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PHASE PORTRAIT OF THE MATRIX RICCATI EQUATION*

MARK A. SHAYMANY

Abstract. The matrix Riccati equation which arises from optimal control and filtering problems is a
quadratic differential equation on the space of real symmetric n X n matrices. It is closely related, via
compactification of the phase space, to the differential equations on the Grassmann manifold and the
Lagrange-Grassmann manifold whose flows are generated by the action of one-parameter subgroups of the
general linear group and of the symplectic group respectively. We determine the complete phase portraits
of the Riccati equations on all three spaces. The asymptotic behavior of every solution is described. The
phase portraits are characterized topologically as well as set-theoretically. Although the Riccati equation is
not generally a Morse-Smale vector field, we are able to show that it possesses suitable generalizations of
many of the important properties of Morse-Smale vector fields. In particular, the Riccati equation satisfies
a generalized version of the Morse inequalities for a Morse-Smale dynamical system. In fact, for the Riccati
equation, the inequalities are actually equalities.

Key words. Riccati differential equation, phase portrait, Grassmann manifold, Lagrange-Grassmann
manifold, Schubert cell decomposition, Morse-Smale flows
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1. Introduction. By the matrix Riccati differential equation (RDE) we mean the
quadratic differential equation

K = le + 322K - KB" - KB12K
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2 MARK A. SHAYMAN

defined on the vector space R™*" of real m X n matrices. B,,, B,,, B;, By, are constant
real matrices of dimensions m Xn, m Xm, n Xn, and n X m respectively.

The matrix Riccati equation plays a critical role in a wide variety of applications
which include transmission line phenomena, the theory of stochastic processes, optimal
control and filtering, diffusion problems, and invariant imbedding [32]. It is also of
independent mathematical interest because it is the description in local coordinates of
the differential equation on the Grassmann manifold whose flow is given by the action
of a 1-parameter subgroup of the general linear group. This is discussed below.

We are particularly interested in the Riccati equation which arises in optimal
control and filtering problems. It has the form

K=-Q-A'K-KA+KLK

defined on the space R"™" of real nXn matrices. A, L, Q are constant real nXn
matrices with L and Q symmetric and L nonnegative definite. The vector space S(n)
of real symmetric n X n matrices is an invariant manifold for this differential equation,
and it is the restriction to S(n) which is important in the applications. Thus, we will
regard this differential equation as defined on S(n), and call it the symplectic Riccati
differential equation (SRDE) for reasons which will become apparent. The role of the
SRDE in linear quadratic control problems is described in [5].

It has been known at least since the time of Poincaré that the topology of certain
differential equations in the plane could be clarified by extending the domain to the
projective plane. It was observed by C. Schneider [33] that the natural compactification
of the domain R™*" for the RDE is the Grassmann manifold G"(R"*™) of n-
dimensional subspaces of R"*™. We will refer to the Riccati equation on G"(R"*™)
as the extended Riccati differential equation (ERDE). The natural compactification of
the domain S(n) for the SRDE has been described by R. Hermann and C. Martin
[16], [27]. It is the so-called Lagrange-Grassmann manifold £(n) consisting of those
subspaces belonging to G"(R>") on which a certain skew-symmetric bilinear form
vanishes identically. We will refer to the symplectic Riccati equation on £(n) as the
extended symplectic Riccati differential equation (ESRDE). The compactification of the
domains of the RDE and SRDE is useful when investigating the behavior of trajectories
at infinity. However, the principal advantage of the compactifications is that for both
the ERDE and the ESRDE, the flow is obtained from the action of a 1-parameter
subgroup of a matrix Lie group. For the ERDE, the Lie group is the general linear
group Gl (n+m,R) while for the ESRDE, the Lie group is the symplectic group
Sp (n, R).

The primary purpose of this paper is to give the complete phase portrait for the
Riccati equation arising from the control and filtering applications, i.e. the symplectic
Riccati differential equation on S(n). However, the procedure we follow leads us to
first determine the complete phase portraits for the ERDE and the ESRDE. Our results
describe the asymptotic behavior of every solution for the ERDE, ESRDE, and SRDE.
Under generic assumptions, the distinctive features of the phase portraits of Riccati
equations are (1) a nonwandering set which consists of tori of various dimensions,
and (2) stable and unstable manifolds which are unions of so-called Schubert cells. It
was shown recently [18] that matrix Riccati equations on G"(R"*™) are not generically
Morse-Smale.! Our results show that although Riccati equations are generally not
Morse-Smale, their phase portraits reflect the topology of the underlying manifold in
an analogous way. For example, we show that Riccati vector fields satisfy a suitable

! This corrects the contrary announcement in [19].
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generalization of the Morse-Smale inequalities. In fact, for the Riccati equation, the
inequalities are actually equalities. We also use the phase portrait of the Riccati equation
to obtain new derivations of the mod 2 Betti numbers for the Grassmann manifold
and the Lagrange-Grassmann manifold.

In the penultimate section, we extend our results to include almost all of the
Riccati equations which are excluded by the generic assumptions in force throughout
the earlier sections. Under the relaxed assumptions, the connected components of the
nonwandering set are products of Grassmannians, while the stable and unstable
manifolds remain unions of Schubert cells.

Much of the research on Riccati equations has focused on the ‘“stabilizing”
equilibrium point of the SRDE, i.e. the equilibrium point K* which has the property
that every eigenvalue of the closed loop plant matrix A— LK * has negative real part.
However, recent work has also involved study of periodic solutions [29], [18], [19],
[37] and convergence (and nonconvergence) of trajectories to equilibrium points other
than K* [8]. Although there is a vast literature on Riccati equations, as far as we are
aware, our results provide for the first time a complete description of the asymptotic
behavior of every solution under assumptions which are satisfied by almost every
SRDE which arises from control and filtering problems.

We have used similar techniques to obtain the phase portrait for the matrix Riccati
equation in which the coefficient matrices are periodic functions of time [38], [40].

2. Extension of the phase space. In this section, we review how the RDE is extended
to the ERDE on G"(R"*™) [33], and how the SRDE is extended to the ESRDE on
PL(n) [16], [27]. Let y:R™" > G"(R™™) be defined by y(K)=Sp[}], the column
space of the (n+ m) X n full rank matrix [ig]. Let G5(R™ ™) consist of those subspaces
in G"(R"*™) which are complementary to the m-dimensional subspace Sp[r.]. Then
¢ embeds the Euclidean space R™” in G"(R"*™) as the open and dense subset
G3(R™™). In fact, (G§(R"™™™), y') is one of the standard charts for the manifold
G"(R"*™). (See Appendix.) Thus, G"(R"*™) can be viewed as a compactification of
Rmxn‘

Let K(t, K,) denote the solution of the RDE for the initial point K. Let B denote
the (n+m) X (n+m) matrix [51 pz]. Define a flow on G"(R"*™) by S(t, S,) = e®(S,),
where e (S,) is the image of the subspace S, under e® € Gl (n+ m, R). It is straightfor-
ward to verify that we have

(K (1, Ko)) = S(1, ¥(Ko))

whenever K (¢, K,) exists. This means that the RDE is the local expression with respect
to the chart (G§(R"*™), ¢") for the differential equation on G"(R"*™) which corre-
sponds to the flow S(t, Sy). To say this another way, if we use the embedding ¢ to
identify R™*" with G§(R"*™), then the restriction to G§(R"*™) of the flow S(t, S,) on
G"(R™™) is identified with the flow of the RDE. K (¢, K,) ceases to exist (due to finite
escape time) precisely when S(t, ¢(K,)) leaves the subset G§(R"*™). By the extended
Riccati differential equation (ERDE), we mean the differential equation on G"(R"*™)
whose flow is given by S(t, S;) = ¢®(S,). Thus, the flow of the ERDE is given by the
action of a one-parameter subgroup of Gl (n+m,R) on G"(R"*™).

Next we describe how the symplectic Riccati differential equation is extended to
the Lagrange-Grassmann manifold #(n). Let J denote the 2n X2n matrix [ % ¢], and
define a skew-symmetric bilinear form w on R*" by w(x, y) = x'Jy. Then £(n) is defined
to be the subset {Se G"(R*"): w(x, y)=0, Vx, y € S} of G"(R*"). If the standard inner
product is assigned to R*", then £(n)={S e G"(R*"): J(S)=S*}. We will say that a
subspace S of R*" (of any dimension) is Lagrangian iff J(S)LS.
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Let Sp (n, R) denote the symplectic group, i.e. Sp (n,R)={Pe Gl (2n,R): P'JP =
J}. Let sp (n,R) denote its Lie algebra. sp (n, R) consists of all 2n X2n real matrices
H which satisfy JH + H'J = Q. This is equivalent to requiring that H have the partitioned
form [ F2] with each submatrix nXn, Hy,= H},, Hy = H},, and Hy=—Hj,. If
Se #(n) and PeSp (n,R), then P(S)e £(n), so Sp (n,R) acts on £L(n). In fact, it
can be shown [16] that £(n) is a homogeneous space of Sp (n,R). It can also be
shown [17] that £(n) is the homogeneous space U(n)/O(n), where U(n) and O(n)
are the unitary and orthogonal groups respectively.

It is easy to check that if K is an n X n matrix, then Sp [k] belOnlgs to Z(n) ift
K is symmetric. Thus we can define ¢:S(n)->L(n) by ¢(K)=Sp[z]. Let Ly(n)
consist of those subspaces in £(n) which are complementary to the n-dimensional
subspace Sp [ ]. Then ¢ embeds the Euclidean space S(n) in #(n) as the open and
dense subset £y(n). Thus, £(n) can be viewed as a compactification of S(n).

Let K (¢, K,) denote the solution of the SRDE for the initial point K,, and let
H esp (n,R) denote the 2n X2n matrix

[-5 4]

-Q -AJ

H is often referred to as the Hamiltonian matrix associated with the Riccati equation.
Define a flow on £(n) by S(t, S,) = e™(S,). We have

whenever K (t, K,) exists. Thus, S(¢, S,) is the extension to £(n) of the flow of the
SRDE on S(n). By the extended symplectic Riccati differential equation (ESRDE), we
mean the differential equation on £(n) whose flow is given by S(¢, S,) = e™(S,). Thus,
the flow of the ESRDE is given by the action of a one-parameter subgroup of Sp (n, R)
on Z(n).

In the next three sections, we successively determine the phase portraits of the
ERDE, ESRDE, and SRDE. When we consider the ESRDE, we will drop the assump-
tion that the symmetric matrix L be nonnegative definite. However, when we consider
the SRDE, we will reinstate this assumption.

The use of the Grassmann manifold in the theory of the Riccati equation is closely
related to the use of the state-costate equations in the study of the Riccati equation.
Partition the matrix e’ as

I:Pu(t) Pu(t)]
Pyu(t) Py )

Then it is well known [5, p. 156] that the solution of the SRDE with initial condition
K, is given by

(%) K (1, Ko) = (Pyy (1) + Pyy(1) Ko) (Pyy (1) + Piy(1) Ko) .

This formula is valid in the largest time interval containing 0 on which the indicated
inverse exists. This formula is equivalent to the formula

(%) o (K (1, Ko)) = S(t, (Kop))
given above, which relates the flow of the ESRDE on £(n) to the flow of SRDE on
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S(n). To see this, note that

S(t, $(Ko)) = e"‘(Sp [1;0])

_s [Pu(t)+P.2(t)Ko]
-op Py (t)+ Pu(t)K,

1
P [(Pm(t)"'Pzz(t)Ko)(P11(1)+ Plz(t)Ko)_l]
= ¢ ((Por(1) + Paa(1) Ko) (Pyy (1) + Pio(£) Ko) 7).

Thus, (**) is equivalent to the formula

®(K(t, Ko)) = ¢((Par(t) + Ppao1) Ko) (P11 (1) + Pio(1) Ko) ™).

Since ¢ is injective, this is equivalent to (*).

Since () is equivalent to (**), we could use (*) and thereby avoid introducing
the Grassmann manifold. This would have two drawbacks. The first is that the ERDE
and the ESRDE turn out to be extremely interesting differential equations in themselves,
when studied from the point of view of differentiable dynamical systems on compact
manifolds. The second drawback is that the phase portrait of the Riccati equation
(even when considered in the usual sense as a differential equation on S(n)) is closely
related to the topology of the Grassmann manifold. In particular, we shall see that
the Schubert cell decomposition of the Grassmann manifold plays an essential role in
the description of the phase portrait. If we were to avoid introducing the Grassmann
manifold, we would be losing the key insight obtainable from its topology.

3. Phase portrait of the extended Riccati differential equation. In this section, we
determine the complete phase portrait for the ERDE on G"(R""™). We make the
following assumptions which we denote collectively as Assumption Al: (1) the n+m
eigenvalues of B are distinct, and (2) if A; and A; are a pair of eigenvalues with the
same real part, then A; =), (Overbar denotes complex conjugation.) Each of these
assumptions holds generically. These assumptions are relaxed considerably in § 6.

We fix some notation. Let p denote the number of real eigenvalues of B, and let
q denote the number of conjugate pairs of nonreal eigenvalues of B. (Sop+2q=n+m.)
Letr=p+g,andlet E,, - - -, E, denote the primary components of B ordered according
to increasing real part of the corresponding eigenvalue(s). Thus, each E; is either
one-dimensional or two-dimensional. Also, if i<j and if A; and A; are eigenvalues
which correspond to E; and E; respectively, then Re A; <Re A;.

“In the very special case where B has only real eigenvalues (i.e. ¢ =0), the phase
portrait of the ERDE was described by C. R. Schneider [33]. This reference also
considers the corresponding discrete dynamical system associated with the Riccati
equation in which the coefficient matrices are periodic. Similar results in the discrete
case were obtained by S. Batterson [1]. N. Kuiper has considered the discrete case in
the special case when n=1 or m=1 [22].

3.1. Nonwandering set, stable and unstable manifolds. The Grassmann manifold
G"(R"*’”) can be given the structure of a metric space by defining on it the so-called
‘“gap metric” p. (See [14] for details concerning this metric.) If S;, S,€ G*(R"*™) and
if P,, P, are the orthogonal projections onto S;, S, respectively, then p(S,, S,) =%
| P, — P,| (operator norm). G"(R"*™) is a compact (and hence complete) metric space
in the metric p.
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The gap metric is widely used by analysts. However, topologists define a topology
on G"(R"*™) in a different way. Let V,(R"*™) denote the set of all (n+m) xn full
rank matrices with real entries. V,(R"*™) is an open subset of R""*™>" and thus has
the standard Euclidean topology. (V,(R"*™) is known as a Stiefel manifold.) Define
a mapping q: V,(R""™)-> G"(R"*™) with g(Y’) the column space Sp Y of the matrix
Y. Then G"(R"*™) is given the quotient topology induced by the surjective map q. In
other words, a subset U of G"(R"*™) is open if and only if ¢~'(U) is open in V,(R"*™).
It is not hard to show that the quotient topology is in fact the same as the topology
induced by the gap metric.

The standard definition of a complex-valued almost periodic function [12] can
be generalized to a function which takes values in a complete metric space. Let (X, px)
be a complete metric space, and let f:R-> X be a continuous function. We say that f
is almost periodic if and only if given any sequence of real numbers {a,}7, there exists
asubsequence {a, } such that the sequence of translates { f(¢ + a,, )} converges uniformly
in t as j—>00. This generalizes the so-called Bochner definition of an almost periodic
complex-valued function. We will need several basic properties of almost periodic
functions with values in either a complete metric space or in a Banach space. These
are summarized in Appendix B.

Since the flow of the ERDE is given by S(t, S,) = e®(S,), it follows immediately
that S, is an equilibrium point iff S, is B-invariant. Given our assumptions on B, it is
clear that the equilibrium points consist of those n-dimensional subspaces which are
direct sums of various of the primary components. If B has only real eigenvalues,
there are ("},™) equilibrium points, but in general there will be fewer.

One of the principal features of the phase portrait of the ERDE is the presence
of invariant tori of various dimensions. The existence of invariant tori of dimension
at least two was first described in a recent paper by Hermann and Martin [18] on the
periodic orbits of the ERDE. It will prove convenient to view equilibrium points and
isolated periodic orbits as zero-dimensional and one-dimensional invariant tori, respec-
tively.

Let I=(l,,--,1) be an (unordered) partition of n into r parts such that 0=/ =
dimE, j=1,---,r Let G'i(E,) denote the Grassmann manifold of all /-dimensional
subspaces of E;, and let T(I)={S,®- - -®S,: S;e G¥(E,), j=1,---,r}. Then T(I) is
isomorphic to the product G"(E,)X- - - X G*(E,). Since E; has dimension equal to
one or two, G'(E;) consists of a single point unless dim E; =2 and ;=1 in which case
it is the projective line, which is topologically the circle S*. Thus, T(!) is a torus, and
the dimension of T(l) isequalto},;_, l,(dim E;— ). Let Se T(I).Then S=$,®- - -®S,
with S; an J-dimensional subspace of E;. e®(S)=e"(S,)®- - -®e”(S,) which belongs
to T(l) since S;< E; and E; is B-invariant. Thus, the torus T(I) is both positively and
negatively invariant with respect to the flow of the ERDE.

Next we consider the flow on the invariant torus T(/). Let k denote the dimension
of T(l). If k=0, then T(l) is an equilibrium point. Thus, we suppose that k> 0. Let
J1s* * * , jx denote the elements of the set {j: [;=1and dim E; =2}. Foreachv=1,---,k,
let o;, + iw;, be the conjugate pair of eigenvalues corresponding to the 2-dimensional
primary component E;. We can choose a basis for E; such that the matrix for the

restriction B|E;, is
[ 9j, w,;]
T, T,

e"n'[ Ccos w; t sin w;t
—sin w; ¢ cos w;t

Then the matrix for e®|E; is
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It follows that if S;, is any 1-dimensional subspace of E; , then S, is e®"-invariant iff
T is an integer multiple of 7/ w,,. Let S=8,®---®S,e T(I). If j&{j,," -, ji}, then
either S; =0 or S; = E;. In either case e®(S;) = S;, Vt. Thus, ®7(S) = Siff e®7(S;,) = S;,,
v=1, -,k Thus, e®7(S)=S iff T is an integer multiple of each of the numbers
w/w;, v=1, -,k Such a T exists iff {w/w;: v=1,- -, k} are commensurable, or
equivalently iff {w; : v=1, - -, k} are commensurable. Thus, if {w; : v=1,- - -, k} are
commensurable, then every orbit on T(!) is periodic with minimum period equal to
the least common multiple of the numbers 7/ w;, v=1, - - -, k. Otherwise, no orbit on
T(l) is periodic.

Suppose that {w;,: =1, - - -, k} are not necessarily all commensurable. By choice
of basis, we may assume that B diag {B,, ' - -, B,} where B;=[0;] if dim E;=1 and
B;= [_"‘ oJif dim E; =2. Let B be the matrix obtamed from B by setting every entry
on the main diagonal equal to 0. For fixed ¢, the restriction e”|E; differs from e”|E;

only by a constant factor. It follows that if Sye T(1), e%(So) = €®(So). Given such an
So, let X,€ Vo(R™ ™), the compact subset of V,(R"*™) consisting of those matrices
which have orthonormal columns, with q(X,)=S,. Then S(t, So) = q(e®' X,). Since
each entry of e®X, is a periodic function, it follows from AP 3 in Appendix B that
e® X, is almost periodic. Since e® is orthogonal, e X,e V(R"*™) for all t. Since the
restriction of the continuous mapping g to the compact set Vo(R"*™) is uniformly
continuous, it follows from AP 5 that gq(e® X,) is almost periodic. Hence, S(t, S,) is
almost periodic.

The preceding argument shows that if {w; : »=1, - - -, k} are not all commensur-
able, then every motion on T(I) is almost periodic, but not periodic. It is easy to see
that if no pair of {w;,: »=1, - - -+, k} are commensurable, then every trajectory on T(I)
is dense in T(I). However, if at least two of the w; are commensurable, then no
trajectory is dense.

There is one additional property of the motion on T(I) which we will need to use
later. Let S,, Soe T(1). Since S(t So) and S(¢, S,) are almost periodic, it follows from
AP 6 that if p(S(t, So), S(t, S;)) >0 as t >0 or t> —00, then So=S,.

We summarize the preceding analysis as a theorem, which is mostly due to
Hermann and Martin [18].

THEOREM 1. T(l) is a torus of dimension k=Y _, l(dim E;~1) which is both
positively and negatively invariant. If k=0, T(l) is an equilibrium point. If k>0 and
{w;: v=1, -, k} are all commensurable, then each S € T(I) generates a periodic motion
with period equal to the least common multiple of {w/w;: v=1, - - -, k}. Otherwise, each
S € T(l) generates an almost periodic motion which is dense in T(l) iff no pair of the w;,
are commensurable In all cases, if S, Se T(l) with p(eB'(S) e?(S))>0 as t->o0 or
t-> —00, then S = S.

Let T(I) be an invariant torus, and let W*(T(l)) and W*(T(l)) be the stable
and unstable manifolds respectively for T(I). In other words, W*(T(l))=
{Soe G"(R™*™):8(1,So)>T(I) as t->o} and W*(T())={Soe G"(R""™):
S(t, So)—> T(I) as t > —0}. Define a flag (i. e strlctly 1ncreasmg sequence) of subspaces
0=Myc M,c---cM,= IR”“” by M, —EB =L-,r Define a second flag of
subspaces 0= Noc N,c:--c N,=R™" by Nk—GB] . E,_,H, k=1,---,r. We refer
to {M,}] as the stable ﬂag assocmted with the ERDE, and we refer to {Nk}{ as the
unstable flag associated with the ERDE. The next theorem describes the sets W*(T(1))
and W*(T(])).

THEOREM 2.

(a)
WS(T(I))={SE Gn(R"+m): dim SN M, = i li, k= 1,- -, r}'
i=1
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(b)

k
Wu(T(l)) B {Se Gn(Rn+m): dlm Sn Nk = Z l—l‘+la k= 19 T, r}.
i=1
Proof. (a) Let
~ k
WS(T(I))={S€ G"(Rn+m): dim SN M, = z li, k= 1, -, r}_
i=1

The collection of sets {W‘(T(l))}, (where [ ranges over all unordered partitions of n
into r parts such that 0=, =dim E, i=1,- - -, r) is a partition Qf G"(R"™™). Hence,
it suffices to show that W*(T(l)) < W*(T(l)) for all I. Let S W*(T(l)). By starting
with a basis for S, M, and successively extending to bases for SV M,, - - -, SoN M, =
Sy, it is straightforward to show that there exists a basis for S, of the form {v; +w;: i
is such that [;#0 and j=1,---, [} where v;€ E, w;€ M,_,, and such that {v;} is
lmearly independent. Letting Sl Sp {vy}, we have S, e T(I). By choice of basis, we
may assume that B =diag {B,, - -, B,} where B;=[o0;] if dim E;=1 and B; = [_':j‘ o

if dim E; =2, and where 0, < 0,< - - - < 0,. Using the standard inner product on R"*"™,
it follows that E; L E;, whenever i # k. Consequently, v; L v, whenever i # k. However,
by using the Gram-Schmidt process, it is clear that the basis {v; + w;} can be chosen
in such a way that v;Llv;, and such that v; has unit length. Thus, without loss of
generality, we may assume that {vy} is an orthonormal basis for S,.

Let B be the matrlx obtained from B by setting every entry on the main diagonal
equal to 0. Then e®x = e B‘x Vx e E,. Extend vy, - - -, vy, to an orthonormal basis
for E; by adding vectors {u;: k=1+1,---,dim E;}. We use {vy, uy} to denote the
resulting orthonormal basis for R"*™. Another basis for R"*™ is {v; + w;, ux}. Let X (1),
Y(t), Z(t) be the matrices whose columns are {e” v;}, {e®uy}, {e”7" e®'w;} respec-
tively. Then S(t, S;)=Sp X(¢t) and S(1, So)=Sp (X(t)+Z(t)). Since e® and
[X(0), Y(0)] are both orthogonal matrices, [ X (t), 0], [X(¢), Y(¢)]™" is the orthogonal
projection onto S(t, S,). Since [ X (¢)+ Z(t), 0], [X(¢t)+ Z(t), Y(t)]"" is a projection
onto S(t, Sy) (in general not orthogonal), it follows from a basic property of the gap
metric [14, p. 361] that

p(S(1, S1), S(1, So)) = ||[X(2), 01[X (¢), Y(1)]™'
—[X()+Z(1), 01X (1) + Z(1), Y()]'|
=[[X (1), 0J([X (1), Y(O)]I ' =[X()+ Z(1), Y(1)]")
—[Z(1),01[X(1)+ Z(1), Y()]'|
=X (0, 01 IIX(®), YOI IIX (1)+Z(2), Y(O)I7'|| I[Z(®), 0]I
+[Z(0), 01| I[X () +Z(1), Y(O)T ']
Since [ X (t), Y(¢)] is an orthogonal matrix and the orthogonal group is compact, it
follows that [X(t),0] and [X(t), Y(¢)]""' are bounded. The compactness of the
orthogonal group together with the fact that Z(¢)—>0 as t-> oo implies that [ X (¢)+
Z(t), Y(t)]' is bounded. Then the fact that Z(t)->0 as t->oo implies that
p(S(t, S)), S(t,S5)) >0 as t->o0. Thus, W*(T(I))< W*(T(1)) which shows that

W*(T(1)) = W*(T(I)) and completes the proof of (a).
The proof of (b) is completely analogous to the proof of (a). 0O
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Remark 1. We have defined W*(T(l)) only in terms of asymptotic convergence.
However, it follows easily from the inequality in the proof of Theorem 2 that W*(T(l))
has the additional property that given any & >0, there exists >0 such that if S,e
W*(T(1)) with d(S,, T(l)) <8, then d(S(¢, Sp), T(l)) <e, for all t=0. Corresponding
statements apply to W*(T(l)).

