, for any fixed M and small p

P IV(s)] ds >- a ey _-< exp (-M/e).

If the probability is conditioned on -v(O), then the estimate is uniform in <

e-y-+/2 for 1/2 > > 1
LEMMA A4.5. Let 0 < f, < 1/2. Then forfixed M < and T< o, there are Po> 0 and

Ao> 0 such that for p <-_ Po and A -< Ao,

P{e sup suplY(iA+t)--Y(iA)l>--_A}<--_exp(--M/e),
T/A

,P{e sup sup I’(iA+ t) s’(iA)l _>- A"} <= exp (-M/e2).
i<= T/A
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If the last probability is conditioned on :%(0), and 0< 5 <1/2, then the estimate is uniform
for I  (o)1
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INVARIANCE CONCEPTS IN INFINITE DIMENSIONS*

RUTH F. CURTAINt

Abstract. The concepts of (A, B) and (C, A)-invariance are examined for infinite-dimensional linear
systems. Examples such as reachability, A-reachability, inobservability and A-inobservability subspaces are
given. These concepts are then used to solve various disturbance decoupling problems.

Key words. (A, B)-invariance, (C, A)-invariance, observability, reachability, disturbance decoupling,
infinite-dimensional systems

1. Introduction. The concept of (A, B)-invariance has been used by Wonham in
11 ] to solve various decoupling and control problems. Use is made of the equivalence
of (A, B)-invariance of a subspace V: AVc V+ Im B and the holdability under the
linear system c Ax + Bu. Unfortunately this does not hold in general in infinite-
dimensions, as indicated by Schrnidt and Stern in [6], where they investigated this
concept in detail. Here we take a different approach and seek natural conditions under
which (A, B)-invariance and holdability are equivalent: for example V is closed and
in D(A) and B has finite rank. A key concept in solving disturbance decoupling
problems is the existence of a supremal (A, B)-invariant subspace contained in a closed
subspace. Although this exists in infinite dimensions it is not in general invariant for
trajectories of Ax + Bu and this is the property which is needed to solve disturbance
decoupling problems. We are able to establish sufficient conditions for this property
of trajectory invariance, but only by considering the dual concept of the trajectory
invariance of the infirnal (C, A)-invariant subspace. These dual concepts have also
been exploited by researchers to solve various disturbance decoupling and regulator
problems, for example by Schumacher in [7] and Willerns and Cornrnault in [10].
Surprisingly enough the duality in infinite dimensions is incomplete, but fortunately
sufficient to allow us to solve several interesting disturbance decoupling problems.

The organization of this paper is as follows:
2. A-invariance. 3. (C, A)-invariance. 4. (A, B)-invariance.
5. Duality between (A, B)- and (C, A)-invariance.
6. Suprernal (A, B)-invariant subspaces and infimal (C, A)-invariant subspaces.
7. Some disturbance decoupling problems.
8. Examples.

Essentially the results on disturbance decoupling are that if the suprernal (A, B)-
(or infimal (C, A))-invariant subspace in question is trajectory invariant and we have
finite-dimensional inputs and outputs and some operators are smooth, then we obtain
the solvability conditions reminiscent of the finite-dimensional case in [ 10] and 11 ].
Some sufficient conditions for trajectory invariance of the suprernal (A, B)- or infimal
(C, A)-invariant subspaces are given in 6 and they are applied to retarded systems
using the M2-formulation of [9] and also to the so-called spectral systems introduced
by Curtain in [1] in 8. These illustrate the fact that the existence of a trajectory
invariant supremal (A, B)-invariant subspace is in general difficult to establish,
especially for retarded systems. Various extensions have been completed recently, such
as the disturbance decoupling problem by measurement feedback in [2] and disturbance

* Received by the editors November 15, 1983, and in revised form July 23, 1985.

" Institute of Mathematics, University of Groningen, 9700 AV Groningen, The Netherlands. This paper
was written while the author was on study leave at the Department of Systems Engineering, Australian
National University, Canberra, Australia.
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decoupling problems with boundary control or boundary disturbances in [3]. It is also
possible to solve disturbance decoupling problems with stability for certain classes of
systems using a similar approach to that in [10] (see [la]).

2. A-invariaaee. Throughout X will denote a real, separable Hilbert space and A
the infinitesimal generator of a strongly continuous semigroup T(t) on X. This implies
that A is closed, linear and densely defined on X. We summarize the useful factors
about A-invariance from Taylor and Lay [8].

DEFINITION 2.1. A-invariance. The linear subspace V of X is A-invariant if
A(Vffl D(A))c V. If V is closed, then X has the direct sum decomposition

X=

and relative to this A has the following block decomposition

A
A]"

The case of a diagonal decomposition with A2 =0 corresponds to the following.
DEFINIWION 2.2. Reducing subspaces. Let M, M2 be 2 closed subspaces of X such

that X M M2. Then (M, M2) are said to completely reduce A if M is A-invariant
and PD(A) D(A), i= 1, 2, where P1 is the continuous projection on M1 along M2
and similarly for P2. Sufficient conditions for (M, M2) to completely reduce A are
that PD(A) D(A) and PAx APex for all x D(A) hold for one value of i.

We are interested in conditions under which the A-invariance of V implies
that V is also T(t)-invariant. That this is not in general true was pointed out by
Schmidt and Stern in [6], and sufficient conditions were established by Schumacher in
[7, Chap. 4].

LEMMA 2.3. Suppose that A is the infinitesimal generator of a semigroup T(t) on
X and that X S M, where S andMare closed linear subspaces ofX. IfS is A-invariant
and S D(A), then S is also T( t) invariant for all O. Furthermore, the restriction of
A to S is the infinitesimal generator of the semigroup T(t)lS. e factor space X/S is
well defined and we can define the mappings T( t) and A by

(2.1) r(t)(x mod S) (r(t)x) mod S,

(2.2) A(x mod S) (Ax) mod S for x D(A).

en T( t) is a semigroup on X/S whose generator is an extension of A. We shall write

T(t)]s and [A]s, for T(t) and its generator.
Another special case where A-invariance implies T(t)-invariance is when S and

M are reducing subspaces for A.
LEMMA 2.4. Suppose that (M1, M2) completely reduce A, then they also reduce T( t)

for tO.
oo Since (M, M2) reduces A, we have that P1D(A) D(A) and P1Ax APex

for x D(A). Then for A (A), we have PR(A, A)x R(A, A)Px. Now from [4]. we
have

and so

R(A,A)x= e-X’T(t)xdt

O=PIR(A,A)x-R(A,A)P,x= e-X’(P,T(t)x T(t)P,x) dt;
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and by the uniqueness of the Laplace transform, we obtain

P T( t) T( t)P

and M1 reduces T(t). Since P2 I-P1, M2 also reduces T(t).
T(t)-invariance does however imply a type of A-invariance.
LEMMA 2.5. If V is T( t) invariant for >= O, then A( V
Proof. T(t) V V for => 0, and for v V f’) D(A). We may differentiate with

respect to

AT(t)Vc (ZA(Vf’)D(A))

Lemmas 2.3 and 2.5 indicate that to obtain useful results we should only consider
closed invariant subspaces, which we henceforth do.

3. (C, A)-invariance. We consider the following observed system on X

:=Ax, x(O) Xo,
(3.)

y Cx CT(t)Xo

where C (X, Y), x0 X and Y is a separable Hilbert space.
The finite-dimensional concept of (C, A)-invariance extends naturally to the

following.
DEFINITION 3.1. (C, A)-invariance. A closed linear subspace S of X is (C, A)-

invariant if

(3.2) A(S f) Ker CfqD(A))c S

Anticipating that this will not be the same as the semigroup invariance we define
T(C, A)-invariance.

DEFINITION 3.2. T(C, A)-invariance. A closed linear subspace S and X is
T(C, A)-invariant if there exists a G (Y, X) such that S is invariant under the
semigroup TA/GC(t), which is generated by A+ GC.

We shall also use a third related concept as follows.
DEFINITION 3.3. Feedback (C, A)-invariance. A closed linear subspace S of X is

feedback (C, A)-invariant if there exists a G ( Y, X) such ’that

(3.3) (A+ GC)(Sf’I D(A))c S.

If S is T(C, A)-invariant, then we have the interpretation that the data processor
on X/S defined by

(3.4) }0 [A + GS]sw -[ G]sy, w(O) S

with error dynamics

[A + GC]se, e=w-[z]s

is an estimator for [Z]s in (3.1).
It is not enough that S be (C, A)-invariant, as then we could not guarantee that

[A+ GC]s is a generator of a semigroup on X/S. (See Lemma 2.3 and Willems and
Commault [10]).

We are interested in conditions under which Definitions 3.1, 3.2, 3.3 coincide.
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LEMMA 3.4. T( C, A)-invariance--.-feedback C, A)-invariance= C, A)-invari-
ance.

Proof. Suppose that s S D(A). Then since S is closed,

d
d" TA+oc( t))S (A+ GC) TA+oc( t)S S

and setting =0, we have (A+ OC)s S which yields (3.3) and this implies (3.2).
LEMMA 3.5. Feedback C, A)-invariance and T( C, A)-invariance are equivalent in

either of the following cases:
(a) S c D(A) and S is closed;
(b) S is reducing subspace for A+ GC.
Proof. Lemmas 2.3 and 2.4 since D(A+ GC)= D(A). Our main result is the

following.
LEMMA 3.6. Suppose that S and CS are closed subspaces, S c D(A), then the

following statements are equivalent;
(i) S is C, A)-invariant.
(ii) There exists a bounded linear map G: Y-> X such that (A + GC)S $.

Proof. (ii)=,(i) is obvious.
(i):=>(ii): Define W S [q (S f’] Ker C)+/-. Then W is closed and W fq Ker C {0},

and

(3.5) S W(S fq Ker C).

Let Yo CW and note that since W iq Ker C {0}, C is 1-1 from W to Yo. By our
assumption, Yo is closed and thus C-1 is a bounded operator from Yo to W (Taylor
and Lay [8]). We now decompose Y as follows

(3.6) Y= Yo0) Y-
and define

(3.7)

(3.8)

G" Y->Xby

Gy O if y e Y,
Gy -As if y D(G) {y e Yo: S C-ly D(A)}

Yo since S D(A).

We now show that that restriction of G to Yo is closed. Suppose that {yi} c Yo
and yi--> y in Yo, Gy--> x X. Since y e Yo there exists s W such that Gy -Asi and
y Cs. Since C- is bounded from Yo to W, s C-y--> s C-ly as i--> o. Now A
is closed and si --> s together with Asi--> x imply that s D(A) and As -x. Summarizing,
we have shown that Gyi--> As and y--> y Cs as i--> oo and from (3.8) we have that
Gy--> Gy as i-->oo, completing the proof that G is closed. Since D(G) Yo, G is
bounded. Now if s SfqKer C, we have (A+GC)s=As S by (i) and if s S,
s Ker C, then s W, Cs D(G) and from (3.8) (A+ GC)s As As 0. Thus (ii)
holds.

We remark that CS will be closed if C has finite rank and this is usually the case
in applications, so we state a corollary for this special case:

COROLLARY 3.7. If C has finite rank and S is closed and c D(A), then the three
concepts T( C, A)-invariance, feedback C, A)-invariance and C, A)-invariance are all
equivalent.
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We now give examples of some infinite-dimensional T(C, A)-invariant subspace,
which are useful in applications.

DEFINITION 3.8. Inobservability subspace. For the system (3.1) we define the
inobservability subspace,

(Ker fIT(t)) by
(3.9)

(Ker ClT(t))= fq,>-_o Ker CT(t)= Ker( f3,=o CT(t)).
(Ker CI T(t)) is closed and if (Ker CI T(t)) {0}, then the system is initially observable
(cf. Curtain and Pritchard [4]). Useful properties of inobservability subspaces are the
following.

LEMMA 3.9.
(a) (Ker fiT(t)) is the largest T( t)-invariant subspace which is contained in Ker C;
(b) (Ker fiT(t)> is output-injection-invariant: (Ker CI Ta+c( t)> Ker CI T( t));
(c) (Ker fiT(t)> is T(C,A)-invariant;
(d) If Ker C is T(t)-invariant, then (Ker fIT(t))= Ker C;
(e) If Ker C c D(A), then (Ker fiT(t))= f’ln=o CAn.
Proof
(a) Ifx (Ker fIT(t)) then CT(O)x Cx =0. So x Ker C. Furthermore, T(a)x

(Ker CI T(t)) for all a > 0, since

CT(t)T(a)x=CT(t+a)x for a + t>- 0.

Suppose that Q is another closed T(t)-invariant subspace with Q c Ker C. If q e Q,
then CT(t)q 0 for all >= 0 and so Q c (Ker CI T(t)).

(b) The semigroup TA+oc(t) generated by A+ GC is given by [4],

Ta+oc( t) T( t) + Ta+c(t- s)GCT(s) ds.

So if x (Ker CI T(t)), x (Ker CI T(t)) since C is bounded. The converse holds since
T(t) is generated by (A+ GC) GC.

(c) From (b) (KerClTa+c(t))=(KerClT(t)) and from (a), (Ker C[ T( t)) is
T(C, A)-invariant and by Lemma 3.4, (C, A)-invariant.

(d), (e) obvious.
We find that the following related inobservability subspace is important for the

applications.
DEFINITION 3.10. A-inobservability subspace. We define the A-inobservability sub-

space, (Ker CIA) by

(3.11) (Ker CIA) fq Ker CAn.
n=0

It is easy to show that {Ker CIA) is the largest A-invariant subspace, which is
contained in the Ker C f’l D(A).

Notice that (Ker CIA) is not necessarily closed. If A is bounded, it is easy to show
that (Ker CIA =(Ker fIT(t)), but in general they are different due to the lack of
equivalence of A and T(t)-invariance. If Ker C c D(A), then

(3.12) (Ker CIA) =(Ker CIT(t))CI (A).
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4. (A, B)-invariance. We consider the following system on X

(4.1) Ax + Bu, x(O) Xo

and we define the solution to be mild solution

(4.2) x(t)= T(t)Xo+ f/ T(t-s)Bu(s) ds

which exists and is continuous for all u L2(0, t; U), and B ( U, X) where X is a
real, separable Hilbert space.

We shall be concerned with the following concept for (4.1).
DEFINITION 4.1. (A, B)-invariance. A closed, linear subspace V of X is (A, B)-

invariant if

(4.3) A(Vfq D(A))c V+ Im B

where Im B denotes the range of B.
(A, B)-invariance in infinite dimensions was studied by Schmidt and Stern in [6],

where they found that the concept is much more complicated than in finite dimensions.
We use a modified version of their definition, because we need the closure of V+ Im B
to obtain the existence of a supremal (A, B)-invariant subspace and to obtain a duality
with (C, A)-invariance in 5. Even for our slightly stronger definition, however,
(A, B)-invariance does not imply "holdability." This is the property that if the system
(4.1) starts with x(0) Xo in V one can find a control u so that the mild solutions (4.2)
always remain in V. In fact we need the following stronger property in our applications.

DEFINITION 4.2. T(A, B)-invariance. A closed, linear subspace V ofX is T(A, B)-
invariant if there exists an F (X, U) such that V is invariant under the semigroup
TA+nF(t), which is generated by A+ BF. T(A, B)-invariance means that if Xo V, then
we can choose a feedback control (u Fx) so that the trajectory of (4.1) remains in
V. As already mentioned, this is quite a strong property in infinite dimensions and it
is convenient to introduce a weaker concept.

DEFINITION 4.3. Feedback (A, B)-invariance. A closed, linear subspace V of X
is feedback (A, B)-invariant if there exists an F (X, U) such that

(4.4) (A + BF)( V CI D(A)) c V.

In finite dimensions all three types of (A, B)-invariance are equivalent, but in
infinite dimensions we have the following hierarchy.

LEMMA 4.4. T(A, B)-invariance:=>feedback (A, B)-invariance=:>(A, B)-invari-
ance.

Proof. T(A, B)-invariance means that there exists an F (X, U) such that

(4.5) TA/nF(t) V V for all => 0.

Differentiating (4.5) with respect to yields

(4.6) (A + BF) TA+BF t) V f’) D(A) V V.

Letting =0 we obtain (4.4) and this implies (4.3).
An easy consequence of Lemma 2.3 is the following.
LEMMA 4.5. If V is closed and D(A), then T(A, B)-invariance is equivalent to

feedback A, B)-invariance.
As pointed out in Schmidt and Stern [6], (A, B)-invariance does not imply

T(A, B)-invariance, in general, but we can prove equivalence under certain assump-
tions on V and B.
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LEMMA 4.6. IfVis closed and c D(A) and Im B and V+ Im B are closed subspaces,
then (A, B), feedback (A, B) and T(A, B)-invariance are equivalent.

Proof. In view of Lemmas 4.4 and 4.5 we only need prove that (A, B)-invariance
implies feedback (A, B)-invariance. Under our assumptions on V and Im B we obtain
the direct sum decomposition

(4.7)

where

V+Im B= W0)Im B

Let P be the projection of W0)Im B onto Im B along W. We introduce further

(4.8) Uo U/Ker B and write U Uo0)Ker B.

Now AVc V+ Im B W0) Im B implies that for all v V there exists a unique u Uo
so that

(4.9) PAy Bu.

We define F: V Uo by

(4.10)
F 0 on V+/-.

Since Vc D(A) and A is closed we may conclude that A restricted to a closed
subspace V is bounded (Taylor and Lay [8, p. 213]) and so PA is bounded. We now
prove that F is closed by considering vi- v in V and ui--Fvi- y in Uo. Since PA
is bounded, from (4.9) we have PAv- PAy and Bu- By as i-. So PAy- By and
Fv---y proving that F is closed. Since F is everywhere defined, F is bounded and
V is invariant under A/ BF.

We remark that Lemma 4.6 is not a strict dual of Lemma 3.6 and we have been
unable to prove one. We do, however, have a dual to Corollary 3.7.

COROLLARY 4.7. If B has finite rank and V is closed and D(A) then the three
concepts T(A, B)-invariance, feedback (A, B)-invariance and (A, B)-invariance are
equivalent.

We remark in passing that if V is the span of finitely many eigenvectors of A/ BF
for some bounded map F, then V satisfies Corollary 4.7 and these finite-dimensional
(A, B)-invariant subspaces are used implicitly in the work of Schumacher in [7]. An
infinite-dimensional example is the following.

DEFINITION 4.8. Reachability subspace. The reachability subspace (T(t)lIm B) is
defined by

(4.11) (T(t)llmB)= (_J T(t-s)Bu(s)ds’ueL2(O,t; U)

(T(t)llm B) is by definition closed and if (T(t)llm B)= X, then (3.1) is approximately
controllable. (See Curtain and Pritchard [4].) (T(t)llm B) is not in D(A) in general,
but we can prove the following.

LEMMA 4.9
(a) (T(t)llm B) is the smallest closed, T( t)-invariant subspace which contains Im B.
(b) T(t)lIm B) is feedback invariant: TA+BF(t)lIm B) (T(t)lIm B).
(c) (T(t)llm B) is an (A, B)-invariant subspace.
(d) If Im B is T( t)-invariant, then T( t)llm B)= Im B.
(e) T(t)llm B) D(A) T( t)llm B).

Fv=-u ifv V,

W= VO(Vf’lIm B) +/-.
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(4.12)

Proof.
(a) If r e (T(t)lIm B) there exists a sequence t. R+, u.(. L2([0, t]; U) so that

r= !irn r(t.- s)Bu.(s) ds,

T(a) r im T(a + t. )Bu. (s) ds by the semigroup property

lim T(a + t. s)B.(s) ds,
n 0

where

Clearly,

Finally, for u e U,

{u.(s) on [0, t.],
u.(s)=

0 on[t,t.+a].

T(a)r(T(t)llm B).

Bu=liml/t T(t-s)Buds)T(t)lImB)
O

since (T(t)llm B) is closed. Suppose now that Q is another closed, T(t)-invariant
subspace and Im B c Q c (T(t)lIm B). Consider r in (T(t)lIm B) given by (4.12). Then
Bu,(s) Q since QImB and T(t,-s)Bu,(s) Q, since Q is T(t)-invariant, and
since Q is closed r Q and Q (T(t)[Im B).

(b) The semigroup TA+aF(t) generated by A+ BF is given by [4]

(4.13)

SO

TA+sF(t)= T(t)+ T(t-s)BFTA+sF(S) ds

o
T,+s(t- s)Bu(s) ds

T(t-s)Bu(s) ds+ T(t-s)BFTA+F(a-s da Bu(s) ds

Io’ ;o’ )r(t-s)Bu(s) ds+ r(t-a)B Ta+s(a-s)Bu(s) & da

(T(t)llm B).

So (Ta+s(t)lIm B) (T(t)[Im B) and a similar argument proves the reverse inclusion.
(c) (T(t)Im B) is T(t)-invariant and Ta+s(t)-invariant for F 0 and so it is

also (A, B)-invariant.
(d) Obvious.
(e) Since the simple functions are dense in L:(0, t; U), if x (T(t)]Im B) there

exists a sequence {x} converging to x, where

iox. r( t s)Bu, ds r(s)Bu ds

and from [4, p. 15], x e D(A) T(t)Im B).
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In the applications it turns out that the following concept is more useful.
DEFINITION 4.10. A-teachability subspace. We define the A-reachability subspace

of (4.1) to be

(4.14) (AIIm B) span {A"BU; n O, 1,. }

where U= {u U: Bu D(A) C1=1D(A")}. (A]Im B) is the smallest A-invariant
subspace which contains Im B CI D(A), but (AIIm B) is not closed in general.

If A is bounded, then it is easy to see that (Allm B)= (T(t)llm B) but that this
does not hold in general is seen from the counterexample 3.17 of [4].

Often in the applications we assume that B has finite rank and in this case for
(A[Im B) to have meaning we shall require that Im B c D(A). If Im B D(A), then
we have the inclusion

(4.15) (Allm B) T(t)llm B).

5. Duality between (A, B)- and (C, A)-invariance. In finite dimensions there is a
natural duality between (C, A)- and (A, B)-invariance concepts, which has been
exploited by various researchers [7], [10]. In infinite dimensions the duality is not as
sharp because of problems with the domain of the unbounded system operator. We
need the following result, whose proof is straightforward and hence omitted.

LEMMA 5.1. Suppose that X and Y are Hilbert spaces, C .(X, Y), V and S are
closed linear subspaces of X, T .(X) and A is a closed, densely defined operator on
X; then

(a) (S t3 V) S+/- + Vz,
(b) (Ker C)z= Im C*,
(c) TS V=> T* V- S",
(d) A(SfqD(A)) V=C,A*(VIfqD(A*)) (Sfq D(A))-.
We have the following duality relationship between (A, B)- and (C, A)-invariance.
LEMMA 5.2.
(a) V is T(A, B)-invariant: W- is T(B*, A*)-invariant.
(b) If V D(A) is feedback (A, B)-invariant, then V+/- is feedback (B*, A*)-

invariant.
(c) If S c D(A) is feedback (C, A)-invariant, then S+/- is feedback-(A*, C*).

invariant.
(d) If S D(A) is (C, A).invariant, then S+/- is (A*, C*)-invariant.
(e) If V D(A) is (A, B)-invariant and Im B and V+ Im B are closed, then W-

is B*, A*)-invariant.
Proof
(a) This follows from (c) of Lemma 5.1 since T,+B(t) is bounded and A* + F’B*

is the generator of (TA+B(t))* in a Hilbert space.
(b) If V is feedback (A, B)-invariant, then by (e) Lemma 5.1 we have that

(A + BF)*( V- fq D(A*)) V CI D(A))+/-

V+/- under our assumption

and V is invariant under A* + F’B*.
(c) Is proved similarly to (b).
(d) Applying (d) of Lemma 5.1, we see that if S is (C, A)-invariant, then

A*(S+/- fq D(A*)) (S fq D(A) fq Ker C)x
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and if S c D(A), then by (a) of Lemma 5.1

A*(S-f)D(A*))c SX+Ker C+/- S-+Im C* S+/-+Im C*

by (b) of Lemma 5.1 and S+/- is (A*, C*)-invariant.
(e) Applying (d) of Lemma 5.1, we see that if V is (A, B)-invariant, then

A*((V+ImB)+/-fqD(A*))=(Vf’)D(A))+/-= V+/- ifVc D(A)

and

V+ Im B (V+/-)+/-+ (Ker B*)- since Im B is closed

V+/- f) Ker B*)x by Lemma 5.1(a),

since Im B and V+ Im B are closed.
We see that there is a nice duality between T(A, B)- and T(B*, A*)-invariance,

but not between (A, B) and (B*, A*)-invariance or between their feedback versions;
one is forced to impose additional assumptions on the spaces and on B. This explains
the lack of symmetry between Lemma 3.6 and Lemma 4.6. Of course for the special
case that A is bounded one does have nice duality for all three invariance concepts.
Finally we examine the duality between reachability and inobservability spaces.

LEMMA 5.3.

(Ker C T(t)) (T*(t)lIm C*)’.

Proof. x s (T*(t)lIm C*) has the representation as the limit of terms like

x T*(t s)C*u(s) ds for some u e L(O, t; U).

So y e (T*(t)llm C*)" iff

y, T*(t. s)C*u(s) ds =0 for all u L2(0, t; U)

if[

o(CT(t-s)y,

u(s)) ds=O

and this holds if[ y (Ker CIT(t)).

for all u L2(0, t; U)

6. Supremal (A, B)-invariant subspaces and infimal (C, A)-invariant subspaces. In
finite-dimensions one can show that there always exists an infimal (C, A)-invariant
subspace, which contains a given subspace. We address this question here for the
infinite-dimensional case and introduce the following notation:

(6.1) _S(C, A; Im E) is the set of closed subspaces of X which are (C, A)-invariant
and which contain Im E, where E (Q, X) and Q is another Hilbert space.

We give conditions under which _S(C, A; Im E) possesses an infimal element,
which we denote by S(Im E).

LEMMA 6.1. Consider the following subspace algorithm

(6.2) S" Im E + A(Ker C f’l Sn-1 D(A)), So Im E.

The algorithm (6.2) is strictly increasing in n and converges in countably many steps to
S. IfS is closed, then S is the smallest (C, A)-invariant subspace in _S(C, A; Im E).
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Proof.
(a) S Sn-1 follows by a simple induction argument. So we have X S" .n-1 2D

Im E and since X is a separable Hilbert space, this must terminate in S after
countably many steps. Since S is closed we have

S Im E + A(Ker C f3 S CI D(A))

Im E + A(Ker C CI SCI D(A))

A(Ker C fq Sfq D(A)).

So S is (C, A)-invariant.
(b) Let V be any closed (C, A)-invariant subspace Im E. Then V Sn for all

n by induction. For suppose that this holds for n, then

V Im E + A( V CI D(A) f3 Ker C)

Im E + A(S f’l D(A) f’) Ker C) sn+lo

In the limit V S and so S is the smallest element of S(C, A; Im E).
In general S(Im E) will not be T(C, A)-invariant and this property is essential

in the applications. To understand this we consider the following special cases, where
Im E span (e).

Case 1. e D(Ap+I); CAe 0; 0, , p 1 and CAPe O. Then we obtain
S=span (Ae; i=0,.., p} D(A) and from Corollary 3.7 we conclude that there
exists a G .( Y, X) such that

(A + GC)S S and S is TA+c( t),

invariant, where TA+c(t) is the semigroup generated by A+ GC given by (3.11).
Case 2. eD(A)=fqp=iD(Ap) and e(KerC[T(t)). Then we obtain S=

span {Ae; O, 1,..., o} (Ale) and for all G ( Y, X), (A+ GC)(S f’) D(A))
A(SO D(A)) S. The semigroup generated by A+ GC is given by (3.11) and so

TA+c(t)s T(t)s for s S.
Now S is not in general T(t)-invariant, but

S (T(t)lIm e) is and TA+clS T(t)[S1

for all G ( Y, X). Thus $1 is the infimal T(C, A)-invariant subspace containing e
and it is invariant under TA+c( t) for all G f( Y, X).

Case 3. e e (Ker CIA), but e (Ker CIT(t)). Again S=(Aie) as in Case 2 and
for all G( Y, X), (A+ GC)(Sfq D(A))c Sbut S need not be T(C, A)-invariant.
Since e (Ker CIT(t)), we cannot proceed as in Case 2 to choose S as S will not be
TA+c(t)-invariant in general. The only remaining alternative is to assume that (Ale)
is T( t) -invariant, for then from (3.11) we may conclude that TA+c(t)S T(t)S.
Consequently, S is TA+c(t)-invariant for all G e (X, Y).

From these three special cases it is clear that the key to the general case is to
consider the following partition of Im E c D(A). We shall use the following notation

Im E fq (Ker CI T(t)); 2 ’i fq (Ker CIA) fq Im E,
(6.3)

’3 Im E fq (Im E fq (Ker CIA)).
We now state sufficient conditions for the existence of an infimal T(C, A)-invariant
subspace containing Im E.
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FIG. 6.1

LEMMA 6.2. Suppose that E has finite rank, Im E c D(A),

(6.4) (Ale) (T(t)le) for e

and the algorithm (6.2) with 3 in place of Im E terminates in finitely many steps, then
there exists an infimal T( C, A)-invariant subspace containing Im E, which we denote by
$*(Im E), and

(6.5) S*(Im E) fl D(A) S*(Im E).

Poof
(a) Since the algorithm (6.2) with in place of Im E terminates in finite many

steps, we obtain a finite-dimensional (C, A)-invariant subspace, Sy, which is therefore
dosed and is in the domain of A.

So by Corollary 3.7 there exists a G (Y, X) such that Sy is A+ GC and
Ta+c )-invariant.

(b) For e ’2 we are in Case 3 and writing $2 (AI:)= (T(t)lg’2), we see that
(A+ GC)(S2f’) D(A))= A(S2f’) D(A))c $2 and TA+C(t)S2 T(t)S2 $2. Thus $2 is
TA+C )-invariant.

(c) For e g’l, (Ale) may not necessarily equal (T(t)le), but in any case, we choose
S=(T(t)I). As in Case 2, $1 is (A+GC)-invariant and Ta+c(t)S= T(t)SI S1
and so S is Ta+c(t)-invariant. Choosing now

(6.6) S*(Im E) Ss@ S2@S
we have a T(C, A)-invariant subspace containing Im E. An examination of the
algorithm (6.2) and the special Cases 1-3 shows that the smallest (C, A)-invariant
subspace containing Im E, S(Im E) is given by

(6.7) S(Im E)= SyO)$20) (A[’I).
(d) Now S(Im E) c S*(Im E) and we wish to show that $*(Im E) is the smallest

T(C, A)-invariant subspace. Suppose that So is another T(C, A)-invariant subspace
containing im E. Since S(Im E) is minimal, So S(im E) and

TA+oc(t)S(Im E)= TA+Goc( t)Sf( TA+Goc( t)S20) TA+oc(t)(A[)
TA+oc(t)SfO) T(t)S2 T(t)(A]I),

U TA+oC(t)S(Xm E)= U TA+oC(t)Sy03S20)S1 from (3.11)
tO t--O

U TA+oC(t)So So.
to

But by (3.11) U,___o Ta+ooC(t)S*(Im E)= U,>o TA+oC(t)S(Im E)= So and in par-
ticular $o = $*(Im E) and S*(Im E) is indeed minimal.
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(e) From (6.6) it follows that

S*(Im E)= SyO)(T(t)ll
and Ss D(A) and appealing to Lemma 4.9(e) proves (6.5).

In fact what we have shown in the proof is that (Sy, SI O)$2) reduces A+ GC in
the sense of Definition 2.2.

We remark that Im E D(A) is stronger than is really needed; more precisely
we need 3 C2 D(AP+), where p dim Sy and 1, 2 CE D(A). This leads to the follow-
ing useful corollary.

COROLLARY 6.3. If E has finite rank, 3 D(AP+I), ’1 c D(A),
(6.8) Im E f’l (Ker C] T(t))= Im E f’)(Ker C]A)
and the algorithm (6.2) with 3 terminates in finitely many steps, then S*(Im E) exists
and satisfies (6.5).

In general S*(Im E) may not exist. This can be seen by examining Case 3 and
(3.11): (Ta+c(t)le) depends on G. One could obtain a T(C, A)-invariant subspace
containing S(Im E) by choosing

S*(Im E)= SfO)(TA+c(t)llm E f’) (Ker cIA))
where Sy from the proof of Lemma 6.2 is (A+ GC)-invariant. However, S*(Im E)
need not be infimal.

We now examine the dual problem of the existence of a supremal (A, B)-invariant
subspace. We introduce the following notation.

(6.9) y(A, B; K) is the set of (A, B)-invariant subspaces contained in the closed
subspace K.

Because of the lack of duality between (A, B) and (B*, A*)-invariance, we cannot
dualize Lemma 6.1 to obtain the existence of a supremal element V(K) of _V(A, B; K).
We consider the following algorithm

(6.10) V K, V" K fq (A A)-(V-+ Im B) for some A p(A).

LEMMA 6.4. { V"} is strictly decreasing in n and has a limiting (A, B)-invariant
subspace, V(K), which is the largest (A, B)-invariant subspace contained in K, and is

independent of A; however, V(K) need not be closed.
Proof. Without loss of generality we can take A 0.
V" V"+ follows by induction. V1 c Vo K and suppose it holds for n. Then we

have

V K fq A-l( V"-1 + Im B) K fq A-( V + Im B) V"+.
So K V1 V2" V" {0} and either the sequence terminates in finitely or count-
ably many steps, since X is a separable Hilbert space. The limit V satisfies

(6.11) V= K f] A-I( v+Im B).

So V c K and A( V fq D(A)) c W + Im B and V c D(A) and is (A, B)-invariant,
but W need not be closed.

We show that V is the largest such subspace by supposing that W is another
(A, B)-invariant subspace c D(A)

W KfqA-I(W+ImB) K= Vo.
If Wc V", then from the above inclusion we obtain that Wc V+. So using induction
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we have proved that Wc V. So V is the largest (A, B)-invariant subspace-> D(A),
but V need not be closed.

Unfortunately we cannot prove the existence of a closed supremal (A, B) -invariant
subspace contained in K directly and the lack of duality between (B*,A*) and
(A, B)-invariance means that we cannot appeal to Lemma 6.1. For the applications
we also need T(A, B)-invariance and in this case we can appeal to the duality with
T(B*, A*)-invariance implied by Lemma 5.2(a).

LEMMA 6.5. Suppose that D has finite rank, De L(X, Rk), say, and Im D*c
D(A*)=O’=I D(A*"). Under the conditions that the algorithm (6.2) with ’3
((Ker B*IA* fq Im D*)- fq Im D* terminates in finitely many steps and

(6.12) (A*ld) (T*(t)ld)
for all d Im D* fq (Ker B*IA*), but d_t.(Ker B* T*(t)) f) Im D* there exists a supremal
T(A, B)-invariant subspace contained in Ker D which we denote by V*(Ker D).

Proof. We dualize Lemma 6.2, identifying

(6.13) S*(Im D*)+/-= V*(Ker D).

An important special case in the applications is, in Lemma 6.2, when 3 has rank
one, for then the algorithm (6.2) terminates in finitely many steps. This leads to a
useful corollary for the existence of V*(Ker D), where we make use of the fact that
if Im D* c D(A*) and D has finite rank, then DA has a bounded extension for all
i.

COROLLARY 6.6. Suppose that D has finite rank, D(X, Rk) and DAi
’(X; Rk) for all i>-O and we partition D into three parts D-(DI" DE" D3), where

D T(t)B 0 for all >- 0;

(6.14)
DEA’B O, >- O, DE T( t)B O, _->0;

D3 (’, d3) for some d3 X and

DaA’B 0, 0, p 1, DaAPB O.

Then there exists a supremal T(A, B)-invariant subspace contained in Ker D if

(6.15) T(t)llm D2) (AIIm DE).

Again we remark that we only need that D1A, D2A &(X, Rk) for all i>= 0 and

D3Ai (X, Rk) for 0,. , p + 1.

7. Some disturlmnee decoulfling lrolflems. We consider the following disturbance
decoupling problem (DDP)

(7.1) Ax + Bu + Eq,

(7.2) z Dx, u Fx.

Where A, B are as before, q represents a disturbance, q(.) L2(0 t; Q), u(t) U
represents the control and z(t) Z represents the output to be decoupled. X, Q, Z
and Y are real separable Hilbert spaces and E (Q, X), D (X, Z), F (X, U).
The DDP is to design a feedback control law u Fx, such that

(7.3) D TA+aF(t--s)Eq(s) ds=O for all q L2(0, t; Q).
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From Definition 4.8 it is clear that (7.3) holds iff

(7.4) Ta+(t)llm E) Ker D.

We now prove our first DDP theorem.
THEOREM 7.1. If V*(ker D) exists, then DDP is solvable iff

(7.5) V*(Ker D) DIm E.

roof
(a) Necessity. Suppose that F(X, U) is such that (7.4) holds. Now

(Ta+v(t)]Im E) is T(A, B)-invariant and is contained in Ker D. Thus

V*(Ker D) D (Ta+,v(t)]Im E) = Im E.

(b) Sufficiency. Suppose that (7.5) holds. Since V*(Ker D) exists, there exists an
F (X, U) so that

(A + BF)( V*(Ker D) D(A)) = V*(Ker D)

and by Lemma 4.9(d)

Ta+v(t)l V*(Ker D)) V*(Ker D).

Lemma 4.9 and (7.5) imply that

Ta+,v(t)lXm E) = Ta+,v( t)] V*(Ker D)) V*(Ker D) = Ker D

and (7.4) holds.
It is clear from the proof that the existence of W(Ker D) is not sufficient to solve

DDP; one needs the T(A, B)-invariance. From Lemma 6.5 we see that for V*(Ker D)
to exist it is sufficient that B and D have finite rank (that is, finite-dimensional input
and output) and D satisfy smoothness conditions. We do not need to impose any extra
conditions on the disturbance other than (7.5).

One can also consider the disturbance decoupling problem when one allows a
feedforward term in the control (DDPF) [10].

(7.6) u Fx + Rq, R (Q, U).

TI-IEORE 7.2. If V*(Ker D) exists, then DDPF has a solution iff
(7.7) V*(Ker D)+ Im B = Im E.

Proof From Theorem 7.1, DDPF has a solution iff there exists a R (X, U),
such that

(7.8) Im (BR + E)= V*(Ker D)

and clearly this implies (7.7).
Conversely, if (7.7) holds, then

(7.9) V*(Ker D) Im B + Im E Im (BR + E)

for any R (Q, U) and in particular, we can always choose R 0.
Now we consider the disturbance decoupled estimation problem DDEP (Willems

and Commault [10]) for the system (7.1), (7.2), where we suppose that we cannot
measure the state, but the following

(7.10) y Cx

where C (X., Y) and the output space, Y, is a real, separable Hilbert space. The
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DDEP is to construct a data processor for z on W Z:

i,= Fw+ Hy + Ru,
(7.11) = Mw+ Ny + Ju,

where F is the infinitesimal generator of a strongly continuous semigroup on W and
H, R, M, N and J are bounded linear operators and we require that the resulting
estimation error e z- depends only on the initial conditions and not on q or u.
For the DDEP we are unable to prove as sharp a result as for the DDP.

THZOREM 7.3. IfS*(Im E) exists and C hasfinite rank, then DDEP has a solution
f
(7.12)

and only if
(7.13)

S*(Im E) 71 Ker C c Ker D and J 0

S(Im E) f’l Ker C c Ker D and J O.

Proof. (a) Necessity. Let e z 3 and x (X, W) E X X( W. Combining (7.1),
(7.10, 11), we obtain the extended system

(7.14)
e. )e Aexe-4- Ee(tl, q) T

ye cexe,

HC
Ee=

R

where

and the error is given by

(7.15) e Dex + Je(u, q)

where

De=(D-NC: -M);

Solution of DDEP requires that je__ 0 and

je (_j, 0).

(7.16) D Te(t-s)Ee(u, q)(s) ds=O for t=>0

where Te(t) is the strongly continuous semigroup generated by Ae.
Equivalently

(7.17) Im E c <Ker Del Tt))= Se.

Defining

it is easy to verify that S1 is (C, A)-invariant. Taking intersections of (7.17) with X yields

(7.18) Im E c Slc Ker (D- NC)

so $1E _S(C, A; Im E) and $1 71Ker C = Ker D.
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(b) Sufficiency. Suppose that S _S(C, A; Im E) and that S is T(C, A)-invariant
with S fqKer C c Ker D. This holds for S*(Im E), for example. So there exists an
L ( Y, X) such that $ is invariant under the semigroup, TL(t), generated by A+ LC.
We denote the generator of TL(t) by AL.

We have the decomposition

(7.19) X X/SO) S

and since S is invariant with respect to AL and T(t) we have the block decompositions
with respect to (7.19)"

(al O) T(t)=(T(t) 0 )(7.20) A A2 A3 T2(t) T3(t)

and the identities:

(7.21)

(7.22)

which yield

(7.23)

(7.24)

d
_--7 (T(t)x) ATL( t)x for x D(A),
ta

T(t) Tl(S)[x]s T(t + s)[x]s for [X]s X/S,

d.-. T( t)[x]s) A T( t)[X]s for [x]s D(Aa).
ta

Thus, T(t) defines a strongly continuous semigroup on X/S with generator A1. We
write these as [T(t)]s and [A]s and define the following observer on W-X/S

(7.25)
ff [A]sW L]sy + B]su,

= Mw+ Ny,

where [L]s is defined by [L]sy=[Ly]s and similarly for [B]s and we define rh: WZ
and N" YZ as follows. As in Lemma 3.6, we decompose Y= Yo03 Y-, where
Yo C(Sfq(SfqKer C)+/-) is closed since C has finite rank. Then we define N: YZ
by

(7.26)
Ny=O ify Y-,
Ny D(C-ly) if y Yo,

and N is bounded, since D is bounded.
Note that S c Ker (D- NC) and so M ( W, Z) is well defined by

(7.27) 1Ql[x]s (D- NC)[x]s.

So (7.25) is a well defined observer and for [X]s D([A]s), we have

(7.28)

and

d
d- [x]s A]s[xIs L]sy + B]sU

(7.29) =[A]sr
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where r [X]s- w and

e--Z--Z

Dx + Mw- NCx

[(D- SC)x]s Mw by (7.26)

M([x]s- w) by (7.27)

Mr

and so (u, q) has no effect on the error e and the DDEP is solved.
We remark that the assumption that C have finite rank was only used to generate

bounded operators M and N in the data processor in the sufficiency proof.
Sufficient conditions for S*(Im E) to exist are provided by Lemma 6.2, namely

that C and E have finite rank and that E satisfy some smoothness assumptions. So
for the DDEP we can only treat finite-dimensional disturbances, but infinite-
dimensional outputs are allowed.

As remarked in [9], in some applications it may be desired that the observations
be filtered before being used in z, which means taking N J =0. Then if S*(Im E)
exists we can prove that the DDEP is solvable if

(7.30) S*(Im E)c Ker D.

8. Examples. From the results of 7 we see that DDP (DDEP) can be solved if
V*(Ker D) (S*(Im E)) exists and Lemma 6.2 (Corollary 6.6) gives sufficient conditions
for this. For distributed systems these conditions are easy to check and we illustrate
this with a parabolic example.

Consider a heated rod which we suppose is heated around one point and due to
some experimental setup is subject to disturbances in another region. We desire that
the temperature at a certain measurement point be indepe.ndent of the disturbances.
The configuration can be schematized as below in Fig. 8.1. For the mathematical model
we take

(8.1)
tX 02X
Ot O2 + b()u( t) + e()q( t),

(8.2) x(O, t) 0 x(1, t),

(8.3) z(t) d (:)x( t, :) as

where we have chosen various shape-functions b, e and d to approximate our sensor
and control actuators.

control u measurement y disturbance q.

x 0 sensor z

FIG. 8.1

x=l
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This can be formulated as a system of the form (8.1), (8.2) on the Hilbert space
X L2(0, 1), where the system operator A is given by

d2

(8.4) A=; D(A) {h H2: h(0)=0= h(1)}.

A is self adjoint and has eigenvalues {--rl2’rr2; /1 1 o0} and eigenvectors {b,(se)
x/ sin nTr:; n 1, 2,... oo}. The other operators are given by

(8.5) B=b, E=e, D=(.,d)

where b, d and e are considered as elements of L2(0, 1). By Corollary 6.6, V*(Ker D)
will exist if either of the following conditions hold

(8.6) (T(t)b,d)=O, t>-O,

(8.7) (T(t)llm D) (AIIm D), (b, Aid)=O, i>-_O,

(8.8) (b,A’d)=O, i=0, p-1, (b, APd)#O.

Now if (A, b) is approximately controllable, (8.6) implies that d =0, so (8.6) will not
hold in general. Considering (8.7) we remark that (T(t)llrnD)=(AlIm D) will only
hold if d is an eigenvector of A, so (8.7) will not hold in general. This leaves (8.8) as
a possibility and the most likely situation is that p 0. Then by Theorem 7.1, sufficient
conditions for disturbance decoupling are

(8.9) (b, d)0, (e, d)=0, d D(A).
The feedback law is then given by

(8.10) u =(.;f), f=
ad-Ad
(b, d)

(8.12) S*(e) f’l Ker (., c)c Ker (., d).

Generic conditions for the existence of S*(e) are

(8.13) (c, e) O; e D(A)

and then S*(e)=span {e} and (8.13) is sufficient for the solvability of DDEP; that is,
we can construct an observer, as in the proof of Theorem 7.3, provided that the

and we can then consider the DDEP for (8.1)-(8.3), (8.11). From Theorem 7.3, we see
that DDEP can be solved if S*(e) exists and

where a is an arbitrary constant.
Physically one can interpret the conditions (8.9) as requiring that the shape function

d be smooth and confined to the interior of (0, 1), that the shape functions e and d
do not overlap, but that b and d do. One could give other sufficient conditions on b,
d and e for the solvability of the disturbance decoupling problem, but they will not
have such a natural physical interpretation.

If one is interested in disturbance decoupling and pole-assignment, then it is clear
from (8.10) that at least two controls will be necessary.

Of course we cannot measure that full state x(t,. ), but only a functional of it, for
example

(8.11) y(t)= c()x(t, ) d
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measurements and disturbances are disjoint. We remark here that the observer is
infinite-dimensional and that we have had to assume smooth and finite-dimensional
disturbances to solve the DDEP. So the application of the DDEP is not quite as general
as for the DDP.

We conclude with a simple example of a retarded system:

I(t)=(t)+(t-1)+ y(0)(t+ 0) dO+bu()+eq(t),

(0) :o(0) on [-1, 01,

(8.15) (t) :(t) + d(O)x(t+O) dO,

where c, 1, b, e, are scalars and % :o and d are functions on [-1, 0]. Then (8.18)
can be formulated as an abstract system on the product space M= R x L(-1, 0), [9],
where the system operator A on M is defined by

A(ho, h)=(h,(O)+ flh(-1)+ y(O)h(O) dO, Dh),

D(A) W’(-1, 0)= {h e L(-1, 0); Dh e L(-1, 0)},

where Dh denotes the distributional derivative of h.
The remaining system operators in (7.1), (7.2) are

Bu bu, 0), Eq eq, 0),
(8.17)

IDh=(h, d*} ho+ d(O)h(O) dO,
--1

where {.,}_ denotes the inner product in M.
The conditions for DDP depend on the domain of A*, which for retarded systems

is very special.

(8.18) D(A*) {(ho, hl) M2l:::iw e wl’2with w(-1)=0and hi(0)= w( O) + ho},

(8.19) A*(ho, hi) ((a +fl)ho+ Dw(O) dO, y(O)ho-Dw(O)).

In our example, with one delay, (ho, h)e D(A*) implies that h is in W’, but in
general it would be piecewise continuous [9]. The condition d*e D(A*) reduces to

(8.20) d e W’: and d(- 1) ,86

and

(8.21) A*d*=(a6+d(O), y(O)6-Dd(O)).

It is easy to see that d* D(A*p) implies that OPd W1’2 and that various conditions
on DPd(-1) in terms of Dp-ly(-1) and Did(O) be satisfied; i=0,.,p-1. Let us
evaluate some terms DAiV as in (6.13).

(8.22) DB (( b, 0)d*)2 b6,

(8.23) DAB ((b, 0), A’d*)2 ba + bd(O),

(8.24) DAUB ((b, 0), (A*)2d*)2 b(a:z + d(O)+ y(O)8 Dd(O)).
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If

(8.25) DAiB=O, i=l.../:-l, and DAPB#O.

Then from Lemma 6.5 and Theorem 7.1 it follows that DDP is solvable iff

(8.26) ((e, 0), A*’d*}2 0, 0,., p.

From (8.26) with i=0 it is clear that we must have 8 0 and since b, e # 0 it is
clear from (8.25) and (8.26) that DDP for system (8.14), (8.15) is not solvable. This
was a very simple example, so now we suppose that the disturbances are of the form

eq(t)+ 6(O)q(O) dO

where/z L2(0, 1). Then (8.26) is replaced by

(8.28) ((e, ), A*’d*) 0,

which yields for
0

(8.29) i=0, e6+ tz(O) d(O) dO=O,
-1

(8.30) i= 1,

i=0, ",p

e(a6+d(O))+ tz(O)(6y(O)-Db(O)) dO=O,

and so on. Examining the case p 0, (b # 0), we see that DDP for the disturbance
(8.27) will be solvable iff (8.29) holds.

(8.31) u(t)=v-a3-d(O)x(t)+ x(t+O)[vd(O)-Sy(O)+Dd(O)]dO
b

is the decoupling control law, where v is an arbitrary parameter.
For the case p 1( =0, d(0) # 0), DDP is solvable iff both (8.29) and (8.30) hold

and these reduce to the following

I(8.32) (0) d(o) dO=O, ea(0) (o)oa(o) dO.
-1

The decoupling feedback law in this case is

1 1 1 o
Dd(O))x(t)+ J x(t+ O)k(O) dO8.33 t +do bd(O _

where k(O)=-d(O)T(O)-D2d(O)+vd(O)+ v2Dd(O) and v, v2 are two arbitrary
constants.

Acknowledgments. I would like to thank Hans Zwa for his careful reading of
the original manuscript and for his valuable suggestions.

Note. ter submitting this paper the author became aware of the related work
by L. Pandolfi on DDP for retarded systems: L. Pandolfi, Disturbance decoupling and
invariant subspaces #r delay systems, Int. Repo No. 7, 1984, Politechnico di Torino,
Italy.
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DIFFUSIONS FOR GLOBAL OPTIMIZATION*

STUART GEMANf AND CHII-RUEY HWANG

Abstract. We seek a global minimum of U:[0, 1]"-. R. The solution to (d/dt)x,=-VU(xt) will find
local minima. The solution to dxt =-V U(xt) dt+dw,, where w is standard (n-dimensional) Brownian
motion and the boundaries are reflecting, will concentrate near the global minima of U, at least when
"temperature" T is small: the equilibrium distribution for xt is Gibbs with density ’r(x)a exp {-U(x)/T}.
This suggests setting T T(t) 0 to find the global minima of U. We give conditions on U(x) and T(t)
such that the solution to dxt =-V U(xt)dt+x/ dw converges weakly to a distribution concentrated on
the global minima of U.

Key words, global optimization, simulated annealing, diffusion, reflecting boundaries

AMS(MOS) subject classifications. 60J60, 60J70

1. Introduction. We can find a local minimum of a function U on R" by starting
at an arbitrary Xo e R" and solving the equation

dx___,= -V U(x,).
dt

A continuous path, x, seeking a global minimum will in general be forced to "climb
hills" as well as follow down-hill gradients. One way of introducing hill-climbing,
while preserving the tendency to descend along gradients, is to introduce random
fluctuations into the path of x"

(1.1) dxt -V U(x,) dt+dwt
where w is a standard Brownian motion and T, the "temperature," controls the
magnitude of the random fluctuations. Under suitable conditions on U, xt approaches
(weakly) an equilibrium, which is a Gibbs distribution with density

’r(x) =--exp {-U(x)/ r} where Zr exp {-U(x)/ r} dx.
R

As T0, rr concentrates on the global minima of U. Hence, in low temperature
equilibrium we can expect to find xt near a global minimum.

Unfortunately, the time required to approach equilibrium increases exponentially
with 1/T; solutions to (1.1) with small T will be very slow to find the important minima
of U. This suggests that (1.1) be integrated with a gradually decreasing temperature,
T T(t)$ 0. The hope is that the early and large random fluctuations will allow xt to
quickly escape from local minima, whereas the later (large t) behavior will be essentially
a gradient descent into a prominent minimum of U.

The theorem presented here gives sufficient conditions on U and T(t) for the
weak convergence of xt to a measure concentrating on the global minimum of U. We
have simplified the mathematics by confining x to a rectangle in R" (the diffusion is
"reflected at the boundaries"). The rectangle is taken for convenience to be the unit

* Received by the editors March 4, 1985, and in revised form July 17, 1985.
t Division of Applied Mathematics, Brown University, Providence, Rhode Island 02912. This work was

supported in part by the National Science Foundation under grants DMS-8352087 and DMS-8306507, and
the U.S. Army Research Office under grant DAAG29-83-K-0116.

Institute of Mathematics, Academia Sinica, Taipei, Taiwan, Republic of China.
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cube. For illustration, let us assume that U: [0, 1] --> R has a unique global minimum
at x :. If U is sufficiently smooth, and properly-behaved at the boundaries (see 2),
and if T(t)= c/log (2+ t) for c sufficiently large, then the solution to (1.1), with
T T(t), converges to ::

P(Ix, < 1

for all e > 0 and all starting points.
Our work was inspired by the "simulated annealing" recently proposed by ern9

[2] and Kirkpatrick et al. [10]. Given a function U of n binary variables xl,..., x,
they propose to find global minima of U by running the "Metropolis algorithm" [13]
while gradually lowering the temperature. The Metropolis algorithm produces a Markov
process with state space {0, 1}". As in (1.1), there is a "temperature", T, and at fixed
T the Metropolis algorithm also has the Gibbs distribution as equilibrium. The same
heuristics, then, motivate gradually lowering T T(t). This is called simulated anneal-
ing since it copies the physical procedure, called annealing, of melting and then slowly
cooling a physical substance (such as a crystal) in search of a low energy configuration.
The latter typically corresponds to a high degree of spatial regularity, useful for some
applications. (ern and Kirkpatrick apply their simulated annealing to certain com-
binatorial optimization problems, often with striking success.

Simulated annealing has also played a role in overcoming some of the computa-
tional problems that arise in image processing (Geman and Geman [4], Grenander
[8], Marroquin 12]). In these applications, the procedure is modified to accommodate
arbitrary discrete variables x,. , x, with finite state spaces (rather than binary), and
Geman and Geman have established weak convergence to the global minima of U,
provided again that the temperature is lowered sufficiently slowly. Unfortunately, the
extension of the Metropolis algorithm to continuous variables, x,..., x,, involves
some awkward computational problems. Nevertheless, many of the variables that arise
in image processing are most naturally modelled as continuous, such as pixel grey
levels, line orientations, and the sizes and orientations of objects. This motivated both
Grenander (in [8]) and us to look at a diffusion-process alternative. In future image
processing experiments, we will be comparing the computational performance of the
continuous-valued Metropolis scheme to the diffusion scheme presented here.

Some encouraging simulation results have been recently obtained by Alufti-Pentini,
Parisi, and Zirilli 1 ]. They study the performance of a modified version of (1.1), which
includes repeated runs, and an interactive "annealing schedule" T T(t). The experi-
ments involve 22 different test functions U. These are defined on R", with n ranging
from one to fourteen, and have multiple local minima. Properly tuned, the algorithm
finds a global minimum for each test function.

2. Statement of result. Given a real-valued function U on the unit cube

u: [0,1]"

and an "annealing schedule" T(t),[O, we define a dittusion x:

dx,=-VU(x,) dt+/2T(t) dw,

B. Gidas [6] and H. Kushner 11 have recently improved on our result. Gidas gets a tight characteriz-
ation of the minimum allowed c in the schedule T(t) c/log (2 + t), and removes the reflecting boundaries.
Kushner generalizes to a richer class of diffusions, allowing state-dependent diffusion coefficients and a
random drift. The latter makes the connection to "stochastic approximation" in which U, or its functionals,
cannot be directly observed.
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where wt R is standard Brownian motion, x is confined to [0, 1] "by reflection,"
which will be made precise shortly. The theorem gives conditions on T(t) and U which
insure the convergence of x, to the set of global minima of U, in a suitable (weak)
sense. Conditions on T(t) will be given later. As for U, the conditions include:

(A) There exists an extension of U to an open set S_[0, 1] n, which is twice
continuously differentiable, and whose gradient has zero normal component
at all noncorner boundary elements of [0, 1]".2

There are many equivalent ways to make precise the notion of a reflected diffusion.
We will proceed in a manner that best fits with the methods to be used later in the
proof of the theorem. First, we extend U "periodically" to U, defined on all of R ".
Let Z denote the integers, and for every (il,.’’, in) Z" define

Sil,...,in -I ik, ik + 1 ]
k=l

and define Gi,,...,i," [0, 1]n Si,,...,i, by

ik + X, ik even,,...,i.(X))k [ ik + 1- X, ik odd.

Finally, define U: R _.> R by

x s,, ...,,. 0(s) u(G-’,,,...,,(x)).

If x is "on a boundary" (i.e. Xk some Z, 1 k =< n), then x is an element of two
or more cubes: for example x Si,,...,i, and x Sj,....,j. where (i,. ., in) (jl," ,j,).
But then

G-1,,,...,,.(x) ;,...,o(x),
and hence U is well-defined.

The definition ofthe reflected process, x, is in terms of a "free" (ordinary diffusion)
process x:

d, =-V (,) dt+/2’(’t) dw,.

Fix => s => 0 and x [0, 1 in. The conditional distribution on x, given xs x is the same
as if we had set s x and then defined x, G-1,,...,i.(,) whenever , S,,...,.. In other
words, we reflect , at the boundaries of the unit cube. More precisely, let/(s, x, t, y)
be transition probability densities for the process (density on x, evaluated at y, given
that x x). Then x is the Markov process with the following transition probability
densities:

p(s, x, t, y)= E (s, x, t, G,t.....,.(y))
il," ",i

Vx, y [0, 1]", > s -> 0. To check that these actually satisfy the Markov property,
first observe that for any (i,..., in), (j,’" ,jn)Zn, x,y[O, 1] n, and t> s>=0,

(s, Gj,,...,j,(x), t, Gq....,,.(y))= (s, x, t, Gk,,...,.(y))

We believe, but are not certain, that the theorem still holds when the normal component of V U does

not vanish on the boundaries of [0, 1]".
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where

ip-jp if jp is even,
kp=

jp-ip ifjpisodd,

for each l<-p<-n. Thus, for any x,y[O, 1]", t> s>=0, and toe(S, t),

p(s, x, t, y)= (s, x, t, G,,,...,,,(y))
I1," ",In

f (s, x, to, z)(to, z, t, aq,...,,.(y)) dz
i1’" "lrl R

,,Y 2 f (s,x, to, G,,...,j,(z))(to, G,,...,j,(z), t, G,,,...,,.(y)) dz
,"’,n Jl,’",Jn [0,1]

E j (s, x, to, G,,...,,(z)) E (to, G,,...,,(z), t, Gq,...,,,(y)) dz
J1,’",Jn [0,1] il," "’,in

--j,,...,Ejn f[0,1] (S, x, to, Gj,,...,,(z)) k,,...,k,E /3(t0, Z, t, Gk,,...,k,(Y)) dz

,,,’",E, fro,l]" fi(s, x, to, Gy,,...,y,(z))p(to, z, t, y) dz

f p(s, x, to)p(to, z, t, y) dz.
0,1]

If the temperature were constant, then x would have a unique equilibrium distribu-
tion (as will be dear from the proof of the theorem)"

(2.1) T(B) la[O,l]" 1
exp {- U(x)/T} dx

where

Zr [ exp {-U(x)/T} dx.
[o,]"

As T 0, 7r7- concentrates on the global minima of U. In fact, for well-behaved functions
U, {rT}7->o has a unique weak limit, call it ro, and this satisfies

ro({X" U(x)= inf U(y)})= 1
y

(see Hwang [9]). If, for example, the global minimum of U is attained at a finite
number of points, then rT - ro, where ro concentrates on the global minima and has
a simple characterization in terms of the Hessian of U. On the other hand, if the global
minima of U form a set of positive Lebesgue measure, then again 7rr- ro, but the
latter is uniform on the set of global minima. In any case, we will assume the existence
of a unique weak limit 7to:

(B) There exists ro such that 7r7- 7to as T 0.

Most commonly, U will possess only one global minimum, in which case (B) is trivial.
Of course, ro necessarily concentrates on the global minima.

The following theorem gives conditions for the weak convergence of x, to 7ro.
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THEOREM. Assume (A) and (B) and that T(t) c/log (2 + t). For all c sufficiently
large,

P(xt IXo x) - ro(" Vx [0, 1]".

Remarks. (1) Actually, the result holds if T(t) _-> c/log (2 + t), c sufficiently large,
and if (1) T(t)0; (2) T(t) is continuously ditterentiable; and (3)

dT(t)/dt
T(t)3

e2a/T(t) __> 0

where A supx,ytO,11" (U(x)- U(y)). The proof is the same.
(2) Almost sure convergence to the set minimizing U is, in general, impossible,

as can be demonstrated already with n 1 and a very simple function U. The reason
can be put loosely as follows. If T(t) 0 sufficiently slowly to guarantee escape from
local minima, then repeated escapes from global minima are also guaranteed (albeit
with increasing rareness).

(3) For most problems, the constant c necessary to guarantee convergence to
global minima will most likely be too large to be practical. But if the discrete case is
any guide, then our image processing experiments suggest that significant improvement
is obtained over greedy algorithms (such as zero-temperature gradient descent) with
a constant far too small to invoke the theorem. (See Geman and Geman [4] for further
discussion. Hajek (personal communication) and Gidas [5] have actually identified
the needed constant for the discrete case.)

3. Proof of the theorem. For any x [0, 1 ]", > s -> O, fs C[O, 1 ]", and/x a proba-
bility measure on [0, 1]", we give the following definitions:

(i) 7rs= 7"I’T(s), ’ff’T as in (2.1).

Notice that 7r has a density for all 0 -< s < c. We will use the same symbol, rs, to
denote this density:

exp{-U(x)/T(s)}
(ii) 7r(x)=tO,ll, exp{-U(x)/T(s)} dx’

l’(iii) (f)= f(x) (dx),
[0,1]

(iv) p(, , t,f) f(y)p(s, x, t, y) dy,
[o,]"

(v) p(s, tx, t,f)=jI f(y)p(s,x,t,y)tz(dx)dy.
I0,1]" 0,1]

The proof of the theorem is based upon the following two lemmas.
LEMMA 1. f C[0, 1]", s >- 0,

lim sup Ip(s, v, t,f)-p(s, w, t,f)l=O.
t3 we[0,1]

LEMMA 2. Vf C[0, 1]",

lim li--- Ip(s r, t,f)-Trt(f)[=O.
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Assuming the validity of these, we establish the theorem as follows: fixing x [0, 1]
andf C[0, 1] n,

li--" Ip(0, x, t, f)- ro(f)l

<- lim lim Ip(s, p(O, x, s, ), t,f)-p(s, zr, t,f)l

+ lim lim Ip(s, 7rs, t,f)- r’(f)l + lim lim [r’(f)- ro(f)l
$-->00 t-->O0 $-->00 t--O0

(by Lemma 2 and r err(t) -% 7to)

lim lim [p(s, p(O, x, s,. ), t,f)-p(s, r, t,f)[
$-.>00

limlimt z
lim lim [ [p(0, x, s, z) (z)]p(s, z, t,f) dz

dz

lim lim sup Ip(s, v, t,f)-p(s, w, t,f)l 0
t D,W

by Lemma 1.
oofofLemma 1. 0 let

Then

, =infp(t, x, t+ 1, y).

lim sup Ip(s, v, t,f)-p(s, w, t,f)l
t.-. v,w

Ilira sup p(s, v, s+ 1, )p(s+ 1, , t,f) d
V,

I p(s, w, s+ 1, z)p(s+ 1, z, t,f) dz

Ilira sup (p(s, v,s+ l, )-B)p(s+ l, z, t,f) d

-I (p(s, w,s+l,z)-s)p(s+l,z, t,f) dz

=< lim sup I(1-)sup p(s+ 1, z, t,f)-(1-)infp(s + 1, z, t,f)l
D,

=li--(1-$s) suplp(s+l, v, t,f)-p(s+l, w, t,f)l
v,w

N lira 1-I (1 s+
t--> k=O

sup Ip(s+[t-s], v, t,f)-p(s+[t-s], w, t,f)[
v,w

[t--s]--I

--<--211fllol- 1-I (1-+)=211fll 1-[ (1-+)
t-*oo k=0 k =0



DIFFUSIONS FOR GLOBAL OPTIMIZATION 1037

(where [x] is the greatest integer not exceeding x). Hence, for the proof of Lemma 1
it is sufficient to show that

6s+k--O0 VsO.
k=0

Let 6, lnf,,yto,1]./(t, x, + 1, y). Notice that 6t <-- 6t for all >= 0. We will show that

Z 6s+k --=00 VsO.
k=0

Define {f’[ t, + 1] R", f continuous}, and let Px and Qx be the probability
measures on induced by

and

dZ,=-VI](Z,) du+x/2T(u) dwu, Zt=x, u[t, t+l],

dZ. ,/2r( U dw.,

respectively. Then Px << Q, and

Zt=x, u[t,t+l],

(3.1)

dP {I’+l 1

dQ
(Z(ll=exp

2T(u)
----(-v t)(Z(u)),

-l I,’+’ 1 Iv O(Z(u))l= du}2 2r(u)

(see Stroock and Varadhan [14]). We will bound the exponent on the right-hand side.
Apply Ito’s formula, for the zero drift equations (i.e. under Qx)"

1 O=m(Z(u) du
1--L-(-v O(Z(u)) dZ(u))=2T(u) -2T(u-- dU(Z(ul)

t+l 1

, 2r(u)
(-vO(Z(u)), dZ(u))

Under the assumptions on U, SUpzR" I/x,,, (Z)[--<_ C1 < oo for some C1, and consequently

U.,x,(Z(u)) du
i=1

nC
2

Using again the assumptions on U, together with the monotonicity and smoothness
of T(t).

t+l 1

2T(u---- dO(Z(u))l
O(Z(t+ 1)) O(Z(t))
2T(t+ 1) 2T(t)

j" ( )t+l 1O(z(u))a c<--
T(t+ 1)"
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Hence
t+l 1

2T(u)<-vO(Z(u)), aZ(u)) tiC1 C2<=--+ T(t +1-’---""
As for the other term in the exponent of (3.1), we easily get a bound C3/T(t+ 1).
Therefore, for some constant C4,

dPx (Z(.)) >- exp {-C4/T(t + 1)}.
dQx

Consequently, for any e > 0, x, y R",

P(lz(t+ 1)-yl < e)-> e-C4/r(’+l)Qx(lZ(t+ 1)-yl <

Under Q,, {zi(t + 1)}in_-i are independent normal with

Z(t+ 1)--- N x,, 2T(u) du

Taking x, y

p(lZ(t+ l)_y[<e)> e_C4/r(t+l) I 1
t+

2 T( u) du)"/2

exp -I-xl 4 T(u) du d

g C e-C4/T(t+l) exp --(+ e)2 4
z--yl<e

Finally, then,

8= inf (t,x, t+ l, y)
x,ye[O,1]

inf lim--- (Iz(t+l)-yl<e)
x,y[O,1]" eO 8

e-C7/T(t+l)

for a sufficiently large constant C7. It now follows that the condition

E g,+=oo Vs_>-o
k=O

is satisfied for T(t)>= c/log (2 + t), provided c is sufficiently large.
Proof of Lemma 2. For > s -> 0 define

N(s,t)=I .a.,(x)(P(S,’n’2, t,X)
qTt(X)

We will show that

(3.2) lim lim N s, t) 0.
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From this, Lemma 2 is obtained as follows" For anyf [0, 1]"

lim lim ]p(s, rs, t, f) r (f)[

s-lim limt_ I (p(s, r, t, x)-rt(x))f(x) dx

<- fll -,lim limt_,oo I [p s, r, t, x) rt(x)[ dx

fll lim lim I 7r’(x)
p (s’ 7r, t, x)

-.(R),-. r’(x) - dx

<_llflllim lim /I r’(x)(P(s’ r’ t’x) )s-, t-,oo 7rt(x)
-1 dx

The proof of (3.2) rests upon the following lemma.
LEMMA 3. Let A supx,yto,lln (U(x) U(y)). For all > s >= 0

0- - Ti (1 + N(s, t))-2T(t) e-2a/r(ON(s, t).

Accept, for now, Lemma 3. We have with T(t) c/log (2 + t),

(3.3) A(+t) { 2c (+t):a/ A

\ ]
1 }N(s, t)<-- --(- N(s, t).Ot c log (2+ t)

From this, and the observation that lim, N(s, t)=0, (3.2) is easily established, pro-
vided that c is sufficiently large. We will forgo these details; they only involve integrating
(3.3), with the inequality replaced by equality.

All that remains is the proof of Lemma 3.
Proof of Lemma 3. First, observe that

N(s, t)= -f p(s, 7r, t, x)2

dx- 1
(x)d

Hence

where

and

N(s, t)=
dt zrt(x)

p(s, "tr, t, x)2 dx

+ 2 pt(s, 7r, t, x)p(s, 7r, t, x) t(x
dx

=A(s,t)+B(s,t)

A(s, t)=
dt 7rtix) p(s, 7rs, t, x)2 dx

I (1)B(s, t)= 2 pt(s, r, t, x)p(s, r, t, x) dx.
(x)
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Let g(t) 1/T(t). Then

A(s, t)=- rt(x)] \-tt (x) p(s, 7r’, t, x)z dx

.rrt(x (-gt(t)U(x).n’t(x)+gt(t).n-t(x).a’t(U))p(s, r, t,x)2 dx

(3.4) gt( t) f 1
q.l.t(X’ U(x)- ,7"i’t( U))p(s, -/’, t, x)2 dx

p(s, rs, t, x)2

Ag,( t)
7I’t(x)

=Agt(t)(l+N(s,t)).

The treatment of B(s, t) is more involved. The first step will be to show that

B(s, t)=-2T(t) f IV[p(s, r, t, x)/crt(x)]12cr’(x) dx.

From this, we will then derive the bound

B(s, t)<=-2T(t) e-Za/r(’)N(s, t),

which, together with (3.4), completes the proof.
We rewrite B(s, t) with the help of the forward equation for the original (^)

process: for > s _>- 0,

p,(s,y, t,x)= {T(t)px(s,y, t,x)+ Ux(X)p(s,y, t,x)+ U,x(x)p(s,y, t, x)}.
k=l

Integration over y, with respect to r, gives

t,(s, , t, x) E { r(t)t (s, , t, x)
k=l

(3.5)
+ Ox(X)p(s, r, t, x)+ Ox(x)(s, r, t, x)}.

We wish to convert (3.5) into a similar equation for p. This conversion is based upon
the following identities, which are justified by the assumed smoothness of U, and the
resulting smoothness of/ (see, for example, [3]). For each integer define

1 if is even,
P(i)=

-1 ifiisodd.

Recalling that

x, ye[O, 1]"P(s,y,t,x) Z (s,y,t,G,,....,,.(x)),
il,’" ",in

we have, for each 1 =< k <= n and each x, y [0, 1 ]""

Ox(Gi,,...,i.(x))= P(ik)U,(X),
)x(o,,,....,o(x)) Vxx(x),

p(s, rs, t, x)= E /(s, r, t, Gq,...,i.(x)),
il,’" ",in
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p,(s, r, t, x)= E ,(s, r, t, G,,,...,,o(x)),
il," .,i

p,,k(s, zr s, t, x)= E p(ik),,k(S, 7r, t, G,,.....i.(x)),
il,’" ",i

px(s, r, t, x)= E xx(S, r, t, G,,,...,,o(x)).
il," .,i

Now take x, y e [0, 1]" and replace x by Gi,.....in(s) in (3.5)"

/3,(s, 7rs, t, Gi,.....,.(x)) E {T(t)P"xxk(s, 7rS, t, G,,,...,,.(x))
k=l

+ ux(x)P(i)p\(s, , t,

+ Uxx(X)p(s, , t, o,,,....,o(x))}.

Summation over il,’’ ", i,, yields:

p,(s, r, t,x)= {T(t)pxx(S, 7r, t,x)+ Uxk(X)pxk(s, 7r, t,x)+ Uk(x)p(s, r, t,x)}
k=l

(3.6) r(t)
o {, [p(s, , t,x)/, (x)]}.(x)

o
k= 10Xk OXk

The associated boundary conditions are

p(s, 7r, t, x) 0 whenever Xk 0 or 1.

To see how these arise, take, for example, Xk --’0: letting x=(xl, x2, Xk_l, 0,
xk+l,""", x,), and letting ek be the unit vector along the kth coordinate,

p(s, r, t,x)

lim P(ik)p,,(s, 7r, t, G,1,....,.(Xl,. ., Xk-1, e, Xk+l," ", X,,))
e,[,O il,...,t

lim Ee,O ij:jk

{p,,(s, r, t, G,,...,,.(Xl,’", Xk-, O, Xk+,’’’, X,) + (2p + e)ek)

--,, (s, r, t, G,,.....i.(x, ", Xk-1, O, Xk+, ", X,) + (2p- e)ek)}

Now combine the boundary conditions on p with our boundary assumptions on
V U (set out in (A))"

-kxk [ P 7r, t, x / Tr’ x O

for all x such that Xk =0 or 1. Multiplying the equation in (3.6) by p(s, 7r, t, x)/rt(x)
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and integrating x over [0, 1]n gives:

1
B(s, t)= pt(s, 7r, t, x)p(s, 7r, t,x)

"(x)
dx

2

k=l i:jk

dx’" dx_ dx+"" dx
(integrating over x by pas)

k=l

T(t) f IV[P(S, , t, x)/’(x)]12’(x) dx.

It remains to show that

(3.7) IV[p(s, , t, x)/ ’(x)]12’(x) dx e-2a/r’N(s, t).

This final step is a consequence of the following proposition.
PROeOSIrO. If O" [0, 1]" R is continuously differentiable, and if

O(x) dx o,

then

Ox dx<-_ f Iv0l dx.

For a more general version of this, see Gilbarg and Trudinger [7, p. 157].
Finally, fix s and t, and let

6(x)
p(s, 7r, t, x)

1
’(x)

and c 6(x) dx. Since b(x)r’(x) dx =0,

(, t)= I (x’(x) ax I ((x)-’(x) ax.

Notice that e-a/rt t(x) ea/rt, and therefore

N(s, t) e/’ (6(x)-) dx

ea/r’ [VO(x)l2 dx (by the proposition)

e=/’ I(x)l=’(x) dx,

which is the same as (3.7).
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NECESSARY AND SUFFICIENT CONDITIONS FOR ISOLATED
LOCAL MINIMA OF NONSMOOTH FUNCTIONS*

MARCIN STUDNIARSKIf

Abstract. We consider the mathematical programming problem: find inf {f(x)]x C} where f is an
arbitrary extended-real-valued function, and C a subset of a finite dimensional space. We give necessary
and sufficient optimality conditions for this problem, generalizing previous results of A. Auslender (this
Journal, 22 (1984), pp. 239-254).

Key words, nonsmooth optimization, higher order optimality conditions, isolated local minima, lower
and upper Dini directional derivatives

1. Introduction. This research was inspired by the recent results of Auslender [2,
2], who derived necessary and sufficient conditions for isolated local minima with

order 1 and 2 for the mathematical programming problem

(P) inf {f(x)lx C},

assuming that f’" is a locally Lipschitzian function, and C a closed subset of
". Our aim is to demonstrate that those conditions can be reformulated and generalized
so as to be valid for any extended-real-valued function f:"g and to encompass
isolated local minima with order greater than two.

Throughout the paper we assume that C is a subset of" (not necessarily closed),
is a point of C and f’g" is a function such that If(g)] < oo. We denote by (x)

the collection of all neighbourhoods of the point x
Let k be any positive integer. Extending Definition 2.1 of [2], we shall say that

is an isolated local minimum with order k ofproblem (P) if there exist/3 > 0 and U
such that

(1.1) f(x)>f()+fllx-g[k for allx Uf’IC, x g

(here 1. [stands for the Euclidean norm).
We shall state our optimality conditions for problem (P) by means of lower and

upper Dini directional derivatives off at g, and of higher order counterparts of these
notions. Before formulating the definitions, let us note the following.

Remark 1.1. For any function o" ]0, +c[x W’ --> R, the function

(1.2) O(x) lim inf (t, v) sup inf (t, v)
t0 a>0 0<t<a

V.A"(x) V

is lower semicontinuous on
Let us now introduce the following notation (for each h" and k 1, 2,...)"

_dkf(; h) lim inf t-k(f( + tv)--f()),
to
vh

(1.3)
kf(g; h)= lim.sup t-k(f( + tv)--f()).

t$o
h

if k 1, we obtain the lower and the upper Dini directional derivatives [3], [4] (called
also contingent derivatives [1], or semiderivatives [5]). One can refer to the above-

* Received by the editors December 12, 1984, and in revised form August 2, 1985.
f Institute of Mathematics, University of L6d, 90-238 L6d, Poland.
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mentioned literature for more information on this subject as well as for further
references. We shall write _df and tf instead of _dlf and rlf; this notation coincides
with that used in [5].

Remark 1.2 1, p. 286]. If f is locally Lipschitzian, then

_df(; h) lim inf t-’(f( + th)-f());
to

of course, a similar formula is valid for df.
Let 8(. IC) denote the indicator function of C"

0 ifxe C,(xlC)= +oo ifx:C,

and let fc =f+ (" IC). Then

(1.4) _dkfc(; h)= lim inf t-k(/()7 + tv)-f())+(+ tvlC)].

We now introduce lower kth order directional derivatives off at g (in the direction
h II"). Let us denote hk=(h, ,h)(")k and define

f’__(g; h) _df(g; h),
k-1

f_k)(; h) k! lim inr t-k[f(, + tv)-f()- . tJf__)(; v)/jl],
to j=
vh

It follows from Remark 1.1 that the functions d_kf(; .), _dkfc(.; ") and h-*
f_k)(; h k) (k 1, 2," ") are lower semicontinuous. Moreover, we have the following.

Remark 1.3. If k> 1 and

(1.6) f__)(;hJ)_->0 forallheN" andj=l,...,k-1,

then

(1.7) f(_k)(; hk)<__ k!_dkf(; h) for all heN".

If we assume (1.6) to be equalities, then also equality holds in (1.7).
Using Taylor’s formula (in such a form as in [6, Thm. 21]), we easily obtain, by

induction with respect to k, the following
PROPOSITION 1.1. Iff is k 1)-times k > 1) Frdchet differentiable on and if

the kth derivative fk)(g) off at exists, then

for all h

2. Optimality conditions for problem (P). In this section we present different types
ofoptimality conditions for (P). We first consider conditions which characterize isolated
local minima with order k of (P) and are stated by means of limits (1.4). They are
difficult to apply as they involve the indicator function of C. Therefore, we shall next
give other conditions, stated in terms of limits (1.3), which are easier to verify. However,
in this form, the necessary conditions are essentially weaker than the sufficient ones;
this is demonstrated by simple examples. Finally, we shall give, for the case C ",
sufficient optimality conditions using directional derivatives (1.5). A detailed com-
parison between our results and those of Auslender [2] will be made in 3.
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We denote by T(C; 2) the tangent cone to C at [5] (called also contingent cone
[1], [3]). It may be defined in some equivalent manners. We recall three of them:

(2.1) T(C;)={hR"lVa>O, VVJf(h), Cf’l(+]O,a[V)},

(2.2) h T(C; 2) if and only if there exist sequences tmO and hm h such
that + th,, C for all m,

(2.3) h T(C; 2) if and only if there exists a sequence {Xm}C C converging
to and a sequence {hm} ]0, +oo[ such that h limm_.o Am(X,,- 2).

Since T(C; 2) is a closed cone and _df(; .) is positively homogeneous and lower
semicontinuous, the set

(2.4) K()= T(C;)f’l{h"l_df(; h)<_-0}

is also a closed cone (containing 0).
THEOREM 2.1. (i) If k > 1, then the following three conditions are equivalent:
(a) is an isolated local minimum with order k ofproblem (P);
(b) for all h \{0}, we have

(2.5) _dkfc(; h) > O;

(c) inequality (2.5) holds for all h K (2)\{0}.
(ii) If k 1, then analogous equivalences are true with condition (c) replaced by the

following one:
(c’) inequality (2.5) holds for all h T( C; 2)\{0}.
Proof. (i); (a)(b): Suppose that (1.1) holds and that the desired conclusion is

false, that is, there exists y e N"\{0} satisfying _dkfc(.; y)<= O. Hence, by the definition
of "lim inf" (see (1.2)), it follows that, for each a > 0 and V e N(y),

(2.6) inf t-k(f(, + tv) f()) + ((+ tvlC)] <-_ o.
0<t<c
oV

In particular, we may choose a and V so as to satisfy the following conditions:

(2.7) Vc {x e"llx- yl<lyl/2},

(2.8) + ]0, [ v= u
(where U is the neighbourhood occurring in (1.1)). Take any e >0. By (2.6), there
exist s ]0, a[ and w V such that

(2.9) + sw C and s-k(f( + SW) f()) <= e.

In view of (2.7), we have Iw-yl<lyl/2, hence Iwl>lyl/2. By (2.8), +sw Uf’]C.
Thus, making use of (2.9) and (1.1), we obtain

e >-- s-k(f(2 + SW)--f(2)) > s-kfllSWl k > fl(]yl/2) k,

which leads to a contradiction since e is arbitrary whereas fl(lyl/2)k>o does not
depend on e.

(b) (c) is trivial.
(c)(a). Since the set S(2)= {h e K(2)llh[ 1} is compact and _dkfc(2; is lower

semicontinuous, we deduce from (c) that there exists y rain {_dkfc(2; h)lh S()} > 0.
(IfS(2) is empty, the proof is valid for any y>0.) Suppose that (a) is false, then (1.1)
is false with/3 y/2. Thus, we can choose a sequence {x,} c C such that x, --> 2, Xm
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for all m, and

(2.10) f(xm)<-f()+(y/E)lxm-l for all m.

Let tm= IXm- l, Vm (Xm- )/IXm--l" We have tm,O and we may assume, by taking
a subsequence, that {v,,} converges to a vector y such that lyl- 1. By (2.3), we have
also y T(C; ). Moreover, in view of (2.10),

_df(:; y) =<lim inf t,l(f(: / tmV,,)--f(.))

(2.11) lira inf tl(f(Xm)-f())
k-1<_-lim (y/2)tm =0,

and so y S(:) (see (2.4)), which implies _dkfc(; y)>-- % Hence, by (1.4), we obtain
that there exist a > 0 and V (y) such that

(2.12) t-k(f( + tv) f()) > 3’/2
for all ]0, a[ and v V satisfying + tv C. For all sufficiently large m, we have
t,, ]0, a[ and Vm V. Since + t,,v,, Xm C, we obtain for those m, by (2.12),
t,k(f(Xm)--f()) > y/2, which contradicts (2.10).

(ii) The only change with respect to the case (i) is now the following: when
proving (c’)(a), we cannot verify (2.11) (since it contradicts (2.5) for k= 1 and
C ="), and so K() has to be replaced by T(C; ).

From Theorem 2.1 and from the obvious inequality _dfc(; )>= _df(; ), we
deduce the following.

COROLLARY 2.1. (i) If _df(; h)>0 for all h T(C; )\{0}, then is an isolated
local minimum with order 1 ofproblem (P).

(ii) If k> 1 and _dkf(,; h)>0 for all h K()\{0}, then is an isolated local
minimum with order k ofproblem (P).

We now establish necessary optimality conditions in a similar form.
THEOREM 2.2. If is an isolated local minimum with order k >-1 ofproblem (P),

then gkf(., h)>0 for all he T(C; )\{0}.
Proof. Suppose that the conclusion is false, hence there exists y T(C; )\{0}

satisfying kf(; y)<=O. This means,, in view of (1.3), that, for any e>0, there exist
a > 0 and V C(y) such that

(2.13) t-k(f(+tv)--f())<--e for all ]0, a[ andvV.

We may assume that a and V satisfy conditions (2.7) and (2.8) (if necessary, we can
take them smaller and (2.13) remains true). Since y T(C; ), we have
C # by (2.1). From this fact and from (2.13) we infer that there exist s ]0, a[ and
w V satisfying (2.9). The remaining part of the proof is the same as in Theorem 2.1,
(a) =:> (b). [3

In the following two examples we assume that k>= 1, n-2, C =x{0}, and
=(o,o).

Example 2.1. Let f be given by

f0 if x2 0,
f( X2)XI IXll k ifx2#0.

We have kf(; (hi, 0)) Ihll k > 0 for all hi # 0, and sof satisfies the necessary optimal-
ity condition given in Theorem 2.2. Nevertheless, is not an isolated local minimum
with order k of problem (P).
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Example 2.2. Let f be given by

f(Xl, X2)={Xllk if X2 0’
if X2 # 0.

Then g is an isolated local minimum with order k of problem (P), but sufficient
conditions of Corollary 2.1 are not satisfied since _df(g; and _dkf(g; are identically
zero.

Let us now consider the unconstrained case C R". The following corollary is a
direct consequence of Corollary 2.1 (ii) and Remark 1.3.

COROLLARY 2.2. Suppose that k > 1, that conditions (1.6) are fulfilled, and that
f(_k)(g; hk) > o for all h # 0 satisfying _df(g; h)=0. Then g is an isolated local minimum
with order k ofproblem (P) where C =".

It follows from Proposition 1.1 that Corollary 2.2 generalizes the classical higher
order sufficient conditions for a local minimum of a smooth function (let us note that,
in the smooth case, the condition _df(g; h)=0 is a consequence of (1.6), and so may
be omitted).

3. Comparison with Auslender’s results. Auslender [2, Prop. 2.1] gives necessary
and sufficient optimality conditions for (P) (with locally Lipschitzian f), using the
following expression:

(3.1) f*(; h)=2 liminf[lu[-2(f(X+u)-f())+
0

where, for any tp’"\{0}--> and h #0,

(3.2) lim inf q(u) sup (inf ( p(u)[>o
0

u h

Let us first compare the limits (1.2) and (3.2).
LEMMA 3.1.

lim inf ,p u lim inf q (tv).
o ,o

vh

Proof Observe that

lim inf q(tv) sup (inf{p(tv)lO < -< r/, Iv-hi <- }).
tO >0

h

Thus, it suffices to verify the following two conditions:

(3.3) for any e > 0, there exists r/> 0 such that It/Itl- h/Ihll and 0 < Itl e for
all and v satisfying 0 < <- r/, Iv h -<- ;

(3.4) for any, > 0, there exists e > 0 such that each vector u satisfying lu/lul- h/[hll
e and 0<lul-< e can be represented in the form u tv where 0< t=< r/ and

In order to prove (3.3), take any e>0 (we may assume e=<l) and define
min (elhl/2, 2e/3lhl). If 0 < -< and Iv hi-<- , then Iv h[ <_-Ihl/2, hence 0 < Ihl/2-<
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Ivl =< (3/2)1ht. Consequently, 0< Itvl <= e and

tv h 1

-V-- --Ivl Ihl I(Ihl- Ivl)v / Ivl(v h)[

<1 2
iv_hl<e.=lhl (llhl-lvll+lv-hl)<--l

Let us now verify (3.4). For any ,/>0, we define e =min (,lhl, ,/Ihl). If u satisfies
the assumptions of (3.4), we put lul/lhl, v (Ihl/lul)u, and obtain 0 < =< r/, ]v hi--
Ihllu/lul- h/lhll <- ft.

We are now able to establish a relation between the limits (1.4) (for k 2) and
(3.1). Note that we need not assume f to be locally Lipschitzian.

PROPOSITION 3.1. For all h # O, we have

2
f*(:; h) _dEfc (; h).

Proof. Making use of (1.4), (3.1) and Lemma 3.1, we find that

f*(; h) 2 lim inf [Itl-E(f( + tv)-f()) + ;(+
to
o-h

2
2 (1 Il-=).d=fc(; h)=- _d2fc(g; h). !-1

h

Remark 3.1. In a similar way, using (1.5) (for k 2), Remark 1.2 and Lemma 3.1,
we can show that the lower second-order directional derivative introduced in [2, (2.2)]
is equal to h(1/lhlZ)f_2)(; h) iff is locally Lipschitzian.

4. Conclusions. Let us now consider the case of locally Lipschitzian f It follows
from Remark 1.2 and Proposition 3.1 that all the statements of [2, Prop. 2.1] are
particular cases of our results presented in 2. More precisely, it is easy to see that:

(a) the necessary condition for an isolated local minimum with order 1 is a
consequence of Theorem 2.2 (where k 1),

(b) the necessary condition [2, (2.6)] for an isolated local minimum with order
2 follows from Theorem 2.1, (a)=>(b) (where k 2),

(c) the sufficient condition for an isolated local minimum with order 1 is another
formulation of Corollary 2.1(i),

(d) the sufficient condition [2, (2.8)] for an isolated local minimum with order 2
follows from Theorem 2.1, (c)=>(a) (where k 2).

Similarly, it follows from Remark 3.1 that Corollary 2.2 of [2] is a consequence
of our Corollary 2.2 (where k 2).
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SOLVING THE LINEAR COMPLEMENTARITY PROBLEM IN
CIRCUIT SIMULATION*

J. T. J. VAN EIJNDHOVEN"

Abstract. In the simulation of electronic circuits piecewise linear modelling yields a global circuit
description which in principle can be used to solve for a circuit response in a finite number of steps. During
the solution process a sequence of linear complementarity problems (LCP) has to be solved within the
piecewise linear system description. The purpose of this paper is to present and discuss some new methods
to solve this LCP for certain matrix classes.

To start with, two types of LCP solution algorithms are briefly described: pivoting algorithms and the
modulus algorithm. It is shown that these algorithms have certain disadvantages if applied to the problem
as stated above. Those problems can be overcome by the new methods to be presented. The first one is a

modified version of an iterative algorithm of O. L. Mangasarian. The second one is a so-called simplicial
method, based on a new integer labelling and an efficient labelling algorithm. Convergence conditions are

given, as is a bound for the error in the approximate solution.
In both new algorithms full advantage can be taken of sparse matrix techniques. The labelling algorithm

turns out to converge for a large class of matrices, comparable with standard pivoting methods.

Key words, linear complementarity, piecewise linear, large scale, simulation, integer labelling

AMS(MOS) subject classifications. 65-C20, 65-D20, 65-F50, 90-C06, 90-C33

1. Introduction. In the electronic industry, the use of simulation programs is widely
accepted. Especially in the design of large scale integrated circuits these programs
have become indispensable. The testing of the correctness of a circuit prior to the
actual integration by building a model with discrete components, will deliver increas-
ingly poorer results with growing circuit complexity. The high frequencies and the
short distances in the extremely small and complex structures, being recognized in
recent devices, make a good electronic equivalent of an integrated circuit with discrete
components impossible.

In a computer simulation all these effects can be incorporated. Hence a better
approximation can be achieved. However, the design of such a program is enormously
complex. The program must be able to perform logic simulation of digital circuits,
timing simulation of these devices as well as the computation of transient responses
of analog circuits. Furthermore, the communication between these different simulation
levels through a common database is a very difficult problem. Finally, the resulting
set of nonlinear equations is in general solved by applying the Newton-Raphson
iteration scheme, which implies problems of numerical stability.

Recently, a new method was proposed for the simulation of electronic circuits.
This method uses piecewise-linear approximations for all nonlinear functions [v.
Bokhoven, ’80]. It has the following advantages:

The method is extremely well suited for macro modelling, which is an important
feature in the simulation of LSI circuits.

Mixed analog/digital simulation is automatically incorporated. The structure
of the equations is identical for each device, no matter whether it is a macromodel of
a logic gate or a detailed Gummel-Poon transistor model.

* Received by the editors April 30, 1982, and in final revised form August 1, 1985.

" Eindhoven University ofTechnology, Department of Electrical Engineering, P.O. Box 513, Eindhoven,
the Netherlands. This work was sponsored by the Netherlands Organization for the Advancement of Pure
Research (ZWO).
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A complete system description consists of a single matrix, with a standard block
structure yielding a very compact datastructure.

Analytic nonlinear functions (like exp, ln, sqrt) no longer need to be evaluated,
so a speed-up of the simulation can be expected.

A network can easily be built up from smaller blocks, which allows for a
hierarchical structure. This is indispensable in the design of LSI circuits. It also renders
the possibility to construct a library of standard functions and networks.

Numerical problems with discontinuous signals are almost absent, while conven-
tional programs, using some version of Newton-Raphson iteration, show very serious
convergence problems and large computation times if signals contain fast transients.

Some new problems are introduced, however. The most serious of those problems
is that during a transient simulation at each time step a linear complementarity problem
(LCP) has to be solved. This LCP is given as follows: For given vector q and matrix
M, find vectors v and such that

v= M" i+ q, v, R_, vt. =O
where:

M is a large sparse matrix,
M is generally not restricted to a certain class of matrices (see 2),
the LCP has one or more solutions.

The main purpose of this paper is to present new algorithms particularly suitable
to solve the LCP as stated above. In the next section we shall give the piecewise linear

system description and derive the associate LCP.

2. The linear complementarity problem. A piecewise linear system (see Fig. 1) will
be described by the following equations:

v, R_, vt" i--O.

In general this set of equations describes different linear relations between x and y on
maximally 2" different polytopes. This can be shown as follows: Define 2" different
n-vectors S, 1 -< k =< 2", such that

S {0, 1}, l<-j<-n.

Let the n-vectors k and vk be such that:

i=i, v=v.i if S 0,

i v, v i ifS 1.

Transform the equations (2.1) by partial inversion into

Ak Bk
X gk

and assume V {xlCx + h

X



1052 J.T.J. VAN EIJNDHOVEN

Now /gk--Ck’x4rhk, ik--o is a solution of (2.1) for a given x Vko Thus y-
Ak" x d-gk is the linear mapping in the region Vk. Obviously, there are at most 2
ditterent regions Vk and any of these regions may have its own linear mapping. In
general some Vk may be empty, may overlap, or some x may not belong to any Vk

(no solution exists).
For given x, (2.1) can be solved by determining

and solving the LCP:

(2.3)

q=Cx+h, M=D

/9=M. i+q,

v,i+, v i=O.

Then y can easily be computed when is found. However, solving the LCP may be
difficult. For example multiple solutions may exist (circuits with memory, for instance
flip-flops and thyristors).

For the characterization of the LCP some classes of matrices have been defined
by various authors (see for instance [Karamardian, ’72]). Four of them are repeated
here:

Positive definite matrices (PD).
M is of class PD if and only if
x R", x 0: xtMx > O.
P-matrices (P).
M is of class P if and only if
Vx ", x O, :ik: Xk (MX)k > O.
Strictly copositive matrices (SCP).
M is of class SCP if and only if
x , x O: xtMx > 0
Strictly semirnonotone matrices (SSM) (completely -Q matrices).
M is of class SSM if and only if
Vx_, x0, :lk. Xk" (Mx)k>0.

These definitions imply that PDc pc SSM and PDc SCPc SSM.
In relation to the LCP it is known that M e SSM implies that there exists at least

one solution for each q. There exists a unique solution for each q if and only if M e P.
An example of a PL-system with hysteresis (multiple solutions) and M e SCP is

the following system:

/91 1 il d-

/92 1 2

This system has an input-output relation as shown in Fig. 2.
Solving the LCP, in the context of piecewise linear simulation, was investigated

earlier by van Bokhoven (see [van Bokhoven, ’81]). He mainly considered pivoting
algorithms and the modulus algorithm.

At the moment there are many different versions of pivoting algorithms, (see for
instance [Lemke, ’70], [Eaves, ’71], [Cottle, ’68], [van der Heyden ’80]. They are based
on the original algorithm of Lemke [Lemke, ’65], and differ mainly in the choice of
the pivots and the class of matrices for which convergence is assured.

I-n a simulation process, the matrices do not necessarily belong to any of such
classes. The algorithm may be unable to choose a nonzero pivot and terminates
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FIG. 2. An example of a system with hysteresis.

unsuccessfully. Furthermore, M will be a large sparse matrix, and a complex datastruc-
ture is required for the pivoting operations. In addition sparsity may be lost as a
consequence of pivoting [van Eijndhoven, ’82] [van Eijndhoven, ’84] [Saigal, ’81]
[Fujisawa, ’72].
The modulus algorithm [van Bokhoven, ’81] has the advantage that for a given

conditioning of the problem the time-complexity is a polynomial function of the
dimension n. The method is based on contraction mapping and is more appropriate
for sparse matrix processing. Unfortunately however, convergence can only be assured
for positive-definite matrices.

Because both the pivoting method and the modulus algorithm did not have the
desired properties, other methods have been searched for. The results are presented
in the next two sections. In 3 an iterative algorithm is presented to minimize a
quadratic function, related to the LCP. Basically the algorithm is the same as
[Mangasarian, ’77], but by using a different quadratic function we can process non-
symmetric matrices as well. The new method solves the LCP for all class P matrices.

In 4 a simplex method is presented. The space R. is triangulated and a new
type of integer labelling is given. An algorithm of v.d. Laan and Talman [v.d. Laan,
.’80] is used to search for a completely labelled simplex, starting from an arbitrary
chosen initial point. Convergence is proved for all matrices of class SSM, independent
of the gridsize. A bound for the error of the approximate solution is derived.

3. A minimization algorithm. In this section we will solve the LCP by transforming
it into a quadratic programming problem, which is subsequently solved by systematic
overrelaxation. This approach was also followed in [Cryer, ’71] and [Mangasarian,
’77] but we apply this method to a different quadratic function. This will lead to a
different class of matrices for which convergence can be guaranteed as we shall see
later on.

Consider the LCP:
find vectors v, E R+ such that

(3.1) v Mi + q, v’i O.

This problem is equivalent to"
find vectors v, E R g such that

f(i, v)=ov’, i+1/2(Mi+q-v)’(Mi+q-v)=O

for some a > O.
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The equivalence of (3.1) and (3.2) is obvious: f(i*, v*)=0 for all pairs (i*, v*)
that solve (3.1), and f(i, v)> 0 for all other pairs (i, v) R_ x R_.

To find the point (i*, v*) (which minimizes f) one can use an algorithm as found
in [Mangasarian, ’77] and we shall show that M P is a sufficient condition to solve
(3.2) by this algorithm.

Let u () 2+, and letf(u)=f(i, v) according to (3.2). Denote the gradient g(u)
and the hessian Ha of f(u) by"

(3.3) g(u)=g(i, v)=a +
-(Mi+q-v) ]’

(3.4) H=(h,)=a( )+(MtM -Mr)-M I

A possible algorithm to minimize f(u) can be"
" and for each k, for l=0, 1, 2,... 2nDefine for k 1, 2,. the vectors u k +

the vectors uk’l 2_4_n such that

U0 2n+ is a given starting point of the algorithm

forl+l<_j<_2n,
with

(3.5) u max (0, U;-1- tog(uk-l)/h)
where to is a relaxation parameter with 0 < to < 2, and h is positive due to the definition

off.
This algorithm can be found in [Cryer, ’71] and is only a special case of a more

general class of algorithms found in [Mangasarian, ’77]. In the next three theorems it
will be proved that the sequence will converge for M SSM and that the limit points
determine a solution of the LCP if M P.

THEOREM 3.1. H, is symmetrical and Va > O" M SSM Ha SCP.
Proof
(1) The symmetry of Ha is obvious.

(2) H, =2ai’v+(Mi-v)’(Mi-v)

MSSMV0# i>--O::tk: ik(Mi)k>O

V0" (:)-->0: v=M" i, i’v=O has no solution

-VO >=0, a>0: H, >0

Vce > 0: Ha SCP.

THEOREM 3.2. The sequence u k) has at least one limit point u* ifM SSM. Each
limit point u* satisfies
(3.6) u*>=O, g(u*) >-_ O, u*’. g(u*) 0.

Proof Because M SSM implies Ha SCP, the more general algorithms with
convergence proofs found in [Mangasarian, ’77] apply here. Basically the existence
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of limit points follows from the nonincreasing property of the sequence (f(t/k)) and
Ha SCP, which implies that the sequence (uk) is bounded an a compact set. The
inequalities for u* easily follow from the definition of the algorithm.

THEOREM 3.3. IfM P then f(u*)=O, with u* a limit point of (3.5), and hence a
solution of (3.1) is found.

Proof. From (3.5) (see also [Cryer, ’71]) it follows that:

Vk, l<-k<-2n u*>-_O, gk.(U*)>--O, U*k’g(u*)=O.

NOW returning to a notation in and v, computing gk(U*) gk+n(tl*)>---O (1 <- k<_- n)
and substituting U’k" gk(U*) 0 ^ U*k+, gk+,(U*) 0 yields"

(3.7) ’C/k, l<-k<-_n otEi*k v*k+(Mi*+q-v*)[Mt(Mi*+q-v*)]k<-O.

Now let M in class P (which implies M in class P) and assume IIMi*+ q-v*ll O.
Then, due to the definition of class P

:::lj, 1 <-j <- n (Mi* + q v*). [Mt(Mi* + q v*)] > 0

which contradicts (3.7) because i. v >- 0. Therefore IIMi* / q v*ll 0 and (from
(3.7)) v*t. i* 0. So f(i*, v*) 0 and (i*, v*) is a solution of (3.1).

If M P it is known that there exists only one solution to the LCP [Karamardian,
’72], therefore only one limit point u* exists and thus (see Theorem 3.2)

lim uk= u* is the unique solution of (3.1).

About the algorithm we would like to remark:
1. The new method solves (3.1) for all class P matrices, whereas the algorithms

of Mangasarian apply to symmetrical matrices only. For our application though, the
restriction to class P remains disappointing.

2. Like the problem, the algorithm is symmetrical in v and i.
3. The sequence (u k) will converge for a much larger class of matrices. However,

for M P the algorithm may find a vector u* for which f(u*) > 0 and then u* is not
a solution of the LCP.

4. One must choose c > 0 and 0 < to < 2. Fast convergence is obtained in practice
with to 1.5 and a in the order of magnitude of the elements of M.

4. A simplex algorithm. In this section we shall use a simplex method to find a
solution of the LCP. A choice was made for an algorithm developed by v.d. Laan and
Talman because they presented a closed theory in combination with a set of related
efficient algorithms, triangulations and labelling functions (see [v.d. Laan, ’80] and
[Talman, ’80]).

However, these algorithms were mainly intended to solve equations of the form
x =f(x). Therefore another integer labelling is developed, especially suited for the
LCP, which satisfies all conditions of a so-called "proper" labelling. It can be proved
that the algorithm will find an approximate solution from each starting point in
and with each grid-size if the matrix of the LCP is of class SSM. We will restrict
ourselves to integer labelling because vector labelling requires the repeated solving of
large sets of linear equations, which is just the type of operations we would like to
avoid as stated in 2. It is noted that the infinite norm will be used, i.e.

Ilxll Ilxll m.ax Ix, I, IIMII IlM[Io max
j=l
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4.1. Triangulation. Let I, {1, 2,-.., n} and for each k I, the vector e(k) be
defined such that

1 ifi=k,
e,(k)=

0 ifik, iI,,.

Let CA {x Ilxll } and the boundaries C of CA

f {x Ilxil: A} ifj 0,C {x e C [xj=O} ifj e I,.

CA is triangulated by the collection of simplices tr(y 1, P) with vertices yl, y2,...,
in CA given by"

each coordinate of yl is an integer multiple of S(=gridsize) where A kS for
some positive integer k,

P (P, P2,""", P,) is a permutation of the elements of I,,
yi+ yi + S. e(pi), I,.

This collection of simplices yields the standard K-triangulation.

4.2. Labelling. Define a labelling function on CA such that

l(x) {0, 1,. ., n} for all x e CA.
A simplex is called completely labelled ifthe (n + 1) vertices carry all the (n + 1) different,
labels.

A labelling function is called proper if

l(x) j for all x e C, j e I, U {0}.

Let f(x)= Mx+ q; the LCP can then be rephrased as follows"

(4.1) and xfind a vector x R+ such that f(x) IR+ f(x) O.

For solving the LCP by using a simplicial algorithm the labelling function must be
such that

The labelling is proper. This guarantees that the algorithm, given in 4.3, does
not leave CA and will find a completely labelled simplex.

A completely labelled simplex provides an approximation of the solution of
the LCP (4.1).

We prove that the labelling defined below satisfies these conditions if M SSM.

0
(4.2) /(x)=

J

then

and

ifViI," xi’fi(x)O
ifj min {k s I, Ixk’fk(X) maxi,, xi’f(x) > 0}.

THEOREM 4.1. A completely labelled simplex yields an approximation of the LCP.
Proof Let x the vertex of the completely labelled simplex with label j and

f =f(x), j e I. U {0}

Ig- l llf -fll <- IIMII.
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Furthermore by definition (4.2)
0

xj 0 for all j with f> 0.

Thus x,fapproximates the solution of the LCP, and the approximation becomes
arbitrarily accurate with decreasing & VI

Furthermore, if M e P it is known that there exists a unique solution ,f of the
LCP and the distance between x and can be bounded.

THEOREM 4.2. If M P then IIx- 11 < " c with C a condition number of the
matrix M and the gridsize.

Proof. If x= we are ready. Otherwise for some/3 ",/3 0, x+/3 and:

Next we use

=x+/3l"
f=fo+.#..
’.=0.

(4.3) M
iitll 2

The proof of this implication is analogous to the proof of Lemma 1, given in the
Appendix.

Now let the pair/3, k satisfy (4.3). Then

flk" Mfl k > O

k >--0 ^ fk >=0 flk>O ^ (Mfl)k >0.

X’ffk <__--0 (due to the labelling)

This implies that k > 0, thus fk 0 and (M/3)k --ff > 0 where --ffk < 8" M due to
labelling.

Thus finally

IItll-<- --$1 fig 1

,l"t’----v (M) <--’, " IIMII
or

I111 < " c with condition number C- IIMII.
BM

Next we shall prove that the labelling (4.2) is proper for matrices M SSM. To this
purpose we shall apply again Lemma 1 which is proved in the Appendix.

LEMMA 1.

Xk" (MX)k
(4.4) M

TnEORE 4.3. M e SSM A>0A A[l(x) as defined in (4.2) is proper on

(4.5a) x, 0 l(x) i, e I,,
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Proof. (4.5a) follows immediately from (4.2) independent of the matrix. So only
(4.5b) needs to be proved.

Let eM according to (4.4) and choose AM > 0 such that

Then

min (eM" AM + qi) O.
i

x ^ Ilxll- x f, x,(Mx / q)i

Ilxll x,. qi xi. (eM" AM -[- q,) > 0-> l(x) O.

We shall see that eM and AM need not be computed for the algorithm. Their existence
is already sufficient for the convergence of the algorithm.

4.3. The algorithm. Now we shall use the "variable dimension restart algorithm"
of v. d. Laan and Talman in order to find a completely labelled simplex (see for
instance [v.d. Laan, ’80a] or [v.d. Laan, ’80b]). The algorithm will be given in a slightly
different notation and without proof. It has the following properties"

No special points are to be defined outside Cx to bound the domain or to start
the algorithm.

The algorithm generates a sequence of adjacent simplices of variable dimension.
The algorithm is started with a zero-dimensional simplex" the starting point, an

arbitrary chosen gridpoint in R
Let

-e(i) if I,,,
u(i)=

(1,1,...,1) ifi=0.

Define a t-dimensional simplex cr(y 1, P(T)), 0<_- <- n with its vertices yl, y:,... yt/l
by:

yl is a gridpoint of the triangulation,
P(T)-(pl, PE,’’’,pt) is a permutation of the elements of T with [T]= t,
To{0, 1,. ., n},
yi+=yi+8.u(pi), l<-i<-t.

Now the algorithm generates for varying T a sequence of simplices such that:
1. Each t-dimensional simplex has at least different labels.
2. Each t-simplex o(y, yt+) satisfies y= v+ 8" Y-j=o Riu(J) where v is the

starting point and R is an (n + 1) vector with R2 0 if j T, R2 _-> 0 if j T (0 -<_j _-< n).
The algorithm is given in a flow diagram in Fig. 3. In each cycle of the algorithm

a t-dimensional simplex g is "flipped" to its successor, which is determined by having
a face in common containing all different labels present in or. So if cr has different
labels, cr has exactly two such faces, one in common with its predecessor and one wth
its successor. If cr has + 1 different labels (t n) its successor is a (t + 1)-dimensional
simplex with cr as one face. The dimension of cr can be decreased to prevent one
component of R becoming negative. During these steps cr will never leave Cx due to
the (with the labels of ty related) positiveness of R together with the proper labelling.
In this way each simplex has a unique predecessor and successor in Cx except for the
starting point (a zero dimensional simplex) which only has a successor and cannot be
entered again. Because there is only a finite number of simplices in Cx the algorithm
must end, which only occurs by finding a completely labelled simplex, thus yielding
an approximation of the solution of the LCP. For the various proofs see [v. d. Laan,
’80a] or Iv. d. Laan, ’80b].
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initialisation"
y y- v,t O, R 0

T- -
compute l ()

’t

let s such that

l( s yS

decrease dimension:

let s such that

l(y s’) Pt
T .-T \ (pt
P(T) (P l" "Pt)

(7, .V(T))
t t-1
S S

no

stop

increase dimension

PCT) := (Pl Pt’l())
:= P(T)

t .-t+1
t+l

o

replacement to neighbour
replace simplex in ac-
cordance with table 1.
let new vertex of s

FIG. 3. Flow diagram of simplex algorithm.

The flow of the algorithm for n 2 is demonstrated in Fig. 4. Note the proper
labelling.

About this method to solve the LCP the following remarks must be applied.
Full advantage can be taken of sparse matrix techniques, because only matrix-

vector products have to be computed.
Like the pivoting algorithms, the simplex algorithms are combinatorial

algorithms and they converge for a relatively large class of matrices.
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FIG. 4. Flow of the algorithm for n 2.

The algorithm can also be used for matrices that do not belong to SSM. The
algorithm will either stop with a solution or generate a chain of simplices towards
infinity and thus will not end.

The algorithm will find a solution if M s SSM with each starting point and with
each grid size. Therefore the approximate solution can be used as initial point in a
next run with a smaller grid size.

Where we want to solve a sequence of LCP’s, we can choose the starting point
to be the solution to the previous problem.

TABLE
Table for the replacement of the simplex, s is the number of the vertex to be replaced.

becomes P(T) becomes R

S yl + {. u(Pl (P2’"""’ P" P|) Rpl:= Rp,+
2 <---- S <-- no changes (Pt," ",Ps-2, Ps, P-t, Ps+t," ",Pt) no changes
s + yt 3. u(pt) (P. Pl, ",P,-,) Rp, := R,,-

5. Conclusions. A search is made of suitable algorithms to solve the LCP, charac-
terized by a large sparse matrix, not necessarily restricted to some specific class. A
minimization method is developed that can process matrices with a good sparse matrix
behaviour. Convergence is proved for all class P matrices.

Pivoting algorithms are combinatorial methods which converge for a relatively
large class of matrices. However, these algorithms lead to complex sparse matrix
processing.
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A good alternative is found in a simplex method. Good sparse matrix behaviour
is obtained and convergence is proved for a large class of matrices (SSM), independent
of starting point and grid size. Furthermore, any matrix can be processed but conver-
gence is not assured. This method could be a good alternative for the pivoting algorithms
when the dimension of the problem increases or pivoting does not find a solution of
the LCP.

Appendix.
LEMMA 1.

Xk MX)k>= e.M e SSM --> :ie > 0’x R+,x 0:lk,1 -< k -< n

Proof Let U={x   lllxll= 1 and for all x U" h(x)=max, x,. (Mx),, <=i<-n.

U is a compact set and h(x) is continuous and thus has a minimum e and U
[Griffiths, ’70 pp. 427]. Then from the definition of SSM, e will be positive. Thus:

Vx   ,llxll- llk,1 <- k <- n Xk" (MX)k >= e.

Now substitute y R_, y 0, y ax, a Ilyll which leads to:

Yk" (My)k
VY +’Y # O:lk’l <- k <= n i[ >- e. [q
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Abstract. It is well known that, for linear systems, the model matching problem is equivalent to a
disturbance decoupling problem with disturbance measurement. The solution of both problems can be
expressed in terms of properties of invariant subspaces of the system and of the model.

In this paper, it is shown that, for nonlinear systems, under appropriate hypotheses, analogous results
can be obtained. The solvability of a model matching problem can be expressed in terms of properties of
suitable invariant distributions. It is also shown that, as for linear systems, those properties are related to
the so-called "structures at infinity" of the system and of the model.

Key words, nonlinear control systems, model matching, dynamic state feedback
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1. Introduction. In this paper we investigate the problem of designing, for a
nonlinear system, a compensating control such that the resulting input-output behavior
exactly matches that of a prespecified nonlinear model.

The problem of compensating a linear multivariable system in order to match a
prescribed linear model has been solved in different forms by several authors in the
last decades. Moore and Silverman 1 gave a solution based on the use of Silverman’s
structure algorithm [2]. Morse [3] used geometric concepts and proposed a solution
which involves the construction of a suitable controllability subspace. Later, Morse
[4] and Emre and Hautus [5] pointed out the equivalence between model matching
and disturbance decoupling. Recently, Malabre [6] showed that the conditions found
by Morse in [3] may be expressed as the equality of suitable "structures at infinity."

More recently, the problem of compensating a nonlinear system in order to obtain
a linear input-output behavior has been investigated in [7], [8]. In particular, a solution
to the problem of matching a prescribed linear model has been found [8], which
somehow extends the one proposed by Silverman.

In a recent paper [9], the problem of matching a nonlinear model is set, by
definition, as a disturbance decoupling problem. The corresponding solution may thus
be found in terms of earlier results on nonlinear decoupling (see e.g. 11]). A similar
approach is followed in [10].

In this paper we investigate the nonlinear version of Morse’s approach. For this
purpose, we make extensive use of the differential geometric concepts introduced in
[11]. We also discuss the nonlinear version of Malabre’s results, using the recent
Nijmeijer and Schumacher’s definition for the "structure at infinity" of a nonlinear
system 12].

2. Problem statement. Consider a fixed nonlinear plant P, described by equations
of the form

(2.1a) g =f(x) + g(x)u,

(2.1b) y=h(x),

* Received by the editors March 4, 1985, and in revised form July 26, 1985. Portions of this paper
appear in The 23rd IEEE Conference on Decision and Control, December 12-14, 1984, Las Vegas, Nevada,
pp. 416-420. Copyright (C) 1984 IEEE.

" Department of Systems and Computer Science, University of Rome "La Sapienza", Rome, Italy.
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with state x X c Rn, input u Rm and output y RP. f and the m columns gl, ", gm
of the matrix g are real analytic vector fields on R" and h is a real analytic function.

In addition, suppose a model M is given, described by equations of the form

(2.2a) M =fM(x) +g(x)u,
(2.2b) yM=h(x),

with state x eX c ,M, input uM mM and output y Rv, and real analytic f,
g, h. The problem of interest is to find a compensator Q for the plant P so that the
resulting closed loop system displays the same input-output behavior as the model M.

The compensator Q used to control P consists of a dynamical system with inputs
x and uM and output u, described by equations of the form:

(2.3a) = a(z, x)+ b(z, x)u,

(2.3b) u c(z, x)+ d(z, x)u,

with state z e Z R" and real analytic a, b, c, d. The composition P Q of (2.1) and
(2.3) is clearly a new dynamical system with the same structure as (2.1).

In the case of linear systems, the objective of model matching synthesis is to
design a compensator such as to impose the coincidence between the transfer function
of the model and that of the compensated plant. In the case of nonlinear systems,
where the input-output behavior is usually described in terms of Volterra series
expansions, the object of the model matching is to impose the coincidence of the
associated Volterra kernels.

To be precise, let us recall that the output y(t) of any nonlinear system of the
form (2.1) may be expanded as

y(t)=Wo(t,x)+ F. w,(t, z,,x)ui(r,) dr,
i=1

-" Wili2(t, 7"1, h, X)gli,(7"1)gti2(7"2) aT"1 d7"2+"
il,i2=

where x is the initial state at time t=0. Let w..j,(t, 7",,..., 7"i,x) denote the
eoo (x, z)) the (j,...j)th kernel(j,...j)th kernel of model M and wj...,(t, 7",,. 7",

of the compensated plant P Q. Since w.., depends on the initial state xt of M and
wj..., on the initial state (x, z) of P Q, when imposing the coincidence between these
kernels one must specify how xM and (x, z) are chosen. Depending on this choice,
one may formulate diffe’rent matching problems.

In what follows, we ask the solution Q of the model matching problem to be such
that for each initial state x of P and each initial state x of M, there exists an initial
state z of Q with the property that the Volterra kernels w..,, evaluated at x, and
wel...j,, evaluated at (x, z), coincide, for all >= 1 and 1 -<ji <= m. In other words, each
input-output behavior of the model is reproduced from any initial state of the process,
provided that the compensator is set in a suitable initial state. Note that we are not
requiring the "zero-input" terms Wo and w to be the same, thus following a practice
in use for the linear model matching problem.

In general a global solution (i.e. with a, b, c, d defined on the whole Z x X) may
be hard to find. So we restrict ourselves to local solutions, i.e. defined on an open
subset of Z x X. In this way we arrive at the following formal statement.

Nonlinear model matching problem (MMP). Given a plant P (f, g, h), a model
M (f, gM, h) and a point (x, x) X Xt x"M, find neighborhoods U of
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x and UM of x, an integer u, an open subset V of Z c R, a compensator Q
(a, b, c, d) with a, b, c, d real analytic functions defined on V x U, a map F" U x UM -> V,
with the property that

PoQ Mw...,(t, , ,, (x, F(x, x,))) ,, x)
for all >- 1, for all 1-<ji-m and for all (x, x) in U x Uu.

3. An associated disturbance decoupling problem. In this section, we show that the
existence of a solution of a given model matching problem is implied by that of a
suitable associated disturbance decoupling problem. To this end, we recall that for a
nonlinear system of the form

(3.1) =f(x)+,(t)a+(t)w, y=h(x),

with input , disturbance and output fi, the disturbance decoupling problem with
disturbance measurement is defined in the following way: given a plant/ (], , ),

0a point x find a neighborhood of :o and a pair of real analytic functions and
defined on , with the property that the control law

(3.2) a t().+ /()

decouples the output from the disturbance . Note that this control mode includes
feedback on the state and feedforward on the disturbance .

It is known [11] that the disturbance does not influence the output 3 of the
composite system (3.1)-(3.2), for every initial state in U, if and only if the functions

and y are such as to make the conditions

(3.3) k )h(x) -0L(+)L(+
satisfied for all e and for all k -> 0. As a matter of fat, if and only if these onditions
are satisfied, the Volterra series expansion of in the composite system (3.1)-(3.2)
reduces to the "zero-input" term alone.

In what follows we assodate with a given model matching problem a disturbance
deoupling problem with disturbance measurement (abbreviated ADDPdm) in this
way. We set in (3.1)

=(x,x), a=u, =u,
and

(3.4a) f()
fM(X,M

f()= h(x)- hM(X).(3.4b)

The following result is straightforward.
LEMMA 3.1. A model matching problem is solvable if the associated disturbance

decoupling problem with disturbance measurement is.

Proof. Suppose the ADDPdm is solved at o= (xo, x). Then there exist a and
defined locally around o such that, in the system

=f(x) + g(x)a(x, xM)+ g(x)y(x, XM)UM,

M =fM(X) + gM(XM)U,

=h(x)-hM(xM),

the input UM does not influence the output ) for every possible initial state (x, xM) in
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a neighborhood of (x, x). This means that, in the system

=f(x)+ g(x)a(x, XM)+ g(x)’y(x, XM)UM,

gM =fM(XM) + g(x)u,
y=h(x),

initialized at (x, xvt), the output h(x(t)) equals the output hM(xM(t)) of the model
initialized at xM, modulo a "zero-input" term.

The last system can be viewed as the process P, initialized at x, composed with a
controller Q defined by the equations

.=fM(z)+gM(Z)UM,

U a(X, Z) + /(X, Z)U,

initialized at z x. E]

4. Main results. In what follows the possibility of solving a MMP will be expressed
in terms of properties of certain (f, g)-invariant distributions.

For convenience, we summarize hereafter some basic facts about nonlinear
geometric control theory and we quote, without proof, a series of properties of interest
(see [11] for details). We recall that, for the control system (2.1), a distribution A is
said to be (f, g)-invariant (or controlled invariant) if there exists a nonlinear feedback
u a (x) +/3 (x) v, where a and/3 are defined on X, such that the modified dynamics

: =f(x) + g(x)a(x) + g(x)fl(x)v

leaves A invariant, i.e. such that

(4.1a) If+ ga, A](x) c A(x),

(4.1b) [(gB),, A](x) A(x) for all 1 <= -<_ m,

for all x X. Conditions (4.1) are sometimes abbreviated as

If+ ga, a] c A,

[g/3, A] c a.
It is known that, if/3 is nonsingular,

(4.2a) If, A] c A+ ca,

(4.2b) [g, A] A + d,

where @ denotes the distribution

span {g,. ., gin}.

Conversely, if A is an involutive distribution of constant dimension and also c and
A+ qd have constant dimension, then (4.2) imply the existence of local feedback
functions a and/3 such that (4.1) are satisfied.

Let dh denote the codistribution spanned by the differentials of the entries of h, i.e.

dh span {dhl,. ", dhp}.

Moreover, let II(f, g, (dh)+/-) denote the class of all distributions satisfying (4.2) and
contained in (dh)- and A* its unique maximal element.
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The computation of A* is usually performed by means of the so-called Controlled
Invariant Distribution Algorithm. With the triplet (f, g, h) one associates a sequence
of codistributions defined in the following way"

fo dh,
(4.3)

+ + Z n
i=1

This sequence is clearly increasing and, if fk* k*+x for some k*, then k Ok*
for all k > k*.

For practical purposes, we shall hencefoh assume that the codistributions
involved in this algorithm have constant dimension around the point of interest x.
More precisely, we say that the point x is a regular point for the algorithm (2.1) if
for all x in a neighborhood of x:

(i) the dimension of is constant,
(ii) the dimension of k is constant, for all k 0,
(iii) the dimension of (Ok ) is constant, for al k 0.
Note that if x is a regular point for the algorithm (4.3), then there exists an

integer k* < n such that ilk* k*+l and this, as we have seen, implies the convergence
of the algorithm (4.3), in a neighborhood of x, in a finite number of steps. Moreover,
(see [11])

If x is a regular point for the algorithm (4.3), the codistributions k, for all k 0, are
spanned by exact one-forms and, in paicular, A* is involutive. The one-forms spanning

k can be recursively computed via an algorithm proposed by ener 14] and described
in the Appendix.

We may now return to the model matching problem. In the following statement,
for , and we mean the vector fields and the function defined on the right-hand
side of (3.4a) and (3.4b), and we set

span {1, ",m}.
o oTHEOREM 4.1. Let (x x) be a regular pointfothe algorithm (4.3) for the triplet

( , g). Let * be the unique maximal element of ( , dh) ). If
(4.4) * +

in a neighborhood of (x, x), then the MMP is solvable.
oo As a consequence of the assumptions, the distribution * is such that:
(i) * (d);

and, locally around (x, x),
(ii) there exists a function such that:

ff ,

(iii) there exists a function such that:

(because of (4.4)).
The existence of a distribution which satisfies (i), (ii) and (iii) proves that the

conditions (3.3) are satisfied. Then, as a consequence of Lemma 3.1, the result
follows.
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In the case of linear systems the condition expressed by this theorem is also
necessary for the solvability of an MMP. In the present case of nonlinear systems the
proof of the necessity requires some further assumption. As we shall see later on, this
is essentially due to the fact that, for nonlinear systems, the invariance condition (4.1a)
alone does not imply (4.2a) and (4.2b).

In order to proceed with the proof of necessity of (4.4), we introduce some other
notations. With the plant P and the model M we associate, in addition to the system
(3.4), the system

E=fE(xe)/ge(xE)ue, ye=he(xe),

where xe= and

fE=f, g=(ff /),

Moreover, we consider also a dynamic extension of the latter, defined by

(4.5) f(g) + ,(g)fi, g(g),

where g (xe, z),

f(g)=(fe(xe)) g(g)=(ge(xe) 0i) /(g)=he(xe)
0 0

and dim (z)= v. Note that this new system is completely specified by the triplet
(fe, ge, hE), which incorporates all the data of the MMP, and by the integer v.

It is easy to see that the difference between the output of the composed system
p Q and that of the model M may be interpreted as the output of the system (4.5)
subject to a static state-feedback of the form

with

a=a()+#()u,

a(g) 13()
\a(z,x) (z,x)

Thus, if the controller Q solves the MMP, the above feedback is such as to make the
output )7 of the system

(4.6)
,=f(,)+()a()+

37 h(),

independent of uM, whenever the initial state is chosen as

(4.7) = (x, x,, F(x, x,)).

To prove a partial "converse" of Theorem 4.1, we need to consider one of the
following assumptions:

(A1) The triplet (fe, g, hE) is such that, for all v=> 1 and for all a

(4.8) fq ker dL+g*kO

where Z* is the maximal element of U( g, (d/)+/-).
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(A2) The triplet (f, g, he) is such that

m+mM
Z L,(lc)cl

for all k _-> 0.
(A3) The model (fM, gt, hM) is linear and the process (f g, h) can be made linear,

from an input-output point of view, via static state-feedback (see [7]).
A sho comment on the relative impoance of the above assumptions is in order.
LnMMA 4.2. (A3) implies (A2) and (A2) implies (A1).
Proof (A3) clearly implies that (f, g, h) can be made linear, from an input-

output point of view, via static state-feedback. This, in turn, implies (see [16])

Z L.(n)nn
i.. (z).

in order to prow that (A2) implies (AI), i is useful o not that, from th algorithm
(.3), on asily obtains

for all k 0. Thus, (AZ) implies

m+mM+

i=1

This, in turn, implies (A1) (see [17]).
The distribution A on the left-hand side of (4.8) is invariant under (f+ a) and

contained in (d). As a matter of fact, it turns out to be the largest distribution
invariant under (f+) and contained in (d). However, A does not necessarily
belong to (f, , (d)) because, as we already noted, the inclusion (4.1a) alone does
not imply both (4.2a) and (4.2b). For this to be true, we would need, e.g., the existence
of a nonsingular matrix fl such that (4.1b) holds also. In th present case, the solution
of an MMP implies the existence of a distribution which is invariant under f+ and
under fl, but where fl is a singular matrix. Thus, this distribution does not necessarily
belong to the class fl( , (d)). This motivates the introduction ofthe assumption (A1).

However, the assumption (A1) is not testable in practice because it involves a
condition to be satisfied for all possible integers and functions a. One may wish to
use the stronger assumption (A2) which is indeed testable because it involves only a
propey of the chain of codistributions generated by means of the algorithm (4.3)
for the triplet (f, g, h).

The assumption (A3) is even stronger but it is exactly the one considered in [8]
for linear model matching. We mention it here in order to show tat the result of [8]
can be deduced as a special case of the more general results established in this paper.

THEOREM 4.3. Suppose the MMP is solved by some controller Q. Let (x, x) be
a regularpointfor the algorithm (4.3) for the triplet (f, g, h ). Suppose (A1) holds. en
(4.9)

where * is the maximal element of fl(f, g (dh))
Proo Since, by assumption, the controller Q solves the MMP, the Volterra kernels

of (4.6) vanish in the initial state (4.?). In paicular, looking at the first-order kernel,
this implies that

(4.10) V,r+g(x, x, F(x, x)) 0
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for all 1 _-< -<_ mM, for all k _-> 0 and for all (x, xM) U x UM. It is immediate to see that
(4.10) implies

(4.11) (/),(2) f ker (dLy+,)/7)(2)
k>_0

for all 1-< i-< mM and for all g in the subset M of Ux U x V

M= {(x, x, z)e U x U, x Vlz= F(x, x,)}.

As a consequence of the assumption (4.8) it follows that

(4.12) (g/),(2) *()

for all 1 =< -< m and for all g e M.
Let Q be the natural surjection ofX xX x Z on X xX and Q. the correspond-

ing differential. Since z*= A*x TZ, we have

,,= A* .
Moreover, from (4.12) we have also

Q,(g),(2)= (g(x)d(z,;)) Q,z,(2)= A, Q(2)
\ gM(XM

for all 2 e M. Since QIM is onto U x UM, from this condition one obtains

span {(g)} c A*+span {()}
i.e. (see (3.4a))

#cA*+6
and this completes the proof. E]

At this point, the "necessity" of the condition (4.4) is a consequence of the
following trivial result.

LEMMA 4.4. The condition (4.9) implies the condition (4.4).
Proof. Clearly

[, a*] a,+ a, ++.
If (4.9) holds, then

[ff, a*] a*+ ,
i.e. A* e(], if, (d/)+/-). Thus he*C ,* and (4.4) follows.

5. A link with the structure at infinity. In this section we show that the condition
(4.9) may be reformulated in terms of properties of the structures at infinity of the
triplet (f, g, h) and the triplet (f, g, h). Following Nijmeijer and Schumacher [12]
the structure at infinity of a triplet (f, g, h) may be defined as the list of integers

dim z+f dim (r+/-), k>=O

where 1)o, ill,’’’, fi* is the sequence of. codistributions generated by means of the
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algorithm (4.3)"

where go :=f

rio dh,

’k -k-1 "" E Lg,( c_gj+/- I"1

In the same way, one can define a list of integers rff, k >=0, as the structure at
infinity of the triplet (fe:, g., he), by considering the sequence

1 dh E,
m+m

i=0

where g(:=f, and setting

r dim de +f) dim d x), k _-> 0.

Clearly, these definitions make sense under the assumption that all the codistribu-
tions involved have constant dimension. We shall thus always assume, in what follows,
that the point x and the point (x, x) are regular points.

The following statement extends a recent result by Malabre [6].
THEOREM 5.1. Suppose the sequence rk and r, k >-O, are defined. The condition

(4.9) is satisfied if and only if
(5.1) r= rf
for all k >= O.

Proof Recall that A*= (fIE*)-, so the condition (4.9) may be rewritten as

(5.2)

Since the sequence of the l)’s is nondecreasing, (5.2) is equivalent to

(5.3) #-f f3 6 forall k_->0.

This, in turn, is equivalent to

(5.4) cfqfl= q3e-f’lf forall k->_0

because fq - +/-.
Therefore, what we need is to prove the necessity and sufficiency of (5.4). To this

end, we need a preliminary result. In what follows, we identify the Ok with codistribu-
tions on X xX (by taking, at (x,xt)X x X4, the subspace of T*X x T*x,Xlvt
spanned by the pairs (to, 0) with toflk(X)). It is easy to realize that the above
codistributions satisfy the recursions"

a’o dh x {0},

, -+ E
i=0

where o := (or).
Moreover, let F denote a codistribution on X x X4 defined by taking

,r(x, XM {0} X T,,XM.
These objects will be used in the sequel.
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LEMMA 5.2. If, for some k >-0,

(5.5)

and

(5.6)

then

E

= (mod F)

(5.7) + ’kE+l (mod F).

Proof. By definition, the codistributions f defined by the algorithm (4.3) are
locally spanned by one-forms which do not depend on XM. Clearly d+/- is spanned by
one-forms which do not deend on XM. Thus c+/- N , for k 0, has the same propeay.

Moreover, since F c , from (5.6) we get

(5.8) nn+r= n(n+r)= n(n+r)= n+r.
Thus

o++r=o+ E e,(oo)+r
i=0

m+mM

i=0

m+m

=+ T.
i=0

L,(3 nn+r)+r

=f+
m+mM L.(’nn+r)+r by (5.8)

m+

i=0
L.(JNn+r)+r by (5.5)

m+ M

i=0

m+mM:n+ Z L.r(dnn)+r:n+,+r by(5.6).
i=0

This concludes the proof of the lemma.
At this point it is possible to show that rk- r, for all k_->0, if and only if (5.4)

is true, thus concluding the proof of the theorem.
(if). Note that (5.6) is true for k--0. Then, since (5.5) is true for all k->0, (5.6)

holds for all k > 0. As a consequence, since F c d
E(5.9) (+/- +f +n+r:

for all k => O. It follows that

dim

dim

dim dim (f n c)
-dimf-dim (f N

(by (5.9))
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(only if). Note that the equality rk r may be rewritten

dim (l+ 1)-dim +/- dim (f + dE)-dim E+/-.

Suppose that (5.6) is true for some k. Then the following implications hold:

,=fff(modF) fl,+ ;=f+ (since

dim (k + ’) dim dim ( + e+/-) dim 3

dim (fl ffl +/-)=dim (1) f e+/-)

==> f 0=k f’) +/- (because +/-c 1)
i.e. (5.5) for k.

Since (5.6) is true for k =0, (5.5) is also true for k =0. Then, by Lemma 5.2, (5.6) is
true for all k. As a consequence of the previous sequence of implications, we have
that (5.5) is true for all k, i.e. (5.4) is true. [3

Remark 5.3. The integers rk which characterize the structure at infinity of a
nonlinear system, may be computed as the ranks of appropriate matrices obtained via
the algorithm proposed by Krener for the construction of the maximal element A* of
B(f, g, (dh)-) and described in the Appendix.

This algorithm makes the computation of the rk possible as follows. Using the
notations introduced in the Appendix, it is immediately seen that:

dimk Sk.

It is also clear that the intersection +/-f’l ’k has a dimension equal to sk --Pk. Thus

rk dim fk dim (fk f’) +/-) Sk (Sk Pk) Pk.

Using those properties, in a recent paper [19], the authors have proposed a
procedure for the computation of the structure at infinity on the input-output data.

Merging Theorem 5.1 with the results of the previous section, it is seen that if the
regularity assumption holds and if (A1) is satisfied, then a necessary and sufficient
condition for the MMP to be solvable is that rk r, for all k. It should be stressed
that the latter condition is no longer necessary whenever (A1) is removed. This is
illustrated by the following example.

Example 5.4. Let X 4 and

(5.10) f(x)= g(x)= i’ h(x)= x2-x3

Let also XM 4 and

fM(X’M)’-’X4/
0 0
1 0 hM(X,M)__(X,M1)g(x)=
0 0 \x3

10

An easy computation shows that

ro-1, rk=2 for k->_ 1
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and
r=l, rf=3 fork>-1,

so the equality (5.1) is not met. However, the MMP is solvable by the dynamic
state-feedback

z2 1
=-+(-z 1)UM,

Z "t- X Z "t- X
(5.11)

z

_
1 0

/’/ -1"; z+x x

In fact it is rather simple to compute the Volterra kernels of (5.10) composed with
(5.11), which have the following expression

wO( t’ 7’ (x’ z)) ( t- wt)( t’ 7’ (x’ z)) ( 0 )
and

Poe (x,z))=0 ifi>lWjl’" "Ji t, "F "Fi,

Thus, this shows that the MMP is solved.

6. Concluding remarks. The purpose of this paper was to investigate the problem
of designing a dynamic compensator which makes it possible to match a prescribed
input-output behavior in a given nonlinear plant. A simple geometric condition, which
involves the computation of a suitable maximal controlled invariant distribution, was
proved to be sufficient and, in some cases, necessary for the existence of a solution to
the problem. Such a condition is the nonlinear version of a similar condition established
by Morse in [3]. Moreover, it was shown that the condition in question may be
reexpressed in terms of an equality between the structures at infinity of the plant and
of a composed system in which the model appears as a "disturbance" on the output
of the plant. This extends recent results by Malabre [6].

Appendix.
Krener’s algorithm. Suppose the codistribution dh has constant dimension So. Let

Ao(X) be an So-vector whose entries are entries of h such that dAo,1,’’ ", dAo,so are
linearly independent.

Iteration (k + 1). Consider the Sk X m matrix Ak(X) defined at iteration k whose
(i,j)th entry is (dAk, i, gj)(x). Suppose the rank Pk of Ak(X) is constant. Then, there
exists an Sk X Sk permutation matrix

such that the Ok rows of PklAk(X) are linearly independent. Let Bk(X) denote an Sk

vector whose ith element is (dhk,i,f)(x). Then, the equations

(A.la) PklAk(X)a(X) --PkIBk(X),

(A.lb) PklAk(X)fl(X)-- K,

where K is a matrix of real numbers of rank Pk, are solved by an m-vector a and an
m x m invertible matrix/3. Construct the set of functions

Ak ={h Lff, hk,j[1 <--j<--Sk, 0 <-- iN m}
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with 0=f+ ga and g/3. Moreover, consider the codistribution

span {dA ]A Ak}+ span {dAk, 1 <-j<-sk}.

Suppose the dimension Sk/l of this codistribution is constant and let

{dAk+l,1,’’’,
be a basis for it. Then, it is possible to prove [14] that at each iteration

-k+l-- span {dX+,,, 1 _<- _--< sk+}.

Moreover, there exists an integer k* such that the algorithm terminates at the k*th
iteration (i.e. Sk*/ Sk*) and one has:

f* span {dX.,, 11 <= <= Sk*}.

This ends the description of the algorithm.
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ON THE SENSITIVITY MINIMIZATION PROBLEM FOR LINEAR
TIME-VARYING PERIODIC SYSTEMS*
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Abstract. An optimal control problem is formulated in the context of linear, discrete-time, periodic
systems. The cost is the supremum over all exogenous inputs in a weighted ball of plant inputs. The controller
is required to be causal, periodic of the fixed order of the system and to achieve internal stability. Existence
of an optimal controller is proved and a formula for the minimum cost is derived.

Key words, optimal control, periodic systems, time-varying systems, uniform optimality
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1. Introduction. Since the classic paper of Zames [18] (in which he formulated a
linear-quadratic optimal control problem where the exogeneous signals are not fixed
but belong to weighted balls in appropriate function spaces), there has been a great
deal of work on various problems of weighted sensitivity minimization.

At first the work was restricted to time-invariant systems (see [4] and [6] for a
complete bibliography). Most of the results are presented in a unified fashion in [6].
Feintuch and Francis then showed that these problems can be formulated and solved
for time-varying systems in a Hilbert resolution space framework and that in fact one
could recover the results of the time-invariant problems as special cases of the more
general time-varying problem [4]. In particular, it was shown that for time-invariant
systems there is no time-varying controller which is better than an optimal time-invariant
one. A special case of this result was also obtained independently by Khargonekar,
Poolla and Tannenbaum 11 ].

While the class of linear time-varying controllers is quite large and unruly, there
are certain subclasses that are quite similar in their structure to time-invariant systems
and yet different enough so that for problems of robustness, they are superior to
time-invariant ones. One such class is that of periodic controllers.

The importance of such systems has been noted in the work of various authors
such as Davis [2], Jury and Mullin [10], and Meyer and Burrus [13].

Here we were influenced mainly by the paper of Khargonekar, Poolla and Tannen-
baum [ 11 ], with one major difference. While the authors have formulated their theory
in terms of transfer functions in the frequency domain, we feel that it is often (though
not always) more useful to look at operator-representations of systems in the time
domain. This is consistent with the approach in [4].

In this paper we formulate and solve an optimal control problem ofthe Zames-type
for N-periodic discrete-time, time-varying systems. The existence of an optimal control-
ler is shown and a formula is obtained for the optimal cost. Finally, it is shown that
no better result can be obtained by a time-varying nonperiodic controller. The formulae
we obtain of course reduce to the classical formulae obtained by Francis and Zames
[7], and Francis et al. in [8] when applied to time-invariant systems.
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This paper is similar both in format and spirit to [4], and in fact shows that the
methods used there seem to be especially appropriate for attacking problems ofthis sort.

Finally, it should be noted that the results of this paper again indicate the
fundamental importance of the system sensitivity function. Indeed in Khargonekar
and Tannenbaum 12], it was shown that in the linear finite-dimensional time-invariant
case that certain robust stabilization problems (for example, the gain margin problem,
see Tannenbaum [ 16]) are equivalent to the sensitivity minimization problem of Zames
[18]. From the results of Feintuch and Francis [4] and Khargonekar, Poolla and
Tannenbaum [11], it can already be seen that in time-varying cases the analogous
problem of robust design and sensitivity minimization become dichotomous. However
the results of the present paper together with [4] and [11] indicate that sensitivity is
a true system invariant in the sense that apparently sensitivity can always be minimized
within a given class of systems (for example, time-invariant, periodic), and hence
sensitivity must be regarded as a fundamental measure of system performance. This
is of course precisely the design philosophy of [18].

2. Preliminaries. The purpose of this section is to introduce notation and
definitions, and to collect some basic facts regarding linear operators and complex
functions.

For an integer n-> 1, C" denotes complex n-dimensional Hilbert space, the inner
product oftwo vectors x and y being x*y where * denotes complex conjugate transpose.
The norm on C" is denoted by ]]. II , that is,

Ilxll =(x*x)
Let C denote the set of all m x n complex matrices. Then the norm on Cm’,

]1" ]l, is taken to be that induced by the one on C ", that is,

[[A[[oo sup {[[Axll2:[Ixll2 _-< 1}.

The set of all sequences {Xk: k-->0} in C" is denoted by o(C"). In discussions
where the integer n is immaterial, a(C") will be shortened to . The subset of
of all square-summable sequences is denoted by hE(C), or simply by hE; that is,
{Xk} hE if and only if

k=0

Then h2 is a Hilbert space under the inner product

({Xk}, {Yk})= Y’, X*kYk.
The induced norm on h2 is also denoted by [l" 112.

Let F: o(C") - a(C) be a linear mapping. Then F has a natural matrix representa-
tion (Fo: >- 0,j _>- 0); FoC"m, defined by the equation

F{0, , 0, x,0,...} {Fo,x,, F,,x,,...}.

The operator F is termed causal, strictly causal or time-invariant if its matrix is lower
block triangular, strictly lower block triangular, or constant along block diagonals,
respectively.

The Banach space of bounded linear operators from h2({m) to h2(( n) is denoted
by [hE((m), hE((n)] or simple . The subspaces of of causal operators and of
time-invariant operators are denoted by qg and if, respectively, and if m n these are
in fact weakly closed subalgebras of [5].
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For frequency domain theory, we need some notation and facts concerning
complex functions. The space of square-integrable functions defined on the unit circle
and taking values in C" is denoted by L2(C ") or simply by L2. The closed subspace
of L2 of functions having analytic continuations into the unit disc is the Hardy space
H2. Its orthogonal complement is denoted by H-. The inner product of f and g in L2
is defined to be

(2’)- f(e)*g(e) dO

and the corresponding norm is denoted (also) by II II=, It is a standard fact in the
theory of Fourier series that h2 and HE are isomorphic Hilbert spaces.

The set of essentially bounded functions defined on the unit circle and taking
values in Cmn is denoted by L(C’) or L. The norm on L is one induced by
that on L2: For F in L(C""),

IIFII:= sup {llFgll: g L., Ilgll= 1}.

It can be proved that

=ess sup {llF(e’)llo: 0 [0, 27r]}

the right-hand norm being the one on Cmn. We then set H to be the subset of L
consisting of matrices having analytic continuations into the unit disc.

There is a clear connection between operators which act in the time domain and
complex functions in the frequency domain. If F is a time-invariant bounded linear
operator on h2, the matrix of F has the Toeplitz form

Fo F_ F-2
F1 Fo F_,

n.2 F1 Fo

Define the transfer function of F to be ff’(e i) := -o Fk eki. It is a standard fact that
L and IIFJ] Ilfilloo. If F fq - then the above matrix of F is lower block

toriangular and F H. By slight abuse of notation, we will many times identify F and
F.

3. Periodic operators. Let A denote the right shift operator on o(C"); if

x {Xk} o(C"), Ax y where Yo 0, Yi xi_l, ->_ 1.

DEFINITION 3.1. T is N-periodic if TAn= AnT.
The fundamental properties of these operators were presented in [11] following

the approach in [15]. Here we rework these facts in the time domain. We will present
these results for 2operiodic operators in order to simplify notation. All the results go
through immediately for N-periodic operators for N> 2. The space of N-periodic
operators on h2 will be denoted by N, and in particular the space of 2-periodic
operators by 2.

It is easily checked that the block matrix representation of T 2 f’) is of the form

x0 0 0

xl Yo 0

X2 Yl Xo

Y2 X1
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that is, T is determined by two sequences of "Fourier coefficients." As was shown in
[11], there is an isometric isomorphism W of h2 onto h203 h2- h(C2") which has the
property that if = WTM-1= WTW*, then " where is the right shift on
h2(C2") h h2. The matrix representation of on h2(C2") is simply the Toeplitz of
the form

To 0

where is the 2 x 2 block matrix given by

T:=[ xXzi+
where Y-1 is understood to be zero. In paicular, T0 is lower triangular and it is easy
to see that for A ff on hz(2n), A for some T 2 on h2(n) if and only
if Ao is lower triangular.

If we look at T from the frequency domain point of view, then T H and the
matrix-valued functions in H which correspond to 2-periodic operators are those
A H for which A(0) is lower triangular.

For the general N-periodic case, a similar computation to that given above (see
[11, (2.6)] for details) shows that with any m-input p-output, N-periodic linear
time-varying causal input/output map f one can canonically associate a pNx mN
transfer function matrix Ty such that (0) is lower triangular. Conversely, anypN x mN
transfer function matrix Ty such that (0) is lower triangular, defines an m-input,
p-output, N-periodic linear time-varying causal input/output mapf We should empha-
size the fact that it is the lower triangularity of Ty(0) that corresponds to the causality
off

Finally we recall that since W is unitary, the correspondence between T and T
is norm preseing, and is an isometric isomorphism between the weakly closed
subalgebra 2 of and its image, the weakly closed subalgebra of H consisting
of functions which are lower triangular matrices at the origin.

4. Factorizations. There are two kinds of factorizations that play a role in the
theory of minimum sensitivity, one being technical and the other fundamental to the
nature ofthe problem being solved. The first is the inner-outer factorization of functions
in H and the second is the coprime factorization of systems used in the Youla
stabilization theory.

Since periodic operators have representations as H functions, we can obtain
both types of factorizations (under the appropriate assumptions [3], [6], [17]) in H.
However for such factorizations to be useful it must be shown that the factors
correspond to periodic systems; that is, that they are lower triangular at the origin.
Tnoz 4.1. Suppose P H, and that P(O) is lower triangular. en
(1) If P has a left (or right) coprime factorization in H, the factors can be chosen

so that they are lower triangular at the origin.
(2) P has an inner-outer factorization P= PPo such that P(O) and Po(0) are lower

triangular.
Proof For (1) suppose P AB- where A, B H. If B(0) is not lower triangular

there exists a constant inveible square matrix F (of appropriate dimension) such that
B(O)F is lower triangular. Then P=(AF)(F-B-), and AF= PBF has the propey
that (AF)(O) is lower triangular since P(0) and (BF)(O) are lower triangular.
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For (2) note that if PiPo is an inner-outer factorization for P, there exists a constant
unitary matrix U such that (UPo)(O) is lower triangular. Thus P (PoU*)(UPo) is an
inner-outer factorization with the required properties. Q.E.D.

5. Formulation of the control problem. Consider the discrete-time linear feedback
system below

Again for the sake of notational simplicity, we will assume P is a 2-periodic plant, the
general N-periodic case being similar. W1 and W2 are stable 2-periodic operators with
stable inverses (it is clear that W-1 are periodic when they are defined). We assume
that P is such that in its time domain matrix representation x0 Yo 0; that is, P is
strictly causal. This assumption is standard and completely technical. Finally again by
slight abuse of notation we will identify a time-invariant, time-domain operator F with
its transfer function (as in 2).

Our objective will be to design C to minimize the energy of Yl for the worst v of
unit energy, C being constrained to be causal, 2-periodic and to achieve internal
stability. Thus the cost is

cost=sup (llyll=: v h2, Ilvll=<_- 1}.

In terms of the transfer matrix from v to Ys we have

cost w=(I / Pf)- w, II,
the induced operator norm in h2.

Let/z denote the infimum of the cost taken over all causal 2-periodic C’s achieving
internal stability.

Since the family of 2-periodic operators on h2 is a ring the parameterization of
Youla et al. [6] is applicable whenever P has the appropriate right and left coprime
factorizations. For example, if it is assumed that P RHo (:= the subspace of real-
rational functions in Ho) such factorizations exist and are computable [16], [17]. So
assume P has such factorization, and note that by Theorem 4.1 and the isometric
isomorphism between 2 CI c and the above-mentioned subalgebra of Ho, this gives
rise to comprime factorizations in 2f3 c. So assume P B-IA AB-, such that

AX + BY I, XA+ YB I,

with A, B, /, /, X, Y, , I 2f3 c. Then C =(" + BZ)(-AZ)-, Z :CI c
parameterizes all controllers in 2 f’l c achieving internal stability. With C so expressed
the sensitivity matrix is affine in the parameter Z

(I + PC)-1 r_ AZ).
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Thus the cost is

cost w=(-AZ) Will.
Using the isometric isomorphism defined earlier, we rewrite this as

cost if’E( Y AZ)BW

To simplify this further, bring in the appropriate inner-outer factorization of W2A
(with periodic factors) and (under appropriate assumptions on P, [6]) an outer-inner
factorization of BW. Defining (under the assumption that (W2A)i is invertible)

T= I7V Y BW o, V=

and using the properties of inner matrices and the assumptions on P, W1, W2, we
obtain that

cost= - ’11"
Note that 17’ H and corresponds to a periodic system V g r. is of course not

in Ho. However L and its periodicity property is.preserved in the following way:
If we apply the unitary mapping W to obtain T W* TW, then T has the block matrix
representation

Thus we can write/z as

Xo y- X-2

Xl Yo x_

2 Yl X0

/x inf {ll T- VII" V 2 f-) }

which in topological terms is just the distance from the given noncausal 2-periodic
operator T to the weakly closed subalgebra 2 f’ C (. The existence of a V /2 f’) (

for which/x is attained is now (as in [4] only easier) a consequence of the compactness
of the unit-ball in the weak operator topology.

In the next section we obtain a formula for/z in terms of the entries of T.

6. The main results. In this section we derive a formula for/z in terms of the
parameters given in T. The idea is the same as that in [4]. We make use of the following
proposition due to Parrot [14] and, independently, Davis et al. [1]. Let Xi, Y, (i 1, 2)
be Hilbert spaces and let

Gll
G21

be a bounded linear operator.
PROPOSITION 6.1.

G22.J

where the infimum is over all bounded operators Xfrom X1 to Y2.
Our main result can be stated.
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THEOREM 6.2 Suppose T is an operator on h2 of the form

Xo Y-1 X’-2 Y-3

X1 YO X-1 Y-2

X2 Yl Xo Y-1
x3 Y2 xl Yo

Then d (T, 2 f-) ), the distance from T to f-) in the norm topology on J ), is

max
X--4 Y--5 X--6

X--3 Y--4 X-5
X_2 Y-3 X-4

X-1 y- X--3

Y-3 X-4 Y-5 X-6

Y- x-3 Y-4 x-5

Y-1 x_:, Y-3 x-4

We begin the proof of Theorem 6,2 with the following lemma.
LEMMA 6.3. Set

A2 :

X-4 Y- X-6 Y--7
X-3 Y-4 X-5 Y-6

X-2 Y-3 X-4 Y-5
X_l Y-2 X-3 Y-4

Y-4 X-5 Y-6 X-7

Y-3 X-4 Y-5 X-6

Y-2 X-3 Y-4 X-5

Y-1 X-2 Y-3 X-4

Then

inf
{ao,al,bo}

X--2 Y-3 X--4 Y--5

X-1 Y-2 X-3 Y-4

Xo-- ao Y-1 x-2 Y-3

lxl-a yo-bo x_ y_

max (IIA, II, IIA=II).

Proof. The idea is the same as that given in Parrot’s proof of Nehari’s theorem
[14, p. 317]. By Parrot’s theorem, Proposition 6.1

inf
ao

X--3 Y--4 X--5 Y--6

X--2 Y--3 X-4 Y-5

X-1 Y-2 X-3 Y-4
Xo-ao Y-1 X-2 Y-3

max (IIAII, IIA=II},

Choose ao to attain this infimum.
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In the same way one can choose bo so that

inf
Y-3 x-4 Y-5

Y-2 x_3 Y-4
y_, x_2 Y-3

yo-bo x_, Y-2

Choose a. so that

x_4 y_5

X-3 Y-4
inf x-2 Y-3
al

X_ Y-2

Xo ao Y-1
x,-a yo-bo

X-

max X--2
X-

Xo ao

max {llall, Ila=ll}.
This completes the proof

Proof of Theorem 6.2.

where

d(T, fq ) inf
{ai’i>=O}
{bi’i>=O}

X_6

X_

X_4

X_

X_2

X_

Y-4 X-5

Y-3 X-4

Y-2 X-3
y- x-2

Q.E.D.

max {IIA, II, IIAII}.

y-3 x-4 y-5

y-2 x-3 y-4

y_ x_2 y-3

yo-bo x_, y-2

Xo Clo

x a,

X2-- a2

X a

inf inf
ao,al,bo

bi:i>=l}

Y-1 X-2

Yo bo x_

Yl bl Xo- ao
y2-b xl-al

Xo X_, X_

X, Xo

Xo X_l X_2

X X-I
X, Xo

inf
ao,al,bo

X3-- a3 Y2- b2 x,- al Yo- bo

etc. The infimum inside the bracket is over Toeplitz matrices and therefore by Nehari’s
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theorem [14] it is just the norm of the Hankel matrix defined by {Xi" i--< 0}"

Thus

X_ X_2 X_ X_4

X0 X_ X_2 X_

d(T,2f-lcg)= inf X-2 X-3
ao,al,bo X_ X_2

Xo X_

By the Lemma 6.3, this is simply max (IIAII, IIA=II} and the proof is complete Q.E.D.
We now ask the question: Can we obtain a lower sensitivity ifwe allow time-varying

controllers? Clearly, since 2fq
However by [4]

d(T, cg)= sup [IP.T(I-P.)II.

This is again easily computed as in [4, Thm. 4] and we obtain the same number as in
Theorem 6.2. Thus d(T, cg)= d(T, 2f’)cg) and a nonperiodic controller will not

improve the minimal sensitivity.

7. The N-periodic case. All the results given above relate to the N-periodic case
for N> 2 (finite). In this case we simply state the result. Recall that N-periodic systems
will be determined by N sequences {xi}, , {x}. In this case T will be of the form

Then

where

d(T, fq cg) max {IIA, II,""", IIAII)

A,= x/_2 x’ x’_2
x’_, xk5

We note that, of course, if N 1 our formulas simply reduce to the norm of the
Hankel operator determined by the single sequence {X_l, x_2," "} which is of course
the classical result.

$. Conclusions. The utility ofperiodic systems in control design has been discussed
by a number of authors [2], [11], [13]. In this note, we applied the design philosophy
of sensitivity minimization (Zames [18]) to periodic plants. As in the time-invariant
case, we showed that apparently one can always minimize sensitivity within a given
class of systems, this time for periodic plants.

Moreover, the powerful time-domain input/output techniques of [4] were again
shown to be appropriate for the successful solution of sensitivity minimization prob-
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lems. We should note that the authors were not successful in pushing through their
results using transfer-function techniques and in particular an appropriate version ot"
the commutant lifting theorem (as for the time-invariant case). However given the
importance of such techniques in robust system design [ 11 ], it seems that this should
be a topic of future research.

The reader will notice that even though only the sensitivity minimization problem
for a set-up of the kind discussed in 5 was treated here, the results go through
immediately for the more general situation considered in [4]. Moreover in the finite-
dimensional case, one can explicitly compute the norms ofthe Hankel matrices involved
in the solution of the sensitivity minimization problem for periodic plants. In the
present work however, we have only considered the issue of existence.

Finally, the problem of sensitivity minimization for other interesting classes of
time-varying systems should make an interesting subject for future investigation.

Acknowledgment. We would like to thank P. Fuhrmann for some interesting
discussions on the problems considered in this paper.
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Abstract. Recent work by the authors [this Journal, 23 (1985), pp. 566-583], has demonstrated the con-
nections between the notion of viscosity sub- and super-solutions of first-order, dynamic programming PDE
and the optimality principle ofdynamic programming, as well as the directional derivatives ofviscosity solutions
of the above equations at an arbitrary point. The present note contains a remark and a counterexample which
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Introduction. We present here a remark and a counterexample which complement
the results of P.-L. Lions and P. E. Souganidis [2]. In [2], we considered deterministic
control and differential games problems and we studied the relations between two for-
mulations of the associated Bellman and Isaacs’ equations. In the case of Lipschitz con-
tinuous functions, we compared the notion of viscosity solutions of general Hamilton-
Jacobi equations (introduced by M. G. Crandall and P.-L. Lions [1 ]) and a formulation
due to A. I. Subbotin [3] concerning directional derivatives of the value functions. The
equivalence ofthese notions was shown in [2] in the case of control or differential games
problems under the Isaacs’ condition: in fact, even in the general case of upper and lower
value functions, we proved "one half" of the set of the inequalities to be checked. This
combined with the Isaacs’ condition was enough for the value functions. Here we present
a simple example showing that the other half is in general false and we give a positive
answer in a very particular situation.

To simplify the presentation, we restrict ourselves to the case of infinite horizon
problems without state constraints

(1) inf sup {-f(x, y, z). DV- l(x, y, z) } + V(x) 0 in Rn,
y Y z Z

where Y, Z are fixed compact metric spaces andf, are bounded, uniformly continuous
on Rn Y Z and Lipschitz continuous in x Rn uniformly in (y, z) Y Z. As is
well known, (1) corresponds to the equation satisfied by the lower value of a differential
game (see [2] and below for more details).

In [2] we proved that a Lipschitz continuous function V is a viscosity supersolution
(see below for the definition) of (1) if and only if

(2) inf sup I1-- V(x)- V(x + tf)_ l} + V(x) >-_ 0 in Rn,
yY (f,l) K(x,y) I.t- ,O+

where for x RN, y Y K(x, y) -6-6 { (fix, y, z), l(x, y, z))/z @ Z }. On the other hand,
it is easy to check (see also [2]) that if V satisfies

* Received by the editors April 10, 1985.
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National Science Foundation under grant MCS-8002946 and the Office of Naval Research under contract
N00014-83-K-0542.
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(3) inf sup Ilim V(x) V(x + tf) l} + V(x) <- 0 in RN,
yGr (f,l) K(x,y) (t-*O+

then V is a viscosity subsolution of (1). The converse statement was left open. In we
show that a Lipschitz continuous viscosity subsolution of (1) does not necessarily satisfy
(3). Recalling that lower values are always viscosity solutions of ), this counterexample
shows the limitation of the formulation of (1) by the pair of inequalities (2) and (3).
Finally, in 2 we describe a particular situation where the converse statement holds.
(Some other situations where the equivalence holds are indicated in [2].)

We conclude the introduction by recalling the definition of the viscosity solution.
Let C(O) (C’l(O)) denote the set ofcontinuous (Lipschitz continuous) functions defined
on O. We have:

DEFINITION. Let F C(RN R RN). U C(RN) is a viscosity supersolution
(subsolution) of

F(x, u, Du) O inRN

if
F(x, u(x), Dck(x)) <= 0 (F(x, u(x), Dck(x)) >= 0),

for every smooth function 4 in RN and every local maximum (minimum) x of u 4
in RN.

1. A counterexample. Let l(x) be a bounded Lipschitz continuous function on RN

such that
[l(x) l(y)[ _-< Ix y[ for all x, y RN

and
l(x) -Ix[ in a neighborhood of 0.

We take Y Z RN, [[ _-< } and choose

f(x, y, z) z, l(x, y, z) l(x) (y, z).
Thus,

and

sup {-f.p l} IP Yl l(x) for all x, p RN
zu_Z

inf sup {-f. p } ([Pl 1)+ l(x).
y Y z Z

Obviously, V(x) l(x) is a viscosity solution of (1). On the other hand, ifwe try to check
(3) at x 0 we obtain

sup
(f,l) K(O,y)

lim
V(O)- V(O + tf)

t-z+ l} + V(O) zzSUp {Izl + (y, z)} + [y[.

The infimum over y yields 1. Hence, (3) does not hold at x 0.

2. A particular situation. In this section we prove that ifN and l(x, y, z) l(x),
then any viscosity subsolution V C’l(R) of (1) satisfies (3). We will prove this claim
following a general scheme ofproofand indicating where the above restrictive assumptions
are needed.

Let P(Z) be the set of probability measures on Z and identify Z with the subspace
of P(Z) consisting of Dirac measures. For P(Z), y Y, x RN we set

f(x, y, t) fz.[’(x, Y, z) du (z),

l(x, y, #) fz l(x, y, z) dt (z).
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Let M and N be the set of measurable functions Ys and zs from [0, ) into Y and P(Z),
respectively. We consider the set A of strategies which are maps from M into N such
that for all >_- 0

/3(y)s =/3(y2) on [0, t] if y] y2 on [0, t].

Observing that for all x RN, y Y, p G Ru

sup {-f(x, y, z).p- l(x, y, z)} sup {-f(x, y, U)’P l(x, y, #)},_
Z u . P(z)

we deduce from [2] that if V C(Ru) is a viscosity subsolution of (1), then for all
h > 0 and x G Ru we have

(4) V(x)_-< inf sup {foh e-’l(x,y,{3[y]s)ds+ V(Xh)e-h},fl.A y.M

where xt is the solution of

x,
-r f(xt, Yt, fl[Y]t) on [0, c), x0 x.

To prove (3) we argue by contradiction. Indeed, we assume that there exist x RN

and di > 0 such that

inf sup tlim V(x) V(x + tf)_ l + V(x) >- > O.
y Y (fi) K(x,y) (t-*O+

Hence, for every y Y, there exist ty > 0, my N+ (positive integers), z(y) Z and
Oi(y) (0, 1) with 1," ", my such that

m,

O,(y)
i--I

and

where

V(x) V(x + tf) b + v(x) >- - > o for 0 < < ty,

my my

fy E Oi(Y)f(x, y, zi(y)), ly E Oi(y)l(x, y, Zi(y)).

Here we used the fact that V C’I(RN) and that (V(x) V(x + tf))/t is continuous in

funiformly for > 0. If we set

my my

fP,y Z Oi(y)f(x, , zi(Y)), l;,y Oi(Y)l(x, , zi(y)),
i=1 i=1

the properties offand l imply that for every y Y there exists ry > 0 such that

7 {v(x) V(x + tA,)} b,, + V(x) >= - > o

for 0 < < tr and d(f, y) < rr, where d denotes the metric of Y. Using the compactness
of Y we obtain the existence ofM >- 1,/> 0, y,. ., YM Y and r,. ., rM > 0 such
that Y C t.J B(yk rk) and

(5) 7 {V(x) V(x + )} b + V(x) >- - for 0 < t < t,
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where for y C B(yj, rj) \ t3{Ll B(Yk, rk), f, are defined by

my my, O,(yj)f(x, y, z,(yj)), ly X Oi(y)l(x, y, zi(yj)).
i=l i=1

Next, we introduce a map from Y into P(z) defined by

my j--

fi(y) O,(yj)2,(yj) if y B(yj, rj) B(y, r).
i=1 k=l

This map obviously defines a strategy of A by

[y] (y) for s 0.
Moreover,

f(x, y, [yl) ,, l(x, y, [y]) l,.
Hence, for any y M, we have_

-c + -t {V(x/- V(x,/} (x,,, [l/s +

1{ ( )} 1-c + V(xI + V(x x + f(x, , [], s l(x, ,, [yl, s

( ’ )} 12a-c+v(x+ V(x-Vx+ s - s,
where C denotes various constants independent of t, y M.

Next obsee that the suboptimality finciple (4) yields that the left-hand side of
the preceding inequality is nonpositive. We wish to reach a contradiction by showing
that (5) implies that the fit-hand side is nonnegative for t small. The counterexample
of shows that this is not ossible in general. However, in the particular situation where
l(x, , z) l(x) (hence l l(x) for all ) and N l, there exists s0 (0, t) such that

-V(x+ l,ds

for < The contradiction proves our claim.
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TRANSCENDENTAL AND INTERPOLATION METHODS IN
SIMULTANEOUS STABILIZATION AND SIMULTANEOUS

PARTIAL POLE PLACEMENT PROBLEMS*

B. K. GHOSHf

Abstract. In this paper, we investigate the existence of a compensator which simultaneously renders a
given r-tuple of multiinput multioutput p x m linear dynamical systems internally stable. In particular we
parametrize a set of simultaneously stabilizable r-tuples of plants and show that provided r_- max (m, p),
the above set is semialgebraic and dense in the space 2 of r-tuples of plants. Furthermore, we also consider
an extension of the classical pole placement and stabilization problems and investigate the simultaneous
partial pole placement problem. Consequently, we consider a suitable topology in 2 and obtain a necessary
condition and a sufficient condition for the generic partial pole placement problem. Surprisingly enough,
the problem of simultaneously stabilizing a triplet of m x m plants, chosen generically, is shown equivalent
to the problem of partially pole placing a single m x m plant by a stable minimum phase compensator. On
the other hand the problem of simultaneously stabilizing m + 2 tuple of x m plants, chosen generically, is
shown equivalent to the problem of partially pole placing a x m plant by a stable minimum phase
compensator. Investigating the x m plants in details, we parametrize the set of all compensators simul-
taneously stabilizing a rn tuple of x m plants chosen generically. Consequently, we obtain a necessary and
sufficient condition for simultaneously stabilizing a m + tuple of x m plants chosen generically. Lastly
we construct two numerical examples. The first example is a triplet of simultaneously unstabilizable single
input single output plants, each of McMillan degree that are simultaneously stabilizable in pairs. The
second example is a triplet of x 3 plants that are not simultaneously stabilizable.

Key words, partial pole placement, simultaneous stabilization, generic, semialgebraic

AMS(MOS) subject classifications. 14, 30, 93

1. Introduction. In order to introduce and analyze the problems considered in
this paper we need the following notation.

C."

Cs:
Cu:

C-:
H:
Hpxm:
J:
F:

the complex plane
the real line
a self-conjugate subset of C which intersects R
[c-c,]u {oo}

open left half of the complex plane
ring of proper rational functions with real co-efficients with poles in C
set of p x rn matrices whose elements belong to H
set of multiplicative units in H
quotient field of H [21, pp. 88-90].

Let us consider a set Gl(S),’’ ", G,(s) of r real, linear.time invariant, proper
p x m dynamical systems, each of a given fixed McMillan degree ni, 1,. , r with
m inputs and p outputs and ask the following problem.

Problem 1.1 (simultaneous stabilization). "When does there exist a nonswitching
p input m output real, linear, time-invariant, proper compensator of arbitrary large
but finite McMillan degree q, which stabilizes each of the r given plants either in
discrete time or in continuous time?"

* Received by the editors July 3, 1984, and in revised form September 16, 1985. This work was partially
supported by National Aeronautics and Space Administration grant NSG-2265 while the author was at
Harvard University, Cambridge, Massachusetts 02138.

" Department of Systems Science and Mathematics, Washington University, St. Louis, Missouri 63130.
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The simultaneous stabilization problem 1.1 has been originally addressed by
Birdwell, Castanon and Athans [2] for the case m =p 1 and is followed up sub-
sequently by Saeks and Murray [26] as a problem in reliability and in the design of
a multi-mode control system. Subsequently, Vidyasagar and Viswanadham [34]
addressed the above problem for the multiinput multioutput case and showed that if
min (m, p) > 1, a generic pair ofp x m plants is simultaneously stabilizable in a suitably
chosen topology. The case m =p 1 is more difficult and it is shown [27], [34] that
the problem of simultaneously stabilizing a pair of single input single output plants
is equivalent to the well-known problem considered by Youla, Bongiorno and Lu [35]"
When can a single plant be stabilized by a stable compensator? Moreover the problem
of stabilizing a triplet of single input single output plant chosen generically has been
shown by Ghosh [14] to be equivalent to the problem of partially pole placing a single
input single output plant by a stable minimum phase compensator. The problem of
simultaneous partial pole placement, introduced and analyzed for the single input
single output plants in 14], consists in answering the following problem"

Problem 1.2 (simultaneous partial pole placement). "Given a r tuple
Gl(s)," , Gr(s) of p x m proper transfer functions of degree ni, i= 1,. ., r, respec-
tively, together with a r tuple of proper rational functions ffi(s) of degree d, 1, , r

respectively from H. Does there exist a proper m x p compensator K (s) of degree
q>-max[d-n] such that the closed loop systems Gl(S)[I+K(s)Gl(S)]-,
Gr(s)[I + K(s)Gr(s)]-1 have, respectively, di poles precisely where $i(s)vanishes and
all but the above d poles are in C ?"

As explained in [14], the partial pole placement problem 1.2 is an extension of
the pole placement and stabilization problems. In fact, if we assume dl d. dr
0 and C C- then the problem 1.2 reduces to the simultaneous stabilization problem
1.1. On the other hand, if we choose d n / q, one obtains the simultaneous pole
placement problem described in [12] and [18]. Frequently however, it is necessary to
choose d in between 0 and n / q for all 1, , r. Such a choice, we remark, satisfies
the need to shape the response of the closed loop system to the extent that the designer
can place an arbitrary number of self conjugate poles in the closed loop while restricting
the remaining poles in the region C. The above problem 1.2 also includes the simul-
taneous version of the well-known dominant pole placement problem and the gain
margin problem. It also appears in the analysis of a class of robust stabilization
problems described in [15], [16], the reliable stabilization problem described in [11]
and many other design problems described in [17].

The new ingredient in this paper is the application of interpolation and transcen-
dental methods in analyzing the simultaneous partial pole placement problem. This is
now described as follows.

Interpolation problem 1.3. "Given a self conjugate set of pairs of complex numbers
(si, zi), 1, , t, does there exist a A(s) J such that A(si) z, for all 1, , t?"

The problem of interpolation by a rational function is known to be very important
in network theory and electrical engineering. For accounts of this see Youla-Saito
[36], Zeheb-Lempel [39], Helton [20] and many other references therein. In control
theory, similar interpolation methods have been successfully applied by Tannenbaum
[30], Zames and Francis [37], Kimura [22] based on classical work of Nevanlinna
[24] and Pick [25]. More recently, Vidyasagar and Davidson [32] have used interpola-
tion methods to characterize the set of stable stabilizing compensators for a single
input single output system.

Assuming C to be the open left half of the complex plane, the interpolation
problem 1.3 has been posed and solved by Youla, Bongiorno and Lu [35] in order to
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analyze the stabilizability problem of a single input single output system by a stable
compensator, in the continuous time. Complete solution to the problem 1.3 when C,
is arbitrary is given in 14]. Moreover generalizing the results due to Saeks and Murray
[26], the problem of simultaneously stabilizing (partially pole assigning) a pair of
single input single output plants is completely solved in [14]. Surprisingly however,
as shown in [12], [13] and [14], in order to analyze the simultaneous stabilizability
problem 1.1 for a triplet of single input single output systems, it is not enough to
analyze the interpolation problem 1.3 and one asks the following transcendental
problem.

Transcendentalproblem 1.4. "Given a t-tuple of rational functions i1 (s), , 8,(s)
from H, when does there exist a tuple of rational functions Al(S),..., A,(s) in J
such that

(1.1) a(s),(s) +... + a,(s)(s) =- o."

As shown in [11], a triplet of single input single output plants x(s)/yl(s), X2(S)/y2(s),
X3(S)/y3($ chosen generically in the topology described in [3] is simultaneously
stabilizable iff there exists a triplet of stable, minimum phase rational functions A(s),
A2(s), A3(s) such that

A(s)(xl(s)y3(s) x3(s)yl(s)) + A2(s)(x2(s)y3(s) x3(s)y2(s))
(1.2)

+ A3(s)(x2(s)y(s) x(s)y2(s)) =-- O.

It may be remarked that (1.2) is satisfied just in case the plant [x(s)y3(s)-
x3(s)y(s)]/[x(s)y3(s)-x3(s)y2(s)] is partially pole assignable at the zeros of
[x(s)y2(s)-x2(s)y(s)] in Cu by a stable, minimum phase compensator, A/A2. Thus
we remark that the partial pole assignability problem by a stable minimum phase
compensator is an important problem in system theory which is addressed, among
others, by the transcendental problem 1.4.

This paper is organized as follows. In 2 we parametrize a set of simultaneously
stabilizable r-tuples of plants and show that provided r-<_max (m, p), the above set is
semialgebraic and dense in the set of r-tuples of plants. In 3 we analyze square
systems, i.e. when m =p and show that the problem of simultaneously stabilizing r
tuples (r_-> 3) of m x m systems chosen generically is equivalent to the problem of
partially pole assigning a r-2 tuple of m x m systems by a stable, minimum phase
compensator. Consequently, we obtain a necessary condition for the simultaneous
partial pole placement of three or more square systems chosen generically. Finally in
4 we discuss in considerable details the case when min (m, p)= 1, i.e. when the

number of inputs or the number of outputs is one. In 5 we construct two folklore
examples which do not pre-exist in the literature. Section 6 concludes this paper with
a discussion on the prospects of this rapidly growing simultaneous system design
methodology.

2. A generic and/or semialgebraic parametrization of the partially pole assignable
r-tuples of p m systems.

2.1. We would first like to consider the basic mathematical setup, for the details
of which we refer to Saeks et al. [26], [27], Vidyasagar et al. [33], [34] and Desoer et
al. [9]. Every single input single output system, viewed as an element of F, can be
written as x(s)/y(s), where x(s), y(s) H. Similarly, a p x m multiinput multioutput
plant G(s) has the left coprime representation D(s)-IN(s), where N(s)EHpxm,
D(s) Hpxp. Moreover a r-tuple of m input p output plants can be written as

(2.1) G,(s)= D,(s)-Ni(s), i= 1,..., r
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where Ni(s)E Hpxm, Di(s) Hpxp, for all i. Of course if n is the McMillan degree of
G(s), 1, , r respectively, we consider the space 5; of r tuples of plants given by

(2.2) E’-- E tll rlr
m,p X X -,

m,p

where

(2.3) xZ",,,,p {p x m G(s); degree Gi(s)= ni}.

As has been described in 12], E is a quasiaffine algebraic variety in the affine space
R<E"+l)"w x x R2"r+l)’p and inherits the subspace topology.

Our main results of this paper concern the following pair of questions.
Question 2.1 (generic partial pole placement problem). Fix m, p, r and n. Let

@l(S),’’’, qtr(s) H be given. Is the set Ep, of r-tuples G(s),..., Gr(s) which can
be simultaneously partially pole assigned at the zeros of @l(s), , @(s) respectively
by some compensator, open and dense in E?

Question 2.2 (semialgebraic parametrization). Does there exist a semialgebraic
subset 5e in which is open and dense in p ?

A semialgebraic (see [4] for details) set is a finite union and intersection of sets
defined by algebraic equations and inequations. It is a classical result by Tarski [31]
and Seidenberg [28], that the property of being semialgebraic is preserved by a rational
map. Anderson, Bose and Jury [1] have used this fact to show that the set of plants,
of a given McMillan degree, which can be stabilized by some feedback gain is an
open, semialgebraic subset in the space of all plants.

Before we state and prove the main results of this section, we refer to the following
two well-known results, which also illustrate the significance of semialgebraicity. Routh
and Hurwitz parametrized the set of monic polynomials of degree n in one variable,
with real co-etticients that have roots in the open left half of the complex plane. They
showed that the above set of polynomials is semialgebraic in ". This result is surprising
because their proof involves complex analytic methods. As a second application of
semialgebraicity we note the following. Youla, Bongiorno and Lu [35] considered the
problem of parametrizing the set of plants in E,.p which can be stabilized by a stable
compensator. Their result shows that the above set may be described by an interlacing
condition involving the poles and the blocking zeros of the plant on the nonnegative
real axis. It is therefore a semialgebraic subset of ,.p. This result is again surprising
because the compensators under consideration is of a priori unbounded McMillan
degree and therefore "decision-algebra" methods [1] are not applicable. In fact the
parametrization problem involves solving a matrix analogue of the interpolation prob-
lem 1.3 which is once again a problem in "complex analysis."

At present a semialgebraic parametrization, ofthe space ri= [E H] of tuples
of rational functions 61(s), ., 6,(s) which satisfy (1.1) for some A,. ., A, in J, does
not exist. Thus it is unknown ifp is semialgebraic. It is therefore of interest to answer
Question 2.2. To clarify further, it is not enough to know that there exists a set of
r-tuples of plants 5e that can be partially pole assignable by some compensator, where
5 is open and dense (generic) in . It is also of interest to know if there exists a means
to describe 5e as well--in particular, is 5 semialgebraic in ?