CoROLLARY 1. The sets {W*°(T(l))}, are a partition of G"(R"*™). The sets
{W*(T (1))}, are also a partition of G"(R"*™).

For a flow ¢, on a manifold M, x € M is called a wandering point [2], [42] if there
exists a neighborhood U of x in M and some £,>0 such that ¢,(U)N U is empty
whenever |t|> t,. The subset of M consisting of all points which are not wandering
points is called the nonwandering set. The next corollary follows immediately from
Theorem 1 and Corollary 1 of Theorem 2.

COROLLARY 2. The nonwandering set of the ERDE is the disjoint union | |, T(I)
of the invariant tori.

We will use ) to denote the nonwandering set of the ERDE.

From the proof of Theorem 2, we know that if S, W*(T(l)), then there exists
S, € T(l) such that S(t, S;) > S(¢, S;) as t-> co. Similarly, if S, W*(T(1')), then there
exists S,e T(I') such that S(t, S,)~> S(t, S;) as t->—00. Let 7; denote the projection
onto the subspace E; along the subspace @,;U#j E, j=1,---,r Define a mapping
II,.:G"(R"™)>Q by

L(S)=m(SNM)® (SN M)D- - - D7, (SN M,).

From the construction of the subspace S, in the proof of Theorem 2, it follows that
S, =11,(S,). In other words, S(t, Sp)—> S(¢,I1,(S,)) as t—co. Similarly, we define a
mapping I1_: G"(R"*™) > Q by

I($)=m(SNN)®n(SOAN,_)®- - - @0, (SN N,).

It is easily seen that S,=II_(S,). Thus, S(t, So)~> S(t,I1_(S,)) as t > —oo.

The problem we now consider is: given S, € T(l), describe the subset I1;'(S;) of
WE(T(1)) (IIZ}(S,) of W*(T(I)) which contains those subspaces S, with the property
that S(¢, So) > S(¢, S;) as t-> 0 (t-> —0).

Let T(I) be an invariant torus, and let S, be a given point in T(l). Let W*(S,) =
I171(S,), and let W*(S,)=I1_'(S)).

THEOREM 3.

(a)
Wi(Ss,)) = {Se W(T()): dim SN[M,_,®(S,N Ex)]= é Lk=1,---, r}.
(b)
wH(S,) = {Se WH(T(1)): dim SN[ Ni—y®(S; N E,_g11)] = él o, k=1,+-+, r}.

Proof. (a) Suppose S W*(S,). Then it follows from the proof of Theorem 2 that
there exists a basis for S of the form {v;+w;: 1=i=r such that ;#0; j=1,---, 1}
where v;€ E, wye M,_,, and {v;} is a basis for S,. It follows immediately that
SN[M_,®(S;NE)]=Sp{v;+wy: 1=i=ksuchthat ;#0; j=1,- - -, [;} which has
dimension };_, .

Conversely, suppose S€ W*(T(l)) and dim SN[M,_,®(S;N E)] = Z:;, I, k=
1,---,r. Then dim SN[M;_, @ (S, N E)]=dim SN M,, so SN[M,_,®(S,NE)]=
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SN M, Hence, m(SNM)=n(SON[M_,®(S;NE)]) S m(Mi_,D(S;NEy)) =
S, N E;, which implies that I, (S) = S,;, completing the proof of (a).

The proof of (b) is analogous to the proof of (a). 0O

It is worth noting that the last conclusion in Theorem 1 implies that if S; # S,,
then W*(S,) and W*(S,) (W*(S,) and W*(S,)) are disjoint.

3.2. Topology of the stable and unstable manifolds. Next we consider the topologi-
cal structure of the subsets {W*(T(l))} and of the subsets { W*(T(l))}, and their
relationship to the topology of the Grassmann manifold G"(R"*™).

Let X be alocally compact topological space. A cell decomposition of X is partition
{Xi}icr of X into disjoint subsets such that (1) {X.}.c; is locally finite; (2) X; is
homeomorphic to R™ for some n;; (3) X;—X; is the union of some of the cells
{X;: dim X; <dim X}.

There is a well-known cell decomposition of G"(R"*™) which is sometimes referred
to as the Schubert cell decomposition of the Grassmann manifold. (See e.g. [15, p. 194].)
It is constructed by first choosing a flag of subspaces 0= Vo< V,c V- - -V, ., <
Vo+m =R"*™ such that dim V;=j,j=0, - - -, n+ m. To emphasize that this flag contains
a subspace for each dimension between 0 and n+m, we will refer to it as a complete
flag. (If B has any nonreal eigenvalues, then r<n+ m, so the flags {M;} and {N;,} are
not complete.) For each (n+m)-tuple a=(a,," -+, @,+m) such that ;=0 or a;=1
and ¥ " a;=n, let U(a)={Se G"(R"*™): dim Sﬂ Vi=Y_,a, j=1,- n+m}
Then the ("},™) sets {U(a)} partition G"(R"*™), and 1t 1s not hard to show that U(a)
is homeomorphic to Euclidean space of dimension Z " ai(j- Z, , @;). To show this,
we observe that by choosing a basis, we may assume that V,=Sp{e;, - - -, ¢}, where
e, ", e, are the standard basis vectors for R"*™. Let j1 <j,<---<j, be the n
elements of the set {j: a;=1}. Then each Se U(a) has a unique (n+m)Xn basis
matrix Zs in column echelon form. Specifically, rows j,, - - -, j, of Z form an nXn
identity submatrix, and z; = 0 if i > j,. Otherwise z; is arbitrary. For example, if n =2,
m=3,and a=(0,1,0,0, 1), then each S e U(a) is spanned by a unique matrix of the
form

Zn  Zn2
1 0

Zs=1| 0 z3].
0 Z4
0 1

The correspondence S <> Zg gives a homeomorphism (in fact, a real analytic isomorph-
ism) between U(a) and Euclidean space of dimension Z] ¢ ai(j—Y_, a;). This
dimension is also given by the formula ¥;_, (ji — k).

The decomposition G"(R"*™)=Ll, U(a) is the Schubert cell decomposition of
G"(R™™). The closure of the cell U(a) is the set {Se G"(R"*™): dim SN V,=Y’_, a
j=1,---,n+m} It is called a Schubert variety.

Let T(I) be a given invariant torus. Refine {M;} to a complete flag by inserting a
subspace M| between M, , and M, whenever dim E;=2. Since W*(T(l))=
{Se G"(R”*'”) dim SN M; = Z, b —1' S 3 21 follows that W*(T(l)) is a union
of one or more of the ("*"') cells U(a) wh1ch correspond to the complete flag. Let
Se W*(T(l)). Then the dimensions of each of SN M; (j=1,---,r) are completely
determined by the assumption that S belongs to W*(T(1)). Let j be given, and suppose
that dim E; =2. Then there is a subspace M} which is between M;_, and M; in the
complete flag. There are three cases to consider.
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(1) If [; =0, then dim SN M; =dim SN M;_,, and this must also be the dimension
of SN Mj.

(2) If [;=2, then dim SN M; =dim SN M;_,+2, which implies that dim SN M} =
dim SN M;_,+1.

(3) If ;=1, then dim SN M;=dim SN M;_,;+1, and there are two possibilities:
dim SN M;j=dim SN M;_, or dim SN Mj=dim SN M,

Suppose that the given invariant torus T(l) is k-dimensional. Then {j: ;=1 and
dim E; =2} contains exactly k elements, say jj, - - -, ji. If S€ W*(T(I)), the analysis
in the preceding paragraph shows that there are 2 possible choices for the set of
dimensions in which S intersects the n+ m subspaces in the complete flag. Thus,
W*(T(l)) is the union of exactly 2* cells U(a) which correspond to the complete flag.
Each cell is given by fixing a vector b= (b,, - - -, b) with b; equal to 0 or 1, and setting
W*(T(1)), b)={Se W*(T(Il)): dim SNMj =dimSNM,_,+b,, v=1,---,k}.

To determine the dimension of W?*(T(l),b), we determine the vector a=
(ay,"*, @usm) which corresponds to the given vectors I=(l,---,l) and b=
(by,* -+, b).Letje{l, -+, r}andsetj' =Y’ | dim E;+1=dim M,_, +1.If dim E; =1,
then a; = 1. If dim E;=2 and [;=0, then a;=0 and a;,,=0. If dim E;=2 and |, =2,
then a;=1 and a;.,=1. If dim E;=2 and [, =1, then j=j, for some v, and we have

=b, and aj,.;=1-—b,. With this definition of a, it follows that W*(T(l), b) is
analytlcally isomorphic to Euclidean space of dimension Zy_, a,(y-Y,_,a). Itis
straightforward to show that the dimension of W*(T(l), b) can be reexpressed as

r ji—1 k
T (dlmM 'y li)+k— S b,
j=1 i=1 v=1

This proves part (a) of the next theorem. The proof of part (b) is completely analogous
to the proof of (a).

THEOREM 4. Let T(l) be a k-dimensional invariant torus. Then (a) W‘(T(l)) is
the dzs;omt union of 2" cells. Exactly (¥) of these cells have dimension Z , Li(dim M;_

l )+v, v=0,---,k (b) W"(T(l)) is the dzs;omt union of 2* cells Exactly ( ) of
these cells have dzmenszon Z —1 b—j+1(dim N;_, Z, i)ty v=0,-- k

The next result describes the topology of the sets W*(S,) and W* (Sl)

THEOREM 5. Let T(l) be an invariant torus, and let S, € T(l). Then (a) W*(S,) is
analytically isomorphic to Euclidean space of dimension ¥.__, ;(dim M;_ e AN ()|
W“(S,) is analytically isomorphic to Euclidean space of dtmenswn Z 1 b—jri(dim N, —
Z r—;+l)

Proof Let k =dim T(l),and letj,, - - -, ji be the elements of {j: [; =1 and dim E; =
2}. Refine {M;}] to a complete flag in two steps. First, define Mj =M, _,®(S,NE,)
and insert it between M, _, and M, v=1,- - -, k. This refines {M;}] at each j such
that dim E; =2 and ;= 1. Second, if dim E; =2 and [;=0 or 2, insert any subspace M
between M;_, and M;. The refined flag is now a complete flag, and with respect to this
flag, we have W*(S,)= W*(T(l), b) provided that b=(1,1,---,1). It then follows
from the proof of Theorem 4 that W*(S,) is analytically isomorphic to Euclidean space
of dimension ¥;_, }(dim M;_,—¥/_} I).

The proof of (b) is analogous to the proof of (a). 0O

The next result shows that the ERDE has either a unique asymptotically stable
equilibrium point or a unique orbitally asymptotically stable periodic orbit, but not
both. In fact, somewhat more than this is true.

THEOREM 6. (a) If Z;=v+1 dim E; = n for some v, then there exists an equilibrium
point whose stable manifold is open and dense. Otherwise, there exists a periodic orbit
whose stable manifold is open and dense. (b) If ¥.;_, dim E; = n for some v, then there
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exists an equilibrium point whose unstable manifold is open and dense. Otherwise, there
exists a periodic orbit whose unstable manifold is open and dense.

Proof. (a) Suppose that 2;=v+1 dim E; = n for some ». Let ;=0,j=1,---,v and
let ;=dim E;, j=v+1,- - -, r. Then T(l) is a 0-dimensional invariant torus, and hence
an equilibrium point. By Theorem 2, S€ W*(T (1)) iff dim SN M, = Z:;l Lk=1,---,r,
which implies that W*(T(l))={Se G"(R"*™): dim SN M, =0}. Since dim M, =m,
the complement of W*(T(l)) is therefore a proper subvariety of G"(R"*™), which
shows that W*(T(l)) is open and dense in G"(R"*™).

Now suppose that there does not exist » such that };_, ., dim E; = n. Since dim E;
is 1 or 2, there must exist v such that dim E,,, =2 and Z;= ys1dimE;=n+1.Let =0,
j=1,---,yletl,=1,andlet;=dim E;, j=v+2,- - -, r. Then T(l) is a 1-dimensional
invariant torus and hence a penodlc orbit. Se W‘(T(l)) if dimSNM,=0,dim SN
M, =1, and dim SN M, = 1"‘2, vt dim E, k=v+2,---,r, or equivalently
W (T(l))={Se G"(R"*™): dim SN M, =0, d1m SNAM, = 1} Since dim M,.,=
m+1, it follows that dim SN M, ., =1 for every Se€ G"(R"*™). Thus, the complement
of WS(T(I)) is {Se G"(R"™): dim SN M, =1}U{Se G*(R"*™): dim SN M, ,, =2},
which is a subvariety of G"(R"*™). Since dim M, =m—1 and dim M, ., =m+1, this
is a proper subvariety. (Alternatively, note that W*(T(l)) is nonempty since it contains
the periodic orbit T(1).) This completes the proof of (a). The proof of (b) is completely
analogous. 0O

If T(1) is a k-dimensional invariant torus, Theorem 4 describes the stable manifold
W*(T(1)) of T(l) as the union of 2* cells. We now describe the topology of W*(T(I))
in greater detail. To avoid cumbersome notation and to serve as an illustration, we
consider a concrete example. However, the example contains all of the features of the
general case. Furthermore, it will become obvious that the proof for the general result
follows step-by-step the analysis of the example.

Let n=3 and m =5, so the ERDE is a differential equation on G*(R®), which is
15-dimensional. Let r = 6, and suppose that dim E, =1,dim E,;=2,dim E;=1,dim E,=
2, dim Es=1, dim Eg=1. Let I=(l,---,1)=(0,1,0,1,0,1). Then L=1, I,=1,
dim E,=2, dim E,=2, so T(l) is a 2-dimensional invariant torus. By Theorem 4,
W*(T(1)) is the union of 4 open cells of dimensions 9, 10, 10, 11. By changing basis,
we may assume that when the flag Myc M, < M,c M;c M,c Ms< M; is refined to
a complete flag by inserting subspaces M5 and M/, between M,;, M, and between M,
M, respectively, the flag V,< V,c V,c V,c V,c V;c Vi< V, < V; is obtained, where
V;=Sp{e, - -,¢}. (g is the jth standard basis vector of R®.) The 4 cells are
given by

={Se G*(R®):dim SN V,=0,dim SN V,=1,
dim SNV,;=1,dimSNV,=1,dim SN Vs=2,
dim SN Vg=2,dim SN V,=2,dim SN Vy=3},

={Se G*(R®):dim SN V,=0,dim SN V,=0,
dimSNV;=1,dim SN V,=1,dim SN Vs=2,
dim SN Vg=2,dim SN V,=2,dim SN V;=3},

={Se G} (R®*):dim SN V,=0,dim SN V,=1,
dimSNV;=1,dimSNV,=1,dim SN Vs=1,
dim SN Vg=2,dim SN V,=2,dim SN Vg=3},



PHASE PORTRAIT OF THE MATRIX RICCATI EQUATION

U4={SE GS(Rs): dim SN V1=0, dim SN V2=0,
dimSNV;=1,dimSNV,=1,dim SN Vs;=1,

dim SN V4=2,dim SN V;=2,dim SN Vz=3}.

13

These cells are isomorphic to R®, R'’, R'’, R'" respectively. They are parametrized
using column echelon form as follows:

Sp

cocoocooc oo =

N
0
V3

Ya
1

0
0
0

U,

2
0
Z3
Za
0
Z¢
Z7
1

Sp

X1
X2

S O O O O -

B4
Y2

U,

2
22
0
24
0
Z6
27
1

Sp

-xl

O OO O OO -

b4
0
Y3
Ya

Vs
1

0
0

Us

2z, ]
0
Z3
Z4
Zs
0

2y

1

b

Sp

41

Y2
0

U,

These 4 cells can be modified in an obvious way to obtain 4 charts W;, W,,
which cover W*(T(l)).

Sp

",
1
X3
0
0
0
0

[ 0

N
0

Y3
Ya
1

Ye

0
w,

Z;
0
Z3
Z4
0
Z¢
Z7
1.

Sp

b4
Y2
0

Ya
1

Y6
0

0
w,

2y
Z
0
24
0
Ze
27
1

Sp

-x1

21
0
Y3
Ya

Vs
1

0
0

W;

2
0
Z3
24
Zs
0
Z7
1

Sp

N
Y2
0
Ya

Vs
1

W,

2
22
0
24
Zs
0

Z7
1

W3, W4

2
Z

Z4
Zs

Zq

Each of these charts is a submanifold chart relative to one of the standard charts for
G*(R®). (The standard charts for the Grassmann manifold are described in Appendix
A.) Thus, W*(T(l)) is an embedded submanifold of G*(R®).
T(1) is itself covered by 4 submanifold charts W,, W,, W;, W, defined by

Sp

0
1

c o oo o

0

0
0
0
1
y

=)

0
0

W,

0]

0

-0 O O O O

Sp

0
X2

S OO O O =

0

0
0
0
1
Y

-}

0
0

W,

0]
0

-0 O O O O

Sp

0
1
X3
0
0
0
0

. 0

0
0

0
0
y

w

1
0
0

W,

0

-0 O O o O O

Sp

0
X2

S O O O O =

comxT oo oo

W,

—

-0 O O O O O O

The mapping I, : G"(R"*™) > Q maps W*(T (1)) onto T(I). We will also use I,
to denote its restriction to W*(T(1)).If S, € T(1), then I17'(S,) = W*(S,). Consequently,
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the ﬁber I17'(S,) is isomorphic to Euclidean space of dimension Yj-1 h(dim M;_
i l) which in this example is equal to 9. It is clear that II;' (W)= W, i=1,2, 3 4,
Also there is an obvious isomorphism y;: W, > W, XxR® with the property that if p;: W; x
R® - W, is the natural projection, then p;° v, is the restriction of I1, to W.. For example,
let i=1, let S denote the element of W, whose coordinates are (x,, X3, ¥1, ¥3, Va5 Ye»
21, 23, Z4, Z, Z7), and let § denote the element of W, whose coordinates are (xs, y).
Then ')'1(S)= (S’ (xla Y15 Y35 Yas 21, 23, 245 Z6, 27))'

The analysis given for the preceding example can be applied essentially unchanged
to describe the structure of W*(T(l)) for an arbitrary invariant torus T(I). If k denotes
the dimension of T(I), then by Theorem 4, W‘(T(l)) is the union of 2* cells, the
largest of which has dimension Z, L (dim M, Z . )+ k. From these cells we
obtain 2* submanifold charts for W*(T(1)). Thus Ws( T(l)) is an embedded submani-
fold of G"(R"™™) of dimension ¥ _, [(dim M;_ Z, . l)+k The projection
I, : W*(T(1)) > T(l) is defined as above If S, e T(l) then ;4(s,) = W (S;) which is
1somorph1c to Euclidean space of dimension d, = Z L h(dim M, - l .). Each chart
W, (i=1,---,2%) for W*(T(l)) is the inverse 1mage of a chart W for T(l). Also,
there exist real -analytic isomorphisms y,: W; > W, XR* such that p;oy, =I1,| W, Thus,
I1,: W*(T(1))> T(l) is a locally trivial bundle with R* as fiber. It is easy to see that
the transition functions for this bundle are invertible polynomial mappings of R%
(rational functions in which the denominators are functions only of base point).

The next theorem summarizes these conclusions as well as the analogous results
for the unstable manifolds.

THEOREM 7. Let T(l) be a k-dimensional invariant torus. Then

(a) W*(T(1)) is an embedded submanifold of G"(R"*™) of dimension k+ d,, where

d,=Y,_, [(dim M;_,—%/_ I).

(b) I, : WS(T(I))—> T(I) is a locally trivial bundle with fiber R* and polynomial

transition functions.

(c) W*(T()) is an embedded submamfold of G"(R"™) of dimension k + d,, where

d Z j=1 r—]+l(d1m N 21 1 ' H'l)

(d) TI_ W"(T(l))—> T(l) is a locally trivial bundle with fiber R* and polynomial

transition functions.

3.3. Morse theory and structural stability. Next, we wish to determine exactly
when the ERDE is a Morse-Smale vector field. By definition [42], a Morse-Smale
vector field is a smooth vector field on a compact manifold with the following 3
properties: (1) The nonwandering set is the union of a finite number of equilibria
Xy, ,X%n and a finite number of closed orbits y;,- - -, vy, of the flow. (2) Every
equilibrium point and every closed orbit is hyperbolic. (3) The stable and unstable
manifolds of the x;, y; intersect each other only transversally.

We start with a lemma. Suppose that R*= F,®- -® F;. with dim F;=1 for each
j. Define two complete flags { V;}, { W;}} such that V;=@®’_, F, W, =@/_, Fi_i+1. Let
a=(a,: " ak) and B=(By, -, B«) be such that @;=0 or 1, B;=0 or 1, and
Y a;=n=Y;,B. Define X(a)={SeG"(R"): dlmsn v, =Y _Ja,j=1,"",k}
and Y(B)={Se G"(R*): dim SN W, =Y"_, Br—i+1, Jj , k}.

LEmMA 1. (a) X(a)N Y(B) is nonempty iff ¥ _ Z, Byj=1,--- kL

(b) X(a) and Y(B) intersect transversally.

Proof. (a) First suppose that the intersection is nonempty, and let Se
X(a)N Y(B). By construction, V,® W,_;=R" Thus dim SN V;+dim SN W,_; =
d1m S -1, which  implies that Y a;+Y T Beii=n. Hence, Y_, =

z Bk—t+l Z]i=l Bi‘
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Conversely, suppose that ¥/_, a,_z; 1 Bsj=1,-+-,k Let j,<-:-<j, be the
elements of {j: @;=1}, and let ;<---<I, be the elements of {I: B,—- 1} Then j, =
min {j: Z, ,a;=p}and l,=min {I: Z, . Bi=p}. Since ¥}_, =Y’ , By, it follows that
l,=j, for all p. Let f; be a basis vector for the 1-dimensional subspace F, i=1,- -, k.
Deﬁne a subspace S by S=Sp{f,+f,, f,+/f, . f.+tf.}. We claim that Se
X(a)N Y(B).

Since j, <---<j, and ;=j; for all i, it follows immediately that dim SNV, =
for j<ji, dim SNV;=1 for j,=j<j, -+ -,dim SN V,=n-1 for j,_,=j <jn, dim SN
V; = n for j, =j. But this is equivalent to the condition that S belong to X («). We also
have k—I,+1<:--<k-L+1 and k—j;+1=k—-I+1 for all i. This implies that
dim SN W;=0 for j<k-I,+1, dimSNW,=1 for k-lL+1=j<k—-1l,_,+

<, dimSNW,=n—1fork-L+1=j<k-15L+1,dim SN W,=n for k-, +1=j.
But this is equivalent to the condition that S belong to Y(8). Thus, S€ X(a)N Y(B),
so the intersection is nonempty.

(b) If X(a) and Y(B) are disjoint, the assertion is trivially satisfied, so we can
assume that X(a)N Y(B) is nonempty Then (a) implies that Y’_, o, = Z, By i=

, k. Define j,, -« +,j, and I, - - -, I, as in the proof of (a). Also define f;,- - -, fx
as in (a) Let Sy X(a)ﬂ Y(B). Let J {s** 5 dn}- Slnce Soe X(a), S, has a basis
of the form {f; + ¥, A j;2+2,=1 ey Zinfo S i I , ies Zinfi}. Let Z, be the k X n
rank n matrix whose columns are the coordinates of these basis vectors with respect
to the basis {f;, - - -, fi} for R®. Then the ipth entry of Z, is 1 if i =jj, 0 if i > j, z;, if
i<j,and igJ, and 0 if i<j, and i€ J.

Now, let M=Sp{f,,-*,f,} and let N=Sp{f;:igJ}. Corresponding to the
indicated bases for M and N is a chart for G"(R*) which parametrizes all the subspaces
which are complementary to N. In particular, S, is contained in this chart. This chart
associates the (k—n)n coordmates {a,: 1=i=kwithi¢J, 1= p= n} with the subspace
Sp{f, +Zi=1 ey Qpfiip= ,n}. It follows that if v is an arbitrary tangent
vector to G*(R") at S, then there exist {a;,} such that v=4d /dt|,=0S(t), where S(t) is
the curve in G*(R") with S(0) = S, described by

S(t)= Sp{f + Z zpfitt Z apfip=1,- }

Let

Si(t)=Sp {ﬁ,,+1f§l— (zpttap)fip=1,---, n},

igJ

SZ(t) Sp{f+z lef+t.2 alpf p_l "'9"}’

i=j,+
igJ igJ

d d
v = a '=0Sl(t)’ U= i
Then S,(0) = S,(0)=S,, and v, +v,=.

It is clear that S;(¢) € X (a) for all t. Thus, v, is a tangent vector to the submanifold
X(a) at S,. We claim that S,(t)e Y(B8) for all ¢, which implies that v, is a tangent
vector to the submanifold Y(B) at S,. This would show that Tg (X (a))+ Ts(Y(B)) =
Ts,(G"(R*)) and thereby complete the proof.