If r 1, every plant is pole assignable and is therefore partially pole assignable
by some compensator. In this section we assume r > 1 and prove the following:

THEOREM 2.4. Assume qtl(s),’", @(s) Hpxp such that det @i(s), i= 1,..., r
have zeros only in C, and do not have a zero in common in C Assume

(2.4) 1 <r <- [(m+p)/min (m,p)J.
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There exists an open, semialgebraic subset ST in , which is open and dense in Ep, the set

ofpartially, pole assignable r-tuples ofproper plants in ,. ([n is defined to be the largest
integer less than or equal to n.)

Remark. In principle, one might obtain the semialgebraic set ST using the elimina-
tion methods of Tarski [31] and Seidenberg [28]. Indeed, Byrnes and Anderson [6]
have successfully used the concept of elimination, for the generic output feedback
stabilization problem. For the purpose of computation, however, it is of interest to
know explicitly the semialgebraic set ST, without going through "elimination" since it
is known [10] to be computationally inefficient. Theorem 2.4 is a result on such an
explicit parametrization as its proof would show.

It is of theoretical interest, however, to use "elimination methods" and prove the
following:

THEOREM 2.5. Assume r> 1, $i(s), i= 1,..., r belong to Hpxp and satisfy the
condition mentioned in Theorem 2.4. A sufficient condition that there exists an open,
dense, semialgebraic subset ST (in ) of r-tuples ofp x m proper plants G(s),. ., G,(s)
of McMillan degrees Hi, 1,.., r respectively which can be partially pole assigned at
the zeros of det $,(s), i= 1,..., r respectively by an arbitrary large but finite proper
compensator q is given by

(2.5) r<-max (m, p).

Remark. Except for the case rain (m, p)- 1 we note that the hypothesis (2.4) is
stronger than (2.5).

It is interesting to note that by choosing det O,(s)--1, i= 1,..., r, we have the
following corollary from Theorem 2.5.

COROLLARY 2.6 (Vidyasagar and Viswanadham [34]). Assume max (m, p)> 1. A
generic pair ofp x m proper plants is simultaneously stabilizable.

Note that the Theorems 2.4 and 2.5 describe only the sufficiency conditions. We
now obtain the following necessary condition for the partial pole placement problem.

THEOREM 2.7. Assuming r > 1, O,(s), i= 1,’.., r as in Theorem 2.4. A necessary
condition for generic simultaneous partial pole placement of a r-tuple ofproper plants at
the zeros of a generic r tuple of stable rational functions det Ol(S),’’’, det 0r(S) in Cu
by some proper compensator of arbitrary large but finite McMillan degree q is given by

(2.6) q(m+p)+mp >- a,
i=1

where a, is the number of zeros of det q,(s), i= 1,..., r respectively.
Remark. The inequality (2.6) is not surprising and is precisely what one would

guess from a "dimension count."
From Theorem 2.7 we now deduce the following.
COROLLARY 2.8. Assume a,> q, r> 1, qt,(s), i= 1,..., r as in Theorem 2.4. A

necessary condition for generic simultaneous partial pole placement ofa r-tuple ofproper
plants is given by

(2.7) r<= max mp/(miin fli), m +p 1]

where a, q +/3,, 1, , r.
We remark that Corollary 2.8 includes the simultaneous pole placement problem

as a special case when a, n, + q, 1, , r. It is interesting to observe that (2.7) is
independent of q and in particular we have the following.



1096 B.K. nOSH

COROLLARY 2.9 (Saeks and Murray [26], Vidyasagar and Viswanadham
[34]). Assume m =p 1, r 2. A generic pair of single input single output proper plants
is not simultaneously pole assignable.

Finally we note from Theorem 2.5 and Corollary 2.8 that the condition (2.5) is
sharp in the following sense.

COROLLARY 2.10. If min(m,p)=l, r> 1 and ai>q and pi(s), i=1,. .,r as in
Theorem 2.4, the inequality (2.5) is a necessary and sufficient condition for generic
simultaneous partial pole placement of a r tuple ofproper plants.

To summarize the theorems and corollaries of this section, we make the following
remark: If r is sufficiently small (given by (2.5)) a generic r tuple of multiinput and
multioutput plants is simultaneously partially pole assignable. On the other hand under
the assumptions of Corollary 2.8, if r is sufficiently large and fails to satisfy (2.7), a
generic r tuple of multiinput multioutput plants is not simultaneously partially pole
assignable. It may also be noted that for the generic simultaneous stabilization problem,
one assumes a 0, 1,..., r, so that Corollary 2.8 is inapplicable. In fact, no other
necessary condition to the problem is known to exist. This constitutes an outstanding
open problem in system theory.

We now sketch the proof of the theorems.

2.2. Proof of Theorem 2.4. First of all, we need to prove the following lemmas.
LEMMA 2.1. Given a set of vectors )1, Vt in [R ’’+p with nonzero components.

Then there exists another set of vectors ul, , ut such that u is orthogonal to v, for
all 1,..., and such that each component of ui has the same sign for all i= 1,...,
respectively iff the set of vectors Vl, vt, -Vl, ,-vt misses an orthant in Rm+p.

Proof. (If part). Let 0 be the orthant which does not contain the vectors vl, , v,,
-v,,...,-v,. For a given vector v belonging to the orthant 01 it is well known that
there exists a vector orthogonal to vi in the orthant 0, since 0 is different from 0,, for
all i= 1,..., t. Thus in particular it is possible to choose Ul,’", ut 0 such that
ui. vi =0, 1,..., t.

(Only if part). Assume that the set of vectors vl,"" v,, -vl,’",-v, does not
miss any orthant in R"+. It is clear that there does not exist any orthant
such that u 0 and ui. v 0, for otherwise there would exist two nonzero vectors in
the same orthant 0 of R"+P that are orthogonal to each other, which is absurd. Thus
there does not exist a set of vectors Ul,’",ut with the above mentioned
property. Q.E.D.

LEMMA 2.2. Given a self conjugate set of tuples (s, M), 1,. , where s C
and M is a p p complex matrix, 1, , respectively. Moreoverfor all { 1, , t}
for which si ,,, assume that det Mi > 0. There exists A(s) Hpxp, det A(s) J such that

(2.8) A(s,) M
for all i- 1,..., t.

Remark. The main idea of Lemma 2.2 is originally due to Vidyasagar and
Viswanadham [34] and the proofthat we now sketch is an adaptation oftheir procedure.

Proof. Assume first of all that Cs contains the open left half of the complex plane.
Let us define Np(s) HpP such that

(2.9) Np(sj)=O, j-1,

and that No(s) has no other blocking zero in Cu. A blocking zero is a point where the
matrix function Np(s) vanishes as a matrix. Let Dp(s) be such that

(2.10) Dp(sj)= lVl, j= l,
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and that Np(s), Dp(s) are co-prime. It has been shown by Youla, Bongiorno and Lu
[35] that the plant Np(s)Dp(s)-1 is stabilizable by a stable compensator, since at the
zeros st, j= 1,..., of Np(s) in C det Dp(st)=det M, j= 1,..., have the same
sign. Thus there exists No(s), Dc(s), Al(S) npxp, det D(s) J, det Al(S) J such that

(2.11)

Clearly we have

Nc(S)Np(S)-" Dc(s)Dp(s ml(s)"

(2.12) D-l(st)Al(St) Dp(st)= M, j 1,..., t.

Defining A(s)= D-I(s)AI(S), we have the required matrix function A(s).
In general if C does not contain the open left half of the complex plane, assume

that there exists ball Be of radius e with center at cl R contained in C. Note that
since C intersects , such a ball would always exist. Let us now conformally transform
B onto the open left half of the complex plane by the map

s--cWe(2.13) :z.
S--Cl--E

Define z (s c + e)/(s- c- e),j 1,. ., and construct (z) H, det (z) J
such that (z) ,j 1,. ., t, det (1) 0. It follows that [(s- c + e)/(s- c- e)]
is the required matrix function. Q.E.D.

LEMMA 2.3. Given a pair of nonzero vectors (, ), (, ),p> 1
there exists a m m matrix M such that

(2.14)

and

(Otl, Otp)M= (l, flp)

(2.15) det M > 0.

Proof. Let the ijth entry of M be given by a,t. We may expand det M as

p

(2.16) det M Y al,Ali
i=1

where Ali is the adjoint of the 1 ith entry in M. Assume without any loss of generality
that al 0. One can rewrite (2.14) as follows:

p 1
(2.17) al, Y at at, +--/3,.

j=201 O1

Substituting al, in (2.16), we may check by straightforward computation that

(2.18) det M =ml ,AI,.
o1 i=1

Clearly for a given al and 11,""", p we can write (2.18) as

(2.19) det M a21a’+ a"

where a’, a" are nonzero multinomial expressions in ao, i= 2,..., p; j= 1,...,p;
independent of a21. For any choice of a22," ", a2p, a31," ", aap,’’’, app, such that
a’ 0, it is possible to choose a21 such that det M> 0. The entries all, , alp are to
be computed using (2.17) completing the proof. Q.E.D.
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We would now proceed to prove Theorem 2.4. Assume p -< m without any loss of
generality. Let the r tuple of plants be given by (2.1). Let us represent the compensator
as

(2.20) N(s)D(s)-where Nc(s) H"p, Dc(s) Hpp, N(s), D(s) are coprime. It is well known that
the compensator (2.20) partially pole assigns the r-tuple of plants (2.1) at the zeros of
det qi(s), i= 1,..., r iff

(2.21)

for some Ai(s), q(s) Hpp, det A(s) J, 1,. ., r respectively. We may write
(2.21) in matrix form as

N(s) D(s) D q,(s)A(s)

Let us denote the (rp) x (m +p) matrix in the left-hand side of (2.22) by M(s). Let us
also define a set of r-tuples of plants (G1,. ", Gr) as follows.

(2.23) 1) {(G1," , Gr)]M(s) in (2.22) has full rank for all points in C}.

Note first of all that 12 can be defined as union and intersection of sets of the type

(2.24) L(gl, ",g) 0

where f(. are polynomials in the coefficients of gl(s), , g(s). Since f 0, (2.24)
describes a union and intersection of open and dense subsets of E. Thus 1 is open,
semialgebraic and dense in Z, the space of r-tuples of plants. We now show that when
r < [(m +p)/min (m, p)J, 12 c Zp so that it is enough to define the required set O 12.
On the other hand we consider the case min (m, p) > 1, r min (m, p) m +p and the
case min (m, p)= 1, r= m /p and show the existence of an open, semialgebraic and
dense subset O of Zp.

Case 1 (r< [(m+p)/min (m,p)J). Since H is a principal ideal domain [38], for
every r tuple of plants in fi, M(s) has a right inverse M’(s) in H("+p)w [33] provided
rp <-_ m + p. Thus for a r-tuple of plants in 1, (2.22) is indeed solvable for N(s), D(s).
We need to check, however, that the solution would yield Nc(s), D(s) which are
coprime and that the compensator Nc(s)D(s)-1 is proper.

Assume that Nc(s), D(s) are not coprime. It follows that there exists s* Cu such
that rank[ T TND] (s*)<p. It follows from (2.22) that det[(s*)A,(s*)]=0 for i=
1,...,r. Since detAi(s)J, it follows that det[q(s*)]=0 for i=l,...,r which
contradicts the assumption on q(s), i= 1,..., r. Hence N(s), Dc(s) are coprime.

To see that Nc(s)D(s)-1 is proper, it is enough to show that det D()0. We
claim, first of all, that for every r-tuple of plants in 1, the associated matrix M(s) has
a right inverse Ml(s) with the property that if [Pl(S) P(s)] is the last p row of
Ml(s), (where P(s), i= 1,. ., r are p x p matrices), det P()#0 for all i= 1,. ., r.
First of all, let us assume the claim. Since det qj()#0 for some j 1,. , r, it follows
that qj()A(c) is an arbitrary pxp matrix for some j 1,. ., r and for an arbitrary
choice of A(s). Since D(s) Y,=a Pk(S)qk(S), it follows from (2.22) that for a suitable
choice of AI(S),""" At(s), det Dc()#0.

Now we proceed to prove the claim. If Ml(s) does not satisfy the above property,
let P be a (m /p)x rp real matrix which satisfies the above property. Let us define
M(s) M(s)+ eP where e is a nonzero real number. Clearly for all but finitely many
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values of e, Ml(s) satisfies the above property. Moreover for small e we have
det [M(s)M(s)] J since by construction det [M(s)Ml(s)] J. Thus there exists
e e* such that Ml.(s) is the required right inverse

Case 2 (min m, p) > 1, r min m, p) m +p). Assume without any loss of general-
ity the case p-< m and consider the worst case when rp m +p. The case rp < m +p
is analogous to Case 1 above. Note that the matrix M(s) in (2.22) is square and we
can write

(2.25) [Nc(s)rDc(s)7"]T= M(s)-I[A Aff].
We now define the required subset 6e of 1) as follows"

S -a--- {(G,..., Gr)ldet M(s) has simple zeros at s,..., s, in C and
does not vanish at c; Adj M(si), i= 1,..., are of rank 1; if the

(2.26) rows ofAdj M(si) are spanned by the nonzero vector [eil, ., er] then
Ci,jlj(Si) O, i= 1,’’’, t; j 1,’’’, r.}

It is clear that S/’ is open, dense and semialgebraic in fl. Moreover, in order that
Nc($ Hmxt’, Dc(s Hpxp, it is necessary and sufficient that

(2.27) Adj M(s,)[A(,(Sl),..., Afr(S,)]T =0

for all si where det M(si) =0, i= 1,. ., t. It follows from the definition of S in (2.26)
that a necessary and sufficient condition for the solvability of (2.27) is that

(2.28)
j=l

for i= 1,..., t. That indeed (2.28) is satisfied by a set of Aj(s), j 1,..., r follows
from Lemma 2.2 and Lemma 2.3.

Case 3 (min (m, p)= 1, r= m+p). The computation of Case 2 can be repeated
so that we obtain an equation of the type (2.28). Since ej(si)S0, it follows from
Lemmas 2.1 and 2.2 that indeed there exist A, , A(s) which satisfy equation (2.28),
provided for s {s,..., st} f’lR, i= 1,. , tl the following condition is satisfied: Let
us define {Sl," ", si}-a {Sl," ", st}f’lR,. The real vectors

(2.29) vi [Ci,lll(Si), ", Ci,rlr(Si)]

for 1,. ., tl and -v, 1,..., t miss an orthant in m+p. Since "missing an
orthant" in m+p may be described by open semialgebraic conditions, it follows that
the partially pole assignable r tuples of plants in S is open, semialgebraic. Q.E.D.

Remark. The distinction between the results in Case 2 and Case 3 of Theorem
2.4 is to be noted. In Case 2, we claim that every r tuple of plants in the semialgebraic
set 6e is simultaneously partially pole assignable. In Case 3, we only claim that the set
of simultaneously partially pole assignable plants in 6e is semialgebraic and is given
precisely by the above condition of "missing an orthant."

2.3. Proof ofTheorem 2.5. The case min (m, p) 1 follows from Case 1 ofTheorem
2.4. The case min (m, p)> 1 proceeds by a reduction to the case min (m, p)= 1 by a
procedure called "vectoring down" adopted from Stevens’ thesis [29] and from Brasch-
Pearson [5]. The following two lemmas are now stated without proof (see [12], [18]
for a proof).

LEMMA 2.4. Given a r-tuple ofp x m plants Gi(s) of degrees n, each with n simple
poles. There is an open dense set of I x p vectors v P such that vG(s) has degree ni,

for all i.
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LEMMA 2.5. Given a r-tuple of p x m plants Gi(s), i= 1,..., r. There exists a
constant gain output feedback K such that the closed-loop systems Gi(s)[I + KGi(s)]-1

have distinct simple poles.
Thus by choosing any (v, K)s RPx R"P, we have a mapping

(2.30) b" X X Rp X Rmp _> ’1,

(2.31) b(Gl(s), , Gr(s), v, k)=(vG,(s)[I+ KG,(s)]-I)=I

where X is the space of r-tuples of p x m plants and Xl is the space of r-tuples of I x m
plants.

Since b is rational in the coefficients of G1," ", G, v, K; the inequalities (2.24)
together with the mapping b would define semialgebraic, open, dense subset fl of
-, XP X mp given by

(2.32) f(vGl[I / KG1]-I, ", vGr[I + KG]-) # O.

By considering the projection

Proj 11 Rp-,m,p X X - n[,p X X RmP -’> "m,p X X X m,p(2.33)

we have the set

(2.34) 3-a- Proj -1"
By the Tarski [31]-Seidenberg [28] theory of elimination over R, Sf is semialgebraic.
Moreover 5e is dense, since f/ is dense. Thus ,_1 is semialgebraic, dense and is defined
by union and/or intersection of sets given by polynomial equations or inequality

(2.35) g,>0 and [g>0org=0] and g=0.

Since gv()=0 gv0, hence defined by union and/or intersection of sets of the
type [g > 0 and go,> 0] is semialgebraic, open and dense in . Note that is dense
in since is obtained by removing the set [go # 0] from .

Thus a max (m, p) tuple of plants in can be paially pole assigned by the
vectoring down technique. Q.E.D.

2.4. Proof of Theorem 2.7. Let G(s),..., G,(s) be the given r tuple of proper
plants in . Let K(s) be a compensator in xq The associated return difference
equation, det [I+ K(s)G(s)]=O is given by

ni+q

(2.36) H(s) cs for all l, 2,. ., r.
j=O

A generic r-tuple of plants defines a smooth mapping X, between the compensator
parameters and the coecient of the return difference polynomials given by

(2.37) X" ,m ""+q+ X" X"’++,
(.38) x(K) ([C.o, , c..+o],..., [C.o, , c..+,])
where the right-hand side of (2.38) has been defined in homogeneous co-ordinates. It
is well known [7], [8], [19] that E, is a manifold of dimension q(m+p)+ rap. To
say that there exists a compensator which paaially pole assigns a generic r set of a
self conjugated poles is to say that image X contains a = a dimensional submanifold
of P"+q+ x. x"++. By Sard’s theorem [23] a necessary condition is given by
(2.6) concluding the proof. Q.E.D.
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2.5. Proof of the corollaries. The Corollary 2.6 is immediate from Theorem 2.5
assuming t/,i(s) 1, 1, , r. We now prove the Corollary 2.8. Substituting ai q + fli
in (2.6), we have

(2.39) q(m +p- r)+ mp >- fli >-_ r min fl.
i=1

A necessary condition that there exists some q [ satisfying (2.39) is given by

(2.40) r -< m +p 1 or r min fl <-_ mp.

Thus (2.7) is indeed a necessary condition concluding the proof of Corollary 2.8.
Corollary 2.9 is a consequence of Corollary 2.8. Finally, the Corollary 2.10 follows
from Theorems 2.5, 2.7 and Corollary 2.8.

3. Simultaneous partial pole placement of square systems.
3.1. The purpose of this section is to analyze the partial pole placement of a

square system and obtain various equivalent characterization of the problem. Results
of this type has been originally obtained by Sacks and Murray in [26] where they have
shown that the problem of simultaneously stabilizing a pair of single input single
output plants is equivalent to the problem of stabilizing a plant by a stable compensator.
Likewise, it has been shown by Vidyasagar and Viswanadham [34] that the problem
of simultaneously stabilizing r multiinput multioutput plants is equivalent to the
problem of stabilizing r-1 plants by a stable compensator.

In this section we make contact with the "matrix version" of the transcendental
problem described in the introduction. Adapting the proof of the "strong stabilization
problem" in [35], we obtain a necessary condition for the solvability ofthe transcenden-
tal problem. We remark, however, that a necessary and sufficient condition for the
transcendental problem is unknown, although for the scalar case, a separate necessary
condition and a sufficient condition has been reported in 14]. The necessary condition
also appears in the proof of Theorem 2.4 (Case 3). An interesting zero interlacing
property of the necessary condition is described in 5.

Let us now prove the following"
THEOREM 3.1. A necessary and sufficient condition for the simultaneous partial pole

placement of a r tuple (r >-_ 3) of m x m plants Gl(s)," Gr(s), chosen generically, at
the zeros of det l(S), , det fir(s) in Cu by a nonswitching rn rn compensator is given
by the existence of Al(S), ., Ar(s) H"’, det Ai(s) J, 1,. ., r satisfying

I Nl(s) NE(S)]-[ Ni(s)] =Ai(s)d/i(s)(3.1) [Al(s) AEE(S)]
D(s) DE(S) D,(s)

for 3," , r. Here G(s) Ni(s)D(s) -1 is a coprimefraction representation of the ith
plant and l(S), ", d/r(S) H with the property that det i(s), 1,..., r do not
have a common zero in C and have zeros only in C.

Remark. Let us define

(3.2) [ffr/(s) ffr(s)] T a__ Adj
Dl(S D2(s Oi(s

(3.3) yr3(s)=det[Nl(S) N2(s) ]Ol(S O2(s)

and rewrite (3.1) as

(3.4)
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3, , r. The matrix version of the transcendental Problem 1.4 is to solve (3.4) for
a suitable Ai(s), where det Ai(s) J, 1,. , r. We now state the following necessary
condition for the solvability of (3.4).

THEOREM 3.2. Let Sl," ", st be a set of blocking zeros of b(s), io {3,’’ ", r} in
a connected component of u. A necessary condition that the r-tuple ofplants is simul-
taneously partially pole assignable at the zeros of det $i(s) in Cu, 1,. ., r respectively
(where det lq(s), i= 1,..., r do not have a common zero in C,) is given by

(3.5) "sign [det $13’’o(sj)] x [det /,2Y{o2(Sj) is the sameforj=l,..., t."

3.2. Proof of Theorem 3.1. Let K (s) De(s)-Nc(s) be the coprime representation
of the required compensator. (only if): Assume simultaneous partial pole assignability
of the r-tuple of plants G1,’’’, Gr by the compensator K(s). Clearly there exists
Al(S), ", At(s) Hrem, det Ai(s) J, 1,. ., r respectively such that

(3.6) N,(s)N(s)+ D,(s)D,(s)=

for all i- 1,..., r. Eliminating De(s) and N(s) from (3.6), we obtain (3.1).
(if): Assume that there exists Al(S), ", At(s) Hrem, det Ai(s) J satisfying

(3.1). Let us denote

(3.7) p(s)=[Nl(S) N2(s)]DI($ D2(s)’

(3.8) [N(s) Dc(s)] a-[ad/l(S) A2d/2(s)]P(s)-1.

We need to show that N(s), D,(s) nmxm; Nc($), Dc($) are coprime, Nc(s), D(s)
satisfy (3.6) and finally D-IN,(s) is proper. Assume generically that

(3.9) a. P(s) has simple zeros in C at s,..., s,,

(3.10) b. Adj P(s), i= 1,..., are of rank 1,

c. If the rows of Adj P(s) are spanned by [r.l r.2m], then
(3.11)

[ril ri,2m][N7 D]r(s,) #0 for j=3,.", r,

(3.12) d. det P(o)#0.

To see that N,(s), Dc(s) Hrem, we consider the following. From (3.1), (3.9) it
follows that

(3.13) [Alt/q(Sl) A2,2(s,)] Adj P(s,)[N.(s,) 7" Oj(s,)r] 7" =0

for i= 1,. ., t; j 3,..., r. From (3.10), (3.11) and (3.13) one infers that

(3.14) [Al$1(s,) A252(s,)] Adj P(s,)=0.

From (3.8), (3.9) and (3.14) it follows that N(s), D(s) Hmxm. Moreover from (3.1),
(3.8), it is clear that No D, satisfy (3.6). Also N(s), D(s) are coprime for otherwise
there exists s* Cu such that [Nc(s*), D(s*)] has rank < m. This implies that for every
i=l,...,r,

(3.15) det [N(s)Ni(s) + D,(s)D,(s)]

vanishes at s*. It follows that det $(s*) 0, which contradicts the hypothesis on $(s),
i= 1,..., r. Finally from (3.8) and (3.12) it follows that D-N, is proper. Q.E.D.
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3.3. Proof of Theorem 3.2. From (3.4) one infers that

(3.16) A1 sj 1Y{io sj -A2( sj 11#2fflrio2 sj

for all j- 1,..., t. Thus

(3.17) sign[detAl(Sj)XdetAE(Sj)]=sign[det(qslio(Sj))det(qsEioE(Sj))].
The proof now follows from the observation that the sign of the left-hand side of (3.17)
does not change for j= 1,..., t. Q.E.D.

4. Simultaneous partial pole placement of r rain (m, p)= 1 plants.
4.1. In this section we consider the simultaneous stabilization problem of r single

input or single output systems. The case r <_- max (m, p) has been considered in Theorem
2.5. Here we restrict attention to r > max (m, p). First of all we parametrize the set of
all compensators simultaneously stabilizing a generic rn tuple of I x m plants and
prove the following.

THEOREM 4.1. The problem of simultaneously stabilizing a m+p tuple of
min (m, p) 1 systems is equivalent to the problem ofstabilizing a min (m, p) 1 system
by a minimum phase compensator.

In particular for in =p 1 we obtain the following corollary.
COROLLARY 4.2. The following three problems are equivalent.
(i) The problem of stabilizing a pair of single input single output systems.
(ii) The problem of stabilizing a single input single output system by a stable

compensator.
(iii) The problem of stabilizing a single input single output system by a minimum

phase compensator.
Of course the equivalence between (i) and (ii) was originally obtained by Sacks

and Murray [26], Vidyasagar and Viswanadham [34].
The importance of the partial pole placement problem is further emphasized by

the following.
THEOREM 4.3. Assume min (m, p)= 1. The problem of simultaneously stabilizing

m +p+ k, systems (assume k >-1) chosen generically is equivalent to the problem of
simultaneous partial pole placement ofk systems by a stable minimum phase compensator.

In particular for m =p k 1 we obtain
COROLLARY 4.4. (Ghosh [14]). The problem of simultaneously stabilizing 3 single

input single output plants chosen generically is equivalent to the problem ofpartially pole
placing one single input single output plants by a stable minimum phase compensator.

With reference to Theorem 4.3, we remark that the simultaneous partial pole
placement problem of a single input single output plant by a stable, minimum phase
compensator is precisely the transcendental Problem 1.4 and has been analyzed by
Ghosh [ 14]. In particular conditions have been obtained which are separately necessary
and sufficient. These conditions can be analogously stated for the min (m, p)= 1 case
and we refer to [12] for details.

4.2. Parametrizing the set of all compensators simultaneously stabilizing a generic
m-tuple of 1 x m systems. Let us represent an m-tuple of I x m plants as

(4.1) g,(s)
lXi,m+(s) X,m+I(S" X,,,,+i-(-S)

where xiu(s) H, 1,. ., m; j 1,. , m + 1. Let us also represent a m x I com-
pensator as

(4.2) k(s) " el(s) eL(s) y,,(s) "|r
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where yj(s) H, j 1,. ., m + 1. To say that the above m-tuple of systems (4.1) is
stabilizable by the compensator (4.2) is to say that there exists Al(s),’’ ", A,,(s) J
such that

m+l

(4.3)
j=l

hyh(s) [ylh(S) y,,+l(s)]

be the solution of the homogeneous equation
m+l

(4.5) x,,(s)y(s) 0
j=l

i=l,...,m and

(4.6) yP’ [yP’(s), ", y+(s)]

be a particular solution of the equation.

Xl,l.(S) Xl,,,+(s) yl(s)
(4.7)

Lxm,i(s) Xm,m+l(S) y+,(S)

0

0

1

0

0

- ith spot.

A complete solution of (4.3) is given by

(4.8) y(s) (s)yh(s)+ E A,(s)YP’(s)
i=1

where (s) H, Ai(s) J for 1, , m. The set of all compensators simultaneously
stabilizing the m tuple of min (m, p)= 1 systems is given by

t(s)yh (s)/i=l A,(s)y’(s)
(4.9)

t(s)y h A,(s)y/l(S)’m+l(S) 2l-Ei=l
6(s)y(s)+_,,=_ A,(s)y(_s

t( h -i(s)y+l(S)Js)Y,,+l(S)+,i=l
for some (s) H, Ai(s) J, 1,. -, m.

4.3. Proof of Theorem 4.1. Consider a set of m + 1 tuple of 1 x m plants given by
(4.1). The set of all compensators that would stabilize a m-tuple of 1 m plants is
given by (4.9). In order that it also stabilizes the (m+ 1)th plant, we need to satisfy
the equation

(4.10) 2 x,,+,(s) 6(s)y(s)+ , A,(s)yf’(s) A,,+l(S)
j=l i=1

for some A1,. ., A,,+I J, (s) H.
Equation (4.10) can be rewritten as

Iml ] Iml ](4.11) i(s) x,,+,j(s)y(s) + , A,(s) x,,+l,(s)fl]’(s) =A,,+l(S).
I_j=l i=1 L.j=I

Thus if a m / 1 tuple of plants is simultaneously stabilizable, the plant
[’- m+l m+l p q

(4.12) /J=l Xm+l’j(s)ylfl(S) EJ=I Xm+I’j(s)yj"(S)
|"-"i h -"m+l SX_--Th-_hT,_=, x,,+,(s)y (s) Xj=l x,,+,( )y(
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is stabilizable by the minimum phase compensator

(4.13) [AI(S)’ Am(S) ](s)’ ’(s)

Conversely the minimum phase compensator (4.13) also stabilizes the 1 x m plants

(4.14) [kll(S), 0,.", 0], [0, kl2(s), 0,’", 0],’’’, [0, 0,’’’, 0, klm(s)]

for li(s) J and where kR is to be chosen arbitrarily large. I-1

4.4. Proof of Theorem 4.3. First of all, we shall need the following lemma.
LEMMA 4.1. The problem of simultaneously stabilizing a pair of rain (m, p)= 1

systems chosen generically by a minimum phase compensator is equivalent to the problem
ofpartially pole placing a min (m, p) 1 system by a stable, minimum phase compensator.

Proof As before we consider a pair of 1 x m systems given by (4.1). Assume that
these two systems are stabilizable by a minimum phase compensator (4.2) where
yi(s) J, 1,. ., m and Ym+l(S) H, and

(4.15)
Xl,l(S)yl(s) +’’" + XI,m+I(S)ym+I(S) A1,

X2,1(S)yl(S) +’’" + X2..+I(S)ym+(S) A2.
Assume Xl,./l(S) 0, x2,,.+l(S) 0; we have

(4.16)

or

Ym+l(S)
XI,m+I(S)

I(S) E XI’j(S)
j:I XI,m/I(S)

yj(S)

X2,m+I(S) j= x2,,+(s)
yj(s)

X2,m+I(S)AI(S)- E X2,m+I(S)XI,j(s)yj(S) Xl,m+l(S)m2(S)
(4.17)

=1

E x,,+(s)x2,(s)y(s)
j=l

or equivalently

(4.18) x,+(s)A(s)+ [x,,,+(s)x,j(s)-x,+(s)x,j(s)]yj(s)= x,,,,+(s)A(s).
j=l

We now claim the following. To say that (4.15) is solvable is to say that (4.18) is
solvable for some AI(S), A2(s), yj(s)J, j--1,’’’, m. Since (4.18) is the algebraic
condition for the partial pole placement of a min (m, p) 1 plant, we have the lemma.
Conversely note that if (4.18) is solvable then there exists a ym+l(S) H defined by
(4.16) which satisfies (4.15), provided there does not exist s* Cu where Xl,m+, X2,m+l,
(XI,m+lX2,j --X2,m+IXI,j) j 1," ", m vanish. Q.E.D.

The proof of Theorem 4.3 now follows by the following argument. Let
g, , g,,+p+ be a m +p + k tuple of min (m, p) 1 systems. Consider the following
k, m +p + 1 tuples of systems

(gl,""", gin+p, gin+p+1),’’’, (gl, gin+p, gm+,+).

By Theorem 4.1 and Lemma 4.1, stabilizability of each of the above m +p + 1 tuple of
plants is equivalent to the partial pole assignment of a min (m, p) 1 plant by a stable
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minimum phase compensator. Thus to say that all the k, m +p / 1 tuples are stabilizable
is to say that a k tuple of min (m, p) 1 plants are partially pole assignable by a stable,
minimum phase compensator. Q.E.D.

5. Examlfles. In this section we construct the following two examples:
5.1. Example 1. Assume C. to be the closed right half of the complex plane.

Consider the following triplet of single input single output plants of McMillan
degrees 1.

s-7 s-2 s-6
(5.1)

s-4.6’ 2s-2.6’ 4.8s-24.6

We claim that every pair of plants in the above triplet are simultaneously stabilizable.
This may be trivially checked, using the necessary and sufficient condition due to Sacks
and Murray [26].. On the other hand, the above triplet is simultaneously stabilizable
if[ there exists A(s), AE(S), A3(s)s J such that

Al(S)[2.8(s--4)(s--3)]/[(s-- 1)(s--9)]

+ AE(S)[(-3.Ss2 + 47.6s 144.6)]/[(s 1)(s -9)] + Aa(S) 0.

A necessary condition that (6.2) is satisfied is that the vectors

f 2.8(s_ .--_4!! s 3) -3.8s2 + 47.6s 144.6
(5.3) +[. (s- 1)(s-9) (s- 1)(s-9)

miss an orthant in R for all sC,. For s=0, 2, 3.5, 6 the above vector (5.3) may be
computed as

+[3.73-16.066 1], +[-.8 9.2286 1],

+[.0501 1.7854 1], +[-1.12-.28 1],

respectively. Thus it follows that the triplet of plants in (5.1) is simultaneously
unstabilizable.

Remark. The transcendental problem which arises in the simultaneous stabiliz-
ation of a triplet of plants xi(s)/yi(s), 1, 2, 3 is given by (1.2). A necessary condition
that (1.2) is solvable is that every pair in the above triplet is simultaneously stabilizable.
If the triplet is chosen generically, then it is easy to show that: "every pair in the above
triplet is simultaneously stabilizable if[ the total number of zeros of rhj(s), rhk(s) in
between every two consecutive zeros of rljk(S) in any connected component of R is
even, for i, j, k { 1, 2, 3}, r j k, where r/0 xy xyi." The three plants in (5.1) are
an example of such a triplet. It is interesting however that even when the above
interlacing condition is satisfied, if the zeros of r/0, /k, r/jk are interlaced in a connected
component of R, as shown in Fig. 5.1, the equation (1.2) cannot be solved and the
triplet under consideration is simultaneously unstabilizable.

FIG. 5.1. The zeros of ,lj, jk, ik in a connected component of Ru are denoted by "x", "O" and ",".

The zero distribution represents an example ofa triplet ofplants that are not simultaneously stabilizable but are
simultaneously stabilizable in pairs.
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Example 2. Consider the following triplet of 1 x 3 plants

[ -26 54 18s-42_](5.4)
18s-70 18s-70 18s-

[9s+lO -9s 9s+121(5.5)
I_ -s- 9s + 2 -- _1’

[ -__9s._+..9 9s+9
(5.6)

I_ 9s-9 9s-9 9s-

We now show that the above triplet is not simultaneously stabilizable.
Suppose not, and let (4.2) be the stabilizing compensator. Clearly we need to satisfy

-26 -54 -18s+42 -18s+42
s- a s a s- a s a Y(S)1 FA(s-

(5.7)
9s + 10 -9s -9s 9s + 2 yE(s)/ =[A2(ss-a s-a s-a s-a y3(s)/ LA3(s
-9s+9 9s+9 9s+9 9s-9 y4(S).]
s-a s-a s-a s-a

for some yi(s) H, 1, 2, 3, 4 and Ai(s) J, 1, 2, 3. In (5.7) "a" is chosen in such
a way that s- a vanishes in C,. It may be checked that the rows of the matrix in (5.7)
are linearly dependent so that A, A2, A3 must satisfy

(5.8) AI(S)[(s2-1)/(s2--s--6)]+A2(s)[(s2--6s+8)/(-s--6)]+A3(s)=O.
By evaluating the vector

(5.9) [(s2-1) (s--6s+8) (s2-s-6)]
at s 1.5, 2.5, 3.5, 4.5 and using Lemma 2.1, we may infer that the triplet (5.4), (5.5),
(5.6) is not simultaneously stabilizable.

Remark. Considering the fact that a generic triplet of 1 x3 systems is simul-
taneously stabilizable, the triplet of plants in Example 2 is an "exceptional triplet."
This serves to illustrate that the transcendental technique introduced in this paper can
analyze "nongeneric" problems as well.

6. Conclusion. In this paper, we discuss in great details the application of scalar
and matrix interpolation and transcendental methods in system design. In particular
the transcendental problem arises in the partial pole assignment of a multiinput
multioutput plant by a stable, minimum phase compensator. The latter problem seems
to arise in the simultaneous stabilization problems and also in the nonswitching
compensator problem [ 15]. The interpolation problem on the other hand is well known
in control theory and has already been introduced in [26], [27], [34] and [35].

Among the results that we have obtained in this paper, the most significant result
is that if r min (m, p)=< m +p, the simultaneous partial pole assignment problem may
be analyzed via interpolation methods and one obtains a semialgebraic parametrization
of the partially pole assignable r-tuples of plants. On the other hand if r min (m, p) >
m+p (as would be the case if m =p, r=>3), the.simultaneous partial pole assignment
problem is to be analyzed via transcendental methods of the type introduced in this
paper. The proposed transcendental approach, we hope, would become a new simul-
taneous system design methodology and may be generalized to include sensitivity
minimization and other system design criterion as well.
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OPTIMAL CONTROL WITH STATE-SPACE CONSTRAINT II*

HAL|L METE SONERt

Abstract. Optimal control of piecewise deterministic processes with state space constraint is studied.
Under appropriate assumptions, it is shown that the optimal value function is the only viscosity solution
on the open domain which is also a supersolution on the closed domain. Finally, the uniform continuity of
the value function is obtained under a condition on the deterministic drift.
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cesses
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Introduction. We are interested in the optimal control of jump processes with a
state-space constraint. By that we mean the trajectories of the controlled process have
to stay within a given subset 0 of n. These kinds of processes arise naturally in some
applications [5], [9], [10]. The deterministic counterpart of this problem is studied in
[11] and the optimal value function is characterized as the viscosity solution of the
corresponding Hamilton-Jacobi-Bellman (HJB) equation. Also the concept ofviscosity
solutions, introduced by M. G. Crandall and P.-L. Lions [2], was used to identify the
boundary conditions satisfied by the optimal value function. For more information
about viscosity solutions see [1], [3], [7], [8] and references therein.

In this paper we generalize the results mentioned above to a certain class ofjump
processes, namely piecewise deterministic processes. These kinds of processes are
introduced by M. Davis [4] and used by D. Vermes in [12]. Let us summarize the
construction of the piecewise deterministic processes.

Let u be a Borel measurable map of 0 [0, c) into a compact, separable metric
space U and yo(x, s; t, u) be the solution of

d
(0.1) d-tYo(X, s, t, u)= b(yo(x, s, t, u), u(x, t-s)) for t-> s

with initial data y(x, s, s, u) x. Pick the first jump time T1 so that the jump rate is
A (yo(x, 0, t, u)). Then construct the post-jump location Y1 such that Q(yo(x, O, r, u),
u(x, r),. is its conditional distribution given T1 r. Starting from Y1 at time T1 select
the inter-jump time T2- T1 and the second post-jump location Y2 similarly. Set To 0,
Y0 x and iterate the procedure above to obtain {(T,, Y)" n- 0, 1,...}. Between the
jumps T, and T,+I the process y(x, t, u) follows the deterministic trajectory passing
through (Y., T.), i.e.

(0.2) y(x, t, u)= Yo( Y., T., t, u)

Moreover, { Y., T.)} satisfies

P(rn+l T,. >= rl, Y1, Tn, Y.)
(0.3)

=exp

if t[T, Tn+l).

A(y(x,s, u), u( Y,s- T.)) ds},
* Received by the editors March 11, 1985, and in revised form August 6, 1985. This research was

supported by the National Science Foundation under grant MCS 8121940.
f Lefschetz Center for Dynamical Systems, Division of Applied Mathematics, Brown University,

Providence, Rhode Island 02912.
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(0.4)
P( Y.+I AI T, Y, , Y., T./)

Q(yo( Yn, T., Tn+l, u), u( Yn, T.+I- T.), A) for all A c 0.

The process y(x,., u) is a strong Markov process and the following version of Ito’s
lemma is proved in [4]. Set y(t)=y(x, t, u) and u,(t)= u(Y,, t-T,). Then for any

Cl(ffx [0, T]) we have

E(y(T), T)

(0.5)

(x, 0)+ E b(y(t), u,(t))Vd/(y(t), t)
n=0 ,I Tn^ T

0
+--(y(t), t) + A (y(t) u,(t))
0t

f [(z,t)-(y(t),t)]Q(y(t),u,(t),dz)]dt}.
We assume that the post-jump locations are in 0. Then one can define the set of
admissible strategies SCad as"

(0.6)
u’O x [0, oo) U, Borel measurable and

Sad :=
P(y(x, t, u) 0 for all => O)= 1, for all x ff

The optimal value is given by

(0.7) v(x) := inf E e-y(y(x, t, u), u( Y,, t- T)) at
ad 0 ,IT.

It is shown, in 2, that v is the only viscosity solution of the corresponding HJB
equation, satisfying the same boundary condition as in the deterministic case [11].
This result holds if the optimal value is in BUC(O) and the dynamic programming
relation (0.8) is satisfied.

(0.8)
v(x)=.infad E{Ior^r’ e-f(y(x, t, u), u(x, t)) dt + e-T^Tv(y(x, T ^ T, u))

for all T >= 0 and x e 0.

Finally, in 3 we show that under assumptions (A2)-(A4) v is in BUC(O) and satisfies
the dynamic programming relation (0.8). Note that these assumptions yield that the
optimal value of the corresponding deterministic problem is in BUC(O). By an induc-
tion argument one can extend this result to piecewise deterministic processes with
finitely many jumps. We eventually pass to the limit to conclude.

1. Main result. Let 0 be an open subset of R" with connected boundary satisfying"
(A.1) There are positive constants h, r and R"-valued bounded-uniformly con-

tinuous map r/of 0 such that

B(x + trl(x), tr) 0 for all x 0 and (0, hi.

Here B(x, R) denotes the ball with center x and radius R.
Remark 1.1. If O is bounded and 00 is C, then (A.1) is satisfied. Also boundaries

with corners may satisfy (A.1), for example, 0 {(x, y) R2: x > 0, y > 0}.
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The strategies take values in U which is a compact, separable metric space. Also,
we assume the following throughout the paper. Let x and y be in O.

(1.1) sup ly(x, a)-y(y, a)l<-L(y)lx-yl, y=b,f or A,

(1.2) sup ]y(x, a)]<=K(y), y= b,f or A.

x

For each bounded, continuous function h on 0, there is
a continuous function Wh with Wh(0)= 0 such that

(1.3)

aeU d d

(1.4) Q(x,a,O)=l for allxE0andaEU.

(1.5) A(x, a)_>-0 for all x 0 and a U.

The corresponding Hamiltonian H is a continuous map of 0 xR"x BUC(O) given as:

(1.6) H(x,p, O)=sup {-b(x, a).p-f(x, a)-h(x, a) f [O(z)-O(x)]O(x, a, dy)}.
aU

This Hamiltonian is a nonlocal operator but still one can define a notion of viscosity
solutions.

DEFINITION. Let K be a subset of R" and v BUC(K).
(i) We say v is a viscosity subsolution of v(x)+H(x, Dr(x), v)=0 on K if

V(Xo)+ H(xo, V0(Xo), v)<=0 whenever 0 Cl(Nxo) and (v-q) has a global maximum,
relative to K, at Xo K, where N0 is a neighborhood of Xo.

(ii) We say v is a viscosity supersolution of v(x)+H(x, Dr(x), v)=0 on K if
V(Xo) + H(xo, V O(Xo), v) >- 0 whenever 0 Cl(Nxo) and (v 0) has a global minimum,
relative to K, at Xo K, where N is a neighborhood of Xo.

Remark 1.2. This is an obvious generalization of the original notion introduced
by M. G. Crandall and P.-L. Lions [2]. The definition we used above is analogous to
one of the definitions introduced in [1].

We are interested in the following notion of viscosity solutions.
DEFINITION. V BUC(O) is said to be a constrained viscosity solution of v(x)+

H(x, Dr(x), v)= 0 on 0 if it is a subsolution on 0 and supersolution on 0.
Remark 1.3. The fact that v is a supersolution on the closed domain imposes a

certain boundary condition. Suppose that v is smooth and a constrained viscosity
solution. Then H(x, V v(x) + av(x), v) >-_ H(x, V v(x), v) for all x 00 and a >- 0 (v(x)
is the exterior normal vector). This effect is discussed in [11].

THEOREM 1.1. Suppose (A.1), (1.1)-(1.5) hold. Then there is at most one constrained
viscosity solution ofv(x) + H(x, Dr(x), v) 0 on O. Moreover ifv BUC( O) and dynamic
programming relation (0.8) holds, then the optimal value function v is a constrained
viscosity solution.

2. Proof of the main theorem. We need the following lemma:
LEMMA 2.1. v BUC( O) is a viscosity subsolution of v(x) + H(x, Dv(x), v) 0 on

0 (or supersolution on ) if and only if
V(Xo)+ H(xo, V@(xo), 0) =<0

(or >=0) whenever d/ CI(No) and v-O has a global maximum relative to at Xo 0
(or minimum at Xo 0 respectively), where N is a neighborhood of Xo.
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Proof. We will prove the statement for subsolutions only, the other statement is
proved exactly the same way.

Necessity. Suppose v BUC(O) is a viscosity subsolution and q, Xo are as above,
i.e.

V(Xo) O(Xo) max v(x) O(x).

Then we have V(Xo)-V(Z)>-O(Xo)-O(z) for all ze 0. Then (1.5) yields"

g(xo, V0(Xo), q) --< H(xo, Vq(Xo, v).

Hence the viscosity property of v gives the result.
Sufficiency. Let O’C(N) and (v-q)(Xo)=max,o {(v-q)(x)}=0. For each

e > 0 we define @ as follows"

(2.1) (x)- q(x)x(x)+ v(x)(1 -X(x)) for x 0

where X is a smooth function satisfying

0X<-l,

(2.2) X(x) 1 if x B(xo, e),

X(x)=0 ifxRn\B(xo, 2e).

Observe V(Xo)-dP(Xo)=O and v(x)-dP(x)=(v(x)-O(x))x(x)<-_O. Hence

(2.3) V(Xo) aP (Xo) max { v(x) aP (x)}.
x

Thus the hypothesis of the lemma and V(Xo)= Tq(Xo) yields

(2.4) V(Xo)+ H(xo, Vq(Xo), dP)<----O.

The following estimate follows (1.5)"

[H(xo, V ,(Xo), )- H(xo, V(Xo), v)l
(.5)

<=sup {A(x’ a) I laP’(x)-aP(Y)-V(X)+v(Y)lQ(x’ a’

Observe that dp(Xo)=V(Xo) and dP(Xo+y)=V(Xo+y) for yC:B(O, 2e). Also for y
B(0, 2e)

lap (Xo + y)- V(Xo+ y)l [/(Xo+ y)- V(Xo+ y)lx (Xo + y)

(2.6)
-< q(Xo+ y) 4(Xo)[ + IV(Xo) V(Xo+ y)[

--< IIvlloly[+
--< 211v,ll +,o(2).

Here o)v is the modulus of continuity of v and we used (Xo)= V(Xo) in the second
inequality. Combine (2.4)-(2.6) to conclude that v is a viscosity subsolution, l1

Remark 2.1. It is easy to prove that in Lemma 2.1 we may replace q e CI(No)
by q C1()(see [1]).

Proofof Theorem 1.1. Suppose Vl and v2 are two solutions in BUC(0). For 1, 2
define f and Hi as follows

I(2.7) f(x,a)=f(x,a)+A(x,a) (vi(y)-vi(x))Q(x,a, dy) for xc=O, ac= U,

(2.8) H(x,p)=sup{-b(x,a).p-f(x,a)} for xeO, pel’.
ag
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Notice that Hi is the Hamiltonian of the corresponding deterministic problem with
running cost f. Using (1.1)-(1.4), one can show that the f’s are uniformly continuous
in x uniformly with respect to or. Pick z 0 such that

vl(x) v2(x) <- Vl(Z) v2(z) + 8 for all x 0.

Then Corollary 2.3 in 11 yields

(2.9) Vl(Z)-v2(z)<=c$+toA(c$)+tof(c$)+sup {fl(z, a)-f2(z, a)}.

But f(z, a)-f2(za, a)<= tA(za, a)_-< tK(A) for every a. Substitute this into (2.9) and
send t to zero, to prove the uniqueness.

Let ,e C(ti) and Xoe 0 such that (v- ,)(Xo) max {(v-6)(x); xe ti} 0, where
v is the optimal value. For any u e ZZd the dynamic programming relation (0.8) yields

q(Xo) V(Xo) <= E e-Sf(y(xo, s, u), U(Xo, s)) ds + e-’^ r,v(y(xo, ^ T,, u))

Set y(s) y(xo, s, u) and u(s) U(Xo, s). Use v -<_ q, to obtain:

(2.10) ,(Xo)<=E e-Sf(y(s), u(s)) ds+e-’^r,4,(y(t ^ T1))

Ito’s formula (0.5) on e-*y)) yields

(2.11) E e-[q(y(s))-b(y(s), u(s)) Vq(y(s))-f(y(s), u(s))] ds<-O

where

f(x, a)=f(x, a)+A(x, a) (O(z)-O(x))Q(x, a, dz).

Observe that on [0, ^ T1) y(. is a deterministic trajectory. Thus standard estimates
on y(.) and (1.1)-(1.4) yield

(2.12) 1E [,(Xo)-b(xo, u(s)) Vq,(Xo)-f(xo, u(s))] dsh(t)

where h is a continuous function with h(0)= 0. Since Xo O, for any a U there is a
strategy u Ma such that u (Xo, t) a for all dist (Xo, O)/K (b). Use this strategy
in (2.12) to obtain

[(Xo)-b(xo, ) V(Xo)-f(xo, )]E[(t A T1)/t]h(t).

Hence (Xo)+ H(xo, V (Xo),)0. So Lemma 2.1 and Remark 2.1 imply that v is a
subsolution on 0.

Now let C(ff) and (v-)(Xo) =min {(v-)(x)" x }=0 for some Xo g
The dynamic programming relation and v yield

(2.13) v(xo)=O(xo)e inf e-f(y(s), u(s)) ds+e-’r,(y(t T))
ad

For 1/m one can pick u e, such that

6(Xo)+ E e-f(y(s), Urn(S)) ds+ e-r/m y T
0
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First, use Ito’s lemma (0.5) on e-S(y(s)) then (1.1)-(1.4), as in (2.10)-(2.12) above
to obtain

Tl^l/m
(2.14) mE [q(Xo)-b(xo, Us(S))" V(xo)-f(xo, Us(S))] ds >= K(m)

dO

where K(m) is converging to zero as m tends to infinity. Rewrite (2.14) as

[(Xo) B(m). Vq(Xo)- F(m)]E(mT1 ^ 1) _>- K(m)(2.15)
where

B(m) E T1 ^ E b(xo, tim(S)) d$,

(( IoF(m) E TI ^ E f(xo, Us(S)) ds.

Observe that (B(m),F(m))co{(b(xo, a),f(xo, a))" a U}:=co[BF(xo)]. Hence
there is (B, F)co[BF(xo)] such that (B(m),F(m)) converges to (B, F) on a sub-
sequence, denoted by rn again. Pass to the limit in (2.15) to obtain

q(Xo) + sup {-B. V@(Xo)-F" (n, F)co [nF(xo)]}>-O.
Also

sup {-B. V0(xo) F" (B, F) co [BF(xo)]} H(xo, V(xo), 0)-
Thus, Lemma 2.1 and Remark 2.1 imply that v is a viscosity supersolution on 0.

3. Uniform continuity and dynamic programming. We assume the following.
(A.2) There is a Borel measurable map a of 00 into U and/3 positive satisfying

b(x, a(x)) z,(x)-<_-/3 < 0, where z, is the exterior normal vector.
(A.3) The boundary of 0 is of class C2.
(A.4) If 00 is not compact, there are constants p and such that for any x

there is a C2(B(x, p)) function T with C(B(x, p)) inverse T- satisfying

(i) T(B(x,p)f’lO){yR"’y,,>O},

(3.1) (ii) T(B(x, p)f"lO0)c {y R"" y,, =0},
(iii) IITllc=<<x.,))+llT-’ll.<<x.,, < 1.

The subscript n denotes the nth component.
Remark 3.1. The assumption (A.2) holds with some/3 > 0 if

sup min b(x, a) ,(x)<0.
xO0 U

Note that we do not assume that b(x, a) points inwards the domain 0 for all a and
x 00. Thus there may be controls that allow the deterministic process to reach the
boundary.

Remark 3.2. The assumptions (A.2)-(A.4) are used to obtain the uniform con-
tinuity of the corresponding deterministic problem 11 ]. In particular see 11, Lemma
3.2].

Let Vo be the optimal value of the deterministic problem and define vN as follows

vv(x) inf J(x, u)

where

(3.2) jN (X, U) E e-tf(y(x, t, u), u(x, t)) dt + e-TtvN-I( Y1)
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LEMMA 3.1. Let
i.e., for all T 0

N-1 BUC(0), then the dynamic programming relation holds for

(3.3)

vv(x)= infad E(Ior^ e-rf(y(x, t, u), u(x, t)) dt

+ e-VS-I(y1)xo,TI(T1)+ e-v(y(x, T, u))X(,)(T1)]
where XA is the indicator function of set A.

Proof Fix x and T positive. Let Iv (x, u) be the right-hand side of (3.3) before
taking the infimum. To simplify the notation, put y(t)= yo(x, 0; t, u), u(t)= u(x, t),
h(t)= h(y(t), u(t)) and A(t)-exp {-to h(s) ds}. Recall that Yo is the corresponding
deterministic trajectory given by (0.1). In terms of these quantities Iv (x, u) is given by

I(x, u)= h(t)A(t) e-f(y(s), u(s)) ds

+ e-t I vN-l(z)Q(Y(t)’ u(t), dz)x[o, Tl(t)

(3.4)

+ e-Tv (y( T))X(T,oO( t)] dt

+A() e-tf(y(t), u(t)) dt+e-vN(y(T))

]h(t)A(t) e-Sf(y(s), u(s)) ds +e-’ vN-l(z)Q(y(t), u(t), dz) dt

+ A(T) e-Sf(y(s), u(s)) ds + A(T) e-Tvv(y(T)).

Since y(T) is a deterministic quantity determined by x, T and u, one can pick u* Mad
such that vv(y(T)) -> jv(y(T), u*) 6. Now we define a as follows:

(3.5) a(z, t)= u(z, t)Xto,Tl(t)+u*(yo(z, O, T, u), t- T)xtT",)(t).

Define 37(t)= 37(x, 0; t, if) and X,

_
similarly. Then we have

JU(y(T), u*) (A(T)) -1 X(t + T)(t + T)

(3.6)

e-f(y(s + T), t(x, s+ T)) ds

+e-t I vN-l(z)O((t+ T), if(x, t+ T), dz)] dt

+ A() e-y(fi(s+ T), (x, s+ T)) ds
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Change variables in (3.6) and use v (y(T)) jN(y(T), u*) to obtain

e-A(r)v’(y(r)) >_- X(t)5.(t) e-f((s), a(x, s)) x
T T

+ e-t I vX-l(z)Q((t), (x, t), dz)] dt

+X(m) e-f(2(s), (x, s)) ds-e-rA(r)&
T

The fact that I X(t)X(t) dt A(T) -X(m) and the above inequality yield

(r e-f((s, u(sl as +(r e-% ((

r

+ A() e-f((s, a(a s)) s- .
Substitute the above inequality into (3.4) and use the Nct I () X(t), A(t)

for e [0, T] to obtain

(x, ule X(X(I e-f((s, a(x, s as

+e-if vS-’(z)Q(fi(t), (x, t), dz)] dt

(3.7)
+( e-f((sl, a(x, sl as

=J(x,a)-v(x) &

Thus, v (x) N inf. I (x, u). One can prove the other inequality similarly.
The following lemma is an analogue of Lemma 3.2 in 11].
LNMa 3.2. Let v- e BUC() and (1.1)-(1.4), (A.2)-(A.4) hold. en for any

Tpositive, there is a positivefunction hr and a projection r(u) ofany Borel measurable
map u of 0 x [0, m) into U such that r(u) e ,e and

(3.a) IJ(au)-J(x,(.))lNh(sup{dist(yo(x,O,,u),)" eel0, rl})
where hr is a continuous function with hr(0)= 0 and

(3.9) J(x, u) e-f(y(x, s, u), u(x, s)) ds + e-r,v-(Y)xo,rl(T)

Proo Define to(x, u) =inf{t0: yo(x, O, t, u)eO0} or infinity. Let t* and k be as
in Lemma 3.2 of 11 ], i.e.

t* rain {o/K(), l/L()K(),ln (1 +l/4K())/L()},
(3.0

where K()= IK(b) and L()= lK(b)+ lL(b). We now construct u as in Lemma
32 of []

u(x,t)=u(x,t) iftNto(x,u) or teto(x,u)+keo(x,u),
(3.11)

(yo(x, 0, to(x, u), u)) if to(x, u) < < to(x, u)+ keo(x, u)
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where a as in (A.2) and eo(X, u)-sup{dist (yo(x, 0, t, u), if): t[0, t*]}. Since x-
to(X, u) is a Borel measurable map u is measurable. Also in Lemma 3.2 of 11] it is
proved that

(3.12) yo(x, O, t, u 1) for all e [0, t*].

Now construct a sequence of strategies {u"" n- 1, 2,...} by the following recursive
formula

then

t,(x, u") inf ( >= nt*" yo(x, O, t, u") O0) or infinity,

e,(x, u")= sup [dist (yo(x, O, t, u"), 0)],
t[O,(n+l)t*]

u"+(x, t)=
u"(x’ t) ift-t,(x,u or t>=t,(x, u + ke,(x, u ),
a(yo(x, 0, t,(x, u"), u")) if t,(x, u) < < t,(x, u) / ke,(x, u").

Iterate (3.12) to get yo(x, O, t, u") 0 for t[0, nt*]. We have to estimate the
Lebesgue measure of the following set

(3.13) M"(x) {t [0, nt*]: u"(x, t) # u(x, t)}.

For every we have

leo(x, 0, t, u")-yo(x, o, t, u)l

<_-J 2K(b)+j
[o,t]n Mn(x) [O,t]\Mn(x)

thus the Gronwall’s inequality implies

e,(x, u")<= e,(x, u)+2K(b) e

The construction of u" yields

n--1

meas M"(x) <= k E e,(x, u i)
i=0

(3.14)

that

L(b)lyo(x O, s, u)- yo(x, O, s, u")[ ds;

meas M"(x).

n--1

<-nke,_l(X, u)+ k2K(b) e"L(b)‘* Y’, meas Mi(x).
i=0

Iterate this inequality to obtain C(n), depending only on n, K (b) and L(b), such

(3.15) meas M"(x) <= C(n)e,_(x, u).

Now, for given T, choose f so that T-< flit*. Then define 3TU as

u(x, t) for t<= T,
TU(X, t)=

a(yo(X, 0, T, u ’), T) for > T

where is any strategy in
Observe that for any u

JT(X, u)= A(t)A(t) e-Sf(y(s), u(s)) as+ e-’ vN-l(z)Q(y(t), u(t), dz) at

+ A(T) e-Sf(y(s), u(s)) ds.
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By using (1.1)-(1.4) one can show

(3.16) IJ(x, u)-J(x, r(u))l<= CT[dr(x)+ W-(dr(x))+meas M(x)]
where C is a positive constant and

d(x) sup {[yo(x, O, t, u)- yo(x, O, t, (u))l}
t[0,T]

<_-2K(b) eL(b)T meas Mn(x).
Plug this into (3.16) together with (3.15) to conclude Lemma 3.2.

LEMMA 3.3. Let (A.2)-(A.4) and (1.1)-(1.5) hold; then vV BUC() and there
is a g-optimal strategy u* such that

jv (x, u*) <- vv (x) + 15 for all x 0-.

Proof. It is proved that v BUC() [11, Thm. 3.3]. Now suppose vv-1 BUC()
and define

o(r)=sup(Iv(x)-v(y) I" x,yff and Ix-yl<r} for r>0.

At the origin to(0)= limro to(r). Using Lemmas 3.1 and 3.2, we can conclude, as in
Theorem 3.3 of 11], that for some positive,

(3.17) to(r) <- h,( Cr) + e-’to (r) + Ctr

where C > 1, C > 0 and ht is as in Lemma 3.2. Iterate (3.17) to obtain

n-1

o((-")<_-e-"’o(1)+ Y e-mt[ht(f(m-n))+c(m-n)t].
m=0

Use dominated convergence theorem to get lim,,_.o to(-")=0. Hence v
Pick {Xm" n 1, 2,’’ "} c 0 such that 0 c Um B(xm, r) where r to be chosen. Then

select {u," n 1, 2,. .} c

(3.18) JN(x,,, urn)<--__ Vv (X,,) +-.
Now define u as follows

u(x, t) tlm(Xm, t) if X Om y B(X,, r B(x,, r).
=1

Let u*= T(U) where T to be chosen. Note that u* depends both on r and T
but this dependence is suppressed in the notation. For every x 0,, we have

IJ(x, tl*)--JN(Xm, u)l<=lJT(x, u*)-J’(x, u)l+lJ’(x, tl)--JT(Xm, tl)
(3.19)

+ 2 sup IJN (x, u) J(x, u)l := I1 + I2 + I3.

The construction of u and standard ODE estimates yield

(3.2o) sup ]yo(x, o; t, u)-yo(x,, o; t, u)]<- c(r)r
0,,,

te[0,T]

where C(T) is a positive constant. Since y0(Xm, 0; t, U) 0 for all _-> 0 above inequality
implies that

(3.21) sup d(yo(x, 0; t, u), O) <-_ C(T)r.
xO

t[0,T]
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Now, in the case of 11 use (3.8), (3.21) and in the case of I2 use (3.20), (1.1)-(1.4) and
the continuity of vN-1 to obtain

(3.22) Ii + I2<=hN( T, r)
where hN C([0, m) x [0, m)) with limr,o h(T, r)=0 for every T and N. Also (3.2)
and (3.9) imply

IJ(x, u)-J(x, u)l= e-rlV-(g)x(,(T1)+ e-f(y(x, s, u), u(x,s)) ds
TT

e-[ll v-lll( + K(f)].
Recall that K(f) is the sup-norm of f and it is easy to show that v is bounded by
K(f) for every N. Hence we have

(3.23) K(f) e-
Substitute (3.22)-(3.23) into (3.19) to get for all x 0
(3.24) [(x, u*)-(x, u)[ (r, r)+4(f) e-
The continuity of v, (3.18) and the above inequality imply

J(x, u*) v(x)++(r)+h( T, r)+4K(f) e-
Recall that limr,oh(T, r)=0; thus we can choose T and r so that J(x, u*)
v(x) + 8. fi

TnogM 3.4. If (A.2)-(A.4), (1.1)-(1.5) hold, then v BUC(O) and the dynamic
programming relation (0.8) holds.

Proof Iterating the second asseion of the previous lemma, one gets

inf N e-’f(yo( Y, T, t, u), u( Y, t- T)) dtv(x)
,,’",a .=0 .

(3.25)

+ e-(yo( g, r, , uu(g, -rTN

Now define v by

(3.26) v(x) inf
{un: 1,2,’"}c daa

Hence we have

e-tf(yo( Yn, Tn, t, un), un( Yn, t- Tn)) dt
n=0

sup Iv(x)-v(x)l<-2K(f) sup E(e-rN).
O u,’",uN}c ,d

To prove that v converges to v it suffices to show that E(e-) is decreasing to
zero independent of control.

Let {un" n 1,...} c 4d and set An(t) h (Yo( Yn-1, O, t, un), un( Yn-1, t)).

E(e-+"-’IY1, Yn-1, Tn-1)= e-tAn(t) exp An(s) ds dt

1 e- exp In(s) ds dt

<- 1 e(-(l+K(x))t) dt := Y < 1.
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Observe that y is independent of control and strictly less than one. Hence

(3.27) sup E(e-T’) <- y
{IA1,’",UN} gad

Therefore vN converges to v uniformly on ft. So v BUC() and v satisfies (0.8).
We now proceed to show that v= v. First observe that v-< v because of the

definitions of v and v. Also we can construct u* as in the previous lemma such that
for all x 0

(3.28) E e-tf(yo(x, O, t, u*), u*(x, t)) dt + e-Tv(YI) <= v(x) +

Apply (3.28) at x Y1 to obtain

e-f(Yo( Y1, O, t, u*), u*( Y1, t)) dt

+ e-(T:-T1)I3( Y2)IY1, T1}.
The above inequality and (3.28) yields

(3.29)

E e-tf(yo( Y,, T,, t, u*), u*( Yn, t- Tn)) at + e-T:v(Y2)
n=0

<= v(x) + SE E
n=0

Iterate this procedure to obtain

J(x,u*)<_v(x)+SE e-r. <_ V(X) + t(1 T)-1
=o

where 3’ is as in (3.27).
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LIPSCHITZIAN SOLUTIONS OF PERTURBED NONLINEAR
PROGRAMMING PROBLEMS*

B. CORNETf AND J.-PH. VIALf

Abstract. We prove that if a second order sufficient condition and a constraint regularity assumption
hold, then for sufficiently small perturbations of the constraints and the objective function, the set of local
minimizers reduces to a singleton. Moreover, the minimizer and the associated multipliers are Lipschitzian
functions of the parameter.

Key words, stability, nonlinear programming, weak convexity

AMS(MOS) subject classifications. 90C31, 90C30

1. Introduction. This paper deals with the stability of solutions and multipliers of
nonlinear programming problems when the data are subjected to small perturbations.
In order to formulate the problem, we introduce an open subset U of Rn, a metric
space P, functions f and g from U x P to R and m and a nonempty closed subset Q
of ’. The problem of interest is then:

minimize f(x, a),
P(a)

subject to g(x, a) Q,

where x is the variable in which the minimization is done and a a perturbation
parameter which belongs to P and which remains fixed in the minimization problem.

We are interested in the behavior of local minimizers of P(a) when the parameter
a varies. Our main result can be informally stated as follows. Under a set of assumptions
dealing with (i) the smoothness of the functions f and g, (ii) the regularity of the
constraints at (, 6), (iii) the weak convexity of the set Q and (iv) a strong sufficient
second-order condition at (, c), it is shown that, for small perturbations of the
parameter 6, the solution of P(6) persists and is in Lipschitzian dependence with
respect to the parameter. The importance of this Lipschitz property should be appreci-
ated in the light of recent developments of calculus for Lipschitzian mappings (Clarke
(1975), Rockafellar (1981)).

The above formulation ofproblem P(a) allows us to take into account the classical
nonlinear programming problem with equality and/or inequality constraints, i.e.,
Q= {0}"’ x (-R’2) for nonnegative integers ml and mE. The consideration of more
general sets Q in P(a) is motivated by the following property of weakly convex sets,
a class of sets introduced by Vial (1983) (see also Cornet (1981)), which includes as
special cases, convex subsets of Rm and twice continuously ditterentiable submanifolds
of N" with or without a boundary. Let Q be a nonempty closed subset of N" and let
a be in R’; then the set of projections of a on Q, denoted r(a)=
{x Q IIx-11 -< IIx’-11, for all x’ in Q}, clearly is the set of solutions of problem
P(a) for well chosen mappings f and g. An important property of weakly convex sets
is that the mapping 7r is single-valued and Lipschitzian on a neighborhood of Q. Our
main theorem generalizes the known results for problems with equality and/or
inequality constraints and also includes the above property of weakly convex sets.

* Received by the editors March 31, 1983, and in revised form May 1, 1985.
f CORE, 1348 Louvain-La-Neuve, Belgium.
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We conclude this section by indicating the link between this paper and the rest
of the literature. The standard problem with equality and/or inequality constraints has
been studied by Fiacco and McCormick (1968), Robinson (1974), Fiacco (1976). The
basic feature of these articles is that, under the strict complementarity slackness
assumption, it is proved, using the standard implicit function theorem, that the station-
ary points (i.e., points that satisfy the first order necessary condition for optimality),
and their associated multipliers are differentiable.

The strict complementarity slackness assumption has been removed, in the case
of equality and/or inequality constraints by Robinson (1980), Kojima (1980), Jittorn-
trum (1984) and in the case where Q is a closed convex subset ofR by Cornet-Laroque
(1986) (see also Cornet-Laroque (1980), Cornet (1981)) and J.-P. Aubin (1981) when
the constraints are linear. In these cases, under a somewhat stronger second order
sufficient condition, a similar result is shown to hold, namely that the stationary points
and associated multipliers are (locally) Lipschitzian mappings of the perturbation. The
main tool for these analyses are generalizations of the standard implicit function
theorem; for example Robinson (1980) proves a general implicit theorem for "general-
ized equations" (i.e. ofvariational inequalities), Cornet-Laroque (1986) use a generaliz-
ation of the implicit function theorem in the case of Lipschitzian mappings due to
Clarke (1976) (see also Auslender (1983)) and J.-P. Aubin (1981) a generalization of
it in the case of convex processes.

Our approach in the present paper is different from the previous ones. It is direct
in the sense that no implicit function theorem or generalization of it is used. We are
able to show the local persistence of a local minimizer of our problem and next the
Lipschitzian dependence with respect to the parameter a. The first step owes much to
a result of Robinson (1982). Finally we shall mention the work of Levitin (1975) who
made an analysis of the Lipschitz dependence of local minimizers, also by a direct
approach. However, it contains an apparent error as is pointed out in the paper of
Robinson (1982).

Our paper is organized as follows. In 2, we recall some definitions and state the
main result of the paper. We also discuss two noteworthy applications" the first deals
with the projection of points on a weakly convex set, and the second deals with the
standard nonlinear programming problem. The proof of the main theorem is given in
3.

2. Statement of the main theorem and some consequences. Let us first introduce
some notations and definitions. Let x=(xi), y=(yi) be in Rq; we denote (x,y)=
"/q=l Xi "Yi, the scalar product of q, and Ilxll-- x, the Euclidean norm. Let A be
a nonempty subset of and let x be in ; we denote d(x)-inf{lla-xHlaA},
B(A, e)= {x qldA(X) e} and B(A, e)= {x qldA(X)_--< e}. Let Q be a subset of
and let x be in Q; we recall the following definitions of Clarke (1975) of the tangent
cone To(x) and the normal cone No(x) to Q at x,

To(x {v ’lfor all sequences {Ok}C (0, ) and {Xk}C Q such that Ok -0,

Xk -- X, there exists a sequence {Vk}- V such that, for all k, Xk + OkVk Q},

No(x --{7 ml(7, v--<_0, for all z To(x)}.
DEFINITION 1. A subset Q of R" is said to be weakly convex, with constant p _-> 0,

at an element yO in t, if there exists e 0 such that, for all yl, y2 in t B(y, e) and
for all A 2 No(y2)/(0, 1), one has

P yl
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It is possible to give the following geometric interpretation of weakly convex sets,
of constant p > 0. Let Q be such a set and let X t f’) B(y, e) with Yo t. Then for
all xX and l No(x)f’lB(O, 1)(=Nx(x)f’lB(O, 1)),

X f"l B(x + p-’rl, p-’ll, II) .
For r/# O, one could view B(x + p-lrl, p-llrlll) as a "supporting ball," very much

in a sense analogous to a supporting hyperplane for a convex set. In this terminology,
if a set is weakly convex at yO, one can exhibit a "supporting ball" at each point of
the boundary of the set in a neighborhood of yO. Note that the radius of the "supporting
ball" is fixed in the given neighborhood. Clearly, a convex subset Q of R is weakly
convex with respect to any constant p >=0. We refer to Cornet (1981), Vial (1983) for
other examples of weakly convex sets (such as C2 submanifolds in R" with or without
a boundary) and/or for properties of weakly convex sets.

We posit the following assumptions, which describe the general framework of the
paper.

Assumptions A.0
(i) U is an open subset of R"; P is a metric space endowed with a distance d;
(ii) the functions f(.,. and gi(’," ), 1,. , m, are locally Lipschitzian from

UxPto;
(iii) for all a P, the functions f(., a) and gi(., a), i= 1,..., m, are twice

continuously differentiable from U to ;
(iv) the mappings Vf(.,. and Vg(.,. ), i- 1,..., m, of first partial derivatives

with respect to the first argument, are locally Lipschitzian from U x P to ";
(v) the mapping D2f(., and DEg(., of second order derivatives with respect

to the first argument, are continuous;
(vi) m- ml / mE, where ml and mE are nonnegative integers; C is a nonempty

closed subset of R" and Q {0}" x C (with the convention that Q- {0} if

m=0and Q-Cifml-0).
We consider the following perturbed nonlinear programming problem:

minimize g(x, a),

P(a) subjectto g(x, a) Q,

x U,

where g(x, a) is the vector in R" with coordinates g(x, a), 1,..., m, x is the variable
in which the minimization is done, and a P is a perturbation term which remains
fixed in the minimization problem. Note that it is possible to rewrite the constraints
as follows. For all (x, a) in U x P, let g(x, a) (resp. g(x, a)) be the vector in "(resp. ’2) with coordinates g(x, t), 1,. , m (resp. m + 1,. , m). Then x
satisfies the constraints of P(a) if and only if:

g(x,a)=0 and g(x,a)C, xU.

With P(a), we associate the following "generalized equation":

Vf(x, a)+ E A,Vg,(x, a)=0,
i=1

(2.1)
g(x, a) Q and ;t =(A,) No(g(x, a)).

We shall be concerned with pairs (x, a) U x P such that x is a local minimizer of
P(a). If we further assume that"
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Assumption A.1. The gradients Vgi(x, a), 1, , m, are linearly independent,
then we shall prove later (Lemma 3.1) that there exists )t oR such that (x, a, A)
solves (2.1). In other words, (2.1) is the first order necessary condition associated with
P(a). For such a triplet we posit the following two assumptions"

Assumption A.2. Q is weakly convex with constant p >_-0 at g(x, a). (Note that
it would be equivalent to replace the above statement by "C is weakly convex with
constant p >- 0 at g (x, a).’’)

Assumption A.3. There exist real numbers a >_- 0 and c > 0 such that, for all h
one has

D2f(x, a) +
i=,

hiD gi(x a h, h/)
+ a(Vf(x, a), h)+ a , (Vg,(x, a), h)2_-> cllhl[ 2.

i=1

Note that the index in the first sum runs from 1 to m m + m2 and from 1 to m
in the second. (A.3) clearly implies the more familiar assumption:

Assumption A.3’. For all hRn, h0, such that (Vf(x,a),h)=O and
(Vgi(x, a), h) 0, 1,. , ml, one has

o 2 a) h,h )>0.D:f(x, a) + E AiD g,(x,
It is an immediate consequence of a lemma of Debreu (1952) that (A.3’) implies

(A.3). Thus the two assumptions are equivalent.
We can now state the main theorem.
THEOREM 2.1. Assume (A.0) and let (x, a o, ho) U x P x R" satisfy (A.1), (A.2),

(A.3). Further, assume that the constants p >-_ 0 and c > 0 satisfy
Assumption A.4. c > ht[[Dg,(x, O0) 112, where h/= (hm + 1,""", h,,).
Then, if (x, a, )to) satisfies condition (2.1), there exist neighborhoods U’ of x in

U, V’ ofa in P and mappings x( V’ U’, h (.) V’ " such that:
(i) x(. and h(.) are Lipschitzian;
(ii) x(a) x and h(a) )t;
(iii) for all a in V’, x(a) is the unique minimizer of P(a) in U’ and h (a) is the

unique Kuhn- Tucker multiplier associated with x(a (i.e., (x(a ), h (a)) satisfies
condition (2.1)).

The proof of Theorem 2.1 is given in the next section.
Remark 1. Assumption (A.1) cannot be relaxed in the case of equality and/or

inequality constraints (i.e., when Q={0}’x(-R’)) by only assuming the
Mangasarian-Fromovitz’s constraint qualification (see Robinson (1980)).

Remark 2. If C is convex, then (A.4) is trivially satisfied (since convex sets in

" are weakly convex with constant p--0). It is worth pointing out that in the case
of equality and/or inequality constraints, (A.3) is stronger than the classical sufficient
second-order condition of Fiacco and McCormick (1968). However, Theorem 2.1 does
not hold if one replaces (A.3) by the classical second order condition as it has been
shown by Robinson (1980).

We conclude this section by discussing two noteworthy applications of Theorem
2.1. The first one deals with the projection mapping on a weakly convex subset of

Let Q be a nonempty closed subset of ". For a fixed element a in ", we consider
the following minimization problem:
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minimize 1/211x-ll =,
subject to x e Q,

and we denote by 7r(a) the set of its solutions. Any element of r(a) is called a
projection of a on Q. The next proposition gives some properties of the (multi-valued)
mapping a- 7r(a) when Q is assumed to be weakly convex.

COROLLARY 2.2. Let (x, ao) , x" be such that x is a local minimizer ofR(a).
Assume that Q is weakly convex with constant p >- 0 at x and that 1 > p IIx- all. Then,
there exist neighborhoods U’ of x, V’ ofa and a Lipschitzian mapping x(. ): V’ U’
such that x(ao) xo and, for all a V’, x(a) is the unique minimizer of R(a) in U’.

Proof. It is a trivial matter to check that (A.1) and (A.3) are satisfied with c 1
and that the Kuhn-Tucker multiplier A associated with x satisfies )t o= -(x- a).
Thus (A.4) reduces to 1 c > pllx-all. Hence the result.

Remark 3. When m 0, we give here an example showing that the inequality in
(A.4) is the best possible. Let Q= {x   lllxll -> 1); clearly, Q is weakly convex at
every element x in Q, with constant p 1. If a 0, let /x =max {1, then
x=a is the unique minimizer of R(a). Since the hypotheses of Corollary 2.2 are
satisfied at x, the conclusion of the corollary holds. However, if a= 0, any x such
that IIxll- 1 is a minimizer of R(a). Obviously, 1= pllx-ll; hence Assumption
(A.4) is violated and one easily sees directly that the conclusion of Corollary 2.2 cannot
hold.

The second application deals with standard nonlinear programming. Assume A.0
and assume furthermore that Q {0}", x (_,2) (i.e., in (vi) of (A.0), C _,2). We
consider the standard perturbed nonlinear programming problem:

s()

minimize f x, a ),

subject to gi(x, a) O, 1,. , ml,

gi(x, a)_--<0, i= ml + 1," ", m,

xU.

With S(a), we associate the first order necessary conditions:

ml+m
Vf(x, a)+ ., A,Vg,(x, a)=0,

i=1

(2.2) g,(x, a) =0, i= 1,..., ml,

g,(x,a)<--O, A,-->0, A,g,(x,a)=O, i=m+l,...,m+m2.

In the case of standard nonlinear programming, Assumptions (A.2) and (A.4) are
satisfied, since Q {0}m x (-+) is convex. We give. now a consequence of Theorem
2.1, where the Assumptions (A.1) and (A.3) are weakened. First, let us introduce the
following notation: for (x, a) U x P, satisfying the constraints of S(a), we let I(x, )
{i {m + 1, , m}[g(x, ) =0} be the set of active inequality constraints.

COROLLARY 2.3. Assume (A.0) and let (x, o, Ao) UxPx be such that:
(C.1) the vectors Vg(x, a), i {1,..., ml}U I(x, o), are linearly independent;
(C.2) for all h ", h O, satisfying (Vf(x, a), h) 0 and (Vg,(x, ao), h) O,

{1,..., m}{i I(x, a)lA>0}, then

DZf(x,a)+ A ziD gi(x,a) h,h >0.
i=1
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Then, if (x, a, A o) satisfies condition (2.2), there exist neighborhoods U’ ofx in
U, V’ ofs in P and mappings x(. )" V’ U’, A (.)" V’ R such that"

(i) x(. and A (.) are Lipschitzian;
(ii) x(so) xo and A (so) A o;
(iii) for all s V’, x(s) is the unique minimizer of S(s) in U’ and A(s) is the

unique Kuhn- Tucker multiplier associated with it (i.e., (x(s), A (s)) satisfies
condition (2.2)).

The proof of Corollary 2.3 is given in the next section.

3. Proofs. We prepare the proofs of Theorem 2.1 by several lemmas. Some of
them are more or less known. However the entire proofs are given for the sake of
completeness. Our first lemma says that it is sufficient to prove Theorem 2.1 with
Assumption (A.3) replaced by the stronger one

Assumption A.3. bis. There exist real numbers a _-> 0, c > 0 such that for all h Rn
one has

oEf(x,s)h/ _, AO2g,(x,s)h,h /a (Vg,(x,),h)E>-cllhll,
i=1 i=1

(i.e. in (A.3.bis) the term a(Vf(x, s), h)2 which appears in (A.3) has been removed.
LEMMA 3.0. IfTheorem 2.1 is true when (A.3) is replaced by the stronger Assumption

(A.3 bis then it is also true under Assumption A.3 ).
Proof. Let us assume that the weak form ofTheorem 2.1 holds (i.e. with Assumption

(A.3) replaced by (A.3bis)). We show that Theorem 2.1 also holds. Let (x, s, A)
U x P xa satisfy Assumptions (A.0), (A.1), (A.2), (A.3), (A.4) together with the
necessary conditions (2.1) associated with the problem:

minimize f(x, s

P(s) subject to g(x, s) Q,

xU.

We now associate to all s P the following modified problem"

minimize v

subject to f(x, s v 0,
15(s)

g(x, s) Q,

(v, x)x U.

Clearly (v, x) is a solution of (s) if and only if x is a solution of (s) and
v =f(x, s). Moreover at this solution [(v, x), (/x, X)] satisfies the necessary conditions
(2.1) associated with (s) if and only if/z 1, (x, A) satisfies the necessary conditions
(2.1) associated with P(s) and v =f(x, s).

Hence ((v, x), (1, A)), with v=f(x, s) satisfies the necessary conditions (2.1)
associated with (s). From the fact that (x, s,A) satisfies Assumptions (A.0),
(A.1), (A.2), (A.3) and (A.4) for problem (s) one deduces that ((v,x), (1,,X))
satisfies Assumptions (A.0), (A.1), (A.2), (A.3bis) and (A.4) for problem (s).
Applying the weak form of Theorem 2.1 to ((v,x), (1, A)) and using the above
equivalence property between (s) and (s) one deduces the end of the proof of
Lemma 3.0.

In the sequel we shall assume that (x, s, A) satisfies (A.0), (A.1), (A.2), (A.3bis)
and (A.4).
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LEMMA 3.1. There exist neighborhoods U1 ofx, U1 c U, V1 ofa such that, for all
c V1, if x U1 is a local minimizer of P(c), then there exists A (Ai) R" such that
(x, A) satisfies the first order necessary conditions at a, i.e.,

Vf(x, or)+ , A,Vg,(x, a)=0,
i=1

g(x, a)e Q and A No(g(x, a)).

Proof. Since by (A.1) the gradients Vg(x, a), i{1,... ,m} are independent
from (A.0), there exist neighborhoods U1 of x, U1 c U, V of cr such that, for all
(x, a)e Ulx V, the vectors Vg(x, a), ie{1,..., m}, are independent. In the sequel
of this proof, since a is fixed, there is no ambiguity denoting f(x, a), Vf(x, a),...,
simply by f(x), Vf(x), .

Let X {x e Ulg(x) Q}. If x is a local minimizer of P(cr), from Clarke (1975),
for all v Tx(x) one has (-Vf(x), v)<_-0. Hence from Rockafellar (1970, Cor. 16.3.2),
it is sufficient to prove that the following inclusion holds"

{u a"lDg(x)u To(g(x))}c Tx(x).

Indeed, let u " be such that Dg(x)u To(g(x)) and let { 0} c (0, o), {x} c X
be sequences such that 0- 0 and x- x. From the definition of the tangent cone it
is sufficient to show that there exists a sequence {u}c ’, such that u- u and, for
all q, xq + Ou’ X. Let v Dg(x)u, then v To(g(x)). Since, for all q, g(x’) Q, and
g(x)- g(x), there exists a sequence {}cm such that, for all q, g(x)+0%’ Q
and v- v. We can choose vectors bm+," ", b, in " so that the vectors
Tgl(X),""", Vgm(x), bm+,’’’, bn, form a basis in ’, and we define the mapping
G" U-n by G(y) (gl(Y),""", g,,(Y), (b,,+l, y)," ", (b,, y)). Clearly, G is con-
tinuously ditterentiable, and the derivative DG(x) is nonsingular. Hence, by the inverse
mapping theorem, there exists qo such that, for q => qo, there exists q U1 satisfying"

g(q) g(xq) + Oqvq,
(bi,q)=(bi, xq)+oq(b,,u) (i=m+l,...,n),

and such that q- x. For q_-> qo, let uq- (q-xq)/oq. Recall that, for all q, g(xq)+
Oqvq Q, hence, for q >- qo, g(q) g(xq) + Oqvq Q; thus {q} X. Consequently, for
q >-qo, xq 4-Ouq= X. To end the proof of the lemma, it suffices to show that
uu. Indeed, from Taylor’s theorem, for q>-qo, one has g(a)-g(xq)

q ^q q ^q q[.o Dg(x + t(x x )) dt](x x ). Dividing by 0q > 0, one gets vq

q ^q q q[o Dg(x + t(x x )) dt]u and one easily deduces that limq_. Dg(x)u limq_,o va.
Recall that limq_. vq v Dg(x)u; hence, for all i_<- m, limq_, (Vgi(x), u q)
(Vgi(x), u). Furthermore, for all >- m + 1, (b, u) (b, (q -xq)/ 0) (b, u). Since the
vectors {Vgl(x),’’’, Vgm(X), bin+l, , b,} are independent, one deduces that u q u.
This ends the proof of the lemma.

LEMMA 3.2. For all e > 0 and all c’ (0, c), there exist positive real numbers kl, k2,
a positive real number (independent of e) and neighborhoods U2 of x, U2 U, V2 of
a, such that the two following properties are satisfied.

(a) For all (x, a), (y, fl), (x, a), (xE, a2) in UEX V2 such that g(x1, al) Q,
g(x2, cr2) Q, for all A B(A o, iS) one has"

2

e c’llx -x’ll -k llx -x lld( 
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(b) For all (X 1, O1), (X2, O 2) in Ua x Va, such that g(x, a) Q, g(x1, a 1) Q, for
all A2 No(g(x2, a2)) one has"

(A 2, g(x2, a 2) -g(x1, a 1))

[ P 2, a’) kEd(2, ]l[Xl[ -[l[Ogf(x, a)l+e]. IIx2-xlll=-k21lx2-xlll d( ’)2

Proo We first claim that, for all e > 0, there exist a positive real number k’ and
neighborhoods U’ of x, U’ c U, V’ of ao such that, for all (x l, a ), (x2, a) in U’x V’,
for all ie{1, ..., m} one has"

Indeed, for all e { 1, , m}, from (A.0), for all e > 0, there exist open neighbor-
hoods U’ of x, U’c U, V’ of a, such that U’ is convex, and, for all (x, a)e U’x V’,
]]Vg,(x, a)-Vg,(x,a)ll<e. Fuahermore, without any loss of generality, we can
assume that there exists a positive real number k’ such that g is Lipschitzian of constant
k’ on U’x V’. Hence, from Taylor’s theorem,

Ig,(x, ) g,(x’, l) vg,(x, )(x xl)l

g,(x2, a2)-g,(x,a2) Vg,(x+t(x-x),a)dt ,x2-x

+ Ig,(x, ) g,(x,
+ IIVg,(x+ t(xE-xl), )-Vg,(x, )11 at. IIx=-xll

0+ k’d(a 2, a)+
(a) For all c’ (0, c), let c"(c’, c). From (A.3.bis) and the continuity of the

mappings DEf(., .) and DEg(., .) (i 1,..., m), there exist neighborhoods U" of
x, U"= U, V" of a and a positive real number 3 such that, for all (x, a), (y, fl) in
U" x V", for all A B(A o, ) and all h ", one has"

D2f(x, a)+ E A,D2g,(Y, fl) h,h c"llhll=-a (Vg,(x, ), h)=.
i=1 i=1

Let e > 0 be such that c"-a.ml" e2 > c’ and let U’, V’ be the neighborhoods
associated with e in the above claim (3.1). Let U U’ U" and V2 V’ V". Recall
that, for all (x,a) Ux V such that g(x,a)Q, from (A.0.vi), for i{1,...,m},
g(x, a)=0. Hence the end of the proof follows easily from (3.1) and the above
inequality.

(b) From the weak convexity Assumption (A.2) and the continuity of the functions
g (i 1, , m), there exist open neighborhoods U" of x, U" U, and V" of a such
that, for all (x, ), (x, a) in U"x V" such that g(x k, ak) Q (k= 1,2), and for all

2 No(g(x2, a)) B(0, 1), one has"

(2, g(x:, a2)-g(xl, a))-l[g(x, =)- g(x

Take any e > 0 and let U’, V’ be the neighborhoods associated with e in the above
claim (3.1). Let U2 U’ U" and V V’ V". From (3.1) and the above inequality,
there exists k2 such that

(, g(x, )-g(x,
-e[llOg,x, )1 + ]. IIx- xll- kllx-xll, d, )-kd, ).
2
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Now letting A2No(g(x, a2)), we let h2/0 and /2=0 if
h2 =0. Since Q {0} x C, No(g(x2, a2))=R’, x Nc(g(x2, a2)) and since
Nc(g(x2, a2)) is a cone, one deduces that/2 No(g(x2, a2))f-)/(0, 1). Applying the
above inequality to 2 and noticing that

(tx 2 g(x aE)-g(x ’))= (1/II A , II)(A , g(x2 aE)-g(x

yields the inequality of Lemma 3.2(b).
LEMMA 3.3. Let us suppose that x, A o) satisfies the first order necessary condition

at a. Then there exist positive real numbers r and b such that (x, r) U and, for all
x ;(x, r) satisfying g(x, a) Q, one hasf(x, a)>-f(x, a)+ bllx-xll.

Proof For every h =(hi)R", let L(., h): U-* be the function defined by
L(x, A) =f(x, a) +i=l hg(x, a). From Taylor’s theorem, one has:

L(x, o) L(x, ; o) + (VL(x, ;t o), x x

+ (1-t)(D2L(x+ t(x-x), A)(x-x), (x-x)) dt.
o

Let p >0 be the constant of weak convexity defined by (A.2). From (A.4),
c> p[[h[]. [[Dgi(x, a)]l 2. Hence, there exist c’ (0, c) and e >0 such that, if b=
c’/2-p/2[[h[[[llDg(x, a)[[ + e]2, thenb >0. Let U2, V be the neighborhoods of x
and a associated with c’ and e in Lemma 3.2, and let r be a positive real number
such that/(x, r)c U. Since (x, a) satisfies the first order necessary condition (2.1)
at a, one deduces that VL(x, h) =0. From Lemma 3.2(a) (taking a 1= a= a), for
all x /(x, r) one deduces that:

CP
L(x, A)- L(x, A)>-_ (] t)c’llx-xll dt >-_-llx-x]l,

and, from the definition of L, one gets"

f(x, a)-f(x, a)=> (A, g(x, a)-g(x,

By Lemma 3.2(b) (taking a a2= a), for all x /(x, r) c U2, one gets:

(A, g(x, a)- g(x,  )ll +

Hence, from the two above inequalities and the definition of b, for all x /(x, r),
one has f(x, a) _f(xo, a) _>_ b[ix_ xOl12. This completes the proof.

LEMMA 3.4. Let (x, h) Ux" satisfy the first order necessary condition (2.1)
at a. Then, for every neighborhood U’ ofx, U’ U, there exist r’ > 0 and a neighborhood
V’ of a such that B(x, r’)c U’ and, for all a V’, there exists a minimizer x(a) of
P(a) in B(x, r’) (i.e.,x(a) B(x, r’), g(x(a), a) Qandforallx B(r, r), g(x, a)
Q one has f(x(a ), a <-f(x, a )).

The above lemma is related to a previous result of Robinson (1982), proved when
Q is a closed convex cone.

Proof. Let U’ be a neighborhood of x, U’c U, and let b, r be the positive real
numbers defined by Lemma 3.3. There exists a positive real number r’< r and a
neighborhood V ofa such that/(x, r’) c U’ andfis k-Lipschitzian on/(x, r’) x V.

For all a P, let F(a)= {x/(x, r’)lg(x, a) Q}. We claim that there exists a
neighborhood V of a such that, for all a in V, there exists x(a) F(a) satisfying:

f(x(a), a) <=f(x, a) for all x 6 F(a).
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Since f is continuous and, for all a in P, F(a) is a compact subset of n, it is sufficient
to prove that, for a in a neighborhood of a, F(a) is nonempty. Indeed, by (A.1) the
vectors Vgi(x, a), i {1,. , m}, are independent. Hence, by the implicit function
theorem (Schwartz (1967)), there exists a neighborhood V of a and a continuous
mapping o V-/(x, r’) such that o(a) x and, for all a V, one has g(o(a), a)
g(x, a) Q. This ends the proof of the claim.

We now claim that there exists a neighborhood V’ of a, V’c V, such that, for
all a e V’, the element x(a) defined before satisfies IIx(a)- xll r’. Clearly, the proof
of the claim will end the proof of the lemma. Recall that f is k-Lipschitzian on
/(x, r’)x V. Let V= Vf’lB(a,r’2b/16k) and let r/>0, q<min{r’/2, r’2b/16k}.
Then, for all x 1, x2 B(x, r’) satisfying IIx2- xlll < r/, for all a V, one has:

f(x’, a)-f(x2, a) <- k[/+ d(a, a)]<r’2b/8.

Furthermore, the multivalued mapping a --> F(a) {x /(x, r’)lg(x, a) Q},
from V to n, is upper semicontinuous, with compact values. Hence, there exists a
neighborhood V of a, Vc V, such that, for all a 6 V,, F(a)c B(F(a), r/) and
(from the continuity of ) o(a)6 B(x, l).

Let V’= V (’l V t"l V CI V. We now show that V’ satisfies the conclusion of the
lemma. Recall that, for all a V’, (a) F(a); thus, from the definition of x(a), one
deduces that:

f(p(a), a)>--f(x(a), a).

On the other hand, for all a V’, x(a)F(a)c B(F(a), /). Hence, there exists
yOe F(ao) such that Ily-x(a)ll < ,/. By Lemma 3.3, one has:

f(yO, ) >_ f(xo, o) / b[lyo_ xo[l.
Summing up the two above inequalities, for all a e V’, one gets:

blly-xll2<=f(o(a), a)-f(x, a)+f(y, a)-f(x(a), a).

Let us recall that, for a V’, IIo(a)-xll < ,/ and Ily-x(a)ll < r/. Hence, from the
above inequality and the inequality defining /, one gets blly-xll2<=r’2b/8+ r’2b/8.
Thus, Ily-xll < r’/2, and IIx(a)-xll <-IIx(a)-yll+ Ily-xll <= q+ r’/2 < r’. This
ends the proof of the claim and the proof of the lemma.

In the following, we denote by Dg(x, a)* the n x m matrix whose columns are
Vgi(x, a) (i 1,. ., m), i.e., the transpose of the m x n matrix Dg(x, a).

LEMMA 3.5. Let e be a positive real number. There exist a positive real number k3
and neighborhoods U3 of x, U3 U, V3 of a such that, for all (x, a) U3 x V3, the
matrix Dg(x, a Dg(x, a )* is nonsingular and the mapping o U X V --> m defined by

o(x, a)=[Dg(x, ot)o Dg(x, 0):]-1 Dg(x, a)Vf(x, a),

satisfies the following properties:

((X2, a2)--(O(X 1, otl)l]k3[[lx2-xlll+d(o 2, al)] forall (X 1, tl), (X2, t 2) in U3X V3;

lifo(x, a)-o(x, a)ll<-e, forall (x, a) U3x V3.

Proof. The proof is a straightforward consequence of the independence Assump-
tion (A.1), using the fact that the mappings Vf( .,. ), Vg( .,. (i 1,. ., m) are locally
Lipschitzian and that the mappings A(A A*)-lo A, defined on the set of m x n
matrices of maximal rank, is infinitely differentiable, and hence locally Lipschitzian.
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Proofof Theorem 2.1. Let c > 0, p > 0 be the constants defined by (A.2) and (A.3).
From (A.4), c > 1111" IIDg,(x, ,,)I1’. Hence, there exist c’ (0, c) and e > 0 such that

(3.2)

Let > 0 be the constant defined by Lemma 3.2; without any loss of generality,
we can suppose that e < 3. From (A.0), there exist a positive real number k and
neighborhoods Uo of x, Uo c U, Vo of a such that all the mappings g(.,. Dg(.,.
and Vf(., .) are k-Lipschitzian on UoX Vo. Furthermore, let U1, V1 (resp. U2, V2 and
U3, V3) be the neighborhoods of x and a associated, in Lemma 3.1 (resp. Lemma
3.2 and Lemma 3.5) with the constants c’ and e as defined above.

Now, by Lemma 3.4, we associate with U’= Uofl U1 f’l U2(’l U3 a positive real
number r’ and an open neighborhood 17’ of a. We take V’= Q f’l Vofq V1 ’) V2 0 V3.

Let a 1, O 2 be two elements in V’. By Lemma 3.4, there exists a minimizer of P(a 1)
(resp. P(a2)) in B(x, r’) not necessarily unique, that we denote by x (resp. x2). By
Lemma 3.1, let A R" (resp. A 2 Rm) be the Kuhn-Tucker multiplier associated with
x (resp. x2), i.e., such that (xh, A h) (h 1, 2) satisfies the first order necessary condition
at a h"

-Vf(xh, a h)= Dg(xh, t h).A h,

g(xh, ah) Q and Ah No(g(xh, ah)).

To end the proof of the theorem, it suffices to show that
and IIx =- x ll--< Kd(t2, 31), where K is a positive real number independent of the
choice of a 1, c2 in V’.

From the first part of the first order necessary condition and Lemma 3.5, for
h 1, 2, the matrix Dg(xh, a h)o Dg(xh, ah). is invertible and one deduces that:

Xh=-[Dg(xh, olh) Dg(xh, cr.h)*]-lDg(x h, ah)Vf(xh, ah)(=Cp(Xh, o/.h)),

(3.3) II,=-,’ll <- k[llx=-x’ll+ d(
(3.4)

From (3.4) and from Lemma 3.2(b), one deduces that:

[llx,ll
(3.5)

Furthermore,

(3.6)

where

> -,[llDg,(xo, )11 + l-IIx= xlll -
-2k,_llx2-x’lld(, a 1)- 2kEd(c 2, 01)2

(a2- a 1, g(x2, a2)_ g(x 1, a 1)} A + B + C,

A (A 2 a 1, g(x2, c2) g(x2, oe 1)},

B=(-A 2, g(x al)-g(x2, oel)-g(x1, a2)+g(x:, a2)},

C--(-,. 1, g(x:, al)_ g(xl, 1))q_ (_,2, g(x 1, a2)_ g(x2, c2)),
and we consider successively each one of the three terms. From (3.3), using the
Cauchy-Schwarz inequality and the fact that g is k-Lipschitzian on U’x V’, one gets:

(3.7) A<-k k3[llx=-x’ll+d(,, a’)]. d(c, a’).
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By (3.4) the multiplier h 2 is bounded by [[h[[ + e; hence, from Taylor’s theorem,
using the Cauchy-Schwarz inequality, one gets"

B <-[IIAII / ]llx2- xlll Dg(x2+ t(xl-xZ), a) at- Dg(x + u(xZ-x), az) du

Upon performing the change of variable 1 u in the second integral, and using the
fact that the derivative Dg(.,.) is k-Lipschitzian on U’x V’, one gets:

B<=[llAll/]llx=-xlll IlDg(x2/ t(x-x2), l)-Dg(x2/ t(x’-x2), )ll dt,

(3.8)
B kEllzll + ]llx=- xllld( =,
From Taylor’s theorem, one has:

C=<-X Dg(x1, ’)(x2-x’)>+ <-A, Dg(x, )(x’-x))
(1 t) A D2gi(x 1)+ t(x- x), dt (x- x), (x- x

2 2
X
2 2) X

2
X X

2
X(1-t) LX,Dg,( +t(x-x), at ),(

i=1

From the first order necessary condition, Taylor’s theorem, and using the fact that
f(., .) is k-Lipsehitzian on U’x V’, one gets"

(-x 1, Dg(x1, )(x:_ xl))+ (_X: Dg(x, :)(xl_ x:))
-(Vf(x:, :) Vf(x ), x:-x’)

_(Vf(x2, 2)- Vf(x2 1), X2_X1)_(Vf(x2, 1)_Vf(x1, 1), X2_ X1)

D:f(x + t(x

_
xl), 1) at (x- x), (x:- x)

One easily gets (by performing the change of variable 1 u) that"

f(x+(x-x,lat= (-uf(x+u(x-x,u.

Hence

DZf(x+t(xZ-x),al)dt (1-t)D-f(x+t(xZ-x),a)dt

+ (1-u)DZf(xZ+u(xl-x2), o 1) du.

From (3.4), A h /(Ao, 5) (h 1, 2). Hence, from Lemma 3.2(a) and the above equalities
and inequalities

C kd(a, I)IIX2--XIII

(3.9) -2 (1-t)[c’llx2-x’ll2-k, llx x’lld(a, al)-/ld(a2, a dt,

C -c’x- x’ll + (k + kl)llx- xllld(a, a ’)+ k,d(a, a ’).
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Let b= c’-p[llA/ll + ][llDg,(x, )11 + ]=; then, from (3.2)one has b >0. From (3.5),
(3.6), (3.7), (3.8), (3.9), there exists a positive real number k’ such.that:

bllx-x’ll<-_ k’d(a =, a ’)[ IIx-x’ll + a(, 1)].
Let K =max {2, (2k’)/b}. Then, from the above inequality, one easily deduces

that x-- xlll-< gd(,, , ), and, from (3.3), IIx =- x ill <-_ (k / Kk)d(,, , 1). This ends
the proof of the theorem.

We now give the proof of Corollary 2.3.
Proof of Corollary 2.3. Let (x, a, Ao) satisfy the assumptions of Corollary 2.3

and let:

I+(x, a) {i I(x, a)lA,.> 0}, Io(x,)--{iI(x,cr)lA--O},
J(x, a) {i {ml + 1,..., m}lg,(x, c) < 0}.

For a P, we consider the following problem:

s()

minimize f(x, a

subject to gi(x, a)=O, i{1,..., ml}U/+(x, c),
gi(x, a)<--O, iIo(x, a),
xeU.

Clearly S(a) is a problem of type P(a) with Q--{O}Px(-R+) q, where p=
card I/(x, a)+ ml and q =card Io(x, a). If we let o be the vector in Rp+q with
coordinates =Ai, for e{1,... ml}UI(x,a), then (x, ct, [o) satisfies the
assumptions of Theorem 2.1. Furthermore, (x, a, o) satisfies the necessary condition
(2.2) associated with g(a), since (x, a,A) satisfies the necessary condition (2.2)
associated with S(a). Consequently, from Theorem 2.1, there exist open neighbor-
hoods U1 of x in U, V1 of a in P and Lipschitzian mappings x(. )’V1--) U1 and
(" )" V1 --) RP+q such that x(to) xo, (co) o and, for all c e V1, the pair (x(a), (c ))
satisfies the necessary condition (2.2) associated with problem S(a). We let now
A(.)" V1--) N" be the mapping defined by A,(() [,(a) for ie{1,..., ml}U I(x, a)
and A(a) =0 for ieJ(x, a). Since, for all ieI+(x, a), A(a) A,. > 0 and, for all
ieJ(x, a),g(x, a)=g(x(a), a)<0, from the continuity of the mappings
A (-), x(. and gi(., .), there exists an open neighborhood V2 of a in V such that,
for all a in V_, for all e/+(x, a), A(a) > 0 and, for all J(x, a), g(x(a), a) < O.
Consequently, one easily checks that, for all a e V, (x(a), A (()) satisfies the necessary
condition (2.2) associated with problem S(c).

It now remains to show that there exist neighborhoods V’ of a in V2 and U’ of
x in U such that, for all a e V’ and all x U’, x x(a), satisfying g(x, a)=0 for
ie{1,...,m} and, gi(x, a) <-- 0, for ie{ml+l,"’,m}, then one has f(x,a)>
f(x(a ), a ). We prove this assertion by contraposition. Assume that there exist sequences
{xk}cu and {ak}c V’ such that {xk}-)X,{ak}-)a and, for all k, xk
x(ak),gi(xk,ak)-O for ie{1,..-,m}, g(xk,a k)<-O for i{ml+l,...,m} and
f(xk, ak)<--f(x(ak), ak). Without any loss of generality, one can assume that (xk-
x(,))/llx-x(,)ll converges to some element h in N" such that Ilhll- 1.

From the mean value theorem and the continuity of Vf(-,.) and Vg(.,.) at
(x, a) one has, for i= 1,..., m,

(Vf(x, a), h)= lim [f(xk, ok)--f(x(o k) ok)]/llxk--x(ak)ll
(3.10)

(Vg,(x, a), h)= lim [g,(xk, ak)--g,(x(ok),
k--)
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From the very definition of the sequences {xk} and {t k} and recalling that from the
first part of the proof, gi(x(ak), C k) =0, {1," ’, ml}t3/+(x, a), one deduces from
(3.10) that

(Vf(x, ao), h) -<_ 0,

(3.11) (Vg,(x, ao), h) 0, 1, , ml,

(Vg(x, a), h) <=O, I+(x, a).
Since (x, h o) satisfies the necessary condition (2.2) associated with S(ao), one gets

(3.12) (Vf(x, a), h)+ Y A,.(Vg,(x, c), h)=0.
{1,...,ml}LJ I+(x,oO)

From (3.11) and (3.12), since A>0, for i I+(x, a), it follows that the inequalities
in (3.11) are in fact equalities. Hence, by (C.2) one gets

(3 13) DEI(x, a)h+ 2 o 2AiD gi(x, a)h, h >0.
i=1

We end the proof of the corollary by contradicting (3.13). Denote Lk(X)=
f(x, ak)+__ A(a)g(x, ak). From Taylor’s theorem and from the continuity of
D2f(., and D:g(., at (x, a)

0 2 01 DEf(xO aO)h + y A,D g,(x, a)h, h
2 i=1

Ion( Ikoolim (1-t) D2Lk[x(ak)+ t(xk--x(ak))] i’i_ ii  _x<  il dt

lim [Lk(xk Lk(x(ak))-<VL(x(a k)), Xk X(a )>]/IIx x() ,
k-

where

x x(,)
h lim IIx-x()ll"

Since (x(a),A(a)) satisfies the necessary conditions (2.2) associated with S(c),
then VLk(x(a))=0, A(c)gi(x(a), a)=0, for all ie{1,...,m} and A(ak) _--> 0,
for i{ml+l," ", m}. Consequently, Lk(X(O))--f(x(a)) and Lk(xk)=
f(x)+E=l A(a)g(x, ok)<=f(xk). Hence, for all k,

Lk(Xk) Lk(X(a k)) (V Lk(X(a’)), Xk X(ak)) <-- O.

Dividing the above inequality by [[xk x(a k)[[2, passing to the limit, when k- oo,
from the above equalities one deduces that:

0 2 a)h,h NODEf(x, ao) h + , A D g, (x,
i=1

which contradicts (3.13). This ends the proof of the corollary.
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ANALYSIS OF THE PERIODIC LYAPUNOV AND RICCATI
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Abstract. A new proof is given of the following result: a periodic Riccati equation admits a unique
positive semidefinite periodic solution and the solution is stabilizing if and only if the underlying system is
stabilizable and detectable. The proof hinges on the decomposition of the Riccati equation induced by the
system canonical decomposition. The solution structure is therefore naturally pointed out.
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1. Introduction. As is well known, the necessary and sufficient condition for the
existence of a positive semidefinite solution of the time-invariant Riccati equation is
stated in terms of stabilizability and detectability of the underlying (time-invariant)
linear system. This fundamental fact was first proved by Wonham via quasi-linearization
techniques 1 ]. An important alternative proof, based on the analysis of the associated
Hamiltonian matrix, is due to Kucera [2]. The possibility of extending the above result
to the periodically time-varying case, in order to solve many important periodic
estimation and control problems, was considered by Hewer in [3] and by Kano and
Nishirnura in [4]. Precisely, Hewer adopted the quasi-linearization approach while
Kucera’s line of reasoning was followed by Kano and Nishimura. However, some
preliminary yet basic results of [3] turned out not to be technically sound [5]. In
particular, the very notions of stabilizability and detectability for linear periodic
systems, introduced by Hewer in [3] and set then by Kano and Nishimura at the basis
of their development, were not clearly related either to their original definitions or to
the asymptotic stability of appropriate parts of the Kalman canonical decomposition
(if any) of the periodic system at hand. These various issues have only recently found
a satisfactory clarification [6]-[8], so that, in retrospective, Kano and Nishimura’s
paper can now be looked at as a valid extension to the periodic case of the basic
Wonham-Kucera theorem recalled at the beginning of this introduction.

The main purpose of this paper is to provide, for the periodically time-varying
case, a totally new and alternative proof of the Wonham-Kucera theorem. Our proof
is based on the canonical decomposition of the periodic Riccati equation induced by
the Kalman canonical decomposition of the underlying periodic dynamical system.
Besides admitting an easy yet fairly deep system-theoretic interpretation, this proof
does not require any simplifying assumption on the eigenvalues of the monodromy
matrix of the associated Hamiltonian system. Last but not least, our approach, when
specialized to the time-invariant case, does obviously provide a third and novel proof
of the Wonham-Kucera theorem.

The paper is organized as follows. Preliminarily, in 2 we study the action on the
periodic Riccati equation of a state-space nonsingular transformation performed on

* Received by the editors November 14, 1984; accepted for publication (in revised form) August 23,
1985. This work was supported by the Centro di Teoria dei Sistemi of the CNR (Milano) and by M.P.I.

f Dipartimento di Elettronica, Politecnico di Milano, 20133 Milano, Italy.
t Centro di Teoria dei Sistemi of the CNR, c/o Dipartimento di Elettronica, Politecnico di Milano,

20133 Milano, Italy.
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the underlying periodic dynamical system. In particular, the underlying dynamical
system can, without any loss of generality, be assumed to be in the Kalman canonical
form. A corresponding decomposition ofthe periodic Riccati equation is then obtained.
The existence of a periodic solution for a periodic Lyapunov differential equation is
discussed in 3. The so-obtained results, together with the canonical decomposition
of the periodic Riccati equation introduced in 2, are used in 4 to analyse the
structure of periodic solutions to the periodic Riccati equation and to prove the main
theorem.

2. Decomposition of the periodic matrix Riccati equation. Consider the linear
system:

(la) ( t) A( t)x( t) + B( t)u( t),

(lb) y(t)=C(t)x(t)

where A: R -> R"", B R -> R"", C R - Rpx" are continuous functions. We assume
that system (1) is T-periodic, namely:

A(t+T)=A(t), B(t+T)=B(t), C(t+T)=C(t) Yr.

We shall denote by A(t, ’) the transition matrix (generated by A) of system (1).
According to most of the literature on linear periodic systems [9]-[ 11], CI)A( T, 0)

is referred to in the sequel as the monodromy matrix (of system 1 )), while its eigenvalues
are said to be the characteristic multipliers of A. System (1) is asymptotically stable if
and only if the characteristic multipliers of A lie inside the open unit disk. In such a

case, we also say, for short, that A (instead of system (1)) is asymptotically stable.
Associated with (1), let

(2) -(t)-A(t)’P(t)+P(t)A(t)+C(t)’C(t)-P(t)B(t)B(t)’P(t)
be a T-periodic matrix Riccati differential equation the periodic solutions of which
are the principal object of the present paper.

The first part ofthis section is devoted to showing the action on (2) of a nonsingular,
continuously differentiable, T-periodic state-space transformation of (1). Specifically let

(3) (t)=S(t)x(t)
where S is continuously differentiable, S(t) is nonsingular and equal to S(t + T), for
all t. It is well known that (3) carries system (1) into

( t) ,( t):( t) + (t)u( t), y( t) (t),(t)(4)
with

.( t) S( t)A( t)S( t) -1 + ;( t)S( t) -1,
(t)=S(t)B(t),
(t)=C(t)S(t)-1.

Being A, B, C continuous and S continuously differentiable, A, B, C are also con-
tinuous. Moreover, the periodicity of A, B, C and S entails the periodicity of ,/, .
Therefore, the Riccati differential equation

(5) -P(t) (t)’P(t)+ P(t)A(t)+ (t)’(t)- fi(t);(t)(t)’(t),
associated with system (4), is T-periodic as well. Now, the question is what are the
relationships between the T-periodic solutions of (5) and the T-periodic solutions of
(2). The answer is given by the following theorem, the proof of which is omitted, as
the theorem is straightforward.
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THEOREM 1. 15 is a T-periodic solution to (5) if and only ifP S’S is a T-periodic
solution to (2).

COROLLARY 1. Since S is nonsingular, P S’PS establishes a bijective correspon-
dence between the positive semidefinite T-periodic solutions of (2) and the positive
semidefinite T-periodic solution of (5).

In view of Corollary 1, the existence of positive semi-definite T-periodic solutions
of (2) can be investigated by looking at the equivalent S-transformed equation (5). In
particular, reference can usefully be made to any state transformation S which brings
system (1) into a canonical form. In [12] it is proven that, for any periodic system
with continuous coefficients, a periodic state-space transformation does exist yielding
a system in the Kalman canonical form.

In conclusion, there is no loss of generality in assuming that system (1) is in
canonical form, i.e. that matrices A, B and C conform to the following zero-nonzero
pattern:

All(t) A2(t) 0 0

[--A(t) 0 q 0 A22(t) 0 0
(6a) A( t)

LAo(t) Ao(t) A3(t) A32(t) A33(t) A34(t)
0

(6b)

A42(t) 0 A44(t)

(6c) C( t) Co( t) 0] lUll(t) C22(t) 0 0].

Of course, the pair (Ao, Co) is completely observable while the pair (A. Br), where

kAa,(t) Aaa(t)
Br(t)--

Baa(t)
is completely reachable. For more information on the structural properties of periodic
systems, the interested reader is referred to [7].

In the following we analyze the partition of the generic symmetric solution of (2)
induced by the Kalman canonical structure of (1). With reference to the system
decomposition into the observable and nonobservable parts, any symmetric solution
of (2) can be given the form"

[ Po(t)rio(t)](7) P(t) /3o(t), /So(t)
where Po(t) and Ao(t)(Po(t) and Ao(t)) are square matrices of the same dimensions.
The matrix Po(t) will henceforth be referred to as the observability submatrix of P(t).
Furthermore, referring to (6), let

(8) P(t)=[Pij(t)]i.j=,.2,3.4, Pq(t) Pji(t)’

where, for any 1, 2, 3, 4, P.(t) and A.(t) are square matrices ofthe same dimensions.
Then it should be apparent that

[ Pll(t) P12(t) ] ffo(t)=[ Paa(t) P34(t) ](9a) Po(t)
PiE(t)’ PEE(t) Pa4(t)’ P44(t)

[P13(t) P14(t)](9b) Po(t)
PEa(t) PE4(t)
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In view of this two-level canonical decomposition of P, a corresponding two-level
decomposition of (2) can be obtained.

The coarser decomposition is as follows"

-[ao( t) Po( t)Ao( t) + o( t)fio( t) + Ao( t)’Po( t) + .o( t)’o( t)’ + Co( t)’Co( t)

(10a) -Po( t)Bo( t)Bo( t)’Po( t) Po( t)Bo( t)Bo( t)’ff’o( t)’

ffo( o( Bo( )’Po( -/3o(t)/o( B-o( t)’/3o(t)’,
-/o(t) =/50( t)o(t) + Ao( t)’/3o(t) + o( t)’/5o(t)

(10b) Po( Bo( Bo( )’ ff’o( Po( Bo( B-o( )’-o( )’

-Po(t)/o( t)Bo( t)’/3o(t) -/3o(t)/o(t)/o( t)’Po(t),
-Po( t) Po( t)Ao( t) + Ao( t)Po( t)’

(10c) -/50( t)’Bo( t) Bo( t)’o( t)- o( t)’Bo( t)o( t)’Po( t)

-Po( t) B-o( t) Bo( t)’o( t) Po( t) B-o( t) /o( t)’/5o(t).
As for the finer decomposition, we shall consider only the subset of equations which
corresponds to the elements of Po(t); namely"

-(t) P(t)A(t) + All t)’Pll (t) + P13( t)A3(t)

(lla)
+A3,( t)’P13(t)’+ C,1( t)’ C, 1(t)

-P,l(t)B,(t)B,,(t)’P,,(t)- P1,(t)B,,(t)B33(t)’P13(t)’

-P13(t) B33(t) B,I( t)’P, 1( t)- P,3(t) B33(t) B33( t)’P13 (t)’,

-[:’=(t) P(t)A=(t)+ P=(t)A=2(t)+ A,,(t)’P=(t)+ P,3(t)A32(t)

(11b)
/ P14( t)A42(t) / A31( t)’P23( t)’+ C,l( t)’ C22(t)

-Pll( t)na(t)B( t)’P,=( t) P(t)B,( t) B33(t)’P3(t)’

-P3(t)B33(t)B,,( t)’P12(t) P,3(t) B33(t)B33(t)’P23 (t)’,
-1622(t) P12(t)’A,2(t) + P22(t)A22(t) + A,2(t)’P,2(t) + A22(t)’P22(t)

+P23( t)A32(t) + P24( t)A42(t) + A32( t)’P23(t)

(11c) -+’A42( )’P24( "4r C2( )’C2(

-P2( t)’B11(t) Bl1( t)’P,2(t) P,2( t)’B1, (t) B33(t)’P23 (t)’
-P23(t) B33( t)B,,( t)’P12(t) P23(t) B33(t)B33(t)’P23 (t)’.

3. Periodic solutions of the periodic Sylvester matrix differential equation. This
section deals with the T-periodic solutions of a T-periodic matrix differential equation
of the form
(12) -((t) M(t)Q(t)+Q(t)N(t)’+ W(t)
where M R- Rhxh, N R Rkk and W R Rhk are given continuous and T-
periodic functions. When h k and M N, (12) is a Lyapunov differential equation.
Besides its independent interest, the result stated below as Theorem 2 plays a crucial
role in the next section, where the existence of periodic solutions to the periodic matrix
Riccati differential equation are thoroughly investigated.

THEOREM 2. IfM and N are asymptotically stable, then
i) equation (12) admits a unique T-periodic solution;
ii) under the additional assumption h k, M N, W(t)= W( t) ’<- 0 for all and

W( t) 0 for some t, (12) does not admit any positive semidefinite T-periodic solution.
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Proofof (i). For any matrix H, define vec (H) as the vector obtained by composing
in a single column all columns of H taken in their natural ordering; furthermore, let
q(t) vec (Q(t)), w(t) vec (W(t)).

It is well known [13] that (12) can be rewritten as follows"

(13) -dl(t)=(Ik(R)M(t)+ N(t)(R)Ih)q(t)+ W(t),

where (R) denotes the Kronecker product and / is the j xj identity matrix. First, we
show that tv( t, 0) (R) b4( t, 0) is the transition matrix of system (13). In fact, s(0, 0) (R)
tk(0, 0)= Ik(R) Ih Ihk and, also in view of the "mixed product rule" [13, p. 24],

__d (rv(t, 0)()M(t, 0))= N(t, 0)(M(t, 0)+ v(t, 0)()@M(t, 0)
dt

dp(t, O)(R)(M(t)C’M(t, O))+(N(t)C’v(t))(R)C’lw(t, O)

=(Ik(R)M(t))(tI’rv(t, O)(R)(t, 0))

+ N( t)(R) Ih)(( t, O)(R)( t, 0))

(Ik(R) M(t)+ N(t)(R) Ih)(OPv(t, O)(R)’I4(t, 0)).

As for the monodromy matrix of system (13), recall that the eigenvalues of ,( T, 0)
and b(T, 0) lie, by assumption, in the open unit disk. Since the eigenvalues of the
Kronecker product are given by the product of any pair of eigenvalues of the two
factors, the conclusion can readily be drawn that system (13) is asymptotically stable.
Hence, the T-periodic solution forced by W exists and is unique [10].

Proof of (ii). The line of reasoning adopted here is similar to the one developed
in 14] to extend the so-called Lyapunov Lemma to the periodically time-varying case.

For any V" R Rhxh such that W(t) V(t) V(t)’, for all t, consider the Kalman
canonical decomposition of the pair (N, V) into the reachable and unreachable parts:

N( t)
Nr( t) Nr( t)

V( t)
Vr( t)

0 N,(t) 0

Any possible solution of (12) can of course be partitioned accordingly, i.e."

Q,( t) Q,( t)
Q( t) Or(t)’ Or(t)

Thus (12) splits into"

--r(t)-- Nr(t)Qr(t)-F Qr(t)Nr(t)’- Vr(t) Vr(t)’+ ](t)r(t)+ (t)(t)’,
-Qr( t) Nr( t)Or( t) + Qr( t) Nr( t)’ + Nr( t)Q,( t),

-Qr(t) N,(t)Qr(t)+ Qr(t)Nr(t)’.

By applying part (i) of this theorem to the last equation and recalling that N (whereby
N, and N,) is by assumption asymptotically stable, the conclusion can be drawn that
the unique positive semidefinite T-periodic solution is Qr--0. The same argument
applied to the second equation leads to recognizing that the unique positive semidefinite
T-periodic solution of (12), if any, must be of the form:

Q(t)=[Qr(t O]0 0

where Q(t) is a positive semidefinite T-periodic solution of

--((t) Nr(t)Qr(t)+ Q(t)Nr(t)’- V(t) V(t)’.



PERIODIC LYAPUNOV AND RICCATI EQUATIONS 1143

The remainder of the proof is meant to show that assuming the existence of such a
solution leads to an unavoidable contradiction. In fact, let

G= Nr(t, O) V(t) V(t)’rr(t, 0)’ dt.

By a well-known resolution formula for the Lyapunov equation [15], one gets

G ,( T, O) Q,(O)ONr( T, 0)’- Q,(O).

Let now Z be an eigenvalue and z an associated nonzero eigenvector of O,(T, 0).
Denoting by a star the conjugate transpose, elementary manipulations yield z*Gz
([Al2-1)z*Q,(O)z.

Since, by assumption, [A[ < 1 (N is asymptotically stable) and a positive semi-
definite Q, exists, the corresponding value of the right-hand side must be nonpositive.
As for the left-hand side, recall that the pair (N. V) is completely reachable (or,
equivalently, controllable) only if V,(t)’,(t, 0)’z=0 a.e. in [0, T] implies z=0 [7].

Since z*Gz=J IlVr(t)’Nr(t, 0)’zll = dt, by complete reachability the conclusion
must be drawn that z*Gz > 0. The contradiction completes the proof of (ii).

4. Periodic solutions of the periodic matrix Rieeati equation. In this section,
necessary and sufficient conditions for the existence of a unique positive semidefinite
T-periodic solution of (2) are obtained in terms of stabilizability and detectability of
system (1). It has recently been proved [12], that several different yet equivalent
characterizations exist of stabilizability and detectability for linear periodic systems.
Exactly as in the time-invariant case 1] one of the most interesting characterizations
refers to the Kalman canonical decomposition.

Precisely [12], a T-periodic continuous matrix function K:R Rmxn such that
A+ BK is asymptotically stable exists if and only if the uncontrollable part of system
(1) is asymptotically stable (stabilizability).

Dually, a T-periodic continuous matrix function L" R Rnxp such that A-LC
is asymptotically stable exists (whereby an asymptotic periodic state-reconstructor can
actually be designed [12]) if and only if the unobservable part of system (1) is
asymptotically stable (detectability). The main results of this section are visualized in
Fig. 1. They can be stated as follows.

THEOREM 3. If the unreachable and observable part ofsystem (1) is asymptotically
stable, then the Riccati differential equation (2) admits a positive semidefinite T-periodic
solution P R R"". If, in addition, system (1) is in Kalman canonicalform, then, only
the observability sub-matrix Po of this solution is different from zero and Po( t) is positive
definite for all t.

THEOREM 4. The periodic Riccati differential equation (2) admits a unique positive
semidefinite periodic solution P R R and A-BB’P is asymptotically stable if and
only if system (1) is stabilizable and detectable.

As is shown in Fig. 1, two preliminary lemmas (Lemmas 2 and 3) are needed, in
addition to Theorem 3, to prove Theorem 4. On the other hand, to prove Lemma 2,
one more lemma (Lemma 1) is needed which in turn stands on one of the Shayman
"Inertia Theorems" 16]. The proof of Theorem 3 appeals to the same Inertia Theorem
mentioned above, to Theorem 2 and to a third result, proved in [17]. The Shayman
Inertia Theorem used in the sequel is reported below, without proof, for easy reference.

INERTIA THEOREM. If system (1) is completely observable and the matrix Riccati

differential equation (2) admits a symmetric T-periodic solution P R R", then, for
each t, P( t) is nonsingular and the number ofpositive eigenvalues ofP(t) is equal to the
number of characteristic multipliers ofA- BB’P lying in the open unit disk.
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BCG THEOREM. If system (1) is completely reachable and completely observable,
then

i) there exists a positive definite T-periodic solution P of equation (2);
ii) no other positive T-periodic semidefinite solution of equation (2) may exist

different from P;
iii) A- BB’P is asymptotically stable.
A proof of the BCG theorem can be found in [17]. It consists of two distinct

theorems, corresponding to points (i) and (ii), (iii), respectively, of the statement
above. Since the proof of (i) [17, Thm. 1] is somewhat sketchy, a more complete
proof is given in the Appendix.

LEMMA 1. If system (1) is detectable and in Kalman canonical form, then the only
nonzero element of the canonical decomposition (7) ofany positive semidefinite T-periodic
solution of equation (2) is Po( t). Furthermore Po( t) is positive definite, for all t.

Proof. Referring to the canonical decomposition (7) of any possible T-periodic
solution P of (2) and letting

F(t) =/3o(t)Ao(t) / o(t)’/3o(t)’- Po(t)Bo(t)B-o(t)o(t)’
Fo( t)B-o( i)Bo( t)’Po( t)- o( t)B-o( t)o( t)’o( t)’,

G(t) =/3o(t)Ao(t) + Ao( t)’]3o(t) + o( t)’/5o(t)
-Po( t)Bo( t)Bo( t)’Po( t) Po( t)Bo( t)Bo( t)’Po( t)’

-Po( t) Bo( t) Bo( t)’Po( t)- Po( t) Bo( t) Bo( t)’Po(t),

H( t) Bo( t)’Po( t) / Bo( t)Po( t),

the corresponding decomposition (10) becomes

(14a)
-’o( t) Po( t)Ao( t) / Ao( t)’Po( t) / Co( t)’ Co(t)

-Po(t)Bo(t)Bo(t)’Po(t) / F(t),

(14b) -Po( t) G( t),

(14c) -/So(t)= o(t),o(t)+,o(t)’o(t)-H(t)’H(t).

Thanks to the detectability assumption, Ao is asymptotically stable. Hence, by Theorem
2(ii), should H be not identically zero, (14c) would not admit any positive semidefinite
T-periodic solution. Therefore, all positive semidefinite T-periodic solution of (2) must
be such as to make H 0.

In view of Theorem 2(i), the only p,ositive T-periodic solution of (14c) is then
Po 0, whereby P(t) _-> 0 for all implies Po 0. Finally, Po 0 and Po 0 imply F 0
so that (14a) formally conforms to (2). In view of the Inertia Theorem, the complete
observability of (Ao, Co) implies that all positive semidefinite T-periodic solutions of
(14a), being nonsingular, are in fact positive definite, for all t.

LEMMA 2. Assume that system (1) is detectable and P is a positive semidefinite
T-periodic solution of (2); then A- BB’P is asymptotically stable.

Proof. Assuming, without loss of generality, that system (1) is in Kalman canonical
form; any positive semidefinite T-periodic solution P of equation (2) must, by Lemma
1, be such that

A( t)- B( t)B( t)’P(t) [Ao( t)- Bo( tBo(, t)’Po(t)
Ao(t)
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where ? denotes a block we do not consider specifically.
Detectability of (1) implies that Ao is asymptotically stable. On the other hand,

the Inertia Theorem applied to (14a) ensures that Ao- BoB’oPo is asymptotically stable.
Hence the lemma is proved.

LEMMA 3. If system (1) is detectable, there cannot be more than one positive
semidefinite T-periodic solution of (2).

Proof. By contradiction, suppose that (2) admits two positive semidefinite T-
periodic solutions p1) and p(2). Let

p(12) (t) p(1)(t) p(2)(t),

A( t) A( t) B( t)B( t)’P(O( t), 1, 2.

Obviously, p(12) is T-periodic and satisfies the equation:

(15) __p(12)(t) A(1)(t)’p(12)(t) + p(12)( t)A(2)(t).

By Lemma 2, A(1) and A(2) are asymptotically stable. Hence, Theorem 2(i), applied
to (15), leads to concluding that the only T-periodic solution is P(12)=0, namely
p(1) p(2).

Proof of Theorem 3. Without loss of generality, we can assume, since the very
bc_ginnin.g, that system (1) is in Kalman canonical form. It is easy to check, then, that
(Po=0, Po=0) is a T-periodic solution_ of equa.tions (10b) and (10c).

As for equation (10a), setting Po 0 and Po 0 yields

(16) -o( t) Po( t)Ao( t) + Ao( t)’Po( t) + Co( t)’Co( t) Po( t) Bo( t) Bo( t)’Po( t).

Consider, then, the finer decomposition (11) of equation (16) induced by the
Kalman canonical form of system (1):

-[:’l(t) P(t)A(t)+ A(t)’P1 (t) + Cll(t)’CI (t)
(17a)

Pll(t) B11 (t)B,,( t)’P11 (t),

-/2(t) P2( t)A2( t) + [A,l( t) B,,( t)Bl,( t)’Pl,( t)]’P2( t)
(17b)

+P(t)A2(t)+ C(t)’C22(t),

-1622(t) P22( t)AE2(t) + 322( t)’P22(t) + PiE( t)’A12(t)
(17c)

+ A12( t)’P12(t) + C22( t)’ C22(t) P12( t)’B11 (t)B11 (t)’P,2(t).

Since (AI, Bll) is completely controllable and (All, Cll) completely observable, the
Riccati equation (17a)

(i) admits a unique positive semidefinitc solution Pll,
(ii) P11(t) is in fact positive definite, for all t, and All BllBI’P is asymptotically

stable.
Substituting into (17b) and letting

M(t) JAil(t) Bll t)B,,( t)’P1, (t)]’,

N(t)=A22(t)’,

W(t) Pll(t)A12(t)+ C1,(t)’C22(t),

(17b) takes on the form of (12).
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Since M has already been recognized to be asymptotically stable and the
asymptotic stability of the unreachable and observable part of system (1) implies the
asymptotic stability of N, by Theorem 2(i), (17b) admits a (unique) T-periodic solution

Substituting back into (17c), and now letting

M(t)=N(t)=A22(t)’,

W(t) P12(t)’Al_(t)+ A12(t)’P12(t)+ C22(t)’C22(t)- P12(t)’Bll(t)Bll(t)’P12(t),

Theorem 2(i) enables us to conclude that (17c) as well admits a (unique) T-periodic
solution.

To complete the proof, we have to show that

[P(t) PE(t)]Po(t)
P12(t)’ PE2(t)

is positive semidefinite, for all t. To this purpose consider

Ao(t)- Bo(t)Bo(t)’Po(t)= [Al(t)- Bl(t)Bl(t)’Pl(t)o A12- Bl1(t)B (t)’P12( t)]
A22(t) J

Since both AI-BllBI’PI and A22 are asymptotically stable, all the characteristic
multipliers of Ao-BoBPo lie in the open unit disk.

The Inertia Theorem applied to the Riccati equation (16) leads then to the
conclusion that Po(t) is positive definite, for all t.

Proofof Theorem 4. Again we assume, without any loss of generality, that system
(1) is in Kalman canonical form.

Sufficiency. Stabilizability and detectability of system (1) imply that all the assump-
tions of Lemma 2, Lemma 3 and Theorem 3 are verified (Fig. 1). Hence, it should be
apparent that existence follows from Theorem 3, uniqueness from Lemma 3 and
"feedback stabilization" from Lemma 2.

Necessity. Conversely, the existence of a stabilizing feed back control law based
on a unique positive semidefinite T-periodic solution P of equation (2) obviously
implies that system (1) is stabilizable.

To complete the proof, we only need to show that system (1) is detectable. To
this end, observe first that stabilizability of system (1) implies, in particular, the
asymptotic stability of its observable and unreachable part. Hence, by Theorem 3, only
the observability submatrix Po ofthe unique positive semidefinite solution P ofequation
(2) can be different from zero. Furthermore, Po(t) is positive definite for all t. It is
then easy to see that

[? 0]A-BB’P=
9 fio

Therefore, the asymptotic stability of A- BB’P implies the asymptotic stability of Ao,
namely the detectability of system (1).

5. Concluding remarks. In this paper, a new proof of the (periodic) Wonham-
Kucera theorem has been presented. The proof is entirely based on the canonical
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decomposition of the periodic Riccati equation induced by the Kalman canonical
decomposition of the underlying periodic system. The novel approach enables gaining
a deep insight into the structure of the T-periodic solutions of the periodic Riccati
equation. The extent to which the knowledge of the solution structure can be exploited
from a computational point of view in finding the unique positive semidefinite periodic
solution of a given periodic Riccati equation is an interesting open issue worthy of
further investigation.

Appendix. In this appendix we prove that if system (1) is completely reachable,
then there exists a positive semidefinite periodic solution of (2). In fact, consider the
following optimal periodic control problem.

Minimize

(A.1)

subject to

(A.2)

(A.3)

(A.4)

J= {lly(tr)ll2+ u(o-)ll 2} air

(tr) A(tr)x(tr) + B(tr)u(tr),

y(tr)= C(tr)x(cr),

x(t)=x,.

Let A(t, r, D) be the solution of (2) at time such that A(, r, D)= D.
It is claimed that the limit

(A.5) /5(t) lim A(t, r, 0)

exists and is a T-periodic positive semidefinite solution of (2). Indeed, it is well known
that the optimal value jo of the performance index (A.1) is given by

(A.6) jo It O)xt"x,A(t, ,
From (A.6) it follows that A(t,., 0) is a monotonically nondecreasing matrix function.
Furthermore, since (A(.), B(.)) is completely controllable, there exists a bounded
control function a(. and a time point > such that

7(r)=0 Vr> ,
()=0 v->_ ,

where Y(. is the solution of (A.2)-(A.4) associated with control function g(.).
Hence,

1J= {llC()()ll+lla()ll}

Since jo , A(t,., 0) is bounded from above. Thus the conclusion is drawn that limit
(A.5) does exists. Note that, as A(t, , 0) is positive semidefinite for any and r, P(t)
is also positive semidefinite. Fuhermore, the time periodicity of (2) implies that

a(t + , + , 0) a(t, , 0).

Consequently,

P(t+ T)= lim A(t+ T, , 0)= lim A(t, , 0)= P(t).
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Finally, note that

A( t, , 0) a( t, e, a(, , 0))

for any ? It, -]. Since A(t, z, D) is ditterentiable with respect to D (see e.g. [9, p. 11]),
then

P(t) lim A( t, -, 0) A(t, , lim A(, z, 0)) A( t, , P(?))

for all and ?=> t. Hence, P(t) is a solution of (2).
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ALMOST DISTURBANCE DECOUPLING WITH BOUNDED PEAKING*

HARRY L. TRENTELMAN’

Abstract. This paper is concerned with a generalization of the almost disturbance decoupling problem
by state feedback. Apart from approximate decoupling from the external disturbances to a first to-be-
controlled output, we require a second output to be uniformly bounded with respect to the accuracy of
decoupling. The problem is studied using the geometric approach to linear systems. We introduce some
new almost controlled invariant subspaces and study their geometric structure. Necessary and sufficient
conditions for the solvability of the above problem are formulated in terms of these controlled invariant
subspaces. A conceptual algorithm is introduced to calculate the feedback laws needed to achieve the design
purpose.

Key words, almost disturbance decoupling, almost invariant subspaces, linear systems, geometric
approach, high gain feedback, output stabilization

AMS(MOS) subject classifications. G3-B28, G3-BS0, G3-C05, G3-C15, G3-C35, G3-C45, G3-C60

1. Introduction. In this paper we are concerned with the problem of almost
disturbance decoupling by state feedback as introduced by Willems [20]. This problem
deals with the situation in which we cannot achieve exact decoupling from the external
disturbances to an exogenous output channel as, for example, in [22], but only
approximate decoupling with any desired degree of accuracy. In general, the feedback
gain necessary to achieve this will increase as the desired degree of accuracy increases.
It may then happen however that some of the state variables tend to peak excessively.
It is of considerable practical interest to know when it is possible to achieve disturbance
decoupling within any desired degree of accuracy, while this peaking phenomenon
will not occur.

The system that we will be considering in this paper is given by the equations

Yc Ax + Bu + Gd,

(1.1) z Hx,

z H2x,

where the control u(t), the state x(t), the disturbance d(t) and the outputs z(t) and
z2(t) are real vectors of finite dimensions. We will assume that the vector z2(t) is an
enlargement of z(t), i.e., there is a matrix M such that H MH2. If for any positive
real number e a feedback matrix F, can be chosen such that in the closed loop system
with zero initial condition, for all disturbances d (.) in the unit ball of Lp[O, ) we have

(1.2) IIz ll  <-
then we say that for the system under consideration the Lp-almost disturbance decoup-
ling problem from d to z is solvable. After choosing F to achieve this approximate
decoupling, the output z2(t) of course depends on e and, for certain disturbances d (.),
it may then happen that z=ll ,.o - as e 0, i.e., as the accuracy of decoupling increases.

* Received by the editors April 28, 1983, and in revised form June 1, 1985.

" Department of Mathematics and Computing Science, Eindhoven University of Technology, 5600 MB
Eindhoven, the Netherlands. This research was supported by the Netherlands Organization for the Advance-
ment of Pure Science Research (Z.W.O.).
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As an example, consider the system (1.1) with

A= 0 B= G=
0

H1-" (1 0 0), HE 1
0

Define a feedback matrix F by

It can then be verified that the impulse response from the disturbance d to zl is given
by

+3 9
W e(t):’-" nle(’--JF)tG e-3t/e(1-t+-- t2

k e 282 /

and that Wl, e. Hence, for any 1 -< p -< o, the above feedback matrix F achieves
Lp-amost disturbance decoupling from d to Zl. On the other hand, however, the impulse
response from d to z2 is calculated to be

1+3 9 t2t
e +2e2

W2 (t):= HEeA+a)tG e-3/ 2._7. t2
2e

27 81 t2--- +--and it can be verified that o(1/ e) -> 3 as e -> 0, i.e., we have obtained almost
disturbance decoupling from d to z at the cost of highly undesired peaking behaviour
of the output z(t).

The question which we ask in this paper is this: When is it possible to choose F
such that simultaneously (1.2) holds and there exists a constant C (independent of e)
such that for all disturbances d (.) in the unit ball of Lp[0, ) we have

1.3) z= <-- c
for all e ? That is, the output z2(t) is bounded uniformly as e tends to zero. If this
behaviour is achieved, we say that we have Lp-bounded peaking from d to z2. Problems
of this kind have been considered before. Francis and Glover [3] considered a bounded
peaking problem in the context of cheap control. More recently, Kimura [9] found
conditions that guarantee bounded peaking in the context of perfect regulation. We
will study the above problem using the by now well known concepts of almost controlled
invariant and almost controllability subspace [19], [20]. We will also use the approach
of frequency domain description of geometric concepts as initiated in Hautus [5].

The outline of this paper is as follows. In 2 we will introduce some notational
conventions used in this paper and state some preliminary results and background.

Section 3 contains a description of the main problem we will be concerned with
in this paper. In 4 we will introduce the disturbance decoupling problem with output
stability. This problem is an extension of the (exact) disturbance decoupling problem
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as treated in [22]. Its solution will be needed to solve our main problem, but is also
important in its own right. In 5 we will derive a necessary condition for the solvability
of (ADDPBP)p. This condition will be in the form of a subspace inclusion involving
an almost controlled invariant subspace. Section 6 contains an investigation of the
geometric structure of the almost controlled invariant subspace that was introduced
in 5. In 7 these structural results will be used to prove that for certain classes of
systems the subspace inclusion derived in 5 in fact constitutes a necessary and
sufficient condition for solvability of (ADDPBP)p. The sequences of state feedback
maps that achieve the design purpose will be constructed explicitly. Section 8 contains
some corollaries of our main result and some extensions. In 9 a numerical example
is worked out to illustrate the computational feasibility of our theory. Finally, the
paper closes with some concluding remarks in 10. Several technical details of proofs
in this paper are deferred to Appendices A, B and C.

2. Preliminaries and background. In this section we will introduce some notation
used in this paper and review some relevant facts on controlled invariant and almost
controlled invariant subspaces. Also some basic facts on the convergence of subspaces
will be given.

2.1. In this paper the following notation will be used: If is a normed vector
space, we will write I1" for the norm on . If l" [0, c), is a measurable function,
then we will denote

[[/(t)ll p dt
?-

|ess sup
k. t>o

lip

if 1 =< p < c,

ifp =.

If II/11 < o, we will say that l Lp[O, oo). If M is a square matrix then tr(M) will
denote its spectrum. If A1 and A: are sets of complex numbers then A1 u) A: will denote
their disjoint union. For any positive integer n, we will denote _n := {1, 2, , n}.

Consider the system (1.1). Let u(t) := ", x(t) := ", d(t) :=q, z(t)
Lrl := Rp, and z(t) Lr2 := Rp2. Let A, B, G, H1 and H2 be real matrices of appropriate
dimensions. We will write ’[i := ker Hi (i 1, 2), := im B and AF := A+ BF. The
reachable subspace will be denoted by (A[ ):= d+A +...+ A"-. A collection
of subspaces , 2," ", k will be called a chain in if = : =. = k.
If 0 # b we will denote := span b.

If V c is AF-invariant, the restriction of AF to V will be denoted by AF[
We will write AF I./V or/F for the quotient map induced by AF on the factor space
/V (see [22]). If V and are both AF-invariant and V, then AF[ V/ will
denote the map induced by AF[V on the factor space V/ogr. We define the canonical
projection P" /Vby Px := x + V: If B := PB, then (AF, B) will be called the system
induced in /V. If H" Lr is a linear map and Vc ker H, then H"/VLr is
defined by HP H. A distributionf 9’/ (i.e., the space of finite-dimensional valued
distributions with support on [0, oo)) will be called a Bohl distribution if there exist

N0f/t(i) +f-1 Here f-l(t):= KeLtM,vectors f and matrices K, L, M such that f= Y,i-
(o) denotes Dirac’s delta and (i) its ith distributional derivative, f will be called
regular if f 0 (i 0,. , N) and impulsive if f_ 0.

2.2. We will now review some basic facts from geometric control theory. If c g
is a subspace, then V*(’[) will denote the largest (A, B)- or controlled invariant
subspace in Y{ and *(Y0 will denote the largest controllability subspace in Yf [22].
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IfCg is a symmetric subset ofthe complex plane C (i.e., h Cg:> Cg and Cg contains
at least one point of the real axis), then g*(t) will denote the largest stabilizability
subspace in Y( ([5] or 11 ]).

A subspace //’a c will be called almost controlled invariant if for all Xo l/’a and
for all e >0 there is a state trajectory x(. such that x(0)= Xo and d(,, x,(t))<- e
for all t. A subspace a c will be called an almost controllability subspace if for all
Xo, x Y there is a T > 0 such that for all e > 0 there is a state trajectory x (.) such
that x(O)=xo, x(T)=Xl and d(Ya,x(t))<-e for all t. Basic facts on these classes
of subspaces can be found in [19] or [20] (see also [17]). A subspace a c is almost
controlled invariant if and only if +,, where is controlled invariant and
a is an almost controllability subspace. A subspace a is an almost controllability

k in such thatsubspace if and only if there is a map F"T 07/ and a chain { i}i=l
=I+AF:+’" "+AkF-k. We will say that is a singly generated almost
controllability subspace if there is a map F" % a vector b and an integer k > 0
such that , d03AFd" "03 AkF-L

Again, for Y’c , T’*(YQ will denote the largest almost controlled invariant
subspace in Y" and *(Y{) the largest almost controllability subspace in ’’. We will
denote Rb*(Y’):= + A*(Y’) and T’b*(Y():= T’*(Yc) + b*(Y{). The subspace //’b*(Y’)
plays an important role in the problem of almost disturbance decoupling. In fact, in
[20] the following result was obtained:

PROPOSITION 2.1. Consider the system Ax + Bu, z Hx. Thenfor all e > 0 there
exists a map F’gT-ll such that IIHexp[t(A+BF,)]GII,<-_e if and only if im Gc
T’b*(ker H).

Let Y{ := ker H. The space Vb*(Y{) will be called the space of distributionally weakly
unobservable states with respect to the output z. b*’(Y’) will be called the space of
strongly controllable states with respect to the output z. For this terminology see [6].

A proof of the following result can be found in [1, Lemma 1].
LEMMA 2.2. Let Y{ . Then the following equalities hold"
(i) b*(Y’) f’l Y’-" *(Y{),
(ii) *(:]’) f’) V*(Y’) *(Y0,
(iii) *(Y() f) *(Y{) *(Y0. [3

This paper will sometimes deal with a new system (A, BW), obtained by del.eting
the part of the input matrix B lying in *(Y{). This system is obtained b.y taking =
such that 0] q( f3 o//.,(y/))= and by letting Wbe a map such that =im BW (see
also [1]). The supremal almost controllability subspace contained in Y{ with respect
to this new system (A, BW) will be denoted by *(Y{). We will correspondingly denote
o + A*,(Y[) by *(Y(). The following result follows from [1, Lemma 2]"

LMMA 2.3.

Assume now that T" is (A, B)-invariant. Let F be such that (A + BF)
Let (AF, B) be the system induced in /T" and P"-/V the canonical projection.
We then have the following result:

LEMMA 2.4. Ift is an almost controllability subspace with respect to (A, B), then
Pt is an almost controllability subspace with respect to (AF, B).

Proof Let Pxo and Px be in Pta, with Xo, Xl a. There is a T> 0 and, for all
e>0, a trajectory x(.) such that x(0)= Xo, x(T)=x and d(a,X(t))<=e for all t.
It can be seen immediately that z (t):= Px,(t) is a trajectory of the system (AF, B).
Moreover, z(0)=Pxo, z(T)=Px and d(Pa,z,(t))=infRllPr--Px(t)ll <-
IIPlld(, x( t)) <-_ ellPII.
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We will also need the following proposition, which is proven in [17, Thm. 2.39]
(see also [15] or [16]).

PROPOSITION 2.5. Consider the system Ax + Bu. Leta be an almost controllabil-
ity subspace. Suppose A is a symmetric set of dim (A g)-dim a complex numbers.
Then there is an (A, B)-invariant subspace V and a map F"- such that VO)
(A[) and r(AF] ) A.

To conclude this section, we shall recall some facts on left-invertibility of linear
systems. Again consider the system Ax + Bu, z Hx. Assume that the map B is
injective. We will say that the system (A, B, H) is left-invertible if the transfer matrix
H(Is-A)-IB is an injective rational matrix. The following result was proven in [22,
Ex. 4.4] (see also [6, Thm. 3.26]).

LEMMA 2.6. (A, B, H) is a left-invertible system if and only if *(ker H)= 0. [3

2.3. In the following, we will review some basic facts on the frequency domain
approach to the geometric concepts of this paper. We will denote [s] (respectively,
(s), +(s)) for the set of all n-vectors whose components are polynomials (respec-
tively, rational functions, strictly proper rational functions) with coefficients in R. If
c =R", then 5’’[s] (respectively, 5’[(s), r+(s)) will denote the set of all (s) [s]
(respectively, (s), +(s)) with the property that sO(s) 5’[ for all s. Slightly generalizing
a definition by Hautus [5], if for a given x there are rational functions :(s) (s)
and to(s) (s) such that x=(Is-A)(s)+Bto(s) for all s, we will say that x has a, to)-representation.

For a description of (almost) controlled invariant subspaces in terms of (, to)-
representations, we refer to [5], [12], [13] and [17]. We shall need the following fact:

LEMMA 2.7. Let . Then we have" x *b(7[) if and only if x has a (, to)-
representation with (s) ’’[s] and to(s) a//[s]. U

2.4. Finally, we will recall some facts on the convergence of subspaces. In this
paper we will use the common notion of convergence of subspaces in the sense of
Grassmanian topology. Let {%; e > 0) be a sequence of subspaces of of fixed
dimension. It can be proven that % - (e 0) if and only ifthere is a basis {v, , va}
for V and there are bases {vl(e),’’ ’, Vq(e)} of % such that, for all i, vi(e) vi as
e - 0 (convergence in ). We will need the following lemma, which can be proven by
standard means:

LEMMA 2.8. Suppose Vl, , Vq are independent vectors and v,(e) - vfor all i. Then
for e sufficiently small, vl (e)," ., Vq e) are linearly independent. Consequently, ifV - Vand t’ tV, where V f’) /4/" {0}, then for e sufficiently small % f’) /V {0} and % O)

3. Mathematical problem formulation. Consider the system (1.1). We will assume
that z2(t) is an enlargement of z(t), that is, there is a matrix M such that H1 MH2
or, equivalently,

(3.1) ker H2 =: X2 c ’’ := ker H.
From now on, (3.1) will be a standing assumption. Throughout this paper we will also
assume that B is injective.

Consider the following synthesis problem. Fix 1-<_ p <_-. We will say that the
Lp-almost disturbance decoupling problem with boundedpeaking (ADDPBP)p is solvable
if there is a constant C and for all e > 0 there is a feedback map F" such that,
with the feedback law u Fx in the closed loop system for x(0) 0 for all d Lp[O, ),
the following inequalities hold:

(3.2) zl IIt.,, -<- e d I1,,
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(3.3) IIz=ll CIIdll,
Note that if we take H H, we obtain the original L-almost disturbance decoupling
problem, (ADDP)p, without the requirement of bounded peaking (see [20] or [17]).
Another interesting special case is to take H =/, which corresponds to the requirement
of bounded peaking of the entire state vector.

In the present paper, necessary and sufficient geometric conditions for the solvabil-
ity of the above problem will be derived for the cases p 1, p 2 and p oo. We will
first show how the solvability of (ADDPBP) can be expressed in terms of the closed
loop impulse response matrices from the disturbance d to the outputs z and z,
respectively. If F" q/is a state feedback map, then denote the closed loop transition
matrix by

(3.4) T( t) := e(’+)’

and let

(3.5) ’(s) := (Is-A- BF)-’
denote its Laplace transform. We then have the following:

LEMMA 3.1. Fix p {1, oO}. Then (ADDPBP)p is solvable if and only if there is a
constant C and for all e > 0 a feedback map F" all such that IIn LOlls,-<-e and

IIH= TOII, <= C.
(ADDPBP) is solvable and only if there is a constant C and for all e >0 a

feedback map F such that HT(s)O and H’(s)O are asymptotically stable and such
that sup IIH, L(i,o)Oll <-- and sup IIU=L(i)OII-<- C.

Proof. The proof follows immediately from the fact that for p 1 and for p oo
the L-included norm of the closed loop convolution operator from d to z equals
exactly the L-norm of its kernel, i.e., IIHTGIIL,. The second statement follows from
the fact that the L.-induced norm of the convolution operator from d to z equals the
H-norm supa IlU,(i,o)Oll (see, for example, [23). [3

4. Disturbance fleeoupling with stability constraints. Prior to considerations involv-
ing the peaking behaviour of the enlarged output z2, we should make sure that the
output z2 is in Lv[O, oo) at all. Hence, an important part of the solution of the problem
posed in 3 is to construct the required feedback maps F in such a way that, for any
d L[0, ), in the closed loop system with x(0)= 0 we have z2 Lv[0, co). Therefore,
in this section the following variation on the well known (exact) disturbance decoupling
problem [22] will be considered. Again, consider the system given by (1.1). The usual
disturbance decoupling problem is concerned with the determination of a feedback
map F" 0// such that in the closed loop system the external disturbance d does
not influence a specified output Zl. We will consider the more general situation in
which simultaneously we demand stability of the second, larger, output z2.

In this section, Cg, the stability set, will be a given subset of the complex plane
C which is symmetric. Asymptotic stability is thus obtained by taking Cg=
{h c C" Re h < 0}. A rational matrix or rational vector is called stable if all its poles
are in Cg. We will consider the following problem" (DDPOS) the disturbance decoupling
problem with output stabilization is said to be solvable if there is a feedback map F
such that H(Is-AF)-G=O and H2(Is-A)-IG is stable.

In order to be able to formulate conditions for the solvability ofthe above problem,
introduce the following subspace:

DEFINITION 4.1. *Vg(ff’l, ’2) will denote the subspace of all points x c 1 for
which there is a (:, to)-representation with (s)c l,+(s), to(s)c q/+(s) and H2:(s) is
stable.
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Thus, interpreted in the time domain, Vg(Y(, ’{2) is the subspace consisting of all
points in which a regular Bohl state trajectory starts that lies entirely in Y{. The
components of this trajectory modulo ’2 are stable. It follows immediately from the
definition that Vg(Y{1, ’{2) is contained in V*(Y{). By the assumption (3.1), if a
trajectory lies in ’{2, the same is true for ’{1. Consequently we also have the inclusion
ff’*({2 (22 c/’g(’{l {2)

We note that Definition 4.1 is a generalization of a definition by Hautus [5]. His
space S (see [5, p. 706]) coincides with Vg(Y{1, ’{2) if ’r is taken to be . The
following theorem can be proven to be completely analogous to [5, Thm. 4.3]:

THEOREM 4.2.

(,,)= *(c,)+ *(). D

Note that it follows from the above theorem that Vg({1, ff2) is controlled invariant.
The next theorem provides the key step in the solution of DDPOS. The result states
that what can be done in Definition 4.1 by open loop control can in fact be done by
state feedback"

THEOREM 4.3. ere exists a map F" such that

(4.1) AFg(Y, Y2) C g(Y,

(4.2) AF*(Y2) *(Y2),

(4.3) (AF g(Y[, Y2)/*(Y2)) c Cg.

Proof During this proof, denote g := g(Y, Y2). Since *(Y2) g and since
both spaces are controlled invariant, they are compatible (see [22, Ex. 9.1]). Hence,
there is a map Fo’ such that Ao*(Y2) *(Y2) and AFog c g. Let @:=
@ g and let V be any matrix such that @ im BE

Consider the controllability subspace (AFo[). By the facts that g and
AFog g, this controllability subspace is contained in Y. Since any controllability
subspace is also a stabilizability subspace, it must be contained in the largest stabilizabil-
ity subspace (Y) in Y1. It then follows that (Y), so

(4.4) (Y{)= .
Next, we claim that (E{1) is AFo-invariant. First, since it is (A, B)-invariant,

we have Ao(C,) (C,)+. On the other hand, Ao(C,)Ao,
Hence, again using (K1)g, we obtain AFo(E{,)((E{1)+)g
(E{1) +( g)= (E{1). The last equality follows from (4.4).

Using (4.4) and [5, Prop. 2.16], we deduce that the pair (AFol (E{1), BV) is
stabilizable.

Let PI" g g/*(E{2) be.the canonical projection. Let (AFo, BV) be the system
induced in g/*(E{2). It can easily be seen, for example, by using a rank test (see
[4] or [5, Thm. 2.13]), that the latter system is stabilizable. Hence, there is a map F1
on the factor space such that (AFo+ BVF1) Cg. Now, let F1 be any map on g such
that F FP and define F1 arbitrary on a complement of g. Define F := Fo+ VF1.
Since FI *(C:)= Fol *(C=) (" I" denotes "restriction to"), we then have AF*(E{=)
*(E{) and it can be verified that Fig. 1 commutes.

We are now in a position to prove the main result of this section.
THEOREM 4.4. DDPOS is solvable iff im G g(E{1, E{2).
Proo () Choose F as in eorem 4.3. Then (AFlim G) E{1, which yields the

decoupling from d to z.
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FIG.

Let /2 be as in the Fig. 1 and let tF’.’-AFlt/’g(ff{1,{2)/ff’*(ff{2). Then HE(IS-
AF)-IG I2(Is--,F)-IP1G, which is stable since tr(AF) c Cg.

(==>) IfF is such that HI(IS-AF)-IG-O and H2(Is-AF)-IG is stable then for
d let :(s) := (Is- AF)-iGd and to(s) := F(s). Then clearly Gd
(Is-A)(s)+Bto(s) and H_(s) is stable. [3

Remark 4.5. If in the above problem we take HI HE H, DDPOS reduces to
the ordinary disturbance decoupling problem DDP (see [22]). In this case we have,
denoting if{:= ker H, Vg(7{1, ’{2) Vg*(20 + V*(20 V*(2{) If we take HI =0 and
HE--H, we arrive at OSDP as studied in Hautus [5]. The solvability of this problem
requires the existence of a state feedback F such that H(Is-AF)-IG is stable.
Necessary and sufficient conditions can be found by noting that Vg(2{,ff’2)=
Vg*()+ V*(20. As also noted in [5], if we take HI =0, HE H and im G= , the
above theorem provides necessary and sufficient conditions for the solvability of the
output stabilization problem, OSP.

5. A necessary geometric condition for the solvability of (ADDPBP)p. In this section
we shall establish a necessary condition for the solvability of (ADDPBP)p. This
condition will be in the form of a subspace inclusion. The proof is rather technical
and some of the details are deferred to Appendix A. In the rest of this paper, the
stability set will be taken to be Cg {A C IRe h < 0}.

Consider the system = Ax+ Bu, z HlX, z2 H2x and assume that (3.1) is
satisfied. The following subspace will play an important role in the sequel:

DEFINITION 5.1. //’b(ff{1, ’{2) will denote the subspace of all x X that have a
(sc, to)-representation with so(to) ’{(s), to(s) (s) and H2(s) is proper and stable.

Interpreted in the time domain, Vb(ff{, ffQ) consists exactly of those points in
that can serve as an initial condition for some Bohl distributional trajectory that lies
entirely in :7{1, while the vector of components of the trajectory modulo 2 is the sum
of a stable regular Bohl function and a Dirac delta.

It follows immediately from the definition and [12, Thm. 4.1] that //’b(’{, ’tr2) is
contained in Vb*(ff{), the subspace of distributionally weakly unobservable states with
respect to the output Zl. It is also immediate that Vg (ff{, :7{2) is contained in Vb(’{, TQ).
We are now in a position to state the main result of this section:

THEOREM 5.2. Fix p {1, 2, oo}. Then the following holds:

{(ADDPBP)p is solvable}:=>{im Oc T’b(’{1, ’{2)}.

In the remainder of this section we will establish a proof of the above theorem.
Again, consider the system Ax + Bu, Zl HlX, z2 H2x. Assume that for e > 0, u(t)
is a regular Bohl input. Let Xo X. Let zl.(t) and z2.(t) be the outputs corresponding
to the above input and initial condition x(0) Xo. Denote i.(s) for the corresponding
Laplace transforms of zi,(t). We then have the following lemma:

LEMMA 5.3. Suppose that either of the following conditions is satisfied:
(i) [[ZI,eIILI"->O as e -->0 and there exists a constant C such that Ilz2, II,--< Cfor all e.
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(ii) l,e(S) and J2,e(s) are stable for all e, sup,oa II  ,.(fo)ll- 0 -0 ad there
exists a constant C such that supo,en z,e (ito)]] <- Cfor all e.
Then Xo e Vb(Y{1, Y{2). 71

A detailed proof of Lemma 5.3 can be found in Appendix A. The idea of the
proof is the following. First we note that the initial condition Xo above has for each
e>0 a (, to)-rcpresentation Xo=(Is-A)e(s)+Btoe(s). Here toe(s) is the (rational)
Laplace transform of ue(t). Using the asymptotic behaviour as described by the
condition (i) or (ii) above, we then analyse the limiting behaviour for e-> 0 of the
sequences of rational vectors e(s) and toe(s). This will lead to a (:, to)-represcntation
for Xo with the properties described in Definition 5.1. To conclude this section we
apply Lemma 5.3 to obtain the following:

Proof of Theorem 5.2. Assume that (ADDPBP)p is solvable. Let Xoe im G. Let Fe
be as in Lemma 3.1 and define ue(t):= FeTe(t)Xo. Then, depending on p, one of the
conditions (i) or (ii) in Lemma 5.3 is satisfied. It follows that Xoe Vb(X1, Y{2). D

6. The geometric structure of Sra(f’l, ;/’2). In the sequel, it will turn out that under
certain assumptions on the system (1.1) the subspace inclusion in Theorem 5.2 is also
a sufficient condition for the solvability of (ADDPBP)p. In order to prove this and to
be able to construct the required feedback maps, we need more detailed information
on the geometric structure of the subspace ]’/’b(Y{1, Y{2) as introduced in the previous
section. In the present section, we will first show that the subspace //’b(Y{, Y{2) can
always be written as the sum of the subspace g(Y{, X2) (see 4) together with an
almost controllability subspace depending on Y{ and 3’{2. Using this result, we will
show that if either *(Y{1)- {0} or Y{2 {0}, then T’b(Y{1, X2) admits a decomposition
into the direct sum of Wg(X1, Y{2) together with a number of singly generated almost
controllability subspaces, with a particular position with respect to the subspaces Y{
and Y{2. The main result of this section will be the following theorem:

THEOREM 6.1. Assume that ]*(Y{1) {0} or that 3’{2 {0}. Then there is an integer
m’, there are integers rl, , r,,,,M and vectors bl, , b,,, and there is a map
F" -> all such that

(6.1) //’b(Y{1, Y{E) o//.g(y{, Y{2)@ () ’i,
i=1

where

with

j=l

(6.2)

and

--2

(6.3) @ AJF-1/i c Y{2.
j=l

If in the statement of the above theorem one of the integers ri is such that ri- 1 < 1
or ri- 2 < 1, then the corresponding sums in (6.2) or (6.3) are understood to be equal
to {0}. It will turn out in the proof of Theorem 6.1 that in the case that *(Y{1)= {0}
the integer m’ may be chosen to be equal to m (=dim ). In the case that Y{2 {0} it
will appear that m’ may be chosen to be equal to m dim V*(Y{1) and also that
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in this case the integers ri may be taken to be either 1 or 2. Since ]/’g(ffl, {0})--
(see Theorem 4.2) the theorem thus states that T’b(Y[I, {0}) is equal to the direct sum
of T’*(Y[I) together with a number of singly generated almost controllability subspaces
which are equal to either span {hi} (with 0 # bi ) or span {hi, AFb}, with {b, Av-b}
linearly independent and b /’1 Q

The result of Theorem 6.1 will be instrumental in the next section, where we will
consider the sufficiency of the subspace inclusion im G c b(Y(l, Y{2) for solvability of
(ADDPBP)p and propose a "scheme" for calculation of the required feedback maps.
In the remainder of the present section we will establish a proof of Theorem 6.1.

We introduce the following subspace:
DEFINITION 6.2. ?b(Yfl, if{2) will denote the subspace of all x that have a

(:, to)-representation with (S)fffl[S], (.O(S) 0[S] and H2(S) is constant (i.e., if
,(s)=Y’,oX,S’ then HExi=O for i->1).

Interpreted in the time domain, b(Y’l, Y’2) consists exactly of those points in
that can be driven to 0 along a purely distributional Bohl trajectory that lies entirely
in Y(, while the vector of components of this trajectory modulo X2 is a Dirac delta.

It follows immediately from the definition and Lemma 2.7 that every point in
b(X, Y2) is strongly controllable with respect to the output z. Moreover, it is also
immediate that every point x that is strongly controllable with respect to the output
Z2, is an element of b(fffl, if{E). Hence, the inclusion / b*(fff2)c b(fffl, Yf)C b*(Y()
holds. In fact, we have the following nice result:

THEOREM 6.3.
(i) b(ff/,, Y[2) + A(b*(Y/2) f-) Yfl),
(ii) T’b([1, if/2) T’g([, Y[2)+b(Y[, Y/2).
Proof. (i) Suppose that x=(Is-A)s(s)+ Bto(s), with (s) [l[S], w(s) ll[s]

Nand H2:(s) is constant. Let s(s)=Y.,=oX,S and w(s)=YN+--o uis. Obviously, :(s)=
Xo+S(s) and w(s)=uo+stoi(s), where sl(s)X2[s] and Wl(S) q/Is]. Hence, x=
Buo-Axo+ SXo+ s2(s)-As(s)+ BSWl(S) and by equating powers it follows that

(6.4) x -Axo+ Buo,
(6.5) -Xo (Is-A)l(S)+ Btol(S).
Therefore, Xob*(X2) (see Lemma 2.7). Since also XoY{, we obtain x
3+A(b*(’{2)f’iY/’). Conversely, if x=Buo-Axo with Xob*(ff/’2)fqY{1, there is
s(s)X2[s] and tol(S)e ?/Is] such that-Xo=(Is-A)s(s)+Bto(s). Defining then
:(s) := Xo+ s(s) and to(s):= Uo+ sto(s), we obtain a (:, to)-representation of x with
s(s) Y{[s], to(s) //Is] and H2(s) H2xo is constant.

(ii) Assume that x T’b(Y{, Y{2). There is a (:, to)-representation for x with s(s)
Y((s), to(s) //(s) and H2:(s) proper and stable. Decompose s(s) :l(s)+ :2(s) and
to(s) tol(s) + to2(s), where :l(s) and to(s) are polynomial vectors and s2(s) and to2(s)
are strictly proper. Obviously, s(s) fffl[s], s2(s) ff/’.+(s), toi(s) a//[s] and to2(s)
+(s). Moreover, H2s(s) is constant and H2:2(s) is strictly proper and stable.
Now, since the left-hand side of this equation is proper and the right-hand side is a poly-
nomial vector, both sides must, in fact, be constant. Thus, there is a vector x
such that x=(Is-A)l(S)+Bto(s)=x-(Is-A)2(s)-Bto2(s). It follows that
X G ?b(Ytrl, ’f2) and x xl 7/’g(Yfl, r2). Since x xa + (x x), we obtain that x
Fg(Yf, Yf2)+b(Yf, Yt’2). The converse inclusion follows immediately from the
definitions.

The importance of the above theorem is that it shows, together with Theorem 4.2,
that

(6.6) b(ffffl, ffLr2) P"(ffffl)+ P"*(ffLr2)"- B + A(*b(,9’{2)
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Thus, the space Vb(’(a, ’(2) can, in principle, be calculated using existing algorithms.
The stabilizability subspace and the controlled invariant subspace appearing in (6.6)
can be calculated using the invariant subspace algorithm ISA [22, p. 91] and a
construction as in [22, p. 114]. The almost controllability subspace b*(Y’2) can be
calculated using the almost controllability subspace algorithm (ACSA)’ [20]. For any
fixed subspace ’’c , this algorithm is defined by

(6.7) ’+1(’/) + A(’(’) ’/); ff(’r) {0}.
It is well known, see [20], that (6.7) defines a nondecreasing sequence of subspaces
which reaches a limit after a finite number of iterations. Moreover, this limit equals
ff"(ff’) b*(ff{). In the sequel, denote

(6.8) i(ffCl, ffLr2):-’- ffi(ffLr2) f’) ffLrl
Using the properties of the sequence -i(ff.) stated above, together with Theorem 6.3,
the following result is immediate:

.LEMMA 6.4. i(’’1, ’’2)is a nondecreasing sequence which reaches a limit after a

finite number of iterations. This limit equals "(Y{, Y{2)= Rb*(Y{2) Y{1. Consequently,

(6.9) b(27{, Yff2) ? "" A"(?7{, YLr2). [

Other properties of the sequence ff(3’{, ’2) are proven in Lemma B.1, Appendix
B. Using these properties, we obtain the following lemma:

LEMMA 6.5. Assume that *(71)= {0}. Then there is a chain {i}’= in and a
map F all such that

(6.10) b(’{, 72) AF’" "AF,,

(6.11) - AF-’iC Xl,
i=l

(6.12) ) i-AF ,
i=2

(6.13) dim i-dimA- dim (7[, 7’)/-1(’c, 3’c2) ].

Proof. See Appendix B.
We are now in a position to establish a proof of Theorem 6.1 for the case

*(C,) {0}"
Proof of Theorem 6.1 (Case 1" *(’/’)= {0}). During this proof we will denote

(7’, [:) by , V(J’, J2) by V and Vg (7’1, ’’) by Vg. According to Theorem
6.5 we have that V Vg +. We claim that the latter sum is a direct sum. Indeed,
this follows immediately from the facts that V c V*(’[) and c *(J), while
V*(’’) *(’)= *(’[1)= {0) (see Lemma 2.2). By Lemma 6.5 there is a chain
{@)’=1 in @ and a map F such that (6.10) to (6.13) hold. Let @ be the first subspace
in the chain which is not zero, i.e., @ {0) and @ {0} for j- 14-1,-.., n. Choose
a basis for @ as follows. First choose a basis {b,..., b,} for @. Extend this to a
basis {b, , b,, b, , b,_) for @_ (here, d := dim @i). Continue this procedure
until we have a basis for @.

AFJi, V, the following vectors form a basis for bBy the fact that dim dim

AFbl, Arba,
AF-1 bd_,AtF-b, AF-1 bd, AF-bdrl,

AFbl,’", AFbd, AFbdr+l,’’’, AFbd,_,’’’,’’’,AFbal,
b, , ba,, bar, , ba,_,, ," , ba,, ,
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It may immediately be verified that the above list of vectors can be rearranged to
At’-1 hi}, withobtain m subspaces i := span {b, Afl,

r,-2b,} cspan {b, AFbi, AF
and

Ar-3hspan {b, A,. ,-- ,
This completes the proof of Theorem 6.1 for the case that *(ff{1)= {0}.

In the remainder of this section, we will set up a proof of Theorem 6.1, the case
that if{2 {0}. In the following, let be a subspace of such that[ *(ff{1)]. Let W be a map such that =im BW and let (Y{1): +A({), where
(Y{) denotes the supremal almost controllability subspace contained in ff{ with
respect to the system (A, BW) (see also Lemma 2.3). Define

(6.14) (Y{) := +A( if{l).

We will show that if {2 {0}, then b(Y{, Y{2) has a decomposition into the direct
sum of g(Y{1, Y{2) (which, in that case, is equal to (Y{)) and the subspace (Y{)"
LA 6.6. Let { be a subspace of. en

(6.15) V(C,, {0})= (C, {0) (C).
Proo In this proof, denote g := g(Y{, {0}). Also, let := *({). Since

({0}) , it follows from Theorem 6.3 that

(c, (0) + +A[
++A[()C]

++A[+( C)].

Now, note that 1 *(Y{) (see [22, Thm. 5.5]). Consequently,A *({)+
g+. Hence we.find

(c, {0)= + +A(
g+1+ +A( {).

Again, by the fact that *(Y{1) c g, we have

(c,, {0})= + +A( C).

Finally, since g *(Y{) and (Y{1) ({), it follows from Lemma 2.3 that the
sum in (6.15) is direct.

Using the above lemma we may now obtain the following proof of Theorem 6.1,
the case that Y{2 {0};

oofofeorem 6.1 (Case 2:{2 {0}). We claim that (Y{)=A( {).
To rove this, assume that there is a vector 0 x such that x A, with a vector
in Y{. Define := span {}. Since A +, is controlled invariant. Since
also {, we find that *({). It follows that *({) {0} and hence
that x=0. This yields a contradiction. Next, we claim that dim
dim A( {1). Assume the contrary. Then we may find a vector 0 x Y{ such
that Ax =0. It follows that span {x} is a controlled invariant subspace contained in
{ and hence that x *(ff{) {0}. Again, this is a contradiction. Now, choose
a basis for (ff{1) as follows" first choose a basis b,..., b of {1. Extend this
to a basis {b,..., b, b+,..., bm,} of . By the above, the vectors {b,..., b,
Abe,..., Abe, b+,..., b,} form a basis for (Y{). These vectors can be rearranged
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into one- and two-dimensional singly generated almost controllability subspaces with
the properties (6.2) and (6.3). This completes the proof of Theorem 6.1. 1

7. The main result. In the present section we will combine our results of the
previous sections to show that if the system (1.1) is such that it satisfies at least one
of the following two properties:

(7.1) the system (A, B, HI) is left-invertible,

(7.2) the mapping H2 is injective,

then the subspace inclusion im Gc b(’, X2) is both a necessary and sufficient
condition for solvability of the Lp-almost disturbance decoupling problem with
bounded peaking (ADDPBP)p for the values p 1, p 2 and p

Recall from 5 that for these values of p the latter subspace inclusion was already
shown to be a necessary condition without the extra assumptions (7.1), (7.2). Here we
shall, in fact, prove that if either (7.1) or (7.2) holds then im Gc //’b(/’, ffLr2) is a
sufficient condition for solvability of (ADDPBP)p for all 1

The following result is the main result of this paper:
THEOREM 7.1. Assume that at least one ofthe two conditions (7.1), (7.2) is satisfied.

Let p{1, 2, oo}. Then (ADDPBP)p is solvable if and only if im
In order to obtain a proof of the latter statement, we will prove the following"
LEMMA 7.2. Assume that at least one of the two conditions (7.1), (7.2) is satisfied.

Let T(t) and "(s) be defined by (3.4) and (3.5). Then the following statements are
equivalent"

(i) There exigts a constant C and a sequence {F; e > 0} such that IIH TII,- 0
(e O) and H2TG L, --< C V e.

(ii) There exists a constant C and a sequence {F; e >0} such that, for all e, HG
and are stable and supllnZ(i,o)ll-O (-0) and
sup II/-/=L(i,o)ll-<- C, .

(iii) im G //’b(ff, 2).
Note that the implications (i)(iii) and (ii)(iii) follow immediately from

Lemma 5.3. Also note that once we have proven the above lemma, a proof of our main
result Theorem 7.1 may be obtained by combining Theorem 5.2 and Lemma 3.1. We
stress that the implications (iii)=>(i) in the above, in fact, yields sufficiency of the
subspace inclusion im G b(’’l, ffLr2) for solvability of (ADDPBP)pfor all 1 <-_p <__oo.

The idea of the proof of the implication (iii) :=> (i) of Lemma 7.2 is as follows.
First we note that left-invertibility of the system (A, B, HI) is equivalent to the condition
*(:) {0} (Lemma 2.6), while injectivity of the map HE is equivalent to ’2 {0}.
Thus, under the assumptions of Lemma 7.2, //’b (’’1, 2) may be decomposed according
to (6.1), (6.2) and (6.3). Each of the singly generated almost controllability subspaces
Li appearing in this decomposition will then be approximated by sequences of con-
trolled invariant subspaces {; e>0}. If we then define := //’g0))’l L, the
sequence {o//.; e >0} will converge to //’b(’l, ’2). In this sense, im G is "almost
contained" in the controlled invariant subspace . The subspace o//. in turn is "almost
contained" in ffr (where the latter "almost" should be interpreted in the Ll-sense, see
also [20]), while its distance from ’/’2 is uniformly bounded with respect to e. Using
the structure of the above, we will construct a particular sequence of feedback
maps {F; e > 0} such that (A / BF)F F. Finally it will be shown that this sequence
has the properties required by (i) and (ii) in Lemma 7.2. To start with, we will show
how a singly generated almost controllability subspace can be approximated by control-
led invariant subspaces. Let be and let :=g0)’. "0)AkF-g. For i _k and e >0,
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define vectors in by

(7.3) xl(e):=(I+eav)-lb, x,(e):=(I+eav)-Iavx,_(e).
Note that the matrix inversions in the above expressions are defined for e sufficiently
small. Moreover, it can be seen immediately that x,(e) A-b(e 0). Thus it follows
from Lemma 2.8 that for e sufficiently small, the vectors {xi(e), _k} are linearly
independent. For each e, define a subspace e by

(7.4) e := span {x(e), ., Xk(e)}.

Assume u q/ is such that b Bu and define a map Fe "*e U by

(7.5) Fex,(e) := e-’u, (i_k).

The main properties of the sequences {e; e > 0} and {Fe; e > 0} are summarized in
the following lemma:

LEMMA 7.3. For _k we have x( e --> Ai- as e --> O. Consequently, e -> . Each
e is controlled invariant and, with Fe defined by (7.5), (AI + BFe)&e e. Moreover,
a matrix of (A + BEe)le is given by

(7.6) Me:

Finally, for each e, e c (A]), the reachable subspace of (A, B).
Proof. The claim x(e) A-Ib is immediate. Since the vectors A-b are a basis

for , it follows from 2 and 4 that e . Using (7.3) and (7.5), it may be verified
by straightforward calculation that (Av + BFe)x(e)=-=1 eJ-’-xj(e). It follows that
e is indeed AF + BFe-invariant and that a matrix of the map restricted to we is given
by (7.6). Finally, to prove that e is contained in the reachable subspace, make a
Taylor expansion to find that (I + eAF)-1 m=0 (-e)mArfl It then follows immediately
that xl(e)E(AFI) for all e. The same follows for X2(e), X3(e) etc.