To prove the claim, let Z,(t) be the k X n rank n matrix whose columns are the
coordinates of the indicated basis vectors for S,(t) with respect to the basis {f;,* * *, fi}

S,(t).

t=0
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for R*. Then the ipth entry of Z,(t) is 1 if i=j, 0if ieJ but i#j, z, if i<j, and
i¢J, and ta,, if i>j, and i¢ J. Let Z4(t) be the submatrix of Z,(¢) consisting of its
first ¢ rows, g=1,- -,k The matrix Z,(t) maps R" isomorphically onto the n-
dimensional subspace of R* consisting of all k-tuples which give the coordinates (with
respect to the basis {f;, - - -, fi} for R¥) for vectors belonging to S,(t). If y e R", then
Z,(t)y represents a vector in S,(¢t) N Wi_, iff y e ker Z3(t). Thus, dim S,(¢t) N W;_, =
dim ker Z4(t) = n—rank Z4(t).

To show that S,(t)e Y(B) is equivalent to showing that dim S,(¢)N W;=
dim SN W, j=1,---,k In turn, this is equivalent to showing that rank Zj(t)=
rank Z4(0) for all t. Observe that rows j,, - - -, j, of Z,(¢) form an identity submatrix.
Consequently, row operations can be performed on Z,(t) to remove every entry of the
form ta;, and thus obtain the matrix Z,(0). Furthermore, note that in each column,
the entry “1” occurs above every entry of the form ta, This means that the row
operations used to reduce Z,(t) to Z,(0) are such that the row operations applied to
the submatrix Z4(t) involve only rows in the submatrix. This implies that the rank of
each such submatrix is preserved. Hence, rank Z4(t) =rank Z4(0) forallt,q=1, -+, k.
This completes the proof. 0

It follows easily from Lemma 1 that stable and unstable manifolds for the ERDE
always intersect transversally.

ProrosiTioN 1. Let T(l) and T(I') be invariant tori. Then W*(T (1)) and W*(T (1))
intersect transversally.

Proof. We have E,®- - -® E,=R""™. Obtain a refined direct sum decomposition
F,® - -®F,,,=R"™ by decomposing E; into a direct sum of 2 1-dimensional
subspaces whenever dim E; =2. In doing this, we preserve the ordering so that it still
corresponds to increasing real part of the eigenvalues. Define complete flags { V;}7*™,
(W™ by V,=@'_, F, W;=@_, Fasm-ir1. Then {V;} and {W;} refine the stable
and unstable flags {M;} and { N;} respectively. By Theorem 4, W*(T(l)) and W*(T(I'))
are each disjoint unions of finitely many cells corresponding respectively to the complete
flags { V;} and { W;}. In the notation of Lemma 1, each cell for W*(T(1)) is of the form
X (a) for some a, while each cell for W*(T(I')) is of the form Y(B) for some B. By
Lemma 1, X (a) and Y(B) intersect transversally. Since X (a) and Y(8) are embedded
submanifolds of W*(T(l)) and W*(T(l')) respectively, we conclude that W*(T(l))
and W*(T(l')) intersect transversally. 0O

The next question we consider is whether or not every equilibrium point of the
ERDE is hyperbolic. Suppose that S, is an equilibrium point. Then S, is of the form
So=E;®- - -@E; for some k and indices j,, " -, ji. Let J={j;,--,ji} and let
W0=EB;=1, jes B Then W, is an m-dimensional B-invariant subspace which is com-
plementary to the n-dimensional B-invariant subspace S,. Let {;}] and {B;}1" denote
the eigenvalues of the restrictions B|S, and B| W, respectively. A calculation of Hermann
and Martin [19] shows that the eigenvalues of the linearization of the ERDE at S, are
{Bi—a;:i=1,---,n;j=1, -+, m}. It follows that if B satisfies Assumption Al, then
none of these nm eigenvalues have zero real part. Thus, we have

PrOPOSITION 2. Every equilibrium point of the ERDE is hyperbolic.

If T(l) is a 1-dimensional invariant torus, then T(I) is a periodic orbit. For the
ESRDE, Hermann and Martin [19] have discussed the Poincaré map associated with
such a periodic orbit. We use a similar approach here to analyze the Poincaré maps
for the ERDE. It is worth noting that periodic orbits may lie on invariant tori of
dimension 2 or greater. However, if this is the case, there are uncountably many
periodic orbits.
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Let T(I) be a 1-dimensional invariant torus. Then there_exist indices jo, * * -, ji
such that the elements of T(I) are the subspaces of the form S® E; ®- - -® E, where
Yr, dim E,=n-1, dim E, =2, and § is any 1-dimensional subspace of E;. Let
a,=a+ib and B, =a—ib denote the pair of complex conjugate eigenvalues of B|Ej0
chosen so that b>0, and let r==/b. Let a,,- -, a, denote the eigenvalues of
BIE,®- - -®E;,. Let J = {jo, ju, - -, i}, let V=@®/_, ,,, E; and let B,, - - -, B,, denote
the eigenvalues of B|V. By making a change of basis, we may assume that E,=
Sp {elo en+l}’ E)l@ ) (‘BE‘],‘ = Sp {82, Y en}, and V= Sp {en+29 Tt en+m}- We may

also assume that
B = [Bll BlZ]
B2l B22

where B,, =diag {a, D,} with D, (n—1)x(n—1), B,, is 0 except for the (1, 1) entry
which is equal to b, B,, = —B},, and B,,=diag {a, D,} with D, (m—1) x(m—1). Let

em=|:C11(t) C12(t)]
Cul(t) Cu(n)

Then C,,(t) =diag {e* cos bt, ™'}, C,5(t) is 0 except for its (1,1) entry which is
e*sin bt, C,,(t) = —C/,(t), and Cy(t)= diag {e* cos bt, e™2'}.

We construct a Poincaré map at the point S,=Sp{e,,: -, e,}e T(l). S, corre-
sponds to the origin in the chart Y- Sp[y] for G"(R"*™), where Y e R™*". Let W
denote this chart. The 7-periodic solution e®'(S,) is contained in this chart except for
those values of ¢ for which cos bt =0. The exprgssion for e (S,) in the local coordinates
of this chart is ?(t) where the m X n matrix Y(t) is 0 except for its (1, 1) entry which
is —tan bt.

Let U denote the subset of W consisting of the subspaces of the form Sp [y]
where y,;,=0. Then U is a codimension 1 submanifold of W which intersects the
periodic orbit transversally at S,. Let S, =Sp [+]e U. e®(S;)e Wiff C,;(t)+ Ci(t) Y
is nonsingular, which is equivalent to cos bt being nonzero. If this is the case, then

Bt = I
e”'(S;)=Sp [(Czl(t)"' Cor()Y)(Chi(t)+ Cia(2) Y)—l].

Then e® € U iff the (1, 1) entry of (C,,(2)+ Ca(t) Y)(Cy1(t)+ Cio(t) Y) ! is 0. This is
equivalent to having tan bt = 0. It follows that if ¢ = 7, ¢27(S,) € U. Thus, the restriction
of €® to the submanifold U is a Poincaré map for the periodic orbit T(I). Since
Ci2(7) =0 and C,,(7) =0, the Poincaré map is given in local coordinates by the map
Y > C,,(7) YCy,(7) 7", which is a linear map. Here Y is an m X n matrix with y,, =0.
It is easily verified that the eigenvalues of this linear map (and hence of the derivative
of the Poincaré map at S,) are as given in the following result. Note that e”*" = —¢™*"
and e#" = —e?",

ProPoSITION 3. Let T(l) be a 1-dimensional invariant torus. Then (using the above
notation) the mn—1 eigenvalues of the derivative of the associated Poincaré map are
{e® )™ j=1,-++ n;j=1,---,mand (i,j)#(1,1)}

CoROLLARY. Every 1-dimensional invariant torus is a hyperbolic periodic orbit.

Proof. It follows from Proposition 3 and Assumption Al that none of the mn—1
eigenvalues of the derivative of the Poincaré map are on the unit circle. 0O

We can now state necessary and sufficient conditions for the ERDE to be a
Morse-Smale vector field. Recall that B has p real eigenvalues and 2q nonreal
eigenvalues.
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THeEOREM 8. The ERDE is a Morse-Smale vector field iff either of the following
two conditions is satisfied: (i) min (n, m)=1, (ii) g=1.

Proof. If either (i) or (ii) is satisfied, there can be no invariant tori of dimension
greater than one. From Propositions 1, 2, 3, it follows that the ERDE is Morse-Smale.
On the other hand, if n=2, m=2, and q=2, the nonwandering set of the ERDE
contains at least one invariant torus of dimension greater than one and therefore cannot
be Morse-Smale. 0O

Remark 2. In the case where B has only real eigenvalues (i.e. ¢ =0), the nonwan-
dering set contains only equilibrium points. In this very special case, C. R. Schneider
proved that the ERDE is Morse-Smale and described the phase portrait [33]. By
demonstrating the existence of invariant tori of dimension greater than one, Hermann
and Martin showed that the ERDE is not Morse-Smale if min (n, m)=2 and ¢=2
[18]. However, Theorem 8 includes a new result, namely that the ERDE is Morse-Smale
whenever there are no invariant tori of dimension greater than one.

We now consider the structural stability of the ERDE. Let ¢} and ¢? be two flows
on a manifold M. ¢} and ¢? are said to be topologically equivalent if there exists a
homeomorphism of M which sends orbits of ¢! into orbits of ¢ [42]. Let x(M)
denote the set of all C’, r>0, vector fields on M. y(M) forms a vector space, and
givena C" norm, r <0, a Banach space. A vector field X € y(M) is said to be structurally
stable if there is some neighborhood N of X in x(M) such that every vector field
XeNis topologically equivalent to X.

It is also useful to define a weaker form of equivalence. Let Q(!) and Q(¢?)
denote the nonwandering sets of ¢! and ¢2. We say [42] that ¢} and ¢? are topologically
equivalent on Q if there exists a homeomorphism of Q(¢!) onto Q(¢?) which maps
orbits into orbits. Then X € y(M) is said to be Q-stable if there is a neighborhood N
of X in (M) such that every vector field XeNis topologically equivalent on () to X.

We recall that each ERDE corresponds to an infinitesimal generator Be
gl(n+m,R). (gl(n+m,R) denotes the vector space of all (n+m)x(n+m) real
matrices, which is the Lie algebra of the general linear group Gl (n+ m, R).) We will
say that the ERDE determined by B is structurally stable within the class of ERDE’s
if there exists a neighborhood N of B in gl (n+m,R) such that the vector field
determined by B is topologically equivalent to the vector field determined by every
BeN. By replacing “topologically equivalent” with “topologically equivalent on (",
we obtain the definition of the ERDE determined by B being ()-stable within the class
of ERDE’s.

THEOREM 9. Suppose that B € gl (n + m, R) satisfies Assumption Al. If min (n, m) =
1 or g =1, the associated ERDE is structurally stable. Otherwise, the associated ERDE
is not Q)-stable within the class of ERDE’s.

Proof. If min (n, m)=1 or q=1, then the associated ERDE is Morse-Smale by
Theorem 8. This implies that it is structurally stable [30]. Now suppose that min (n, m) =
2 and g=2. Then the nonwandering set contains at least one invariant torus of
dimension k= 2. Let a,+ ib,, - - -, a, £ ib, be the nonreal eigenvalues of B. Given any
neighborhood N of B in gl (n+m R), we can find B, Be N such that the i imaginary
parts of the eigenvalues of B (B) are all commensurable (all noncommensurable).
Then every invariant torus of B (B) of dimension at least 2 contains periodic (almost
periodic) orbits. Thus, the ERDE’s associated with B and B are not topologically
equivalent on (). Hence, the ERDE associated with B cannot be ()-stable within the
class of ERDE’s. 0O

Remark 3. It was conjectured in the recent paper [9] that the ERDE is structurally
stable provided that the generator B has distinct eigenvalues. However, Theorem 9
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shows that this conjecture is false. The assumption of distinct eigenvalues does not
even imply {)-stability within the class of ERDE’s.

We have considered structural stability of the phase portrait in the global sense.
One can also consider structural stability in a local sense by investigating what happens
to the phase portrait in a neighborhood of an equilibrium point when the differential
equation is perturbed. Local structural stability of the Riccati equation is studied in [6].

Morse theory relates the global phase portrait of a gradient vector field to the
topology of the underlying manifold. This was extended by Smale [43] to the class of
Morse-Smale vector fields. Let X be a Morse-Smale vector field on a compact
v-dimensional manifold M with equilibria x,, - - -, x,, and closed orbits vy, -, V¥,
Let W*(x;) and W*(;) denote the stable manifolds of x; and y; respectively. Define
the index of x; to be Ind (x;) = dim W*(x;), and define the index of ¥; to be Ind (y;) =
dim W*(y;) —dim y; =dim W*(y;) —1. Define the Morse series for the vector field X
to be the polynomial

Mx(t) = z tlnd(xi)_'_z (1 + t)tlnd(yl)_
i j

Let b;(M, K) denote the ith Betti number of M for the coefficient field K. Let Px (M t)
denote the Poincaré polynomial of M for the coefficient field K. In other words,

Pe(M; 0)= 3 b(M, K)t.

Then it follows from Smale’s result that each coefficient of M (t) is greater than or
equal to the corresponding coefficient of P, (M; t). In other words, the coefficient of
t' in My (t) is greater than or equal to b;(M, Z,). Further generalizations of the theory
of Morse index are described in [10].

As an application of Theorem 8, we will obtain a new calculation of the mod 2
Betti numbers of the Grassmann manifold based on the phase portrait of the Riccati
differential equation. We will use the following result due to E. E. Floyd [13]:

THEOREM. If a transformation of period 2 acts on a compact manifold M, and if
F is its fixed point set, then

S b(F, Z,) =3 b(M, Z,).

Using Floyd’s theorem, we can obtain a lower bound on the sum of the mod 2
Betti numbers for the Grassmann manifold.

LeEMMA 2. ¥, b(G"(R™™™), Z,) = ("77).

Proof. The proof is by induction on n+m. If n+m =1, the assertion is trivial.
Suppose that the assertion holds for G*(R?) whenever p<n+m. Let P=
diag{d,,"--,d,+,n,} with dy=d,=---=d,,,_,=1 and d,,,=-1. P induces a
diffeomorphism of G"(R"*™) (which we also denote by P) given by S - P(S), where
P(S) is the image of the subspace S under P. Let F denote the fixed point set of this
period 2 transformation. F consists of all n-dimensional P-invariant subspaces. Let
V=Sp{e, -, erm-1} and let W=Sp{e,+m}. Then F={S, @ S,: S, G"(V), S,€
G (W)ILI{S,® S,: S;€ G"!(V), S, G'(W)}. Thus, Fisisomorphicto G"(R"*™ ")
G" 1(R"*™"). By the induction hypothesis,

,Z:‘bi(F’Zz)é(n+::1—l)+(n+m-l)=(n+m>.

n—1 n



20 MARK A. SHAYMAN

Applying Floyd’s theorem, we obtain
+
3 b(G"R™™), Z;) 2 (" n'"),

which completes the proof. 0O

THeoREM 10. b,(G"(R"™™), Z,) is equal to the number of partitions of s into n
parts of size less than or equal to m.

Proof. Choose B to have distinct real eigenvalues. Then the ERDE has ("}™)
equilibrium points and no other invariant tori. Also, dim E; =1 for all j, r = n +m, and
dim M;=j for all j. Let I=(l;," -, L,+m) be such that ; —0 or 1 and Z " I;=n. By
Theorem 7, dim WS(T(I)) Z;'+1'" L(j—1- =Y. ThlS expression can be 51mp11ﬁed
by letting j, <j,<- - - <j, denote the elements of {j: I;=1}. Using the fact that 3"

v—1, we obtain the formula

dim W*(T(l)) = él Go—v).

Thus, T(I) is an equilibrium point of index s iff ¥,)_, (j, —v) =s. This shows that
(ji—1, j,—2,++,j.—n) is a partition of s into n parts of size at most m (with
Jji—1=:--=j,—n). On the other hand, suppose that (¢, - -, ¢,) is a partition of s
into n parts of size at most m with ¢;=- - -=c¢,. Define j,=c,+v, v=1,---,n Then
1=j,<::-<j,=n+ m. This means that there is a unique choice of I for which j,, - - -, j,
are the elements of {j: [; = 1}. Furthermore, the index of the corresponding equilibrium
point is 5. Consequently, the number of equilibrium points of index s is equal to the
number of partitions of s into n parts of size at most m. Let m; denote this number.
Thus, m, is the coefficient of ¢° in the Morse series for the vector field we are considering.
The sum Y. m, must equal the number of equilibrium points ("}™). By Theorem 8, the
vector field is Morse-Smale. Hence, m, = b,(G"(R"*™), Z,) for all s. Applying Lemma

2, we have
+ +
("*") -5 m= Lo, zy=("""),

which implies that b,(G"(R"*™), Z,) = m, for all s, completing the proof. 0O

As we have seen, the ERDE is not generally Morse-Smale, due to the existence
of invariant tori of dimension greater than one in the nonwandering set. However, we
propose to define a Morse series Mg(t) for the ERDE with generator B as follows:
For each invariant torus T(I), define the index of T(I) to be Ind(T(l))=
dim W*(T(l))—dim T(I). Then we define the Morse series to be

MB(t) = Z (1 + t)dim T(l)tlnd (T(l)).
1

Note that if every invariant torus has dimension less than 2, this definition coincides
with the definition of the Morse series for a Morse-Smale vector field. Also note that
the factor (1+1)%™T® js precisely the Poincaré polynomial for the invariant torus
T(1). Thus, our definition of My(t) is analogous to the definition of the Morse series
for the gradient vector field corresponding to a Morse-Bott function, i.e. a function
with nondegenerate critical submanifolds.

Having defined a Morse series for the ERDE, it is natural to ask whether Morse-
type inequalities hold. The next result shows that this is indeed the case. In fact, if Z,
is the coefficient field, the ERDE satisfies Morse-type equalities.
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THEOREM 11. Suppose that B € gl (n+ m, R) satisfies Assumption Al. Then
Mp(t) = Pz(G"(R"™*™); 1).

Proof. In § 3.2, we discussed how the choice of a complete flag of subspaces gives
a cell decomposition of G"(R"*™) into the union of (*},™) cells {U(a)}. If j, <j,<: - <
Jjn are the n elements of the set {j: a, =1}, then we noted that dim U(a)=Y]_, (ji—i).
By an argument analogous to the one used in the proof of Theorem 10, it follows that
the number of cells of dimension s is equal to the number of partitions of s into n
parts of size less than or equal to m. Thus, the number of cells of dimension s is equal
to b,(G"(R""™), Z,). Hence,

Pzz(Gn(Rrﬁm); t) = z tdim cell.

all
cells

In the special case where the complete flag is chosen so as to refine the stable flag
Myc M, c - - -c M, we know from Theorem 4 that each stable manifold W*(T(l)) is
a disjoint union of cells. Furthermore, if dim T(I) = k, then W*(T(l)) is the union of
2% cells, and (¥) of these cells have dimension equal to dim W*(T(I))—k+v=
Ind T()+ v, v=0,- - -, k. The Binomial Theorem then implies that

(1 + t)ktlnd(T(l)) — Z tdim cell.
all cells
in W(T(1))

If we sum this equation over all the invariant tori T(l), the left-hand side gives the
Morse series Mp(t) while the right-hand side gives Pz (G"(R"™™); t). O

4. Phase portrait of the extended symplectic Riccati differential equation. In this
section, we determine the complete phase portrait for the ESRDE on the Lagrange-
Grassmann manifold £(n). We make the following assumptions which we denote
collectively as Assumption A2: (1) the 2n eigenvalues of the infinitesimal generator
H=[_§ -%] are distinct, (2) if A; and A; are a pair of eigenvalues with the same real
part, then A, =1;, and (3) H has no eigenvalues on the imaginary axis. Note that we
place no individual restrictions on the matrices A, L, Q other than requiring that L
and Q be symmetric. Assumptions (1) and (2) are relaxed considerably in § 6.

As discussed in § 2, the ESRDE is the differential equation on £(n) whose flow
is given by S(t, S,) = e™(S,). However, it will be convenient to extend the ESRDE to
a differential equation on G"(R>"). The flow on G"(R>") is given by S(¢, S,) = e™'(S,),
but where we now permit the initial point S, to be any element of G"(R>"). Regarded
as a differential equation on G"(R*"), the ESRDE is a special case of the ERDE, so
all the results of the preceding section apply to characterize the phase portrait. Since
&(n) is an invariant manifold of the ESRDE on G"(R*"), the phase portrait for the
ESRDE on £(n) is the intersection of the phase portrait on G"(R*") with the submani-
fold £(n). For example, the nonwandering set on #(n) is the intersection of £(n)
with the nonwandering set on G"(R*"). The corresponding statement applies to the
stable and unstable manifolds. Thus, from a set-theoretic point of view, the phase
portrait of the ESRDE on #(n) is immediately obtained from the results in § 3.
However, these results do not furnish a geometric description of the phase portrait.
For example, we know that the nonwandering set is the intersection with £(n) of
finitely many tori, but we do not know the topological structure of these intersections.
It is the problem of describing the geometry of the phase portrait which we consider
in this section.
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Since the Hamiltonian matrix H belongs to the Lie algebra sp (n,R), i.e. JH +
H'J = 0—it follows that the eigenvalues of H come in pairs. If A is an eigenvalue,
then so is —A. Let 2p denote the number of real eigenvalues of H, and let 4q denote
the number of nonreal eigenvalues of H. Let E,, -, E, E,., -, E,, denote the
primary components of H. (Thus, when we apply results from § 3, we must use 2r in
place of r.) We assume that the order of the indexing is determined by increasing real
part of the corresponding eigenvalues. This implies that if E; corresponds to a real
eigenvalue A, then E,,_;., corresponds to —A. Similarly, if E; corresponds to a conjugate
pair A, A, then E,,_j+ corresponds to —A, —X. In particular, dim E; = dim E,,_j+1. Note
also that E,,---, E, correspond to eigenvalues with negative real part, while
E,.,, - -, E,, correspond to eigenvalues with positive real part.

4.1. Nonwandering set. We begin by describing two known results. The first lemma
was proved by A. C. M. Van Swieten [46] and generalizes a result of J. E. Potter [31]
and K. Martensson [25]. (A proof is included in [35].)

LEMMA3. LetHe sp (n, R) and let p(s) denote its characteristic polynomial. Suppose
that p(s) =p,(— s)pz(s) with p,(—s) and p,(s) relatively prime. Let S, =ker p,(H) and
let S, =ker pz(H) Then x5Jx, =0, Vx,€ S,, Vx,€ S,.

Let L*(H) denote the direct sum of the primary components of H corresponding
to its eigenvalues with negative real part, and let L™ (H) denote the direct sum of the
primary components of H corresponding to its eigenvalues with positive real part.
Since H is assumed to have no eigenvalues on the imaginary axis, L*(H) and L™ (H)
are each n-dimensional. It then follows from Lemma 3 that L*(H) e $(n)and L™ (H) €
Z(n). The next result was proved by Shayman [37].

LEmMMA4. LetHe sp (n, R) and suppose that H hasno eigenvalues on the imaginary
axls Let 7> 0 be fixed. There exists a bl]ectton 8 of the set of n-dimensional Lagrangian
e -invariant subspaces onto the set of all e™" -invariant subspaces of L+(H ), which is
given by 8(S)=SN L+(~H) and 8 (N)= N@®([J(N)]*N L™ (H)). Furthermore, S is
H-invariant iff 8(S) is H-invariant.

We will first characterize the nonwandering set of the ESRDE under the additional
assumption that the imaginary parts of all the eigenvalues of H are commensurable.
Later we will remove this assumption.

Letl=(l, --,1, L, -, L) besuch that Zf;l l;=n and 0=/,=dim E, Vi. The
corresponding invariant torus for the ESRDE on G"(R*") is

T(l)= G"(El) Xe-eX Gl'(Er) X Gl’“(ErH) X---X Gl"'(Ezr)~

If dim T(I) =0, then T(l) consists of a single equilibrium point. Otherwise, the addi-
tional assumption we have made concerning the imaginary part of the eigenvalues
of H implies that every motion on T(l) is periodic with the same minimum period
7>0.

Let Se T(l). For the moment, suppose that dim T(I)>0, so that S generates a
periodic motion of period 7>0. Let S=S5,®---®S,DS,.,®D---DS,, with §;¢e
GY 1(E; ) By Lemma 4, Se€ £(n)iff S,,,®- - @S, =[J($;®- - -®S,)]*N L (H). Smce
S is e""-invariant, it follows that $,®- - -® S, is e™ -invariant. Since JH+ H'J =0, it
follows that [J(S,® - -@S,)]* is also e -invariant. It is clear that " has the same
primary components as does H, namely E,, - - -, E,,. This implies that [J(S,®- - -®
S)I*NL (H)=[J($:® - ®S)I"NE,))®--D([I($,D---DS,)]*NE,,). Itisan
easy consequence of Lemma 3 that J(E;)LE; provided that j#2r—i+1. It follows
that [J($,®- - -®S,)I*"NL (H)=([J(S)I*NE,,)®: - -®D([J(S;)]* N E,,). We con-
clude that Se L(n) iff Sy_i1=[J(SHT* N Eyp_iyy, i=1, "
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We claim that dim [J(S;)]* N E;,—;+, = dim E,,_;.; —dim S To show this, we note
that the e"-invariance of S implies the e” -invariance of S; which implies the
e -invariance of [J(S;)]*. It follows that

[J(Si)]J' = één [J(Si)]l n E, = ( 2@: E]) @ ([-’(Si)]l N Ezr—i+1)~

J#2r—i+1

Thus, 2n~dim S;=2n~-dim E,,_;;, +dim [J(S;)]* N E,,_;+; which establishes the
claim. We conclude that T(I)N%(n) is empty unless b, ;. =dim E,,_; 1, =1, i=
1, -, r.Since dim E; =dim E,,_;,,, this is equivalent to the condition that [, + ,,_;,, =
dim E;, i=1,- -, r. If | satisfies this constraint, then

T(HNZL(n)={$®: - - @SS ([J(S)I"NE+)®- - -D([J(S)]" N Ey,):
Sie GY(Ey),i=1,---,r}h

This shows that T(I) N £(n) is isomorphic to G1(E,) X - - X G*(E,) and is therefore
a torus. Since dim E;=dim E,,_;,; and L+1,,_;;;=dim E;, dim T())N<L(n)=
3dim T(1).