We note that a slightly ditterent construction leading to an approximating sequence
for a singly generated controllability subspace was described in [13]. The construction
described by us however exhibits an important property which will be formulated in
the following lemma. The proof of this result is straightforward but rather technical
and will be deferred to Appendix C.

LEMMA 7.4. Let := )/k= A-it be such that )k=2 i--2AF rl and )/k= A-3/
772. Let x(e) and Fe be as defined above. Then the following holds" there is constant C
such that for all _k:

(7.7) ]]H eA+")’x,(e)llL,O as e O,

(7.8) IIH_ e’+)’x,(e)ll, <- C for all e. [3

Now, in order to complete a proof of Lemma 7.2, we need one more preliminary
result. Up to now we have constructed a sequence of controlled invariant subspaces
converging to a singly generated almost controllability subspace and defined a feedback
map on each of these controlled invariant subspaces. By applying the decomposition
theorem, Theorem 6.1, and applying the above construction to each appearing in
(6.1), we can find a sequence of controlled invariant subspaces e converging to
)__m’ . In the obvious way we can define a map Fe on e. Now the question is, can
we define Fe appropriately on a subspace complementary to e ? The next construction
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theorem states that, indeed, we can. It is here that we will use the results on exact
disturbance decoupling with stability constraints from 4. In the following, Vb :=
Vb(:7/.1, :7/.2), Vg := Vg(:7/.1, :7/.2) and b := b(:7/.1, :7/’2) are denoted:

THEOREM 7.5. Consider the system (1.1). Let A be a symmetric set of dim [((A )+
Vg)/Fb ] complex numbers. Then there is a map FI" --> 71 and a subspace c such
that the following conditions are satisfied"
(7.9)

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)

(A+ BF1) T’g c T’g,
A + BF1) V*(:7/.2) V*(:7/.2),

tr(A + BFI /*(’C2)) C,

(A+ BF)(T’g))

tr(A + BF, O)/) A.

Proof. Let Fo" -> q/ be a map that satisfies the conditions (4.1), (4.2) and (4.3)
of Theorem 4.3. Let P" -> /Vg be the canonical projection. Let (AFo, B) be the
system induced by (AFo, B) in the factor space /Vg. Since Vb Vg +b and ker P
Vg, we have PVb Pb. By Lemma 2.4 and the fact that b is an almost controllability
subspace, it follows that P’b is an almost controllability subspace with respect to the
system (/Fo, /)" By [22, Prop. 1.2], P(A[)=(.Folim ). Let A be as above. It can
easily be verified that #A= dim [(,Folim B)/tb]. Thus, we may apply Proposition
2.5 to find an (gFo,/)-invariant subspace c /Vg and a map/" /Vg such that

(7.15) P@ (olim
(7.16) (AFo + BF) Z,
(7.17) tr(fiFo+// ) A.

Now let c be any subspace such that po and Lr fq Vg {0}. Define a map
FI" -> 0-// by F1 := Fo/ FP. We contend that the subspace and the map F1 satisfy
the claims of the theorem. To prove (7.9) to (7.11), note that F11 Vg Fol Vg. The claim
(7.12) can be proven as follows: From (7.15) we have P(Vb +)= P(AI3). Hence,
since Vg c Vb, t/’b W -- t/’g W(Al tJ ). Assume x e Vb c . Then PxePVbf’={0}.
Thus, x ker P f) Vg [-1 {0}. It follows that Vb + Vb .

To prove (7.13), note by using (7.16) that P(A+BF)(Vg)=
P(AFo+ BFP)( Vg)Z) (AFo+ BF1) c Lr P( Vg 09 ). Finally, (7.14) follows
immediately from (7.17).

We are now in a position to complete the proof of Lemma 7.2:
Proof of Lemma 7.2. (i) =:> (ii). This follows immediately from the fact that the

L2-induced norm of a convolution operator is bounded from above by the Ll-norm
of its kernel (see, for example, [2]).

(iii) => (i). In this part we will construct a sequence of feedback maps {F; e > 0}
such that, for each x Vb, Lx 0 and H=Lx -<- c for all e, for some constant
C. The construction is divided into five steps"

1. Decomposition. Apply Theorem 6.1 to find a decomposition
i--1with =)5__ AF , such that (6.2) and (6.3) hold.

2. Approximation of singly generated controllability subspaces. For each , apply
the construction (7.3) to (7.6). Thus we find vectors x(e) (i ), subspaces :=
span {x(e); } and maps F"& 0// such that

(7.18) x)(e)-- A-lbi; ---> (e 0).
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Moreover, by applying Lemma 7.4, there are constants Cj such that

(7.19) [[H1 e(av+BFS)txJ)(e)iiL,’-’>O(e ---> 0),

(7.20) [IH2 e(Av+BFs’)txJ)(e)IIL, <= C for all e.

3. Composition. Since the Z#s are independent, it follows from Lemma 2.8 that for
e sufficiently small the Z#s (J _m’) are independent. Define := Z#l"" "m’-It
follows that - . Define now F - by defining FI := (F+ Fs
(j _m’).

4. Construction offeedback outside t. To define a map on a complement of ,
let Ac Cg be a symmetric set of dim [((A[ )+ o//,,)/o//,] complex numbers and apply
the construction theorem Theorem 7.5 to find a subspace c and a map FI"
such that (7.9) to (7.14) are satisfied. In the remainder of this proof, denote
by . We may then prove the following:

LEMMA 7.6. For all e sufficiently small the following holds"

(7.21) T’gb
Proof By Lemma 6.6, T’b3=T’gY. Since, for each e,

(Lemma 7.3), it follows from (7.12) that c T’gY. Since -->, we obtain
from Lemma 2.8 that VI (T’gY)= {0} for e sufficiently small. The equality,(7.21)
now follows immediately by noting that for e sufficiently small dim dim .

5. Definition of the sequence {F; e > 0}. Let W be an arbitrary subspace of
such that =T’gY /4/’. In this (e-dependent) decomposition of define
F" --> by F]T’gY:=FIlT’gY, FI=FI and F arbitrary on

We contend that the sequence {F; e > 0} defined in this way satisfies the condition
(i) of Lemma 7.2. To prove this, first let x T’g. Since F T’g F1 T’g, we have by (7.9)
and the fact that T’g c Y(1 that x(AvlT’g)= Y(1 for all e. Thus, for all e, H1T(t)x=O
for all t. Let Av, and H2 be defined by the following commutative diagram (Fig. 2),
in which P is the canonical projection:

AF

P P

,/*(yc) AF ’,/ (yc)

FIG. 2

We then have H2T(t)x= fflzeAF, tX for all e. It follows from (7.11) that H2Tx is
in LI[0, oo) with, obviously, Ll-norm independent of e. To complete the proof it now
suffices to show that for all x e ,, Nrx ,-, 0 and N.rx , is uniformly bounded
with respect to e. Since b is spanned by the vectors A-1 b, it suffices to tgke x A--1 b.
By (7.21), we have b c@N. Thus, there are vectors v(e)e and
coecients z0(e) e such that

(7.22) A-lb, v(e)+ Y, E ’o(e)xS)(e)
j=l i=1

Since x}S(e) - Ai-1 b, it can be proven by standard means that v(e) 0, to(e) 0
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(i, j) # (s, l) and that ’st(e) 1 (e 0). Now, for a 1, 2 we have

7.23)
m’

j=l i=1

By (7.19), note that for a 1 the last term converges to 0 as e 0. Using (7.20), it
follows that for a 2 the last term is bounded from above, independent of e.

Finally, we will show that for both a 1, 2 the first term on the right in (7.23)
tends to 0 as e 0. For this, let A, and H be defined by the commutative diagram
(Fig. 3) (P is the canonical projection):

AFt

FIG. 3

By (7.14), note that o’(AF,)= A c Cg. Moreover,

Since v(e) --> 0, this^ expression tends to 0 as (e --> 0).
Let A, and H: be defined by the commutative diagram (Fig. 4) (P3 is the canonical

AFt
projection)"

FIG. 4

It can be verified that tr(.F,)=tr(.F,)Wcr(AF, lt/’g/*(?7[2)), which, by (7.11) and
(7.14) is contained in Cg. It follows that

which again converges to 0 as e 0. This completes the proof of Lemma 7.2.
Remark 7.7. It is worthwhile to point out which freedom in the spectrum assign-

ment we have in A+ BF when we use the construction of the sequence {F; e > 0} as
in the proof of Lemma 7.2.

The lattice diagram (Fig. 5) shows the hierarchy of the relevant subspaces in
combination with the freedom in the spectrum of A+ BF.

Denote o//. := g(fill, fir2) )
Note by Lemma 7.3 that the spectrum of the map A+BFI consists of an eigenvalue
in -e-1 with multiplicity equal to dim [l/’b/t/’g].
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fixed, independent of e

assignable, independent of e

tends to -oo as eO

stabilizable, independent of e

fixed, independent of e

FIG. 5

8. Some special cases and extensions. In this section we will consider some special
cases of the main theorem, Theorem 7.1, and spend a few words on some extensions
of this result. One interesting special case of (ADDPBP)p is the situation that we take
H1 H and H2 I. This corresponds to the almost disturbance decoupling problem
with bounded peaking of the entire state vector. Denote r := ker/-/. Since, by Theorem
4.2, g(:][, {0})= o//g,([) + *({0})= o//.g,(y[) and since, by Theorem 6.3, b(Y[, {0})=
3 +A(b*({0}) f3 ) 3 +A( fq ff), we have the following corollary of Theorem 7.1"

COROLLARY 8.1. Fix p { 1, 2, }. Then the Lp-almost disturbance decoupling prob-
lem with bounded peaking of the entire state vector is solvable if and only if im G
*(C + +A n c).

Next, we will spend some words on possible extensions of the results of this paper.
First we would like to point out that, while (ADDPBP)p is a nontrivial extension

of (ADDP)p, we might also consider an extension of the Lp-Lq almost disturbance
decoupling problem (ADDP)’, see [20] or [17]. This would lead to the following
synthesis problem"

We will say that the Lp- Lq almost disturbance decoupling problem with bounded
peaking (ADDPBP)’ is solvable if there is a constant C and, for all e > 0, a feedback
map F #/such that with the feedback law u Fx, in the closed loop system for
x(0) 0 there holds, for all 1 <= p <- q <- oo, for all d Lq[0, )

It may be shown that the solvability of the above problem is equivalent to the existence
of a sequence of feedback maps {F,; e > 0} and a constant C such that for both p 1
and p=oo IIHTGII,-O(-O) and IIH=LGII=,-<- C for all e.

A theory analogous to the one above may be developed around this problem. It
can be shown that, again under the assumption that either (A, B, H) is left-invertible
or that H2 is injective, a necessary and sufficient condition for the solvability of this
problem is that

im Gc V(’tc,, ff[2) + (9*(fftc2) f"l ’[1).

For more details, the reader is referred to 17].
A final extension of the results of the present paper is the situation in which we

require internal stability of the closed loop system. This would lead to the following
synthesis problem: We will say that the Lp-almost disturbance decoupling problem with
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bounded peaking and strong stabilization (ADDPBPSS)p is solvable if the following is
true. There is a constant C and for all e > 0 and all real numbers S a feedback map
F,s:- such that, with the feedback law u F,sX, in the closed loop system for
x(0) =0 for all d Lp[0, c) the inequalities (3.2) and (3.3) hold and such that Re tr(A+
BF,s) <= S.

Thus, we require that the spectrum of the closed loop matrix can be located to
the left of any vertical line Re s S in the complex plane. It may be proven that if at
least one of the conditions (7.1), (7.2) hold, then for p {1, 2, } the latter problem is
solvable if and only if (A, B) is controllable and

(8.1)

We note that if (A, B, H1) is a left-invertible system then the inclusion (8.1) becomes

im Gc +A[b*(9’/2) f3

(see Theorem 6.3). If H2 is injective then (8.1) becomes

im G c *(3’g’,)+ + A[ CI

Again, for details the reader is referred to 17].

9. A worked example. To illustrate the theory developed in this paper and to
demonstrate its computational feasibility, in this section we will present a worked
example. We will consider a linear system with two outputs and check whether
(ADDPBP)p is solvable for this system. Next, we will actually compute a sequence of
feedback mappings that achieves our design purpose. The system that will be considered
is given by (t)=Ax(t)+ Bu(t)+Gd(t), Zl(t)= H1x(t), z2(t) H2x(t), with

0
-1 0 0 0

A= 0 0 1 0., B= 0 0

00 0 0 0 10 0 010 0 0 0

and

H1 (0 0 0 1 0), H2 I5x5

0

Thus, 5 and q/= 2. Denote 9’ci ker Hi. The route that we will take is as follows.
First, we will check whether the subspace inclusion im G c Vb(9’’l, 72) holds to see if
(ADDPBP)p is solvable. It turns out that this is indeed true. After this, we will follow
closely the lines of the development in 7 and construct a required sequence {Fn}. As
before, Cg={h C[ReA <0} and the subspaces //’g*(ffrl) and t/’g(Yffl, ffff2) are taken
with respect to this stability set. Let the standard basis vectors in 5 be denoted by

Using the algorithm ISA (see [22, p. 91]) and a construction as in [22, p. 114],
we calculate that g(Yf, Yf2) g*(Yf)= span {el, e2} (since *(Yf2)= {0}). Thus, by
Theorem 4.4, DDPOS is not solvable for the above system. Since Yf2 {0}, by Theorem
6.3 we should check if the subspace inclusion im G Vg*(Yf)+ +A( Yf) holds.
It may be calculated that g*(Yfl)+ +A( fq Yfl)=span {e, e2, e4, es}. Since im G is
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indeed contained in this subspace, (ADDPBP)p is solvable for all 1 _-< p <_-o. Unfortu-
nately, (ADDPBPSS)p is not solvable because (A, B) is an uncontrollable pair. We
will now construct a required sequence of feedback map,pings"

St,ep 1" decomp,osition. We decompose Vb g03 W, with og/. := 0] +A( fq 1)
and such that 0)(f’l *(:7{1))=. Then W=span{e4, es}. Since es and
e4 Aes, W is equal to the two-dimensional singly generated almost controllability
subspace gO)Ag, where b- es. Note that indeed (6.2) and (6.3) are satisfied.

Step 2: approximation. Approximate g0)A by (A, B)-invariant subspaces -span {Xl(e),XE(e)} according to (7.3). In our case it can be calculated that Xl(e)=
(00-e2 -e 1) r and XE(e)=Ab=(O00 1 0) . Note that b= Bu with u (). Following
(7.5) for e >0 define F’- 0//by FXl(e)=-e-l(l) and FXE(e)=-e-2(l).

Step 3" a feedback mapping outside . Note that for our system (A] )+ Vg .
It can be verified that the conditions (7.9) to (7.14) are satisfied with A-{-3};
’= span {(00 1 -3 9) r} and FI"- given by

FI= 0000

Step 4: definition of the required sequence {F; e > 0}. Note that
In this decomposition define FI(Vg 0) Lr):= FII(Vg 0) Lr) and Fl := F[. It can
be verified that the matrix of Fj with respect to the standard bases in =5 and
o?/= 2 is given by

-1 0 0 0 0 )F:= 0 0 f:(,) -1/: f:()

where

-27ez+18e-3 27e3-3e-2
f23(e) and fEs(e)=eE+9e4 9ea+e

Finally, by valuating A + BF in the basis suggested by the decomposition - ?/’g 03
03, we can calculate the closed loop impulse response matrices from d to Zl and

z2, respectively:

WI (t):= Hle(A+n)tG=(+l)e-t/,
0

W2e(t) := H2e(A+n)tG e-t/.
t/e+

\-t/e2 ]
A standard calculation shows that WI L 2e -> 0 and that

wll,- w(t)ll dt<=l /2+.

Here, II" denotes the Euclidean norm. From this it can be seen that indeed for every
1 =< p <- oo the Lp Lp induced norm of the closed loop operator from d to Zl tends to
zero as e 0 and that the induced norm of the operator from d to z2 is bounded with
respect to e. Note that IIFll-, as e- O.
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10. Conclusions. In this paper we have developed a theory around the almost
disturbance decoupling problem with bounded peaking. Necessary and sufficient
conditions for the solvability of this synthesis problem were formulated in terms of a
subspace inclusion involving a certain almost controlled invariant subspace. We showed
that this almost controlled invariant subspace can be calculated using existing
algorithms. We also provided a conceptual algorithm to calculate the sequence of
feedback maps that achieve the design purpose. The calculations involved were illus-
trated in a numerical example.

Several questions remain to be answered. As a first direction for future research
we mention the extension of the above results to the case that the system under
consideration does not satisfy one of the conditions (7.1), (7.2), i.e., the system (A, B,
HI) is not left-invertible and the map H2 is not injective. Another interesting issue
would be to extend this theory to the more general situation that we allow only output
feedback instead of state feedback. In this context we mention [21] and recent results
in 18]. Finally, connections between this work and results on bounded peaking in the
context of the nearly singular optimal control problem [3] remain to be worked out.

Appendix A. In this appendix we will establish a proof of Lemma 5.3. The proof
will proceed through a series of lemmas. The first lemma is concerned with the
convergence of sequence of rational functions and was proven in [7]. In the following,
iff(s) is a strictly proper rational function, then degf will denote its McMillan degree.
We have:

LEMMA A.1. Let {f,} be a sequence of strictly proper rational functions. Suppose
that there exists rNl such that deff<-r for all e. Assume that lim_,of(s) exists for
infinitely many s C. Then there exists a rationalfunctionfsuch thatf(s)->f(s) (e ->0)
for all but finitely many s

We can then prove the following:
LEMMA A.2. Suppose that either the condition (i) or (ii) in Lemma 5.3 is satisfied.

Then there are a rational vector (s), proper and stable and, for i= 1, 2, subsequences
{z*/,,(s)} such that l,e,(S) "-> 0 (e’ -’>0) and z*2,,(s) -> (s) (e’ ->0) for all butfinitely many s.

Proof. If the condition (i) of Lemma 5.3 holds, then for tr := Re s >-0:

(A.1) e-’llz,,(t)ll dt<- IIz,,ll,.

If the condition (ii) of Lemma 5.3 holds, then by the fact that i.(s) is strictly proper
and has no poles in Re s _-> 0, applying the maximum modulus principle [8] gives, for
all Re s _-> 0,

(A.2) II ,, (s)ll  sup

Hence, in both cases we have l,(s)-->0 (e->0) and cv . Since, for all e,
z*2,(s) is analytic in Re s > 0 and since the sequence {2,(s)} is uniformly bounded
there, by Vitali’s theorem [8] there exists a function (s), analytic in Re s > 0, and a
subsequence {z*2,,(s)} such that 2,,(s)-> (s) (e’->0) uniformly on each compact set
K in the open right half plane. Therefore, z*2,,(s)-, (s) (e’->0) pointwise in Re s > 0.
By Lemma A.1, we may assume that 2,,(s)-> (s) (e’->0) for all but finitely many s
and (s) is rational. We contend that (s) cannot have poles in Re s 0, for define
J := {siRe s =0, s is not a pole of (s) and z*2,,(s)-> (s) (e’-> 0)}. Then the complement
of J in Re s 0 is a finite set. Suppose So s J. For e’ sufficiently small, z%,,(So) (So) --<
1. Hence we have

(A.3) R(,o)II + -< 1 + C
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Therefore, (s) is bounded on J and hence bounded on the entire imaginary axis.
Also from (5.3) there follows that (s) is proper. Finally, l,,(s)--> 0 (e’-0) in Re s =>0
and hence, again by Lemma A.1, for all but finitely many s. []

We will now complete the proof of Lemma 5.3. Recall that u (t) is a regular Bohl
input and zl.(t) HlX(t), z2,(t) H2x(t), where : Ax + Bu, x(O) Xo. We will
prove that if either the condition (i) or (ii) in Lemma 5.3 is satisfied, then Xo

C, C)"
Proof of Lemma 5.3. Let F" --> 0// be such that AF*(’{’2)c *(’{’2). Denote

v(t) := u(t) Fx(t). Then AFx + Bv. Note that x and v have rational Laplace
transforms. Let P" ///’*(2) be the canonical projection and let A--- be the quotient
map of AF modulo *(’{’2). Let /:= PB and let 1 and 2 be mappings such that
H1P H1 and H2P H2. Decompose 0//= 0//1 0//2 with //1 ker B and //2 an arbitrary
complement. Accordingly, partition B=(0, B2). Then B2 is injective. Let G(s):=
2(Is-,)-1/2. Let *(2) be the supremal controllability subspace in 2 with
respect to (.,/). By [22, Ex. 5.8], we have *(2)= {0}. Hence, by [22, Ex. 4.4],
(s) is a left-invertible rational matrix, with left-inverse t+(s). Now, let (s) and
to (s) be the Laplace transforms of x and v, respectively. Let (s) := Ps (s) and
go := Pxo. Partition

\,o.(s)

and conform the decomposition 0//= 01)02" The following relations then hold

(A.4)

(A.5)

and hence

(A.6)

(A.7)

Xo (Is AF)(s) Brow(s),

0 (Is AF)(s) B2t02, (s),

o=,, (s) d+(s)[e=,,(s) #I(Is )-’o],

L s) (Is )-’(o+ #,o.,(s)).
Apply Lemma A.2 to obtain (s) such that z"2,(s) (s) (e-0) for all but finitely
many s (write e in the subsequence for which this holds). It follows that there are
rational vectors to2(s) and :(s) such that to2,(s)- to2(s) and :(s)--> :(s) for all but
finitely many s. Define now

0s))’o(s):= (,o
Then we have #0 (Is--AF)(s)--Bto(s). Moreover, since HI:(s)= l,(s) 0 (e 0),
we have Hl:(s)=0. Also, since 2L(s)= 2,(s) (s), 2(s) is proper and stable.

Finally, let :(s) be any rational vector such that :(s)= P(s). Then Hl:(s) =0,
H2(s) is proper and stable and, for some vector xlm *(2), Xo=
(IS-AF)(s)-Bto(s)+x1. It follows that Xo--Xl.b({1,{2). Since *(ffLr2)
b(’Cl, ’/’2) we thus obtain Xo //’b(1, ff’2). This completes the proof of Lemma 5.3. [3

Appendix B. In this appendix we will state and prove a result on the geometrical
structure of the sequence of subspaces :(’/’i, ff/’2), given by (6.8). Our result is a
generalization of [19, Thm. 7.1] and deals with the representation of subspaces in
terms of chains in the input space . Related results can be found in [14] and [10].
Further, in this appendix we will prove Lemma 6.5.
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LEMMA B.1. Given the system =Ax+ Bu and subspaces 2 1 let
*(’[1, ’2) be defined by (6.7) and (6.8). Then the following holds: for all , there
are a chain {l}il and a map F" such that

(a.1) ’(:,, y:) A-’,
/=1

(a.2) A-2 2,
1=2

(a.3) dim dim A-I, dim (1, Y)/-1(1, 2)] (l]).

Remark. In the above, for consistence define A- {0} if i= 1. In the
following we will denote := (, 2).
oo The proof is by induction. For 1, the lemma is trivially true" take

be a chain in and:= 1. Suppose now the lemma is true for i. Let {/}:
F be a map such that the conditions (B.1), (B.2) and (B.3) are satisfied. We will show
that + can also be represented as above. This will be done by constructing an extra

and by defining a newfeedback map Fnw. First, letterm1 for the chain {l} !:

], be subspaces such that

_
(define o := ). Using (B.1) we then have:

i ff{2= ( l:l A-(t+l + +l)WA-i) y{2

(ill=l A-I1+1W t=li@l A-1+I+AFi-1i)
Using the modular distributive rule [22, p. 4] and (B.2), it follows that

(B.4) ’ Y[2 A-I,+I+ +,+AF ,
/=1 /=1

On the other hand, by (6.8),

(B.5) ’+’= ’+’(yc:) yCl ( +A(’(C:) C)) Cl.
Since, by the fact that {2 c if{l, ff(Y{2) {2 {2, it follows by combining (B.4)
and (B.5)

:( [(i1 A_I ) ] )i+l + ml+ +A A-I[+I + i if[2
(B.6) =

(+) Y[.

Here, we defined

:=+ 2 ++ Yr
/=1

Again using the modular distributive rule and c yg, we obtain

(.7) + +( yr).

Let c N be a subspace such that += and let {v,..., v} be a basis
for . By definition of , each v can be represented as v== A-bd+Ab, with

/=2
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Here, bj i and b.j (j _r, _/). By the assumption that fq i= {0}, it can be
verified that for fixed {0,. ., i}, the vectors {Abl," ", Ab,.} are linearly indepen-
dent. Define now

(B.9) +1 := span {bl,. b,}.

Note that i+1 c . Also, for _/, define vectors x,t by

l-1

(B.10) xj, := bj, xj,, :’- E AIF-k-a b-k+,j .-I- AtF- b.
k=l

From (B.10), for 2,. , we have x,t AFX._ + bi-/2,j and v AFX,i + b..
Moreover, by the independency of the vectors {AFb;j e_r} and by the fact that the
spaces A-N (l e_/) are independent (the sum in (B.1) is direct), it can be shown that
the vectors {xj,; j e _r, e_/} are linearly independent. Extend this system to a basis for. Let lj,k O be such that b_k+,j=Buj,k and define a map F":- q/by defining it
in the above basis by F"x,t:= u, and F" arbitrary on the extension. It can then be
seen that for

(B.11)
span {x., ., x,..} (Ar + BF")t-Ji+,
( span {v,. ., v} (AF + BF")i+

and, for 1= 1,..., i-1

(B.12) BF"(AF + BF")’-,+I +,_t 1.
Let {;’}’t=l be a chain in such that i/l@’= . Since + @, by (B.1)
and (B.11) we obtain

.i+1 E AIF-’I+(AF + BF i+1
/=1

Z A-I,+I + (AF + BF")’,+I + Z A-I’.
1=1 l=l

Thus, by (B. ).

i+1

(B.13) ffi+l= , (Av + BF")t-J,+ + _, AIF-I’JT.
1=1 1=1

We contend that all sums in (B.13) are, in fact, direct sums. To prove this, assume the
contrary. Then the following strict inequality must hold

i+1

dim +1 < Y dim (AF + BF")l-lffdi+l + dim A-IJ
/=1 /=1

=< Y. dim i+ "- dim d+ dim J’ dim + dim ,
/=1 /=1 /=1

where the last equality follows from the fact that i+1@ t--1" On the other hand,
however, dim+ =dim +dim , which by (B.3) and (B.1) equals _= dim
dim . Hence we obtain a contradiction. It follows that

i+1

(B.14) ri+, @ (A+BF,,)I-I,+,@@
I=l 1=1
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A-7 By (B.14) we have thatDefine //’:=)i=, (Ar+BF")-,+ and :=)i=,
o//. f-) {0}. Decompose //’09, where is arbitrary. In this decomposition,
define Fnew" -> q/as follows

(B.15) Fnowl T’:= (F+ F")I T" Fnow[:
and F, arbitrary on . It can now be seen immediately from (B.14) that

i+1 i+1

(B.16) ’+ ) (A+BF,,w)-,+@ (A+BF,,w)’-I7=@ (A+BFr,ow)t-.
/=1 /=1 /=1

This already verifies (B.1). Next, we will verify (B.3).
It is claimed that for 1, 2,..., i+ 1, dim (A + BFnew)t-lt dim t. Suppose

the contrary. Then we have

i+1

dim t+dim (= dim 5’+1= dim (A+ BFw)t-IJt
/=1 /=1

E dim (A+ BFnew)t-ldt+dim (
/=1

< dim t+ dim J,
/=1

which is a contradiction. Equation (B.3) then follows immediately by noting that
dim (A+ BFw)ii+ dim J=dim [i+/:]. Finally, it can be verified using (B.2),

i+1 !-2(a.8), (B.11) and (B.15) that =2 (A/ BFnew) 2.
Remark B.2. Note that the proof of the above lemma is straightforward but

notationally rather involved. An alternative proof could be given using the concept of
train basis, see [14].

The above lemma is needed in the following:
Proof of Lemma 6.5. By Lemma B.1, there is a chain {}i"__ in and a map

F" --> q/such that " =)= A-I and such that (6.12) holds. Since 5" c if{l, also
(6.11) holds. By (B.3), to prove (6.13) it is sufficient to show that, for a _n, dim A-I
dim AFJi. Suppose the contrary, i.e., suppose that dim A-I> dimA for some
i. Then there is a vector v 0 in A-1i such that AFv 0. Since a subspace o//. is
controlled invariant itI AFt/’c /’-I-td [22, Lemma 4.2] it follows that span{v}
is controlled invariant. Since also Vail, v must be contained in *(1), the
largest controlled invariant subspace in . On the other hand,
*(r2) f) *(rl) t’) . By Lemma 2.2 it follows that b a a*(’{). Thus, v
,*(1) fq *(), which by Lemma 2.2 contradicts the assumption that *() {0}.
Thus, we have proved formula (6.13).

Finally, to prove (6.10), note from (6.9) that b(’/’,’’E)=+AF"=
/AFJ /’’" / A"FJ,,. It will be shown that this is, in fact, a direct sum. Suppose it

is not. Then there are vectors b a i and boa , not all zero, such that =oAb O.
A-ibm. Then we have AFw =-bo a J. Since also w a 1, w must beDefine w := =1

contained in T’*(I). On the other hand, we *(1), and it follows as above that
w=0. Hence, bo 0. Repeating this argument with w=" A-lb replaced by w=

i=2 A-2b then yields Aw=-bl, and thus bl =0, etc. In this way we find b=0
(ia _n), which is a contradiction, l’1

Allentlix C. This appendix will be devoted to a proof of Lemma 7.4. The proof
will be given through a series of smaller lemmas. For e > 0, let x(e), a _k, a subspace

and a map F’ q/ be given by (7.3) to (7.5). Recall from Lemma 7.3 that a
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matrix of the map (A+ BF)[. with respect to the basis X := {x(e),..., Xk(e)} is
given by (7.6). Now, let D’. be the linear map with matrix
diag (- 1/e,. ., 1/e) with respect to X. Define a nilpotent map N" - by
N := (AF + BF)I D. Obviously, the matrix of N with respect to X is given by

(C.1) mat N

0 --B
-2 B-

0 0

The following lemma is then immediate:
LEMMA C.1. Let _k. Thenforj i, i+ 1,. ., k we have Nx(e =0. On the other

hand, for j 1, 2,. ., i- 1 the following holds

i--1 !--1 Ij_--I
(C.2) Nx,(e)= E , (-1)ieJ-’-Jxj(e)

/t=l /2=1 lj=l

(For consistency, define lo := i.)
Proof. Use (C.1) to obtain an expression for Nxi(e). Apply N to the result, etc.
Another technical ingredient we will need in our proof is:
LEMMA C.2. Let k. Then we have

(C.3) x,(e) A’-lb ’-’+
F -e , A lx(e)F

/=1

Proof. This follows immediately from (7.3), using induction. E]

Finally, we will need the following result:
LEMMA C.3. Under the assumptions of Lemma 7.4, the following holds for all

_k: nlxi(e) O(e k-i) and HEXi(e) O(ek-’-).
Proof. By iterating formula (C.3), we obtain

x,(e)=AF-lb -e Y AFb+e2 Y. ., Alb+
11=1 I1=1 12----1

(C.4) +(-e)k-’-I 2 2 b
/=1 /2=1 lk_i_=l

+(-e)k-’ E E Ak-’-’Xk_,(e)
/l=l 12=1 lk_i=l

(assume that l<-i-<k-2). Under the assumptions of Lemma 7.4 we have
A-b, ,AkF-3beK2 C :7[ and Ak-2ber. Thus, in (C.4) all terms but the last are
in and all terms but the last two are in 2. It follows then that lim_,o e i-k" HlX(e)
exists and that lim_,o e i/-k. H2x(e) exists.

For k-1, the existence of the former limit follows again from (C.4), while the
existence of the latter is obvious. For k, the existence of both limits is obvious, l-1

Proof ofLemma 7.4. By the nilpotency of N, note that for e _k

e(AF+a)txi( e eNteDtxi( e e-(/’)txi( e ).
j=o ji ]

By the triangle inequality it therefore suffices to prove the following" forj 0, 1, , k
1, the sequence IIte-’/’HNGx,()ll, tends to 0 as e0 for a 1 and is uniformly
bounded with respect to e if a 2. Since o te-/’ dt =jle+, it suffices to prove
this asymptotic behaviour for (Euclidean norml). Apply now Lemma
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C.1 to obtain a representation of N{xi(e). Again by the triangular inequality, it is then
sufficient to prove that lim_oeJ/lH,e*-i-Jx,(e) is 0 for a 1 and exists for a =2. (l
is some index ranging between 1 and k.) Now, by Lemma C.3 Hx(e)= O(e k-l) and
HEX(e)= O(ek--l). Thus, indeed lim_o e-i-lHlx(e)=O for all l _k and i _k and
lim_,o e -i-1HEX(e) exists for all _k and _k. This completes the proof of Lemma
7.4. D
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DIAGONALLY MODIFIED CONDITIONAL GRADIENT
METHODS FOR INPUT CONSTRAINED OPTIMAL

CONTROL PROBLEMS*

J. C. DUNN-

Abstract. Many iterative methods for constrained minimization problems conform to the general scheme,
uf+l e A(I’, F, ui), ut 1 where fl is a set of feasible vectors in a Banach space X, F is a payoff function
whose minimum is sought in 1) and At is a map with range in the set of subsets of fL If {(l)i, F)} is a
sequence ofrelated problems that approximate (f, F) in some sense, withi c l)i+ f, then the correspond-
ing diagonal modification of the original algorithm generates iterates via the recursion, u+ e A(I, Fi, u),
u 1. If (1, F) is properly selected, the diagonal modification can compute approximate solutions for
(1, F) efficiently in circumstances where the original algorithm is difficult or impossible to implement for
(1, F). In particular, this happens for certain gradient-related descent methods and increasingly refined
finite-dimensional approximations to infinite-dimensional optimal control problems. Convergence rate
estimates are obtained for a diagonally modified conditional gradient method, and this algorithm is applied
to bounded input continuous-time optimal control problems.

Key words, conditional gradient method, diagonal modification, adaptive precision, optimal control,
input constraints, convergence rates

AMS(MOS) subject classifications. 49D10, 49D37, 65B99

1. Introduction. Conditional gradient algorithms belong to the general iterative
scheme

(1) Ui+I 6- Ai(12, F, ui) ii 6-

for 1, 2, 3,. ., where [I is a set of "feasible" vectors in a real Banach space X, F
is a real valued "payoff" function whose minimum is sought in 12, and Ai(fI, F,. is
a map from X to the set of subsets of 12, defined for each member of a certain class
of problems (12, F). While it is often possible to clearly imagine the implementation
of a given algorithm (1) and to determine its convergence properties in theory, an exact
implementation may be computationally difficult (or even impossible) for certain
(fl, F)’s, and by design or otherwise one may end up generating iterates with

(2) ui+ 6- Ai(12,, F,, ui), ui 6.1",,
where (12,, F,) is in some sense close to the original problem. If (12,, F,) is held
constant in (2), the iterates u will generally yield at best an approximate solution of
(12, F) even in the limit as --> oo. On the other hand, if the quality of the approximation
(f,, F,) is repeatedly upgraded during the iteration, the sequence {u} may actually
"solve" (12, F) as i-->oo. In the simplest application of this basic principle, {u} is
recursively generated by

(3) ui+ 6- Ai(12i, Fi, ui), ui 6-12,

where {(1", F)} is a sequence ofincreasingly refined approximations to (12, F) satisfying

(4) 12i C12i+1C12.
The iteration scheme (3) will be referred to here as a diagonal modification of (1) (see
Fig. 1), following Tapia’s terminology in 1 ].

* Received by the editors January 16, 1984, and in revised form May 2, 1985. This investigation was
supported by National Science Foundation Research grant ECS-8005958.

" Mathematics Department, North Carolina State University, Raleigh, North Carolina 27695-8205.
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Prob.

2 3

u

(1)u3

u2

u4(1 u3{2)

u3

uj(i)__ jth iterate of {1.2) for (a,,F,) (ai,Fi)

u th iterate of {1.3)

FIG. 1. Diagonal modifications of (1.1).

The so-called adaptive precision minimization algorithms formulated by Klessig
and Polak [2] and Schittkowski [3] in the 1970’s are essentially elaborations of (3)
applied to Armijo rule descent methods for unconstrained minimization problems.
These references deal extensively with "finite dimensional" approximations (fi, Fi) to
unconstrained Mayer final value problems (f/, F), with

(5a) f/= P([0, 1], U),
(5b) F(u(. ))= P(x(1)),

dx
(5c)

dt
f(x, t, u(t)) x ca [0, 1],

(5d) x(0) Xo,

where P: R"- R1 and f:" x1 xm , are given functions, U is a given set in Rm,
p 1, oo) and Xo is a given vector in ". In reference [2], U " and the corresponding
approximations f/i consist of step functions in f/that are constant on the intervals of
a given net Vi for [0, 1 ], and the functions F are obtained by replacing the differential
equation in (5) with an approximating difference equation on Vi. Other possibilities
for (, F) are considered in [3]. Reference [2] describes two encouraging numerical
experiments with an adaptive precision gradient method for (5), and shows that every
subsequential limit of an iterate sequence produced by this method is a critical point
of the limiting problem (f/, F) under reasonable conditions on {(f/s, Fi)} and (f/, F).
Convergence theorems of a similar nature are established in [3]; however, convergence
rate estimates are not developed in either study, and input constraints are not treated.

In the light of certain results developed in [4], [5] it seems likely that when
{(f/i, Fi)} converges quickly enough to (f/, F), the iterates generated by (1) and (3)
will have the same asymptotic convergence properties, even though this may not be
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true of (2) and (3) with (f., F.) fixed at any particular (fj, F) different from (f, F).
This suggests that efficient computational procedures for a given (I, F) might be
obtained by selecting an algorithm known to have good asymptotics for (I, F), and
then implementing a diagonal modification of this algorithm with (fi, Fi) chosen to
simplify the computation of vectors in A(I, F, u), especially for small and moderate
values of i. The guiding principle in the selection of (f, Fi) is to achieve reductions
in computational cost mainly at the expense of degraded asymptotics for (2) with
(f., F.) fixed at any (fj, F); so long as the latter algorithm substantially reduces F
in the first few iterations, the diagonal modification (3) may well compute refined
approximate solutions for (f, F) more efficiently than (2) for any fixed (fl., F.) near
(n, F).

As outlined above, the diagonal modification principle amounts to a general
strategy for deriving new and possibly more efficient iterative methods from existing
algorithms. To realize the full potential ofthis idea in particular situations, it is necessary
to know more about special structure in the problem at hand, and to exploit that
structure in the selection of (1) and {(f, F)}. Nevertheless, for large classes of
minimization algorithms, problem structure influences the asymptotic behavior of (3)
only implicitly through a few basic continuity, growth and convergence properties of
(f, F) and {(fi, F)}, and for this reason it is possible to construct nontrivial general
asymptotic convergence rate theories for (3) that can help in identifying likely candidate
algorithms for diagonal modification in a variety of problem contexts. One such theory
is formulated here for diagonal modifications of the conditional gradient method
(DMCG). Together with certain results in [6]-[ 11], this theory indicates that DMCG
methods should have acceptable asymptotic properties for bounded input versions of
(5) with "bang-bang" solutions, notwithstanding the notoriously poor generic
asymptotic behavior of the unmodified CG methods in finite-dimensional polytopes.
Numerical results are also presented for a prototype bounded input control problem
(5), and a DMCG method on nested nets for [0, 1]. The net sequences employed
in this example are generated by doubling the number of equally spaced net points at
each iteration. Even for this crude scheme, iterations of the DMCG appear to be i/2
times less costly than the same number of iterations of the unmodified CG method on
the net dV. When g’ is highly refined, it should be noted that a single CG iterate is
already much cheaper to implement than one iterate of a typical "higher order" method
with better asymptotics.

The results presented here are part of a more extensive theory developed in [12]
for diagonally modified recursive linear-quadratic programming methods.

2. A diagonally modified conditional gradient method. Let fl be a nonempty convex
set in a real Banach space X and suppose, without loss in generality, that X is the
closed linear hull of fl. Let F be a Frechet differentiable real valued function defined
on some neighborhood of II in X, and assume that

(1) (fl, F,u)AargminF’(u)v#, ufl

(this is certainly true if f is closed and bounded and X is reflexive). Fix 5 in (0, 1/2),
and for u fl and a e 3-(12, F; u) let W(f, F; u, ) be a set of "step lengths" in [0, 1]
that satisfy Goldstein’s rule [13], namely: for all to W,

(2a) to=0 ifu3-(,F;u),

F(u)-F(a)>_8,(2b) to=l ifuff(f,F;u) and
F’(u)(u-a)-
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(2c) 1->-F(u)-F(u+t(a-u))>=8 ifui(f,F;u)
toF’(u)(u-a)

Ui+I Ui " O)i(/i-

tT r(f, F, u,),
O) W(, F; ui, i),

The associated recursion,

(3a)

(3b)

(3c)

and
F(u)-F(a)
F’(u)(u-a)

ifVF(u) =0,

ifVF(u) 0.

k

(7a) f-- H u(J)-- U(1)x U(2)x""" x U(k)

j=l

(6b) 3-(f, F; u)= VF(u)
IVF(u)ll

Still more generally, if fl is a cartesian product

(5b) if(f/, F; u) t fl" Y, tj 1 for J arg m!n (u)
jJ

More generally, if f/is a convex polyhedral set in R then f(f, F; u) consists of all
solutions of a linear program with F’(u)v as the objective function; if the linear
constraints that define f/are few in number, or are suitably structured, this program
is easily solved and (3) is readily implemented. The sets i can also be written down
at once for certain "round" convex sets f/. Thus, if f/is the unit ball,

(6a) {u: Ilull-<- 1},

then

then

(4b) f(f/,F;u)= tTcf’ajc-sgnou(U),j=l,2,...,n
Similarly, if is the unit simplex

(5a) l={eN’ ui=landui>-O;i=l’2"’"n}

Equivalently,

u is an extremal of F in f:> : c if(f/, F; ).

Thus (3) "stops" at if[ sc is an extremal. For convex f, every local minimizer of F
in f/is an extremal. For convex F, every extremal is a minimizer. [1

For certain feasible sets f/, the algorithm (3) costs little more to implement than
simple unconstrained steepest descent. For example, if f is the unit cube,

(4a) ={u R": lull-<_ 1;j 1, 2,..., n},

then

defines a conditional gradient method for the constrained minimization problem (l, F).
For convex polyhedral sets in n and quadratic objective functions F, (3) reduces to
the Frank-Wolf method with Goldstein step lengths.

Note 1. By definition : is an extremal of F in the set f if[

F’()(u-)-O,
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of convex sets U) ", then

k

(7b) $-(f, F; u) 1-I arg min VFC/)(u) v/)
j= I)(J) U(j)

where

k

(7c) VF(u)= (VF)(u), VFE)(u), VFk)(u)) I-I i".
j=l

Hence 3-(, F; u) will be easy to construct if the individual minimizer sets in (7b) are
easy to compute.

Feasible sets with simple product structure arise naturally in discrete-time counter-
parts of the control problem (1.5). In fact, the set (1.5a) itself may be viewed as a kind
of "infinite" product set with an associated decomposition formula analogous to (7b).
Thus, for p [ 1, oo), let q p(p 1)-1 (1, oo]. If the real valued function F is Frechet
ditterentiable at u in the set P([0, 1], Rm), then by the Riesz representation theorem,
there is a unique function gu in q([0, 1], Rm) such that,

(8) F’(u)v= gu(t), v(t) dt, v e P([0, 1],nm)

where signifies the standard inner product in m. If U is a bounded closed convex
set in m and if

(9a) f/= P([0, 1], U)

then it follows from (8) that

(9b) 3-(I,F; u) teoog?P([0, 1] Rm)" u(t) e argming(t), v
vEU

This is the counterpart of formula (Tb) for finite Cartesian products.
While the CG method (3) is easy to implement in specially structured finite-

dimensional convex poyhedra, its generic convergence rate is known to be poor in any
convex polyhedron [6]. On the other hand, when is defined by nonlinear inequalities
in R", or when is an infinite product of polyhedral sets U, the CG algorithm may
converge well in principle, even though an exact computation of 3(, F; u) is no longer
possible [6], [7. In such cass, on is led naturally to consider diagonally modified
CG recursions

(10a) Ui+l gli -- tOi(i l’li), I’ll " ’,
(10b) t, if(l),, F;

(10c) toi W(,, F,; u,, a,),

(10d)

where Fi is Frechet ditterentiable on some neighborhood of in the closed linear
hull X of f/i, where {(f, F)} "converges" to (f/, F) in some appropriate sense, and
where $-(f, F; u) is relatively easy to compute, especially in the early iterations.

More specifically, O(i-1) convergence is generic for (3) and convex F on convex
polyhedral f c n [6], [7]; however, linear convergence is generic for (3) and convex
F on the set (9a), provided p 1, F’ is Lipschitz continuous, U is a convex polyhedron
in Rm, and the minimizer of F is a "bang-bang" (i.e., piecewise constant vertex-valued)
function [4], [6]. Consider now that the set I LI([0, 1], U) is readily approximated
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from below by sets li of step functions that have finite ranges in U and are constant
on the subintervals of nets,

(lla) i "-{toi), ti), t,)}
with

(1 lb) O= toO< t{O< < t.i,>= 1,

(llc) Ari c Ari+l, i= 1,2,’" ",

(lld) lim max (t)’)- t/_),)=0.
ioo l-jni

In the case of (1.5), the objective function F is defined implicitly through a differential
equation whose exact solutions are generally unknown, and hence F must also be
approximated on the step function sets fl; however, this is readily done by replacing
(1.5c) with an approximating difference equation on the nets ff (as in [2], [3]). Hence
if U is a convex polyhedral set in m, if (1.5) has a "bang-bang" solution, and if the
nets Ar in (11) are refined quickly enough, it is plausible that the DMCG method will
achieve the "theoretical" convergence rate for (3) and the limiting infinite-dimensional
control problem (1.5). This conjecture is supported by the analysis in 3, and by the
numerical example in 4. The results in 3 can also be applied to continuous-time
control problems in fl .P([0, 1], U), with U a "uniformly convex" set in m.

3. Convergence rate estimates. When (fl., F,) is "close" to ([l, F) it does not
necessarily follow that the asymptotic convergence rate of (1.2) is like the corresponding
rate for (1.1). For instance, it can happen that (ll, F) has a "regular" minimizer for
which (1.1) has good asymptotic properties, while (fl., F,) has a "singular" minimizer
for which (1.2) behaves poorly. This point is illustrated in a control problem setting
by the example in 4 of [3], and 4 of the present article. On the other hand, when
(fI,, F.) is near (fl, F), these examples and the analysis in [5] show that (1.1) and
(1.2) can behave similarly in the exterior of a small ball B(sr,, or.) with radius or. and
center st, arga. min F., even though their asymptotic properties may be quite different
inside the ball; in such cases the radius or. depends on the "distance" between (fl., F,)
and (fl, F) and typically shrinks to zero as (fl,, F,)-->(II, F) (roughly speaking,
B(sr., or.) is like a "boundary-layer" in singular perturbation theory). These consider-
ations suggest that the diagonal modifications (1.3) can have the same asymptotic
behavior as (1.1) for (fl, F) if the sequence {(fli, F)} is chosen to make the balls
B(:, cr) shrink fast enough. This is the central idea in the convergence rate analysis
presented below for conditional gradient method methods, and in the more extensive
treatment of gradient-related methods in 12].

The convergence rate for the algorithm (2.3) is directly correlated with the growth
properties of the local first order approximation F’(sr) (u- st) restricted to u s fl near
a minimizer sr for (fl, F). To understand how this algorithm behaves for nearby
problems (fl., F.), it is therefore important to know how the growth properties of
F’,()(u-st,) in fl, differ from those of F’(sr)(u-) in fl. A result of this kind is
established in the following variant of Lemma 3.1 in [5].

LEMMA 1. Let and , be minimizersfor (fl, g) and ([l,, g,) with l’l, fl. Suppose
that for some a > 0 and all cr >= 0

(1) inf g(u)-g()>-_acr2.
Ilu-:ll_->
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Let a’ be any fixed positive number less than a. Then for all e > O, the conditions

aE
2

(2a) sup Ig(u)-g,(u)]<-

and
2ae

(2b) inf g(u)- inf g(u) <-_

imply that

(3)
and

(4a)

for
(4b)

inf
Ilu-,ll->,

g,(u)-g,(,)>--a’o"2

cr >_ o-( e A 2ae(a a’)-1.

Proof By hypothesis

Hence

ae2 ae2

> inf g(u)-g()>= inf g,(u) ()
3 ua, ua, ----- g

ae2 2ae2 2ae2

g,(,)---- g() -->- g(,)--- g(:) -> all, 11=-3

Furthermore, for all u l-l,,

and

and therefore,

g,(u) g,(’,) g(u) g() + g(se) g,(,)+ g,(u) g(u)
2

>-- g(u) g() + g() g,(:,) ----g(:)-g*(*)->-uainf g(u) ,,inf, g(u)-
ae2 --2ae2

3 3

a(o-2- 2err) => a,o.2

for all cr >_- o’(e) 2ae(a a’)-1 > e (Fig. 2). l-1
Note 1. Inside the ball with center :, and radius or(e), g, may have an asymptotic

growth rate completely different than g’s growth rate near .
Observe that

_--> a[(cr- e)2- e2] a(o’2- 2err).

inf g,(u)-g,(,) >- inf g(u)-g()-ae2

u-:,l(-_>, Ilu-611_->,,-

g,(:)- g,(:,)--> g(u) g() ae2.
Since II, c fl, and since u , e implies that u :11 e -II-, e-, it now
follows that for all or-> e,
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FIG. 2

Note 2. A result analogous to Lemma 1 is readily proved for local minimizers
:, :, satisfying

(6) inf g(u)-g()>=atr2

and

(7) <

for some a > 0, some t > 0 and all cr [0, t). In place of (4), one now obtains the
growth condition

(8a) inf g,(u)- g,(:,) -> a’cr2
u,

->llu-(,l)>-_

for

(8b) - e >- cr >- or(e) 2ae(a a’)-1.

In addition to Lemma 1, the convergence rate estimate in Theorem 1 below also
depends on the following result.

LEMMA 2. Let {ri} be a sequence of nonnegative real numbers such that for some
fl[0, 1), A [0, 1) and c>0,

(9) ri+l <-/3r + cA , 1, 2, 3,

If A , then

(10a) i= 1,2,3,
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On the other hand, if A fl, then

(10b) r, <_- (rl + c(i- 1))/3 ’-1,

Proof. By induction,

i= 1, 2, 3,.

i-1

(lla) ri<=i-lrl +c Z [i-j-lxj
j=l

and

i-1

(llb) (fl-A) Z [i--j--lxJ--’i([i-l-xi-1)
j=l

for i= 2, 3,.... The inequalities (10) follow immediately from (11). [3

With Lemmas 1 and 2, it is now possible to prove the following convergence rate
theorem for the DMCG method (2.10). The growth condition (12) imposed in this
theorem is known to hold for important classes of continuous-time optimal control
problems (1.5) and for standard nonlinear programs in R" with feasible sets f defined
by finitely many uniformly convex inequalities (see Note 4 below).

THEOREM 1. Let I be a nonempty convex set in a real Banach space X, let F be a
convex Frechet differentiable real valuedfunction defined on some neighborhood of I in
X, and let F be Lipschitz continuous on bounded sets in . Suppose that minimizes F
in f and that

(12) F’()(u ) allu 11 =
for some a > 0 and all x f. Let {i} be a nondecreasing sequence of nonempty convex
subsets of f, and let {F} be a sequence of convex Frechet differentiable real valued
functions defined on neighborhoods ofthe corresponding sets fi in their closed linear hulls
X c X. Assume that {F[} satisfies the uniform Lipschitz continuity condition

(13) IIF$(u)-F$(v)ll a- sup I(F$(u)-f(v))w[<-tllu-vll
wXi
Ilwll--1

for some L> O, all u, v f and i= 1, 2, 3,.... In addition, let {s} be a sequence of
minimizers for the associated problems (li, Fi), and suppose that for some b > O, some
X [0, 1) and all i,

(14a)

(14b)

and

(14c)

sup ]F,(u)- F(u)] =< hA’,
ui

inf F(u) inf F(u) -<_ bX i,
ui uf

sup I(F$(:,)- F’(c))u _-< bA ’.

Finally, for > O, let S denote the level set

S, {u fl: F(u)- F() <= t}.

Then there is a number p [0, 1}, independent of l, and positive numbers C1 and C2
depending on l, such that

(15a) 0<-_ F(u)- F() <- Clp i-1, i= 1, 2, 3,’..

and

(15b) O<-_F,(u,)-F(,)<-CEpi-1 i=1,2,3,.
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for every sequence { ui} that satisfies the diagonally modified conditional gradient recursion

(2.1 O) and originates at ul St.
Proof. By Note 2.1, (14b) and the convexity of F,

(16) inf F’(g)u-inf F’()u=inf F’()(u-)<-inf F(u)-F()<=bA ’.

Fix a’ in (0, a) and put

(17a)

(17b)
al (12ab)l/2(a a’)-1,
a2=(3b/a)1/2,

(17c) O’i Oll hi/2.

Let g(u)= F’()u and g,(u)= F()u. Then by (12), (14), (16) and Lemma 1,

(17d) I1,-11-<- =A
and

(17e) uI, and Ilu-,ll>-cr,F(,)(u-,)>-_a’llu-,ll.
Let {u} satisfy (2.10) with {ai} and {to}, and put

r, F(u,) F() 0, i= 1, 2, 3, .
Suppose that

for some paicular value of i. en by (17)

(18) u,- 11 u,- , + , < (, + =)A
Hence,

where K is a Lipschitz constant for F in the ball {u " u 11 + =), and

(19b) a3=K(a+a2).

It now follows from (2.10), (14) and (19) that

r,+, F(u,+)- F()= F,(u,+)+ F(u,+)- F,(u,+)- F()
(20a)

where

(20b) O4 O3 "[- 2b;t 1/2.

On the other hand, suppose that

for some particular i. Then (13), (14) and (17) can be used to estimate ri+l as follows.
First, observe that (2.10), (14) and the convexity of Fi imply that

r,- r,+l F(u,)- F(U,+l)

Fi(ui) Fi(ui+l) + F(ui) Fi(ui) + Fi(Ui+l) F(Ui+l)

(21) >- ,o,Fi(u,)(u,- a,)- 2bx’
>- ,o,Fi u,)( u, ,)-2bX’
>_- ,o,(F,(u,) F,(,)) 2bX’
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and

(22)

and therefore

(23)

IF,(:,) F(:)[ I,f F inf El -< li.n,f. F -infa El + ha’ =< 2bh’

/’i --/"+1 -> 6toil’i --4bA ’.
If u, -(f,, F; u,) then ri=0, by Note 2.1; in this case (23) gives

(24) ri+l --< 4hA .
However, if u, if(f/,, F,; u) then F(u)(u-,)>O, and (2.10), (13) and the Funda-
mental Theorem of Calculus imply that

(25a) toi 1

or

(25b) 1-6 -> F/(u,) F,(u,+l)
_> 1

to,F:( ui)( u, ,)

Consequently, by (17) and the convexity of

(26) to, -> min { 1, 26

Observe now that

whereas

2Fi(u,)(u,-

F(u,)(u,-a,)}>=min{1 2a’llu,- g, = )Lllu,- ,11 = L(ll :ii($,- ,11)

in view of (17). In all cases,

(27a)

with

(27b) y max {1, ,).
With (23), (26) and (27) one obtains

(28a) to, => to
_a min { 1,

L(1 + y)2j
> 0

and

(28b) /’i+l -< fir, + 4bh

with

(28c) /3 max {0, 1 6to}.

Together, the inequalities (20), (24) and (28) yield

(29a) ri+l <-- fir, + cA’
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with

(29b) c max {a4, 4bh 1/2}.
If A /3, then (10a) in Lemma 2 yields,

ri<-Cpi-, i=1,2,3,...(30a)

with

(30b)

and

p =max(A, fl)

(30c) C r +I/J’"------5._
On the other hand, if A =/3, let p be any fixed number in the interval

(31a) /3<p<l

and put

(31b) C r + c(e In (p/fl))-l.
Since xtzX<=-(e ln/z)-1 for x>-0 and/z [0, 1), it now follows from (10b) that

(31c) ri<- Cp -1.

Finally, (14), (22) and (30) or (31) imply that

(32) Fi(u,)-F()<=r+3bh’<-_(C+3bh)p’-, i= 1, 2, 3,

Note 3. When 0-< ,X </3, the factor p in (30)-(32) is equal to/3, and/3 is essentially
determined by parameters of the limiting problem (f/, F). In fact, when h =0, (30)
provides a convergence rate estimate for the unmodified CG method (2.3) applied to
(f/, F). This suggests that if h is "sufficiently small" compared to/3 the DMCG method
(2.10) ought to behave like (2.3) for (f/, F), even though (2.3) may exhibit a much
poorer asymptotic convergence rate when implemented for any one of the problems
(,, F,).

Note 4. If U is a polyhedral convex set in R" and if II- 1([0, 1], U), then
condition (12) typically holds in the norm at "bang-bang" extremals, i.e., piecewise
constant : with range in the vertex set for U [4], [6]. According to Lemma 1, (12)
can therefore hold in the exterior of small neighborhoods of extremals :. in polyhedral
product approximations

If fl satisfies the uniform convexity condition,

(33) x, yeI and z-
2

for some c > 0 and all x, y, z, and if F’(sr) 0 at an extremal in the boundary of
then (12) holds with a 2cllF’(:)ll [6]. The convexity condition (33) is satisfied by any
ball in a Hilbert space, and more generally by sets defined by finitely many smooth
convex nonlinear inequalities,

(34a) h,(u)_-< 0, i= 1,...,

with

(34b) h’.’,(u)vv vii =
for some > 0, all i, and all u f/[6].
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Finally, if U c R" satisfies (33), and f 1([0, 1], U), then (12) holds at extremals
: with continuous nonvanishing Riesz representors ge in (2.8) [10]; extremals of this
type are continuous and have range in the boundary of U.

Note 5. The convexity conditions imposed on F and Fi in Theorem 1 may be
replaced with the weaker "uniform pseudoconvexity" condition described in [8].

Note 6. A result analogous to Theorem 1 is established in [12] for projected
gradient methods; in both cases, the proofs are readily modified for Armijo step lengths
[14]. References [15] and [16] establish similar results for full-step Newton and
quasi-Newton methods.

4. An optimal control problem. As explained earlier, the continuous-time optimal
control problem (1.5) can be approximated by discrete-time problems (li, F), where

’Sthe fl are sets of step functions that have range in the control input set U and are
constant on intervals of the nets V, and where the F’s are computed by replacing the
differential equation (1.5c) with a standard "numerical integrator" on ci (for example,
an Euler, modified Euler, or Runge-Kutta difference equation). Conditions (3.13) and
(3.14) will hold for this type of approximation if the functions P and G are "sufficiently
smooth" and the lengths of the largest intervals in i decrease geometrically with
increasing i. Moreover, condition (3.12) typically holds in 1 if U is a convex
polyhedron in R’ and (f, F) has a "bang-bang" solution , or if U satisfies the
uniform convexity condition (3.33) and F’(:) has a continuous nonvanishing Riesz
representor (Note 3.4). For control problems of this sort, Theorem suggests that
iterations of the DMCG method (2.10) will yield values of F comparable to those
produced by the same number ofiterations ofthe CG method (2.3) for (l), F), provided
the nets N are refined at a suitable rate for 1-<j =< i. If this is so, the DMCG method
may have a decided advantage, since the cost of one CG iterate for (l)j, F) increases
roughly in proportion to the number nj of intervals in the net /V. More precisely if

n u for some u > 1, then

(1)

CG cost (i iterations for (f, F))
DMCG cost (i iterations)

-1

i(v-1)v’ i(v-1)
v(v’- 1) v

Example 1. Consider a particle of unit mass that moves along a straight line in
response to a time-dependent force u(t) whose magnitude cannot exceed 1. Suppose
that at time 0 the particle’s position coordinate xl and velocity x2 are both zero.
How should one choose u(t) on the interval 0 <- =< 1 in order to make x(1) large while
keeping Ix(1)l small? There are several ways to formulate this problem in precise
mathematical terms. For present purposes, the formulation (1.5) will serve with p 1,

2m=l, n=2, Xl(0)--x2(0)--0 U=[-1,1],fl=x2, f2=u, P=-x+IAx2, where A is
a positive penalty constant (the larger the value assigned to A, the more stress is placed
on bringing the particle to rest at 1). The corresponding optimal control problem
(l’l, F) has a bang-bang solution,

1, O<--t<t,,(2a) ( t)
-1, t,_<-t_<-1,

with

I+A
(2b) t, 1+2A’
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and

(3) F(s)
I+A

2(1 +2A)"
Moreover, this solution satisfies condition (3.12) in 1 [4].

Now let f/i consist of step function controls that have range in [-1, 1] and are
constant on intervals of the net a(’)= { to), t’), t,)} with

t(O t)+ Ate,/+1 l=0, 1," ’’, n-l,

and

1
Ati --.

n
Construct F by replacing the differential equations 1 x2, 2 u(t) by a corresponding
pair of modified Euler difference equations on the net ). According to (1), iterations
of the CG method (2.3) applied to (f/, F) will cost roughly i/2 times as much as
iterations of the DMCG method. Furthermore, numerical computations performed for
this example indicate that iterations of the two method produce comparable values
of F. Some of these results are presented in Table 1 for A 6 and 6 .1.

TABLE

A B C D
CG DMCG CG DMCG CG DMCG CG DMCG

0.0 0.0 .01563 .01563 -.06250 -.06250 .2539 .2539
2 .01563 .01563 .03247 .03247 .02051 .02051 .2540 .2540
3 .02832 .02832 .06123 .06172 .2500 .2500 .2581 .2561
4 .06123 .06123 .08220 .07571 .1865 .2539 .2592 .2583
5 .1367 .1367 .1895 .2500 .1973 .2552 .2584 .2594
6 .1443 .1895 .2500 .2539 .2023 .2569 .2592 .2602
7 .1762 .1973 .1904 .2552 .2184 .2573 .2638 .2625
8 .1923 .2095 .2007 .2569 .2219 .2584 .2644 .2638
9 .2007 .2177 .2061 .2579 .2264 .2599 .2655 .2643
10 .2061 .2227 .2284 .2629 .2390 .2603 .2667 .2650

(NOTE: Multiply entries by -1 to obtain payoff values F(u+)).

Table 1 contains four pairs of columns labelled A, B, C, D, corresponding to four
different starting functions in fl, namely uA( ")= 1, U(’)=--0, uc( ")= --.5 and the
step function uD( with uD(t) 1 for [0,1/2] and uD(t) =--1 for t (1/2, 1]. The second
column in each pair lists the values of-F(u+) obtained after iterations of the
DMCG method, for 1, 2, , 10. The first column in each pair lists the correspond-
ing values of -F(U+l) obtained by doing iterations of the unmodified CG method
for the fixed problem (fi, F). It can be seen that for each i, the modified conditional
gradient method typically produces a sub-optimal solution for (f, F) that is compar-
able to, or significantly better than, the approximate solution produced by the same
number of iterations with the unmodified method. What is more, since DMCG uses
crude nets in the early iterations, it is less costly to implement; in particular, for 10
DMCG has a better than 5 to 1 cost advantage over CG, as explained above.
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Computations were halted in the present example after 10 iterations, since the
simple grid refinement rule used here produces a net 1o with 1024 intervals; neverthe-
less for three out of four starting points, the DMCG values Fo(U) in Table 1 are
already close to the optimal value F(:)=-.2692:.. for the limiting continuous-time
problem (f, F) with A 6 (see (3)). It seems likely that still better approximations to
F(:) could be obtained more efficiently with variable At nets ci that increase in size
more slowly than 2 but concentrate their smallest intervals where the (i- 1)st iterate
function is changing most rapidly (for example, near "switching points"). It might
also pay to increase the precision of the difference equation approximation as the
iteration commences.
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CONTROLLABILITY OF CONVEX PROCESSES*
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Abstract. The purpose ofthis paper is to provide several characterizations ofcontrollability ofdifferential
inclusions whose right-hand sides are convex processes. Convex processes are the set-valued maps whose
graphs are convex cones; they are the set-valued analogues of linear operators. Such differential inclusions
include linear systems where the controls range over a convex cone (and not only a vector space). The
characteristic properties are couched in terms of invariant cones by convex processes, or eigenvalues of
convex processes, or a rank condition. We also show that controllability is equivalent to observability of
the adjoint inclusion.

Key words, convex process, differential inclusion, tangent cone, duality, invariant cones, viability domain
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Introduction. A convex process A from R to itself is a set-valued map satisfying

(0.1) Vx, y Dom A, A,/ ->_ 0, aA(x) + iA(y) c A(Ax + Iy),

or, equivalently, a set-valued map whose graph is a convex cone. Convex processes
are the set-valued analogues of linear operators. We shall say that a convex process
is closed if its graph is closed and that it is strict if its domain is the whole space.

We associate with a strict closed convex process A the Cauchy problem for the
differential inclusion: find an absolutely continuous function x(. satisfying

(0.2) for almost all [0, T], x’(t) A(x(t)), x(0) 0.

We denote by RT the reachable set at time T defined by

(0.3) Rr := {x( T): x(. is a solution to (0.2)}.
We also say that

(0.4) R := LI Rr is the reachable set

and that the differential inclusion (0.2) (or the convex process A) is controllable if the
reachable set R is equal to the whole space

Convex processes were introduced and thoroughly studied in Rockafellar 1967],
1970], [ 1974] and in Aubin and Ekeland 1984], for instance. Derivatives of set-valued
maps (see Aubin and Ekeland [1984, Chap. 7]) provide examples of closed convex
processes. These are used, for instance, in Frankowska [1984], [1985] for deriving
local controllability of differential inclusions from the controllability of convex proces-
ses which "approximate" in some sense the original differential inclusion around the
equilibrium:

THEOREM (Frankowska). Let F be a set-valued map from t into the compact
subsets of ", Lipschitzian around zero and O e F(0). Denote by F’(0) the derivative of
F at zero and by L the closed convex cone spanned by co F(0) (convex hull ofF(O)). Set

A(x) el (F’(O)x + L).

*Received by the editors November 16, 1984, and in revised form September 3, 1985.
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Recherche de Math6matiques de la D6cision (CEREMADE), Universit6 de Paris-Dauphine, 75775 Paris,
France., International Institute of Applied Systems Analysis, (IIASA) Laxenburg, Austria, and Institute of
Mathematics, Polish Academy of Sciences, Warsaw, Poland.
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Then the differential inclusion

x’ F(x), x(O) 0

is locally controllable around zero at time T if the "linearized" inclusion

x’A(x)

is controllable at time T.
We know that for linear problems the reachable sets are invariant. Hence we wish

to extend the usual concept of invariant subspace by a linear operator. This can be
done in two different ways" let A be a convex process and P be a closed convex cone
contained in Dom A. We recall that the tangent cone Tp(x) at a point x P is defined
by

(0.5) Tp(x):=cl hU>O-(P--x) =el (P+Rx).

We shall say that P is invariant by A if

(0.6) Vx P, A(x) c T,(x)

and that P is a viability domain for A if

(0.7) Vx P, A(x) f’l Te(x) f.

When P is a vector space, then Tp(x) P, so that a subspace is invariant by A if Vx P,
A(x) P and is a viability domain for A if Vx P, A(x) f3 P f.

The first example of an invariant cone is provided by the closure of the reachable
set.

THEOREM 0.1. Let A be a strict closed convex process. Then the closure of the
reachable set is the smallest closed convex cone invariant by A and the subspace R- R
spanned by R is the smallest subspace invariant by A.

Furthermore, ifR R andR , there exists h g such that Im (A hi) .
We could say that a real number h such that Im (A- hi) is an eigenvalue of

A.
We shall prove this theorem by "duality." Indeed, convex processes can be

transposed, as can linear operators. Let A be a convex process; we define its transpose
A* by

(0.8) p A*(q)/(x, y) Graph A, (p, x)_-< (q, y.
We also replace the orthogonality between subspaces by polarity between cones.

If G is a subset of g, we denote by G/ its (positive) polar cone defined by

(0.9) G+ := {p " ]x G, (p, x) _>- 0}.

We recall that the separation theorem implies that

(0.10) G+/ is the closed convex cone spanned by G.

Therefore, it is convenient to bear in mind that

(0.11) (q,p)eGraph (A*)C(-p, q)Graph (A)+

so that when A is a closed convex process, then A A**.
Example. Let F be a linear operator from R" to itself, let L be a closed convex

cone of controls and let A be the strict closed convex process defined by

(0.12) A(x) := Fx + L.
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Then its transpose is equal to

F*q ifqL/,
(0.13) A*(q)

if q L/.

When L {0}, i.e., when A F, we deduce that A* F*, so that transposition of convex
processes is a legitimate extension of transposition of linear operators.

When A is a strict closed convex process, we shall prove that A* is upper
semi-continuous with convex compact values, that A*(0)= {0}, Dom A*= A(0)/ is
closed and that the restriction of A* to the vector space Dom A*fq-Dom A* is a
linear (single-valued) operator.

As expected, we associate with the differential inclusion (0.2) the adjoint inclusion

(0.14) for almost all t[0, T], -q’(t)A*(q(t)).

We introduce the cones QT and Q defined by

i) QT:= {l]q(’), a solution to (0.14) satisfying q(T) q},
(0.15)

ii) Q:= f Q.
>o

To say that Q {0} amounts to saying that the only solution to (0.14) defined on [0, oo[
is q---0, or, in the language of systems theory, that the adjoint system is observable.

The "duality" method lies in the following statement.
THEOREM 0.2. Let A be a strict closed convex process. Then

(0.16) Rr= Qr and R/= Q.

Furthermore, a closed convex cone P A(O) is invariant by A ifand only if its polar
cone P/ c Dom A* is a viability domain for A*.

Indeed, it allows one to derive Theorem 0.1 from
THEOREM 0.3. Let A be a strict closed convex process. The cone Q is the largest

closed convex cone which is a viability domainfor A* and Q fq -Q is the largest subspace
invariant by (the linear operator) A*.

Furthermore, if Q is not reduced to {0} and contains no line, there exists a solution
q 0 and A to the inclusion Aq A*(q).

We could say that such a q is an eigenvector ofA*.
It will be convenient to introduce the following definition. We say that A satisfies

the rank condition if

the subspace spanned by the cone A"(0) is the whole space(0.17) " for some integer m _-> 1.

This is motivated by the terminology used for linear systems. Indeed, when A(x):=
Fx + L where F is a linear operator and L is a convex cone of controls, we observe
that A"(0) L+ FL+. + Fm-L.

We shall derive from these results the following characterization of controllability
of convex processes.

THEOREM 0.4. Let A be a strict closed convex process. The following conditions are
equivalent.

(a) differential inclusion (0.2) is controllable i. e., R ),
(b) differential inclusion (0.2) is controllable at some time T>0 (i.e., RT="),
(C) the adjoint inclusion (0.14) is observable (i.e., Q {0}),
(d) the adjoint inclusion (0.14) is observable at some time T> 0 (i.e., QT {0}),
(e) " is the smallest closed convex cone invariant by A,
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(f) {0} is the largest closed convex cone which is a viability domain for A*,
(g) A has neither proper invariant subspace nor eigenvalues,
(h) A* has neither proper invariant subspace nor eigenvectors,
(i) the rank condition holds true and A has no eigenvalues,
(j) the rank condition is satisfied and A* has no eigenvectors,
(k) for some m >- 1, Am(o)= (-A)m(o)=Rn.
Example. Let F be a linear operator from Rn to itself and let L be a closed convex

cone of controls. We consider the differential inclusion

(0.18) x’(t) Fx(t)+ L, x(0) 0,

and its adjoint inclusion

(0.19) -q’(t)= F*q(t), Vt>-O, q(t) L+.
COROLLARY 0.5. The following conditions are equivalent:
(a) the system (0.18) is controllable,
(b) the adjoint equation (0.19) is observable (the only solution of-q’ F*q remain-

ing in L+ on [0, oo[ is q =- 0),
(c) {0} is the largest closed convex cone contained in L+ which is invariant by F*,
(d) F* has neither proper invariant subspace contained in L+ nor eigenvector in L+,
(e) the subspace spanned by L, FL,..., F"-IL is equal to " and F* has no

eigenvector in L (see Brammer [ 1972]),
(f) for some m>-_l, L+FL+...+FmL=L-FL+...+(-1)mFmL= (see

Korobov 1980]).
This example also illustrates another advantage of duality, because some properties

bearing on the adjoint system have a simpler formulation. This explains why some
criteria mentioned in Theorem 0.4 disappear in Corollary 0.5.

When L is a vector space, statements (c), (d) and (f) are the same and the mention
of eigenvector in statement (e) is redundant. This is not the case when L is a proper
cone. It is sufficient to consider the example

x’-x+/, x(0) =0.

The rank condition is satisfied (A2(0)=) and the reachable set is +.
We summarize in 1 the results on convex processes and their transpose that we

will need later. Section 2 is devoted to the proof of the duality Theorem 0.2, characteriz-
ing the positive polar cones of the reachable set. We then derive the characterization
of the closure of the reachable set as the smallest invariant cone by A and its dual
version in 3 and the existence of eigenvalues of A and eigenvectors of A* in 4.
These results are used to prove Theorem 0.4 in 5.

1. Convex processes and their transposes.
DEFINITION 1.1. A set-valued map from to R" is said to be a convex process

if its graph is a convex cone. It is closed if its graph is closed. It is called strict if

Dom A := {x nlA(x) } is the whole space.

DEFINITION 1.2. Let X be a Hilbert space and let G c X be a subset. We denote
by G+, the (positive) polar cone of G, the closed convex cone defined by

(1.1) G+ := {p x*lVx G, (p, x) >- 0}.

The separation theorem implies that the "bipolar" G++ is the closed convex cone
spanned by G. We shall use the following consequence of this fact.
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LEMMA 1.3 (closed image lemma). Let X, Y be two Hilbert spaces, let b be a
continuous linear operator from X to Y and let L be a closed convex cone of Y. Assume
that

(1.2) Im h L Y surjectivity condition).

Then

(1.3) b-l(L)+ b*(L+).

Proof (a) We prove first that b*(L+) is closed. Let q, L+ be a sequence such
that b*(q,) converges to some p in X* and let us prove that p belongs to b*(L+).

We begin by showing that q, is weakly bounded. Indeed, for any v Y, there exist
x X and y L such that v b(x) y. Hence

(q., v)= (b*(q.), x)-(q., y) _<-(b*(q.), x) <_-II 6*(q )ll" Ilxll.
Therefore, since X is reflexive, the sequence q. is in a weakly compact subset and a
subsequence q., converges weakly to some q Y*. Since L/ is closed and convex, and
thus is weakly closed, q belongs to L/. Since b*(q.,) converges weakly to th*(q) and
strongly to p, we deduce that p b*(q) b*(L+).

(b) We observe that b*(L+)+=b-(L) because xd)*(L+)+ if and only if
(qb*q,x)=(q, b(x))>-0 for all qL+, i.e., if and only if b(x) belongs to L//=L.
Hence, since b*(L/) is closed, we deduce that

b*(L+) b*(L+)++ -I(L)+. [’]

We now recall some properties of convex processes, some of them already
are known (see Rockafellar [1967], [1970, 39], [1974], Aubin and Ekeland [1984,
Chap. ]).

DEFINITION 1.4. Let A be a convex process from R" to itself. The transpose A*
of A is the set-valued map from R" to itself given by

(1.4) pA*(q)e(x,y)eGraph(A), (p,x)<-(q,y).

In other words,

(1.5) (q,p)Graph (A*)e(-p, q)(GraphA)+.
The transpose of A* is obviously a closed convex process and A A** if and

only if the convex process A is closed. When A is a linear operator its transpose as a
linear operator coincides with its transpose as a convex process.

LEMMA 1.5. IfA is a closed convex process, then

(1.6) A(0) (Dom A*)+.
Proof. We observe that y belongs to A(0) if and only if 0= (p, 0)<-(q, y) for all

q Dom A* and p A*(q), i.e., if and only if (q, y) -> 0 for all q
DEFINITION 1.6. Let B denote the unit ball. When A is a closed convex process,

we define

(1.7) IIAII := sup inf Ilyll [0,
xBf’lDom A yA(x)

PROPOSITION 1.7. Let A be a strict closed convex process. Then
(a) lx, y", A(x)c A(y)+llAll llx-yllB(i.e., a is Lipschitzian with finite Lip-

schitz constant equal to All).
(b) Dom A* A(0)/ and A* is upper semicontinuous with compact convex images,

mapping the unit ball into the ball or radius IIAII.
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(c) The restriction ofA* to the vector space Dom A*f’)-Dom A* is single-valued
and linear (and thus, A*(0) 0).

Proof. (a) The first statement is a reformulation of the Robinson-Ursescu theorem
(see Robinson [1972], Ursescu [1975], and Aubin and Ekeland [1984, Cor. 3.3.3,
p. 132]).

(b) We observe that

(1.8) Vq Dom A*, sup Itpll -< IIAII Ilqll,
pA*(q)

because for all xDomA=R and for all pA*(q) we have

[tpll sup
(p’ x) (q, y)

Ilxll
<-- sup inf

_-< sup inf
IIxll

Then A* maps bounded sets to bounded sets. Since its graph is a closed convex
cone we deduce that A* is upper semicontinuous with compact convex images. By
Lemma 1.5, Dom A*= A(0)/. Therefore it remains to prove that Dom A* is closed.
Indeed let q, Dom A* be a sequence converging to some q and let p, A*(q,,). The
sequence {p,} being bounded contains a subsequence {p,,} converging to some p. Thus

(q, p)= lim (q,,, p,,), (%,, p,) graph A*.

The graph of A* being closed, we proved that q Dom A*.
Statement (c) follows from Rockafellar [1970, Thm. 39.1, p. 414].
We observe that we always have

sup (p, Xo)--<- inf (qo, Y).
pA*(qo) yeA(x)

LEMMA 1.8. Let A be a closed convex process.
For any Xo Int Dom A, and qo Dom A*,

(1.9) sup (p, xo)= inf (qo, Y).
pc A*(qo) yA(Xo)

(See Rockafellar [1970, Thm. 39.3, p. 419]).
We now extend to the case of closed convex cones the concepts of invariant

subspace. When K is a subspace and F is a linear operator, we recall that K is invariant
by F when Fx K for all x K. When A is a convex process, there are two ways of
extending this notion: we shall say that K is invariant by A if, for any x K, A(x) c K
and that K is a viability domain for A if, for any x K, A(x)fq K # . We also need
to extend these notions to the case when K is a closed convex cone. For that purpose,
we recall the

DEFINITION 1.9. If K is a closed convex set and x belongs to K, we say that

TK(x) := cl -(K-x)0

is the tangent cone to K at x.
LEMMA 1.10. When K is a vector subspace, then for all x K, TK (x) K and when

K is a closed convex cone then,

(1.10) Vx e K, T(x) cl (K +Ix).

(See Aubin and Ekeland [1984, Prop. 4.1.9, p. 171]).
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Now, we can introduce
DEFINITION 1.11. Let K be a closed convex cone and let A be a convex process.

We say that K is invariant by A if

(1.11) VxK, A(x)c Tr(x)

and that K is a viability domain for A if

(1.12) Vx K, A(x) fq Tr (x) f.

These are dual notions, as the following proposition shows.
PROPOSITION 1.12. Let A be a strict closed convex process and let K be a closed

convex cone containing A(O). Then K is invariant by A if and only if K+ is a viability
domain for A*.

Proofi By Proposition 1.7 (b) the condition A(0)c K implies that K/ A(0)/=
Dom A*. To say that K is invariant by A amounts to saying that

(1.13) vxK, tq T:(x)+, inf (q,y)>=O.
yeA(x)

Lemma 1.10 states TK(x) el (Rx+ K), TK/(q)=cl (Rq+ K+). Therefore

(1.14) q rr(x)+C((q,x)=O,xK, qK+}Cx rr/(q)+.
On the other hand, Lemma 1.8 implies that

inf (q,y)= sup (p,x).
yeA(x) pA*(q)

Therefore condition (1.13) is equivalent to the condition

(1.15) VqK+, Vx TK+(q)+, sup (p,x)>--_O.
pA*(q)

By Proposition 1.7 (b) for all q K/ the set A*(q) is compact. The separation theorem
implies that A*(q) has a nonempty intersection with Tr/(q) if and only if for all x

sup (p,x)-> inf (z,x).
pA*(q) TK+(q)

Since TK/(q) is a cone the latter inequality is equivalent to (1.15). This ends the
proof.

We now introduce the concepts of eigenvalues and eigenvectors of closed convex
processes.

DEFINITION 1.13. We shall say that A s is an eigenvalue of a convex process A
if Im (A-AI)n and that x Dom A is an eigenvector of A if x 0 and if there
exists A such that Ax A(x).

We observe that half-lines spanned by eigenvectors of A* are viability domains
for A*.

LEMMA 1.14. Let A be a strict convex process. Then A* has an eigenvector if and
only if Im (A- AI) R for some A .

Proof. (a) Let r/be an eigenvector of A*, a solution to At/ A*(r/), r/ 0. Thus,
for all yeA(x), (r/, y-Ax)>_-0 and thus, Im (A-AI)

(b) Conversely, assume that for some A , Im (A- AI) # n. Since it is a convex
cone of a finite-dimensional space, there exists a nonzero r/ R" such that (r/, z)-> 0
for all z Im (A-AI). This implies that for all x n and y A(x),

By the very definition of A*, we deduce that At/belongs to A*(r/). l-1
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Example 1.15. Let F be a linear operator from R to itself, let L be a closed
convex cone of controls and let A be the strict closed convex, process defined by
A(x) := Fx + L.

A cone K is invariant by A if

txK, Fx+Lc TK(X),

and A is an eigenvalue of A if

Im (F AI) + L # an.
The transpose A* of A is defined by

F*q ifqL+,A’q=
f ifq L+"

A cone P c L/= Dom A* is a viability domain for A* if and only if

Vq P, F*q Tp(q).

An element q # 0 is an eigenvector of A* if and only if q is an eigenvector of F*
which belongs to the cone L+.

Example 1.16. Let f:n_n be a single-valued map and Lc R be a closed
convex cone, to which we associate the set-valued map A defined by

(1.16) Vx a", A(x) := f(x) + L.

We observe that A is a closed convex process if and only if

(1.17) Vq L+, x (q,f(x)) is convex, lower semicontinuous and
positively homogeneous

or, in other words, if and only if

(1.18) Vq L+, x (q,f(x)) is the support function of a compact
convex subset which we denote by F*(q).

We then verify that the transpose A* of A is equal to

(1.19) a*(q) := {*(q) ififqL+’not.
We observe that

(1.20) Vql, q2 L+, A*(ql + q2) F*(ql) + F*(q2) A*(ql) + A*(q2).

Furthermore, F*(q)- A*(q) is single-valued when q ranges over L+FI-L+.
To say that q is an eigenvector of A* is to say that

(1.21) q#0, qL+, AqF*(q),

and that A s is an eigenvalue of A is to say that

Im (f AI) + L # Rn.(1.22)

We check that

(1.23) X fk(L) , Ak(o)
k=l k=l

2. The duality theorem. We devote this section to the duality theorem, which
characterizes the polar cones of the reachable sets.
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We denote by WI’p(0, T), p[1,], the Sobolev space of functions x
LP(O, T; R") such that x’(. belongs to LP(O, T; ).

Let us consider the Cauchy problem for the differential inclusion

(i) x’( t) A(x( t))
(2.1)

(ii) x(0) 0.

for almost all [0, T],

We recall that the reachable set Rat is defined by

(2.2) RT: {x(T)[x WI’I(0, T) is a solution to (2.1)}.

We shall characterize its positive polar cone R. For that purpose, we associate
with the differential inclusion (2.1) the adjoint inclusion

(i) q’( t) A*(q( t))
(2.3)

(ii) q(T)

for almost all [0, T],

and we denote by QT c Dom A* the set of "final" values r/ such that the differential
inclusion (2.3) has a solution.

(2.4) Q-:= {r/[:iq wl,l(0 T) a solution to (2.3)}.

The statement of the duality theorem is the following.
THEOREM 2.1. Let A be a strict closed convex process. Then

(2.5) Rr= Q.

We need the following technical lemma.
LEMMA 2.2. Let A be a strict closed convex process. Then the WI’(0, T) solutions

to (2.1) are dense in WI’I(0, T) solutions to (2.1) in the metric of uniform convergence
on [0, T].

Proof. Indeed let w W’I(0, T) be a solution of (2.1) and e > 0 be a given number.
Denote by C >= 1 a Lipschitz constant of A which exists thanks to Proposition 1.7 (a).
Let M c [0, T] be such that w’ is bounded on [0, T]\M and

(2.6)

and

Then

(2.7)

and

Set

2C(T+ 1)e c7" IM (llw( )ll + IIw’( )ll)

0 if tM,
y’(t) :=

w’(t) otherwise,

y(t) := y’(s) ds.

IlY(t)- w(t)ll IIw’( )ll

f CIIy( t)llp(t) := dist (y’(t), A(y(t))) <=
CIIw(t)-y(t)ll

iftM,
otherwise.
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Thus

(2.8)
p(t) dt <- C ttw(t)ll dt+ llw(t)-y(t)l at

_-< c f (llw(s)ll / TIIw’(,)ll) ds.

By a Filippov theorem (see Aubin and Cellina 1984, p. 120]) there exists a solution
x(. to (2.1) satisfying, by (2.6) and (2.8),

(2.9)

(i) IIx(t)-y(t)ll <- ecr p(t) dt< el2,
o

(ii) Ilx’(t)-y’(t)ll<=CecT p(t) dt+p(t) a.e.

Since p(. is a bounded function and y WI’(0, T), the solution x(. belongs to
WI’(O, T). Moreover by (2.7), (2.9), for all [0, T],

IIx( t)- w(t)ll--< x( t) y( t) / Ily( t)- w(t)ll < .
Since e is an arbitrary positive number the proof ensues, l-1

Proof of Theorem 2.1. (a) We denote by S the closed convex cone of solutions to
the differential inclusion (2.1) in the Hilbert space

(2.10) X := {x W"-(0, T) lx(O 0}.

Consider the continuous linear operator

yr x( X- x( T) e l".

The transpose y*r maps " into the dual X* of X and for all / Rr
(2.11) VxS, (y*n, x)= (n, yx)->_ 0.

By Lemma 2.2, S is dense in the W’(0, T) solutions to (2.1) in the metric of uniform
convergence on [0, T]. This and (2.11) yield

R= {n. y*n S/.(2.12)

Let us set

()

(2.13) (ii)

(iii)

Y := L2(0, T; R") x L2(0, T;

L:={(x, y) Y: y(t)A(x(t)) a.e.},

D, the differential operator defined on X by Dx x’.

Then S =(1 x D)-(L). The closed image Lemma 1.3 applied to the continuous linear
operator b (1 x D) states that

(2.14) S+=(lxD)(L+)
provided that the "surjectivity assumption"

(2.15) Im (1 x D)- L= Y

is satisfied.
(b) It can be written

(2.16) ’q(u, v) Y there exists x X such that x’(t) A(x(t) u(t)) + v(t) a.e.
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Since the domain of A is the whole space, then A is Lipschitzian. The set-valued map
F(t, x) := A(x u(t)) + v(t) is then measurable in t, Lipschitzian with respect to x, has
closed images and satisfies the following estimate

d(0, F(t, 0)) --<_ Ilall Ilu(t)ll / IIo(t)ll.

The function t-llallllu(t)ll+llv(t)ll being in LI(0, T) we can apply a Filippov
theorem [1967] (see Clarke [1983]) which states the existence of a solution x(.) to
the differential inclusion x’(t) F(t, x(t)), x(0) 0, satisfying

IIx’(t)ll<-IIAII e IIAIIT d(O,F(t,O)) dt+d(O,F(t,O)).

Thus x X and the surjectivity assumption (2.15) holds true.
(c) Therefore, by (2.12) and (2.14), we obtain the formula

(2.17) R= {1" Y’T*/S (1X D)*(L+)}.

Let r/ QT and q be a solution to the adjoint inclusion (2.3). By Proposition 1.7(b),
q(. s WI’(0, T) and for all x s S

(*1, x(T)) ((q’, q), (x, x’))y.