The above conclusions were derived under the assumption that dim T(l) > 0. If
dim T(I) =0, then T(l) consists of a single equilibrium point S. Since S is H-invariant,
S is eM-invariant for any 7, and all of the preceding arguments remain valid. Thus
Se&(n)iff +1,,_;.,=dim E,i=1, -, r. If this condition is satisfied, then S=S,®
@S, ®(J(S))I'NE)®: - - ®([J(S)] N E,,). If ,=0,then S; =0and [J(S;)]* N
Eyr_i+1= Ez,_;+1, while if I, =dim E, then S;= E; and [J(S))]* N E;,_;+1=0.

Now we will remove the additional assumption that the imaginary parts of all the
eigenvalues of H are commensurable. We need the following lemma. Recall that the
real canonical form for a semisimple (i.e. diagonalizable real matrix is a matrix which
is zero except for 1 X1 blocks and 2 X2 blocks centered on the main diagonal. Each
2 X2 block is of the form [_§ 2] and corresponds to the pair of complex conjugate
eigenvalues a = ib.

LEMMAS. LetHe sp (n, R) and suppose that His semisimple and has no eigenvalues
on the imaginary axis. Then there exists P € Sp (n,R) such that P 'HP has the form
[ %1, where (1) D is a semisimple matrix in real canonical form; (2) every eigenvalue
of D has negative real part; (3) the blocks on the main diagonal of D are ordered by
increasing real part of the corresponding eigenvalues.

Proof. Clearly there exist P Gl (2n,R) and D as above such that

~x &I D 0
P=P .
5 5]
Let P=[V, W] with V, W each 2nXn, and let R= V'JW. Then HV = VD and HW =
—WD'. Hence, 0= V'(JH+ H'J)W =—-RD’+ D'R, showing that D’ commutes with R.

Since Sp V=L"(H) and Sp W= L™(H), it follows from Lemma 3 that V'JV =0
and W'JW =0. Consequently,

o 0 R
Pp=
[—R’ 0]

which implies that R is nonsingular. Define P=[V, WR™']. Then P'JP=J, so
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PeSp(n,R). Also, it follows easily from the fact that D’ commutes with R™! that

o D 0
HP= P[ 0 — D’]’
which completes the proof. [

We can now prove the following result.

PROPOSITION 4. Let T(l) be an invariant torus for the ESRDE on G"(R*"). Then
T(l)NL(n) is nonempty iff L+ 1,,_;,,=dim E, i =1, - - -, r. If | satisfies this condition,
then T()NZL(n)={$®- - -®S,B(J(S)]'NE..))® - - @(J(SHI"NE,): Sie
G"(Ei)a i= 1’ Y r}'

Proof. We have already proved this result in the special case where the imaginary
parts of all the eigenvalues of H are commensurable. If H does not satisfy this
condition, use Lemma 5 to express H in the form

D 0
H=P P!
[0 —D’]

with Pe Sp (n,R) and D as described in the statement of the lemma. Modify D by
changing the imaginary parts of its complex eigenvalues so that they are all commensur-
able. Let D denote the resulting matrix, and set

~ | D 0ol _,

H= P[ o ﬁ,] P
Then H esp (n,R). If E,, - - -, E, denote the primary components of I:! ordered
according to increasing real part of the corresponding eigenvalues, then E;=E, Vi.
Thus, the invariant tori for H are the same as those for H. Since we already know
that the result holds for H, it must hold for H as well. 0O

Given any integers I, - - -, I, satisfying 0= [; = dim E,, there is obviously a unique
choice for I, -+, L, such that ;+1,,_;,.,,=dim E, i=1,- -, r. Furthermore, this
choice of I,,q, -+, ,, is such that the conditions Zf;l L=nand 0=L=dimE, (i=r+
1,---,2r) are satisfied. Consequently, there is exactly one invariant torus for the
ESRDE on %(n) for each choice of integers [, - - -, I, which satisfy 0=, =dim E,
i=1,---,r This implies that there are (1+dim E,) - - - (1+dim E,) invariant tori in
all. This number is equal to 27 349

Suppose that ! corresponds to an invariant torus T(I) N £(n). By Proposition 4,
it is clear that dim T(I) N £(n) is equal to the cardinality of the set {j: 1=j=r, =1,
dim E; =2}. Thus, a k-dimensional invariant torus is specified by choosing I, - -, I,
as follows: (1) Choose [, =1,---,l, =1 where j,, - --,ji are such that dim E; =
2,-++,dim E; =2. (2) For j£{j,, " * -, jx}, choose either [; =0 or [; = dim E;. It follows
that the number of k-dimensional invariant tori for the ESRDE on £(n) is (£)2°97%,
k=0,---,4q.

Suppose that T(I)NZL(n) is a k-dimensional invariant torus (k>0), and let
J1<Jj2<**-<ji denote the elements of {j: 1=j=r, [;=1, dim E; =2}. Let 0}, + iw;, be
the conjugate pair of eigenvalues corresponding to the 2-dimensional primary com-
ponent E;, v=1,---, k. T(I)is a 2k-dimensional invariant torus for the ESRDE on
G"(R*"). Since the pair of complex conjugate eigenvalues corresponding to the primary
component E,,_; ., is —0;, + iw;, it follows from Theorem 1 that each S € T(]) generates
a periodic motion if the 2k numbers w;, * * -, w;,, @, * * *, w;, are commensurable, in
which case the period is given by the least common multiple of 7/w;, " -, 7/ w,.
Otherwise each S e T(l) generates an almost periodic motion. However, this motion
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is never dense in T(I) since each imaginary part is repeated twice in the list w;,, - - -, w),,
@), * * * , ;. It also follows from Theorem 1 that if S, Se T(l) and e"‘(S)-) e"'(S) as
t-00 or t>—0o, then S = S. We obtain the following theorem.

THEOREM 12 (a) The nonwandering set of the ESRDE on £(n) is a union of
invariant tori. There are exactly (2)2°*9% tori of dimension k, k=0,---,q. (b) If
T(1) N £L(n) is a 0-dimensional invariant torus, then T(I) N £(n) is an equilibrium point.
(c) If T(1) N £(n) is a k-dimensional invariant torus with k>0, and if {w; : v=1,- - - , k}
are commensurable, then each S € T(l)\ £(n) generates a periodic motion with period
equal to the least common multiple of {w/w;: v=1,---, k}. Otherwise, each Se
T(I)N &(n) generates an almost periodic motion which is dense in T(HN $(n) iff no
pair of the w;, are commensurable. In all cases, if S, Se T()N L(n) withe™(S§)> e (S)
as t->oo or t—>—co then S= 8.

Proof. (a) All that remains to be proven is that the (£)2°*9~* invariant tori exhaust
the nonwandering set of the ESRDE on #(n). By Corollary 2 of Theorem 2, the
nonwandering set of the ESRDE on G"(R*") is the union of the invariant tori { T(I)}.
Since T(I)N %(n) is either empty or is one of the (§)2°797* invariant tori for the
ESRDE on %(n), these tori exhaust the nonwandering set. (b) Already proven. (c)
All of the assertions follow from the corresponding statements for the flow in T(I)
except the claim that each Se T(I) N £(n) generates a dense trajectory iff no pair of
the w; (v=1,---, k) are commensurable. T(I)\ £(n) is a k-dimensional torus by
the isomorphism T(I)N &£(n)=G'(E;,) X - - xG'(E;). If Se T(I)N £(n), then by
Proposition 4, S has the form S=8,® - -®S,®(J(S,)]*NE,,)®D:--®
([J(S))]*NE,). The isomorphism identifies S with (S, ---,S;)€e
G'(E;) X* - - X G'(E;,) and the motion e"*(S) with the motion (¢"(S;), - - -, ¢"'(S},)).
The motion e™(S;,) traverses the circle G'(E;,) with period 7/ w,,. It follows immedi-
ately that (e™(S;),- - -, e™(S;,)) winds densely in G'(E;) X- - - X G'(E;,) iff no pair
of the w; are commensurable. By the isomorphism, the same conclusion applies to
the motion ™ (S) in T()NZL(n). O

4.2. Stable and unstable manifolds. In § 3.2, we described how the choice of a
complete flag of subspaces gives rise to a cell decomposition of the Grassmann manifold.
In particular, any complete flag for R*” gives a cell decomposition of G"(R?"). However,
if we wish to obtain a cell decomposition for the submanifold #(n) from the cell
decomposition for G"(R*"), we must choose the complete flag in a special way.

Let Vlc- -+ < V,, be the complete ﬂag for R*" given by Vi=Sp{e, e, -, ¢}
for j=1,2,---,n, and V;=Sp{e, ey ", €, € €3n1," " ", €31} for j=n+1,
n+2,---,2n We will call {V;}i" the standard symplectic ﬂag for R*". Let a=
(ay, - a2,,) be such thata,=0orlandY’" 14=n Let U(a)= {Se G"(R*):dim SN
V= Z, N E -,2n}. Let j, =min {j: Z, ,a=v}, v=1,--- n. As noted pre-
v1ously, U(a) lS real-analytlcally isomorphic to Euclidean space of dimension
Z 14;(j—Y’_, ;). This dimension is also given by the expression ¥ | _ 1 (jo—w). Let
N denote this dlmenswn Also define d =Y _, a. Note that j, =n and j;,,>n.

Let Z(a) denote the set of all 2n X n rank n matrices X which have the following
form: (1) Rows jy, jo, " * * ,ju, 30 —ju+1,3n—j,_1+1,- -, 3n—j;,,+1 form an n Xn
identity submatrix. (2) LetJ ={j, jo, - * * , js, 30 —j, +1,3n—j,_1+1, -+, 3n—js, +1}
If j¢J and k=d, then x; is 0 if j> ji and is arbitrary otherwise. If j¢ J and k> d,
then x; is 0 if n<j<3n—j,,4_k+1+1 and is arbitrary otherwise. Then the mapping
X —Sp X maps Z(a) isomorphically onto U(a). Note that we are parametrizing the
subspaces in U(a) by associating each S € U(a) with the unique matrix X in “modified
column echelon form” whose columns span S. By saying that X is in “modified column
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echelon form,” we mean that X would be in column echelon form if the order of rows
n+1,n+2,--+,2n and of columns d+1,d+2, - - - , n were reversed. The reordering
of the rows corresponds to the fact that the standard symplectic flag is derived from
the ordered basis {e;, €, * *, €n €2y €an_1," " *» €ns1} for R*" rather than from the
standard ordered basis for R*".

Example1. Letn=5,a=(0110011001).Thenj,=2,j,=3,j3=6,j,=7,js=10,
and d =2. Then the matrices in Z(a) are those which have the form

[ X1 X2 X1z Xia X5 ]
1 0 0 0 0
0 1 0 0 0
0 0 X435 X4 Xas
X = 0 0  Xs3 Xsq Xss
0 0 1 0 0
0 0 x5 O 0
0 0 xz3 O 0
0 0 0 1 0
L 0 0 0 0 1

In this case, U(a) is isomorphic to R".

We wish to determine the structure of the intersection of U(a) with the Lagrange-
Grassmann manifold Z(n).

LEMMA 6. U(a) N £(n) is empty unless a;+ay,—is1=1,i=1,---,n

Proof. Let Se U(a) and let X be the unique matrix in Z(a) such that S=Sp X.
Partition X as [3] with @, B each n Xn. Suppose that the condition a;+ a,—i+1 =1
does not hold for all i. Then there exists an integer j with 1=j=n such that q;=1
and a,_;+,=1.

Now, S is Lagrangian iff X'JX =0, which is equivalent to the condition that '8
be symmetric. Since a; = 1, the jth row of a is one of the rows from the n X n identity
submatrix in X. Consequently, there is some k=d such that a; =1. It then follows
from the structure of X that a; =0 for all i>j. Since a,,-;.; =1, the jth row of B is
also one of the rows from the n X n identity submatrix in X. Hence, there is some v > d
such that B;, = 1. It follows from the structure of X that 8;, = 0 for all i <j. This implies
that the (k, »)th entry of a’B is 1. On the other hand, the (#, k)th entry of a’B is 0
since k=d and the first d columns of B are identically 0. Hence, a’B cannot be
symmetric. Thus, S¢ £(n). 0O

We now assume that a=(a,,- -, a,,) satisfies the additional condition that
a,+ay,_;;1=1,i=1,---,n Let Se U(a), and let X be the unique matrix in Z(a)
such that $=Sp X. We will determine the equations which the N free parameters in
X must satisfy in order for S to be Lagrangian. Note that if P € Sp (n, R), then S € £(n)
iff P(S)e L(n).

It is trivial to verify that if 0 belongs to the orthogonal group O(n) then the matrix

610
P, =
‘[0 0]

is symplectic. In particular, P, is symplectic if 6 is a permutation matrix. It is also
trivial to verify that for any j such that 1 =j = n, the matrix P} which is obtained from
I by replacing row j with row n+j and replacing row n +j with —(row j) is symplectic.
We can choose P, € Sp (n, R) such that the first d rows of P, X are the first d rows of
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the n X n identity matrix. Since a;+ ay,—;+1=1,i=1, - - -, n, it follows that the jth row
of X belongs to the identity submatrix of X iff the (n+j)th row of X does not belong.

Since
610
P =
! [0'0]

with 6 a permutation matrix, it follows that the identity submatrix of P,X consists
of rows 1,2,---,d n+d+1, n+d+2,---,2n. Let X be the matrix
pPitipd+z... p2 P, X. Then the first n rows of X form an identity submatrix. Rows
n+1,---,n+d of X are the nontrivial rows from among rows n+1,---,2n of X.
Rows n+d+1,---,2n of X are the nontrivial rows from among rows 1, - - -, n of X,
each multiplied by —1. Write X in partitioned form as X =[] with Y nxn. Then S
is Lagrangian iff Y is symmetric.
Example 2. Let X be the matrix in Example 1. Then

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
o 0 0 0 0 1
=0 0 x o0 o
0 0 Xg3 0 0
X1 —X12 TXi3 —Xi4 X5
0 0 TX43  TXaq4 TX4s
0 0 ~Xs3  TXsqa TXss

We see that if S=Sp X with X given by Example 1, then Se€ %(n) iff x;;, = —x3,
X12 = —Xg3, X14 = X43, X15= Xs3, X45= Xs4. Thus, if n=5and a=(0110011001), then
U(a) N £(n) is isomorphic to R®.

The preceding example actually includes all of the features of the general case
which we now consider. It is not hard to see from the structure of X that the zero
entries of Y occur symmetrically with respect to the main diagonal. Also, the number
of zero entries on the main diagonal is equal to d. The total number of zero entries in
Y is n>~dim U(a)=n’?— N. Thus, the number of parameters in Y which are above
the main diagonal is 3n(n—1)—3(n*~ N —d)=3(N+d —n). This is the number of
independent linear constraints imposed by the requirement that Y be symmetric. It
follows that U(a)N£(n) is isomorphic to Euclidean space of dimension N —
¥ (N+d—n)=X%N+n-d). This proves the next lemma.

LeEMMA 7. Suppose that a;+a,,_;+1=1,i=1,- -, n. Then U(a) N £(n) is isomor-
phic to Euclidean space of dimension

%[n—d+j2§"1 aj<j—iél ai>].

Lemmas 6 and 7 show that the intersections of the (%) cells U(a) with £(n) gives
a partition of £(n) into 2" disjoint subsets {U(a) N L(n): a;+ azp_;s1=1,i=1,- -+, n},
with each subset isomorphic to Euclidean space of some dimension.

We are now in a position to describe the geometric structure of the stable and
unstable manifolds for the ESRDE on ¥(n). Let I=(l,---,L,) with I,,---, 1L,
nonnegative integers satisfying l;+L,,_;,; =dim E, i=1, - - -, r. (This condition implies
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that Zf;, I; = n.) By Proposition 4, T(I) N £(n) is an invariant torus for the ESRDE
on £(n) and dim T(I) N £(n) =3 dim T(I). Let k denote the dimension of T(I) N Z(n).
Define the stable flag of subspaces M, = M, - - - € M,, =R*" by setting M; =@,_, E,
j=1,-:,2r. Define the unstable flag of subspaces Ny= N,<: - - < N,, = R*" by setting
N;=&,_, Ezr—i+1,j=1,++,2r. As in the discussion preceding Theorem 4, we refine
{M;} to a complete flag by inserting a subspace M} between M,_, and M, whenever
dim E; = 2. Since dim T(I) =2k, theset {j: ;=1and dim E;=2,j=1, - - -, 2r} contains
2k elements, say ji, - - -, jox. Then W*(T(l)) is the union of exactly 22* cells U(a)
which correspond to the complete flag. Each cell is given by fixing a vector b=
(by, -+ +, by) with b;=0 or 1, and setting W*(T(l), b)={Se W*(T(l)): dim SN M; =
dimSNM;_,+b,, v=1,---,2k}. The analysis preceding Theorem 4 shows that the
dimension of W*(T(l), b) is

2r Jj—1 2k
‘Zl l](dim M_] - ‘Xl l,) +2k_ zl b,,.
j= i= v=

It follows from Lemma 5 that by making a symplectic change of coordinates in
R*", we can require that the complete flag be the standard symplectic flag V,c - - - < V,,
defined at the beginning of this subsection. Using the fact that dim E; =dim E,,_;,,
and our assumption that [+1,_;,,=dim E, it follows that ji,, =2r—ji+1, jii=
2r—ji1+1, -+, jor =2r—j;+1. In the discussion preceding Theorem 4, it is shown
that each choice of the vector b uniquely determines a vector a =(a,, * * -+, a,,) such
that W*(T(l), b) = U(a). By Lemmas 6 and 7, it follows that U(a) N £(n) is nonempty
iff a;+az,—is1=1, i=1,---,n Using the facts that dim E;=dim E,,_;,, and [+
L,_j+1=dim E, it is easily seen from the procedure for determining a from I and b
that a;+a,,_i, =1, i=1, -+, n iff byy_,.1=b,, v=1,:--, k Thus, W*(T(l), b)N
%(n) is nonempty iff by_,.;=b,, v=1,- -, k Hence, exactly 2" of the 22* cells in
W*(T(l)) intersect L(n).

Suppose that by,_,.,=b,, v=1,- - k, so that W*(T(l), b) N £(n) is nonempty.
Using the fact that 7, a;=Y_, I, it follows from Lemma 7 that W*(T(I), b) N £(n)
is isomorphic to Euclidean space of dimension 3(N + n—d), where N is the dimension
of W*(T(l), b) and d =Z;=l I. Using the assumption that by, =b,, v=1,---,k
the dimension is given by the formula

1 r 2r Jj—1 k
-—{n-— i+ Y lj(diml\lj_,— > li)}+k— Y b,
2 j=1 j=1 i=1 v=1
This proves part (a) of the next theorem. The proof of part (b) is completely analogous.

THEOREM 13. Suppose that T(I)\ £(n) is a k-dimensional invariant torus. Then

(a) The stable manifold W*(T(l)) N\ £(n) is the disjoint union of 2* cells. Exactly
(%) of these cells have dimension

r 2r j-1
%{n_jgl l]+]§l l](dim M_l_igl li)}"'V, V=0,' ° ,k.
(b) The unstable manifold W*(T (1)) N £(n) is the disjoint union of 2* cells. Exactly
(%) of these cells have dimension

1 r 2r . j-1
5{"" x lzr—j+1+ x l2r—j+l(dlm N, — > er—i+1)} +v,
1 j=1 i=1

=
p=0, ceey, k

Suppose that T(I)N£(n) is a k-dimensional invariant torus, and let S,e
T()N £(n). Recall from §3.1 that W*(S,)=II;'(S,)={S,€ G"(R*"): e™(S,)~>



PHASE PORTRAIT OF THE MATRIX RICCATI EQUATION 29

e™'(8,) as t > oo}, and W*(S,) =I121(S,) = {So € G"(R?"): e™(S,) » e™'(S,) as t > —o0}.
By Theorem 5, WS(SI) and W*(S,) are isomorphic to Euclidean space of dimensions
Z , L(dim M;_ -y . ) and Zf' 1 br—jii(dim N;_, 1 Ly_is1) respectively. The
next result descnbes the topology of the sets Ws(Sl)ﬂ$(n) {Soc L(n): e™(S,) >
e™(8,) as t >0} and W*(S,) N L(n)={So€ L(n): e™(S,) > e™(S,) as t > —o0}.

THEOREM 14. Let T(I)N¥L(n) be a k-dimensional invariant torus, and let S, e
T()NZL(n). Then

(a) W‘(Sl) NZL(n) is analytzcally isomorphic to Euclidean space of dimension 3{n —
Z; ,l+z , li(dim M, l)}

(b) W“(S,) N ££(n) is analytzcally isomorphic to Euclidean space of dimension
%{n _Z;=1 l2r——j+1+212‘-r_-1 l2r-j+1(dim Ni_,—- 1.;11 L)}

Proof. From Lemma 5, it follows that by making a symplectic change of coordinates
in R*" if necessary, we may assume that H has the form [& _%] with D as described
in the statement of that lemma. This means that the standard symplectic flag V< - - - <
V,, refines the stable flag M < - -< M,,. It follows that the cell decomposition of
G"(R*") determined by the standard symplectic flag decomposes W*(T(l)) into a
union of 2%* cells {W*(T(l), b)}.

Let m;=dim M; for i=0,1,---,2r. (So my=0.) It is not hard to see that by
making an additional symplectic change of coordinates given by a matrix of the form
0 =diag{6,,---,0,0,,---,0,} where 6, is a special orthogonal matrix of size equal
to dim E;, we may also assume that S, is spanned by {e,,_,.;: 1=i=r such that [; #0;
j=1, -, l}U{esn_m_,+1-;: r+1=i=2r such that ;#0; j=1,-- -, L}. (Note that 8
commutes with H, so H is unaffected by the additional change of coordinates.) It then
follows that the standard symplectic flag can be obtained by using S, to refine the
stable flag by the procedure described in the proof of Theorem 5. This implies that
W*(S,) = W*(T(l), b) for the choice b=(1,---,1). By the proof of Theorem 13,
W‘(T(l), b)ﬂ.‘Z’(n) 1s isomorphic to Euchdean space of dimension 3{n— Z;l L+
Z} , (dim M;_ l)} which completes the proof of (a).

The proof of (b) 1s completely analogous to the proof of (a). 0O

Theorem 6 shows that the ERDE has either an equilibrium point or a periodic
orbit whose stable manifold is open and dense. The next result shows that the ESRDE
always has an equilibrium point whose stable manifold is open and dense in the
Lagrange-Grassmann manifold.

THEOREM 15. The ESRDE has an equilibrium point whose stable manifold is open
and dense in £(n), and an equilibrium point whose unstable manifold is open and dense
in £(n).

Proof. Letl=(l,---,L,)with];=0,j=1,---,rand j=dim E,j=r+1,---,2r.
Then T(I) N £(n) is a 0-dimensional invariant torus, and hence an equilibrium point.
By an argument similar to that used in the proof of Theorem 6, S€ W*(T(l)) iff
SN M,=0. (Recall that M, is the n-dimensional subspace E,®:--®E,) Thus,
WHT(D))NZ(n)={Se L(n): SN M, =0}, which is open and dense in £(n).

To obtain an equilibrium point whose region of attraction in backward time is
open and dense in £(n), redefine I'to be (I, - -, I,,) with [;=dim E;, j=1,---, r and
=0, j=r+1,---,2r. Then T(I)N£(n) is an equilibrium point. (Recall that N, is
the n-dimensional subspace E,.,®: - -@ E,,.) Then W*(T()) N L(n)={Se L(n): SN
N, =0}, which is open and dense in #(n). 0O

If T(I) N £(n) is a k-dimensional invariant torus, Theorem 13 describes the stable
manifold W*(T(I)) N £(n) as the union of 2* cells. We will now show that W*(T(I)) N
Z(n) is an embedded submanifold of #(n) and is a bundle over the torus T(I) N £L(n).
Rather than introducing additional and cumbersome notation, we analyze a concrete
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example which illustrates all of the features of the general case. In fact, the proof of
the general results follows step-by-step the analysis of the example.

Let n=5. £(5) is a 15-dimensional submanifold of G*(R'), which is itself
25-dimensional. Let r = 3, and suppose thatdim E, =2,dim E,=1,dim E;=2,dim E,=
2, dim Es=1, dim Eg=2. By Lemma 5, there is no loss of generality in assuming that
E,=Sp{e,, ez} E,=Sp {93} E;=Sp{es, es}, Es=Sp{egs e;}, Es=Sp{es}, E,=
Sp {es, €10}, Where {e,, - - +, e3,} is the standard basis for R*".

Let I=(1,0,1,1,1, 1). Then T(l)N £(5) is a 2-dimensional invariant torus. By
Theorem 13, W*(T(l)) N £(5) is the union of 4 cells of dimensions 8, 9, 9, 10. Refine
the flag M, = M, M;< M,< Ms< M, to the standard symplectic flag V,c - - - < V.
Relative to this complete flag, W*(T(I)) N &£(5) is the union of the 4 cells defined
by

U={SeZ(5):dimSNV,=1,dim SN V,=1,dim SN V,=1,
dimSNV,=2,dim SN Vs=2,dim SN V=3,
dim SN V,=3,dim SN Vz=4,dim SN V,=5,dim SN V,,=5},
U,={SeZ(5):dimSNV,=1,dim SN V,=1,dim SN V;=1,
dimSNV,=1,dim SN Vs=2,dim SN V=
dim SN V,=3,dim SN Vz;=4,dim SN V,=5,dim SN V,,=5},
={SeZL(5):dimSNV,=0,dimSN V,=1,dim SN V;=1,
dim SNV,=2,dim SN V;=2,dim SN V,=3,
dim SN V,=3,dim SN Vy=4,dim SN Vo=4,dim SN V,,=5},
U,={Se £(5):dim SN V,=0,dim SN V,=1,dim SN V;=1,
dimSNV,=1,dim SN Vs=2,dim SN Vg =
dimSNV,=3,dim SN Vg=4,dim SN V,= 4,dimSﬂ Vio=5}
These cells are isomorphic to R®, R®, R®, R'® respectively. To parametrize each cell,
we first parametrize the corresponding cell for G*(R'®) as in Example 1. Then we

impose the linear constraints which must be satisfied in order for the subspaces to
belong to £(5). The linear constraints are determined as in Example 2. We obtain

1 0 o o0 0 | 1 o 0 0 o |
0 —Xo3  Xa3 X4  Xps 0 — X103 X3 X24 X35
0 =Xou Xp4 X34 X35 0 ~ X104 X24 X34 X35
0 1 0 0 0 0 —X10s X35 X35 X45
Sp 0 0 X5 X35 Xss ’ Sp 0 1 0 0 0 ’
0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0
0 0 0 1 0 0 0 0 1 0
0 0 Xo3  Xog 0 0 0 0 0 1
\_ 0 0 0 0 1 ] 0 X103 X104 X105 -
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—X73 TXo3 X3 X4 X5 —X73 X103 X13 X14 X1s
1 0 0 0 0 1 0 0 0 0
0 —Xo4 X1 X34 X35 0 —X104 X14 X34 X35
0 1 0 0 0 0 —X05 X5 X35 X45
0 0 X1s X35 Xss 0 1 0 0 0
i r— i o o |© | o 0 1 0 0
0 0 X3 0 0 0 0 Xq3 0 0
0 0 0 1 0 0 0 0 1 0
0 0 Xo3  Xog 0 0 0 0 0 1

| 0 0 0 0 1] | O 0 X103 X104 X105 |

U, U,

These 4 cells can be modified in an obvious way to obtain 4 charts W;, W,, W;, W,
which cover W*(T (1)) N £(5). They are given by

10 0o 0o o W [ 1 0 0 0 0 ]
~Xe3 TXo3 X3 X4 Xps ~Xe3  TX103 X23 X24 X2s
0 —Xg4 X24 X34 X35 0 X104 X24 X34 X35
0 1 0 0 0 0 —X105 X5 X35 X4s

Sp 0 —Xo5 X5 X35 Xss ’ Sp 0 1 0 0 0 ’
0 0 Xe3 0 0 Xe3 0 0
0 0 1 0 0 1 0 0
0 0 0 1 0 0 1 0
0 0 Xo3  Xo4  Xos 0 0 0 1

L 0 0 0 0 L Y 0 X103 X104 X105

w, w,

-—x73 TXo3 X133 Xi4 X5 ] [ —X73 X103 X13 X14 Xis |
1 0 0 0 0 1 0 0 0 0
0 —Xg4 X14 X34 X35 0 X104 X14 X34 X35
0 1 0 0 0 0 —X10s X5 X35 X4s
Sp 0 —Xx95 X;5 X35 Xss , Sp 0 1 0 0 0
0 0 1 0 0 0 1 0 0
0 0 X3 0 0 X3 0 0
0 0 0 1 0 0 0 1 0
0 0 Xo3  Xo4  Xos 0 0 0 0 1

| 0 0 0 0 1] Y 0 X103 X104 X105 |

LA W,

Each of these charts is a submanifold chart relative to one of the standard charts for
&£(5). (The standard charts for the Lagrange-Grassmann manifold are described in
the appendix.) Thus, W*(T(l)) N £(5) is an embedded submanifold of £(5).
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T(I) N £(5) is itself covered by 4 submanifold charts W,, W,, W,, W, given by

1 0 0 0 0 1 0 0 0 0
—Xe3 0 0 0 0 —Xg3 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 —Xi05 0 0 0
0 —Xos 0 0 0 0 1 0 0 0
Sp s Sp 5
0 0 X3 O 0 0 0 X3 0 0
0 0 1 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 1 0
0 0 0 0 xgs 0 0 0 0 1
| o 0 0 0 1 | o 0 0 0 Xps |
—l —2
[ —x;3 0 0 0 0 W [ x5 0 0 0 0 7
1 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 ~Xps 0 0 0
s 0 -x5 0 0 0 ’ s 0 1 0 0 0
0 0 1 0 0 0 0 1 0 0
0 0 X3 0 0 0 0 X3 0 0
0 0 0 1 0 0 0 0 1 0
0 0 0 0 x5 0 0 0 0 1
| o0 0 0 0 1] L 0 0 0 0 s |
W, w,

Let Q denote the nonwandering set of the ESRDE on G"(R*"). Then QN ¥£(n)
is the nonwandering set of the ESRDE on £(n). We have the mappings IL, : G"(R™)~>
QandII_: G"(R™)~>Q defined earlier. Let I, and I1_ denote the restrictions to £(n)
of I, and I1_ respectively. I, maps W*(T(1)) N £L(n) onto T(I)N ZL(n). We will also
use I1, to denote its restriction to W(T())NL(n).If S, e T(I)N ZL(n), then H+1(S,) =
W*(S,) N £(n). Thus, the fiber H+‘(Sl) is isomorphic to Euclidean space of dimension
Hn- Z] L +Z]2'1 I(dim M;_, - Y l)} which in this example is equal to 8. It is clear
that II+1( W) =W,i=1,2, 3 4 Furthermore there is an obvious isomorphism vy;: W; >
W, XR® with the property that if p;: W, XR® > W, is the natural projection, then p;°y;
is the restriction of II, to W.

The analysis of the example can be applied essentially unchanged (but at the
expense of introducing some rather cumbersome notation) to describe the structure
of W*(T (1)) N £(n) for an arbitrary invariant torus T(I) N £(n). If k is the dimension
of T(I)N £L(n), then by Theorem 13, W*(T(l)) N £(n) is the union of 2% cells, the
largest of which has dimension 3{n — Z i b +Zzil I;(dim M;_ _ l)}+ k. From these
cells we obtain 2% submanifold charts for W‘(T(I))ﬂ,‘f(n) Thus W‘(T(l))ﬂfé’(n)
is an embedded submanifold of £(n) of dimension Un- Z it

Z; h(dim M;_, -YC l)}+k. We have the projection II+ W’(T(I))ﬂi’(n)»
T(I)N £L(n). If Sle T(l)ﬂg(n) then H+‘(S )= W‘(S,)ﬂ,?i(n) which i 1s 1somorphlc
to Euclidean space of dimension d, =3{n— Z] A +Z: L li(dim M, l )}. Each

chart W, (i=1, ,25) for WE(T(1))N £(n) is the inverse 1mage of a chart W, for
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T(1) ﬂ.%’(n) Also, there exist isomorphisms 7y;: W; > W, XR% such that p;oy, = 1'I+| W.
Hence, IL, : W*(T(I)) N £(n)> T()N L(n) is a locally trivial bundle with R as fiber.
The transition functions for this bundle are invertible polynomial mappings of R,

The next theorem summarizes these conclusions as well as the corresponding
results for the unstable manifolds.

THEOREM 16. Let T(1) N £(n) be a k-dimensional invariant torus. Then

(a) WS(T(I))ﬂ$(n) is an embedded sybmanifold of ¥(n) of dimension k+d,,
whered—z{n Yo bt _ll(dlmM =¥

(b) I, : W‘(T(l))ﬂ$(n)—> T(l)ﬂff(n) is a locally trivial bundle with fiber R%
and polynomial transition functions.

(¢) W“(T(l))ﬂz(n) is an embedded submamfold of ¥(n) of dimension k+d,,
where d, —2{'1 Z lzr—,+1+z, 1 l2r—1+1(dlm N Z lzr—.+1)}

(d) T W“(T(l))ﬂfz‘,’(n)—) T(HNZ(n) is a locally trivial bundle with fiber R%
and polynomial transition functions.

4.3. Morse theory and structural stability. Next we determine exactly when
the ESRDE is a Morse-Smale vector field on £(n). We start with a lemma. Let
Ve .- V,, be the standard symplectic flag defined at the beginning of § 4.2. Define
a second complete flag W < - -< W,, with W;={e,.,, €,42," " -, €,4;} for j=n and
W ={€nt1, €nt2," " ", €n, €ny €ay, """, e2n—j+l} for j>n. Let a =(a,," -, a,,) and
B=(By,"*,B2n) besuchthat a;=00r1, B;=00r1, a;+az,_i+1=1, Bi+Bon—ir1 =1,
i=1,---,n It follows ;rivially that Zf:l a;=n =Zf:1 B;. Define X(a)=
{Se G"(R*"): dim sn V= z, ,@,j=1,-++,2n} and Y(B)={Se G"(R*"): dim SN
W= Z. 1 Ban—iv1,J = ,2n}.

LEMMA 8. X (a) ﬂ $(n) and Y(B)N £L(n) intersect transversally as submanifolds
of £(n).

Proof. If X(a)NZ(n) and Y(B)N ZL(n) are disjoint, then the assertion holds
trivially. So we may assume that X(a)N£(n) and Y(B)N Z(n) have nonempty
inpersection. Since X(a)N Y( B) is nonempty, it follows from Lemma 1 that Z’ LGS

Y Buj=1,-++,2nLetj<-:-<j,be the elements of {j: a; =1}, and let |, <- - - <1,
be the elements of {l: B,=1}. Since Z’ Z, L Bi for all j, it follows that l,, =Jp,
p=1,---,n

Let So e(X(a)NZ(n))N(Y(B)NZL(n)). We must show that T, (X (a) N L(n))+
Ts,(Y(B)N £(n)) = Ts,(£(n)). The proof of this requires only slight modification of
the proof of part (b) of Lemma 1. To each subspace S belonging to the cell X(a) N £(n)
is a 2n X n matrix Z such that Sp Z=S. If j; =n and j;4,>n (ie. Y|, &;=d), then
TOWS ji,j2,°* * sjas 3N—jo+1, 3n—j,_y+1,---,3n—j;.,+1 form an n Xn identity
submatrix. (See e.g. the parametrization of the cells U,, U,, U,, U, in the discussion
prior to Theorem 16.) There is also a standard chart for £(n) whose elements are
described by 2n X n matrices with an identity submatrix in these same n rows. (The
standard charts for £(n) are described in the appendix.) Let v be an arbitrary tangent
vector to £(n) at S,. Then there is a curve S(¢) in £(n) with S(0) =S, such that
d/dt|,—o S(t) = v. Furthermore, we can choose S(t) so that it corresponds to a straight
line in local coordinates. Analogous to the procedure used in the proof of Lemma 1,
we construct curves S;(¢) and S,(¢) in £(n) with S,(0)= S,(0)=S, and such that
$:1(0)+ S,(0) = S(0) = v. By construction, it is clear that S;(t) € X(a) N £(n) for all t.
Thus, $,(0) € Ts,(X ()N L(n)).

It remains only to show that S,(¢t)e Y(B)N ZL(n) for all t. Since Sye Y(B), it
suffices to show that dim S,(¢) N W, =dim SN W}, j=1, - - -,2n. Let Z,(¢t) bethe 2n xn
full rank matrix which corresponds to S,(¢) via the chart described above. For each



34 MARK A. SHAYMAN

qe{1,- -, n}, let Z4(t) denote the submatrix of Z,(t) consisting of its first g rows.
For each ge{n+1, - - -, 2n}, let Z9(¢) denote the submatrix of Z,(¢) consisting of the
first n rows of Z,(t) together with the last g —n rows of Z,(t). Now, Z,(t) maps R"
isomorphically onto S,(¢). Furthermore, Z,(t) maps ker Z3(t) onto S,(¢) N\ W,,_,. It
follows that dim S,(t) N W,,,_, = dim S,(0) N W,,,_, iff rank Z§(¢) = rank Z3(0). It fol-
lows easily from the structure of Z,(t) that row operations can be used to transform
Z,(t) to Z,(0). Furthermore, the row operations are such that row operations applied
to the submatrix Z3(t) involve only rows in the submatrix. Thus, rank Z3(z) =
rank Z7(0) for each gq. We conclude that dim S,(¢) N W;=dim S,N W, j=1,---,2n
which completes the proof. [

Using Lemma 8, we can show that stable and unstable manifolds for the ESRDE
always intersect transversally.

ProposITION 5. Let T(I) N £(n) and T(1') N £(n) be invariant tori for the ESRDE
on £(n). Then W*(T (1)) N £(n) and W*(T(I')) N L(n) intersect transversally.

Proof. By making a symplectic change of coordinates, if necessary, we may assume
that H has the form [§ _%] with D as described in the statement of Lemma 5. Then
the complete flags {V;}3" and { W;}3" defined prior to Lemma 8 refine the stable and
unstable flags {M;}}" and {N;}}" respectively. By Theorem 13, W*(T(I)) N #(n) and
WH*(T(I')) N £(n) are each disjoint unions of finitely many cells corresponding respec-
tively to the complete flags { V;}i" and { W;}{". In the notation of Lemma 8, each cell
for W(T(I))N&(n) is of the form X(a)N £L(n) for some a, while each cell for
WH*(T(1')) N &(n) is of the form Y(B) N £L(n) for some B. By Lemma 8, X(a)N £L(n)
and Y(B)N Z(n) intersect transversally. Since X(a)N<L(n) and Y(B)N £L(n) are
embedded submanifolds of W*(T(1)) N £(n) and W*(T(I')) N L(n) respectively, it
follows immediately that W*(T(l))N<L(n) and W*(T(I')) N &£(n) intersect trans-
versally. 0O

From Proposition 2, we know that if the ESRDE is considered as a differential
equation on G"(R®"), then every equilibrium point is hyperbolic. Since every equili-
brium point of the ESRDE on #(n) is also an equilibrium point of the ESRDE on
G"(R*"), we have.

PROPOSITION 6. Every equilibrium point of the ESRDE on £(n) is hyperbolic.

In a recent paper [19], Hermann and Martin have discussed the Poincaré map
associated with a 1-dimensional invariant torus (i.e. a periodic orbit) for the ESRDE
on ¥(n). However, there is an error in the analysis which results in an incorrect
conclusion regarding the eigenvalues of the derivative of the Poincaré map.

Let T(I)N £(n) be a 1-dimensional invariant torus. It follows from Proposition
4 that each element of T(l)ﬂff(n) is of the form E;®---®E;_ lG—)S(-B
([J(S)]J_ n E2r—]o+l) where] € {]1 P ,Jr—l} lﬁ 2r—.]~+ 1 £ {Jl P 9Jr-l} JO and 2r—.]0+ 1
do not belong to {j;,* ", Jjr-1}» d1m E;,=2, and S is any 1-dimensional subspace of
E;,. Let A, =a+ib denote one of the pair of complex conjugate elgenvalues of H|E;,
chosen so that b>0. Let A,=—a+ib, and let 7=u/b. Let A3, - -, A, denote the
eigenvalues of H|E;®- - -@E; _,. The proof of Lemma 5 is easily modiﬁed to show
that by making a symplectic change of basis, we may assume that E; = Sp {e;, e,+2},
E2r—]0+l - Sp {e2, en+l}a E]l@ @ E, - Sp {e3 P n} and E‘2r—j,+1('B @ EZr—J,+1
Sp{en+3, - *, €2,}. We may also assume that

Hy, Hu]
m=|
H, H

where H,, =diag {a, —a, D,} with D, (n—2) x(n—2), H,, is 0 except for its (1, 2) and
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(2, 1) entries which are equal to b, H,; =—H,,, and H,,=—H},. Let

Ht_[cll(t) Cl2(t)]
¢ Cu(t) Cu(t)]”

Then C,,(t) = diag {e® cos bt, e™® cos bt, e}, C,,(t) is 0 except forits (1, 2) and (2, 1)
entries which are e® sin bt and e~ sin bt respectively, C,,(t) = —C',(t), and C,,(t) =
diag {e™* cos bt, e™ cos bt, e Pi'}.

We construct a Poincaré map at the point So=Sp{e,, ", e,}€ TU)NL(n). S,
corresponds to the origin in the chart Y > Sp[y] for £(n), where Y € S(n). Let W
denote this chart. The 7-periodic solution e(S,) is contained in this chart except for
those values of ¢ i;or which cos bt = 0. The expression for e (S,) in the local coordinates
of this chart is Y(¢) where the n Xn symmetric matrix Y(1)is 0 except for its (1, 2)
and (2, 1) entries, which are —tan bt.

Let U denote the subset of W consisting of the subspaces of the form Sp[y]
where y;, = y,; =0. Then U is a codimension 1 submanifold of W which intersects the
periodic orbit transversally at S,. Let S,=Sp[y]e U. e™(S,) e W iff C,(1)+ Cy»(t) Y
is nonsingular, which is equivalent to cos® bt — y,, ,, sin”> bt being nonzero. If this is

the case, then
Ht —_— I
e”'(8;)=Sp [(Czl(t) + Coa(1) Y)(Cyy(£) + Cia(2) Y)—l] .

Then e™(S,)eU if the (1,2) and (2,1) entries of (Cy(t)+Cyu(1)Y)
(Ci(t)+ Cip(t) Y) ™" are 0. This is equivalent to having cos bt sin bt(1+ y;, y»,) =0. It
follows that if t =7, e""(S,) € U. Thus, the restriction of e”" to the submanifold U is
a Poincaré map for the periodic orbit T(I) N L(n). Since C,,(7)= C,,(7)=0, the
Poincaré map is given in local coordinates by the map Y - C,,(7) YC,,(7)”", which is
a linear map. Here Y is a symmetric matrix with y,, = y,, =0. It is easily verified that
the eigenvalues of this linear map (and hence of the derivative of the Poincaré map
at S,) are as given in the following result. Note that e *"=—e~ % and e *:" = —e®".

ProrosiTION 7. Let T(1) N #(n) be a 1-dimensional invariant torus. Then (using
the above notation) the sn(n+1)—1 eigenvalues of the derivative of the associated
Poincaré map are {e"***":1=i=j=nand (i,j) #(1,2)}.

CoROLLARY. Every 1-dimensional invariant torus for the ESRDE on £(n) is a
hyperbolic periodic orbit.

Proof. 1t follows from Proposition 7 and Assumption A2 that none of the 3n(n+
1) —1 eigenvalues of the derivative of the Poincaré map are on the unit circle. 0O

We can now obtain necessary and sufficient conditions for the ESRDE to be a
Morse-Smale vector field. Recall that H has 2p real eigenvalues and 4q nonreal
eigenvalues.

THEOREM 17. The ESRDE is a Morse-Smale vector field on £(n) iff g=1.

Proof. If g =1, there can be no invariant tori of dimension greater than one. From
Theorem 12 and Propositions 5, 6, 7, it follows that the ESRDE is Morse-Smale. On
the other hand, if g =2, it follows from Theorem 12 that the nonwandering set of the
ESRDE contains at least one invariant torus of dimension greater than one and therefore
cannot be Morse-Smale. 0O

We now consider the structural stability of the ESRDE on £(n). Every ESRDE
corresponds to an infinitesimal generator H €sp (n, R). We will say that the ESRDE
determined by H is structurally stable within the class of ESRDE’s if there exists a
neighborhood N of H in sp (n,R) such that the vector field determined by H is
topologically equivalent to the vector field determined by every HeN. By replacing
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“topologically equivalent” with “topologically equivalent on (,” we obtain the
definition of the ESRDE determined by H being ()-stable within the class of ESRDE’s.
To avoid any possible confusion, let us recall that except in these definitions, the
symbol “Q” is used to denote the nonwandering set of the ESRDE on G"(R*"). The
nonwandering set of the ESRDE on £(n) is therefore QN Z(n).

THEOREM 18. Suppose that H esp (n,R) satisfies Assumption A2. If q=1, the
associated ESRDE is a structurally stable vector field on £(n). Otherwise, the associated
ESRDE is not Q-stable within the class of ESRDE’s.

Proof. If q =1, then the associated ESRDE is Morse-Smale by Theorem 17. This
implies that it is structurally stable [30]. On the other hand, if ¢ = 2, then the nonwander-
ing set contains at least one invariant torus of dimension at least 2. Let a, +ib,, - - -, a,+
ib, be the nonreal eigenvalues of H in the first quadrant of the complex plane. leen
any neighborhood N of H in sp (n, R), we can find H A € N such that the i imaginary
parts of the eigenvalues of H (H ) in the first quadrant are all commensurable (all
noncommensurable). Then every invariant torus of H (H ) of dimension at least 2
contains periodic (almost periodic) orbits. Thus, the ESRDE’s associated with H and
H are not topologically equivalent on (2. Hence, the ESRDE associated with H cannot
be ()-stable within the class of ESRDE’s. 0O

Remark 4. If g =1, then by Theorems 17 and 18, the ESRDE is a Morse-Smale
vector field on £(n) and is structurally stable. However, considered as a vector field
on G"(R*"), the ESRDE is neither Morse-Smale nor structurally stable. The reason
for this is that Q) contains at least one 2-dimensional invariant torus, while QN £(n)
contains only invariant tori of dimensions less than or equal to 1. Note that by saying
that g = 1 for the ESRDE, we mean that H has 2 pairs of complex conjugate eigenvalues,
or a total of 4 nonreal eigenvalues. This is different from saying that g =1 for the
ERDE, which in § 3 we took to mean that B has a single pair of complex conjugate
eigenvalues.

The Betti numbers of the Lagrange-Grassmann manifold £(n) were determined
by A. Borel [4]. In the case where the coefficient field is Z,, the Poincaré polynomial
of £(n) was found to be (1+1¢)(1+¢%) - - - (1+1t"). As an application of Theorem 17,
we will obtain a new calculation of this result based on the phase portrait of the
ESRDE. We need the following lemma which gives a lower bound for the sum of the
mod 2 Betti numbers of the Lagrange- Grassmann manifold.

LEMMA 9. ¥, b(ZL(n), Z,) =2

Proof. By induction on n. Let n=1. £(1) = G'(R?), which is the projective line.
The projective line is homeomorphic to S', for which the sum of the mod 2 Betti
numbers is 2. So the assertion holds for £(1).

Suppose that the assertion holds for £(n—1). Let P be the 2n xX2n matrix
diag {d,, -+, d,,} withd;=1fori=1,---,n—-1,n+1,---,2n—1and d,=d,,=—1.
P induces an isomorphism of G"(R>") onto itself by §- P(S). Since P e Sp (n, R), it
follows that P maps £(n) onto itself. Let F ={S e G"(R*"): P(S) = S}, the fixed point
set of the mapping P. Let V=Sp{e,, -, €_1,€ns1," " ", €} and let W=
Sp {e., e;,}. V and W are the eigenspaces of P corresponding to the eigenvalues 1
and —1 respectively. Since F is the set of all n-dimensional invariant subspaces of P,
it follows that F is the disjoint union {S,®8S,:S,e G"(V), S, G (W)}L/
{$,®8,: 5, G"I(V), S,eG'(W)II{S,®S,: S,€ G"*(V), S, G(W)}, where
G’(V) and G’(W) denote the Grassmann manifolds of all j-dimensional subspaces
of V and W respectively.

Let Se F. Write S=S,® S, with S, <V, S, W. Since PJ =JP, we have J(S)=
J(S)®J(S,) with J(S,)=V, J(S,)c W. Since VLW, J(S)LS iff J(S,)LS, and
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J(S,)LS,. A necessary condition for J(S,)LS, and J(S,)LS, is that dim S, =3dim V
and dim S,=3dim W.Thus,if Se FN ¥(n),thendim SN V=n—1anddim SN W=1.
So FNZL(n)={8$,®8,: S, G"'(V), S, G'(W), J(8,)LS;, J(S;)LS,}, which shows
that FN £(n) is isomorphic to £(n—1) x£(1). Applying the induction hypothesis,
we conclude that the sum of the mod 2 Betti numbers for FN £(n) is at least 2"
2=2", Applying Floyd’s theorem (see § 3.3) to the period 2 mapping P: £(n)~> £(n),
we conclude that the sum of the mod 2 Betti numbers for £(n) is at least 2", completing
the proof. [

TuEOREM 19. The Poincaré polynomial for £(n) using Z, as the coefficient field is

P, (L(n); )=Q+1)(1+3) - (1+1").