This is nonnegative by the definition of A*. Thus QT Rr.. TO prove the opposite,
let r/belong to R. By (2.17), there exists (p, q) L+ such that

(2.18) (rl, yrX)=(p,x)t?+(q, Dx)t? VxX.

By taking x so that x(T) 0 we deduce that p Dq in the sense of distributions. Since
p and q belong to L2, we infer that q belongs to the Sobolev space W’2(0, T). Thus
Dq= q’. Integrating by parts in equation (2.18) and taking into account that x(0)=0,
we obtain

(r/, yrx)= (p- q’, x)e+(q( T), x( T))= (q( T), x( T)).

The surjectivity of yr implies that r/= q(T). Thus q(. is a solution to (2.3) and then,
r/belongs to Qr. This achieves the proof. F!

3. Invariant cones and viability domains. We devote this section to a thorough
study of the viability domains for A*, the transpose of a strict closed convex process.
We then derive, thanks to the duality theorem, corresponding properties ofthe invariant
cones.

We consider the Cauchy problem for the differential inclusion

(3.1) for almost all [0, T], x’(t)A(x(t)), x(O)=O,

the reachable sets Rr defined by (2.2), the adjoint differential inclusion

(3.2) for almost all t[0, T], -q’(t)A*(q(t)).

We associate with any r/e Dom A* the "solution set" St(r/) of solutions to the
differential inclusion (3.2) satisfying q(T)=r/ and we denote by Qr the domain of
the "solution map" Sr
(3.3) QT := {r/ Dom A] ST(TI) }.

We shall use the following technical lemma.
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LEMMA 3.1. LetA be a strict closed convexprocess. Thefollowingproperties hold true:
(a) the graph of the restriction of ST to any compact subset of Dom A* is compact

in Rnx(O, T;
(b) Any viability domain Pfor A* is contained in QT.
Proof. (a) Let c be a compact subset of Dom A* and let us consider a sequence

(r/, qn) where r/, C and qn ST(tin). Then a subsequence (again denoted
converges to some r/ C because C is compact.

For almost all [0, T]

d
p.(t)ll = 2l(p,,(t), p’.(t)>l--< 211 p.(t)ll p’.(t)[I--< 2llAll IIp.(t)ll 2

(by formula (1.8), because -p’,(t) A*(p,,(t))).
Gronwall’s lemma implies that

(3.4) IIP.(t)ll <--I1-II exp (llall(t- T)).

This and formula (1.8) imply that for almost all s [0, T],

(3.5) p’.(t)ll--< Ilall I1,.11 exp (llall(t- T)).

Thus, by the Banach-Alaoglu theorem, P’n lies in a weakly compact subset of
L(0, T; n) and by the Ascoli-Arzela theorem, Pn lies in a compact subset of
(0, T; "). Therefore there exists a subsequence (again denoted) Pn(’) and an
absolutely continuous function p [0, T] --> " such that

(i) p,, converges uniformly to p on [0, T],(3.6) (ii) p’,, converges weakly p’ in L(0, T; n).

The weak convergence of the pair (Pn, P’,,) in LI(0, T; ")x LI(0, T; ") implies
the strong convergence of convex combinations of elements of this sequence (Mazur’s
lemma). Since (Pn(t), p’,(t)) belongs to Graph A* for almost all [0, T] and since it
is closed and convex, we infer that for almost all [0, T], (p(t), p’(t)) s Graph (A*).
Hence p(.) belongs to St(r/).

(b) Let P be a viability domain for A and r/s P. We shall show that there exists
a solution p $-(r/).

The viability theorem (see Haddad [1981]) implies that for all to -< T a solution
p of the differential inclusion

(3.7) -p’(t) A*(p(t)), p(t) P, p(T)

defined on a time interval to, T], can be extended to a solution of (3.7) defined on a
larger time interval t, T], t < to. Setting r/,, =r/in (3.4) and (3.5), we obtain that

(i) IIp(t)ll_-<ll,ll forall tS[tl, T],(3.8) (ii)IIP’(t)ll<-IIAIIIl,ll fora.e.t[t,T].

As in the case of ordinary differential equations, one can show that p(. can be
extended to a solution (again denoted p(. )) defined on the time interval [0, T]. Thus
p(. belongs to St(r/) and thus, r/belongs to At. l-]

We observe now that the sequence of the closid domains Qr decreases

(3.9) if T1 --> T2, then Qrl c Qr2.
We introduce the intersection Q of these cones

(3.10) Q := f’l QT.
T>0
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Since the compact subsets Sn-lf’l Qr form a decreasing sequence, we observe that
Q {0} if and only if all the cones QT are different from 0. We shall see that Q is the
largest viability domain, thanks to the following theorem.

THEOREM 3.2. Let A be a strict closed convex process. Then the closed convex cone
Q is the largest closed convex cone which is a viability domain for A*.

Proofi Lemma 3.1 (b) implies that Q is a closed convex cone which contains any
viability domain P. It remains to prove that Q is a viability domain, i.e., that

(3.11) Vq Q, A*(q) f’) TQ(q) f.

Assume that Q {0}.
Thanks to the necessary condition of the viability theorem (see Haddad [1981]),

it is sufficient to prove that for some T> 0,

(3.12) / Q, :lp(.)ST(q) whichisviableonQ.

Since r/belongs to Q,T for all n >_- 2, there exists a solution pn (.) S,T(r/). By the very
definition of Q, we know that p(t) Q for all <_- nT.

Therefore, the translated function/,(. defined on [0, T] by

(3.13) /, (t):= p,(t +(n- 1)T)

belongs to ST(r/) and satisfies for all [0, T], k-<_ n- 1,

(3.14) n(t)=p,(t+(n-1)T) Q+,_IT Q,_T QkT.

By Lemma 3.1 (a), ST() is compact in qg(0, T; "). Thus there exists a subsequence
of/n( converging to some/(. ST(r/) uniformly on [0, T]. By (3.14) for all [0, T],
k >- 1, (t) QkT. Therefore

(t) f’) QkT-- Q"
k>_l

We now translate this result in terms of reachable sets
Since 0A(0) the reachable cones R(T) do form an increasing sequence. We

define the reachable set of the inclusion (3.1) to be

(3.15) R := t_J R(T).
T>0

It is a convex cone, which is equal to the whole space if and only if for some T> 0,
R(T) a".

THEOREM 3.3. Let A be a strict closed convex process. Then the closed convex cone
R is the smallest closed convex cone invariant by A.

Proof. Indeed Theorem 2.1 and the definition of/ and Q imply that/+= Q. By
Theorem 3.2 and Proposition 1.12, R is the smallest closed convex cone containing
A(0) (Dom A*)+ which is invariant by A.

We consider now the largest subspace

(3.16) Q f) -Q c Dom A* fq -Dom A*

of Q.
PROPOSITION 3.4. Let A be a strict closed convex process. The subspace Q fq-Q is

the largest subspace invariant by A* and its orthogonal space R- R is invariant by A in
the sense that

(3.17) VxR-R, A(x)R-R.
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Proofi By Proposition 1.7 (c) the restriction of A* to Q f’)-Q is a linear (single-
valued) operator. We have to check that A*(QO-Q)c Q f-I-Q. Let q belong to
Q f’)-Q. Then by Theorem 3.2, since q c Q f’)-Q

A*q TQ(q)=(q+Q)c Q+ Qf’I-Q Q.

Since -q Q fq-Q, we also have

A’q= -A*(-q)c -Q.

Thus

A*q Q f’I -Q.

Since Q =/+, the orthogonal space to Qf’)-Q is the (closed) vector space spanned
by R. Since we are in finite-dimensional space, we infer that

(3.18) (Qf’)-Q)+/-= R-R.

Proposition 1.12 implies that the vector space R-R is invariant by A, because we
have proved that Q fq-Q is a viability domain for A*.

We consider now the cones A(0), A2(0)".= A(A(O)),. ., Ak(o) A(Ak-I(o)), etc.
Since 0 belongs to A(0), these convex cones form an increasing sequence. We introduce
the cone

(3.19) N:= cl ( t.Jk=>l Ak(o))
and the vector subspace

(3.20) M spanned by N.

THEOREM 3.5. Let A be a strict closed convex process. Then
(a) A(N)N,
(b) RNMR-R,
(c) Q -Q fq k>_l Ak(o) +/- f) k>__l Ak(O)+ Q.
Proof. (a) It is clear that.A(U k>=l Ak(o)) N.
Let x N, y A(x) and xn klj__> 1AJ(0) be a sequence converging to x. Since A

is Lipschitzian, there exists a sequence yn A(x,) N converging to y, which belongs
to N because it is closed.

(b) Since N is a closed invariant cone containing A(0), Theorem 3.3 implies that
N contains the reachable set R. On the other hand, 0 belongs to R- R and this vector
space is invariant by A, thanks to Proposition 3.4. Therefore the cones Ak(0)
A(Ak-I(O)) are contained in R- R and so does M.

(c) We deduce the other inclusions by polarity, noticing that N+= fq
k_>l Ak(o)+

and

M+/-= 0 Ak(o) +/-.
k>=l

Remark. When the reachable set R is a vector space, the subsets R, N, M and
R- R coincide. This happens when, for instance, A is symmetric (in the sense that
A(-x) =-A(x)), i.e., when the graph of A is a vector subspace.

4. Eigenvectors and eigenvalues of convex processes. When Q fq-Q {0} (or R-
R "), there is no proper subspace invariant by A* (or there is no proper subspace
invariant by A). Moreover, when Q {0} (or R n), we can still prove the existence
of an eigenvalue of A (see Definition 1.13 and Lemma 1.14), or eigenvectors of A*.



1206 J.-P. AUBIN, H. FRANKOWSKA AND CZESLAW OLECH

Actually, eigenvectors 7 of A*, nonzero solutions of the inclusion At/ A*(r/),
do belong to the largest viability domain Q because for all T> 0 the function p(t):=
r/exp (A T t)) belongs to St(rl).

THEOREM 4.1. Let A be a strict closed convex process. If the largest viability domain
Qfor A* is differentfrom {0} and contains no line, then A* has at least one eigenvector.

By Lemma 1.14 and duality Theorem 2.1, the following dual version ofthis theorem
holds true.

THEOREM 4.2. Let A be a strict closed convex process. Assume that the reachable
set R is differentfrom R and spans the whole space. Then A has at least one eigenvalue.

First we recall the following property
LEMMA 4.3. Let Q be a closed convex cone of . The following properties are

equivalent:
(i) Q fq -Q {0},
(ii) Q is spanned by a compact convex subset which does not contain zero,
(iii) The interior of Q+ is nonempty.

If one of these properties holds true, then for all Xo Int Q+, the compact convex subset

(4.1) M := {q Q: (q, Xo)= 1}

spans Q.
Proof. We provide the proof for the convenience of the reader.
Condition (i) means that zero is the extremal point of Q, which is equivalent to

the assertion 0 co (Q fq Sn-1). Since the compact convex set co (Q f)Sn-l) spans the
cone Q we proved the equivalence of (i) and (ii). Condition (iii) means that Q//= Q
contains no line, which is precisely the statement (i).

If Xo Int Q/ and q, qi M, 1, 2,. are such that

(qi, Xo) 1, lim q,/llq, q Q VI S"-I.

Then

0 < (q, Xo) lim (q,, Xo)/II q, lim q, II-’.
It implies that the norms IIq, are bounded and, therefore, M is bounded. Obviously
it is also convex and closed, lq

Proof of Theorem 4.1. Let Xo Int Q/ and let M be defined by (4.1). Then for all
pM

(4.2) TM(p): {v To(xo): (v, Xo) 0}.

We introduce the following projectors

(4.3) tp M, r(p)q q -(q, xo)p.

For all p M and q Q, (Tr(p)p, Xo)=0 (Tr(p)q, Xo). Hence the projector 7r(p) maps
the set p + Q into TM (p). Since To(p) p+ Q and r(p) is a continuous linear
operator, we obtain

(4.4) /p M, 7r(p) maps To(p)into TM(p).

Consider the set-valued map pcM zr(p)A*(p). It is upper semicontinuous with
nonempty compact convex images. By assumptions of Theorem 4.1, for all p M c Q,
A*(p) f’l To(p) . Thus by (4.4)

(4.5) Vp M, 7r(p)A*(p) f’) TM(p) .
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The assumptions of Aubin and Ekeland [1984, Thm. 6.4.11, p. 341] are satisfied.
Therefore, for some /5 M, 0 r(/5)A*(/5). Hence there exists (tA*(p) such that
(t], Xo)/5=t]A*(/5). In other words /5 is an eigenvector of A* associated to the
eigenvalue (t], Xo).

5. Characterization of controllable convex lroeesses. We shall deduce from the
preceding results several characterizations of the controllability of differential
inclusions

(5.1) for almost all [0, T], x’(t)A(x(t)), x(0)=0

or, equivalently, of the observability of the adjoint inclusion

(5.2) for almost all t[0, T], -q’(t)A*(q(t)).

DEFINITION 5.1. We shall say that (5.1) is controllable at time T (respectively,
controllable) if R-" (respectively, R R"). We shall say that the adjoint inclusion
(5.2) is observable at time T (respectively, observable) if Qr {0} (respectively, Q {0}).

We also observe the following property.
LEMMA 5.2. Let A be a strict closed convex process. The three following properties

are equivalent.

(a) :lm _>- 1 such that Am(o) A"(O) ,
(5.3) (b) ::lm _-> 1 such that Am(O) {0},

(c) ::l m _-> 1 such that Int A (0) f.

It is convenient to introduce the
Rank condition 5.3. We say that a convex process A satisfies the rank condition

if one of the equivalent properties (5.3) holds true.
LEMMA 5.4. Consider the strict closed convex process A(x) Fx + L, where F

is a matrix and L is a vector subspace of . Then A satisfies the rank condition if and
only ifA"(O)-A"(O)=.

Proof. The rank condition is satisfied if and only if for some m-> 1 the cone
L+AL/. / A-IL spans the whole space. The Cayley-Hamilton theorem ends the
proof.

We begin by stating characteristic properties of observability of the adjoint system
(5.2) and then use the duality results to infer the equivalent characteristic properties
of system (5.1).

THEOREM 5.5. Let A be a strict closed convex process. The following properties are
equivalent:

(a*) the adjoint inclusion (5.2) is observable,
(b*) the adjoint inclusion (5.2) is observable at time T> 0 for some T,
(c*) {0} is the largest closed convex cone which is a viability domain for A*,
(d*) A* has neither proper invariant subspace nor eigenvectors,
(e*) the rank condition is satisfied and A* has no eigenvectors.
Proof. (a) Since the intersections Qr f’)S"-1 of the c.ones Q and the unit sphere

S"-1 form a decreasing sequence of compact subsets, we deduce that Q fq S"-1 is empty
if and only if Qr S"- is empty for some T, i.e., that Q {0} if and only if Qr {0}
for some T>0. Thus (a*) C:> (b*).

(/3) Property (c*) is equivalent to Q= {0} by Theorem 3.2, i.e. (a*): (c*).
(),) When Q {0}, then Q f) -Q {0} (there is no proper invariant subspace) and

there is no eigenvector (because an eigenvector is contained in Q).



1208 J.-P. AUBIN, H. FRANKOWSKA AND CZESLAW OLECH

When Q # {0}, then either Q f) -Q # {0} and, by Proposition 3.4, there is a proper
invariant subspace or Of)-Q= {0} and, by Theorem 4.1, there exists at least an
eigenvector of A*. This proves the equivalence of (d*) with Q= {0}, i.e., (a*) c:> (d*).

(8) Since the sequence of cones Ak(o) is increasing, the sequence of vector spaces
Ak(o) is decreasing, so that

(] Ak(0)+/--- {0} :> ::l m --> 1 such that Am(0)+/-= {0}
k_->l

:> the rank condition is satisfied.

Assume that Q {0}. Then, by Theorem 3.5(c), and the above remark, the rank condition
is satisfied and there is no eigenvector. Assume now that the rank condition is satisfied.
Then Q fq -Q {0} by Theorem 3.5(c). Then Theorem 4.1 implies that if A* does not
have an eigenvector, the cone Q is equal to {0}. Equivalence between (e*) and Q {0}
ensues.

THEOREM 5.6. Let A be a strict closed convex process. The equivalent properties
(a*), (b*), (c*), (d*) and (e*) of Theorem 5.5 are equivalent to the following properties:

(a) the differential inclusion (5.1) is controllable,
(b) the differential inclusion (5.1) is controllable at some time T>0,
(c) " is the smallest closed convex cone invariant by A,
(d) A has neither proper invariant subspace nor eigenvalues,
(e) the rank condition is satisfied and A has no eigenvalues,
(f) for some m _-> 1, A"(0)= (-A)"(0)=n.
Proof. Statements (a) through (e) follow from the duality results (Proposition

1.12, Lemma 1.14 and Theorem 2.1) and Theorem 5.5. We shall show that (a) is also
equivalent to (f).

Step 1. Consider the closed convex process AI(X --A(-x). Then AI* =-A*. We
claim that (5.1) is controllable if and only if the inclusion

(5.1)’ x’EAI(X), x(0) 0

is controllable.
Indeed invariant subspaces and eigenvectors of AI* and A* coincide and our claim

follows from Theorem 5.5(d*).
Step 2. If (5.1) is controllable, then by Step 1 and Theorem 3.5(b)

(_J A(O)= (_J AI(O)=n.
kl kl

Since (Ak(o)) and {Ak(0)) are increasing sequences of convex cones it implies that
for some m - 1, A(0) A(0) -. Moreover Aft(0) -(-A)(0). This implies (f).

Step 3. Assume that (f) holds true. If (5.1) is not controllable then there exist
A , qA(O)/, qO such that AqA*(q). Then (-A)qA*l(q). Therefore,

Aq (A*)(q) if >_- 0,

(-A)’qE(A*l)(q) if A -_< 0.

If A 0, then for all y A(0), 0 (A q, 0 (q, y. If A 0, then for all y A(0),
0--((-A)q, 0 (q, y. In both cases we obtain a contradiction with (f). The proof is
complete.

So, the conjunction of Theorems 5.5 and 5.6 imply Theorem 0.4 stated in the
Introduction.

Example 1. In the case when the set-valued map A is defined by A(x):- Fx + L,
we derive known results due to Kalman when L is a vector space of controls and to
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Brammer, and Saperstone and Yorke when L is an arbitrary set of controls containing
0.

Consider the linear control system in

(5.4) x’=Fx+Gu, u U, x(O)=O,

where F c .."", G c Rm are constant matrices and U c m is the given control set.
By Lemma 5.4 the rank condition 5.3 for the closed convex process Ax=

Fx + cl G{hu" h >-O, u co U} is equivalent to

n--1

(5.5)
i=0

This and Theorem 5.6(f) imply
THEOREM (Kalman). If U =R" then the control system (5.4) is controllable if and

only if rank G, FG, ., F-1G] n.
We shall study next the question of local controllability.
The control system (5.4) is said to be locally controllable around zero if zero is an

interior point of the reachable set of (5.4).
To provide necessary and sufficient conditions for local controllability of (5.4) let

us consider convex hull co U of U, and

N:=cl{hu’h->O,uco U}

and the associated control system

(5.6) x’ Fx + GN, x(O) O.

LEMMA 5.7. If 0 CO GU then the control system (5.4) is locally controllable around
zero if and only if the system (5.6) is controllable.

Proof The reachable set of system (5.6) is a convex cone equal to

(5.7) eF(t-s)v(S) ds" >= O, v(s) e cl GN

and containing the reachable set of (5.4). Hence the local controllability of (5.4) implies
the controllability of (5.6).

Because 0 co GU G co U, by a density argument, it is possible to verify that
the cone given by (5.7) is equal to " if and only if

(5.8) 0elnt eF(t-S)Gu(s) ds" t>=O, u(s) eco U

Because the sets

eF<’-)Gu(s) ds: u(s) U

are convex and dense in

eV(t-)Gu(s) ds: t>-O, u(s)e co U

(Lee and Markus [1967]) the inclusion (5.8) is equivalent to

(5.9) 0e Int e(’-Gu(s) ds" >- O, u(s) e U
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THEOREM 5.8. Assume that 0 co GU. Then the system (5.4) is locally controllable
around zero if and only if the rank condition (5.5) is satisfied and there is no eigenvector
ofF* in GU)+.

Proof. Observe that GU/= (GN)/. By Lemma 5.7 it is enough to prove that the
system (5.6) is controllable if and only if the rank condition 5.3 is satisfied and F*
has no eigenvector in (GN)+. But this follows from Theorem 5.5(e*) and (5.5). VI

In particular when m 1 we obtain the result from Saperstone and Yorke [1971].
The above theorem is a generalization of Brammer’s theorem 1972] (see also Jacobson
[1977]). Theorem 5.6(f) and Example 1.15 imply

THEOREM 5.9. Let F be an n x n matrix and let L be a closed convex subcone of
R". The control system

x’= Fx + L, x(O) 0

is controllable if and only iffor some m >-_ 1

L+ FL+. + F"L L FL+. + (- 1 mFmL n.
The last theorem together with Lemma 5.7 imply a result of Korobov [1980].
Example 2. Let f (fl, ", f,)" R" R" be a single-valued map. Assume that for

all i=l,...,n

f is lower semicontinuous, positively homogeneous convex function.

Observe that the assumption (1.17) holds true with L- g. Consider the control system

(5.10) x’ =f(x) + u, u I, x(0) 0.

THEOREM 5.10. System (5.10) is controllable ifand only iffhas no proper invariant
subspace containing

_
and if

sup inf ((q,f(x))-A(q,x))<O
q xS

where Sn-1 denotes the unit sphere of
Proof. Set A(x):=f(x)+. By Theorem 0.4(g) the local controllability of (5.10)

is equivalent to the two following properties"

(5.11) There is no proper subspace S satisfyingf(S)+ R-7- c S.

(5.12) There is no h so that Im (A- hi) # ".

Since f(0) 0 and 0 -7- (5.11) is equivalent to

(5.11)’ there is no subspace S containing_suchthatf(S)c S.

By the separation theorem, (5.12) is equivalent to: for all q -7- and all h there
exists x " such that (f(x), q)-h(x, q)< 0. This ends the proof.

Remark. Criterion (0.4)(k) can be used as well to derive a necessary and sufficient
condition for the controllability of (5.10).

Let us consider the control system in R2

x’=lxl+y+u

(5.12)’ y’=lyl-x+v, yeN+,

x(0) y(0) 0.
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We wish to know whether it is controllable. For this we consider the closed convex
process A: R2 R2 defined by

a(x, y) (Ixl / y, lyl- x) +a+ x +.
Then

A(0) + x +, -A(0)

_
x _,

A2(0) R+ x , (-A)2(0) x R_,

A3(0) x R, (-A)3(0) x .
By Theorem 0.4(k) the system (5.12) is controllable.

Acknowledgment. The authors acknowledge the opportunity offered by the Inter-
national Institute of Applied Systems Analysis, Laxenburg, Austria, to work together.
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SPECTRAL ASSIGNABILITY OF SYSTEMS WITH SCALAR CONTROL AND
APPLICATION TO A DEGENERATE HYPERBOLIC SYSTEM*

LOP FAT HO

Abstract. Some distributed parameter systems with scalar boundary control can be represented as
systems in Hilbert spaces for which the input functional may not be continuous, but are admissible in some
sense. We prove a spectral assignability result for such systems. The conditions we need are that the system
be approximately controllable and that feedback relations of a certain type be continuous. We show that
these conditions are satisfied by systems that are exactly controllable. We then apply the general results to
a degenerate hyperbolic system. Having shown that it is exactly controllable, we obtain a spectral assignability
result. Finally, we consider systems that may have multiple eigenvalues.

Key words, spectral assignability, controllability, linear feedback, Carleson measure

AMS(MOS) subject classification. 93B55

1. Introduction. It is a well-known fact that if a finite dimensional autonomous
control system is completely controllable, then we can arbitrarily prescribe the eigen-
values of the closed loop system by means of a suitable linear feedback. The main
purpose of this paper is to generalize this result, under some restriction, to infinite
dimensional systems with scalar controls. Sun has obtained a similar result of this kind
in [12]. The main difference between the work of this paper and that of Sun is that
our work also includes systems with boundary controls. The problem of spectral
assignability of stabilizability for various distributed parameter systems has been
considered in [3], [11], [12], [13].

We will consider the system

d
(1.1) d--x(t)=Ax(t)+u(t)b, x(t)X, t>=O

where X is a Hilbert space, A is the generator of a strongly continuous semigroup,
u(.) is a scalar value function and b is what we call an admissible input element,
which will be defined in 2. (See Definition 2.1 and also [9].) An admissible input
element may not be in X. (In [12], b is required to be in X.) This less restrictive
requirement on b allows us to include also systems with boundary controls in our
consideration.

The problem of spectral assignability for the system (1.1) can be stated as follows.
For a given complex sequence {/x,}=_oo find a feedback relation u(t)= (x(t), h)

such that the set of eigenvalues of the "closed loop system"

d
d--x(t) Ax(t)+(x(t), h)b

is exactly
Most known results concerning this problem for the case of scalar controls say

that the problem can be solved (i.e. we can find the desired h) if

where {bn} is a sequence of complex numbers related to b (see [11], [12]).

* Received by the editors December 18, 1984, and in revised form June 10, 1985.

" Department of Mathematics, The Chinese University of Hong Kong, Shatin, N.T., Hong Kong.
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Also, most of the systems that have been considered possess, or are assumed to
possess, the properties

1. that it is approximately controllable in some time T> 0, and
2. that the numbers /3, =Y,,,, 1/[A-AI, -oo< n <oo, are finite and the set

{/3,} is uniformly bounded.
The second property implies that the points A, cannot be too closed to each other

asymptotically.
To prove the main spectral assignability result in this paper, we do not need

property 2 as an assumption. Thus {ft,} may be unbounded, but we will find out that
the magnitudes of/3, will affect the class of sequences {/z,} that can be assigned as
eigenvalues of the closed loop system. More precisely, condition 2 will be replaced by

h=- Ib.I
Another assumption we need is that feedback relations of a certain type are

continuous (see (4.3)). We will see that this assumption is valid if the system is exactly
controllable in some time T. So we have a result of the type "exact controllability
implies spectral assignability."

We now give an outline of the rest of this paper.
In 2, we define the notion of an admissible input element and give meaning to

the solution of the closed loop system. The definition we give here for admissible input
element is slightly more restrictive than that given in [9].

In 3, we study the spectrum of the closed loop system and show that it consists
of zeros of a function analytic outside the spectrum of A, with possible points from
the spectrum of A also. Our work here is somewhat complicated by the fact that we
do not have a good expression for the generator of the closed loop system. We expect
the generator to be AhX Ax + (x, h)b, but if b X, then this does not make sense; for
example, when (x, h)# 0. However, we can avoid this difficulty by defining A to be
the adjoint of Lx A*x + (x, b)h.

In 4, we give an exact description of the spectrum of the closed loop system
under the assumption that the spectrum of A consists of only simple eigenvalues. We
establish the spectral assignability result, using a method which is a generalization of
that used in [12], assuming that a certain class of feedback relations is continuous.
We show that the continuity of such relations is implied by exact controllability, using
a result on Carleson measure.

In 5, we prove a controllability result for a degenerate hyperbolic system and
apply the general theory we have developed to yield a result on spectral assignability.

Finally, in 6, we show how we can modify the results we have developed to
include the cases where there is a finite number of eigenvalues of A with multiplicities
greater than one.

We will use or(. to denote the spectrum of the operator .. Also we will use (.,.)
to denote both inner product and duality pairing. (x, y) is linear in x and conjugate
linear in y. We always identify X’ so that D(A*) c_ X c_ D(A*)’ and the duality pairing
on D(A*)’ x D(A*) is an extension of the inner product on X. Also if b D(A*)’ and
x D(A*) then (b, x) (x, b).

2. A scalar control system. We study the control system

d
-x(t)=Ax(t)+u(t)b, x(t)X,

(2.1)
x(O) Xo
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where X is a Hilbert space, A is the infinitesimal generator of a strongly continuous
semigroup S(t) of bounded operators on X and b is an admissible input element in
the sense defined below.

DEFINITION 2.1. We suppose that D(A*) is considered as a Hilbert space equipped
A 2 2)1/2.with the graph norm Ilxlla*--(llxll / IIA*xll A oontinous linear ntional b

on D(A*) is said to be an admissible input element for the system (2.1) if for every
T> 0, there exists a positive constant KT, uniformly bounded for T sufficiently small,
such that

(2.2) I(b, S*(t)y)l2 dt <-_ Kllyll2 for all y e D(A*).

Sufficient conditions for b to be an admissible input element can be found in [8].
If b is an admissible input element, then (cf. reference just cited) there exists, for

each > 0, a bounded linear operator B(t) from L2[0, t] into X such that

(2.3) {B(t)u(. ), y} (b, S*(t- s)y)u(s) ds for all y e D(A*).

The solution of (2.1) is, by definition, equal to

(2.4) x( t) S( t)Xo + B( t)u( ).

We also remark that from (2.2) and (2.3), we have

(2.5) lin( t)ll <- KT.
LEMMA 2.1.

2.6) B(t + s)u(" )= S(t)B(s)u(" )+ B(t)u(s+" ).

Proof. Let y D(A*), then

(B(t+s)u(.),y)= (b,S*(t+s-z)y)u(r) dr

(b, S*(s--)S*(t)y)u(r) dr

+ ft+s (b, S*(t + s-r)y)u(’) dr

=((su(.,s*(ly+ (b,S*(t-u(s+l

(S((su(. ,+((tu(s +. , .
Since D(A*) is dense in X, it follows that (2.6) holds. This finishes the proof of
Lemma 2.1.

Remark It follows from Lemma 2.1 that if x(. is the solution of (2.1) with initial
condition x(0)= xo, then x(. )= x(t +. is the solution of (2.1) with initial condition
x(0) x(t) and control u(t +. ).

LEMMA 2.2. Let h be a coninous linearfunctional on X; then there exists a continuous

function x(. from [0, m) into X such that

(2.7) x(t)=S(t)xo+B(t)(x(.),h} forall>O.
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Proof. Fix tl > 0. Let M be the space of continuous functions from [0, tl] into X
equipped with the supremum norm

IIx(’)ll-- sup [Ix(t)ll, x(,) M,
te[0,t

We define a mapping F from M into itself by the equation (Fx(.))(t)=
S(t)Xo+ B(t)(x(. ), h), 0 <- <- t. We have

[[FXl(" )-Fx(" )1[oo sup [IB(t)(x(.)-x(.), h)l[
t[0,tl]

-< sup [[B(t)llllhlltl/2llXl-Xlloo.
t[0,tl]

Here sup,to,, IlB(t)ll is finite because of (2.5) and the boundedness of KT. Hence if

tl is chosen such that

(2.8) sup IlB(t)ll IlhlltI/< 1,
t[0,tl]

then F is a contraction mapping. Hence F has a unique fixed point x(. in M. Such
an Xl then satisfies (2.7) in [0, tl]. The condition (2.8) is independent of Xo, so we can
also find x2(" M such that x2(t) S(t)Xl(tl) + B(t)(x2( ), h), 0 <- -<_ tl. By virtue of
the remark after Lemma 2.1, the function

x(s)={x(s)’X2(S--tl),

satisfies (2.7) for 0 -< =< 2tl. In a similar way, we can extend the function x to [0, 3 tl],
[0, 4tl], etc., on which (2.7) is satisfied. This finishes the proof of the lemma.

The unique solution of (2.7) will be denoted by Sh(t)Xo. For each t, Sh(t) is then
defined, in this way, as a linear operator from X into itself. And from the remark after
Lemma 2.1, we have the semigroup property Sh(’+t)=Sh(’)Sh(t). Furthermore,
Lemma 2.2 implies that for any Xo X, the function mapping to Sh(t)Xo is continuous
on [0, ). Hence we have proved

LEMMA 2.3. Let the solution in (2.7) be denoted by Sh(t)Xo, then Sh(t) is a strongly
continuous semigroup on X.

We will define the solution of the system (2.1) with feedback relation U(t)=
(x(t), h) to be Sh(t)Xo. The infinitesimal generator of Sh will be denoted by Ah.

3. Spectrum of the closed loop system. In this section, we will study the spectrum
of the generator Ah of the semigroup Sh (see Lemma 2.3) associated with the closed
loop system. Thinking of Ah as a perturbation of A, we will see that such a perturbation
produces some new eigenvalues which are zeros of a certain function outside o-(A).
Part of r(Ah) may still be in r(A). To have a more precise characterization of r(A),
we must make some more assumptions on A. This we will do in the next section.

We recall that if b is an admissible input element, then b D(A*)’. Now if A is
not in the spectrum of A, then R(, A*) is a. bounded linear operator from X onto
D(A*). Hence the expression (b, R(, A*)x) makes sense.

LEMMA 3.1. The function Ah(A =(b, R(., A*)h)-1 is defined and analytic on the
resolvent set of A.

Proof. Let A be in the resolvent set of A. We have R(/2, A*)=
R(, A*) ,__o (-/2)"R(, A*) ", the sum being convergent in L(X, D(A*)) equipped
with uniform norm, whenever I-/-Zl IIR(, A*)llx,oA* < 1. It follows that for such
/x, Ah() ,__

o (A-/z)"(b, R(, A*)"+lh) 1. This shows that Ah is analytic at A and
hence finishes the proof of the lemma.
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To find the spectrum of Ah, we will (in Theorem 3.3) show that Ah is the adjoint
of the operator L defined by

(3.1) Ly A*y+(y, b)h, D(L) D(A*).
We remark that L is closed because the mapping Ty=(y, b)h is A* bounded with
A*-bound equal to zero. (T has finite rank). (See [10, p. 190].)

We first find a set that contains r(L). Let

(3.2) A set of zeros of Ah.
LEMMA 3.2. Suppose h : tr(A) A. Then given any x in X, the equation (.I- L)y

x has the unique solution

y -((g(, A*)x, b))R(, A*)h/(?h(h))+ R(, A)x
in D(A*). If h cA then (I-L)R(,A*)h-O.

Proof. That the given y indeed satisfies (I-L)y-0 can be proved by direct
computation. To prove uniqueness, we note that if (I-L)y=O, then y-
g(, A*)(y, b)h. Hence (y, b) (y, b)(R(, A*)h, b). Because Ah(h) (R(, A*)h, b)- 1
is assumed to be nonzero, it follows that (y, b)- 0. Hence y 0. Finally, the equality
(I-L)R(, A*)h-0 can be proved by direct computation. This finishes the proof
of the lemma.

THEOREM 3.3. Let L be as in (3.1) and Ah be the generator of the closed loop system
(cf. end of 2). Then Ah L*. Consequently, tr(Ah o’(A) J A.

Proof. Let x D(Ah). Then for y D(A*) D(L), we have

1
(AhX, y)= imo (Sh( t)x x y}

=lim,_o (S(t)x-x, y)+ (b, S*(t--s)y)(Sh(S)X, h) ds

(x, A*y)+(b, y)(x, h)

=(x, Ly).

Hence we have made use of the fact that (b, S*(t-s)y)(h, Sh(S)X) is continuous in s.
Hence x D(L*) and L’x= AhX. So we have proved that L* is an extension of

Ah. It remains to show that D(L*)c_ D(mh).
We know that L is closed. So Lemma 3.2 implies that r(L) {h" tr(A)U A}.

It follows that tr(L*) tr(A)U A. Since both A and Ah are generators of strongly
continuous semigroups, there exists a real number to such that every number with real
part greater than to lies in the resolvent set of both A and Ah. Since A consists only
of discrete points, we. can certainly find a h A with real part greater than to. Such a
h does not belong to tr(L*)Atr(Ah). Now let xD(A*) and let Xl-"
R(A, Ah)(hI- L*)x. Then xl D(Ah). Furthermore, (hi- L*)Xl (hI-Ah)Xl
(hI-L*)x. Since h tr(L*), it follows that X=Xl, showing that x D(Ah). Hence
indeed L Ah. Finally, we have tr(Ah)= o’(L*)_ o’(A)I..J A. This completes the proof
of the Theorem.

4. Spectral assignability. In this section, we make the following assumption on A.
Assumption A. The spectrum of A consists of simple eigenvalues {A.}=_.
We will denote by {q.}.___ the corresponding eigenvectors of A. We also let

{.}.___ be eigenvectors of A* such that (m, q.)= m,..
PROPOSrrION 4.1. Let A satisfy assumption A. Then

o’(Ah) ALI {h,," (h, q,) 0 or (0,, b) 0}.
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Proof. It follows from Theorem 3.4 and the last statement of Lemma 3.2 that h A
are eigenvalues of Ah.

Suppose (h, q.) 0. Let ys D(A*). By Theorem 3.4 and (3.1), we have

(AniOn- Ahn, y)= (h.0., y)--(q., A*y+(b, y)h)

(h.., y)-(A., y)

Since D(A*) is dense in X, it follows that Anqgn-Ahn--O. Hence A. o’(Ah).
Now suppose (., b)=0. Then ..-L.=..-A*.=0. Hence . is an

eigenvalue of L and so A. is an eigenvalue of L*= Ah.

Finally, suppose both (h, .) and (., b) are nonzero. Since Xh is an isolated
eigenvalue of A*, X can be decomposed into the direct sum of two subspaces
and M where (.) is the one-dimensional subspace generated by . and M is a closed
subspace invariant under A* such that the restriction of .I- A* to M has a bounded
inverse [10, p.178]. We denote this inverse by RI(, A*).

We take any y X and let a (y, o.)/(h, q.) and Yl Y- ah. We claim that yl M.
Indeed, because of the decomposition X=(o.)0)M and the boundedness of
RI(.,A*), we can write yl=a.+(].I-A*)y2, yEM2. Since (o.,yl)=
(n,y)-c(o.,h)=0 and (n,(]nI-A*)y2)=((hnI-A)qgn, y2)=O, it follows that
(on, aOn)= 0. Hence a 0 and so y M.

Let x RI(].,A*)yl and let t=-(a+(Xl, b))/(O., b). It is easy to verify that
x tn + x satisfies (,I- L)x y. Hence .I- L is onto.

Now suppose x- aft. / x, Xl 6 M satisfies (h.I-L)x =0. Then this implies that

(4.1) (nI-A*)Xl-(a. + xl, b)h =0.

Since ,.I-A* is one-to-one on M, it follows that (aO. + x, b)# 0 unless xl =0. On
the other hand, taking the inner product of (4.1) with o., we obtain -(abn+Xl, b)
(q., h)=0. This is impossible. So we must have x-0. (4.1) then implies that a =0.
Hence x 0. This proves that .I L is one-to-one. We have already shown that ,nI L
is onto. Hence . tr(L) and thus h. tr(L*)= tr(Ah). This finishes the proof of the
proposition.

We now make another assumption.
Assumption B. b. a___ (b, g/n) 0 for all n.
PROPOSITION 4.2. If the system (2.1) is approximately controllable in some time T

(i.e., range ofB(T) is dense in X), then assumption B is satisfied.
Proof

((ru(. , 4, (b, s*(7"- sl4,u(s s

(4.2) (b, eX"7"-sn)u(s) ds

b,, e"(r-’u(s) ds.

It follows that if b =0, then (x, qn)=0 for all x in the range of B(T). So the
range of B(T) cannot be dense.

We will now study the effect of a feedback of the form

(4.3) u(t)=(x(t), h)= E (x(t), @n)hn, where E
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We will find sufficient conditions on the operator A so that the above h indeed
represents a continuous linear functional on X. One such sufficient condition is that
{,,),%-o forms a Riesz basis of X (see, for example, [7, p. 309] for the definition of
Riesz basis). However, this condition is sometimes rather difficult to verify. We are
going to give another sufficient condition which is based on the exact controllability
of the system (2.1) and a certain property about the distribution of the eigenvalues of
A related to the Carleson measure.

Let Ix be a nonnegative measure defined on the Borel subsets of {z: Re z> a}.
Then/z is a Carleson measure if for every and every v>0, tz({z: z-;,<_-Im z<= ’+,, a < Re z < a + u}) <- Cu for some positive constant C depending only on
(not on u).

If {a,} is a sequence of complex numbers with Re a > a, we can define a measure
on Borel subsets of {z: Re z > a} by

(4.4) /z(E) number of elements of E f3 {a: -c < n < c}.

We will simply refer to/x as the measure induced by {a,}.
Remark. If the system (2.1) is exactly controllable in some time T> 0 (i.e. B(T)

is onto), then in particular each b, 0. For convenience, we normalize {b} and {}
so that (,, b)= 1. (Note that we always have (b, g,)= 1 so this will automatically
give a corresponding normalization for b,.)

PROPOSITION 4.3. Suppose the system (2.1) is exactly controllable in some time
T> 0 (i.e., B(T) is onto) and {-h },=_oo induces a Carleson measure on {z" Re z > a }
where a is a real number less than -Re h for all n. Then there exists a constant K > 0
so that

E I(x, )1=_-<KIIxll =.
(Note that the above relation in fact depends on b because we require (b, ,,)= 1.

This is to be expected because exact controllability depends on b.)
To prove Proposition 4.3, we need to use the Carleson Theorem as applied to the

space

H2 =- H2{z Re z > c}, a real.

One way to define H2 is to define it as the space of complex functions which are
Laplace transforms of functions f on [0, c) such that e-f(t) is square integrable on
[0, ) and we have

/11-: e-y(t)l dt.

H2 is a Hilbert space. We have the following Carleson’s theorem ([2], [5] or [9]).
THEOREM (Carleson). Iflz is a Carleson measure on {z" Re z > a} thenfor qb H,

we have

(4.5) I(z)l
Re z>ot}

where K is a constant independent of
ProofofProposition 4.3. Since B(T) is onto, it has a bounded right inverse B(T-),

say. (4.2) implies that for x e X (with b,- 1 now),

(x, q,)= e. B( T)-x)(s) as.
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Letting

then 4, H2 and

b(z) @z(T-)(B( T)-(x))(s) ds,

116 11 :-- le-(T-)(B(T)-lx)(s)I2 ds

max {1, e-T}ll(B T)ll-’llxll.
Combining this with inequality (4.5) as applied to the measure induced by {-A,}, we
have (n_oo Ibx(-An)12)l/2_-< Klllxll where K1 K max{l, e-T}IIB(T)-III. Since
bx(-An) (x, On), the proof of the proposition is completed.

Remark. The conclusion of Proposition 4.3 is equivalent to saying that for every
{hn}e 2 the mapping (x, h)= n=_o hn(x, d/n) is a continuous linear functional in X.

THEOREM 4.4. Suppose the system (2.1) is approximately controllable in some time
T and the operator A has only simple eigenvalues An, -oo < n < oo. (So Assumptions A
and B are satisfied.) Suppose also that the set {bn} is uniformly bounded, {1/Xn} e 12 and
every h of the form in (4.3) represents a continuous linear functional on X. Denoting
fl,, ’.mn l/lAin- An[2, if {/Xn},_-_o is a sequence of complex numbers such that

(4.6) E (1 + fl.)l,u,. -,X.I-
< oo,

.=-oo Ib.I-
then there exists h X of the form in (4.3) such that tr(Ah)= {/zn}n=_o.

Proofi Let h X’ be defined by

(x, h)= E (x, ,)h,, {h,} 12.

We first find a more explicit form for Ah(A) (cf. Lemma 3.1). Let Rab be the unique
element in X such that

(b, R(, A*)x) (Rxb, x)

for all x in X. Clearly, (Rxb, ,) (b, ft,)/(A A,).
Hence

Ah(A)=(Rxb, h)-I

Y’. (g,b, g/,)h,- 1

(b,
A-An

-1

bnhn

So in order that o’(An) be equal to a given sequence {/xn}, a necessary and sufficient
condition is that

bnhn(4.7) Y’. 1 for all m JT
n/xn An

where { n"/x. # h.}.
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For simplicity of notation, we assume c :. The proof for the case cc is
similar. Multiplying both side of (4.7) by (/z,- Am)/b,,, it becomes

S’ bn(tZm Am)
h, =/z,, A,

for all(4.8) m.
b(,-a.) b

We can rewrite this in the form of a matrix equation

(4.9) Mh =e.

where M is the infinite matrix with i, j entries (bj(I.ti-Ai))/(bi(lzi-Aj)), h and c are
infinite column vectors with ith entry equal to hi and (/xi-Ai)/bi respectively. Notice
that the diagonal elements of M are 1 and the sum of the squares of the off diagonal
elements is finite.

Indeed (4.6) implies that

Hence there is an integer N> 0 such that

So

2

1
wherever Iml >- N or Inl -> N.

1 1

if Iml_-> N or Inl N,
It follows that the set

1 2

i/x, A"
rn # n

is uniformly bounded. Let K be an upper bound for this set. Then

<_- sup Ib.l"/’- E a
=,. b=(=-X.)
mn mn

sup [b, i2K

Hence the sum of the squares of the off diagonal elements of M is indeed finite.
So by Fredholm Theory [15, Chap. 9, } 17], (4.9) has a solution if the determinant

ofM is convergent, i.e. if det M, converges to a nonzero limit where M, is the truncated
2n + 1 x 2n + 1 matrix

(a,)
--nin
--njn

By 12, Lemma 3.1] the limit of det M, is given by the infinite product
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Now by Schwartz’ inequality,

(4.11)
m#n

Since E,___o/3,1/,- A,I2 is finite, we can choose N sufficiently large such that I/x,-
A,12/3, <1/4 if Inl > N. This implies that if Inl > N, then I/z, A,I2 <1/41Am A.I2 for all
m # n. Hence (4.11) implies that

n=--oo m=n+l

N

n=--N m=--oo
mn

The first term of the last expression is finite and the second term is less than

E E IA .i5 =4 E I/z.-
I.1> N m=--oo Inl> N

mn

So by familiar results, [14, p. 15], for example, the infinite product in (4.10) converges.
So (4.9) has a solution h {h,} in 12. This completes the proof of the theorem.

5. A degenerate hyperbolic system. We consider the two-dimensional control
system

-Ya O [ B[ V\w) ),

(5.1) v(0, t) 0, w(1, t) u(t),

v(x, o)= Vo(X), w(x, o)= Wo(X).

Here both ’)/1 and ’2 are positive numbers,

B=
b21 b22]

is a 2x2 matrix and (x, t)fl&{(,s):O<-<-l,O<=s}. This system is a degenerate
case of the more general system with the boundary condition in (5.1) being replaced by

(5.2) air(0, t)+ a2w(0, t)=0, fllV(1, t)+ fl2w(1, t)= u(t).

The fact that a2 --1 =0 in our case says roughly that information is lost as it
reaches the boundary and thus this system is not time reversible.

To put this system in the abstract form (2.1), we let

X v(. n’[0, 1], w(. L2[0, 1], v(0) 0

equipped with the HI[0, 1] x L2[0, 1] norm.

(5.3, A(wV) :(-03’’ ),02)x(wV) +B(wV)
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with

f/[v(. ).\ /(. ) H2[0 1], w(.)s Hi[0, 1],D(A)=,w( /

v(0) w(1)=0,-y,v’(0) + bl2W(0)=0.
We shall identify X’ as a space of distributions so that

X
_

(L2[0, 1])2
_
X’

and the duality pairing of X x X’ when restricted to X x (L2[0, 1])2 coincides with the
inner product on (L2[0, 1])2.

We denote by A’ the operator from X’ into X’ so that

D(A’) {y X" there exists a constant K such that
(ax, Y)xx, <-- K Ilxllx for all x D(A)}

and (x, A’y)xx, (Ax, Y)xx’ for all x D(A), y D(A’).
Let C be the isometry from X onto X’ defined in such a way so that (x, Cy)xx,

(x, y)xx for all x, y X. The right-hand side is the inner product of x and y in X.
The relation between A’ and A* is as follows.

(i) x D(A*) if and only if Cx D(A’).
(ii) CA*= A’C.
(iii) If we equip D(A’) with the norm

[[Yllo(a’- IlYlI’/ IIa’Yllx’
then C is an isometry from D(A*) onto D(A’).

We define

We now prove some results showing that the various assumptions we made in the
preceding sections are satisfied by their system.

LEMMA 5.1. The linearfunctions b defined in (5.2) is a continuous linearfunctional
on D(A’).

Proof. We define another operator A, on x:

(5.5) al(wv) =(-03’. 3’02)-x(wV)+B(wV)
with

D(A1)
w(.

v H2[0, 1], w H’[0, 1], v(0)--0,-3"l/)t(0)-[ bl2W(0) 0

We claim that

(5.6) (A’(wV), ()/-((wV), A’(zY)/= w(1)/(zY)
for all

If (5.6) indeed holds, then obviously / is a continuous linear functional on D(A’)
because we can certainly find some () in D(A,) such that w(1) 0. So it remains to
prove (5.6).
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We identify the dual space of X as consisting of ordered pairs of distributions
so that

X
_

(L2[0, 1])2
_
X’

and the duality pairing when restricted to X x (L2[0, 1])2 coincides with the inner
product on (L2[0, 1 ])2.

Let F X’, then there are functions fl and f2 in L2[0, 1 such that

(() / Io (wv
F v’(x)fl(x) + w(x)f2(x) dx for all X.(5.7)

w

Suppose F D(A’) and A’F G; then since

((w w,A F (-71v"+bll +b2w’)fl+(72 +b2v+b22w)f2 dx
o

and

G v’g + wg2 dx

for some g, g2 L2[0, 1 ], it follows that

fl,f, 7f g H’[0, 1 ],

(5.8)
f(1) f(0) (71f- g)(1) 0,

(’yf gl)’ + bf+ bEf. 0

b:f + 3’.f’ bf- g.

Hence integrating the right-hand side of (5.7) by parts, we get

v
F -v(x)f(x+ w(xlf(x) dx

o

v(x)y(x) + w(x)z(x) dx

where y(x)= -f(x) and z(x)=f2(x). So we see that

D(A’)={(Yz)’yL2[O 1], z H[0, 1] and z(0) =0}.
From (5.6), we have

Hence

(5.9)

-7)7 g HI[0, 1 ],

(-7,)7- g,)(0)=0,

(-7137- gl)’ + bll)7 + b2e O,

g2 -72’ + b237 + b22L

((:) (zy))IoA’ /)’gl d- w(- 72;" -- hiEfi "+" b22; dx.
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Now if ()D(A1), then ()-(xl)) D(A). Hence for (v)eD(Aa) and (Y)
D(A’), we have

(AI(:), (Yz))-((:),A(Yz))=(Al(xwO(1)), (Yz))-((xwO(1)),A’(Yz)l
(by (5.9)) b,.xw(1).+yw(1)+bxw(1)dx

xw(1)(-’),_5’ + b2+ b25) dx

yzw(1)(+x’) dx
o

y2w(1) (xS) dx

=y2w(1)z(1).

So (5.6) indeed holds. This completes the proof of the lemma.
We now consider the following system.

0 0 B( t)
0

(5.10) v(0, t)=0, w(1, t)= u(t),

v(x, o)= Vo(X), w(x, o)= Wo(X).

For T> 0, we denote

12-- {(:, s)" 0--<_:--<_ 1, O--<s--<_ T}.

PROPOSITION 5.2. Suppose that Vo(X), Wo(X)eCl[O, 1], geC(r) and u(t) is

continuous and Vo(0)= 0. Then (5.4) admits a unique solution. Furthermore, there exists
a constant K independent of Vo, Wo, u and 0 <- <- T such that

x Wo x

Proof. Existence and uniqueness of the solution with the given data is well known
(see, e.g., [4, Chap. 5]).

For a point (x, t) in Or, we will denote by C(x, t) and C2(x, t) respectively the
backward characteristics passing through (x, t) with slopes 1/yl and -1/Y2 respectively
and by P(x, t) and PE(X, t) respectively the points at which these characteristics hit
the boundary of f/r. We parametrize the characteristics by the variable. Take a fixed
point (x, t) in Or. By integrating the first component equation of (5.4) along Cl(X, t),
we have

(5.12) v(x, t) Icl,. t (bllV+ b2w)(x(s), s) ds+v(P)

from which we can easily get the estimate

Io (Io’ o’ Io )(5.13) Iv(x, t)l dx <-_ ga Iv(x, s) / Iw(x, s) dx ds / Ivo(x)l = dx
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where K1 is a constant which can be chosen to be independent of [0, T]. Similarly,
we have

(5.14) w(x, t)= f (b21v+ b22w+ g)(x(s), s) ds+ w(P2)
C2(x, t)

from which we can obtain the inequality

Iw(x, t)12 dx<-K2 Iv(x,s)12+]w(x,s)12+lg(x,s)12 dxds
o

(5.15)
+ Ivo(x)l= dx+ lu(s)l= as

K2 a constant independent of t.
Combining (5.13) and (5.15) and applying the Gronwall inequality, we have

fo (Io IoIv(g t)l:+lw(g t)l: dx K3 Ig(g s) dx ds+ lu(s)l ds

(5.16)

+ Ioo(X)l+lwo(x)l dx

Next, we estimate v/x. First,

v(x(s), s) ds v(x + T(s- t), s) ds
OX Cl(X,t OX t_x/t

(5.17) =--v(0, t-x/v)+ j -u(x+v(s-t),s) ds
Y t-xt OX

=--v(e,(x, t))+ --v(x(s) s) s.

Also,

0_ w(x(s),s) ds=--I w(O, t-x/’l)+ --W(X+’l($--t), $) d$.
OX Cl(X,t) 1 t--x/’l OX

We can rewrite the second term in the above expression. Since

O--W(X+Yl(S--t),S)+’-sW(X+’YI(S--t),S) as
t-x, OX

(5.18a) f dw(x+ y(s t), s) ds

w(x, t)- w(P(x, t))

and because of (5.10), we have

0 Ow
.(5.18b) y2--xW(X, s) ---s (x s)+ b21t(x, s)+ b22w(x, $)+ g(x, s)=0,

it follows from (5.18a) and (5.18b) that

(+ :)w(x(s), s)+ b(x(s), s)

+ b22w(x(s), s)+ g(x(s), s) ds w(x, t)- w(PI(X, t)).
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Hence,

__0 1 w(x(s),s)ds=(a 1 )W(Pl(X,t)) + 1
w(x,,)

OX C(x,t) Yl Yl + 3" Yl + T2

(5.19) +1[ -bElV(X(S),s)-bEEW(X(S),s)-g(x(s),s) ds.
1 2 Cl(x,t)

Combining (5.12), (5.17) and (5.19) we can easily obtain

(io’ io0v(x, t)l dx < K, v(x, s) + Iw(x, s)l dx as
OX

(5.20) + [g(x, s)l2 dx ds

Io’ 0 Io )+ IVo(x)l+lwo(x)l+ o(X) dx+ lu(s)l d

The desired result then follows by applying Gronwall’s inequality to (5.20) and
combining the result with (5.16). This finishes the proof of the proposition.

Letting u and g be zero in (5.10), we have the estimate

x o x

where K is a constant independent of e [0, T]. Since T is arbitrary, we have in general

where K, is some constant depending on t. This implies that when we apply no control
[v(t)on the system (5.1), the mapping caring () to ,)) can be extended to a continuous

linear operator mapping X into itself. We denote this operator by S(t). It is easy to
see that the family {S(t)" 0} forms a strongly continuous semigroup of continuous
linear operators on X. It is easy to verify that the generator of this semigroup is exactly
A. So we have proved.

Poposvioy 5.3. e operator as defined in (5.3) generates a strongly continuous
semigroup in X.

PoposIvIOy 5.4. Let be the linear function on D(A’) as defined in (5.4). en
the linear functional b C defined on D(A*) is an admissible input element. Here C
denotes the isomet from X into X’ such that (x, Cy)xx,= (x, Y)xx for all x, y X.

Proof Let v and w be the solution of

v(O, t)=o, w(1, t)= u(t), v(x, o)= w(x, o)=o.

We assume that u c(0, r), > 0. For each fixed t, 0 z, we have

v(x,t))w(x, t)
D(A1)

and

w(x,t) =A1 w(x,t)
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Let

Then (5.6) implies that

Yo) D(A’).
Z0- w(x, t)

s’(- )\o/ w(x, t) o
(5.20)’

Note that the left-hand side of the above equality equals

Hence integrating from 0 to , one has

But by Proposition 5.2, we have (on letting o Wo =0, g =0)

<g lu(s)lds
w( )

the constant K being independent of for suciently small. Hence (5.20)’ implies that

Io ()) (fou(t) S(r- t) Yo dt K u(s)] ds Yo
ZO ZO X’

Since u is an arbitrary function in CI(o, r), it follows’that

k Zo/ Zo x,

Yofor all () e D(A’). Let Cy (o). en

(S’(,- t)(Y)) (S’(,- t)C,)= (CS*(,- t)y) b(S*(,- t)y).
Zo/

So we have olb(S*(r-t)y)l rlyll,. This proves that b is an admissible input
element.

Next, we prove a controllability result. We will denote

1 1
T=+.

1 2

THEOREM 5.5. For the system (5.1), if b2 0 and b[ is suciently small, then
given any ) in X, we can find a unique u L2[0, T] such that the solution of (5.1)
with initial condition Vo Wo 0 satisfies

WT
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Proof. Case 1:b21 0. In this case, by integrating along characteristic C2(x, t) we
have the relation

w(x, T)=exp [b22(1-x)/ yE]U(T-(1-x)/ y2)

from which we can solve for u as a function in L2[1/y, T].
Next,

I_v(x, T) hi2 exp [-bs + b22(1 x y)s/
X/2

x u(T+ s-(1 -x- 3’is) ’2) ds

t-(l-x)/’2
bE3’2/(y + 2’2) exp [a,(1 -x) + c2(t- sC)]u(se) d:

(1--x)/vl

where c (b22- bll)/(Vl + 3’2) and a2 (b113’1 + b22’2)/(/1 + 3’2).
Differentiating with respect to x, we obtain
d
-XVT(X) --tXlVr(X) + b1232 exp b22(1 x)//2]u T-(1 x)/3’2)/( 3/1 + ’2)

-bE3/Eexp[(bEE/’E)-(bl/1)]u (3,1 + 3t2).

Since u(T-(1-x)//2) is known for 0<_-x<_-l, we could solve for u(T-x/A-1/32)
as a function in L2. Because = T-x/y-l/y2 ranges from 0 to 1/y as x ranges
from 0 to 1, this gives u as a function in L2[0, 1/yl]. This finishes the proof for
Case 1.

Case 2: b2 # 0 but is sufficiently small. We prove by a fixed point argument. We
introduce the two systems

(^)

t3(0, t) 0, (1, t) t(t),

(x, o)= (x, o)= o;- (x, t)=
0 ’)’2 xx

(0, t) (1, t) O,

t;(x, o)= (x, o)= o.

0 )()(x,t),x, t)+B()(x, t)+(b21

We define an operator M from L2[0, T] into itself as follow.
For u L2[0, T], let () be the solution of (^) with a= u atd (w-’) be the

corresponding solution of ). M(u) is the control so that if t M(u) in ), then
its solution (,) satisfies

1 T

Applying Proposition 5.2, we see that ()eX and hence by Case 1, M(u) exists and
is unique. Now, we want to show that M is a contraction mapping. Indeed, if u and
u are in L[0, T], let

(I),w1 (1)’ (2),w2/
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be respectively the corresponding solutions of and ). Applying Proposition 5.1
to and then to (^), we have

I1 )  )II1 (., T) 2 (., T) <- Kb21 It31(x, w)- t32(x, s)l 2 dx ds
ffl

<- Kb lug(s)- u(s)l ds.

We remark that although K may depend on b21 it remains bounded if b21 is
bounded. So we may choose bE1 small enough so that b21K2 < 1. M is then a contraction
mapping and has a unique fixed point u, say. It is easy to see that u makes (5.21) true
if and only if it is a fixed point of M. This finishes the proof of the theorem.

Next, we want to determine the location of the eigenvalues of A.
PROPOSITION 5.6. The eigenvalues ofA as defined in (5.3) are given by the asymptotic

formula

(5.22)
1a, -(-2 log 12nrrl + i2nrr + ei’n’) + to + o(1

where

M=[(b11-A)/71 b12//1 ]-bEll 3/2 -( b22- a )/ Y2
Hence the solution of (5.23) is

(5.25)
w(x) w(O)/"

Because v(0) w(1) 0, we have

0
e

w(0)

But e1 rI + sM where

(5.27)

and

(5.28)

r= (a2ex, alea=)/(a2 1)

s=(ea2-eal)/(a2-A,)

where

-1 when n > O,
e=

1 when n < O.

Here, we assume that both b12 and bE1 are nonzero.
Proof. If A is an eigenvalue of A, then A satisfies

(5.23) ( --0/1 0 )()(W) (/))+B =a v(0) w(1) 0.
T2 w

Once a is fixed, (5.23) can be solved explicitly in terms of initial values v(0) and w(0).
Indeed, we can rewrite (5.23) in the form

(5.24) d(wV) M(wV)
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[6, p. 101] and A1, ’2 are the characteristic roots (which we may assume to be distinct
when IAI is sufficiently large) of M. It follows from (5.26) that E22=0 where E22 is the
entry on the second row and second column of e.

Hence

(5.29) E22 r s (b22 h / )’2 0.

Substituting (5.27) and (5.28) into (5.29), we have

(t-11)- t+ /! e +
/ /

e" =0.

Now ll=((bl-)/-(b-)/+) and I=((b1-I)/- (b-)/-
) where D=((bl-)/+(b-)/)- with =bb/. Letting =-(b-)/-(b-)/=-+IT, then (5.29) holds if and only if

(5.30) ((--) e/2-(-+) el/2)/= 0

where D 2_ b12b2/ 2.
An application of the Rouche’s eorem shows that the roots of (5.30) are

asymptotically the same as that of the equation 2ee-a/4=O. By [1, p. 410], we see
that the roots of this equation are of the form., -2 log 12nl + i2n+ ei+1 + 0(1).
It follows that h, =(1/T)(, + a) is asymptotically of the form (5.22). This completes
the proof of the theorem.

From the above proposition, it is easy to see that {-h,} induces a Carleson measure
on some half plane C. Fuahermore, the numbers , 1/Ix. xl: are uniformly
bounded if all the eigenvalues of A are simple. Proposition 4.3 implies that every
feedback relation of the form (4.3) is continuous. (Again, we normalize , so that
b, (,, b) 1.) So we may apply Theorem 4.4 to yield immediately the following result.

THEOREM 5.7 (spectral assignability). Suppose that in the system (5.1) the operator
A as defined in (5.3) has only simple eigenvalues. Suppose also that both b2 and bl are
nonzero and Ib=l is suciently small so that the conclusion of eorem 5.5 holds. en
if {j}j_ is any sequence of complex numbers such that

then there exists a feedback of the form u(t)=(()(., T), h) where h is a continuous
linearfunctional on X such that the set of eigenvalues of the closed loop system is exactly

6. Case of multiple eigenvalues. The system in 5 may have multiple eigenvalues.
So it seems that the assumption A in 4 is rather arbitrary for this system. In this
section, we will see how the theory we have developed can be modified to cover the
case with multiple eigenvalues. We will only state the results and omit the proofs.

One can show that for the system in 5, all except a finite number of eigenvalues
are simple. We will take this last fact as a basic assumption. In other words, we now
suppose that h, has multiplicity M,, where M, > 1, for only finitely many n.

Let

X,,={x=(hnI-A)M.x=O},
Pn projection ofX onto X. such that P,A AP,,

P* adjoint of P, (also a projection and P*,A* A*P*),
image of P,*.
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We denote by b the unique element in X such that (P*,y, b) (y, b...,) for all y X.
Then we see that b. Ker (P,*)-= closure of range of Pn X,.

We have the following generalization of Proposition 4.2.
PROPOSITION 6.1 (rank condition). If the system (2.1) is approximately controllable

in some time T, then for all n the set {AI.-lb,, Al.-2b, b,} spansX,.
Also, we have the following generalization of Theorem 4.4.
THEOREM 6.2. Suppose the system (2.1) is approximately controllable in some time

T and the eigenvalue A, has multiplicity M,, -< n < with M, > 1 for only finitely
many n. Suppose also that {bj.n}. =_ is uniformly bounded, { 1/A,} 12 and eve
h of the form in (6.4) represents a continuous linear functional on X. Denoting fl,
Em. 1/[h An[ 2, if -1{,.}o .=_ is a sequence of complex numbers such that

-1 (1 + fl,)l., hnl 2

then there exists h X such that (Ah)= {j,n}j
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THE REGULAR LOCAL NONINTERACTING CONTROL PROBLEM
FOR NONLINEAR CONTROL SYSTEMS*

H. NIJMEIJER" AND J. M. SCHUMACHER:

Abstract. We study the Noninteracting Control Problem for affine nonlinear control systems under the
assumption that the number of scalar inputs equals the number of vector outputs. Our purpose is to find a
static state feedback law for the system which achieves noninteraction. Using the recently developed
differential geometric approach to nonlinear systems theory and working under a set ofregularity assumptions,
we give necessary and sufficient conditions for the local solvability of the problem. This work extends earlier
results in the "geometric approach" for linear systems.

Key words, nonlinear control systems, noninteracting control, controlled invariance, controllability
distributions

AMS(MOS) subject classifications. 93C10, 49E05

1. Introduction. This paper is intended as a contribution to the theory of noninter-
acting control of nonlinear systems. In general terms, the problem can be described
as follows. Suppose that a dynamical system has been given, in which two sets of
variables have been designated as instruments and as targets, respectively. The targets
and instruments may be either scalar variables or vectors. One says that we have a
situation of noninteraction (or input-output decoupling) if each instrument affects only
one target and none of the others. If the given system does not have this property, one
may ask whether it is possible to add control loops to the system in such a way, that
noninteraction is obtained. This is the problem of noninteracting control.

To arrive at a precise problem statement, one has to specify: (i) the class of systems
under study, (ii) the precise nature of the noninteraction one wants to obtain, and (iii)
the control format. In this paper, we shall consider "affine" [13], [18], [22] systems,
which constitute a class of nonlinear systems that has received considerable attention.
We will assume that the input variables ("instruments") are scalars, but we allow the
output variables ("targets") to be vectors. The condition of noninteraction will be
defined using the concepts of "controllability distributions" [11], [14] and "output
controllability" [16], [17]. The control schemes we shall consider consist of locally
defined state feedback and (state-dependent) precompensation. This combination is
often referred to in the literature simply as "static state feedback" [8], [18] or even
just "feedback". Definitions of the concepts mentioned here will be given below.

The noninteracting control problem has been studied extensively and from various
points of view. Most of the literature is concerned with linear systems. In this field,
one has the option of dealing with the problem via the transfer function, and this
approach has been taken in some of the earliest work in noninteraction [5], [10] as
well as in recent contributions [6]. Within the state-space framework, a breakthrough
was made around 1970 ([24]; see also [1]). The innovation centered around the
introduction of the notion of "controllability subspace" as a means of expressing the
intuitive notion of "subsystem", which is of obvious importance in the theory of
noninteraction. Controllability subspaces came to play a key role in a successful line
of research that has been termed the "geometric approach" to linear systems theory.

* Received by the editors May 17, 1983, and in revised form July 10, 1985.

" Department of Applied Mathematics, Twente University of Technology, P.O. Box 217, 7500 AE
Enschede, the Netherlands., Centre for Mathematics and Computer Science, Kruislaan 413, 1098 SJ Amsterdam, the Netherlands.
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For rnore detailed accounts of the long history of noninteracting control of linear
systems, we refer to [12] and [6]. In the nonlinear domain, progress has been slower.
"Although efforts have been made to develop a decoupling theory for nonlinear systems,
(...) considerable difficulties (...) have so far inhibited substantial progress", wrote
the authors of 12] in 1971. A criterion for achievability of noninteraction by "static
state feedback" was given by Sinha [20] for the case of scalar inputs and scalar outputs.
Further work under the same restriction was reported in [3].

In the award winning paper [8] Isidori et al. were the first authors to give a
geometric formulation for the general noninteracting control problem. They presented
a solution to this problem [8, Thm. 5.1]; however, their necessary and sufficient
conditions for solvability are, in the general case (allowing for vector outputs), not
constructive (see [8, Thm. 5.1]). The purpose of this paper is to give constructive
(verifiable) necessary and sufficient conditions also in the case of vector outputs,
pertaining to the solvability of what we will call the regular local noninteracting control
problem. In contrast to the results of [20], [3], [2] and also [8] we will use a nonlinear
version of the concept of controllability subspaces. This extension was made in [11]
and 14], leading to various definitions for the so-called "controllability distributions".
The concept was applied to solve special versions of the decoupling problem in [16]
and [17]. In this paper, we will show that controllability distributions can be used to
rederive a major result from the linear theory [24] in a nonlinear context. This continues
a line of research [7]-[9], 11 ], 13]-[ 18] that is directed towards a systematic generaliz-
ation of the "geometric approach" [23] to nonlinear systems, using the methods of
differential geometry.

The organization of the paper is as follows. In 2, the precise formulation is given
of the decoupling problem that we consider here. The main result follows in 3, which
is largely devoted to lemmas that are needed in the sufficiency part of the proof. Some
remarks on the structure of a decoupled system are given in 4.

2. Problem formulation. Consider the affine nonlinear control system

(2.1) (t) A(x(t))+ , B(x(t))u(t)
i=1

where x are local coordinates of a smooth n-dimensional manifold M, A, B,. ., Bm
are smooth vector fields on M and u "+-> is a piecewise smooth input function,

_m. Together with the dynamics (2.1) we consider as output functions

(2.2) z(t) C(x(t)), m_

where C" M N is a smooth map from M to a smooth p-dimensional manifold N,
p >_- 1, _m. We assume that each C, _m, is a surjective submersion. We will observe
later on that the output functions C’M--> N play no role beyond specification of the
distributions Ker C., i _m. To rule out obvious unsolvable problems, we will assume
that the maps C are mutually independent, i.e. the rank of the map C=
(C1, Cm) M-> N1 ’’" Nm equals Pl +’’" +Pro. Also we will assumenas is
usual in the differential geometric approach--that the distribution generated by the
input vector fields has no singularities, so

dim Ao := dim {B1,. ", B,} m.

Furthermore we will assume that for the system (2.1) the accessibility distribution, see
[14], equals TM. That is, the system (2.1) is strongly accessible, cf. [21], [22], i.e. the
set of reachable points at time > 0 from Xo M has a nonempty interior in M. In this
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paper we allow for static state feedback. Thus an admissible control law is of the form

(2.3) u=a(x)+(x)v,

where a" MR", fl MRmxm are smooth maps, and v vl, , v,,)’
R"represents a new input. To keep as much open-loop control as possible, we seek/3
such that fl(x) (/3q(x)) is nonsingular for all x M. Applying the feedback law (2.3)
to (2.1), we obtain as the new dynamics

(2.4) 2(t) A(x(t))+ E B,(x(t))v,(t),
i=1

where

(2.5a) /(x) A(x) + Z B,(x)a,(x),
i=1

(2.5b) n,(x) Z n(x)/3,(x), i _m.
j=l

In the static state feedback noninteracting control problem we seek a control law (2.3)
such that in the modified dynamics the control v(. does not affect the outputs zj(.
for j i; moreover we want the scalar input vi(.) to "control" the corresponding
(vector-valued) output z(. ), _m. This problem can be nicely formulated in a differen-
tial geometric framework, see also [8]. For doing so we need some terminology.
Consider the set V(M) of all smooth vector fields on M as a Lie algebra with Lie
product IX1, X2] for XI,X V(M). For any set of vector fields S V(M) we denote
by {S}A the Lie subalgebra generated by S. Furthermore for X,X2 V(M) define
adx,X2 X2, adlxX2- IX1, Xa] and recursively adkxX2 [X, adkx-l], k 2, 3," .
Associated with the system (2.4) we define the following Lie algebras, see also [19]"

(2.6a) Lo {adka, k 7/+,j _m}LA,

(2.6b) Lo, {adk;,, k -+}LA, _m,

and the Lie ideal generated by Lo in Lo which will be denoted by Loi, i _m. Clearly
Lo c o, _m. Also we introduce the corresponding distributions

(2.7) Ro Span {Lo}, R, Span {Lo,}, /, Span {o,}, _m.

To take care that in the new dynamics (2.4) the input v(. has no interaction with
z(. ), j i, we must have

(2.8) /, c f) Ker C., _m.
ji

To achieve that v(.) "controls" the corresponding output z(.), _m, we need the
nonlinear version of output controllability, that is

(2.9) C .R TNi _m

which is equivalent to the fact that the set of reachable output values has nonempty
interior in N, i _m, see [16], [17]. Because Ri R, we see that (2.9) implies

(2.10) Ci,Ri-- TNi, _m.

There is a nice and in our context useful interpretation of (2.8), (2.9) and (2.10) in
geometric terms. Recall the following definitions, see [7], [9], [13], [18]. An involutive



THE REGULAR LOCAL NONINTERACTING CONTROL PROBLEM 1235

distribution D on M is called controlled invariant if there exists a feedback (2.3) such
that the modified dynamics (2.4)-(2.5) satisfies

[A,D]cD,
(2.11)

[/}/, D]c D, i_m.

An involutive distribution D on M is called a (degenerate) controllability distribution
if there exists a feedback (2.3) and a subset I c _m such that

(2.12) D Span ({ad,li I, k 7/+}LA).

Finally an involutive distribution D on M is called a regular controllability distribution
if there exists a feedback (2.3) and a subset I c _m such that

[, D] D,
(2.13)

[B,D] D, im_

and

(2.14) D=Span({ad;,,adj,liI,k7/+}LA).
Return}ng to the noninteracting control problem, we see, by definition of the distribu-
tions Ri, _m, that for all _m

(2.15)
[B, g,] R,, j .

That is, R is controlled invariant and moreover it is a regular controllability distribution,, whereas R is a degenerate controllability distribution, m.
In this way the static state feedback noninteracting control problem can be stated

as follows:

Given the system (2.1)-(2.2), find, if possible, a feedback law (2.3) such that
the distributions Ri defined by (2.6)-(2.7) satisfy (2.8) and (2.10).

In this paper we will solve a regular local version of this problem, to be called the
regular local noninteracting control problem. In this context "local" means, that given
an arbitrary initial state Xo M, we are interested in the existence of a local feedback
(2.3), i.e. the maps c and/3 in (2.3) are only well defined on a neighborhood of Xo.
Working locally, we are able to fully exploit the differential geometric approach set
up in [7], [8] and worked out in a series of papers [9], [13]-[18], [22], [25], [26]. It
is a logical first step, and a common practice in the literature just cited, to exclude
singularities. In this paper, too, we shall work under a series of regularity assumptions.
In particular, we look for a specific set of "regular" distributions R*, _m, that satisfy
the conditions (2.8) and (2.10). The exact definition of the word "regular" will be
given in 3; among its implications is that we demand that the distributions UiR*
and (UtR*) fq Ao have constant dimension for all ! _m. This surely is a restrictive
assumption, but we feel that it is necessary to complete the "regular" analysis before
one can hope to successfully attack the singular cases. Moreover, one should realize
that for analytic systems (2.1)-(2.2) the regularity assumptions will hold on an open
and dense submanifold M’ of M. Therefore, a (global) solution to the general noninter-
acting control problem has to satisfy the necessary and sufficient conditions of the
next section on this submanifold M’.
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3. Necessary and sufficient conditions for the regular local noninteracting control
problem. We now come to the necessary and sufficient conditions for the solvability
of the regular local noninteracting control problem. For this we need some notation
and assumptions.

A1. The distribution Ao Span {B1,’’ ", B,} has dimension rn on M.
A2. The strong accessibility distribution of (2.1), Ro Span {adkaBilk Z+}LA has

dimension n.
A3. The output maps (2.2) are mutually independent, i.e. the rank of the map

C (C1, Cm)" M- N1 x" X N,,, equals Pl +" "+ Pro.
For each subset I c _m let us define R* as the maximal regular local controllability
distribution contained in fqjx Ker C.. The involutive distributions R*, I c _m, are
well defined (see [11], [14]) but their dimension may vary on M. (We set R- TM,
as a consequence ofthe rule from logic that the empty intersection ofparts is the whole.)

A4. The distributions R/*, ix R*, (i R*) Ao, I c _m, as well asi R* and

Yx R* f-) Ao, I c _m, all have constant dimension on M (here the bar denotes involutive
closure).

THEOREM 3.1. Consider the system (2.1)-(2.2) and assume A1-A4 hold. Then the
regular local static state feedback noninteracting control problem is solvable ifand only if

(3.1) Ao= Aof’) R* +... + Aof’l R*m.

Furthermore, ifthese conditions hold, then {R* }1 is the only solution ofthe noninteracting
control problem.

Before we are able to prove this theorem, we need some preliminary results on
the distributions R*, I c _m. The following lemmas are also of independent interest,
and give, even in the linear case, additional information on the structure of the
distributions R*, I _m. Everywhere below, we shall consider the system (2.1)-(2.2),
assuming that A1-A4 hold.

LEMMA 3.2. Suppose that (3.1) holds. Then, for all _m,

(3.2) Aof’l R* Y. R.
ji

Proof. Suppose that (3.1) were true and that (3.2) would not hold. It would then
follow that

(3.3) Aoc R c Y. R.
ji ji

Note that the last distribution in (3.3) is controlled invariant, since it is the sum of
controlled invariant distributions. Under the condition of strong accessibility, any
controlled invariant distribution containing Ao must be equal to TM (see [22]). Since
it is clear from the definition of the distributions R* that

(3.4) E Rj c E Rj Ker Ci,,
ji ji

it would follow that Ker C. TM, or the map C is trivial. This contradicts our
assumptions.

We can use the above lemma in some counting arguments. Set yl dim (Aofq RI*),
and define

k k-1

(3.5) ’)/k dim (Aof’) R*)-dim (Aofq R*)
i=1 i=1
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for k 2, , m. Note that the Yk’S are constant by A4. It is obviously true that Yk -> 0
for.all k, but if (3.1) holds then it follows from the above lcmma that even Yk----> 1 for
k _m. For, suppose that yi 0 for some i; then we would have

i--1

(3.6) aon R* c y. (aon Rj) c E (aon R),
j=l ji

a situation which has been excluded by Lemma 3.2. On the other hand, still under the
assumption that (3.1) holds, it is clear that

(3.7) Yk dim E (aon R*)= dim Ao= m.
k=l i=1

So the yk’s form a set of m integers >_- 1 which add up to m. It follows, of course, that
Tk 1 for all k. As a consequence,

J J
(3.8) dim (Aol’l R*)= y =j

i=1 i=1

for all j _m. Since the order in which we numbered the output functions is arbitrary,
the conclusion can be formulated as follows.

LEMMA 3.3. Suppose that (3.1) holds. Then, for all I _m,

(3.9) dim E (Ao f’l R*) 1II.
iI

An obvious consequence of this is that the distributions Ao R* are independent.
Now, set 0 =dim (Aofq RI*) and define the constants (see A4)

(3.10) 0k=dim Aof] 2 R* -dim Aof’) 2 R*
i=1 i=1

for k 2,..., m. If we reason in the same way as above, now using the fact that

i=1 R* TM, then the conclusion we obtain is the following.
LEMMA 3.4. Suppose that (3.1) holds. Then, for all I c m_

(3.11) dim (AMi R*)=,I1.
Since it is clear that

(3.12) Z (Aof’lR*)c Aof)Z R*
iI il

for all I _m, we obtain as a corollary"
LEMMA 3.5. Suppose that (3.1) holds. Then, for all I _m,

(3.13) Aof’l E R*= (Aofq R*).
iI iI

Set Pl dim (RI* Ao), and define

(3.14) Pk=dim (R*_k Ao)-dim (R*k_l Ao)

for k 2,..., m. These numbers are constants by Assumption A4. We can use them
to prove:

LEMMA 3.6. Suppose that (3.1) holds. Then, for all I _m,

dim R,*) III.
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Proof. It is sufficient to show that Pk 0 for all k _m. So, suppose that Pk "-0 for
some k m. Then we have

(3.16) Rk* f’)Ao_ Rk*- Ao.
The distributions Rk*-i and R_k* are both regular local controllability distributions, and,
of course, Rk*-i c R_k.-k- It follows from [17] that there exists a feedback u a(x)+ fl(x)v
for the system (2.1) such that both Rk* and Rk*_ are invariant for the modified dynamics.
It then follows from the characterization of regular local controllability distributions
given in [ 11] (Lemma 4.1) that

(3.17) R*k= R*k-l"

Since R k* C Rk*_ and Rk*- = ker Ck, we obtain

(3.18)

Since we also have, by definition,

(3.19)

Rk* Ker Ck..

Y, Rk* c Ker Ck.
i#k

it follows from the strong accessibility condition that the map Ck is trivial, and we
have reached a contradiction.

We can use this to establish the following lemma, which will be instrumental in
proving that, under the assumption (3.1), the distribution it R* is involutive.

LEMMA 3.7. Suppose that (3.1) holds. Then, for any I m_

(3.20) R/* =/, := inv. clos. [, R*].
Proof. Let I c _m. Since R* is involutive, and R* R* for all i I, we have

(3.21) ] g*/, R*.
iI

By Lemmas 3.4 and 3.6, it follows that

(3.22) Aof’l/ Ao R*.

From 14], we know that R is a regular local controllability distribution. By the same
argument as was used in the proof of Lemma 3.6, it follows that (3.20) holds. UI

For linear systems, the above result already implies that, under the given circum-
stances, the subspace corresponding to the distribution R* is equal to the maximal
controllability subspace contained in the intersection of the kernels of the output
mappings C (i _m\I)ma result which doesn’t seem to have been formulated explicitly
before. In the nonlinear context, we have to worry about involutiveness. Somewhat
surprisingly, it turns out that this is not a problem. The key lemma is the following.

LEMMA 3.8. Let R and R2 be regular local controllability distributions such that
R + R2 and Ao f’) R1 d- R2 have fixed dimension, and

(3.23) Aofq R + R2 Aofq R1 + Aof’) R2.

Then R1 + R2 is involutive (and hencemsee 14]mR1 + R2 is itselfa regular local controlla-
bility distribution).



THE REGULAR LOCAL NONINTERACTING CONTROL PROBLEM 1239

Proof. Locally, we can choose sets of independent vector fields {Bll,""" Blk}
and {BE1,""", BEt} such that

(3.24) Aofq R1 Span {Sl," ", Bk},

(3.25) Aof’l R2 Span {B,..., B2}.

Note that

(3.26) [B,, R2]= (R2+ Ao) R+ R2 R2+ (Ao R1 + R2)= R2+ Span {B,...,

for all _k. Using [13], we see that there exist vector fields BI," ", Blk such that

(3.27) Span {BI ,’" ", Big} Span {Bll, ", Big} Aof’) gl,

(3.28) [BI,, RE] c RE, i _k.

Likewise, one can find vector fields BE1 ", BEl such that

(3.29) Span {/21, ",/2} Span {BE1, , B2} Aofq RE,

(3.30) BE,, gl] c gl, _/.

Since R1 + RE is controlled invariant (see [14]) and R1 c R+ RE, we can find, as in
[17], a closed-loop mapping A such that

(3.31) [A, gl]c gl,

(3.32) [A, g / RE] g+ RE.
Now, note that

(3.33) [.,gE](RE/O)f’l(gl+gE)= gE/Span{ll, ,/lk}.
It follows from (3.33) and (3.28) (see [7]) that there exist functions yi (i _k) such that

k li’i satisfiesA= A+i__

(3.34) [A, RE] c g2.

Using the general formula

[X. c, Y] =IX, Y]. c-X. Y(c),(3.35)

we find that also

(3.36)

(3.37)

[A, R1] R,

[A, R1 + RE] R1 + RE.
By the characterization of regular local controllability distributions in 14], we know
that, if we define

(3.38) ,=Span{ad,sls_k,j7/+}, i= 1,2,

then

(3.39) Ri inv.clos./.
Using the Jacobi identity, one can easily prove by induction that

(3.40) [ad/l,, R2]c R2
for all j 7/+ and i _k. Using (3.35) again, we find that

(3.41) [/1, RE] R1 + R2.
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Another induction argument based on the Jacobi identity then shows that

(3.42) JR1, R2] c R1 + R2.
Hence, RI+ R2 is involutive. Vq

The result that we were after is now an easy consequence.
LEMMA 3.9. Suppose that (3.1) holds. Then, for any subset I _m, the distribution

i R* is involutive.
Proof. It is sufficient to show that F. k R* is involutive for every k s m, and wei=1

do this by induction. Of course, R* is involutive by definition. Now assume that
k-1 R* Rk*- according to Lemma 3.7, and so it followsk-1 R* is involutive. Then Yi=lEi=I

k- R* is a regular local controllability distribution. Moreover, the results ofthat i--

Lemmas 3.7, 3.6 and 3.5 show that

(3.43) Aoflinv.clos. R* AoC’I R* +Aol R*.
i=1 i=1

An application of the preceding lemma now completes the proof. Vq

One notes that it is now immediate that, under the assumption (3.1), we have

(3.44) R/* E R*
iI

just as in the linear case.
Now, let us proceed to an argument that will be directly needed in the proof of

the main theorem. The issue is the "compatibility" of the distributions R*.
LEMMA 3.10. Suppose that (3.1) holds. Then, locally, there exists a basis of vector

fields {/1,""",/m} for Ao such that

(3.45) Span {/,} Aof’) R*, is _m,

(3.46) [* g] g, i,j s _m.

Proof. Take s _m, and let/ be a vector field such that

(3.47) Span {/,} Aofq g*.

From the fact that the Rff’s are controlled invariant, it follows that

(3.48) [/,, g] c g+Ao, js_m.

Since/ s R* and R* + Rff is involutive (Lemma 3.9), we also have

(3.49) [/,, R] c R* + R, j s _m.

Consequently, we have (using Lemma 3.5)

(3.50) [/,, gff] (gff+Ao) fq (R*+ R)= g+Aofq (g*+ g)= gff+Span {/,}.
It is also clear that

(3.51) [/,, R] R+Span{/,}.
ji ji

From this, it follows (see 13]) that there exists a function/3 such that/ :=//3 satisfies

(3.52) [/,, Y R] R.
ji ji

But then we also have (from (3.50) and (3.52); cf. also [18]), for ij

( Rj*.Ao R)=Rj*..(3.53) [/i,R] Rj*.f’l(Rj*.+Span{})=Rj*.+
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Of course, the equality (3.53) also holds for =j since Rj is involuti.ve. Goin through
this construction for each _m, we obtain a set of vector fields (B1,’’’, Bin} which
satisfies (3.46), and which is then automatically a basis for Ao. ZI

We now proceed to the proof of the main theorem.
Proof (of Theorem 3.1). For sufficiency, we assume that (3.1) holds. First of all,

note that Y.i--1 R* contains Ao and is controlled invariant for the system (2.1), so that,
as noted in the proof of Lemma 3.2,

(3.54) Y R* TM.
i=1

Since we have, for each i,

(3.55)

it follows that

Y R c Ker Ci.,
j#i

(3.56) R* + Ker Ci. TM

(3.58) [/, Y R]] c y R.
j#i ji

According to [7], it follows from this that we can, locally, define a function a such
that the vector field A + iOli leaves , R] invariant:

(3.59) [A+ J,Oi, x R]c2 x R.
ji ji

Having done this for each i m, we next consider the vector field A =t The
following holds"

ji ji ji

(3.60)

jei jei jei

This shows that the distributions R] are compatible. Now, define

(3.61) ,= n X R.
j kj

Also, we have

i.e., (2.14) is satisfied.
Next, we have to show that there exists a local feedback of the form u

a(x)+(x)v that leaves each of the distributions R* (i _m) invariant; i.e., the R*’s
are "compatible". An appropriate/3 :---.diag (ill,"’, tim) was already shown to exist
in Lemma 3.10. Vector fields B1," ", Bm can be constructed that satisfy [/i, R] c R
(i,j m_), and there exists a unique nonsingular map "M Rmxm (locally defined)
such that Bi(x)= B(x)fli(x), where the vector fields Bi have been selected to satisfy
(3.47); clearly, these vector fields are obtained from a nonsingular transformation of
the original input vector fields appearing in (2.1).

We have shown in Lemma 3.9 that Yj# R is locally controlled invariant, so

(3.57) [a, X R]c X R+Ao Y- R+ Span {/i}.
ji i ji j#i
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Clearly, we have R*/ for all i _m. It is immediate from (3.60) that

(3.62)

Furthermore, one has

(3.63)

A+ Y Bjaj,/, c R,,
j=l

/,nAo= n X (R*No)=R*N&o.
j# k#j

It now follows from Lemma 4.1 of[ 11] that R is the maximal regular local controllabil-
ity distribution in , and that R is also invariant under A+ a, i.e.,

(3.64) A+ 2 a, R c R, e .
j=l

With the propeies (3.45), (3.46) and (3.64) all fulfilled, we see that the first pa of
the proof is complete. To show that (3.1) is necessary, let {R}w be a set of regular
local controllability distributions that gives a solution of the decoupling problem (see

2). Since

Ao=Span{B,..., B}=Span {B1,"’, Bin} E (Ao R)
i=1

(3.65)

E (ao) ao,
i=1

we see immediately that (3.1) must hold. Finally, it is also clear that, for any solution
of the decoupling problem, we must have

(3.66) o R,=oR.
By the same argument as was used in the proof of Lemma 3.6, it follows from (3.66)
that R R. This completes the proof of the theorem.