Proof. Choose H to have distinct real eigenvalues. (Since H € sp (n, R), this implies
that 0 is not an eigenvalue.) Then the ESRDE has 2" equilibrium points and no other
invarianttori. Also, dim E; = 1forall j, r = n,anddim M, =j forallj. LetI=(l,, - -, L,)
be such that ;=0o0r1 and L+ 12,,_,+1 1,j=1,- -, n By Theorem 16, dim W*(T(l))N-
F(n)=3{n— d+zJ LG-1-Y0 l,)}, where d Z, . Let j, <j,<---<j, denote
the elements of {j: [;=1}. Using the fact that Y7 l =v—1, we obtam

dim W‘(T(l))ﬂ.ff(n)=5{n—d+ Y, (j,,—v)}.
v=1
It is easy to see that the condition [;+L,_;,; =1 implies that

Z.’”* S @+l Jv>—zj—1n<n+1>

v=d+1

Using this equation to substitute for Zy=1 J, and simplifying gives
dim WY(T(D))NZ(n)= ¥ (j,—n),
v=d+1

which is the sum of an (n — d)-element subset of {1, 2, - - -, n}. Letting / take on each
of its 2" possible values, dim W*(T(l)) N £(n) takes on the values of the sums of each
of the 2" subsets of {1,2,- -, n}. Since dim W*(T(I)) N £L(n) is the index of the
equilibrium point T(I) N #(n), this implies that the Morse series for the vector field
corresponding to H has factored form

My()=QQ+)A+) - (1+1t").

By Theorem 17, the ESRDE which corresponds to H is Morse-Smale. Let m;
denote the coefficient of ¢* in the polynomial My (¢). Then the Morse-Smale inequalities
give m, = b,(£(n), Z,). To show that this is actually an equality for each s, it suffices
to show that Y m, =Y _b,(£(n), Z,). Since } , m,=2", this follows immediately from
Lemma 9. Thus, m, = b,(£(n), Z,) for all s, which is equivalent to the conclusion that
the Poincaré polynomial for #(n) using Z, as coefficients is (1+¢)
1+ ---1+¢"). O

We have seen that the ESRDE is not generally Morse-Smale, due to the existence
of invariant tori of dimension greater than one in the nonwandering set. However, we
can still define a Morse series My(t) for the ESRDE corresponding to the generator
H. For each invariant torus T(I)N¥(n), define the index of T(I)N%(n) to be
Ind (T(I) N &(n)) =dim W*(T(1))N £L(n)—dim T(I) N £(n). Then define the Morse
series to be

MH(t) — z (1 + t)dim T(l)ﬁ.‘f(n)tlnd(T(l)ﬁ.‘f(n)),
1
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where the sum is over all I=(/,, --,L,) such that ,+1L,_;.,=dim E;, i=1,---,r.
The following result shows that the ESRDE satisfies Morse-type equalities provided
that Z, is used as the coefficient field.

THEOREM 20. Suppose that H € sp (n, R) satisfies Assumption A2. Then
My(t) = Pz(£(n); t).

Proof. Let {V;}{" denote the standard symplectic flag for R*>" described at the
beginning of § 4B. Corresponding to this complete flag is a cell decomposition of £(n)
into the union of 2" cells. The cells are given by U(a) N\ £(n) where a=(a,, - -, a,)
issuchthata,+ ay,_is1=1,i=1,- -+, nand U(a)={Se G"(R*"): dim SNV, = Z @i
j=1,---,2n}. By Lemma 7, dim U(a)ﬂﬁf(n) HUn- d+212", a; (] Z, , @)}, where
d= Z; . a;. This formula can be simplified by letting j, <j,<---<j, denote the
elements of {j: a;=1}. By the same manipulations used in the proof of Theorem 19
(but with a; in place of I;), we obtain

dim U(a)NZL(n)= ¥ (j,—n).
v=d+1
It follows that
Z el = 1+ ) (1422 - - (1417,

cells
which is equal to P, (Z£(n); t).

By Lemma 35, there is no loss of generality in assuming that the complete flag
{V;}i" refines the stable flag {M;}}" which corresponds to H. Then by Theorem 13,
each stable manifold W*(T(l)) N\ Z(n) is a disjoint union of some of the 2" cells
corresponding to the complete flag {V;}i". If dim T(I) N £(n) =k, then W*(T(I))N
%(n) is the union of 2* cells, and (¥) of these cells have dimension equal to
dim W/(T()NLn)—k+v=Ind(T)NZF(n))+», v=0,---,k The Binomial
Theorem then implies that

(l + t)ktl"d (T(HNL(n)) _ Z tdim cell.

all cells in
W (T(D)NL(n)

If we sum over all the invariant tori T(I) N £(n), the left-hand side gives My (¢) while
the right-hand side gives P, (£(n);t). 0O

5. Phase portrait of the symplectic Riccati differential equation. In this section, we
determine the phase portrait for the SRDE, i.e. for the differential equation

—-Q-A'K-KA+KLK

on the vector space S(n) of real symmetric n X n matrices. As was described in § 2,
there is a natural embedding of S(n) in the Lagrange-Grassmann manifold £(n) given
by ¢: S(n) > £(n), where ¢(K)=Sp [«]. The image of ¢ is the open and dense subset
Zo(n) of L(n) consisting of those n-dimensional Lagrangian subspaces which are
complementary to Sp {€,+1, " " *, €:.}. Let K(¢, K,) denote the solution of the SRDE
with initial condition K,. The solution S(¢t, ¢ (K,)) of the ESRDE on #(n) with initial
condition ¢(K,) is given by S(t, ¢(K,)) = e (¢(K,)) where H =[5, _4]. The sol-
utions K (¢, K,) and S(t, ¢(K,)) are related by the equation

(%) & (K(t, Ko)) = S(t, (Ko))

which holds whenever K (¢, K,) exists. Equivalently, the equation holds for the largest
time-interval containing 0 for which S(t, ¢(K,)) remains in the subset £y(n).
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It is important to note that the phase portrait of the SRDE is by no means the
same as the phase portrait of the ESRDE, and by themselves the results in § 4 do not
characterize the phase portrait of the SRDE. Firstly, the nonwandering set QN %£(n)
of the ESRDE may intersect £(n)—%y(n). Thus, there may be equilibria, periodic
solutions, and almost periodic solutions which are contained in £(n)—%,(n) and
hence correspond to no solutions in the phase portrait of the SRDE. Also, there may
be points in the nonwandering set of the ESRDE which are contained in %,(n) but
which generate periodic or almost periodic solutions which intersect £(n)—Zy(n).
The corresponding points in S(n) are not nonwandering points since they generate
solutions which escape in finite time. Thus, the first obstacle to recovering the phase
portrait of the SRDE from that of the ESRDE is the possibility that Q N £(n) intersects
Z(n)—ZLo(n).

The second obstacle is that even if QN #£(n) is completely contained in Fy(n),
there may be solutions of the ESRDE which cross the hypersurface £(n)—%y(n) in
the process of converging to invariant tori in QN #(n). The corresponding solutions
of the SRDE do not converge to the corresponding invariant tori for the SRDE. Rather,
the solutions escape in finite time.

It is clear that the phase portrait of the SRDE can be recovered from that of the
ESRDE provided we can determine which nonwandering points of the ESRDE belong
to Zo(n) and provided we can identify which solutions of the SRDE escape in either
finite forward or backward time. This will be done in the next two subsections. It is
interesting to note that it is at this final stage that system-theoretic concepts play a key
role in the solution of the mathematical problem. The results for the ESRDE place no
individual restrictions on L and Q other than the requirement that they be symmetric.
In particular, they apply even when the SRDE is a linear Lyapunov differential equation
(L=0) or when the SRDE corresponds to a zero-sum differential game (L indefinite).
However, when we seek to recover the phase portrait of the SRDE from that of the
ESRDE it becomes important that the SRDE correspond to a control (or filtering)
problem (L nonnegative definite) and not to a differential game. Controllability of the
associated linear system also becomes important. No assumption on Q is required in
order to obtain the phase portrait of the SRDE. Thus, the characterization we obtain
is applicable to Riccati equations which correspond to control problems with conflicting
objectives (Q indefinite). However, if we wish to obtain results concerning the
asymptotic signature of solutions, then it becomes important that Q be nonnegative
definite and that the associated linear system be observable.

5.1. Nonwandering set. By Theorem 12, the nonwandering set of the corresponding
ESRDE is a union of invariant tori. Furthermore, there are exactly (£)27*7* tori of
dimension k, k=0, - - -, q. In particular, there are 2°*? equilibrium points. However,
it is by no means clear that this is the nonwandering set of the SRDE. The problem
is that some or all of the points of a given invariant torus (for the ESRDE) may belong
to £(n)—Ly(n) and therefore not correspond to any points in the space S(n) of
symmetric matrices. For example, it is easy to construct a matrix H which satisfies
Assumption A2 but for which L=0. Then the corresponding SRDE is

K=-Q-AK-KA

which is a linear matrix equation. We can arrange to have all the eigenvalues of A
belong to the open left half plane. It follows immediately that the SRDE has a unique
equilibrium point. Since the corresponding ESRDE has 2”9 equilibrium points, it
follows that 2777 —1 of these must belong to £(n)—Ly(n). We see that Theorem 12
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cannot tell the whole story of the nonwandering set for the SRDE since it evidently
fails to distinguish between linear and quadratic matrix differential equations. To say
this another way, the extension of the Riccati equation from S(n) to the compactification
Z(n) blurs the distinction between linear and quadratic equations.

The main result of this subsection is that Theorem 12 does describe the nonwander-
ing set of the SRDE provided that a controllability condition is satisfied. Recall that
the pair (A, B) is controllable if the matrix [B, AB, - - -, A" ' B] has full rank. It was
proven independently by Shayman [41], [35] and by Lancaster and Rodman [23] that
if L= BB’ with (A, B) controllable, then every n-dimensional Lagrangian H-invariant
subspace is complementary to Sp {€,+1, " * *, €2n}-

Thus, every equilibrium point for the ESRDE actually belongs to the subset £,(n)
and hence corresponds to an equilibrium point for the SRDE on S(n). This result was
generalized by Shayman [37]. It was proved that if L= BB’ with (A, B) controllable
and if H has no eigenvalues on the imaginary axis, then for any T>0, every n-
dimensional  Lagrangian e”"-invariant subspace is complementary to
Sp{e.,+1, * *, e:}. Hence, every periodic orbit for the ESRDE belongs to £,(n) and
therefore corresponds to a periodic orbit for the SRDE on S(n).

The following result generalizes the existing results to show that in the presence
of controllability, every nonwandering point for the ESRDE is contained in Z,(n)
and thus corresponds to a nonwandering point for the SRDE on S(n). Recall that
L*(H) (L™ (H)) denotes the invariant subspace associated with the eigenvalues of H
with negative (positive) real part.

LeEmMMA 10. Suppose that L= BB', (A, B) is controllable, and H has no eigenvalues
on the imaginary axis. Let S € £(n) and suppose that S is of the form S = S*® S~ where
S*< L*(H) and S < L (H). Then S %y(n).

Proof. Since (A, B) is controllable and H has no imaginary axis eigenvalues, it
is well known (see e.g. [47]) that the SRDE has a unique equilibrium point K* (K ™)
which has the additional property that every eigenvalue of A— BB'’K* (A—BB'K")
is in the open left (right) half-plane. Furthermore, the difference A= K* — K~ is positive
definite. It is also well-known (see e.g. [35]) that ¢(K*)=L*(H) and (K ") =L (H).

Let k denote dim S*. Then there exist n X k and n X (n — k) full rank matrices D™,
D~ such that

Since S e £(n), we must have J(S*)LS™, which implies that (D™)’AD™ =0. Now,
D* D~
§=5p [K*D+ K"D‘]’

s0 Se %o(n) if and only if the n X n matrix [D* D7] is nonsingular. Suppose there
exists y € R* and ze R" ¥ such that[D* D7][?]=0.Then D*y = — D~z Premultiplying
both sides by z'(D™) A gives 0=—z'(D~)AD z. Since A> 0, this implies that D"z =0
and hence D"y =0 as well. Since D* and D~ each have full rank, y=0 and z=0.
Thus, [D* D7] is nonsingular, which completes the proof. 0O

COROLLARY. Suppose that H satisfies Assumption A2 and that L= BB' with (A, B)
controllable. Then the nonwandering set of the ESRDE is contained in £(n).

The following theorem completely characterizes the nonwandering set of the
SRDE.
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THEOREM 21. Suppose that H satisfies Assumption A2 and that L = BB’ with (A, B)
a controllable pair. Then

(a) The nonwandering set of the SRDE on S(n) is a union of invariant tori. There
are exactly (§)2°797% tori of dimension k, k=0, - -, q.

(b) Each invariant torus is given by ¢ *(T(I)N L(n)), where I=(l,,- -+, 1,,) is
suchthatl,+1,_;,,=dim E;,i=1, -, r,and T(I) N £(n) is as described by Proposition
4.

(c) If¢ " (T(I)N L(n)) is a 0-dimensional invariant torus, then it is an equilibrium
point.

(d) If ¢ (TN L(n)) is a k-dimensional invariant torus with k>0, and if the
associated imaginary parts {w;:v=1,---,k} are commensurable, then each K e
¢ (T(I)N £(n)) generates a periodic motion with period equal to the least common
multiple of {m/w,; : v=1,- -, k}. Otherwise, each K € ¢ "(T(I)N £(n)) generates an
almost periodic motion, which is dense in ¢ '(T(I)N L(n)) iff no pair of the w; are
commensurable. In all cases, if K,, K,e ¢ '(T(I) N £(n)) with K(t, K,)> K(t, K,) as
t-> or t->—oo, then K, =K,.

Proof. It follows from (*) and Lemma 10 that ¢ is a real-analytic isomorphism
of the nonwandering set of the SRDE onto the nonwandering set of the ESRDE. Since
the restriction of ¢ ' to the nonwandering set of the ESRDE (which is compact) is
uniformly continuous, it follows from AP 5 (see Appendix B) that ¢ ' takes almost
periodic motions to almost periodic motions. All of the other assertions follow from
the corresponding results for the ESRDE (Theorem 12). 0O

Remark 5. It is proven in [35] that if H has no imaginary axis eigenvalues, then
at least 2°797! of the equilibrium points of the ESRDE are contained in #£(n) — %y(n).
Since they do not belong to the image of ¢, these equilibrium points do not correspond
to equilibrium points of the SRDE on S(n). Thus, controllability is necessary as well
as sufficient for ¢ to be an isomorphism of the nonwandering set of the SRDE onto
the nonwandering set of the ESRDE.

If C is a p X n matrix, the pair (C, A) is said to be observable if the pair (A’, C")
is controllable. The following result describes the signatures of the points on the
invariant tori for the SRDE.

THEOREM 22. Suppose that H satisfies Assumption A2 and that L= BB', Q=C'C
with (A, B) controllable and (C, A) observable. Then if K € ¢ '(T(I) N £(n)), then K
is nonsingular and has exactly Y,_, I, positive eigenvalues.

Proof. It is well known (see e.g. [48]) that if L=BB’, Q=C'C with (A, B)
controllable and (C, A) observable, then K*>0 and K~ <0. Let k=Y |_, I.. From the
proof of Lemma 10, there exist n Xk and n X (n —k) full rank matrices D", D~ with

(D7YAD™ =0 such that
I D* D"
Sp [K] =Sp [K+D+ K'D']'

Thus, K =[K*D* K™D ][D" D7].Let M =Sp D*. Then A~'(M*) =Sp D". Since
[D* D7] is nonsingular, M and A~'(M") are complementary subspaces in R". It is
easy to verify that if xe M, then x'Kx =x'K*x, while if xe A”'(M"), then x'Kx =
x'K~x. The assertions of the theorem follow immediately from this together with the
fact that K*>0and K~ <0. 0O

Using Proposition 4, it is easy to actually compute the invariant tori for the SRDE
on S(n). The first step is to determine the primary components E,, - - -, E,, of H.
Choose I=(l;,* -, L,) such that ,+1L,_,,,=dim E;, i=1, - - -, r. Next, construct the
elements SeT()NZ¥(n) by forming the direct sums S=S,® - DS, D
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WISH'NE )@ - - ®(J(S)I* NE,,) where S; is any I-dimensional subspace of
E,i=1,---,r Given any Se T(I)N £(n), choose any basis for S and let [3] be the
2n X n matrix whose columns are this basis. (X and Y are each n X n.) Since S € %,(n)
by Lemma 10, X is automatically nonsingular. Then ¢ '(S) is the symmetric matrix
YX ~'. By this method, we can construct each invariant torus ¢ *(T(I) N £(n)). This
procedure is illustrated in detail in § 5.4. In the special case where T(I)N £(n) is
0-dimensional, this procedure is the well-known eigenvector method for constructing
the equilibrium points of the SRDE [24], [31], [25].

5.2. Stable and unstable manifolds. In this subsection, we describe the stable and
unstable manifolds for the SRDE on S(n). The following lemma is an easy consequence
of the results in [7] and [26]. Let K* and K~ denote the unique stabilizing and
destabilizing equilibrium points as referred to in the proof of Lemma 10.

LeEMMA 11. Suppose that L = BB' with (A, B) controllable and H has no eigenvalues
on the imaginary axis. Then K(t, K,) has no finite escape time in forward time if and
only if K= K™, and has no finite escape time in backward time if and only if Ko= K.

Suppose that H satisfies A2 and that L= BB’ with (A, B) controllable. Let
F.,={KeS(n): K*zK}andlet F.={K € S(n): K= K~}. Thus, K(t, K,) has a finite
escape time in forward (backward) time iff Kog F, (Ko€ F_). By Theorem 21, the
nonwandering set of the SRDE is a union of tori, with one torus foreach I=(1,,- - -, I,,)
which satisfies [, +L,,_;+; =dim E;,i=1, - - -, r. For each such [, let R*(I) (R*(l)) denote
the stable (unstable) manifold of the invariant torus ¢ '(T(I)N£(n)). In other
words, R*(I)={K,e S(n): K(t, Ko)» ¢ (T(I)N£(n)) as t->o0} and R*(l) ={K,¢e
S(n): K(t,Ko)»> ¢ (T(H)NZL(n)) as t->—}. By (%), it follows immediately that
R*()=¢ " Y(W*(T(I)) N £(n))N F, and that R*(I)= ¢ (W*(T(1))N L(n)) N F_.

As in § 4, we let () denote the nonwandering set of the ESRDE regarded as a
differential equation on G"(R*"). Then Q N £(n) is the nonwandering set of the ESRDE
on Z(n). We recall from § 4.2 the definition of the projections 1. : L(n)>QNL(n)
and I1_ : E(n)->QNZL(n). Let n, denote the projection onto the subspace E; along
the subspace Dil1ix; Ei,j=1,---,2r.Then () =n(SNM)® - - @ n,.(S ﬂ M,,),
and 11_(8) = m(SNN,,)®:--@® n,,,(Sﬂ Nj;). We can now prove the following result
which describes the asymptotic behavior of every solution of the SRDE.

THEOREM 23. Suppose that H satisfies Assumption A2 and that L= BB’ with (A, B)
a controllable pair. Let Ky€ S(n) and let I, =dim ¢(K,) N M; —dim ¢(Ko) N M,;_,, i=
1,--- ,2r, and let I;=dim ¢(K0)ﬂ Ny, _iv1—dim ¢(Ko) N Ny, i=1,+--,2r. Let l=
(L, -+, L) andletl'=(1y,---,1,). Then

(a) If K¢ F,, then K(t, Ko) has a finite escape time in forward time.

(b) IfKy€ F,, then Ko R*(l). Furthermore, K(t, Ko)> K (1,  '({1.(¢(Ky)))) as
t-> 0,

(c) If Ko2 F_, then K(t, K,) has a finite escape time in backward time.

(d) If Koe F_, then Kye R*(I'). Furthermore, K(t, Ko)~> K(t, » "({1_(6(Ky,))))
as t—> —oo,

Proof. (a) and (c) follow immediately from Lemma 11. (b) From the definition
of I, we have dim ¢(Ko) N M;=Y"_ L, j=1,---,2r By Theorem 2, this implies that
¢ (Koy)e W(T())NZL(n), so Kye R*(I). Let S1 . (¢(Kyp)) e T(l)ﬂ.fé’(n) Then
d(Ky) e W*(S,) N Z(n),so p(S(t, p(Ky)), S(t, S;)) >0 as t > co. (Recall that p denotes
the gap metric.) Since Zy(n) is an open subset of the metric space £(n) and T(I)N
Z(n)< Lo(n), there exists an open set U such that T(I)ﬂff(n)c Uc Uc Zy(n).
Since S(t, S,)€e T(l)ﬂff(n), it follows that S(t, $(Ko)) € U for sufficiently large t.
Since the restriction of ¢ ' to the compact set U is uniformly continuous, the fact
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that p(S(t, #(Ko)), S(1,8,))>0 as t->co implies that [¢~'(S(t, ¢(Ko)))—
¢7'(5(1,5,)]|>0 as t->co. Thus, |K(t, Ko)— K (1, ¢ 7' (I1.(¢(K))))|| >0 as t>c0,
which proves (b). The proof of (d) is analogous to the proof of (b). O

We recall from § 4.1 that the total number of invariant tori for the ESRDE on
Z(n) and hence for the SRDE on S(n) isI1]_; (1+dim E;) = 2”3% Theorem 23 describes
2 partitions of S(n) determined by the phase portrait of the SRDE. The first partition
consists of the stable manifolds {R*(I)} together with the region S(n)— F, of points
which generate motions which escape in finite forward time. The second partition
consists of the unstable manifolds {R*(I)} together with the region S(n) — F_ of points
which generate motions which escape in finite backward time. Each partition contains
1+2737 sets.

Theorem 23 describes the asymptotic behavior of every solution of the SRDE. If
K(t, K,) converges to an invariant torus as ¢ - o (or as t > —o0), the theorem specifies
not only which torus ¢ '(T(I) N £(n)) it converges to, but also which motion on the
torus K(t, K,) approaches.

An interesting implication of Theorem 23 is that no trajectories of the SRDE
approach infinity asymptotically. A trajectory either reaches infinity in finite time or
converges to an invariant torus. This behavior is very different from that of a linear
matrix differential equation. In the linear case, there can be solutions which grow
exponentially and hence approach infinity in the limit as ¢ co. It is the assumption
of controllability which prohibits this behavior for the SRDE. The convergence of
solutions when (A, B) is stabilizable (rather than controllable) is considered in [8].

A classical result in the theory of the Riccati equation is that K(t, Ky)> K™ as
t->oiff Ko< K™, and K(¢t, K;)-> K" as t>—o0 iff K,> K. (See e.g. [47].) It is easy
to show how these results follow from Theorem 23. We noted earlier that ¢(K ™) is
the sum of the primary components of H which correspond to its right half-plane
eigenvalues. In other words, ¢(K™)=E,, @ - @ E,,. Thus, the equilibrium point
¢(K7) of the ESRDE is the invariant torus T(I) N £(n) for I=(l,,- -+, L,) with [; =0,
i=1,---,r,and ,=dim E;, i=r+1,---,2r. By Theorem 23

j
R¥(l)={Koe F,:dim ¢(Ko) " M; =} I,j=1,--", 2r}.
i=1
For the given I, the condition that
J
d1m¢(K0)nM;=Zlu j=1’°“92r
i=1

is equivalent to the condition that ¢(K,) N\ M,=0. Since ¢(K™) is the sum of the
primary components of H which correspond to its left half-plane eigenvalues, we have
M,=E,®---@®E,=¢(K™"). Since ¢(Ko)Np(K*)=0 iff K™ — K, is nonsingular, we
have R*(I)={K,€ S(n): K*= K, and det (K* - K,) # 0} ={Ko€ S(n): Ko< K*}. By
an analogous argument, it follows from Theorem 23 that the unstable manifold of K™
is {Koe S(n): K,> K™}

The following result describes the asymptotic signature of every solution of the
SRDE which does not have a finite escape time. It follows immediately from Theorem
22 together with the fact that the set of nonsingular symmetric matrices of a given
signature is open in S(n).

THEOREM 24. Suppose that H satisfies Assumption A2 and that L= BB, Q=C'C
with (A, B) controllable and (C, A) observable. If K,€ R*(1) (R"(l)), then for sufficiently
large positive (negative) t, K(t, K,) is nonsingular and has exactly ¥|_, I; positive
eigenvalues.
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5.3. Genericity. Theorems 21 and 23 give a complete description of the phase
portrait of the Riccati equation

() K=-Q-A'K-KA+KBB'K

provided that Assumption A2 is satisfied and (A, B) is controllable. If we fix m and
consider those Riccati equations for which B is nxXm, we can specify each such
equation by a triple (A4, B, Q) e R™™" XR"*™ x S(n). It is clear that an open and dense
subset of triples satisfy the controllability condition and conditions (1) and (2) of A2.
However, the set of triples (A, B, Q) which violate condition (3) of A2 has nonempty
interior in R™™" XR"*™ x S(n). To see this, note that since H €sp (n, R), its spectrum
is symmetrical with respect to both coordinate axes. Hence, if [_’3’0 ~%P] has an
imaginary axis eigenvalue with multiplicity one (or more generally, with any odd
multiplicity) the same is true for [, %4 ] provided (A, B, Q) is sufficiently close to
(Ao, By, Qo). This is easily illustrated by the case where n=m=1. Let H=[", -1
It is straightforward to check that H has imaginary axis eigenvalues iff a>+ b°q=0.
This inequality defines a region with nonempty interior in R XR XR.

The preceding analysis shows that although Theorems 21 and 23 apply to a very
large class of Riccati equations of the form (*#), they do not apply to an open and
dense subset.

However, the Riccati equation which arises in optimal control and filtering prob-

lems is more specialized than (**). It is of the form
(%) K=-C'C-AK-KA+KBBK.

If we fix m and p and consider those Riccati equations for which B is n Xm and C
is p X n, we can specify each such equation by a triple (A4, B, C) e R"*" XR"™ xRP*",
As before, it is clear that an open and dense subset of triples (A, B, C) satisfy the
controllability condition and conditions (1) and (2) of Assumption A2. Wonham proved
[49] that stabilizability of (A, B) and detectability of (C, A) imply the existence of a
stabilizing solution to the algebraic Riccati equation. It is well known [21] that the
existence of a stabilizing solution implies that H has no imaginary axis eigenvalues.
Since stabilizability and detectability are generic properties, we conclude that the set
of triples (A, B, C) which satisfy condition (3) of Assumption A2 contains a subset
which is open and dense. Thus, we obtain

PROPOSITION 8. The subset of R"™" XR™™ XRP*" consisting of those triples
(A, B, C) for which (A, B) is controllable and Assumption A2 holds contains a subset
which is open and dense in R"™" xR"*™ xRP*",

Thus, Theorems 21 and 23 give a complete description of the phase portrait for
an open and dense subset of the Riccati equations of the form (*##),

The following result is an interesting consequence of Proposition 8.

ProposITION 9. Let H esp (n,R) with H=[‘, “%1. If L and Q are nonnegative
definite, then every imaginary axis eigenvalue of H has even multiplicity.

Proof. Suppose H has an imaginary axis eigenvalue of odd multiplicity. Then the
same is true for every matrix H in some neighborhood of H in sp (n,R). If L and Q
are nonnegative definite, we can express L and Q as- L= BB’, Q= C'C for some B
and C. By Proposition 8, arbitrarily small perturbations in A, B, and C can be chosen
so that the resulting matrix He sp (n, R) has no imaginary axis eigenvalues, a contra-
diction. 0O

5.4. Example. In this subsection, we illustrate how our results are applied to a
concrete example. Consider the SRDE

=-Q-AK-KA+KLK
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where
-42 26 -6 -16 28 -8 4 0
A—l 6 -70 -30 -16 1|8 28 4 0
“9|-18 2 -153 80} "9l 4 4 34 of
24 24 24 -—45 0 0 0 18

-5 22 -110 60

1| 22 -168 68 -4

T9l-110 -68 -704 420|
60 -4 420 —292

By direct calculation, the eigenvalues of H are determined to be —2+2i, —1+4i, 1 +4i,
2+2i. Thus, Assumption A2 is satisfied. Furthermore, it is easily verified that L> 0. If
we set B= L'/? then BB'= L and (A, B) is trivially controllable since B is nonsingular.

Since p=0 and q =2, we conclude from Theorem 21(a) that the nonwandering
set consists of 4 0-dimensional invariant tori, 4 1-dimensional invariant tori, and 1
2-dimensional invariant torus. The 0-dimensional invariant tori are equilibrium points,
and they correspond to /=(2,2,0,0), [=(2,0,2,0), I=(0,2,0,2), and 1=(0,0,2,2).
The 1-dimensional invariant tori are isolated periodic orbits, and they correspond to
1=(2,1,1,0),1=(1,2,0,1), I=(1,0,2,1), and I=(0, 1, 1, 2). By Theorem 21(d), they
have periods w/4, w/2, w/2 and 7/4 respectively. The 2-dimensional invariant torus
corresponds to I=(1,1, 1, 1). Since the imaginary parts {4, 2} are commensurable, it
follows from Theorem 21(d) that every motion on this torus is periodic with period
7/2. Thus, the Riccati equation has uncountably many periodic orbits.

Using the procedure described in Lemma 5, we can find a symplectic matrix P
such that

T =2 2 0 0 0 0 0 0 1
-2 =2 0 0 0 0 0 0
0 0 -1 4 0 0 0 0
0 0 -4 -1 0 0 0 0
PHP '=
0 0 0 0 2 2 0 0
0 0 0 0 | -2 2 0 0
0 0 0 0 0 0 1 4
) 0 0 0 0 0 -4 1
One such P is given by
[ -4 3 -10 412 1 -2 0]
2 -6 -—10 4 1 -2 =2 0
-4 -6 5 2| -2 = 1 0
0 0 -6 9 0 0 0 3
1
P=3
-2 2 -8 4 | =2 1 -2 0
1 -4 -8 4 1 -2 =2 0
-2 -4 4 2| -2 =2 1 0
| 0 0 -6 6 0 0 0 3
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which has as its inverse the matrix

(-2 1 -2 o] 2 -1 2 0}

1 -2 -2 ol -1 2 2 o0

-2 -2 1 0] 2 2 -1 0

| o0 0 3 0 0o 0-3

pl=-

312210 2 ol-4 2 -4 0

-2 4 4 0| 3 -6 -6 0

8 8 —4 6|/-10 —-10 5 —6

L—4 -4 2 6| 4 4 -2 9

2 1] 2 0] 2 0] T2 -1 ]
1 =2 -2 0 2 0 -1 2
-2 -2 1 0 -1 0 2 2
0 0 0 3 0 -3 0 0
Sol 5 S ol SPloa o Pl
-2 4 4 0 -6 0 3 -6
8 8 -4 6 5 -6 -10 -10
[ -4 -4 [ 2 -6 [ -2 9. | 4 4 |
E, E, E, E,

We have K™= ¢ (T((2,2,0,0) N £(4)) = ¢ '(E,® E,). Using the bases for E,
and E, given above, we can write E,® E, as Sp [¥] with X and Y each 4x4. By
Lemma 10, E,® E, is complementary to Sp {es, e, €;, €5}, so X is nonsingular. Using
the formula K™= YX ™', we obtain

-1 0 0 0
0o -2 0 O
K=
0 0 -4 2
0o 0 2 =2

Wehave K~ = ¢ 1(T((0,0,2,2)) N £(4)) = ¢ (E;® E,). Let K, = ¢ '(T((2,0,2,0)) N
L(4))=¢ YE,®E,), and K,=¢ '(T(0,2,0,2) N £(4))=¢ (E,®E,). Using the
same method as was used to compute K*, we obtain

-2 0 0 0
_ 0 -3 0 0
K"oo—s 2P

0 0 2 -3

9| -2 -2 -44 18|
0 0 18 -18
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Next, we consider the 2-dimensional invariant torus, ¢ '(T((1, 1, 1, 1)) N £(4)).
By Proposition 4, T((1,1,1, 1)) N £(4) consists of those 4-dimensional subspaces of
R® which are of the form $,® S,®([J(S,)]* N E;)® ([J(S)]* N E,) where S, and S,
are 1-dimensional subspaces of E, and E, respectively. These subspaces are precisely
those of the form

cos 6, 0 0 0 W
—sin 6, 0 0 0
0 cos 6, 0 0
0 —sin 6, 0 0
S(9,, 6,)=Sp P!
0 0 sin 6, 0
0 0 cos 6, 0
0 0 0 sin 6,
| 0 0 0 cos 6,
[ —2cos 6, —sin 6, —2cos 6,
cos 0, +2sin 6, —2cos 0,
—2cos 6, +2sin 6, cos 6,
0 —3sin 6,
=Sp
2 cos 6, +sin 6, 2 cos 6,
—2cos 8, —4sin 6, 4 cos 6,
8 cos 6, —8sin 6, —4 cos 6,—65sin 6,
. —4 cos 0,+4sin 6, 2 cos 6,+6sin 6,

2sin 6, —cos 6,
—sin 6,+2 cos 6,
2 sin 6,+2 cos 6,

0

2sin 6,

2sin 6,

—sin 6,
-3 cos 0,

—4 sin 6, +2 cos 6,
3 sin 6, —6 cos 6,

—4 sin 02
—6sin 0,

—10sin 0, —10 cos 6,
45sin 6,+4 cos 6,

5sin 6,6 cos 6,
—2sin 6,+9cos 6,

Let X(6,, 6,) and Y(0,, 6,) denote the upper and lower submatrices respectively in
the indicated basis matrix for S(6,, 6,). By Lemma 10, S(0,, 6,) is complementary to
Sp {es, e, €, s}, so X(0,, 0,) is nonsingular for all 6,, 6,. Since ¢~'(S(6,, 6,)) =
Y(6,,6,)X(6,, 6,)"", the 2-dimensional invariant torus for the SRDE is given by
{Y(8,,0,)X(6,,0,)":0=0,, 0,<}.

Next, we consider the 1-dimensional invariant tori. We could use Proposition 4
to describe each of the 4 1-dimensional invariant tori in a manner analogous to the
description of the 2-dimensional invariant torus given above. Each torus would be
described in the form {Y(8)X(6)™': 0= 6 < 7} where X(0) and Y(0) are each 4 x4
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matrix functions of 6§, and X (0) is invertible for every 6. However, there is an alternate
method for computing the 1-dimensional invariant tori which has the advantage of
not requiring the inversion of a matrix function of 6. The procedure is described in
our paper [37].

In [37], the procedure is used to compute every periodic orbit under the additional
assumption that if A; and A, are eigenvalues of H such that Re A;>0, Im ;> 0,
Re A, >0, Im A, >0, then Im A; and Im A, are noncommensurable. This assumption
implies that the motion on every invariant torus of dimension greater than 1 is almost
periodic. Consequently, the only periodic orbits are the 1-dimensional invariant tori.
Without the additional assumption, the procedure can still be used to compute every
1-dimensional invariant torus. However, it cannot be used to compute periodic orbits
which lie on invariant tori of dimension greater than 1.

The general idea is that each 1-dimensional invariant torus is bounded by a pair
of equilibrium points, and these equilibrium points can be used to determine the torus
in a computationally attractive way. To use this method, we find those pairs of
equilibrium points K,, Kg satisfying K, = K, dimker (Kz — K,)=n—2, and such
that there are no other equilibrium points K which satisfy K, = K = K. There are
q2°"97" such pairs K,, Ks. Given one such pair, we find an orthogonal matrix Z such
that Z'(Kg — K, )Z =diag{y, 8,0, - -, 0} with 0<8=1. Let

X(6) = [%;y+%y cos @ 3Vydsin @ ]’
Wydsing 16-18cos6

and let X (8) be the n X n matrix which has X () as its upper left-hand 2 X 2 submatrix
and has zeros for all its remaining entries. Then the unique 1-dimensional invariant
torus {K(0): 0= 0 <2} satisfying K,=K(0)=K;, for all 0 is given by K(8)=
K. +ZX(6)Z'

It is easily checked that the pairs (K, K*), (K,, K"), (K7, K;), and (K, K;)
each satisfy the 3 conditions on the pair (K,, Kg) described above. Thus, the 4
1-dimensional invariant tori can be computed from these 4 pairs of equilibria. We will
use this procedure to compute the 1-dimensional invariant torus ¢ ~'(7(2,1,1,0)N
Z(4)). It follows from the analysis in [37] that this periodic orbit is bounded by the
equilibrium points ¢ '(T((2,0,2,0)) N £(4)) and ¢ '(T((2,2,0,0)) N £(4)), i.e. by
K, and K”. Thus, it is this pair of equilibrium points which is used to compute
¢ (T((2,1,1,0))N Z£(4)). We obtain

—22—4cos® —4—4cos@ 2+2cosf 6 sin 0
K(0)=-—1— —4—4cosf —40—4cosf 2+2cosb 6 sin 6
18] 2+2cos @ 2+2cos® —73—cos® 36—3sin6
6sin 0 6 sin 6 36—3sinf —45+9cos 0

The 3 other 1-dimensional invariant tori can be computed in a similar way.
Next, we illustrate the convergence results. Let K, be the matrix

-2 0 0 0
0 -2 0 0
0o 0 -4 27
o 0 2 -2

and suppose we want to determine the behavior of the solution K(t, K,) as t > —co.
Since K,— K~ is nonnegative definite, K,€ F_. In other words, K(t, K,) has no finite
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escape time as ¢t decreases from 0. Consequently, K(t, K,) must approach one of the
9 invariant tori as ¢t > —00. To determine which torus the solution approaches, we use
the unstable flag N, = N, N;< N,, where N,=E,, N,=E;®E,, N;=E,®E;®E,,
and N,=E,® E,® E;® E,=R® By straightforward linear algebra, one finds that
dim ¢(K,) N N, =0, dim ¢(K,) N N, =1, dim ¢(K;) N N3;=2, and dim ¢(K,) N N,=
4. Applying Theorem 23(d), we conclude that K, belongs to the unstable manifold of
¢ '(T((2,1,1,0)) N £(4)), which is the 1-dimensional invariant torus described in
detail above.

At this point, we know that K(t, K,) approaches the invariant torus
¢ (T((2,1,1,0)) N £(4)) as t->—co. However, we can actually determine exactly
which motion on the torus it approaches. To do this, we first compute the subspaces
¢ (Ko) N Ny, ¢(Ko) N N,, ¢(Ko) N N3, ¢(K,) N Ny, and then their images under the
projections 74, m3, 12, 1, respectively. From this, we obtain

T —4 -1 0 27
5 -1 0 2
2 -4 0 -1
0 0 1 0
1_(¢(K,))=Sp
4 1 0 —4
-10 2 0 -6
-8 16 2 5
R 4 -8 -2 -2 ]

Let X and Y denote the upper and lower submatrices of the indicated matrix. Then

13 -4 2 0
A 1| -4 -2 2 0
I_($(Ko)) = YX ' = :
¢~ (IL(¢(Ko)) ol 2 2 37 18

0 0 18 -18

We see that this matrix is in fact K(6) for 8 =0. By Theorem 23(d), the solution
K (1, K,) converges to the periodic solution K (t, ¢ '(II_(¢(K,)))) as t > —c0.

6. Generalizations. In this section, we generalize the results in §§ 3, 4, and 5 to
permit the infinitesimal generator (B or H) to have multiple eigenvalues. The results
extend naturally provided we assume that the generator is semisimple (diagonalizable).

6.1. Extended Riccati differential equation. In this subsection, we generalize the
results in § 3 concerning the phase portrait of the ERDE on G"(R"™™). In place of
Assumption A1, we assume only that the (n+ m) X(n+ m) matrix B is semisimple.

Let w;<m,<::-<upu, denote the distinct real parts of the eigenvalues of B.
Redefine E; to be the direct sum of the primary components of B corresponding to
all those eigenvalues of B with real part u;, and let n; denote the dimension of E;. Let
I=(l,,-++,1) and T(I) be defined as in § 3.1 (but using the new definition of E;).
T(l) is no longer a torus. Instead, T(/) is isomorphic to the product of Grassmann
manifolds G"(R™) X - - - Xx G*(R™) which has dimension equal to ¥|_, L(n;— ).

It is clear that T(I) is both positively and negatively invariant with respect to the
flow of the ERDE. The argument given to establish the almost periodicity assertion
in Theorem 1 is easily adapted to show that every motion on T(I) is at worst almost
periodic. It should be noted, however, that in contrast to the situation when Assumption
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Al is in force, a given T(I) may contain equilibria, periodic motions of different
periods, and nonperiodic almost periodic motions. Thus, the generalization of Theorem
1 is the following:

TueorREM 1'. T(l) is a product of Grassmann manifolds G"(R™) X - - - X G*(R™)
of dimension Y. ;_, l;(n;— ;) which is both positively and negatively invariant. Every motion
on T(l) is almost periodic.

Let W*(T(1)), W*(T(D)), {M;};, L., II_, W*(S,), W*(S,) be defined as in § 3.1.
(Of course, the new definition of E; must be used.) Trivial changes in the proof of
Theorem 2 show that it holds in the new setting with no change in wording. Furthermore,
S(t, So) > S(t,I1..(S,)) as t>00, and S(t, Sp) > S(¢t,I1_(S,)) as t > —c0. No changes are
required in either the statement or proof of Theorem 3.

To decompose the stable manifolds into cells, refine the stable flag {M;}] to a
complete flag

MycMpec--eM,,c M,c Myc---cM,,,c---cM,cM,<:--=M,,

where M;, = M;. Let I=(l,,---,1,) be fixed. Let b"{b,, j 1, - ,n;i=1,--,r}
be such that b;=0 or 1 and 2 b=, i=1, ,r. Let W(T(l),b)=
{Se G*(R™™): dim SN My = Z'_:, A +21 L by, Vi, k} where we define l,=0 for con-
venience. Then W*(T(l), b)isa subset of W*(T(I)), and is a Schubert cell with respect
to the complete flag { My }. It is straightforward to show that

i-1 j
dim W*(T(1), b)= E Z b.,( Y (m—L)+ % (l_bik)),
i=1j=1 k=0 k=1

where we define n, =0 for convenience. It follows immediately from this formula that
W*(T(1)) contams a unique cell of lowest dimension, and this dimension is equal to
2. lle o(nk ho).

Recall from § 3.3 that b;(M, K) denotes the ith Betti number of the manifold M
for the coefficient field K, and b,(G"(R"*™), Z,) is equal to the number of partitions
of s into n parts of size less than or equal to m. From the formula above for
dim W*(T(l), b) together with some combinatorial analysis, we obtain the following
generalization of Theorem 4. (The result for W*(T(l)) is obtained in a completely
analogous manner.)

TueoreM 4. W*(T(1)) (W*(T(l))) is the disjoint union of (1) --- (i) cells.
The number of cells of dimension

r i—-1 r i—-1
LY (m—h)tv (dimenSion Y hoinn X (Mg —lLisr) + V)’
i=1 k=0 k=0

i=1

V=0a la Y Z Ii(ni—ll)a
is equal to =1
T I b,(G"R™), Z,),

(v1,00,0p) i=1
where the summation is over all (v,,- -, v,) satisfying vi+---+v,=v and 0=y, =
L(ni=1),i=1,---,r
The generalization of Theorem 5 is as follows:
THEOREM 5'. Let S, € T(l). Then
(a) W?(S,) is analytically isomorphic to Euclidean space of dimension

i—-1

Tk (m-.
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(b) W*(S,) is analytically isomorphic to Euclidean space of dimension
r i—-1
Yo X Mok = bier).
i=1 k=0

Proof. To prove (a), refine {M;}] by first inserting the subspace M;_,® (S, N E;)
between M;_, and M;, j=1, - - -, r. Then refine the resulting flag to a complete flag in
any way. It follows from Theorem 3 and the proof of Theorem 4’ that W*(S,) coincides
with the unique lowest-dimensional cell in the decomposition of W*(T(I)) determined
by the complete flag. The assertion then follows immediately from Theorem 4'. (b) is
proved analogously. 0O
It is no longer true that the ERDE has either an equilibrium point or a periodic
orbit whose stable (unstable) manifold is open and dense. Instead, there is an invariant
Grassmann manifold whose stable (unstable) manifold is open and dense. The proof
of Theorem 6 can be modified in an obvious way to obtain
THEOREM 6'. (a) Suppose thaty,_, . ,m<n=Y _ . m,leek=n-Y _ . n, and
let ;=0 forj=wv, l,,=k, |;=n; for j= v+2. Then T(l) is isomorphic to G*(R™+') and
W?(T(l)) is open and dense.
(b) Suppose that Z;:ll m<n=Yy _ nletk=n —Z;:ll n;,andletl;=n;forj=v -1,
I,=k ;=0 forj=v+1. Then T(l) is isomorphic to G*(R™) and W*(T(l)) is open and
dense.
Letl=(l,,- -, 1) be fixed. From Theorem 4', W*(T(l)) is the union of () - - - ()
cells, with a unique highest dimensional cell which has dimensionY.|_, , ¥, _, (m—I).
By an obvious generalization of the argument preceding Theorem 7, the other
(7) - -+ (1D —1 cells can be “thickened” to give (7!) - - - (i) submanifold charts for
W*(T(l)) (relative to the standard charts for G"(R""™)). Thus, W*(T(l)) is an
embedded submanifold of G"(R"*™) of dimension Y;_, LY, _, (m.— ). II. maps
W?*(T(1)) onto T(l), and if S, € T(I), then by Theorem 5, I1;'(S,) is isomorphic to
Euclidean space of dimension d,=Y;_, I, Z;;lo (m— ). Each of the () - - - (}7) charts
W, for W*(T(l)) is the inverse image of a corresponding chart W; for T(I)=
G4(R™) x- - - x G*(R™). Furthermore, there exist real analytic isomorphisms y;: W; -
W, xR% such that p; oy, =II,|W;, where p,: W; xR% > W, is the natural projection.
Hence, I1, : W*(T(1)) > T(l) is a locally trivial bundle with R* as fiber. The transition
functions are invertible polynomial mappings of R%. Thus, Theorem 7 generalizes to give
THEOREM 7'.
(a) W(T(l)) is an embedded submanifold of G"(R"™™) of dimension
Z:=1 I; Z;mo (me— k).

(b) IL.: W(T(1))~> T(l) is a locally trivial bundle with fiber R% and polynomial
transition functions, where d,=Y_ LY, _0 (m.—1).

(c) W*(T(l)) is an embedded submanifold of G"(R"™™) of dimension
Z::l lr—i+1 Z;:o (nr—k+l - lr—k+1)'

(d) TI_: W*(T(l))> T(I) is a locally trivial bundle with fiber R and polynomial

transition functions, where d,=Y.;_ I, i1, Yy (M= b_irn).

Lemma 1 is unaffected by the relaxation of the assumptions. Consequently,
Proposition 1 generalizes to give

ProrosiTiON 1'. For any pair l=(l,,---,1) and I'=(I},-- -, 1)), W*(T(l)) and
WH*(T(I')) intersect transversally.

In contrast to the situation when Assumption Al is in force, it is no longer true
that every equilibrium point is hyperbolic. Let S, be an equilibrium point, let {a;}]
denote the eigenvalues of the restriction B|S,, and let {B;}1" denote the remaining
eigenvalues of B. It is easily shown that even if B is nondiagonalizable, the eigenvalues
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of the linearization of the ERDE at S, are {B;—a;:i=1,---,n;j=1,---,m} It
follows immediately that S, is hyperbolic if and only if {S,} = T(I) for some I Thus,
the correct generalization of Proposition 2 (which is valid even if B is not semisimple)
is

ProrosiTiON 2. The hyperbolic equilibrium points of the ERDE are
{T(1): dim T(I)=0}.

If dim T(I) =1, then there exists joe{1,- - -, r} such that [, =1, n, =2, and ;=0
or l;=n; for i#j,. Topologically, T(l) is a circle. There are 2 cases to consider
depending on whether B|E; has a real eigenvalue of multiplicity 2 or a pair of complex
conjugate eigenvalues. In the first case, every point on T(l) is B-invariant and hence
an equilibrium point. In the second case, T(l) is an isolated periodic orbit. The
construction of a Poincaré map for T(/) and the calculation of the eigenvalues of its
derivative are identical to the construction and calculation which establish Proposition
3. Consequently, in place of the corollary to that result we have

ProrosITION 3'. If dim T(l) =1, then either every point on T(l) is an equilibrium
point, or T(1) is a hyperbolic periodic orbit.

Under the assumption that B is semisimple, it follows from Theorem 1, Proposition
1/, Proposition 2', and Proposition 3’ that the ERDE is Morse-Smale if and only if
each T(I) has dimension at most 1 and each 1-dimensional T(!) is a periodic orbit
rather than a circle of equilibria. It is clear that excepting the trivial cases where n =0
or m =0, a necessary condition for the ERDE to be Morse-Smale is that Assumption
Al be satisfied.

By analogy to the definition of the Morse series for a Morse-Bott function (i.e.
a function with nondegenerate critical submanifolds), we define the Morse series for
the ERDE with semisimple generator B to be

Mg(t) =Y Pz (T(l); t)t™¢ T,
1

where P(T(l);t) is the Poincaré polynomial of T(l) for the coefficient field Z,
and Ind (T(l))=dim W*(T(l))—dim T(l). By Theorem 1, Py (T(l);t)=
- PZZ(G"(R”'); t). In the special case when T(l) is a k-dimensional torus, this

simplifies to (1+ ¢)*. Thus, the definition of Mp(t) given here reduces to the definition
given in § 3.3 if Assumption Al is satisfied.

The next result generalizes Theorem 11 to show that the ERDE satisfies Morse-Bott
type equalities.

THEOREM 11'. Suppose that B e gl (n+ m, R) is semisimple. Then

Mp(t) =P, (G"(R"™"™); 1).

Proof. By refining the stable flag to a complete flag, we obtain a decomposition
of G"(R"*™) into ("}™) cells. As in the proof of Theorem 11, we have

'PZZ(Gn(Rn+M); t)= z tdimoell.
cells

It follows from Theorem 4’ that

tlnd () ‘1:11 PZZ(GI‘(R”'); t) - HZ" tdim cell.
in W(T(1))
Summing this equation over all choices for I, the left-hand side gives Mp(t) while the
right-hand side gives P, (G™(R"*™); ). O
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6.2. Extended symplectic Riccati differential equation. In this subsection, we gen-
eralize the results in § 4 concerning the phase portrait of the ESRDE on Z£(n). In
place of Assumption A2, we assume only that the 2n X2n matrix H is semisimple and
has no eigenvalues on the imaginary axis.