Remarks. (i) In connection with the solution ofthe noninteracting control problem
given in [8] we note the following. The distributions =# R, i , are locally
compatible, i.e. there locally exists a feedback which leaves each of the ’s, ,
invariant. Moreover we have that Ker C., j i, and for any two disjoint
subsets I, J we have ()+() TM. In other words we have shown that
the ’s, i , are compatible and satisfy the conditions of Theorem 5.1 of [8]; so we
have produced a constctive local solution of the input-output decoupling problem.
For the case of scalar outputs, such a constructive solution has already been provided
in [8, Thm. 5.2].

(ii) In general the feedback u (x) + (x)v is only locally well defined. Without
any fuaher requirements on the state space M nothing can be said about the global
solution of the noninteracting control problem. For instance, the question whether or
not the manifold M is simply connected will probably be of impoaance (see [9]).
From [18] comes the suggestion that the holonomy group of a ceaain integrable
connection plays a crucial role. An approach to global problems via singularity theory
is advocated by C.I. Byrnes in [27], [28]. Much fuaher work will be needed to fully
develop a theory of global nonlinear decoupling.

(iii) Combining (2.10) (or (3.56)) with the result on nonlinear systems inveaibility
from [15], we see that each subsystem

( t) (x( t)) + ,(x( t))v,( t), x(O) Xo,
(3.67)

z( t) C(x( t))
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is strongly invertible at Xo. In the case that each output function is 1-dimensional, so

Pl p,, 1, our results coincide with the results obtained in [20], which is the
nonlinear version of a result of [4], see also [8], [2].

(iv) As we also assume that pl+’"+pm=n the total output map C=
(C1,..., C,,) is a (local) ditteomorphism, we have that fqi, Ker Ci, =0 and our
result follows by the fact that in this case the conditions Ao= Aofq R* +... + Aofq R*m
and R* + Ker Ci, TM, _m, are equivalent. By using some easy dimension arguments
one can show that R* [qj#i Ker C, provided that the preceding condition holds,
see also [16] and (3.44).

(v) The strong accessibility assumption for (2.1) is not needed. What is necessary
in Theorem 3.1 is that the strongly accessible distribution (see [14], [22]) Ro satisfies
C.(Ro) T(N x.- x N,), where C (C1, , Cm).

(vi) If the number of input channels exceeds the number of outputs, we obtain
by doing similar computations as in Lemma 3.2-Lemma 3.7 that a sufficient condition
for the solvability of the regular local noninteracting control problem is Ao
)_mAo R*, provided that A1-A4 hold. This serves as a starting point for a more
general decoupling problem in [26].

4. The structure of a decoupled system. Next we want to discuss the (local) structure
of an input-output decoupled system. We will show that as in the linear theory, see
[12], our decoupled system possesses a natural local canonical form which can be
built up from the distributions R*. An alternative derivation is given in [8], and in
[25] one can find a more algebraically oriented approach to the same problem. We
consider a nonlinear system (2.1)-(2.2) satisfying the conditions and assumptions for
the regular local noninteracting control problem, see 3. For simplicity we will take
rn- 2; the general case follows by an easy induction argument. For rn 2 consider the
nested sequence of involutive distributions

(4.1) R* RE* c g* c g* + RE* TM

(here the last equality follows from the strong accessibility assumption). By [19] we
know that around Xo M there exists a coordinate system such that

(4.2a) R* fq R2* Span {03},
(4.2b) RI* Span {0-1, 0-3},
(4.2c) R,l +R, =Span { 0 0 0 }OX1’ OX2’ O
with each x, i 3_, possibly being a vector.

Let us write the (locally) decoupled system as

: (x)+ ,(x)Vl+ (x)v,
(4.3) y,=C,(x),

y2=C2(x);

then we have by definition of the regular local controllability distributions R* and R2*
that for 1, 2

(4.4) R, Span {adka,, adj, k Z+,j 1, 2}LA
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and so

[., R c R
(4.5)

[j,R*]cR*, j-- 1,2.

From (4.4) and (4.5) one can easily verify, by using the Jacobi identity extensively,
that there exist sets of vector fields {X,}I and {Y}j, which span RI* and RE*
respectively, such that

(4.6) [X,,Y]R*lfqR*2 Span {0-3} aI, J.

Here we recognize the ideal property of 2. But (4.6) exactly implies, e.g. [19], [22],
that the distribution R2* is locally given as

(4.7) R2* Span {0-, 0-_}.
Let us now see what this implies for our system. Using (4.2)-(4.7) and the fact that
RI* c Ker C2. and R2* Ker C. we obtain that (4.3) reads in our local coordinates as

y, ,(x,) + ,(x,)v,,
y ,(x) + (x)v,

2

(4.8) :3-" "3(X1, X2, X3)"-I- E /3i(Xl, X2, X3)l)i,
i=1

Yl C(x1),

Y2 C(x2).

This is what one might call a local canonical form for the input-output decoupled
system. This is a direct generalization of the well-known linear result of [12]. In the
same way one has for m > 2 the following local canonical form"

1--" AI(X1)-F" Bl(X1)/)1,

,m Am(Xm) + nm(Xm))m,

(4.9) :m+, mm+l(X,, ", Xm+)+ E n(m+l)i(X1, ", Xm+l)/)i,
i=1

yl=C(x1),

ym=C(Xm).

In this coordinate system one has R* Span {O/Ox, O/OXm/}, 1, , m. It is immedi-
ately seen from (4.9) that we have output controllability in each channel; this is an
aspect that is not covered in [8].
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reviewer.
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INFINITE HORIZON STOCHASTIC PROGRAMS*
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Abstract. This paper considers a discrete time infinite horizon stochastic program with the objective of
minimizing the expected present value of a sum of convex cost functions. In any finite time we assume that
only a finite number of outcomes can occur. The paper presents a sequence of solvable finite horizon
problems that converge in value and decision to the value and decision of the infinite problem.

Key words, mathematical programming, stochastic programming, infinite horizon, convergence,
convexity
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1. Introduction. This paper shows how an infinite horizon stochastic program that
minimizes a convex objective, subject to linear constraints, with finite uncertainty at
each stage can be approximated by a finite horizon stochastic program. The infinite
horizon stochastic program can be considered as a decision tree starting from a single
node at time 0. Each path through the tree corresponds to a realization of both the
decision process and the stochastic process. At each time T we assume there is a finite
collection of paths representing system evolution to that time. The state of the system
at time corresponds to a node in the decision tree; from any of the time nodes
there is a unique path back to the time 0 node. Since the problem has an infinite
horizon, there can be an uncountable number of nodes.

The difficulty in solving such a problem is roughly proportional to the number of
nodes. Our solution procedure looks at the time T nodes, and, by taking expectations,
aggregates the paths emanating from each of the time T nodes into a single path. Then
an end effects correction procedure is used to terminate that single path in a loop, at
time T or at a later time. The paper shows that this procedure works. As T--> oo, we
get objective values that converge monotonically to the optimal value of the stochastic
program, and the decisions of the T period problems converge to the optimal decisions
of the infinite horizon problems.

This paper is organized as follows. Section 2 describes the stochastic process.
Section 3 presents the decision problem along with our assumptions. The problem is
a multistage stochastic program with linear constraints and a convex objective. The
uncertainty is restricted to the right-hand side (constraining) vector. In 4 we show
how to aggregate the stochastic program into a deterministic program that will give a
lower bound on the stochastic program. This idea is used to develop a T period
approximation and in 5 we prove that the values and solutions of the T period
problems converge to their long-term counterparts. In 6 we extend the model to
include infinite time lags in the carry over of decisions; thus a time decision can
have an impact at all future times + s for s => 1. In 7 we consider the case in which
the stochastic process is a finite homogeneous Markov chain. In that case we can allow
the constraint matrix to depend on the state of the Markov chain. A final section
describes how these ideas can be implemented.

* Received by the editors April 26, 1983, and in final revised form July 4, 1985.
t School of Business Administration, University of California, Berkeley, California 94720.
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The paper is based on two earlier treatments on infinite horizon problems. Grinold
(1977) treats the deterministic linear case, and Grinold (1983) treats the deterministic
convex case. Flam and Wets (1984) have recently extended these results. See the
references in those papers for background on infinite horizon programs. This paper
uses the result of the 1977 and 1983 papers to extend the treatment to the stochastic
case in 3, 4, and 5. This calls for two insights: first correctly building the model,
so that results of the 1977 and 1983 papers apply and second, using the method of
proof in the 1983 paper twice-aggregating over outcomes and over time. In 6, we
extend the basic results of 1977 and 1983 to allow for infinite time lags. Finally in 7,
we synthesize the new results of this paper with an earlier paper, Grinold (1976), on
a Markovian multi-stage system.

In some ways our procedure is an example of the successive use of partitioning
the sample space, see Pfanzangl (1974). Huang, Ziemba and Ben-Tal (1977), Hausch
and Ziemba (1983), Marti (1977) and Birge (1985) have used this idea in relation to
stochastic programs. More recently Birge (1984) has applied a technique similar to the
one proposed here to a finite horizon stochastic production planning problem.

Some basic work on multi-stage stochastic programs can be found in Rockafellar
and Wets (1974), (1976), Eisner and Olsen (1975) and Olsen (1976). In these papers
the complicating element is the nonfinite range of the random variables. In our model
stochastic process has finite range over any finite time span. The complicating factor
is the infinite horizon and the compounding of uncertainty.

There is a large literature on infinite horizon problems in the Markov programming
literature. However, those results do not carry over to our case. There are two main
approaches to infinite horizon problems in the Markov programming literature. The
first is called value iteration. In value iteration one ignores the effect of period T
decisions on all rewards and constraints in later periods > T. Grinold (1977) con-
sidered the analogous procedure for the class of infinite horizon multistage program-
ming problems. The procedure will not work in the general case. An example is given
in Grinold (1977). The basic reason is an ability to borrow against the future; if the
model allows us to borrow (either money or backlogged orders) then we can build up
a huge debt that is ignored in period T+ 1. The other solution procedure advanced in
the Markov programming literature is called policy iteration. In that case we focus on
a policy, and test for possible improvements. If there are none the policy is optimal;
if improvements exist then a better policy is obtained. This procedure may be possible
for the class of problems considered here, but it seems far more complicated than the
solution procedure we suggest. A policy in our context is a function that depends on
the stochastic process of right-hand side (constraint) vector. This is not a promising
approach unless we can prove that the optimal policy has a very special form; e.g. if
the matrices A in what follows are Leontief substitution matrices and K and the
sequence b(t) are nonnegative, and the objective fix] is linear.

In particular, Schal (1975) considers a very general class of decision problems.
Despite its generality there are differences between our model and Schal’s. First, our
model is essentially nonstationary. A complete state description at time calls for
knowledge of the subset of the partition l)(t) that was obtained as well as the decisions
x(0), x(1), , x(t- 1) taken at earlier times. In addition, we do not impose any strong
boundedness assumptions on our objective function or compactness assumption on
our set of decisions. The boundedness assumption we use, see 3, is the natural
analogue of the boundedness assumptions in linear and nonlinear programming. The
boundedness assumption is as weak as possible, if the problem is to have a finite
optimal value and a proper optimal value function.
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2. The stochastic process. Consider a set of possible evolutions ofthe underlying
stochastic process. Knowledge of to l) gives us a complete history of all random
events. As the stochastic process gradually unfolds, we learn more and more about
the actual to. This is made precise by considering a sequence of partitions 12(t) of fl
where f/(t + 1) is a refinement of f/(t). At time we know that to is in some particular
member, say Q, of the partition 12(t); at time + 1 we can be sure to is in some subset
of Q that is a member of the partition fl(t + 1). Since we are interested in practical
solution methods, we will assume that fl(t) is finite for all t.

Let (t) be the smallest Borel field containing [/(t). Since 12(t+ 1) has finite
cardinality N(t), ;(t) will consist of 2v’) possible unions of sets in f/(t).

A measurable function x(t):(fl, :(t))-->R will be called t-measurable. Such
an x(t) will be constant on each of the sets in the partition f(t). A t-measurable
function x(t) will also be s measurable for s -> since 12(s) refines f/(t). A t-measur-
able function cannot anticipate events that occur after time t. It is constant on each
element of 12(t); it cannot exploit subsequent refinements of fl(t). This property is
called a nonanticipation condition.

Let be the smallest Borel field including all of the (t) and 7r be a probability
measure defined on F.

The expectations operation E is defined by

(2.1) E[z]- I z(to) dTr(to).

Let E r denote the conditional expectations operator with respect to (t). For
any > T and t-measurable function x(t), E r[x(t)] is the expectation of x(t) condi-
tional on knowledge up to time T. As such Er[x(t)] will be T-measurable; i.e. it will
be constant on each set in 12(T).

3. The decision problem. For 0, 1, 2,. , let b(t) (12, :(t)) --> Rn be a t-measur-
able function; b(t) will depend only on the partition 12(t); b satisfies the regularity
condition

t=0

At time the decision maker will know which set in fl(t) has obtained and a
history of past decision x(s) for s 0, 1,. , t-1.

The decision maker’s policy at time is a t-measurable function x(t) that must
satisfy

(3.1) Ax( t) b(t) + Kx( 1), x( t) >-_ O.

This section considers only a one period decision carry over; the decision x(t-1)
effects the constraints at time but earlier decisions x(t- s) for s->_ 2 have no effect.
The one period lag is theoretically equivalent to any finite lag. In 6 the model is
extended to include infinite lags. The relation (3.1) holds almost surely; consider any
set Q in the partition II(t) where the probability of Q obtaining is positive. The
functions x(t), b(t), and x(t-1) are all t-measurable and therefore all constant for
to Q. Since fl(t) has finite cardinality N(t), then (3.1) is just a set of N(t) linear
equations, one for each possible history up to time t. This notation suppresses the
dependence of the decision function x(t) and right-hand side b(t) on the stochastic
process. If the partition 12(t) has cardinality N(t), then x(t) is a vector with n. N(t)
elements; i.e. an n element vector for each member of II(t). Similarly b(t) is an m. N(t)
element vector.
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A policy x is the sequence x(t) for t- 0, 1,..., of random variables satisfying
(3.1). The value of that policy is given by

T

(3.2) F[x] lim sup Z a tE{f[x(t)]}
T--> =0

where a is a discount factor lying between zero and one, and f is a closed (lower
semi-continuous), proper, convex function.

Let X(b) be the set of policies that satisfy (3.1). Our problem then is to find

(3.3)

Problem P

V(b) Inf {Fix]Ix X(b)}.

If X(b) is empty, then V(b) is defined as +.
We will make two assumptions about Problem P.
AI: Feasibility. A solution x X(b) is said to be a-convergent if

(3.4) E a’E{ex(t)}<o,
t=O

e is a summation vector. We assume there is an a-convergent solution.
A2: Boundedness. Let f0+[y] be the recession function of f. From Rockafellar

(1970, pp. 66-71), we see that the recession function is closed, convex and homogeneous
of degree one.

Let 0 <_- h <_- a and y satisfy

(3.5) [A- hK]y O, y >- O, ey 1.

Then A2 requires

f0+[y] > 0.

These assumptions are discussed in detail in Grinold (1977) and (1983). We shall
prove below that if A2 is satisfied and A1 is not, then V(b)= +. It is also true, and
easy to show (see Grinold (1977)), that if A1 is satisfied, and if f0/[y] < 0 for some
h and y satisfying (3.5), then V is an improper convex function; i.e. V(b)=- on
the relative interior of its domain. With the exception of a borderline case, A1 and A2
only rule out problems with infinite optimal values. Theorem 1 shows the importance
of A1.

THEOREM 1. Under A2. Ifx X(b) is not a-convergent, then F[x] +.
Proof Let

(3.6)
and

(3.7)

z(t)=E[x(t)]

d(t)=E[b(t)].
Then, by taking expectations on the constraints (3.1) we get

(3.8)

By Jensen’s inequality

(3.9)
Thus

(3.10)

Az(t)=d(t)+Kz(t-1), z(t)>-O.

E{f[x( t)]} >-f[z( t)].

T

F[x]->-limsup E a y[z(t)]= F[z].
T-oo t=O
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Consider the deterministic problem of minimizing the right-hand side of (3.10)
subject to the constraints (3.8). If x is not a-convergent, then z will not be a-convergent
since

(3.11) , atE{ex(t)} atez(t)=c.
=0 =0

By Theorem 4.1 of Grinold (1983), we have
T

lim sup E a y[z(t)] +c;
T-,oo t=0

thus from (3.10) F[x] +o. Q.E.D.

4. The T-period problem. Theorem 1 focuses attention on a-convergent solutions.
Solutions that are not a-convergent have infinite value and are not candidates for
optimality when the objective value V(b) is finite. The T period approximating problem,
called P(T), is motivated by showing how an a-convergent policy x maps into a
feasible policy xr for P(T), and that the objective value of x r in P(T) is less than
its value, Fix], in P. Assumption A1 guarantees the existence of an a-convergent
policy so P(T) is feasible for all T, and the optimal values Vr(b) of P(T) converge
monotonically upwards to V(b).

Let E r[ be the expectations operator conditional on (T). For b and any policy
x define

(i) br(t)=Er[b(t)],
(4.1)

(ii) xr(t) Er[x(t)].
The functions b r(t) and xr(t) are T-measurable for all >- T. In particular, b r(t)= b(t)
and xr(t)=x(t) for t-< T. Moreover, br(t) and xr(t) satisfy the constraints

(4.2) Axr(t)=br(t)+Kx’(t-1), xr(t)>-O
for all t.

We will aggregate the constraints (4.2) for >= T by multiplying the tth constraint
by (1-a)a t-r and summing. This gives

(4.3) (A-aK)(T)=(T)+(1-a)Kxr(T-1), (T) >-0,

where

(i) (T)=(1-a) E a’-rxT(t),
t=T

(4.4)
(ii) /(T)=(1-a) E at-TbT(t)

t=T

The constraints for P(T) are equations (4.2) for 0=< < T, and equation (4.3).
TRecall A is an m by n matrix; P(T) will have m. t=o N(T) constraints with

n. FT=o N(t) variables where N(t) is the cardinality of the partition fl(t). A vector
xT=(xT(O),xT(1),’’" ,xT(T-1),(T)) is feasible for P(T) if xT satisfies (4.2) for
< T and (4.3). Let xT(b) be the set of feasible solutions for P( T); each a-convergent

solution in X(b) maps into a solution in XT(b).
The objective for P(T) is

TT-1 t:g

(4.5) Fr[xr] t=oE a’E[f{xr(t)}]+ (1 a)
E[f{;(T)}].
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Problem P(T) and its optimal value are thus defined by

Problem P(T)

(4.6) V(b) Inf[F[x]lx X(b)].
For an a-convergent solution, one can show by Jensen’s inequality, lower semi-

continuity, and the definition of (T) that an a-convergent x must satisfy

txT
(4.7) , a’E[f[x(t)]]>-E[f[(T)]].

t=r (l-a)
Therefore Fr[xr]<-_F[x], and Vr(b) <- V(b).
The properties of P(T) are summarized in Proposition 1.
PROPOSITION 1. Under A1 and A2.

(i) -c< V(b)<=... _<_ vT(b)<= vT+l(b)_< V(b),
and

(ii) An optimal solution to P( T) exists.

Proof. VT(b)<- V(b) has already been demonstrated. To show VT(b)<= vT+l(b)
let xTM be feasible for P(T+ 1). Then xT defined by

(i) xT(t)=xT+I(t) for t< T,
(4.8)

(ii) :(T)=(1-a)xr/(T)+ a(T+ l)

will be feasible for P(T) and by Jensen’s inequality will have a lower objective value;
i.e. Fr[xT] -< Fr+l[xr+l].

Assume V(b) is not bounded below. Then there will exist a sequence of feasible
solutions zk for P(0) with

1
(4.9) F[zk] f[z].

1--a

The Z
k are not bounded so ezk-> o0.

Let yk_. zk/ezk, and let y be a limit point of the yk., y must satisfy

(4.10) [A-aK]y=O, y>-O, ey= l.

However, Lemma 3 of Grinold (1983), and the presumption that F[zk]-->--oo,
imply f0/[y] <_-0 in violation of A2. Thus V(b) must be bounded below.

TO prove (ii) use A2 and the results on existence in Rockafellar (1970, pp. 77,
267). Q.E.D.

5. Convergence. The optimal values and solutions of the T-period problems P(T)
converge, in a sense described exactly below, to the optimal value and solution of the
infinite horizon problem P.

Before we state the convergence theorem, we need a definition; the sequence x
converges diagonally to x if for every z there exists a subsequence of integers S(z)
with S(z) a subsequence of S(’-1) such that for all t-<

x t) -> x( t)

as T S(-) goes to infinity.
THEOREM 2. Under A1 and A2.

Vr(i) limr_,oo (b)= V(b).
(ii) Suppose V(b) is finite. If xr is optimal for P(T), then there exists an x such

that x is optimal for P and xr converges diagonally to x.
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Proof. Let k be the limit of the Vr(b). If k is infinite, then (i) is true and (ii) is
not relevant.

Let x r be optimal for P(T). Define"

(i) zr(t)=E{xr(t)},

(ii) (T) E{;( T)},

(iii) dr(t) E(bT(t)),

(iv) d(T) E(/(T)),

(5.1) (v) (T, 0)=(1-a) E a’zT(t)+aT(T),
t=O

T-1

(vi) d=(1-a) E atdr(t)+ard(T),
t=O

(vii) M(T) e( T, 0),

(viii) y(T) ( T, 0)/M(T).

Take the constraints of P(T), take expectations, aggregate by multiplying con-
straints 0 through T-1 by (1-a)ar and constraint T by a r and summing, divide
the result by M(T); this yields

(5.2) [A- aK]y[ T] dM(T) where ey(T) 1, y(T) >- O.

We will show by contradiction that M(T) is bounded above.
An application of Jensen’s inequality to (4.5) gives

(5.3) (1 a) V(b) >- (1 a) VT(b) (1 a)FT[xT] _-->f[( T, 0)].

If V(b) is finite and M(T) is unbounded on some subsequence, then there exists
a refinement of that subsequence and a vector y such that y(T)y, and
f[( T, 0)]/M(T) -/z _-< 0. Lemma 3 of Grinold (1983) tells us thatf0+[y] _-< 0. However,
from (5.2) we have

(5.4) [A-aK]y=O, ey=l, y>-O.

Thus, by assumption A2,f0+[y] > 0. This contradiction shows M(T) is bounded above;
there exists a finite M such that M(T)_<-M for all T.

Since fl(t) is finite for any and we can assume, with no loss of generality, that
each set in the partition fl(t) has positive probability of occurrence, so xT(t) is a
bounded sequence in N(t)*n space.

Therefore we can first find x(0) and subsequence S(0) of the integers such that
xT(o)-- x(O) for S(0), then successively refine S(r) and produce the limiting policy
x such that xT diagonally converges to x. It is easy to show x is feasible for P and
that x is a-convergent, in fact

(5.5) ., arE[ex(t)]<-M.
t=O

It remains to show x is optimal.
For fixed r and T> r define

(5.6)
T-1

;(T, "r)= E (1--a)a’-xT(t) +aT-(T)
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The expected value of (T, z) conditional on events up to time T is

T-1

(5.7) (T, z)= (1-a)a’-’zr(t)+aT-’.(T).

Several applications of Jensen’s inequality yield

(5.8) (1-a)Vr(b) >- E (1-a)arE{f[xr(t)]}+af[( T, z)].
t=O

For all T> - we have

(5.9) ae( T, z) <= M.
Thus there will be a subsequence ;() of S(z) and a vector )7(z) such that

xr(t)-x(t) for t<_-z and z(T, z))7(z) as TS(z) goes to infinity.
Take the lim inf of (5.8) for T S(r), and the result is

(5.10) k(1-c)-->(l-a) E arE{f[x(t)]}+tf[fi(z)]
t=O

Now take the lim sup of (5.10) as " oo; this yields

(5.11) (1-a)k>=(1-a)F[x]+limsupaf[(z)].

Note, by definition, F[x] >-k so

(5.12) lim sup af[)7(r)]-< 0.

From (5.9), a)7(") is bounded. In fact a’)7(’)- 0. If not, suppose a’y(r)-y#O.
By the usual aggregating of equations one can show that z yey satisfies (5.4)

and therefore, by A2 and the homogeneity of f0+, that

(5.13) f0+[z]
1

f0+[y > 0.
ey

However, (5.12) and Lemma 3 of Grinold (1983) imply that

(5.14) f0+[y] <_- lim sup a f[)7(r)] <= 0.

The assumption that y 0 has produced a contradiction. When y 0, then f0/[y] 0,
so (5.14) implies the limsup is zero and, by (5.11), F[x]= k. Q.E.D.

6. Infinite time lags. The model presented in earlier sections had a one period
lag; the time constraints were only influenced by time t- 1 decisions. For theoretical
purposes that result covers lags of any finite length. In this section the one period lag
model is extended to cover infinite time lags and thus allow for many realistic situations
in which new capital stock decays exponentially or remains indefinitely.

Let K(t-s) be the t-s period lag. The constraints of P become
t--1

(6.1) Ax(t)= b(t)+ E K(t-s)x(s), x(t)>-O.
s=0

Since x(t) and x(s) for s< are t-measurable, the constraint (6.1) holds for all sets
in the partition f/(t).

Now define

(6.2) /(t, 0)= E OJK(J)
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The constraints in approximating problem P(T) coincide with (6.1) for < T. The Tth
constraint is

T-1

(6.3) [A-I(1, a)](T)=(T)+(1-a) E (T-s,a)aSx(s), :(T) >-0.
s’--O

The boundedness condition, A2, becomes: for 0<-_ 0 <_-a and y satisfying

(6.4) [A-K(1,0)]y=0, ey= l, y>-O,

we must have f0+[y] > 0.
For any z R", let the norm of z be defined as

(6.5) Ilzll- Iz, I,
i=l

and for K an m by n matrix

IIKII- Max (llKzlllllzll- 1};(6.6)

therefore

(6.7) gz r z for all z.

The assumption we make on the matrices K(t) is

(6.8) IIg(t)ll<-O’k

where Oa < 1.
PROr,OSI:ION 2. Under (6.8), Theorems 1 and 2 are valid with infinite time lags.
Proof. We need only extend Theorem 4.1 of Grinold (1983) to cover infinite lags.

That requires a different method of proof: We wish to show that a non-a-convergent
solution z(t) of the deterministic constraints

t--1

(6.9) Az(t)=d(t)+ Y K(t-s)z(s)
s=0

will have objective value F(z) (see (3.10)) equal to plus infinity.
Let p be the radius of convergence of the series ,=o Otez(t) Suppose first that

O<p<-a. Choose O<p, multiply constraint of (6.9) by (1-0)0’ and sum. We get

(6.10) [A-K(1, O)].(O)=d(O), .(0)>-0,

where

(6.11)
(i) (0)=(1-0) E Otz(t),

t=0

(ii) d(0)=(1-0) E O’d(t).
t=0

Now define

(6.12) M(0) e(0), (0) (0)/M(0).

Recall that/9 < 1 is the radius of convergence of ,o O’ez(t). As 0 increases to
/9, M 0 increases to +c. Therefore d (0)/M(0) converges to zero. Consider a sequence
of 0 increasing to p and a limit point y of the sequence )7(0).
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The vector y will satisfy

(6.13) [A-K(1, p)]y=O, ey=l, y>=O.

By assumption A2, f0+[y] > 0.
If the

T

(6.14) limsup E Ptf[z(t)] =+,
Tco t=0

then, by Lemma 2 of Grinold (1977),

(6.15) F[z] +oo.

If (6.14) is false, then there exists a B such that
T

(6.16) E Pf[x(t)] <-B for all T.
t---0

Now apply the logic of Lemma 2 of Grinold (1977) again with

0 r
(6.17) at Of[z(t)], p =-< 1, rr X pf[z(t)].

/9 trio

We have

T T

(6.18) X Of[z(t)]=(1-tx) . /z’rr+/xr+lrr.
triO t=O

From (6.16), rr<_--B for all T, so

T

(6.19) , Oy[z(t)] <_- B for all t.
t=O

By the convexity off

(6.20)

where

(1-O) r

(1 0TM) ,foe Otf[z(t)]>-f[( T, 0)]

1-0 T

(6.21) (T, 0)=
1 0r+’-’-’-- E O’z(t).

As T->co, (T, 0)-> (0).
Since f is lower semi-continuous

(6.22) lim supf[(T, 0)] _-> lim inff[( T, 0)] >_-f[(0)].
To Too

When (6.22) is combined with (6.19), we have

1
(6.23) B >_- f[(0)] for 0 < .1-0

Now (O)/M(O)--> y, on some sequence of 0 ascending to p. On a subsequence
we must have

1
f[(0)]- <- 0,

M(O)"
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by (6.23) and M(O) increasing to plus infinity. By Lemma 3 of Grinold (1983),
f0/[y]-</x-< 0. However, by A2, f0/[y] is positive. This contradiction arises when we
accept (6.16) rather than (6.14). Thus (6.14) is valid and F[z]

Now consider the case p 0. For T fixed and 0 < 0 -< a use the weights ((1 0)/1
0r+l)0t to multiply the tth constraint of (6.9), for t=< T, and to multiply the identity.

T-1 T

(6.24t 2 K(t-s)z(s)=- K(s)z(T-s)
s=0 s=l

for > T. Sum the terms; this yields

1-0 r
(6.25) [A-/(1, 0)](T, O)=d(T, O)

1 0 T+I E (S, O)Or-Sz(T-s)

where K(s, O) is defined by (6.2), (T, 0) by (6.21) and d(T, O) by

1-0 T

(6.26) d(T, 01= 10+----- 20td(t).
t----0

Now let

(i) M(T, 0) e(T, 0), and
(6.27)

(ii) L(T, O)=(1-oT+I)M(T, 0)/(1- 0).

For 0 fixed, as T-->oo, we can find a convergent subsequence S(0) of
(T, O)/M(T, O) converging to y(O). Let S(1) be a subsequence of S(0) such that

Or-(T-1, O)
(6.28) y(1 0)

L(T, O)

for T S(0).
In general let S(z) be a subsequence of S(z-1) such that

(6.29)
Or-S.( T- s, 0)._> y(s, O)

L(T, O)

for T S(’) where s <_- .
We wish to show that y(0), and y(s, O) for s _-> 1 satisfy

(6.30) [A-K(1, O)]y(O)=- E K(s, O)y(s, 0).

For z fixed and Te S(z),

(6.31)
TS(’r)

f ((s, O) OT-Sz(T--s)}
f

lim [A-/(1 0)]
TS(O) 1.

z(T, O) + . K(s,~ O)
oT-z(T-- s)’[

M(T, O) Js=l L( T, O)

Note that assumption (6.8) implies

(6.32)

(OO)k
(i) 11K (s, 0111 --< also that

1-00



INFINITE HORIZON STOCHASTIC PROGRAMS 1257

Therefore the limit on the left of (6.31) satisfies

" OT-Sz(T-s)ll (0t)+Ek
(6.33) lim E /(s, 0) _<--

TS(O) s=’+l L( T, 0) (1 0t//)2"

The limit on the right of (6.31) is

(6.34) [A-/(1, O)]y(O)+ . (s, O)y(s, 0).
s=l

As " , we see, since 0g, < 1, that (6.30) holds.
Now consider a sequence converging to zero. Each y(0) satisfies ey(0) 1, y(0) ->_

0, so there will be a y and sequence y(0) y. The y(s, O) are all bounded, and K (s, 0) 0
as 0 0; thus y will satisfy

(6.35) Ay O, ey 1, y >= O.

By assumption A2, f0/[y] > 0. The lower semi-continuity f0/ ensures

(6.36) fO+[y(O)]>O for 0 small and positive.

However, for this same 0

(1-0) T

(6.37)
1_ 0r+l t=o otf[z(t)]>-f[z(t, 0)].

TThe remainder of the proof is like the p > 0 case. If lim sup of t--o Of[z(t)] is infinite
T

we are done; if not the sequence t--o O’f[z(t)] is bounded. From (6.37) this leads us
to conclude fO+[y(O)]<-O in contradiction to (6.36). Q.E.D.

7. The Markovian ease. This section presents a refined treatment of the expecta-
tions problem when the underlying stochastic process is a finite Markov chain. The
Markovian assumption allows us to introduce some randomness into the technology
matrix, A, and the carry over matrices, K(t- s), and to still obtain the same strong
results of earlier sections.

Let the realization to be a vector with coordinates to(t) that are states of a finite
Markov chain. For each t, to(t){1,2,..., N} and the distribution of to(t) given
to(t-1) is independent of and of to(s) for s < t-1. Thus the probabilities of moving
from to (s) j to to (t) depends only on j and s; i.e.

(7.1) 7r[to(t) ilto(s) =j] zr(ilj, t-s).

In this more restricted stochastic process the problem data, A and K can depend
on the stochastic evolution of the system, although in a special way. Let A(to, t) and
K (to, t, s) be the data conditional on outcome to.

The assumption is

(i) A(to, t)= A(i) if to(t)= i,
(7.2)

(ii) K(to, t-s)= K(i,j, t-s) if to(t)= and to(s)=j.

Let z(i, t) be 1 if to(t)= and 0 if not, and r(i, t) expectation of z(i, t) given
the evolution of the stochastic process up to time T; i.e. given to(0), to(l),. ., to(T).
For t_< T, r’(i, t) is 1 if to(t)= i, and 0 if not. For t> T and to(T) =j, r’(i, t) equals
r( j, T).
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Let

(7.3)

(i)

(ii)

(iii)

(iv)

(v)

(vi)

(vii)

z(i,t)=l ifo(t)=i, 0 if not,

rr(i, t)= Er[z(i, t)],

xT(i, t)= ET[x(t)Io(t) i],

yT-(i, t)= rT-(i, t)xT-(i, t),

b (i, t) E[b(t) o(t) i],

dT(i, t)= rT(i, t)bT-(i, t),

H(i,j, t-s)= r(ilj, t-s)K(i,j, t-s),

where E 7- is expectation conditional on the partition fl(T). Note that

N

(7.4) ET-[x(t)]= Y yT-(i, t).
i=1

PROPOSrrION 3. For any T and x X(b) the variables yT- defined in (7.3) satisfy

t-1 N

(i) A(i)yT-(i, t)= g7-(i, t)+ E E H(i,j, t-s)yr( s) and
s=T+l j=l

(7.5) y r (i, t) O, for all > T, where

T

(ii) gr(i, t)=dr(i, t)+r(i, t) E Er{K(t-s)x(s)l(t)=i}
s=0

In addition

I N(iii) f E yT-(i, t) <=ET{f[x(t)]} for all t> T.
i=1

Proof. The first result is trivial if rT- (i, t) 0. That implies y 7- (i, t) and d 7- (i, t)
are zero. Also for eachj and s<t, either crT-(j, s)=0 or r(ilj, t-s)-O since

N

(7.6) 7r7-(i, t)= E 7rT-(j, s)zr(ilj, t-s)=0.
j=l

So either y 7- (j, s) 0 or H(i, j, s) 0 for all j and s < t.
Now consider zrT"(i, t) positive. The constraints defining X(b) are

t--1

(7.7) Ax(t)= b(t)+ , K(t-s)x(s), x(t)>-O.
s=0

We will take expectations of each term conditional on the history up to time T
and the state at time t.

(7.8) ET-{Ax(t)lo(t i}= A(i)xT-(i, t),

(7.9) Er{b(t)lo(t) i}= bT-(i, t).

For any T < s < t, condition on o (s) j

Er{g(t-s)x(s)lo(t)= i}
(7.10)

’ ilj, t-
E 7"( (j, s)K(i,j, t-s)E{x(s)lo(s)=j, o(t)= i}.
j=l 7"I" i, t)
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Since x(s) is s-measurable and > s, the nonanticipation condition implies

(7.11) Er{x(s)lto(s)=j, O(t)=i}=Er{x(s)la,(s)=j}=xr(j,s).
Thus (7.10) becomes

1 N

(7.12)
7r (i, t).=

H(i,j, t-s)yr(j, s).

When all expectations are multiplied by 7rr(i, t), we get item (i) of (7.5).
Item (iii) of (7.5) just is an application of Jensen’s inequality using (7.4). Q.E.D.
We have derived an infinite horizon deterministic problem from our stochastic

problem. If we fix T, then the vector y r(t) will have n x Nr elements. For each
i= 1, 2,..., N, y r(i, t) is an n element random variable, with a different value for
each of the Nr possible evolutions in the period 0 to T.

From item (iii) of Proposition 2 we see that the deterministic problems will give
a lower bound on the value of the stochastic problem. The finite horizon lower bounds
will get arbitrarily close to the actual value when we impose a variant, described below,
of assumption A2 on the problem.

Let A be the N block by N block diagonal matrix with A(i), an m by n matrix,
in diagonal block for i= 1, 2,..., N. Similarly, let H(t-s) be an N block by N
block matrix with H(i,j, t-s) the m by n matrix in block (i, j) for and j running
from 1 to N. Let J be a one block by N block matrix with an n by n identity matrix
in each block, (i, j). Now let y be an N n element vector y(1), y(2), ., Y(N) where
y(i) is an n element vector for each i. Then Jy is just the sum of the y(i). The variant
of A2 is:

For any A, 0_-< A _-< a and y satisfying

(7.13) [A-H(A)]y=O, ey= 1, y>-O,

we have

(7.14) fO+[Jy]>O.

8. Practical considerations. Except in the Markov case of 7 we have assumed
that the technology (as described by A and matrices K(t- s)) is independent of the
stochastic process and thus of time. We show by example that this does not necessarily
have to be true. Suppose there is a technology, say electricity generated by fusion, that
may or may not be available in the future. We could include the fusion power technology
in the matrices A, K (1),. .. If fusion is not available in certain events at time t, then
we can place an upper bound of zero on the amount of fusion power used in those
events. If fusion power is available at time t, then we place a positive bound on the
amount used. This moves the uncertainty to an upper bound, and thus to the right-hand
side vector b(t).

Notice that this is silly if the upper bound is either zero or five times the amount
of electricity demand anticipated in period t. If, on the other hand, we assume a
realistic phase-in of the new technology, e.g. the bound is 2% of demand in the first
period, 5% in the second up to 15% after several periods, then we could expect
reasonable results.

A second item is how to put the theory of this paper into practice. The idea is to
break an infinite horizon problem into a three phase problem. The first phase, periods

0, 1, 2,. ., T-1 is a transition phase. During this phase the objectives and con-
straints depend on the stochastic process. The second phase is called the expectations
phase. For T-<_ < z there will be one set of constraints and variables for each outcome
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in fl(T). The data in this phase can depend on what happened in [0, T]. The final
phase is called the termination phase. In this phase we aggregate the remainder of the
expectations problem for =z, + 1,..., into one period problem in the manner
described for problem P(T).

Some limited experience in the linear deterministic case, Grinold (1983), shows
that we can make T and r relatively small and still get good results.

Acknowledgments. My thanks to the editor and referees for their thorough reports,
patience and prodding. Thanks also to Linda Lane who did a superb job of typing.
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CONSTRAINED CONTROLLABILITY IN BANACH SPACES*
G. PEICHL AND W. SCHAPPACHER’:

Abstract. The aim of this paper is to study null-controllability of the linear infinite dimensional control
problem : Ax + Bu where the control u is constrained to lie in a convex, weakly compact subset l’l of the
control space with 0 fl. A necessary and sufficient condition for a particular initial state to be [l-null-
controllable within a fixed, finite time T is given. The result is extended to the case fl convex cone with
vertex at 0. Applications to the one-dimensional heat- and wave-equation are given.

Key words, constrained null-controllability, infinite dimensional control problem
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1. Introduction. Whereas there is an extensive literature on unconstrained con-
trollability problems, little is known if the control is constrained to take on values in
a preassigned subset l’l of the control space U. Classical results in this direction in the
finite dimensional case, differing in the assumptions on f/, can be found in [13], [17],
[4]. These assert that controllability is equivalent, in a certain sense, to the famous
Kalman rank condition plus an additional one due to the constraint. Only a few years
ago W. E. Schmitendorf and B. R. Barmish presented in a series of papers [2], [3],
[18] another point of view, which may already be found in a similar form in [11].
They assumed fl c R compact. Their basic argument is as follows: if the origin were
not in the reachable set one could find a strictly separating hyperplane. By contraposi-
tion and the use of Ekeland’s selection theorem [8] they derived a characterization of
the domain offl-null-controllability which amounts to a finite dimensional optimization
problem. This forms the base for various controllability results. Basically, their condi-
tions are integral conditions in terms of the nontrivial solutions of the adjoint equation.

In infinite dimensions there are only a few attacks on the constrained controllability
problem, cf. [9], for the boundary control of the heat equation and [10], [15], [16] for
the wave equation with distributed controls. In [10] Fattorini applied the theory of
sine and cosine operators to show that any state in a suitably defined state space of a
system governed by a second order differential equation in a Hilbert space may be
controlled to the origin in finite time by means of controls whose values range in the
unit ball of the control space. In 15] K. Narukawa presented a theorem which, roughly
speaking, asserts that if there is a fixed time To> 0, such that an initial state in the
controlled space may be steered to the origin within [0, To] by means of an uncon-
strained control (and other hypotheses concerning the solution semigroup are met) it
may also be transferred to the origin in finite time T by a control u(. such that
Ilu(.)ll,,to,  is arbitrarily small. Observe that Narukawa bounds the controls in
L[’oc(0, c; U). However, using this theorem, he succeeded in showing global controlla-
bility for certain subspaces for the wave equation with respect to appropriate Sobolev
spaces even if one applies controls subject to rather arbitrary pointwise constraints
[16]. Basically both authors reduce the controllability problem to a moment problem.
But, when II is different from the unit ball in U, this procedure may cause some
difficulties inasmuch as it is by no means clear how certain properties of the control,
such as positivity, affect its Fourier coefficients. Therefore we tried, instead, to generalize
the ideas of Schmitendorf and Barmish.

* Received by the editors December 4, 1984, and in revised form August 21, 1985.
f Institut fiir Mathematik, Universitit Graz, A-8010 Graz, Austria.
t The work of this author was partially supported by Fonds zur F6rderung der wissenschaftlichen

Forschung Austria, Project S-3206.
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Throughout this paper let X be a reflexive, U a separable reflexive Banach space,
A be the infinitesimal generator of a Co-semigroup S(. ), B L( U, X) and fix T> 0.
Let X*, U* be the respective dual spaces and (., be the duality pairing, the involved
spaces being clear from the context. We consider the abstract Cauchy problem

Yc( t) Ax( t) + Bu( t),
(1.1)

x(O) Xo

where u(.)LP(O, T; U), l<p<oo. The mild solution of (1.1) is given by

x(t) S(t)Xo+ S(t- s)Bu(s) ds, t>-O.

Let 1" be a convex, weakly compact subset of U such that 0 1 and define the set of
admissible controls

O’//ad(T) {U Lv(O, T; U) lu (t) 12 a.e. on [0, T]}

and the corresponding reachable set

( T, Xo) {x( T) Ix is a mild solution of (1.1), x(O) Xo, u ad T)}.

DEFINITION 1.1. (a) xoX is 12-null-controllable (within T) if[ 0 M(T, Xo).
(b) {x[0 M( T, x)} will be called the domain olin-null-controllability (with respect

to T).
Since in infinite dimensions there is in general no analogue to the adjoint equation,

we focus our attention on the characterization of the domain of 12-null-controllability.
This is accomplished in Theorem 2.3, which is the straightforward generalization of
the corresponding result in finite dimensions [18, Thm. 2.3]. Though this characteriz-
ation still involvesmas should be expected--an infinite dimensional optimization
problem, it is shown in the final section that in simple situations it yields results in a
most elementary way. It should be pointed out that, in contrast to the aforementioned
results, this paper deals with what can be achieved within a fixed (finite) time period.
Also, rather than studying 12-null-controllability of subspaces, our main result enables
one to establish (at least theoretically) whether a given particular state may be controlled
to the origin in fixed finite time (or not, which is much simpler to verify). For instance,
we discuss the one-dimensional heat equation and show that, in case 1 unitball in
U every initial state b with suptto,Tq Ith(t)l < 1 can be steered to the origin within time
T 1. In case II [0, 1] an initial state b cannot be controlled to the origin as long
as the solution to the corresponding homogeneous system is positive on a set of positive
measure. We also consider the one-dimensional wave equation and show that for every
T> 0 the domain of 12-null-controllability contains a ball with positive radius centered
at the origin, and we thus sharpen an earlier result of Fattorini 10].

We would like to emphasize that the assumption Be L( U, X) rules out the
application of our theory to boundary control problems, because in this situation B
is typically unbounded. Since the connection between a boundary control problem
and a Cauchy problem of the type (1.1) is by no means straightforward, see for example
the recent article [6], Narukawa’s remark that he also could handle boundary control
problems in [15] is not evident (observe, that the proof of Theorem 1 in [15] heavily
rests upon the boundedness of B).

Finally, we believe that the assumption 0 12 (but 0 need not be an interior point)
is not a severe one from the practical point of view. Otherwise one could incorporate
an additional inhomogeneity in the system (1.1).
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2. Null controllability with constraints.
PROPOSITION 2.1. 0"ad(T) and g( T, Xo) are weakly compact.
Proof. Since f is bounded, so is 0"ad(T). Thus, by the Eberlein-Smulian theorem,

it suffices to show that q/ad(T) is weakly closed. We have to show that the weak limit
u(. of any weakly convergent sequence in q/ad(T) satisfies u(t) f a.e. on [0, T].
This is followed immediately by a mimicry of the classical proof in [13, p. 157], once
we observe that f is, by convexity, strongly closed and may therefore be represented
as the intersection of a denumerable number of its supporting halfspaces by a theorem
of Bishop and Phelps [14, p. 75]. Now, the weak compactness of( T, x0) is clear from

: Lp(0, T; U)-) X,
(2.1)

I"T
’U | S(T-s)Bu(s) ds.

d o

Obviously - L(LP(O, T; U), X) and hence also is continuous with respect to the
corresponding weak topologies, which implies the weak compactness of ffq/ad(T). But
d( T, Xo) is merely a translate of ffq/d(T).

The next proposition gathers some technicalities.
PROPOSITION 2.2. (i) For each s[0, T], x*maxva(x*,S(s)Bv) defines an

equicontinuous family of mappings X* - R+.
(ii) For each x* X*, s- maxv, (x*, S(s)Bv), as a mapping [0, TIER+, is

continuous.
(iii) For each x* X* there is u //ad(T), such that (x*, S(. )Bu(. ))=

maxv, (x*, S(. )By), where equality is to hold a.e. on [0, T].
Proof. It should be noted that the maximum above really is obtained on I. Hence,

for each x* X*, u* U*, [0, T] the following subsets of 1) are nontrivially defined:

r(u*) {B flmax (u*, v) (u*
(’)

r(x*, t)= {lmax (x*, s(t)nv)=(x* s(t)n).

First consider the time-independent version of (i), i.e.

(2.3) u* max (u*, v).

Choose Uo* and any sequence u,* U*, so that lim,_oo u,* Uo* and correspondingly
select viF(u*), i=0, 1,.... By weak compactness of f we may extract a weakly
convergent subsequence vi t3 , which implies

lim u*., Vn,,) U*o ).

Now assume

Then by

(uo*, ) < (uo*, Vo).

(Uo* Vo) lim (Un* Vo) < lim (U’n,, Vn) (U*o )

we arrive at a contradiction, which shows t3F(uo*), and hence (2.3) is continuous.
From this it is easy to prove (i). Next fix x* X*, t* [0, T] and choose any sequence
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t., v. F(x*, t.), such that limk_.o tk t* and without loss of generality w lim v. Vo

max (x*, S(t,)Bv)-(x*, S(t*)Bvo)
(2.4)

--< I((S*(t,) S*(t*))x*, Bv,)l + I(x*, S(t*)B(v, Vo))[.
Since S*(. is a Co-semigroup on X* and f is bounded, the right-hand side of (2.4)
tends to zero. As in part (i) we may show that VoF(x*, t*), which completes the
proof of (ii).

As to the last statement, we have to resort to a measurable selection theorem. For
the reader’s convenience we present here one which is perfectly suited for our purposes

MEASURABLE SELECTION THEOREM [1]. Let U be a separable reflexive Banach
space, WC(U) be the class ofnonempty weakly compact subsets of U, K a compact metric

space with finite Lebesgue measure, and let F" K- WC( U) be such that
(1) U tr F(t) is bounded in U,
(2) for any sequence { ti}, t* K, limi_. ti t* one has

n u r(t,) c r(t*),
n=l i=n

where denotes weak closure. Then there exists a strongly measurable selection u" K U
such that u (t) F( t) a.e. on K.

Define for fixed x* X* by (2.2) the set-valued mapping F’[0, T] 2v, F(t)=
F(x*, t). Clearly F(t) WC(U) for [0, T] and U ttO,Tl F(t) c f. Hence it remains
to show (2). For this purpose assume that for some sequence t t*

U r(t,) and 3r(t*).
n=l i=n

Consequently there is some p > 0, such that

a =max (x*, S(t*)Bv)=(x*, S(t*)B)+p.

Because of (ii) and the strong continuity of the dual semigroup we can find N(p) so
that for n >-N(p) we have

max (x*, S(t,)Bv) >- a -p/3

and

II(s*(t*) S*(t,))x* <-- p(3M B* II)-’,
M being a bound for [l. Now consider the Weak neighborhood of 3 given by

N= {vl(B*S*(t*)x*, v- 3> < p/a}.

For any v F(ti), >= N(p) we find

I(B*S*( t*)x*, vi )l >= I(n*s*( t*)x*, v,>l I(n*s*( t*)x*,
>- I(B*S*( ti)x*, vi)l

-I(B*(S*(t*)- S*(t,))x*, vi)l-ot + p

--> c-p/3-IIn*ll" II(S*(t,)-S*(t*))x*tl.
>--p/3,
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which shows that vi N in contradiction to

t3e U r(t,)

Now we are prepared to present our main theorem, which gives a characterization of
the domain of ILnull-controllability:

THEOREM 2.3. Let X, U be reflexive Banach spaces with U separable. Let B
L( U, X), A be the infinitesimal generator ofa Co-semigroup on X and f = U be weakly
compact and convex with 0 fl. Then for each T> 0 the following are equivalent:

(i) 0 (T, Xo),
(2.5)

(ii) (x*,S(T)xo)+ max(x* S(t)Bv)dt>O forallx*eX*.

Remark 2.4. Because of the positive homogeneity of the functional in (2.5), it
suffices to check (2.5) for x*e X* with IIx*ll--< r (= r) for some r> 0 and in view of
Proposition 2.2(ii) we may further reduce to a dense subset of such a ball.

ProofofTheorem 2.3. Though the proof of Theorem 2.3 follows exactly the pattern
given in [18], we sketch it here for the reader’s convenience. Taking into account the
strict separation theorem [14, p. 25], we find by contraposition

OeM(T, xo) iff sup{x*(x)lx(T, xo)}>=O for all x*X*.

This amounts to

0-<_ <x*, S( T)xo> + sup {<x*, ffu>l u e 0ad(T)}
where f is the operator defined in (2.1). According to Proposition 2.1 we may find
u, e q/ad(T), n 0, 1," , so that

Assuming

w- lim Un UO

lim <x*, flu,> sup {<x*, fu>lu e 0ad T)} -= y.

y < max <x* S(T- s)Bv> ds,
v

we immediately arrive at a contradiction since by Proposition 2.2(iii) there is Uo 0ad(T)
with

r
max (x* S(T- s)Bv) ds <x*, fuo).
vf

We easily derive the following corollaries"
COROLLARY 2.5. Choose I {u III u -<- 1-- n.
Then the domain of -null-controllability (at time T) contains a ball centered at

the origin with radius ), ifffor all x* X*

(2.6) liB*S*(. )x* ’(O.T;, - 11 S*( T)x* II.
Inequality (2.6) strongly resembles the well-known condition for exact controllabil-

ity given in [5]. The difference in the norms is due to the fact that Curtain and Pritchard
work Withunconstrained controls in LP(O, T; U), whereas in our case the constraints
imply that actually u L(0, T; U); u e L2(0, T; U) was assumed merely for technical
reasons.
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COROLLARY 2.6. Let X be a Hilbert space, S(. be a unitary group and f By.
Then no initial datum with IIxll > TIl ll be  teered to the origin within time T.

COROLLARY 2.7. Let S(. be a group on X.
Then necessary for global f-( null)-controllability is

(2.7) V(x*) I max (B*S*(t)x*, v) dt =o for all x* X*\{0}

and sufficient is

(2.8) W= sup inf max (B*S*(s)x*,
t=o IIx*ll

Equations (2.7) and (2.7) are the natural generalizations of the corresponding
conditions in the finite dimensional case. We will give some comments on them in the
final section. The proof of Corollary 2.7 is exactly the same as in finite dimensions [2].

Though the boundedness of f was crucial in the derivation of Theorem 2.3, we
can get a similar result when f is a closed convex cone in U. This seems to be new
even in finite dimensions. However, in this case (T, Xo) need not be closed, which
can be seen by the following simple example.

Example 2.8. Choose X-RE= U and l={(u, v)lu>-O, v->0} and consider

=x:+u, Xl(0) 0,
(2.9)

2 --X1 ""/), X2(0 --0.

We will show

(7r/2, 0) {(Xl, x2)IXl > 0, x2 R} {(0, 0)}.

Obviously any (0, x), x2 R\{0}, is not reachable in time w/2, any (Xl, X2) X -> X2 > 0
may be reached by the constant control

/.)( "-" X1.4_ X2

and for any (Xl, X2), 0 < X < X2, a successful control is given by

a sin s, s [0, t*), { a cos s, s [0, t*),
u(s)=

/3coss, s[t*,w/2],
v(s)=

/3sins, s[t*,Tr/2]
with

/3 2x2" (sin 2t*)-1,
a *-1. (X X2(1 + cos 2t*)(sin 2t*)-1)

where t* (w/4, r/2) is chosen so that a > 0. Similar controls with u and v interchanged
work for x2 < 0.

This suggests that in the following we replace 4(T, Xo) by its closure. Next we
recall the notion of the dual cone f*

f* {x* z X* x*(x) >- o, x }.

THEOREM 2.9. Let f be a closed convex cone in U with apex at 0 and let the
hypotheses of Theorem 2.3 hold. Then for Xo X and T> 0 the following are equivalent:

(i)
(2.10)

(ii)

0 (T, Xo),

(S*(T)x*,xo)>-O for all x*{x*X*[B*S*(t)x*-f* for all t
[0, T]}.
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Proof. As in the proof of Theorem 2.3, we find

0 (T; Xo)

if[ for any x* X*

(2.) (x*, s(r)xo)+ sup (x*, S(t)u(t)) at

Define

{I T

/(x*, T) sup (x*, S(t)Bu(t)) dt
o

Since #/ad(T) is a cone with vertex at 0, we readily see

T(X*, T)= {0, oo}.

However, (x*, S(T)xo) does not matter for

x* ,-(o),
so we may rewrite (2.11) as

X* t ’)/-1(0) ::::(X*, S( T)xo)>-O.
Now we define, for M> 0,

U Oad(T)}.

a//a,t,M(T) {U qla,(T) lu(t)fl a.e. on[O, T]}.

It is easy to see that

(2.12) X*fiy-l(0) iff supsup (x*, S( t)Bu( t)) dt Ue//ad,M(T)=0.
M>O

But II is weakly compact and hence we infer, as for Theorem 2.3,

sup (x*, S( t)Bu( t)} dt ueo..,,.(r) max (x* S(t)Bv}dt.

erefore, by Proposition 2.2(ii), (2.12) is equivalent to

max (x*,S(t)Bv)=O for all M>0 and for all tel0, T]
VOM

or, equivalently, to

sup(x*,S(t)Bv)=O for all t[0, T].
v

This may be interpreted as

B*S*(t)x* -* for all [0, T].

Remark 2.10. In case U and consequently *= {0}, we immediately read off
the familiar result that, if Im B X, any initial state may be transferred arbitrarily near
zero in arbitrarily short time. If, furthermore, we assume that S(. is a Co-group, then
from

{x* X* D(A*) B*S*( t)x* O, [0, T]} ker (B*(A*)")
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we easily recover the well-known characterization of approximate controllability of
R. Triggiani 19].

3. Examples. In this section we will show that, although (2.5) represents an infinite
dimensional optimization problem, it may in simple cases yield a characterization of
the domain of f-null-controllability in a most elementary way.

Example 3.1. We choose X U 12 and consider

(3.1) =x+u,
SO

S( t)Xo etxo.
First we take I1 Bu. We easily see that x may be steered to the origin in finite time
iff Ilxll < 1. Furthermore, in this case

V(x*) IIx*ll, w= 1.

If we replace fl by

== {u ll Ilull=_-< 1, u (to,), 0 <- to,, i= 1,2,’’ "},

an easy calculation based on (2.5) yields Xo controllable to the origin itt Ilxoll < 1 and
-1 < i =< 0 for x (:i), which perfectly agrees with the scalar case [18]. It is easily
seen that now

V(x*) IIx*+ll, w= 0,

x*+ being the positive part of x*. Finally let us consider Uo (rh) 12, r/i # 0, i=

From (2.5) it is readily verified that Xo 2Uo may not be controlled to zero in finite
time and, accordingly, a simple calculation results in

v(x*) E le,*l I,1 < o, w 0
i=1

and again V(x*) W. If we modify (3.1) slightly to get an exponentially stable
semigroup, i.e.

(3.1’) =-x+u,
then in case f =fl, (3.1’) is globally fl-null-controllable and

In case f f12, one has

W= V(x*) o.

V(x,)={0, x*+=0,
w=0.

0% else,

Hence the system is not globally f2-null-controllable. Finally, if f I3 one has

V(x*) =oo, W=0.

These simple examples show that (2.7) and (2.8) in general do not coincide and even
that a controllability gap may arise, i.e. that the necessary but not the sufficient condition
applies. Remember that in the finite dimensional case it can be shown that for linear
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autonomous systems and 0 the controllability gap does not occur [3 ]. Its occurrence
here is somewhat surprising since (3.1) is the simplest extension of the analogue scalar
equation. Example (3.1) may seem somewhat artificial and therefore we present one
closely linked to the one-dimensional wave equation which also shows this strange
behavior.

Example 3.2. Choose X LE(R)xLE(R), U LE(R), f Bu and consider

v,=w+u(t,x),

we calculate

T(r)(x* x*2 ), T(-z)(x*I + X*2 )) dz= -t,

so that the right-hand side of (3.4) equals zero and consequently W=0. Thus, the
sufficient condition does not apply. As to the necessary condition (2.7), in view of
(3.4) we consider for x* X*, IIx*ll 1,

f[ T(-t)(x* + x* + T( t)(x* x*2 )ll dt

(3.5)
-> lim t- I{T(r)(x* + x*), T(-r)(x* + x*)) dz

(3.2)
w, vx,

v(x, O)= ,(x),
xR.

w(x,O)=(x),

It is well known that the solution semigroup is given by

l(T(t)/T(-t) T(t)-T(-t))()s(t)(a, [)=- T(t)- T(-t) T(t)+ T(-t)

where T(. denotes the translation semigroup in LE(R). For any x* (Xl*, x2*) X* X,
IIx*ll- 1 we find, after some rearrangement,

(3.3) max (x*, S( r)( v, O)) , IIr(-,(x*+x*+r(,(x*-x*ll,.v

Squaring the integrand in (3.3) and applying the parallelogram law, we find

2(1 +(T(r)(X*l -X*2 ), T(-r)(X*l + X*2 ))).

Hence, in considering the sufficient condition (2.8) we are faced with

ON inf (l+(T(r)(x*-x*), T(-r)(x* +x*)})/ dr
IIx* II--

(3.4)
_-< inf x/ (l+(T(r)(x*-x*2),T(-r)(x*+x*2)))dr

Ilx*ll--1

the inequality at the utmost left of (3.4) being a consequence of the parallelogram law.
This also shows that the integrals in (3.4) are well defined. Choosing

f--(2w/) -1, X [--t, 03,
x,* (2,/7)-’, x [o, t3, x*-Ix,*l,

LO, else,
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Let u, v L2(R), e > 0, and choose M > 0 so that

max lul= dx, Ivl- dx <-_ e=(211ull) -2.

We find that

I<T()u, T()v>l d lu(x+2)llo(x)l dxd

+ lu(x + 2,)11(x)l dx d-
--t -M

I.f2--t

The first and the last term above are estimated by e/2t, the middle one by

" Ilull 11. Collecting things together and inseaing into (3.5), we find a lower
bound for V(x*):

V(x*) lim (t- et- IIx + xll IIx- xll)

which shows the occurrence of the controllability gap in this example.
We believe these examples indicate that the corresponding generalizations of the

necessary and sucient conditions for global O-null-controllability in [3] are not the
appropriate tool to handle this problem. In the next two examples, however, we will
show that in case the solution semigroup of (1.1) is hirly well known, one can get a
complete characterization of the domain of O-null-controllability in a very elementary
way.

Example 3.3. Let us consider the one-dimensional heat equation. We take X U
:(0, 1).

z,= Zxx+U, (q x) (0, ) x [0, 1],

(3.6) z(0, t) z(1, t) 0, 0,

z(., 0)= 6, 6 x.
e solution semigroup is given by

(S(t))(x)= f/ G(t,x, )() d, t>0,

where G(., .,. is the Green’s function given by

G( t, x, ) 2 e-k)’ sin kx. sin k,
k=l

(q g ) (0, ) x[0, 1]’x [0, 1].

At first we will discuss the case

O={v UIv(x)[O, 1] a.e. on [0, 1]}.

Choosing x*=-1 it is obvious from (2.5) and the propeaies of G that no , with
0 a.e., can be steered to the origin in finite time. This perfectly agrees with one’s

physical intuition. Assume 0 a.e.; hence S(t) 0 for > 0. W.l.o.g. we may suppose
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-1 < b _-<0. In view of Proposition 2.2(ii) we may apply the classical mean value
theorem to deduce existence of a t* (0, T) such that

r
max (x*, S(t)v) max (x*, S(t*)v)dt T.
v v

T" (S(t*)x*, Vo),

where Vo is the characteristic function of the support of (S(t*)x*)/, the positive part
of S(t*)x*. Thus (2.5) is equivalent to

(S(T)x*, ok)+ T. (S(t*)x*, Vo)

=(S(t*)x*, S(T-t*)b)+ T. (S(t*)x*, Vo)

=((S(t*)x*)+, S(T- t*)tk + T. Vo)+((S(t*)x*)_, S(T- t*)ck)>=O.

The last inequality is valid, because

S( T- t*)ck + Tvo >- 0

on the support of (S(t*)x*)+ if T->_I. This shows that any b, -1 < b-<_0, may be
steered to rest in any time T-> 1. As to the general case, it is easy to deduce from the
above that

(3.7) 0 LI (t, b) if meas(E+(t, b))>0, t>0,
t>o

where we have defined

E+(t, b) {x [0, 1 ]l S(t)dp(x) >- 0}.

Note that meas (E+(T, b))>0 implies meas (E+(t, b))>0 for all t[0, T]. Unfortu-
nately it is hard to characterize those b satisfying (3.7), but we may give two readily
available sufficient conditions:

(3.8) (a) a sin kwx <-_ dp(x) for some a R, k N,

or

(3.9) (b) (2k+l----> 0, k 0, 1,’’ ",

where k--10 t(X)sin kwx dx. It is easily verified that the latter condition implies

1o (S(t)dp)(x) dx >-_ 0 giving (3.7). Next we discuss the case li liE By. Again without
loss of generality we assume II _-<1 and, as above, we derive

(s(r)x*, qb)+ Ils(t)x*ll dt>--IIS(T)x*ll/ T. IIs(t*)x*ll>-o.

The last inequality is valid for T >- 1, which is seen from the representation of the
semigroup. Therefore, in this case, (3.6) is globally li2-null-controllable and if <-- 1,
b may be controlled to the origin in any time T >- 1.

Example 3.4. Consider the one-dimensional wave equation with distributed
controls:

(3.10)

u,=U,,x+f(t,x),

u(O, .)=6,

u,(0, .) ,,
u(t,O)=u(t, 1)=O,

(x, t) [0, 1] x [0, oo),

t>=0.
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Let W’2(0, 1) be the usual Sobolev space endowed with the scalar product

O Oqt
dx((’ q))=

ox ox
and let X be the Hilbert space W’(0, 1)x LZ(0, 1). It is well known [12] that the
solution of (3.10) may be described in terms of the unitary group S(. on X

s(t)(6, ,)= (u(., t), u,(., t)),

u(x, t)= Z {(kr)-1k sin krt + kk cos kTrt) sin kTrx},
k=l

x [0, 1],

bk 2 b (s) sin kzrs ds,

q 2 O(s) sin krs ds,
o

k=l,o..

In the following we will sharpen somewhat the result of [10]: we will show, that for
fixed (but arbitrary time T>0) the domain of f-null-controllability contains a ball
centered at the origin if controls are taken from By. In 10] it is shown that any state
in such a ball may be controlled to the origin in finite time but no uniform bound on
the consumed time may be given. According to Corollary 2.5 we have to show the
existence of y > 0 such that for x* X*

(3.11) [IB*S(-t)x*[12 at >-_ llx*ll

holds. In other words, the interior of the domain of -null-controllability is nonempty
iff

G:X*- LI(0, T; L2(0, 1))
defined by

(Gx*)(t)= B*S(-t)x*, t[O, T]
is continuously invertible or, equivalently (since G turns out to be 1-I), iff the range
of G is closed in LI(0, T; L2(0, 1)). Actually G maps into C(0, T; L2(0, 1)). If z e
LI(0, T; L2(0, 1)) we may expand z(t)

and

z(t) E Zk (t) sin kTrx
k=l

(Zk(")) L(0, T;/2).
Hence, for each z G(r, p) the following identity holds:

(3.12) Zk(t) =--Pk COS kTrt-rkkzr sin kTrt.

Case 1. T>_-1. Now observe that there are k disjoint intervals Ajk ljk j=
0, 1, , k- 1, of length (2k)-1 on [0, 1] on which sin krt, cos kzrt do not change sign
and such that

IAj COS krxdx =x/(kTr)-l=]I sinkzrxdx],
Bjk

fAj sin k’trx dx O Iaj cs k’n’x

j=0,...,k-1.
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Hence we may recover the Fourier coefficients of x* (tr, p) from z Gx* via

(3.13) f Zk(t) dt=x/(kTr)-lpk, f Zk(t) dt=x/trk, k=2,...,
JAOk ] Bok

trl, Pl may be calculated by integrating (3.12) over [0, 1] and [0, 1/2], respectively. Adding
the above integrals leads to

kll-<- 2.1o
Izk( t)l at, Ipl-<--- IZk(t) at, k 1, 2,...,

and hence we infer that G is injective and that

E (11= + klcrl) 1/2(1 + 7r2) IZk( t)l= dt,
k=l =1

which is finite since z(.)C(O, T; L2(0, 1)). Hence (tr, p), represented by (3.13),
belongs to X. By Theorem VI.6.5 in [7], it suffices to show that G maps bounded
closed sets into closed sets. Thus, let A be any bounded closed set in X, i.e.

(3.14) , (k[r,l+lp,l)<-M for (,r,p)A
k=l

for some M> 0, and let z,(. be a convergent sequence in GA. There exist (uniquely
determined) (crn, pn) A, such that

z.(.)=G(tr.,p.) and limz.(.)=z(.).

Let z,(t), cry, p denote the corresponding Fourier coefficients. By (3.14)

E Iz(t)l-<- 2M2 for z GA
k=l

so that

(3.15) (2M)-2 E (z,(t)-z’(t))2 <- 1
k=l

for every choice of n, m. Since z,(.) is a Cauchy sequence in LI(0, T; L2(0, 1)),
(2M)-lz,(.) also is. Consequently,

(2M)-lllz, zll (2M)-2 E (z(t) z(t))2 dt
k=l

(MI- 2 ((t r(ty a

(by (3.15)). However, by (3.12) we calculate

.’
((t) r(t) (o -orl+( ry,

from which we deduce that (, 0,) is a Cauchy sequence in X. Therefore, there exists
(, O) e X such that

lim (tr,, p,,) (tr, p)
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and, by closedness of A, (tr, p) A. By continuity of G we conclude that

lim G(trn, Pn)= G(tr, p)

and by the uniqueness of the limit we infer

z(. )= G(cr, p) GA.

Case 2. 0< T< 1. Choose n such that n- < T. In this case (irk, Pk), k 1, 2, , n
may be determined by integrating (3.12) over [0, l/n] and [0, 1/2n], respectively.
(irk, Pk), k> n are given by (3.13). Writing k= n+ m the interval [0, l/n] contains
[mn-1] intervals Aik Bk, where [. denotes the largest integer function. Now the
result follows from the preceding proof once we observe that

k[mn-I]-I<-3n forall k>=2n.

Finally we want to present an example which illustrates the use of Theorem 2.9.
.Example 3.5. Again consider the one-dimensional heat equation (3.6) but choose

X U L2(R, R). In this case the solution semigroup is given by

(S(t))(x)=(47rt)-1/2 f exp (-(s-x)E/4t)(s) ds, t>O.
JR

Let

It is easily seen that

12 {u e U] u(x) >= 0 a.e.}.

Furthermore, we find that

S(t)*x* -12" for all e [0, T]

This shows

Xoe (T, Xo)

if[ x* -12" -12.

if[ S(T)xoe(-12*)*,

iff S( T)xo<- O,

which is equivalent to (3.7).

Acknowledgment. We thank Prof. O. Carja (University of Iasi) for bringing to our
attention his paper Local controllability ofnonlinear evolution equations in Banach spaces,
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FREQUENCY/PERIOD ESTIMATION AND ADAPTIVE
REJECTION OF PERIODIC DISTURBANCES*

D. L. RUSSELL,"

Abstract. We discuss a method for suppressing the oscillations of a linear system subject to an external
periodic disturbance of fixed, but unknown, period. The method entails augmentation of the original plant
with a compensator and parameter identifier. The near equilibrium dynamics of the resulting system are
analyzed and shown to be related to a linear delay equation with infinite delay and periodic coefficients. A
corresponding Floquet theory is indicated. A FORTRAN program approximately realizing the period
identifier is included and numerical results obtained with this program are graphically displayed and analyzed.
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0. Introduction. In a wide variety of applications one encounters a system of the
form

(0.1) =Ax+Cu+v, ( =t)
wherein x is the n-dimensional state vector, u is the m-dimensional control vector and
v is a periodic n-dimensional vector disturbance function with least positive period T

(0.2) v(t) v( + T).

In many cases Ax by itself represents the dynamics of an elastic system, the
disturbance v arises from the environment in which the elastic system is placed, and
the control u is used to mitigate the effects of this disturbance. Examples include
sighting devices (cameras, telescopes, etc.), weapons, and machine tool arms, operated
under conditions which involve significant oscillatory disturbances, such as would be
the case for a telescope operated from an aircraft. Another important application arises
in connection with the measurement and active suppression of aerodynamic flutter in
aircraft wings, tail structures, etc.

The approach taken in this paper is to suppose that v(t) can be adequately
modelled by

(0.3) v(t) Bz( t), Bn 2t,

where z(t) satisfies a linear system

(0.4) Fz,

* Received by the editors January 17, 1985, and in revised form June 29, 1985. This work was sponsored
in part by the Air Force Office of Scientific Research under grant 84-0088 and in part by the Army Research
Office under contract DAAG29-80-C-0041.

t Mathematics Research Center and Department of Mathematics, University of Wisconsin, Madison,
Wisconsin 53706.
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(0.5) F

/0 a 0 0 0 O\
-al 0 0 0 0 0
0 0 0 O2 0 0

0 0 -a 0 0 0

0 0 0 0 0 a
0 0 0 0 a, 0

2k
=ka, j=l,2,...,r,(0.6) a= T-

the kj being positive integers. These need not necessarily be 1, 2,. ., r; in some cases
it is known, for example, that only odd order harmonics occur so that we would use

kl= 1, k2=3, kr=2r-1.
Assuming F known (this will bring us to the subject of frequency estimation later

on), we can construct a compensator

(0.7) 3) Sx + Fy

where y is the 2r-dimensional compensator state, and consider the combined system

Ax + Bz + Cu,

(0.8) y= Sx+ Fy,. Fz.

We will suppose that the range of C includes the range of B. This means that, in
principle, one could solve

(0.9) Cu -Bz

and cancel the effect of the disturbance altogether. For a telescope operated from a
moving vehicle, neglecting translational motion and considering only the angular
displacements, this would be the case if the controls, acting through the mounting,
have both azimuth and elevation correction capability. In practice the direct cancella-
tion (0.9) is rarely feasible due to noise, measurement delays, limited measurement
instrumentation, etc.

Let be any nonsingular 2r x 2r matrix which commutes with F; in most cases
we would use the identity matrix. We may then find an rn x 2r matrix L such that

(0.10) CL -Bd-1.

Assuming additionally that (A, C) is stabilizable, let K be an rn x n matrix such that
A+ CK is a stability matrix and let u be generated by the feedback control law

(0.11)
Using this in (0.8) we have

(0.12)
dt

u=Kx+y.

S F
0 0

We will see in 1 that it is possible to select S in such a way that the control law
(0.11) dynamically decouples the plant state x from the periodic disturbance v(t)=
Bz(t).
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The foregoing scheme, to be developed more fully in the next section, clearly
amounts to the construction of a reduced order observer for the disturbance state z(t)
(see 10]) and assumes that the plant state x(t) is completely accessible. If this is not
the case, dynamic decoupling is probably best realized with the construction of a full
(n + 2r)-dimensional state observer. Assuming an observation

(0.13)

is available such that the pair

(0.14)

w Hox+ H1z

is observable, compatible matrices Lo, L1 are selected (see, for example, [8]) such that

[a+ CK LoB0 n ZoHl(0.15) \ LHo F L1H]

is a stability matrix. We then adjoin to the plant disturbance system

(0.16) (A+ CK)x + Bz+ Cu,

(0.17) , Fz,

the estimator system

(0.18) = (A+ CK)sr+ Lo(Hox- Host)+ Lo(Hz.- H),

Fz+ LI Hox Hose) + L, Hz H).

Then, choosing u such that

(0.19) Cu -Bsr

and letting e x-sr, f= z- " we find that

-L1Ho F LHi/

and we conclude, since (0.15) is a stability matrix, that

lim e(t) lim f(t) 0.

Since, with (0.19), (0.16), (0.17) become

(0.20) =(A+CK)x+Bf,

(0.21) . Fz,
we conclude that

lim x(t) 0
t-OO

and thus x(t) is decoupled from z. This is a standard procedure, such as described in
[10], for example.

The subject of dynamic decoupling, which includes our rather specialized topic,
has an extensive literature. Major current references are [10] and [11]; a large number
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of additional references are at the end of Chapter 9 in 10] and at the end of Chapter
8 in [11]. In general one considers a system x, A, B, C not necessarily the same as
earlier in this section

(0.22)

+ Cu Ax + By + Cu.

It is required to find a state feedback relation u Kx such that, assuming r_-<

p, x, , x-p are decoupled from v, v2, , up and for k r-p + 1,. , r, only
the output xk is dynamically coupled to v k. This means that the closed loop transfer
matrix for (0.22), i.e.,

T(A )-= (AI- (A + CK))-B

is block diagonal with Tkk(A)= 0, k 1, 2,’’’, r-p, T[(A) possibly nonzero for k
r-p+ 1,..., r, TSk =0,j # k. Our problem can be cast in this form with x, x2, x3

replaced by x, y, z and A replaced by

ti0 i/F (A, B here referring to the matrices in (0.8)),
0

B replaced by

and C replaced by

C here referring to the matrix in (0.8)).

It is not our goal to provide any general discussion of dynamic decoupling; our primary
focus is on the period identification problem required for adaptive dynamic decoupling
in the special context of (0.8). Nevertheless, we do present a simplified dynamic
decoupling procedure for (0.8) in 1 which we have used in conjunction with our
period estimation procedure.

Whether decoupling is carried out as in .1 to follow, or as in one of the cited
references, it is clear that the estimator system requires knowledge of the matrix (0.5)
and hence the parameter a =2r/T in (0.6). When the period T, and hence t, is
unknown it is necessary to adjoin a parameter estimator to supply the system with an
estimate for T. Such a parameter estimator is described in 2. Stability considerations
in connection with the period estimator lead to examination of a related functional
equation of retarded type in 3. A numerical realization of the estimator of 2 is
developed in 4 and examples of its use are presented in 5.
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1. Compensator design for a known disturbance frequency. If the period T, or
equivalently, the frequency v 1/T of the disturbance v is known, then we may assume
that F is known and the only problem in constructing the compensator (0.7) is the
selection of the 2r x n matrix S. Let us note that the matrix equation

(11) (A+CK -B-I)
is clearly valid whatever S may be. This means that if we define :, r/by

we shall have

as is easily checked. If the matrix in (1.3) is a stability matrix, then x(t)= :(t) will
have the property

lim x t)ll 0

so that the periodic disturbance v(t)= Bz(t) has only a transient effect on x(t); the
range of the transfer function matrix from z to (;) includes only vectors of the form
(yO). Thus the plant state vector x is dynamically decoupled from z. If the matrix in
(1.3) is not a stability matrix no such inferences are valid. Our proof that S can be
selected so as to satisfy this stability requirement begins with

THEOREM 1. Let F be antihermitian (as in (0.5)), so that

F* -F.

Then the n x m linear matrix equation

(1.4) A+ CK Po PoF B(I)-1= 0

has a unique n x 2r solution Po. If the pair (Po, F) is observable, then the 2r x n matrix
S can be chosen in such a way that

(1.5) M=(A+CKS -Bt-I)F
is a stability matrix.

Proof. Since F*=-F implies that F has only purely imaginary eigenvalues, the
existence of a unique solution Po of (1.4) is assured by a familiar theorem in matrix
theory (see, for example, [2]). An easy application of the implicit function theorem
then shows that the cubic matrix equation

(1.6) (A+CK)P-PF-Bd-I+epP*P=-Q(P, e)=0

has a unique solution P- P(e) defined for small e 0 with

(1.7) lim P(e) Po.
e0

Setting

(1.8) S=S(e)=-eP(e)*
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we note that M in (1.5) is similar to

M(e)
I2r -P(e)*

[A+ CK + eP(e)P(e)*
-eP(e)*

[A+ CK + eP(e)P(e)*
-eP(e)*

Q(P(e), e) )F-eP(e)*P(e)
o )F-eP(e)P(e)*

Since K has been chosen so that A+ CK is a stability matrix,

M.(e) A+ CK + eP(e)P(e)*
is an n x n stability matrix for sufficiently small e > 0. From the antihermitian property
of F we can see that

F eP( e)*P( e))* I2r 4r I2r F eP( e)*P( e )) + 2eP( e)*P(e) O.

Applying a well-known modification of Lyapunov’s theorem (see, for example, [8])
we conclude that

M2r(e)-- F- eP(e)*P(e)
is a stability matrix for e > 0 if (P(e), F) is observable. Since we have assumed (Po, F)
observable and (1.7) is true, (P(e), F) is observable for e > 0 sufficien.tly small and
MEr(e) is thus a stability matrix for these values of e, at least. Since M(e) is lower
block triangular with blocks M,(e), MEt(e), its stability, and hence that of M M(e)
in (1.5), is assured with the choice (1.8) for S-S(e) for sufficiently small e >0.

It will be noted that the choice of the feedback matrix K is important in at least
two ways. Improvement of the convergence of (I)-ly to z, i.e., reduction of the transient
effect of the disturbance v Bz, dictates choosing e larger to improve the stability
properties of F eP(e)*P(e). But, since A+ CK + eP(e)P(e)* suffers stability-wise
as e is increased, K must be used to offset this effect. In 3 we will find even further
considerations to take into account in the selection of e and K.

Since P(e) satisfies a cubic equation, which may entail some difficulty of solution,
the following corollary is useful in applications.

COROLLARY 2. If e is sufficiently small, then

(1.9) //(e)=(a+ CK -Bd-1)-eP*o F

corresponding to

(1.10) S= (e)=-eP*o
in (1.5) is also a stability matrix.

Proof. With the indicated choice of S, the matrix/(/(e) is similar to

(1.11)

-o)(A+ CK -B-1) 7o)
[A+ CK + ePoP*o (A + CK)Po- PoF- B*-’+ ePoP*o Po

eP*o F eP*o Po

cf. (1.4) [A+ CK + ePoP*o ePoP*oPo
-eP*o F- eP*o Po]"



1282 D.L. RUSSELL

Let/z- el/2 for e >_-0. With Po(/X)=/zPo, the matrix (1.11) becomes

A+CK +Po(/x)Po(/X)* (1/ft)Po(tx)Po(Ix)*Po(IX))-/xPo(/X )* F- Po(/Z )* Po(/X
which is similar to

Po(/Z)* F-Po(I.t)*Po(tX) Po(/Z)* F,(tx)/"
The corresponding lower triangular matrix

-Po(/X)* FI()
is a stability matrix, using essentially the same argument as in Theorem 1, provided
> 0 is sufficiently small. Consider the equation

(1.13)
0 FI(/)* ]

Solving this, we find that T IEr and

)+( Q )(al()R* -Po(/)* F(0/))
0 )+

2Po(/)*Po(/
=0.

(1.14) A (pt )*Q Po(pt R* + QA (tx RPo(pt )* + I O,

i1.15) AI(pt)*R Po(pt) + RFI(tX) O.

For small pt (equivalently, small e)the eigenvalues ofA() and-F() are uniformly
separated and the solution of (1.15) shows that

R Q(IIPo()II) ()
and then a similar analysis of the first equation shows that

Q Qo() + (2)
where

Al()*Qo() + Qo(g)Al() + I, =0.

Thus Qo(), and hence Q, remains bounded for >0 small. Since (1.13) is satisfied,
using the matrix of (1.12) instead, we have

P3( )* FI()*]( Q
R* )+( Q

R* )(-Po(())* FI(
P3(

+((g/2)QPoPPoPQ 00)0

,From this it is easy to see that the matrix on the right-hand side is nonpositive for
small > 0 and the result follows by the familiar Lyapunov theorem, provided that
whenever

-Po()* F()/
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the quadratic form

((t)*, (t)*)
0 x/ftP*o / (-p2/)PoPQ Po

0

cannot vanish on any internal of positive length. For small > 0 this question reduces
very quickly to the obsemability of the pair (Po, F), which has already been assumed.
This completes the proof.

2. Period estimation and a related stabili problem. ether the submatrix S in
the definition (1.5) of M is selected as in Theorem 1, or as in Corollary 2, or by some
other procedure, it is clear that the overall matrix M will depend on the period of
the disturbance v so that, supposing now that the design parameter e has been fixed,
we have

(2.1) M M(a) (A+ CK -B*()-’)s() F()

where a (2/T) (cf. (0.6)).
It would be possible to estimate a directly using various well-known parameter

estimation procedures [6], [9]. However, in these procedures one tends to encounter
either instability or slow convergence, or other diculties. For example, the model
reference algorithm of [6] cannot be applied because in the complete system (0.12)
the potion Fz of that system is not controllable with respect to u.

We have elected to use a very simple procedure to estimate the period directly.
Assuming that an output, or obseation,

(x(t))Hw(t),(2.2) w(t) H,x(t) + H2y(t) (H,, H2)
y(t)

where (cf. (0.3), (0.12), (1.5))

is available, from the assumed stability propey of the matrix M() it follows that a
periodic disturbance input v will result in an output (t) which, except for transient
behavior, is also periodic with the same period. It therefore makes sense, in the
continuous framework which we use here for analysis, to consider the cost functional
for >0,

c.(r, = e’(’-’((l-(s -r*((sl-(-rl as

J. e’(-’(() (s- r))**((l- (s- r)) d

and select as our estimate for the period T at time t, that value T(t) which minimizes
C(T, t) within a given range T N TN T. (The range must be restricted in order to
avoid the trivial period T 0 and multiples of the minimum period of the disturbance.)
Then

2
(.5 (tl-

r(l
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is the estimate at time for a in (0.6), (2.3). A numerical procedure approximating
this optimization process is described in 4 and is used to obtain the computational
results of 5. There it will be seen that certain steps do have to be taken in order to
ensure the stability of the combined control/estimation system. Our purpose here is
to provide a framework for the stability analysis by developing a linearized variational
equation for that system about the nominal time trajectory in the case where the true
period, which we will call To, lies in the interior of the interval T1 <- T-< T2.

For our analysis of the combined use of (2.3) and (2.4) we will consider, instead
of Co(T, t), as given by (2.4), the cost

(2.6) C(T, t)= f" eV(-’)(w(s)- w(s- T))*H*H(w(s)- w(s- T)) as,
d-

wherein we assume that the trajectory w(s) is defined in the indefinite past. The
justification for this lies in the fact that if (2.3) and (2.6) together yield a stable process,
the difference between the use of (2.6) and (2.4) will be transient.

To carry out this program we begin by supposing that when the correct value
ao (2r/To) is used in (2.3) the steady-state (To)-periodic solution resulting from the
To)-periodic input/3(t) is Wo(t) and tOo(t) Hwo(t). Since our estimate a(t) will vary
from ao, we suppose that the actual solution of (2.3) which we obtain is w(t). Thus

(2.7) fl( t) fl( To),

(2.8) w(t) Wo(t) + aw(t),

(2.9) a(t)=ao+Aa(t),

(2.10) T(t) To+ A T(t).

A necessary condition in order that T(t) should minimize C(T, t) is obtained by
differentiating C(T, t) with respect to T and setting the result at T T(t) equal to
zero. Thus (cf. (2.2), (2.3), (2.5))

10C(T, t)
2 OT T=T(t)

| e(-’)(w(s) -w(s- T(t)))*H*H(s- T(t)) ds
.1_

(2.11)

f e’(S-’)( w(s)- w(s- T(t)))*H*H

xEM(a(s- T(t)))w(s- T(t))+ fl(s- T(t))] ds.

Noting (2.5), we see that (2.11) is implicitly an equation for T(t) which is coupled
with the system (2.3) satisfied by w(t). The resulting coupled system is clearly a
nonlinear functional equation of delay type. W.e are concerned with the (at least local
with respect to ao and Wo(t)) existence, uniqueness and asymptotic stability of solutions.

LEMMA 3. For fixed and a trajectory w(s)-oo< s <- t, for (2.3), corresponding to
a continuous To)-periodic (s), -oo < s <= t, the equation (2.11) is solvablefor T(t) near

Toif

-(w(t)- w(t- To))*H*HvO(t- To)+ ft eV(S-t)(s)*H*H(s- To) ds
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(2.12)
+Y I) eV-’)(w(s)-w(s-To))*H*H(s-To)ds

=Ioo e-’)k(s)*H*Hk(s-T)ds
e -’)(w(s)- w(s- To))*H*H(s- To) as # o.

ot

Within the class of w which satisfy

(2.13) IIw(s)ll<-_Mo, -oo<s<--t,

(2.14) IIw()- Wo(s)ll ,
this is tme for sufficiently large and sufficiently small e if

(2.15) f e(’-’)o(s)H*Hko(S) ds 0
d-

and this, in turn, is true if the To)-periodic function Hwo(s)= Wo(S) is not constant.

Proof Assume for the moment that (t) is a function in C. Differentiating the
second line of (2.11) with respect to T at T To and retaining only zero and first order
terms in T(t) we obtain the equation, linearized with respect to T,

0= [’ e(’-’)k(s To)*H*Hk(s- To) ds aT(t)
d-

(2.16) [’ e(’-’)(w(s) w(s- To))*H*H#(s- To) ds aT(t)
d-

+ [’ e’-’(w(s)- w(s- To))*n*n(s- o) as +....
d-

Integrating the second term by pas we have

O=[-(w(t)-w(t-To))*H*H(t-To)+I e’(-’)(s)*H*H(s To) ds

+ r [’ to)
d- J

d-

This expression no longer depends on (s- To), hence we may relax the requirement
flC since flC can be uniformly approximated in the C norm by flC.
Examination of the remainder term shows that the same argument applies there and
we conclude that (2.16) is indeed valid to first order in AT(t). The first statement of
our lemma then follows immediately from the implicit function theorem.

The last statement follows from the propey

(2.18) Wo(S)-Wo(S-To)O, -<st,

and together with (2.3), (2.7), (2.17), this enables one to make the first term in (2.16)
arbitrarily close to the left-hand side of (2.15) and the second term arbitrarily close to
zero. This completes the proof of Lemma 3.
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The linearization with respect to AT, Aw is obtained by using (2.18) in (2.16).
Because Wo(S)-Wo(S-To)=-O and because only zero order terms are retained as
coefficients of the first order term AT(t), the result is

[fo e-’)i’(s)*H*H(s- To)ds] AT(t)

+ (’ eV-O(Aw(s)-Aw(s To))*H*i,o(S- To) ds=O,

and using (2.18), o(S-To) (s), and the assumption (2.15) we have

(2.19) AT(t)= -- eV-(Aw(s)-Aw(s- To))*H*Ho(S) ds
_

e-o(s)*H*Ho(S) ds

which is a delay type functional equation relating A T(t) and the time history of Aw.
Then from (2.3) we have, to first order,

A+o=M(ao)Wo+fl+M(ao)W+ ao)Aa Wo+’’"

and, since o M(ao)Wo+ fl and (2.5) applies, we have as our linearized system (2.19)
and

A single equation may be obtained by noting that for r > To

2OM((s-(s rl M(.((s-(s- r.l ---rg
2OM(

2OM

where we have used o(s)= (s-To). Then- e(.(’-(l((r(l r( r. as

and thus

Letting

(2.21)

2r/ TAT(t)= Jt-oo eV-to(s)*H*ri’o(S) as

xI eV-"I Wo(tr)*OM(ao)* e()*(-)

x (T()-T(- To)) dH*Ho(S) ds.

2r/TWo(y, t)=

_
eV_oVi,o(s),H,Hi,o(S ds
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we have

x (ar()-ar(- to)) d,

which has the form

(2.22)

with

v(-,) e(o)*(-)H,Ho(S) ds

AT(t) I W(3/, t, or, M(ao))(AT(cr- To)) act

W1(3/, t, tr, M(to))= Wo(3/, t)Wo(tr)* -a to)*

W 3/, t, tr, M ao Wl % t, tr, M ao To < tr <- t,

W(% t, tr, M(ao))= W|(3/, t, tr, M(ao))- W 3/, t, tr + To, M ao -oo< tr < t- To.
Since, for tr= t- To, W1(3/, t, tr+ To, M(tro))= W1(% t, t, M(ao))=0 we see that
W(y, t, tr, M(ao)) is continuous as a function of tr and, clearly, W(y, t+ To, tr+
To, M(ao)) W( 3/, t, or, M(ao)).

with

(2.23)
x e’(- e(’o*(-H*Ho(s) d.

LENA 4. W|(% t, r, M(o)) is periodic in and o- ith period To, in the sense

(,, t, , M(o))= ,(,, + ro,+ to, M(o)).

Proof. Using the formula (2.23) directly we see that

W,(% + To, tr + To, M ao Wo(% + To wo t+ To)*
OM--- o)*

t+T
eto)*--To)H*Ho(S) ds.,),(s-t--To)e

+ To

From the (To)-periodicity of Wo(t) the same periodicity of Wo(y, t) follows easily.
Then with r s- To

oM(Wl(3/, t+ To, tr+ To, M(ao))= Wo(% t)Wo(r)*-a ao)*

x e(- e(*(-H*Ho(r+ To) dr

and, using the (To)-periodicity of o we have

(,, t+ 7"., + 7"., M(o))= W.(,, t, , M(o),

as claimed.
The equation (2.22) can be rewritten as

(2.24) A T(t) " W(% t, tr, M(ao))A T(tr) dtr
d-
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We have shown % M(ao) directly as arguments of W because % e and K, the
last two involved in the construction of M(ao) (see (2.1)) are the parameters which
we have to work with in order to influence W, and hence the solutions of (2.24). It is
clear from (2.22) that W depends on To as well.

The stability and rate of convergence of our estimation procedure depends on the
behavior of solutions of the variational equation (2.24), for T(t) in a neighborhood
of the exact value To, i.e., for AT(t) small. In the next section we show that the
asymptotic behavior of solutions of (2.24) is dominated by solutions of "Floquet type"
which can be analyzed by standard procedures.

3. Analysis of Floquet type solutions. The fact that (2.24) involves an infinite time
delay places it in a class of functional differential equations with periodic coefficients
whose properties have not been fully explored. From the behavior of solutions of such
equations with finite delays [3], [4] we expect that, with some restrictions on the kernel
W(% t, tr, M(ao)), the dominant solutions should be solutions of "Floquet type," i.e.,
solutions of the form

(3.1) Ar(t)=ea’P(t),
where P(t) is a continuous (To)-periodic function

P( + To) P( t).
The main point of this section is to indicate that this is, indeed, the case for kernels
satisfying a uniform decay condition

(3.2) IW(% t, tr, M(ao))l <- Ce-c(t-), tr< t,

for positive C, c.
Before entering upon the proof of this, let us note some rather transparent results

which, however superficial, give some indication of the factors which are likely to play
a role in our analysis. Suppose an inequality (3.2) is satisfied for positive c, C. Supposing
a solution of the form (3.1) to exist, we normalize P(t) so that

sup IP(s)l-1.
se[ t,t- To]

Then we let be such that IP(t)l 1. Multiplying by a constant, if need be, we may
assume P(t) 1. Then

or

But

so that

eX’-I W(% t, tr, M(ao)) ea’P(o") dtr=O

W(% t, tr, M(ao)) e’’-t)P(o") do’= 1.

W(% t, tr, M(ao)) e-’)P(r)l <- Ce+a))-’)

yielding an upper bound on Re (A)
C

->1
c+Re (A)-

=>Re (A) <- C- c.
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that
Under what circumstances could a bound of the type (3.2) be expected? Recalling

W(y, t, tr, M(ao))= Wo(% t)Wo(tr)* 0-7-M(ao)* ev<-t)

x e(s-’ eM(%*(s-H*Hi,o(S) ds,

we note that with r s-,

e(- e(("*+fH*H(r+) ds e((.*+H*Ho(r+) dr.

Since is periodic, if the eigenvalues of M(o) satisfy

Re ()-8

for some 8 > 0, we will have, for some Mo> 0

Ile*+’n*nWo(r+  )11 Mo ev-,
so that

(3.3) elo*+vH*Iwo(r+ tr) dr <= Mo e-dr= [e- 1].y-
We expect Wo(t, y) to be (y) from (2.21); write

Wo(t, y)l <- Mly

and then, since Wo(tr) is periodic,

(3.4) Wo(t, y)Wo(tr)* -O-a (ao)* ev(-’) =< M2T ev(-’).

Combining this with (3.3), (2.23)

IW,(y, t, tr, M(ao))l<=MoM2 Y e-,y-
giving C=MoM2(y/(y-)), c=& A comparable estimate will then apply to
W(y, t, o-, M(ao)).

From this we see that if we are to control the identifier stability properties, this
must be done through y and through the system matrix M(yo), by choice of y, e and
K (or through choice of y, K, Lo, L if we use the full system estimator as described
in 7). Further, we see from (2.21) that Wo(y, t), and hence W1(% t, tr, M(ao)),
W(y, t, tr, M(ao)) increase rapidly as the frequency parameter a =27r/To increases,
i.e., as To decreases. Thus, to be able to reject higher frequencies while maintaining
stability we must expect to find it necessary to increase the damping in the system
(2.3) by use of higher gains e and K (of (1.5), (1.8)). We will also see in 5 that this
expectation is realized.

We proceed now to state a theorem to the ettect that if a bound of the form (3.2)
applies, then all solutions of (2.24) which do not satisfy

(3.5) IIA T( t)II <- B e-’ 0_-< t<,

where B is positive and/3 > 0 is less than c by an arbitrarily small amount, must be
linear combinations of Floquet type solutions.
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THEOREM 5. Consider the vector functional equation

(3.6) z(t) foo W(t, s)z(s) ds, z Rm,

where W( t, s) is a (piecewise continuous, at least) m x m matrix function satisfying

(3.7) IIw(t,)ll<=Ce
(3.8) W( + T, s + t) W( t, s),

for positive numbers C, c, T. Then, given any fl < c, and any solution z(t) with locally
square integrable initial function satisfying

(3.9)

we can write

(3.10) z(t) ZF( t) / Zt) (t), >-- 0

where, for some positive B,

(3.11) IIz,(t)ll<-Be-’ t>-_O

and zF( t) is a linear combination of Floquet type solutions, i.e., solutions of the form
(3.12) (t) e"P( t), P( + T) P( t), P C([0, c], Rm),

or, in some cases (multiple "eigenvalues")

(3.13) st(t) ettPP(t),
where p is a positive integer and P( t) is as in (3.12).

A complete proof of Theorem 5 is beyond the scope of the present work but a
sketch of the proof will be given in the Appendix.

From this result we see that whenever an inequality of the type (3.2) is valid with
c > 0, then all solutions of (2.24) decay at a uniform exponential rate unless there are
actually solutions (3.1) of Floquet type for which Re (A)>0. The question arises, of
course, as to how such Floquet exponents might actually be computed. It seems almost
certain that the most efficient procedure involves actual solution of (2.24) or (2.19),
(2.20), assuming an adequate approximation procedure is available. The procedure is
essentially the same one as is used to compute the dominant (pairs of) root(s) of an
ordinary polynomial.

Returning to A T(t) as the name for the solution, we select a more or less arbitrary
initial state AT(t) on some interval [-% 0] (in terms of 6 this should be a such
that the residue of (I-Q(A))-q(A, ) at A Az is not zero, which is generically true).
The resulting solution A T(t), t-> 0, is computed and we examine successive segments
of length To

Ark(s)=Ar(kro+s), O<-s <--To, k=0,1,2,3,....

If the largest multiplier

is a unique real number, then generically with respect to the choice of initial function
A T(t), I-r, 0], we shall have (using the least squares approach)

/ lim I" ATk(S)ATk-I(S) ds
,oo io (Ar,_,()) d
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In the case of a dominant complex conjugate pair the procedure is only slightly more
complicated. We solve

A T,(s) + o A T,_(s) + T,,_(s) 0

for a and/3 in the least squares (least L norm) sense, which amounts to

ATk_2(s)ATk_,(s) as ATk_2(S)2 ds
o

r

ATk(s)ATk_l(s) as
+ =0.

ATk(s)ATk_(s) ds

The pair/z,/2 is then approximated at the kth stage by the roots/zk,/Zk of

/z + ak/z + flk 0.

It seems likely that while (2.24) is nicer from the viewpoint of mathematical simplicity,
it is better to solve (2.19), (2.20) rather than (2.24) because the formula for the kernel
W(y, t, m M(ao)) in (2.24) is rather complicated.

If a simulation routine combining the period estimator, compensator and a
mathematical model of the plant to be controlled is already in hand, as was the case
for the writer, approximate solutions of the variation equation can be obtained by
running the simulator with slightly ditterent initial conditions and forming the appropri-
ate ditterence quotient of the resulting solutions. This does not test the validity of our
derivation of the variational equation but, as we will see in 5, it does provide results
consistent with the proposed functional equation model for error propagation.

4. Numerical realization of the period estimator. If x(t) is a solution of

(t)=(A+CK)x(t)+v(t), t>=O,

and the disturbance v(t) is periodic with period T

v( t) o( + T),

then an observation on x(t),

o( t) Hx( t)

will tend exponentially to a periodic observation, i.e.,

lim (to(t)-to(t+ T)) 0.
t-moo

In this section we develop a numerical procedure for estimation of T which is a
realization of the continuous procedure described in 2. We will take to to be scalar
here but the extension to vector observations is quite immediate.

We will suppose that to(t) is not available continuously. Rather, we have discrete
samples

tOk tO( tk), tk+ tk h > O, k=0,1,2,’’’.

For computational purposes we define the interpolated observation on tk <= <= tk+ by

(4.1) tS(tk+Crh)=--rlk(tr)=trtOk+,+(1--tr)tok, 0<_-- tr_--< 1.
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We note that a3(tk) tok, t(tk+l) tok+l. We define T]k tok, k 0, 1, 2," . Our method
for estimating T is to form, at each instant tk, and for a range Lmin -< l_-< Lmax (we use
Lm, LM below), the functions

(4.2) Pk.l(Cr) Tk

and determine values Ik, O’k of I, O" which minimize

k

E
j=O

which should be compared with (2.6). The functions (4.2), of course, require only the
values r/ w, + w+ for this description and the p, admit a comparable finite
characterization. Once l, r have been determined, the estimate for T at the instant
tk is

(4.3) Tk lk Crk h.

If 7 is close to one this estimate may be expected to change only slowly, as k varies,
in response to varying periodic behavior of to(t) while values of 3’ closer to zero
provide more rapid updating capability. The use of the parameter tr, allowing for
interpolation between recorded discrete data, permits one to obtain accurate results
without an excessively fast sampling rate.

Let us now examine the computational considerations applying to the method.
For 0 < tr < 1 we have

and thus

Defining

p,l(o’) r/k- [O’r/k-l+l +(I- O’)r/k-]

Pk,l(O")2-- n + 0"272k-l+l + (1 o’)27_- 2tr*Tkk_l+l 2(1 r)*lk*lk_l

+ 2r( 1 o’) T]k_/+17k_ !.

&--" X J2k-j, Sk-l+l Z "2tlk-l+l-j, Sk-l= X J2k-l-j,
j=O j--’O j=O

Pk,k-l-- E Jk-jk-l-j,
j=O

Pk,k-l+l E Jk-jk-l+l-j,

Pk-l+l,k-I E 3"JTk-l+l-jk-l-j,

we see that

Ck,l(O’) 0"2[ Sk_l+ Sk_ 2Pk-l+l,k-l]

+ 2o’[S_/- Pk,k-l+l - Pk,k-I "- PkL-l+,,k-l]’3t-[Sk "- S-l--2Pk,k-,].
The numbers Sk, &-, Sk-+l are included in &,..., &-t, and these are stored in a
"push-down" mode and updated via

&+l +1 + 3’&, S(k+l)_l Sk

S(k+l)_LM Sk_(LM_I).



ADAPTIVE REJECTION OF PERIODIC DISTURBANCES 1293

Similarly Pk,k-U Pk,k-+ are stored among Pk,k-1,""", Pk,k-Lu are are updated via

(4.4) Pk+l,k+l-I rlk+’qk+- / YPk,k-U etc.

Finally, it is necessary to store

Pk,k-1, Pk-l,k-2, ", Pk-Lf+’I,k-LM"

The numbers Pk,k-1 are also updated via (4.4) and

P(k+I)-I,(k+I)-(I+I) Pk-(l-1),k-I

defines the "push-down" operation.
With the above numbers available we clearly have

10Ck,(4.5)
2 0tr

tr[Sk-l+l-- Sk---EPk-l+l,k-i]+[Sk-l-- Pk,k-+l + Pk,k-l/ Pk-+l,k-].

In particular,

1

2 ’- I,,=o

1

Sk-l- Pk,k-I+l / Pk,k-I / Pk-I+l,k-l,

Sk-l+1-- Pk,k-l+l / Pk,k-I- Pk-l+1,k-l.

Each pair l, cr corresponds to a delay T(l, tr)= (l-tr)h. Thus Ck,l(O’) can be
associated with a function Ck(t) defined for tk--LMh < < tk-Lmh, the values of
corresponding, when cr 0, to the points tk- lh. As r increases from zero to one
we pass from tk- lh to tk--(1--1)h. Thus we have

ac,,
00" tr---O O t=( tk_lh )+’
ac, oc
00" =l:lt=(tk_(l_l)h)_"

It follows that T(l, O)= lh is a candidate for the minimizing value Tk just in case

1 aCt[ O,
1 OCI+I O,

2 1=o 2 0g =

Sk-!- Pk,k-l+ / Pk,k-I / Pk-l+1,k-I >= O,

Sk-! Pk,k-I / Pk,k-l+l Pk-l,k-l-1 O.

On the other hand, the interval 1) h, lh is a candidate for containing the minimizing
value of Tt‘ just in ease

1 aCk,[ 1 aCt, 1
2 -’ I,,

>0,
2 -’1,= <0,

=1 0

(4.6)

(4.7)

Sk-l+1-- Pk,k-I+ / Pk,k-I- Pk-l+1,k-I > O,

Sk-! Pk,k-l+ / Pk,k-! / ek-l+1,k-I < O.
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If (4.6), (4.7) are true for a given l, we compute the corresponding tr by setting (4.5)
equal to zero, i.e.,

[Sk-t Pk,k-,+, + Pk,k-, +
(4.8) tr=

[Sk-t+,- Sk-t--2Pk-,+,.k-t]

Once the finitely many possible candidates for Tk have been selected by this process,
Tk is chosen from these as the one yielding the smallest value of Ck,t(tr).

It is possible to economize on memory space by using slightly modified quantities.
With

(4.9)
Pk, l"lk Tlk-l,

j=O

1=0
&,-,= E

updated via

Pk+l,l ’0k+l 7qk "q- Pk,l-1, 1, 2, ", LM,

k+l,! (Ok+l,/)2 d- "YSk.l, l= 1, 2,’’’, LM,

Pk+l,l,l-1 Pk+l,lPk+l,l-1 "[" "YPk,l,l-1, 2, , L,
it may be seen that we have

(4.10)

so

and this vanishes when

The other aspects of the analysis remain as above. This procedure is one actually used
in FORTRAN SUBROUTINE PERIOD (LMAX, LMIN, GAMMA, H, PER, Y),
whose listing is included here and which forms the basis for the numerical experiments
carded out in 5.

SUBROUTINE PERIOD gIVES AN ESTIMATE OF THE PERIOD OF A
SIGNAL, ETA(T), BASED ON DISCRETE SAMPLES, Y, WITH SAMPLINg

INTERVAL H. THE PERIOD ESTIMATE, PER, IS PROVIDED AS EACH NEW
SAMPLE IS OBTAINED AND APPROXIMATELY MINIMIZES THE SUM FROM
K= -1 TO G-INFINITY) OF tgAMMA*t-1/2))*tYtTtd-K))-YtTtO-)-TT))

**2 FOR TT IN THE INTERVAL [LMIN*H, LMAXH]. HERE gAMMA IS A
DISCOUNTINg FACTOR BETWEEN 0 AND 1 AND THE SAMPLINg INSTANTS
ARE T(d).

SUBROUTINE PERIOD(LMAX, LMIN, gAMMA, H, PER, Y)

DIMENSION S(40),P(40),RHO(40)
INTEGER L, LMIN, LMAXoLMINP1, LM1
LMAXM1 LMAX 1
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C UPDATA SAMPLE
ETAOLD ETANEW
ETANEW Y

C COMPUTE S, P, RHO AS PER METHOD DESCRIPTION
DO 15 L I, LMAXM1
KL LMAX L + 1
KLM1 L 1

15 RHO(KL) ETANEW ETAOLD + RHO(KLM1)
RHO(1) ETANEW ETAOLD
DO 16 L 1, LMAX

16 S(L) OAMMA*S(L) + (RHO(L))**2
DO 17 L 1,LMAXM1

LP1 L+I
17 P(L) gAMMA*P(L) + RHO(L)*RHO(LP1)

C COMPUTE NEW PERIOD ESTIMATE, PER ACCORDINg TO OPTIMALITY CRITERION.
PER FLOAT(LMIN)*H
SMINI S(LMIN)
LMINP1 LMIN+I
DO 26 L LMINP1,LMAX

LM1 L-1
IF(S(LM1).LT. SMINI)gO TO 21
gO TO 22

21 PER FLOAT(LM1)*H
SMINI S(LM1)

22 IF(P(LM1).gT.S(LM1))gO TO 24
IF(P(LM1).gT.S(L))gO TO 24
QUO S(L)+S(LM1)-2.*P(LM1)

C THE NEXT STATEMENT IS MACHINE DEPENDENT (VAX 11-780). IT MAY
C NEED TO BE MODIFIED FOR gENERAL APPLICATION.

IF(QUO. LT..OOOOO1)gO TO 26
C VALSIg IS THE NEW CANDIDATE MINIMAL VALUE FOR THE OBJECTIVE
C FUNCTION AT THE POINT (LMAX-(L-SIg))*H

SIg (S(L)-P(LM1))/GUO
VALSIg SIg.SIg.S(LM1)+(1.-SIg)*(1.-SIg)*S(L)+2.*SIg*
I(1.-SIg)*P(LM1)
IF(VALSIg. LT. SMINI)gO TO 23
gO TO 24

23 PER (FLOAT(L)-SIg)*H

SMINI VALSIO
24 IF(S(L).LT. SMINI)gO TO 25

gO TO 26
25 PER FLOAT(L)*H

SMINI S(L)

26 CONTINUE
RETURN
END

If there is some danger of confusing the minimal period T with one of its multiples
2 T, 3 T, etc., this can usually be overcome by specifying LMIN, LMAX correctly.

5. Some numerical experience with period. We have carried out extensive computer
based simulations using SUBROUTINE PERIOD described in the preceding section.
Here we will describe results obtained in connection with the plant

(5.1)

with

=(0
(5.2) v(t)=z’(t),
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The rather nondescript parameters appearing in (5.1) result from the fact that this
damped inertial system is a model for a certain physical plant of interest. A compensator
was constructed in the form (0.7) using S =-eP*o with Po as in (1.10). To provide a
more or less standard basis of comparison the feedback coefficients in all cases were
chosen to achieve critical damping (i.e., multiple real eigenvalues) at various rates in
the closed loop matrix

(5.4) A+ CK
28k -.2 + 28k

The feedback coecients k and k are identified as FB1 and FB2, respectively, on
the accompanying figures. In this very simple example

0),
and is chosen to be the 2 x 2 identity matrix. For the values of kl and k2 which were
used Po turns out to be a very small matrix and we used e 1000.

The output used for the period estimation was w(t) x(t) + yl(t) and the output
shown on the diagrams is x(t). It will be seen that the initial estimates for the period
T(t) are wildly inaccurate but, in the cases when the complete plant/compensator/iden-
tifier system is asymptotically stable, the estimate T(t) converges to the correct value
To (within the accuracy permitted by the approximations inherent in PERIOD, as
described in the preceding section). In all cases we selected z(0)= 1, z2(0)= 0, so that

z(t) cos (at), g2(/) --a sin (at).

In Figs. 1-16 the odd numbered figures show the output xl(t) while the next, even
numbered figure in each case shows the period estimate T(t) for the same n.

Figures 1 through 4 correspond to choices of kl and k2 such that the matrix (5.4)
has a double eigenvalue A =-5. In Figs. 1 and 2 ao 20 (10 He,z) corresponding
to To .1, indicated by the dotted line. Figures 3 and 4 illustrate the corresponding
experience for ao 30 (15 He,z), or To .0667. Here the period identifier diverges
from the correct value and, as seen in Fig. 3, no significant reduction of the oscillation
of xl(t) is realized. We. believe that this is accounted for by the fact that the term
2/(To)2 in (2.21) changes from 200 in the 10 Hz case to 450 in the 15 Hz case.

Figures 5 through 8 show the 10 Hz case with k and k2 chosen so that (5.4) has
a double eigenvalue A =-8 (Figs. 5 and 6) and with k and k2 chosen so that A =-9
(Figs. 7 and 8). These cases seem quite satisfactory with rapid attenuation of the
oscillation in xl(t), better in the second case than in the first, and rapid convergence
of the period estimate T(t) to To .1. The corresponding experience in the 15 Hz case
is not nearly so satisfacto. Figures 9 and 10 show the performance for -8.5 while
Figs. 11 and 12 show A =-10. We see from Figs. 10 and 12 that, although the value
To is unstable, the estimate T(t) tends to undergo a self-excited oscillation about the
equilibrium value indicated by the dotted lines. The evidence favors the conjecture
that in these cases the nonlinear equation (2.11) may exhibit a Hopf type bifurcation
as the parameter To passes from .1 (10 Hz) to .0667 (15 Hz). Detailed analysis of this
possibility must await later treatment.

Figures 13 through 16 show experience in the 15 Hz case with kl and k2 selected
so that A =-14 (Figs. 13 and 14) and so that A =-20 (Figs. 15 and 16). We see that
the performance improves as (5.4) is made progressively more stable, in agreement
with the conjectures of 3. e small residual oscillation evident in Fig. 15 is probably
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due to the fact that PERIOD does not provide an exact estimate even when the
corresponding continuous process associated with minimization of (2.4) or (2.6) is
asymptotically stable.

Figures 17 and 18 show variational A T solutions, obtained in the manner described
at the end of 3, for the 15 Hz case with A =-9 and A =-14, respectively. Because
T(t) does not converge to To in the first case (cf. Fig. 12), even the variational solutions
are not sinusoidal.

In Fig. 18, corresponding to A =-14, T(t) converges to To=.0667 (cf. Fig. 14)
and the corresponding variational solution tends to zero in a convincing exponentially
damped sinusoidal manner, this behavior becoming more convincing as increases.
It is of interest to estimate the frequencies and damping factors here and compare
them with the eigenvalues of M(ao), F(ao). Analyzing the data plotted in Fig. 18 one
obtains the estimate T .66 and, comparing the successive amplitudes, we see that the
oscillation there is approximated by

(5.5) C+ e(-’525+i9"52)t + C_ e(-’525-i952)t.

Here

0 1 0 0

190.12 -27.188 -28 0
M(ao)

-2 82.417 0 1/_90696 _2.966 _8873.8 0

and its eigenvalues may be computed to be

-2.77 + i105.32, -10.82+ i5.9.

None of these corresponds to (5.5) and we conclude that the dynamics exhibited in
the identification process arise from a ditterent source which, on the basis of our earlier
investigations in this paper, we believe to be the functional equation (2.22) (equivalently
(2.19), (2.20)).

In Figs. 19 through 26 we indicate the effect of varying the parameters y and e

(cf. (1.9), (2.4)) while leaving the feedback parameters in K fixed at the values which
produced Figs. 13 and 14 with y=.9 and e 1000. This corresponds to the double
eigenvalue h =-14 for (5.4). Here it needs to be explained that the value "GAMMA"
referred to on the figure heading corresponds to e-h, where h is the length of the
sampling interval used by PERIOD. For all cases studied here h is ten times the H
value shown in the figure heading; thus h .01 and

1Oge .8
-22.3,

GAMMA .9 y 10.5,

GAMMA .95 - y -5.13.

As we see by comparison of Figs. 19 and 20 with 13 and 14, performance is substantially
degraded by discounting past values too much; y =-5.13 gives better performance
than y 10.5.

For Figs. 23 and 24 we have set GAMMA .9 again but have increased e to 2000
rather than the earlier 1000. The improvement over the results in Figs. 13 and 24 is
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FIG. 25
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0.065

0.060

0.055

0.050

0.045
0.0 0.5 .0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

TIME

FIG. 26

again quite marked. To obtain the results of Figs. 25 and 26 we "pulled out all the
stops" and set GAMMA .95, e -2000 and chose feedback parameters corresponding
to a double eigenvalue A =-20 for (5.4). Here we finally obtain the sort of sinusoidal
disturbance rejection one would hope for.

To summarize our work: we have presented a method, based on a certain optimality
criterion, for identification of the period of a periodic disturbance affecting a finite-
dimensional linear dynamic disturbance decoupling procedures. We have shown that
the linearized dynamics of the plant/compensator/estimator in the neighborhood of
the equilibrium trajectory are governed by a certain Volterra type functional equation
with periodic coefficients. That functional equation has been analyzed, in brief, and
its stability characteristics have been seen to be determined by the location of the
characteristic exponents of certain solutions of "Floquet type." Numerical studies have
been presented indicating how variation of the design parameters of the system affect
the overall performance and indications for needed future research have been given.
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6. Appendix: Sketch of the proof of Theorem 5. Let z(t), W(t, s), etc., be as in
the statement of Theorem 5. For any t-> 0 we have

z(t)=foo W(t,s)z(s)ds
(6.1)

W(t, s)z(s) ds + W(t, s)z(s) ds + W(t, s).(s) ds,
T

where k is the largest integer such that kT <-t. We define zt L2m[0, T] by

zl(r)=z((l-1)T+r),

and we define

_
L2[0, t] by

-l(r) (-(l + 1) r+ r),

Then, with

(6.1) yields

(6.2)

re[0, T], >-1,

re[O,T], 1>_-0.

t=kT+r, s=lT+o., s[lT,(l+l)T],

Zk+l(r W(kT+r, kT+o.)Zk+l(o.) do"

W(kT+r, (j-1)T+o")z(o") do"
j=l

E W(kT+r, -(l+ 1)T+ o.)_,(o.) do".
/=0

Using the periodicity relation (3.7) we have

W(kT+ % (j 1 T+ o") W( r, -(k -j) T/ o") =- Wk-( r, o")

for any integer j _--< k. Then (6.2) becomes

ioZk+l(r Wo(r o")Zk+I(o" do"- Wk+l_j(r o")zj(o") do"
j=l

(6.3)

E Wk+l+l(r, o")--I(o") do".
/=o

The conditions (3.7), (3.8) show that the last sum converges in L2,,[0, T]. We may
write (6.3) as a vector linear recursion equation in L2,,[0, T]

k

(6.4) (I-Po)Zk+l-E Pk+,-.iz.i E Pk+l+l-i
j=l 1=o

where

(Poz)()= Wo(, )z() d,

(PkZ)(r) Wk(r, o")z(o") do", k= 1, 2, 3,’".

As is well known [3], I- Po is boundedly invertible, and Po, P1, P2," are all compact.
Then

(6.5) Q-k -(I- Po)-lpk, k 1, 2, 3,...
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are all compact and, keeping (3.7) in mind, it may be seen that for some positive
number D

(6.6) IIQ- ll <- D e-geT" k= 1, 2, 3

Then (6.4) can be written, with an obvious re-indexing, as

-1 -k

(6.7) Zk / QZ/k / , Q/k, k= 1,2, 3,’’’.
l= -k+l l=-cx3

Given a sequence {Ykl--00 < k oo)CH, where H is a Hilbert space, and supposing
that

(6.8) Ilyll _-< M/(+), k= 1, 2, 3, ,
(6.9) Ily -<- M-(3,-)k, k 0, -1, -2, -3, ,
where M/, M-, 3,+, 3,- are all positive numbers and 3,+-> 3,-, we define the bilateral
"Z-transform" (discrete Laplace transform) of {Yk} by

E YkA-k rl+(A), IAI > 3,+,
(6.10) r/(y)

k=,

E Y-kAk= r/-(A), IAI< y-.
k=0

Clearly, r/(A) is analytic in neighborhoods of both 0 and c. In many cases r//(A) and
r/-(A) are analytic continuations of each other. For example, if for all integers k

Yk z’yo, yo H, tx O,

then with 3,/= 3,-= I/z[, M/= M-= 1, all of the above are valid for

1

If, correspondingly, { Qkl-OO < k < oo}, is a sequence of bounded operators on H
such that

(6.11) IIQ II k= 1, 2, 3, ,
(6.12) Q- II --< B-(P-)-k, k=0,-1,-2, ,
where B/, B-, p+, p- are all positive (and p+> 3,+, p- < 3,- in our application), we
may define the discrete Fourier transform of { Qk} by

(6.13) Q(A)= QkAk.

Clearly the series converges and Q(A) is a holomorphic operator valued function for
P- < ],l < P+. If Qk 0 for all positive k, then p+ may be taken to be o and Q(A) will
be homomorphic for IAI > p-, including

The convolution of {Qk} Q and {Yk} =Y is defined by

(6.14) f =- (Q*y) E QkYk+,
k=-o

the sum being convergent when (6.8), (6.9), (6.11) and (6.12) apply and p+> 3,+,
p-< 3,-, as we suppose. To anyone familiar with transforms of this type the first
question occurring concerns the relationship of the transform b(X) of {} to the
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transforms Q(A), r/(h). The answer is easy but not completely obvious. Let F+ and F-
be positively oriented circles centered at h 0 with radii r+, r-, y+ < r+ < p+, p-< r-<
y-. Then, as we show in the more complete discussion [7], if F F+- F- and h lies
in the exterior of the annular regions between F+ and F-,

1 ( Q(’)r/(’) d"(6.15) b(A)
A -;

This condition is necessary and sufficient for (6.14) to be true.
When Qk =0 for k positive and Qo has a bounded inverse, (6.14) becomes

o
(6.16) , QkYk+t--f

and, given the initial values

(6.17) y_ =)7_, I=0, 1,2,3,. .,
and fl,fE, f3,’", we can compute yl, Y2, Y3," "’. The case of interest to us is the
homogeneous case fl =f2 =f3 0. Here it may be seen that with

(6.18) (A)= )7_tA t, }(A) ykA-k,
/=o k=l

and for IAI > r-, A not a singularity of Q(A)

1 f Q(’)(’) ds
(6.19) r/(h) Q(A)- Jr
Since Q(A) is analytic at h =oo and Q(oo)= Qo, which is nonsingular, if we take r/,
the radius of F/, so large that all singularities of Q(A) are included in the interior of
F/, then the individual Yk, k 1, 2, 3,’’" may be recovered via

1 Ir(6.20) yk=’ /r/(A)A k-dA, k=1,2,3,"’.

With the use of formula (6.16) the proof of Theorem 5 may be completed. In our
application H LEm[0, T], Qk-O for k positive, Qo-/, Q-I, Q-E, Q-a," are all
compact and the series (6.13) converges uniformly for ]AI-> r-+8 for any 8>0. It is
known [1], [5] that the singularities of Q(A) must be isolated in any such region and,
for each such singularity Ak the null space of Q(Ak) must be finite-dimensional. Let
F be the circle centered at zero with radius r-+ & We may assume that F meets no
singularities of Q(A). Then, applying (6.16) to the zk of (6.7) we have

1
(6.21) Zk

2ri

Zk,F - Zk,r-+8 k 1, 2, 3, ,
where F F+-F. From (6.19) and (6.21) it is clear that

IIz-/ll
where M is a constant which may be bounded in terms of , hence in terms of the_, 0, 1, 2,. .. On the other hand,

z,
A2E Int r
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In the case of a simple eigenvalue Aj with one-dimensional null space, which is all we
will study here, from the formula (6.19) for it may be seen that

1 (. (j, Q(sr)q(") as
(6.22) Res r/(hj)

(ff, Q*(h)b) hE- "
thj

where b is a nonzero vector in the one-dimensional null space of Q(Aj) and p is a
corresponding vector in the null space of Q(A)* such that (p, bj)LLto,rl= 0. We see
in any case that Zk;F is a sum of the form

(6.23) Zk,F , ACA, k= 1, 2, 3,....
Aj Int 1-"

The corresponding solutions zF(t), z(t) of (3.6) (or (6.1)) are obtained by inverting
the transformations which follow (6.1). The term e-r of (3.11) is identified with r-+ 8.
It is greater than e-cr which is identified with r-. Thus z(t) satisfies (3.11).

Since z(t) is a solution of (6.2), the form of that equation shows that zv(t) must
be a continuous function. The form (6.23) then implies that z on any interval
[kT, (k+ 1)T] is h times the corresponding value of z on [(k- 1)T, kT]. From this
it is clear that

bj(t) Ajthj(0).

We identify er in (3.12) with Aj and P(T) with the T-periodic extension of e-X’bj(t)
(which satisfies

P(T) e-Xrb(T) hj-1 b(T) b(0)= e-Xb(0)= P(0)).

Thus, modulo the usual remarks which must apply to nonsimple poles of Q(A)-I,
which lead to solutions of the form (3.13), we have completed the proof of Theorem
5. Further details may be found in [7]. The main point of the theorem is that the
dominant solutions of (3.6) (or (6.1)) are those associated with the larger singularities
of Q(A) and those solutions are of the type (3.12) or (3.13).

Acknowledgment. I would like to express my thanks to Dr. Norman Coleman, Jr.
of ARRADCOM, Dover, New Jersey, for background information and helpful con-
versations which stimulated the development of this work.
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CONTROL OF AN ELLIPTIC PROBLEM WITH
POINTWlSE STATE CONSTRAINTS*

EDUARDO CASASt

Abstract. This paper deals with a quadratic control problem for elliptic equations with pointwise state
constraints. Existence and uniqueness ofthe solution is proved. Optimality conditions are given and regularity
of the optimal solution is investigated.
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tions, Borel measures, Sobolev spaces, Lagrange multipliers
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1. Introduction. This paper is concerned with distributed control problems with
restrictions on the control u as well as on the state y. Our main interest is the derivation
of optimality conditions and regularity results.

Let 1 c R" (1 -<_ n _-< 3) be an open and bounded set whose boundary F is Lipschitz
continuous (Neas [17]) and fl is locally on one side of F.

Let us consider the following differential operator

(1.1) Ay Oxj (aijOx,y) + aoy
i,j=l

where

(1.2)

aoL(l’), ao(x)>=O a.e.xI,

aij is Lipschitz on 12 (1 _-< i, j _<- n),

ai(x)i>-ozll2, a>0, Vxefl,
i,j=l

Our aim is to consider a control problem for the system governed for the following
equation

Ay=v on/l,
(1.3)

y=0 onF.

It is well known (Nebas [17]) that the problem (1.3) has a unique solution
y(v)s H(I-I) for each vs L2(II), where Hm(II) and H’(fl), m being an integer, are
the usual Sobolev spaces on II.

We will assume that the problem (1.3) satisfies the following regularity condition:
for each v LE(fl), y(v) HE(fl) and

(1.4) Ily(o)ll =<m cllvll = m
where c R.

The condition (1.4) is satisfied, for example, if either f/ R1)’1 (Neas [17]) or
fl is a polygonally (n 2) or polyhedrally (n 3) convex set open (Grisvard [10]).

* Received by the editors March 20, 1984, and in final revised form July 22, 1985.
f Departamento de Ecuaciones Funcionales, Facultad de Ciencias, 39005-Santander, Spain.
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Let K be a nonempty, convex and closed subset of L2(-) and let J be the functional

(1.5) J(v) = (y(v)-yo)2 dx+- v2(x) dx

where Yo is a fixed element of L2([I) and r => 0.
We consider the following control problem"

(p) Minimize J(v)
Subject to v K and ly(

There are several papers dealing with control problems with state constraints. In
these problems, there exists a fundamental difference between integral and pointwise
state constraints. Lagrange multipliers in the optimality conditions are integrable
functions in the first case and measures in the second case. The choice of the functional
spaces is very important for proving the existence of a Lagrange multiplier associated
with the constraint in the state, Bonnans and Casas [5], [6].

One ofthe first papers in distributed optimal control problems with state constraints
was written by Mossino [ 15]. She studies a dual control problem, but she cannot prove
the existence of a solution (which would be a Lagrange multiplier) because the choice
of the functional spaces is not suited to the state constraint. See also [21].

The existence of this multiplier is interesting because it allows one to prove
regularity results of the optimal control and state, which is useful in determining error
estimates for approximating schemes. Barbu and Precupanu [3] and Lasiecka [11]
derive the existence of a Lagrange multiplier for some control problems with integral
state constraints.

Mackenroth in [14] considers a parabolic system controlled by Neumann condi-
tions and subject to pointwise state constraints on the final state. He, like Mossino,
studies a dual control problem, but now the functional spaces are well chosen, which
allows one to prove the existence of a multiplier as a solution of this dual problem.

In this paper, the first objective is to prove the existence of a Lagrange multiplier
which allows one to derive the optimality conditions. This is done by a direct and
simple method that uses the well-known results of convex analysis. We do this without
introducing any dual control problem. We prove that this multiplier is a Borel measure.
This is done in 2. In 3, we study some properties of these measures.

In 4, we give some regularity results for the optimal control and state, which is
the second objective of this paper.

Smoothness properties of solutions to distributed control problems for systems
governed by parabolic equations subject to control constraints have been proved by
Lasiecka and Malanowski [12]. Lasiecka [11] derives some regularity properties of
optimal solutions of distributed control problems with state constraints in integral
form. The author is not aware of other regularity results for problems with pointwise
state constraints governed by partial differential equations other than these proved in
this paper and those proved in [5] for a different problem and using different techniques.

2. Existence of solution and optimality conditions. Let C(fl) be the space of real
and continuous functions on 1, endowed with the supremum-norm II , It is known
[1] that H2([’) C([) (1 <= n<-3), the inclusion being continuous.

We will denote by Co(O) the subspace of C(II) formed by the null functions on
F. Then it is obvious that H2(fl)fq H() is included in Co(O), the inclusion being
continuous.

Let us denote the linear map v-->y(v) by T, T" L2(fl)--> Co([l). An obvious
consequence of (1.4) is that T is continuous.
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Let B be the following subset:

n {z Ilzll <_- 1}

and let Is be the indicator of B

i(z)={o ifzB,
ifzB.

Then the problem (P) can be stated in the following way:

(2.1) Inf {J(v) + (Is T)( v)}.

Now we assume that the following hypothesis holds:

(2.2) Either K is bounded in LE(f) or r > 0.

THEOREM 1. Suppose that there exists an element Vo K such that Tvo B. Then,
under the hypothesis (2.2), (P) has a unique optimal solution.

The proof is standard (Lions [13]), it is enough to note that J+ Is T is a lower
semiconfinuous convex functional and, from (2.2), the problem (P) is coercive. Note
also that, even if r-0, the functional J is strictly convex and so we deduce the
uniqueness of the solution.

To derive some optimality conditions, we will assume that the following Slater
condition holds:

(2.3) :1Vo K such that Tvo .
We will denote by M(I) the space of all real and regular Borel measures on

endowed with the norm

where is the total variation measure of
According to the Riesz representation theorem (Rudin [19]), M(f) is the dual

space of Co(O) and the following equality holds:

(2.5) I/xl(f) sup f z
zB

Now we consider the space H H2(f) fq H(I) endowed with the norm
It is obvious that H is a Hilbert space. On the other hand, since the coefficients a0
(1 -< i,j<= n) are Lipschitz functions, we see that Az L2(f) for all z H2(f) and so
it’follows from (1.4) that A is an isomorphism from H onto L2(f).

As usual, we will denote by0 the subdifferential of a convex function (Rockafellar
[18], Ekeland and Temam [9]).

THEOREM 2. Under the hypothesis (2.3), u e K is a solution of the problem (P) if
and only if there exist I M(I), p L2() and y H such that

(2.6) Ay- u onlY,

(2.7) InpAz dx= In z(y- yo) dx + I z dtz Vz H,

(2.8) InYdlz=sup fnzdlx’
(2.9) f (p+ ru)(v-u) dx>-O Vv K.
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Proof. u is a solution of the problem (P) if and only if u minimizes in L2(-) the
functional

(2.10) ,(v)=J(v)+(Is T)(v)+ Ir(v)

where Ir is the indicator of K.
But q,(u)= Infcn q,(v) if and only if 0 0q,(u). By using the hypothesis (2.3)

and the standard formulas for subditterentials of convex functions (Rockafellar 18],
Ekeland and Temam 9]) we obtain

(2.11) 0 J’(u) + T* oOla(Tu)+Ollc(U)

which is equivalent to u K and the existence of Ix OI(Tu) such that

In (Y(u)- yo)(y(v)- y(u)) dx + r ln u(v- u) dx

(2.12)

l’+ T’ix(v-u) dx>=O

(2.13) IX OIs( Tu).

Take y y(u), Pl T’ix and let P2 E H() be the solution ofthe Dirichlet problem

A*p2 Oxj (ajiOx,P2) + aoP2 y Yo on f,

(2.14)
i,j=l

P2 0 on F.

Finally, taking p Pl + P2, We have

In(Y-Yo)(y(v)-y(u)) dx+ In T*ix(v-u) dx

(2.15) =InA*p2(y(v)-y(u)) dx+ fnpl(v-u) dx

Inp2(v- u) dx + InP,(V- u) dx InP(V- u) dx.

From (2.12) and (2.15) we obtain (2.9), (2.8) follows from (2.13) and (2.6) is
Obvious. Now we prove (2.7). Let z H, then

IfzpAzdx:Isap2Azdx-C-IplAzdx
=fnA*p2zdx+faT*Azdx

(2.16)

=In (Y-Y)z dx + In T A)z dix

=In (Y-Y)z dx + In z dix" Q.E.D.

Remark. From (2.7) it follows that p satisfies the adjoint state equation

(2.17) A*p=y-yo+ix on.
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We will prove in Theorem 4 that p has a null trace on F. The approximation by a
finite element method of this equation has been studied by the author in [8].

3. Study of the multiplier bt. Next we prove some properties of the Lagrange
multiplier /. First recall that if the solution u of (P) satisfies [[y(u)l[< 1, then we
deduce from (2.8) that/ =0. Now we examine the case Ily(u)lloo= 1.

THEOREM 3. Let u be the solution of (P) and let/ M(I’I) satisfying (2.8). Take
y Tu and consider the sets

and

fl+= {x fl" y(x)= +l}, fl_= {x e lI" y(x)= -l}

ao-- {x a. ly(x)l < 1}.

Let I I+- I- be the Jordan decomposition ofl and Il ,+ +/.- the total variation
measure oflx. Then 1

+ and t-- are concentrated in [l+ and [l_, respectively, that is to say

(3.1)

Moreover

(3.2) Ja ([Y(x)l- ) dli(x) o.

Proof From (2.5),/x +-/z- and I l- / we see that (2.8) is equivalent to

(3.3, ;aydlx+-Iaydl-:,ll(lI):Ialdl++Ialdtx-.
This can be rewritten as

(3.4) Ia (y -1) di+ Ia (y + l dl- O.

From -1 -<_ y-<_ + 1 we see that each of the integrals must vanish. The assertion
(3.1) follows now from the definition of fl+, 1)_ and

Equation (3.2) is an obvious consequence of (3.1). Q.E.D.
Finally, we analyze a very frequent situation. As an immediate consequence of

Theorem 3 we prove a fact that the numerical experimentation has clearly shown: the
Lagrange multiplier is null at the points where the state constraint is not active and it
is a Dirac measure when the constraint is active at a unique point, Casas [7] and
Mossino 16].

COROLLARY 1. Under the same hypothesis as in Theorem 3 and, furthermore, if the
equality ly(x)l- 1 is satisfied at a finite set ofpoints {X}m_-, we have

(3.5) E
j=l

where A R and ta is the Dirac measure concentrated at x. Moreover,

(3.6) >=0 ify(x)= +l,

and

(3.7) <=0 ify(x)=-l.
4. Regularity of the optimal solution. Next we investigate the regularity of the

optimal solution u as well as the optimal state and Lagrange multiplier p.
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If s R, s >= 1, and m is an integer, we will denote by wm’s(-) and W"s(O) the
usual Sobolev spaces (Adams [1]).

THEOREM 4. Let ix M(O) and q L2(f) be such that

(4.1) fqazdx=Izdtz zH.

Then q W"(O) for all s 1, n/(n 1)) and there exists cs > 0 such that

(4.2) Ilqll

Proof We first consider the one-dimensional case.
A) Case n 1. In this case, it is well known that W’S(f) c Co(O) for all s 1, ],

the inclusion being continuous (Adams [1]); hence M(O)c W-I’(O) for all s (1, ).
In particular, ix H-l(f) and so by density, it follows from (4.1) that

(4.3) (q, Az)14(a)H-,(o)= f z dix Vz H(12).

Since A is an isomorphism from H(O) onto H-I(O), we deduce the existence
of cl > 0 such that

(4.4)
(q, Az) <=

which proves that q (H-I())’= H() and

(4.5)

On the other hand, since n 1, the operator A can be written in the following way"

d2z da dz
(4.6) Az -all dx2 dX dx - aoz.

Finally, it is obvious that A*q Aq =ix on O, therefore

d2q_ 1 ( dall dq
(4.7)

dx2 a \ dx dx
t- aoq-ix) W-I’(O)

for all s (1, +).
So from (4.5) and (4.7) we obtain (4.2). Q.E.D.
Before proving the case n > 1, we will prove the following lemma.
LEMMA 1. Letf W-I"(O) where > n is a real number, n 2 or 3. Let z

be the solution of the Dirichlet problem

Az=f on O,
(4.8)

z=0 on F.

Then z Co(O) and there exists c > 0 such that

(4.9) Ilzll cllfll
Proof. Letfe W-"(O) and let {f/}j’=0 C L’(f) be such that (Adams [1, pp. 47-51])

(4.10) S-So+
j=l
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and

(4.11) Ilfll v-,,,.)--
j=0

Let Zo H(f) be the solution of

Azo=fo onfl,
(4.12)

Zo=0 onF.

Then, from (1.4), we deduce that Zo H2() H(O) and consequently

(4.13) Ilzoll Clllzoll .) c=llfoll .) cllfoll ’.).
Let now z H() be the solution of

(4.14) =
z =0 onF.

Since > n, we deduce from (4.14) and the Lax-Milgram theorem (Neas [17]):

z, (-) c4 Oxj
H-IIj=l ()

(4.15)

j=l j=

Fuahermore, by using the theorem (1.4) of Ne6as 17, p. 319], we obtain

(4.16)
j=l

Now, (4.9) follows from (4.13), (4.15) and (4.16).
In order to prove that z Co(O) it is enough to consider a sequence {f,}=

such that f,f in W-I"(O). Now from (1.4) it follows that the solution z, of

Az,=f, onO,
(4.17)

z, =0 onF

belongs to H2(O)O H(O)c Co(O) and using (4.9) we derive

(4.48) IIz- zI1 cllf-L -’,’<.) 0

which proves that z Co(O). Q.E.D.
B) Case n > 1. Take s (1, n/(n 1)) and let > n be such that (1/s) + (1/ t) 1.

Given @ L’(O), let z H be the solution of the Dirichlet problem

Az=@ onO,
(4.19)

z=0

From (1.4) and (4.9) we derive

onF.

(4.20)
I, qAzdx I, zdl

-<-I1, ,.llzllo -< cll, .llq, w-’,’..

Since L’(12) is dense in W-l’t(fl) and w-l"(f) is the dual space of W’S(fl) it
follows from (4.20) that q W’S(l) and q satisfies (4.2).
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The case s= 1 is a consequence of the continuity of the inclusion W’S’(f)c
w’l(f) for all s’> 1. Q.E.D.

Stampacchia [20] proved Theorem 4 under the hypothesis: ao(x)->_
Moreover, he supposed that f is a H-admissible subset which is not easy to verify.

THEOREM 5. Let I M(f) and q L2(f) be as described in the statement of
Theorem 4 and let E c be a closed set such that I[(f\E)=0. Then q Hoc(12\E)
and hence is continuous on f\E.

Proof From (4.1) we derive

(4.21) fa qad/dx=IaqAdx=Iad/z=Ia d/z=0
\E \E

for all D(\E).
Thus we obtain that q L-(f) is a local solution of A*q =0 on f\E, then (Neas

[17]) it follows that qHo(12\E). On the other hand Ho(12\E)c C(f\E) which
completes the proof. Q.E.D.

As an immediate consequence of this theorem we obtain a regularity result for
the Lagrange multiplier p.

COROLLARY 2. Let I- M(f) and p L2() be the Lagrange multipliers obtained
in Theorem 2. Then p W’(12) for all s 1, n/(n 1)). If, furthermore, fo is the set

defined in Theorem 3, we have p H12o(12o).
Now in order to investigate the regularity of the optimal solution u of (P), we

are going to suppose that r is strictly positive in (1.5).
COROLLARY 3. Let K be one of the following sets:

KI= {v L2(): V(X)>=O a.e. in },

K2: {v L(f): I1 11 L=<.>----< 1}.
Let u be the optimal solution of (P), then u W’S(l’l) for all s 1, n/ n 1)). Furthermore
we have that u Ho(flo)CI C(12o) if K K and u belongs to Ho(flo) if K K.

Proof. If K K, it follows easily from (2.9)

(4.22) u(x) _1_ Inf {0, p(x)} a.e. in 12.
r

If K K, also from (2.9) we derive that

p(x)
if lip <-) > r,

(4.23)

u(x) -+/-p(x) if Ilpll =._-< r.

The assertion follows now from (4.22), (4.23) and Corollary 2 (Lions
[13]). Q.E.D.

COROLLARY 4. Let 1, 2 H1(12 be such that

K {v L2(f): ffl(X) -< v(x) <= 2(x) a.e. in l}
Then u Wl’(f)/s [1, n/(n-1)) and if, furthermore, the functions , d/2 are con-
tinuous, we have that u Hoc(fo)0 C(fo).

Proof. From (2.9) it follows

(4.24) u(x)=max{d/(x),min{-p(x),b2(x)}} a.e.

Now the corollary is a consequence of Corollary 2 (Lions [13]). Q.E.D.
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Remark. The formulas (4.22), (4.23) and (4.24) prove that the regularity of u
depends essentially on the regularity of p. In general, p Hi(f/) and consequently the
result u wl’s(f/) for all s [1, n/(n 1)) is optimal. Consider, for example, a control
problem where the state constraint is active at a unique point Xo f/, then the Lagrange
multiplier/z is a Dirac measure (Corollary 1) and consequently p Hi(f/).

When u is given by (4.23) and the coefficients aij and ao of A are C functions
on , then it is easy to prove that p and u are Coo functions on f/o.

Finally, in order to study the regularity of the optimal state, we assume that F is
a manifold of class Coo and ao, a0 (1 -<_ i, j _-< n) are functions of class Coo (it is possible
to weaken these regularity hypotheses, see [2], [17]).

COROLLARY 5. Let K be defined as in one of the Corollaries 3 or 4. Then the optimal
state y belongs to the Sobolev space wa’s(fl)fqH(fl) for all s[1, hi(n-l)) and
moreover y H13o(l0). Iffurthermore n <- 2, then y CI(I)).

Proof. Since u wl’s(fl), it follows from [2] that y belongs to wa’s(fl)f’)H(fl).
On the other hand, u Ho(Ilo) implies (see [17]) that y H13o([o).

Finally, if n_-<2 and (n/(n-1))-s is small enough, we have wa’s(fl) C(),
from where y C1(1). Q.E.D.

Acknowledgment. The author wishes to thank the referees for several important
suggestions on this paper. In particular, the proof of Theorem 3 presented in this paper
was suggested by one of them.
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EVEN MORE STATES REACHABLE BY BOUNDARY CONTROL
FOR THE HEAT EQUATION*

E. J. P. GEORG SCHMIDTf

Abstract. In this note we show how both known and new sufficient conditions for reachability in
boundary control for the heat equation can easily be derived from null controllability. A characterisation
of reachable states remains elusive.

Key words, distributed control, heat equation, reachability

Let 12 be a bounded domain in R" whose boundary 01) is a C manifold. Let A
denote the Laplacian operator on R, O/Ov denote differentiation in the direction of
the outward pointing normal v to 0, a be a nonnegative constant, and "="
a(O/Ov) + 1. We consider the following initial bounda value problem:

(x, t) Au(x, t) for x , (0, T],
Ot

(1) u(x, t) =f(x, t) for x 0, (0, T],

u(x, O) Uo(X) for x .
It can be shown that, given Uo in = L2(O) and f in L(OO x (0, T)) (1) has a
unique weak solution u(x, t) in LE(fl x (0, T)) C( x (0, T)) in the following sense
(see [4] or [8]):

u(x, t) (x, t) + (x, t) dx dt + Uo(X)(x, O) dx

(2)
+ f(x, t)(x, t) dS dt =0,

where dS denotes an element of surface area of , belongs to the space of test
functions

={6 c(fi x [0, T]). 6(., T)0, 6(., t)0}

and

t) forxOf/, t>O ifa>O,
(3) ck(x, t)= I Ock

---u(x, t) forxe01), t>0 if a=0.

Moreover u(., T) lies in Yf, so that one can define the set of states reachable from Uo
in time T by

r(Uo, 0?/) {u(., T): there existsfe 07/with u(x, t)
the corresponding solution of (1)}.

* Received by the editors June 12, 1985 and in revised form October 7 1985. This work was supported
by the Natural Sciences and Engineering Research Council of Canada under grant A7271.

t Department of Mathematics and Statistics, McGill University, Montreal, Quebec, Canada H3A 2K6.
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It is well known that r(Uo, q/) is dense in (see, for example [5]), that 0 T(U0,
(a fundamental and deep result known as "null controllability" and proved in [6] or
[9]) and that r(Uo, ) is independent of Uo and T (see [2] or [10]). From now on
we denote r(Uo, ) by ; it forms a nonclosed subspace of . We refer to the
functions in that subspace as "reachable." No intrinsic characterisation of reachable
functions has yet been given. However there exist various sufficient conditions for
reachability, which allow one to identify some interesting classes of reachable functions
(see, for example, [6], [8], [7], [11], [12]). In this note a new sufficient condition is
given which subsumes most of the known conditions.

We remark that the space of controls can be chosen in other ways without
affecting the validity of all the previously stated facts. If, for example, a # 0 one can
choose q/= L2(Ofl x (0, T)) while, if a 0 (the case of Dirichlet boundary conditions)
q/can be chosen as in 11 ].

Given w in with Aw in (in the distribution sense) we say that w =f (with
f in L(Of)) if

(4) Aw(x)dp(x) dx w(x)ach(x) dx + f(x)dp(x) dSx,

for any & in C(I)) satisfying & =0.
Let I1" I1 and I1" I1 denote the norms on and o//, respectively. Since

can be regarded as a subspace of 0// (consisting of functions independent of t), I1"
can be used on Loo(Ofl), and in fact coincides with the usual norm.

We can now state our main theorem.
THEOREM. Let v in satisfy
(i) A"v , for all positive integers n and for some p > 0 the series

(’P.)" Any(.)
,=o n!

converges in .
(ii) (A"v) Loo(0f/), for all positive integers n, and furthermore the series

,=o

converges in L(OO). Then v is reachable.
Proof. Pick T in (0, p) and note that the series

E (t-T) A"v and E (t-T)"
n=o n! .=o n!

  (anv)

converge uniformly and "absolutely" (with the appropriate norm replacing absolute
values) to yield functions u(x, t) in L(f/ (0, T)) and f(x, t) in respectively. Note
that u(x, T) v(x). Let uc(x, t) and fc(x, t) denote the partial sums of the two series
(with n running from 0 to N); then (d/dt)uN(x, t)--AUN_l(X, t). Now integration by
paas and (4) readily yield, for test functions in if,

u (x, t) (x, t) + t)A (x, t) dx dt + u (x, O) dx

+ f-l(X, t)6(x, t) dSx dt O.

Letting N tend to infinity one obtains (2), so that one can conclude that v(x)= u(x, T)
belongs to (u(x, 0), ) .
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This theorem has a number of easy corollaries.
COROLLARY 1. The following classes offunctions are included in
(a) Polynomials in the space variables (see also [7] and [11]).
(b) Functions v which satisfy Av Av with 3v in L(Ofl), a class offunctions which

includes "holdable targets" (see [8]), the eigenfunctions of A corresponding to
homogeneous boundary conditions, the restrictions to fl of such eigenfunctions on bigger
domains and functions of the form 1-I i"--- I]li (Xi) with bi (xi) cos (aixi), sin (aixi) or
exp (aixi) (see [7, Cor. 6]).

(c) The restrictions to fl offunctions v in LE(R") whose Fourier transforms satisfy
exp (p:E)t3(s) LE(R") for some p > O.

The proofs of (a) and (b) are trivial; (c) requires Plancherel’s theorem and the
observation that, when p is replaced by a slightly smaller positive constant, the series
occurring in hypotheses (i) and (ii) of the theorem, written in terms of Fourier
transforms, converge uniformly in x.

The next corollary partially generalises a result to be found in [6]. To formulate
this one needs to introduce the selfadjoint operator defined as A acting on the
appropriate domain of functions b in LE(fl) satisfying 3b 0. Then (see 1]) has
a complete orthonormal system of eigenfunctions {k}k_-i corresponding to negative
eigenvalues {--}[k}k=l Given v in L2(’ let /)k denote the coefficient of v with respect
to k"

COROLLARY 2. Let v in LE(fl) satisfy k=l exp (2pAk)v < for some p > 0; then
v is reachable.

To prove this we note that A"v- )-’k=l (--’k)nl)ktk belongs to the domain of for
all n and hence 3(A"v)- 0, so that hypothesis (ii) of our theorem is satisfied for any
choice of p. Moreover (i) is satisfied since one easily justifies

(-P) A"v exp (pAk)Vkbk,
n=l /1! k=l

which is convergent in L2() by hypothesis.
Without describing the details we remark that Theorems 5 and 5o of 11] can also

be obtained immediately from our theorem (adapted to handle the space of controls
used in the cited paper).

It is also possible to give a generalisation of a result in [7] which is not contained
in the previous theorem.

PROPOSITION. Let w in L2([’ be a solution of
(A-A)w=v and 3w=g,

where v is in and g is in L(OI’I). Then w is reachable.
When v 0 this is just Corollary l(b); by linearity it is then enough to prove the

result for g- 0. This involves minor changes in the proof for the case A 0 (given in
[7, Thm. 3]).

An easy induction proof on the degree of the polynomial then yields
COROLLARY 3. Thefunctions p(x)v(x), wherep is a polynomial and v is as described

in Corollary l(b), are reachable.
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ALGEBRAIC RICCATI EQUATION*

I. GOHBERG, P. LANCASTER* AND L. RODMAN

Abstract. The structure of the set of hermitian solutions of the matrix quadratic equation XDX XA
A*X C 0 is studied under the conditions that C C*, D is positive semidefinite and (A, D) is stabilizable.
New features (e.g., nonexistence of the minimal solution) appear in contrast with the known case when
(A, D) is controllable.

Key words, algebraic Riccati equation, hermitian solutions, extremal solutions, stabilizability, invariant
subspaces
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1. Introduction. Our primary concern is the analysis of hermitian solutions X of
the Riccati equation of the form

(1) XDX XA A*X C O.

This equation will be considered under the assumptions that A, C, D are n x n matrices
with complex entries with C hermitian, D positive semidefinite, and the pair (A, D)
stabilizable.

The now classical problem of quadratic optimization of a time-invariant finite-
dimensional linear problem can be reduced to the solution of (1). Namely, the control
u(t) of the time invariant system

(2) Y Ax + Bu

which minimizes the cost functional

(3) (X*Cx + u*Ru) dt

with constant positive definite matrix R and positive semidefinite C, is given by the
formula

u(t) -R-1B*X+x(t),
where X/ is the maximal hermitian solution (which is assumed to exist) of the matrix
equation

(4) XBR-1B*X XA-A*X C O.

The maximality of X/ means that X/-X is positive semidefinite for any hermitian
solution X of (4).

It is important to know when the solutions of (2) are stable, and it is well known
that this happens if and only if all the eigenvalues of A are in the open left halfplane.
More generally, we ask when the stability of (2) can be achieved by feedback. This

* Received by the editors October 30, 1984, and in revised form September 20, 1985. This research was

partially supported by the Natural Sciences and Engineering Research Council of Canada.
f School of Mathematical Sciences, Tel-Aviv University, Tel-Aviv, Ramat Aviv, Israel., Department of Mathematics and Statistics, University of Calgary, Alberta, Canada T2N 1N4.
School of Mathematical Sciences, Tel-Aviv University, Tel-Aviv, Ramat Aviv, Israel. The research of

this author was partially supported by the Fund for Basic Research administrated by the Israel Academy
of Sciences and Humanities.
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means that after a transformation u Fx + v with some matrix F (where v is the new
control) the equation

Y (A + BF)x + By

is stable. In other words, the eigenvalues of A+ BF are in the open left halfplane. If
such an F exists, the pair (A, B) is called stabilizable.

It is possible to check that (A, B) is stabilizable if and only if (A, BR-1B*) is
stabilizable. So a natural additional restriction on the coefficients of (1) is that (A, D)
be stabilizable. Indeed, this is a useful sufficient condition for the problem ofminimizing
the cost functional to be well posed.

In particular, (A, D) is stabilizable if this pair is controllable, which means that
its controllability subspace CA,D =Yj=l Im (AJ-ID) coincides with C For a theory of
equation (1) under the controllability of (A, D) see [6], [15] and expositions in [2],
[3], [12] (many references concerning the development of this theory are found in
[12]). Our purpose in this paper is to extend this algebraic theory to the case when
only stabilizability of (A, D) is required. In the course of this extension new features
appear: First, in contrast with the controllability case, the minimal hermitian solution
of (1) does not always exist. However, the reader’s attention is drawn to the sufficient
condition (called regularity) under which a minimal solution exists given in Corollary
4.4, and to two other characterizations of equations for which minimal solutions exist
(Corollary 5.2).

Second, in the geometric description ofthe hermitian solutions there is a distinction
between two cases. In one case (the regular case) this description goes in the same
way as when (A, D) is controllable (see [6], [15]). In the nonregular case the situation
is more complicated and only partial results are obtained.

The paper consists of 6 sections. In the second section we study the existence
question and properties of the maximal hermitian solution and also give an example
of nonexistence of the minimal hermitian solution. Existence of hermitian solutions
of (1) is studied in 3 in the geometric terms of invariant subspaces associated with

C A*

The regular and nonregular cases are studied in 4 and 5, respectively. In 6 we
discuss the Riccati equation with real coettScients and the properties of real symmetric
solutions.

2. Existence and properties of extremal solutions. Consider the algebraic Riccati
equation

1 XDX XA A*X C O,

where A, D and C are n x n (complex) matrices, D is positive semidefinite, C is
hermitian and the pair (A, D) is stabilizable, and hermitian solutions X of (1) are
required. These conditions on A, D, C will be maintained throughout the paper. Our
first result asserts the existence of the maximal hermitian solution. We say that a
hermitian solution X+ of (1) is maximal if X/-> X for any other hermitian solution
of (1). Here and elsewhere X _>- Y for hermitian matrices X and Y means that X- Y
is positive semidefinite. Clearly, a maximal hermitian solution is unique if it exists.

THEOREM 2.1. If (1) has a hermitian solution, then it has the maximal hermitian
solution X+. The matrix X+ has the property that all eigenvalues ofA- DX+ are in the
closed left halfplane.
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The case when C >_-0 arises naturally in quadratic optimal control problems (see
the Introduction). For this case we have the following.

THEOREM 2.2. IfC >- O, then (1) has a hermitian solution, and its maximal hermitian
solution X+ (which exists by Theorem 2.1) is positive semidefinite.

For completeness, we remark that hypotheses on the pair (A*, C) arise naturally
in the quadratic optimal control problem and give stronger conclusions. It is shown
in [19], for example, that if, in addition to the hypotheses of Theorem 2.2, (A*, C) is
stabilizable then the matrix A-DX/ is stable (i.e. has all its eigenvalues in the open
left half-plane), and if (A*, C) is controllable, then X/ is positive definite.

We shall prove Theorem 2.1 together with the following result concerning existence
of hermitian solutions if the hermitian matrix C is increased.

THEOREM 2.3. Assume (1) has a hermitian solution. Thenfor every hermitian matrix
C’ satisfying C’>- C the equation

(2) XDX XA-A*X C’ 0

has a hermitian solution as well. Moreover, the maximal hermitian solutions X+ and X’+
of 1 and (2), respectively which exist by Theorem 2.1 ), satisfy the inequality X’+ >- X+.

Theorem 2.2 is a simple corollary of Theorem 2.3. Indeed, equation XDX-XA-
A*X- 0 obviously has the hermitian solution X 0. Now use Theorem 2.3 to obtain
Theorem 2.2.

In case (A, D) is controllable the result of Theorem 2.1 is known and goes back
to 13 (see also [2]).

Theorem 2.2 seems to be new although closely related results with stronger
hypotheses on the pair (A, D) have been known for some time (see [4], [5], [1], [9]).
Similarly, Theorem 2.3 seems to be new, although a related result (without the existence
statement) appears in the work of Willems 16]. Also, using other methods, and during
the preparation of this paper, A.C.M. Ran has proved Theorem 2.3 in the case that
(A, D) is controllable.

Theorems 2.3 and 2.1 will be proved together. In the proof we use an approach
introduced (in a special case) in [5] and further developed in [18], [2].

It is well known that under the stronger condition of controllability of (A, D)
equation (1) has the minimal hermitian solution X_ which is defined by the property
that X >_-X_ for any hermitian solution X of (1), provided (1) has hermitian solutions
at all. (see e.g., [2]). This fact follows easily from Theorem 2.1. Indeed, if (A, D) is
controllable, so is (-A, D). In particular, (-A, D) is stabilizable. Apply Theorem 2.1
to the equation

(3) XDX+XA+A*X- C O,

and observe that X satisfies (3) if and only if-X satisfies (1). The following example
shows that, in contrast with the controllable case, the minimal hermitian solution need
not exist under the conditions of Theorem 2.1"

Example 2.1. Let

D=
0 0 -1

A calculation shows that the hermitian solutions of (1) are

_lbl=/2 bC.



1326 I. GOHBERG, P. LANCASTER AND L. RODMAN

Clearly,

is the maximal solution, but there is no minimal solution.
Proof of Theorems 2.1 and 2.3. Let

C=Im[D, AD, A"-ID]

be the controllable subspace of (A, D). Clearly, C is A-invariant and contains Im D.
Hence with respect to the orthogonal decomposition C"=CC" we have

A2j,
D=

0

where D1 is positive semidefinite and (A, D1) controllable. Further, the stabilizability
of (A, D) implies that A2 is stable. As (A1, D1) is controllable, there is a hermitian
matrix Y such that A1-D Y is stable. Indeed,

Y= e D e- dt

will do (see [8] and also [14, Thin. III.2.1]).
Now for the hermitian matrix

Xo=[0
we have that A-DXo is stable.

XStarting with Xo we shall define a sequence of hermitian matrices { .}.=o
satisfying the equalities

(5) X,+l(A- DX,,) + (A DX,)*X,.+, -X,,DX,. C’, , O, 1,’",

where C’_-> C is a fixed hermitian matrix. The sequence will also have the property
that A-DX,, is stable for all u. Assuming inductively that we have defined X, X*
already with A-DX, stable, (5) has a unique solution X,+I. Taking adjoints in (5)
and using the uniqueness of the solution, we obtain X,+I X,*+I. We are to show that
A-DX,+I is stable. To this end note the following identity which holds for any
hermitian matrices Y and :
(6) Y(A-DY)+(A-DY)*Y+ YDY

Y(A-D,f")+(A-D)*Y+ D-(Y- )D(Y- ).
By assumption, there exists a hermitian solution X of (1). Letting Y X and I" X,
in (6), we get

(7) X(A-DX.)+(A-DX.)*X+X.DX.-(X-X.)D(X-X.)=-C.

Subtract (7) from (5):

(X,,+, X)(A DX,) + (A DX,)*(X,,+I X) -(X X,,)D(X X,,) C’- C).

In this part of the proof the line of argument follows that of the second proof of Theorem 2.1 in [2].
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As A-DXv is stable it follows from Proposition 8.13.1 of [7], for example, that

Xv+I-X e(A-X)t[(X--X)D(X--X)+C’--C] e(A-x)*t dr.

In particular, X+, ->_ X.
Next, use (6) again with Y X/I, Y= Xv and apply (5) to get

(8) X+I(A- DX+,)+(A- DX+,)*X+ + Xv+IDX+I
-C’-(X+,-X)D(X+,-Xv).

Subtracting the equality (7) with X replaced by X/,, we obtain

(X.+l- X)(A- DX+,) + (A- DXv+,)*(X+I X)
(9)

-(X+,-X)D(X+,- Xv) -(X+,- X)D(X+,- X) C’+ C.

Assume now (A- DX+)x Ax for some A with Re A _-> 0 and vector x O. Then

(10) ( + x)x*(X+,- X)x x* Wx,

where W-<_0 is the right-hand side of (9). As X/,-X>=O, the equality (10) implies
x* Wx 0 which, using the definition of W, in turn implies

x*(X+, Xv)D(X+, X)x O.

But D >- 0, so D(X/, X)x 0. Now

(A- DX)x (A- DXv+l)X hx,

a contradiction with the stability of A-DX. Hence A-DX+, is stable as well.
Next it will be shown that the sequence {X}%o is nonincreasing. Consider the

equality (8) with v replaced by v-1, and subtract from it the equality (5) to get

(Xv X+,)(A- DX) + (A- DX)*(X X+,) -(X X_,)D(X X_,).

As A-DXv is stable,

X,-Xv+,= e(A-DX)t(X,-X,,_I)D(X,,-X,,_I) e(A-DX,,)*t dt>_O.

So {X}v%o is a nonincreasing sequence of hermitian matrices bounded below by X.
Hence the limit X# lim_oX exists. Passing to the limit in (5) when ,,- shows
that X# is a hermitian solution of (2). Since A-DX is stable for all , 0, 1, , the
matrix A-DX’+ has all its eigenvalues in the closed left halfplane. Also, X>-X for
every hermitian solution of (1). In particular, taking C’ C we see that the hermitian
solution X# of (1) is maximal. It follows now that X# >_-X+, where X+ is the maximal
hermitian solution of (1).

3. Existence of hermitian solutions in geometric terms. We continue our discussion
of (2.1) with the hypothesis D >_-0, C- C* and (A, D) stabilizable. Write

A2
D

0 C1"2 C2 J
with respect to the decomposition C"= C 03 C+/-, where C is the controllable subspace
of (A, D), as in (2.4). So (A1, D1) is controllable, and A2 is stable. Letting

x=
x* x.
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be partitioned conformally with (1), it is found that (2.1) is equivalent to the three
equations"

(2) XIDIX XIA A*I X C 0,

(3) (A*I XID1)X12+ X12A2 -( C12 + XA2),

(4) A*2 X2 + X2A2 X*2DIX12- X*2A12 A1*2X12 C2.

(Molinari [9] and Wimmer [17] have also taken advantage of this observation.)
The existence of a hermitian solution of (2) is equivalent to any one ofthe following

properties"
(a) There exists an m-dimensional, H-neutral, Ml-invariant subspace of C x C,

where m dim C,

0
and MH=

-I C A*
and I is the identity map on C. (See [6]. This generalizes the description using
eigenvectors of M1 introduced in [10].) (Recall that a subspace Lc C x C is called
H-neutral if (Hx, y)= 0 for every x, y L, where (.,.) stands for the standard scalar
product in C x C.)

(b) The partial multiplicities of M1 (i.e. the sizes of Jordan blocks in the Jordan
normal form of M1) which correspond to the pure imaginary eigenvalues of M1 (if
any) are all even (see [6]).

(c) The rational matrix function

Z(A)= I + D*o (AI + iA* )-I CI(AI- A1)-I Do,

where Do is any m x m matrix with D DoD*o, is positive semidefinite for every real
h which is not a pole of Z(A) (see [16] or [3]).

It turns out that these properties determine also the existence of hermitian solutions
of (2.1):

THEOREM 3.1. Equation (2.1) has a hermitian solution if and only if there is an

m-dimensional, H-neutral invariant subspace of M1, or, equivalently, if one of the
conditions (b) and (c) holds.

Proof. Assume that (2) has a hermitian solution. Taking the maximal hermitian
solution of (2) forX (which exists by Theorem 2.1), we find that, because all eigenvalues
of A1-D1X1 are in the closed left halfplane, equation (3) is uniquely solvable for
X12. Then (4) is uniquely solvable for X2 and this solution is hermitian. Thus a
hermitian solution X of (2.1) is obtained.

Conversely, if (2.1) has a hermitian solution X, then (2) holds with X1 her-
mitian.

We shall distinguish between two cases. If

(5) o’(M1) f’) o’(A2) ,
where A2 is defined by (1), the equation (2.1) will be called regular. Otherwise, it will
be called nonregular. This distinction is dictated by the fact that in the regular case
the hermitian solutions of (2.1) are completely described in terms of certain M1-
invariant subspaces, while in the nonregular case such a description is only partial.
These two cases are discussed separately in the next two sections.

4. The regular case. In this section we shall assume that the equation (2.1) is
regular, i.e. M and A2* have no common eigenvalues. It turns out that there is a
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one-to-one correspondence between the set of hermitian solutions of (1) and the set
of M-invariant subspaces corresponding to the spectrum of M in the open right
halfplane, as follows. We denote by L/ the maximal M-invariant subspace with
tr(M[/) lying in the open right halfplane.

THEOREM 4.1. Assume (2.1) has hermitian solutions and is regular. For every
M-invariant subspace Lc L+ there exists a unique hermitian solution X tp(L) of (2.1)
satisfying

[ I ]fqL+=L,(1) Im
PXP

where P is the orthogonal projector on C. Conversely, for every hermitian solution X of
(2.1) there is a unique Ma-invariant subspace L= L+ such that (1) holds, i.e. X o(L).

Proof Write (3.1) in the equivalent form of (3.2), (3.3), (3.4). As shown in [6]
(see also [3]) there is a one-to-one correspondence between the set of hermitian
solutions Xa of (2) and the set of all M-invariant subspaees L which are contained
in L+ given by the formula

(2) Im
X C’IL+=L.

Further note that the restriction of M to Im [x/,] is similar to -(A- DX). Therefore
the regularity condition (3.5) ensures that equation (3.3) can be uniquely solved for
X for any hermitian solution X of (3.2). Also (3.4) can be uniquely solved for X
in view of the stability of A.

The one-to-one correspondence 0 in Theorem 4.1 preserves topology, analyticity
and a partial order as shown in the next theorem. In connection with topology note
that the set of subspaces in CTM (where m =dim C) is considered as a metric space
with the gap metric

0(

where PL, is the orthogonal projector on L, I, 2, and the norm is understood in the
Hilbert space sense.

THEOREM 4.2. (i) The correspondence q introduced in Theorem 4.1 is a homeomor-
phism between the set of hermitian solutions of (2.1) and the set of all M-invariant
subspaces which are contained in L+.

(ii) Let L and L2 be Ml-invariant subspaces contained in L/, and let X1
0(L), X2 o(L2) be the corresponding hermitian solutions of (1). Then La L2 if and
only ifXl >=

(iii) If P( t) is a 2m 2m matrix function which is analytic on an open connected
set 12 ’ and whose values are orthogonal projectors such that for every fl, Im P(t)
is an Ml-invariant subspaee contained in L+ then X( t)df q(Im P(t)) is an analytic
n x n matrix function whose values are hermitian solutions of (2.1). Conversely, if
X(t), 12 is an analytic matrix function whose values are hermitian solutions of (2.1),
then the orthogonal projector P( t) on o-(X( t)) is an analytic 2m x2m matrix function
on 12 as well

Proof (i) As shown in [13] and Theorem 4.2 of [9], the one-to-one correspondence
between the set of hermitian solutions X1 of (3.2) and the set of all Ml-invariant
subspaces L c L/ given by (2) is actually a homeomorphism. Now (i) follows from
the proof of Theorem 4.1, taking into account the fact that both X2 and X2 depend
continuously on the hermitian solution X of (2).
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(iii) This part follows from the corresponding analyticity property for hermitian
solutions of(3.2) (see 11 ]) taking into account the fact that the solutions X12 and X2
of equations (3.3) and (3.4), respectively, depend analytically on the data of these
equations.

(ii) It is known (see 1 ], 11 ]) that the correspondence between hermitian solutions
X1 p(L) of (3.2) and the subspace

L Im
X1

is partial order preserving in the sense that L L2 holds if and only if 0(L1)- I(L2)
is positive semidefinite. In view of this property, the proof of statement (ii) will follow
from the following result which concerns the possibility of extending (or dilating)
solutions of (3.2) to solutions of (2.1) in such a way as to retain their partial ordering.

LEMMA 4.3. Let D1, A1, C1, A2, C2, AlE, C12 be complex matrices of sizes m x m,
m x m, m x m, p x p, p x p, m x p, m x p, respectively, where D1, C1 and C2 are hermitian.
Assume that tr(-A) f’)tr(A2)- , and that

tr(-(A1- D1X,)) f"l tr(A2)

for every hermitian solution X1 of the equation

(3) X1D1X1 X1A1 A* X1 C1 O.

Thenfor every hermitian solution X of (3) there are unique matrices X12 and X2 such that

[ X1 X12]X=x*, x
satisfies the equation

(4) X [ DIO o0] X X[AIO A2J A1"2 A2*
X-

Cl*:Z C2
=0,

and if X1 >= Y1 are hermitian solutions of (3) then the corresponding solutions X and Y
of (4) satisfy X >- Y.

Proof Equation (4) is equivalent to three equations" Equation (3) together with

(A1 D1X1)*X12 at- X12A2 -( C12 q- X1A12),

A*2 X2+ X2A*2 X12O1XI2 X*12A,2- A1*2XI2- C2.
Hence the existence and uniqueness of X12 and X2 follow from the assumptions on
the spectra of A2 and A1- D1X1.

To prove the second statement of the lemma, we can (and will) assume without
loss of generality that C1 0, C2 0, C12 0 and that A2 is in upper triangular form.
Indeed, for a fixed hermitian solution X of (4), a hermitian matrix X is a solution of
(4) if and only if

(5) (X- ff)D(X- ff)-(X- ff)(A-Df)-(A*-Df)(X- f()=O,
where

A:[A1 A,2] D:[/, ]0 AA’
i.e. X-X satisfies an equation analogous to (4) with C1 =0, C2 =0, C12-0 and A
replaced by A- DJ. One checks easily that the assumptions on the spectra of A2 and
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of A D1X remain valid for the equation (5) as well. Further, for any nonsingular
p x p matrix S, X satisfies (4) if and only if

X= s, Xo
satisfy the equation

S- A2SJ A*2 A*2 S- C*12 C12S
and for a suitable S the matrix S-IA2s is upper triangular.

For a fixed j, 1 _-<j _-< p- 1, write

A2__ EA22 A231 A12 [A122, 3123],
0 A33J’

where A22,323, A33, A122 and A123 are matrices of sizesj xj, j x (p-j), (p-j) x (p-j),
m xj and m x (p-j), respectively. It is easy to see that, since tr(-A2)CI tr(A2)= ,
the assumptions of the lemma hold with D1, A1, A2, AlE replaced by

] [AOmxj A1221
Oj, Ojs 322 J’ 323 J’

respectively (here Ors stands for the r x s zero matrix). Hence, using induction on
the size p of the matrix A2, we can restrict ourselves to the case p 1, i.e. A2 a2 is
a scalar. In this case (4) is equivalent to the three equations

(6) XlDlX XlA A*, Xl O,

(7) (A,- DlXl)*X+ aXl -XlAI,

(8) (a2+ aE)X2 X*12DIX12-X*lEA12-A*12X2.
Equation (7) gives (recall that, from the hypotheses of the lemma, a2I+

(A- D1X)* is nonsingular)

x:= -[a+ (A1- DlX,)*]-lXlA:.
But in view of (6) the equality

[;+ (A DX)*]-lx X(I A)-1

holds for every , not belonging to tr(-A1 + D1X1)U tr(A1) and therefore

[a:I + (A- D,X)*]-lx X(a!- 31) -1,
where the fight-hand side is meaningful in the sense that X(a2I-A1)-1=
lim-,a2 [XI(AI-A1)-] even when a2 tr(A1). Hence

X12 -Xl(a2I A)-A2.
Now (8) becomes

(a2 + a2)X2 31*2(a2I A*)X1D1XI(a2I A1)-IA12 + 31*2(a2I A*)-IXAI2
+ A*2XI(a2I- A)-IA12,

and assuming a2 tr(A1) and inserting X1A1 +A*IX1 in place of X1DX1, we obtain
eventually

(a2+ 2)X2 A*12(aEI-A* )-l(a2 + a2)X1(a21-31)-312.
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As a2-1- 42 0, we have

and

X2 A*12((2I-A*)-1X1(a2I-A1)-1A12

X _A,12(a2I_A,)_X

Xl

where K =diag (/, -(a2I-A1)-A12).

-XI(a2I-A1)-IA12
A1"2(21 AI*)-1Xl(a2I A1)-1A2j

Analogously, for a hermitian solution Y of (6) and the corresponding solution

Y=
Yl*2 Y2

of (6), (7) and (8) we have

So if X1 >-- Y1, then

Y=K*[Y1 Y]K.

X1 X1 Y1 Y1
and consequently X-> Y. The assumption a2 tr(A) is immaterial, because one can
take a complex sequence {b,,}=l tending to a2 with bm tr(A1), apply the already
proved result for each bm (in place of a2), and pass to the limit when m--> o.

As a corollary to Theorem 4.2 we obtain the existence of minimal solutions:
COROLLARY 4.4. Under the regularity assumption or(M1)fq tr(A2)= , there exists

a minimal hermitian solution of (2.1).
Indeed, the hermitian solution X q({0}) (in the notation of Theorem 4.1) is

minimal in view of Theorem 4.2.

5. The nonregular case. We consider now the nonregular case:

o’(M1) fl r(A2) # .
Let /_+ be the maximal Ml-invariant subspace such that r(Mll+) lies in the open
right halfplane and r(Mll/)fq r(-A2)- . Such an /+ always exists; if o’(MllL)
r(-A2) # for every nonzero M-invariant subspace L with r(Mllt) lying in the open
right halfplane, we put /+ {0}. We have now a partial description of hermitian
solutions of (2.1) in terms of Ml-invariant subspaces contained in L+:

THEOREM 5.1. Assume that (2.1) has a hermitian solution. For every M-invariant
subspace L + there exists a unique hermitian solution X (L) of (2.1) satisfying

(1) Im
PMP

where P is the orthogonal projector on the controllable subspace C of (A, D). The solution
X satisfies

(2) r(-Alc + PDPXP) fq r(A2) .
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Conversely, for every hermitian solution X of (2.1) with tr(-AIc + PCPXP) (q tr(A2)
there exists a unique Ml-invariant subspace Lc L/ such that (1) holds. The correspondence
between Ml-invariant subspaces contained in + and hermitian solutions satisfying (2)

is analytic and a homeomorphism and preserves the partial order.
The continuity, analyticity and the partial order preservation of ff are understood

as in Theorem 4.2.
Theorem 5.1 is proved in the same way as Theorem 4.2.
It can happen, in general, that there exist hermitian solutions X of (2.1) for which

(2) does not hold (see Example 2.1). In this case, for at least one hermitian solution
X1 of (3.2) the linear equation (3.3) has many solutions X12 and therefore the set of
hermitian solutions of (2.1) is not compact. In particular, there is no minimal hermitian
solution. Conversely, if the set of hermitian solutions of (2.1) is compact, then equation
(3.3) has no solution X12 for any hermitian solution X of (3.2) satisfying tr(-A1 +
D1X) f"l tr(A2) . Hence all hermitian solutions X of (2.1) satisfy (2). In particular,
Theorem 5.1 ensures the existence of a minimal hermitian solution (which is obtained
from L-(0)). We have proved the following:

COROLLARY 5.2. Thefollowing statements are equivalentfor the equation (2.1) with
D >-O, C* C and (A, D) stabilizable (in either the regular or nonregular case):

(i) the set of hermitian solutions of (2.1) is compact;
(ii) there exists a minimal hermitian solution of (2.1);
(iii) every hermitian solution X of (2.1) satisfies

tr(-AIc PDPXP) f’l tr(A2) ,
where P is the orthogonal projector on the controllable subspace C of (A, D), and
AE=(I-P)A(I-P).

6. The real case. Consider the equation

(1) XDX XA A*X C 0

with D->_ 0, C C*, (A, D) stabilizable, and assume in addition that A, C, D are real
matrices. Naturally, in this case real symmetric solutions X of (1) are sought. The
results of 2, together with their proofs, remain valid if "hermitian" is replaced by
"real symmetric" throughout 2. Note that the maximal hermitian solution of (1) is
necessarily real. Note also that if there is a hermitian solution of (1), then there is also
a real symmetric solution.

To characterize real symmetric solutions of (1) in terms of invariant subspaces,
introduce the Ml-invariant subspace L++ C2m which corresponds to the eigenvalues
of M1 lying in the quadrant {A CI Re A > 0, Im A ->_ 0}.

THEOREM 6.1. Assume (1) has a real symmetric solutions and is regular. For every
M-invariant subspace L L++ there exists a unique real symmetric solution X ’(L)
of (1) satisfying

(2) Im
PXP

where P is the orthogonal projector on the controllable subspace of (A, D). Conversely,
for every real symmetric solution X of (1) there exists a unique M-invariant subspace
L c L/+ such that (2) holds, i.e. X r(L). The correspondence q is homeomorphic,
analytic, and preserves partial order.

The proof of Theorem 6.1 is obtained in the same way as the proof of Theorems
4.1 and 4.2 using Theorem 11.4.14 of [3].
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In the nonregular case a result holds for real symmetric solutions of (1) which is
analogous to Theorem 5.1. We leave its statement to the reader. Corollary 5.2 is valid
in the real symmetric case as well. Finally, we remark that if a minimal hermitian
solution of (1) exists, it is necessarily real.
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