Let u,<u,<-:-<u, denote the distinct real parts of the eigenvalues of H.
Redefine E; to be the direct sum of the primary components of H corresponding to
all those eigenvalues of H with real part u;, and let n; denote the dimension of E;.
Since HESp (n’ R)a Mi = —M2r—i+1 and N =My it-

Let I=(l,,:--,1L,) and T(l) be defined as in §4.1. T(l) is isomorphic to the
product of Grassmann manifolds G*(R™) X - - - X G (R") which has dimension equal
to Zf;l I,(n;— ). Essentially the same argument as that given in § 4.1 shows that
Proposition 4 holds with no change in wording. Thus, T(!) N £(n) is nonempty if and
only ifli+bL,_;y=n,i=1, -, rinwhichcase T(I) N £(n) isisomorphic to G'(R™) X

- X G' *(R™). In particular, dim T(I) N £(n)=4dim T(I). We obtain the following
generalization of Theorem 12.

THEOREM 12'. The nonwandering set of the ESRDE has (n,+1) - - - (n,+1) con-
nected components {T(hNZL(n): L+ bL,_;=ni,i=1,---,r}. T()NL(n) is isomor-
phic to G'"(R™) x- - - x G*(R™). Every motion on T(I)N\ £(n) is almost periodic.

Next we consider the structure of the stable manifold W*(T (1)) N £(n) and the
unstable manifold W*(T (1) N £(n)) of T() N £(n), where [+ b, _;oy=n,i=1,---,r.
Refine the stable flag {M,}}" to a complete flag {M;;:j=1,---,n;i=1,---,2r}. By
making a symplectic change of basis if necessary, we may assume {M;;} is the standard
symplectic flag for R*". From § 6.1, we know that W*(T(l)) is the union of

() ()

ll Ir

cells {W*(T(I), b)}. It follows from Lemmas 6 and 7 that W*(T(I), b)N L(n) is
nonempty if and only if b;j+by,_is1 m—jr1=1, all §, j. Thus, exactly (7}) - - - (}7) cells

have nonempty intersection with £(n). Suppose that b;; + by,_i41,n,—j+1 = 1, all , j. Using
the formula for dim W*(T(l), b) from § 6.1 together with Lemma 7 gives

2r My i-1 j
dim W*(T(l), b)NL(n) == [n— YL+Y Y b,,(kgo(nk—lk)+kz_:l Q —bik))].

i=1j=1

The following generalization of Theorem 13 is an easy consequence.
THEOREM 13'. Suppose that lL+bL, ., =n;, i=1,---,r. W(T())NZL(n)
(W*(T(D)) N L(n)) is the disjoint union of

n, n,
( I ) ( lr) cells.

r 2r i—1
l[n—Z L+Y LY (nk_lk)]+V
2 i=1 i=1 k=0

The number of cells of dimension

) ) 1 r 2r i-1
(d’menswn 5 [” - 21 breinit Y bina kZO (M2y—ger1— I2r—k+1)] + V) ’
i= i=1 -

V=0’ 1, T, z ll'(nl'_li)’
i=1
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is equal to

Y 11 by (GHR™), Zy),

(v1,,7p) i=1

where the summation is over all (v,,- - -, v,) satisfying vi+--+v,=v and 0=y, =
li(ni—li)a i=1:' co, T
The generalization of Theorem 14 is as follows:
THEOREM 14'. Supposethatl;+L,_;,,=n;,i=1,---,r. Let S;€ T(I) N £(n). Then
(a) W*(S,)NZL(n) is analytically isomorphic to Euclidean space of dimension

1 r 2r i—1
“|n-X L+ X (nk_lk)]-
2 i=1 i=1 k=0

(b) W*(S,)N&(n) is analytically isomorphic to Euclidean space of dimension

r 2r i—1
'12'[”‘ Y it X by X (n2r—k+l_12r-—k+l)]-
i=1 i=1 k=0

Proof. (a) As in the proof of Theorem 14, it is clear that by making a symplectic
change of coordinates, we may assume that the standard symplectic flag refines the
stable flag {Mj}f' and that S, is spanned by {e,, +;: 1=i=r such that [#0;j=
1, -, L}U{esnom_41-j: r+1=i=2r such that [#0; j=1,---,L} where m;=
dim M;. Then (as in the proof of Theorem 5) W*(S,) coincides with the lowest
dimensional cell in the decomposition of W*(T(1)) induced by the standard symplectic
flag. In other words, W*(S,)= W*(T(l),b) where b;;=1 for j=1,---,]; and b;=0
for j=L+1,---,n. Then W*(S,)NL(n)=W*(T(Il), b)N £L(n) coincides with the
lowest dimensional cell in the corresponding decomposition of W*(T (1)) N £(n), and
is therefore isomorphic to Euclidean space. The dimension formula follows immediately
from Theorem 13'.

The proof of (b) is analogous to the proof of (a). 0O

Theorem 15 remains true under the weaker assumptions, and its proof is
unchanged. Thus, the ESRDE has an equilibrium point whose stable manifold is open
and dense in £(n), and an equilibrium point whose unstable manifold is open and
dense in Z(n).

Theorem 16 generalizes to give the following result in a manner which is analogous
to the generalization of Theorem 7 to give Theorem 7'.

THEOREM 16’. Suppose that [+ b, ;.,=n;, i=1,---, r. Then

(a) W(T())N%(n) is an embedded submanifold of ¥(n) of dimension

l[n—i li"'g I; i (nk"lk)]-
2 i=1 i=1 k=0

(b) fI+: WH(T(D))NL(n)-> T()NL(n) is a locally trivial bundle with fiber R%
and polynomial transition functions, where
1 r 2r i—-1
d=Z[n-Y +Y L Y ("k"lk)]-
2 i=1 i=1 k=0

(c) WY(T())NZL(n) is an embedded submanifold of £(n) of dimension

1 r 2r i
5["" X bt L bmia X (n2r—k+l—l2r—k+l)]-
i=1 i=1 k=0
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(d) n_: W*(T(H))NL(n)> T)N L(n) is a locally trivial bundle with fiber R%
and polynomial transition functions, where

r 2r i-1
d, =';‘ [”“ Y it X bein X (n2r—k+l_l2r—k+l):|'
i=1 i=1 k=0

Lemma 8 is unaffected by the weakened assumptions. Consequently, Proposition
5 holds with no changes required in the proof other than the replacement of Theorem
13 by Theorem 13'. Hence, W*(T(l)) N L(n) and W*(T(I')) N £(n) intersect only
transversally.

It is no longer true that every equilibrium point of the ESRDE is hyperbolic. Let
S, be an equilibrium point and let {A;}} denote the eigenvalues of the restriction H|S,.
It is easily shown that even if H is nondiagonalizable, the eigenvalues of the lineariz-
ation of the ESRDE at S, are {—A;—A;: 1=i=j = n}. It follows immediately that the
correct generalization of Proposition 6 (which is valid even if H is not semisimple) is

PROPOSITION 6'. The hyperbolic equilibrium points of the ESRDE are {T(I): ;=0
orli=nand +b,_ j.,=n,j=1,---,r}

Thus, the ESRDE has exactly 2" hyperbolic equilibria.

If dim T(l)~ﬂ Z£(n) =1, then each element of T(I) N £(n) is of the form E;®- - - ®
Ej,_,@S@([J(S)]J' N E,,_j,+1) where je{jy, -, j—1} iff 2"“J;+ 1€{ji,",Jrbs Jo
and 2r —j,+1 do not belong to {j,, " * -, j.—1}, dim E; =2, and S is any 1-dimensional
subspace of E; . Topologically, T(I) N\ £(n) is a circle. There are 2 cases to consider
depending on whether H|E, has a real eigenvalue of multiplicity 2 or a pair of complex
conjugate eigenvalues. In the first case, every point on T(I) N £(n) is H-invariant and
hence an equilibrium point. In the second case, T(I)(N £(n) is an isolated periodic
orbit. The construction of a Poincaré map for T(I) N £(n) and the calculation of the
eigenvalues of its derivative are identical to the construction and calculation which
establish Proposition 7. Consequently, in place of the corollary to that result we have

ProrposITION 7. If dim T(I) N £(n) =1, then either every point on T(I)N £(n) is
an equilibrium point, or T(I) N\ £(n) is a hyperbolic periodic orbit.

Under the assumption that H is semisimple and has no eigenvalues on the
imaginary axis, it follows from Theorem 12’ and Propositions 5, 6, 7' that the ESRDE
is Morse-Smale if and only if T(/)N £(n) has dimension at most 1 and each 1-
dimensional T(I) N £(n) is a periodic orbit rather than a circle of equilibria. It is clear
that a necessary condition for the ESRDE to be Morse-Smale is that Assumption A2
be satisfied.

We define the Morse series for the ESRDE with semisimple generator H to be

My (1) =3 P (T(1) N L(n); 1) TONLD
1

where P (T(I) N £(n); t) is the Poincaré polynomial of T(I) N £(n) for the coefficient
field Z,, Ind(T()N%(n))=dim W*(T(1))NZL(n)—dim T(I)N £(n), and the
summation is over those ! satisfying L +hL,_;.,=n;, i=1,---,r. By Theorem 12/,
P (T(HDNZ(n); t)=117_, P, (G"(R™); t). The definition of My (t) specializes to that
given in § 4.3 if Assumption A2 is satisfied.

The next result generalizes Theorem 20 to show that the ESRDE satisfies Morse-
Bott-type equalities. It is proven by using Theorem 13’ in place of Theorem 13 in the
proof of Theorem 20.

THEOREM 20'. Suppose that H e sp (n,R) is semisimple and has no eigenvalues on
the imaginary axis. Then

My (t) = Pz,(Z£(n); 1).
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6.3. Symplectic Riccati differential equation. In this subsection, we generalize the
results in § 5 concerning the phase portrait of the SRDE on the space S(n) of symmetric
matrices. From Lemma 10 and Theorem 12', we immediately obtain the following
generalization of Theorem 21.

THEOREM 21'. Suppose that H is semisimple and has no eigenvalues on the imaginary
axis, and that L= BB’ with (A, B) controllable. The nonwandering set of the SRDE has
(ny+1)---(n,+1) connected components, {¢ " (T(HNZL(n)): Li+b,_i=n;,i=
1, -, r}. ¢ (T(I)N L(n)) is isomorphic to G(R™) X - - - X G*(R™). Every motion on
¢ (T(I)N £(n)) is almost periodic.

No change in proof is required to show that Theorem 22 remains true under the
weakened assumptions that H is semisimple and L= BB’, Q= C'C with (A, B)
controllable and (C, A) observable.

Let F,, F_, R°(l), R*(l) be as defined in § 5.2. No essential changes in the proof
of Theorem 23 are required to show that it holds under the weakened assumptions
that H is semisimple with no eigenvalues on the imaginary axis and L= BB’ with
(A, B) controllable.

Since Theorem 22 holds under the weakened assumptions stated above, it follows
immediately that Theorem 24 holds under the assumptions that H is semisimple and
L=BB', Q= C'C with (A, B) controllable and (C, A) observable.

Theorems 21’ and 23 describe the nonwandering set and the asymptotic behavior
of every solution of the SRDE assuming only that H is semisimple with no eigenvalues
on the imaginary axis and that L = BB’ with (A, B) controllable. If in addition Q= C'C
with (C, A) observable, then Theorems 22 and 24 describe the (constant) signature of
every nonwandering solution as well as the asymptotic signature of every solution.

While Theorem 21’ shows that every nonwandering solution is almost periodic, it
does not specify which of these solutions are actually constant or periodic. However,
prior results are available which do this. Since they apply even when H is not
semisimple, their description is deferred to the next subsection.

6.4. Nondiagonalizable case. The phase portraits of the ERDE, ESRDE, and
SRDE are considerably more complicated when the infinitesimal generators (B for
the ERDE, H for the ESRDE and SRDE) are not semisimple.

First we consider the ERDE in the case where the (n+m) X(n+ m) matrix B is
nondiagonalizable. The sets {T(l)} can be defined as in §6.1. As before, T(I) is
isomorphic to the product G1(R™) X - + - x G*(R™) and is both positively and negatively
invariant under the flow of the ERDE.

In contrast to the case where B is semisimple, it is generally not true that every
motion on T(!) is almost periodic. For example, if n=m =1 and

0 1
B=
5 o)
then the ERDE is a differential equation on G'(R?), which is topologically the circle

S*. The only choice for I is I = (1) for which T(I) = G'(R?). It is clear that T() contains
exactly 1 equilibrium point,
1
Sp [0] ,

and that every motion converges to this point as ¢ > +c0.

In general, when B is not diagonalizable, the motion on T(l) can be quite
complicated. For example, the set of equilibria is the subvariety of G"(R"*™) consisting
of all n-dimensional B-invariant subspaces. The geometric structure of this subvariety
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is still not completely understood although a number of results have been obtained in
recent years. (See e.g. [11], [45], [44], [20], [39]). Similarly, given T> 0, the set of
points on nontrivial T-periodic orbits consists of those n-dimensional subspaces of
R"*™ which are e¢®"-invariant but not B-invariant.

We next consider the ESRDE assuming only that the Hamiltonian matrix H has
no eigenvalues with zero real part. Proposition 4 remains valid as stated with only
minor modification of the proof required. Thus, the ESRDE has (n1+1) <(n,+1)
invariant manifolds given by {T(l)ﬂi’(n) L+bL,_i=n,i= ,r}, with T(DHN
£(n) isomorphic to GY(R™) X - - X G*(R™). Of course, T(I) N ££(n) now may contain
wandering points.

Since the equilibrium set of the ESRDE consists of {Se€ £(n): H(S)< S}, it is
clear that the equilibrium set is contained in the union of the {T(I) N £(n)}. By Lemma
4, the mapping S—> SN L*(H) is a bijection of the equilibrium set onto the set of all
invariant subspaces of the restriction H|L*(H). It is shown in [36] that this bijection
is actually an isomorphism of projective varieties. Hence, the problem of describing
the structure of the equilibrium set reduces to that of describing the variety of invariant
subspaces of H|L*(H), and the results in the papers referred to above can again be
applied.

If Se #(n) generates a nontrivial periodic orbit of period T>0, then S is
e"Tinvariant, but not H-invariant. It is clear that all such S belong to the union of
the {T (1) N £(n)}. By Lemma 4, the mapping S-> SN L*(H) gives a bijection of the
set of points which generate nontrivial T-periodic orbits and the set of all subspaces
of L*(H) which are e”"-invariant but not H-invariant.

Finally, we consider the SRDE assuming only that L = BB’ with (A, B) controllable
and that H has no eigenvalues on the imaginary axis. By Lemma 10, each invariant
manifold T(I) N £(n) for the ESRDE is completely contained in £y(n) and hence
corresponds to an invariant manifold ¢ (T (I)N £(n)) for the SRDE. ¢ (T(I)N
&£(n)) is isomorphic to G'"(R™)X---x G*(R™), and the union of the manifolds
{6~ (T(I)N £(n))} contains all of the equilibria and periodic orbits.

Let A*=A—BB'K". A well-known result of J. C. Willems [47] states that there
is a bijection of the set of all A*-invariant subspaces of R" onto the equilibrium set
of the SRDE. This bijection is given by M > K*P(M)+ K (I — P(M)), where P(M)
is the projection onto the A™-invariant subspace M along A™'(M%). (Recall that
A= K*—K".) Itis shown in [36] that by identifying the equilibrium set with its image
under the embedding ¢, the bijection is an isomorphism of projective varieties. Con-
sequently, the geometric structure of the equilibrium set is the same as that of the
variety of invariant subspaces of A*. This fact is used in [36] to obtain a description
of some of the geometric properties of the equilibrium set.

In [37], we have generalized Willems’ result to classify the periodic orbits as well
as the equilibrium points. Given any T > 0, the mapping M > K* P(M)+ K ~(I — P(M))
is a bijection of the set of e*'"-invariant subspaces of R" onto the set of points which
generate T-periodic motions. Of course, the subspaces which are e* T-invariant but
not A*-invariant correspond to the points which generate nonconstant T-periodic
motions.

More generally, let M be an arbitrary subspace of R", let P(M) denote the
projection onto M along A™'(M*), and let K =K*P(M)+ K (I—P(M)). Then it
follows easily that

Sp [é] =S"®S
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where
+ I - I
ST =Sp I:K“”] P(M) and S =Sp [K‘] (I-P(M)).

From the definition of P(M) it follows that P(M)'A(I — P(M)) 0, which implies that
S c[J(SHTN L (H). Define a new Hamiltonian matrix H by setting Hx =—x,
Vxe L*(H) and Hx = x,Vxe L™(H). The H-invariance of S* implies the H-mvanance
of [J(S")]*. Consequently, [J(S)]*=([J(S")I*NL*(H))®([J(S)I* NL (H))=
LY*(H)®([J(S")]*N L (H)), whichimplies thatdim [J(S*)]* N L (H) = n—dim §* =
dim S”™. Hence, S™=[J(ST)]*NL (H). Thus, if K is of the form K*P(M)+
K~ (I-P(M)) with M an arbitrary subspace of R", then ¢(K) is of the form S*@®
([J(S")]*N L™ (H)) with S* an arbitrary subspace of L*(H). In other words, ¢ gives
a one-to-one correspondence between the set of symmetric matrices of the form
K*P(M)+ K~ (I - P(M)) and the subset of £(n) consisting of subspaces of the form
S*®([J(SHI*N L (H)).

Now, ST®([J(SHI*NL (H))e T(I)NZ(n) if and only if S* is of the form
$ST=8,®- - -@S, with S;€ G"(E,). It is well-known that A" is the matrix for H|L*(H)
with respect to the basis given by the columns of [ (+]. (See e.g. [35].) Let F; denote
the A*-invariant subspace of R” corresponding to the eigenvalues of H|E;. In other

words,
I
[K+](E)=Eigi=l’° *

LT
S _I:K+](M),

it follows that ¢(K) e T(I) N £(n) if and only if M is of the form W,;®- - -@® W, with
W;e G4(F)),i=1,- - -, r. We obtain the following result, which extends to the invariant
manifolds {¢ (T (1) N £(n))} the classification theorem in [47] for the equilibria and
in [37] for the periodic orbits.

THEOREM 25. Suppose that L= BB' with (A, B) controllable and that H has no
imaginary axis eigenvalues. Then K € ¢ '(T(I) N £(n)) if and only if K is of the form

K=K"P(M)+K (I-P(M)),

where M is of the form M =@[_, W, with W, e G"“(F) and P(M) is the projection onto
M along A™'(M™*).

The proof of Theorem 22 remains valid if the assumptions are weakened to include
only that L = BB’ with (A, B) controllable and Q = C'C with (C, A) observable. Thus,
under these assumptions, every K € ¢ (T (I) N £(n)) is nonsingular and has exactly
Y, L positive eigenvalues. This result is also an easy consequence of Theorem 25
together with the fact that K*>0 and K~ <0.

Since

7. Conclusion. In this paper, we have given a complete description for the phase
portraits of the extended Riccati differential equation (ERDE) on the Grassmann
manifold, the extended symplectic Riccati differential equation (ESRDE) on the
Lagrange-Grassmann manifold, and the symplectic Riccati differential equation
(SRDE) on the space of real symmetric matrices. The results are true under very general
conditions. In particular, our characterization of the phase portrait of the SRDE applies
to an open and dense subset of the Riccati equations which arise from the optimal
control and filtering problems.
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Let us briefly recapitulate the principal features of the three phase portraits. Under
Assumption A1, the nonwandering set of the ERDE is a union of finitely many invariant
tori of various dimensions. The 0-dimensional invariant tori are the equilibrium points.
The 1-dimensional invariant tori are isolated periodic orbits. The motion on an invariant
torus of dimension greater than one is either periodic or almost periodic, depending
on whether or not the imaginary parts of the associated eigenvalues are commensurable.

The key to describing the stable and unstable manifolds of the invariant tori is to
associate with the ERDE a stable and unstable flag of subspaces. Each flag induces a
partition of the Grassmann manifold into disjoint subsets. In the case of the stable
(unstable) flag, the induced partition is precisely the partition of the phase space into
the stable (unstable) manifolds of the invariant tori. By refining the stable (unstable)
flag to a complete flag, a Schubert cell decomposition of the Grassmann manifold is
obtained. The stable (unstable) manifold of a k-dimensional invariant torus is decom-
posed into the union of 2* cells.

Although the ERDE is generally not a Morse-Smale vector field, it has several
properties which bear striking resemblance to important properties of Morse-Smale
vector fields. The nonwandering set of a Morse-Smale vector field is by definition the
union of finitely many equilibrium points (0-dimensional invariant tori) and periodic
orbits (1-dimensional invariant tori). As noted above, the nonwandering set of the
ERDE is a union of finitely many invariant tori, but whose dimension may be greater
than one. The stable and unstable manifolds of a Morse-Smale vector field are
embedded submanifolds. We have proven that this is the case for the ERDE. For a
Morse-Smale vector field, each stable (unstable) manifold is a bundle over the corre-
sponding connected component of the nonwandering set (point or closed orbit) with
Euclidean space as fiber. We have proven that each stable (unstable) manifold for the
ERDE is a bundle over the corresponding invariant torus with Euclidean space as
fiber. By definition, the stable and unstable manifolds of a Morse-Smale vector field
always intersect transversally. We have shown that the same is true for the stable and
unstable manifolds of the ERDE. The global phase portrait of a Morse-Smale vector
field is related to the topology of the underlying manifold by the Morse inequalities
for a dynamical system. We have seen that the ERDE satisfies a natural generalization
of these inequalities. In fact, for the ERDE, they are actually equalities.

The ESRDE is a differential equation on the Lagrange-Grassmann manifold £(n).
But it is useful to extend it to a differential equation on the Grassmann manifold
G"(R*"). When viewed as a differential equation on G"(R*"), the ESRDE is a special
case of the ERDE. Thus, the results for the ERDE give a complete description of the
phase portrait for the ESRDE on G"(R>"). To obtain the phase portrait for the ESRDE
on ¥(n), we make use of the fact that the submanifold £(n) is both positively and
negatively invariant under the flow of the ESRDE on G"(R*"). Consequently, the
nonwandering set of the ESRDE on #(n) is the intersection with £(n) of the
nonwandering set of the ESRDE on G"(R*"). Under Assumption A2, we have shown
that a given invariant torus for the ESRDE on G"(R*") either does not intersect £(n)
or intersects £(n) in a torus of one-half its dimension. Thus, the nonwandering set of
the ESRDE on £(n) is a union of invariant tori. In fact, if 2p (4q) denotes the number
of real (nonreal) eigenvalues of the associated Hamiltonian matrix H, then there are
(9H2P*97* jnvariant tori of dimension k, k=0,1,-- -, q.

It follows from the invariance of £(n) under the flow that the stable (unstable)
manifolds of the invariant tori for the ESRDE on #(n) are obtained by intersecting
with £(n) the stable (unstable) manifolds of the corresponding invariant tori for the
ESRDE on G"(R?"). If the stable (unstable) flag is refined to a complete flag in a way
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which respects the symplectic structure, then the stable (unstable) manifold of each
k-dimensional invariant torus (for the ESRDE on £(n)) is the union of 2* cells in
the decomposition of £(n) determined by the complete flag.

The ESRDE is generally not a Morse-Smale vector field. However, like the ERDE,
it exhibits properties which resemble those of a Morse-Smale vector field. The stable
and unstable manifolds are embedded submanifolds of #(n), and are bundles over
the corresponding tori with Euclidean spaces as fibers. The stable and unstable mani-
folds always intersect transversally. In addition, the phase portrait of the ESRDE is
related to the topology of £(n) by generalized Morse inequalities. In fact, for the
ESRDE, they are actually equalities.

There is one interesting difference between the phase portraits of the ERDE and
the ESRDE. The ERDE has either an equilibrium point or a periodic orbit whose
stable (unstable) manifold is open and dense in the phase space. However, the ESRDE
always has an equilibrium point whose stable (unstable) manifold is open and dense.

Finally, we turn to the symplectic Riccati differential equation (SRDE) on the
space S(n) of real symmetric n X n matrices. It is this differential equation which is
crucial to the optimal control and filtering applications. We have given a complete
description of the phase portrait. We have shown that if (A, B) is controllable, the
nonwandering set of the SRDE is analytically isomorphic to the nonwandering set of
the corresponding ESRDE. Thus, under Assumption A2, there are (H2r+ak k.
dimensional invariant tori, k=0, 1, -, q. Altogether, there are 2737 invariant tori.
The asymptotic behaviour of a given motion at ¢ - o (¢ > —0) can be determined from
the asymptotic behavior of the corresponding motion of the ESRDE, provided the
former motion does not escape in finite positive (negative) time. Either the motion
converges to a motion on one of the 2737 invariant tori as ¢ > 00 (¢ > —00), or it escapes
in finite positive (negative) time. By combining our characterization of the stable and
unstable manifolds for the ESRDE with a known result concerning finite escape times,
we have described the asymptotic behavior of every solution of the SRDE.

We have a comment regarding the computational problems involved in determining
the phase portrait for a given Riccati equation. To determine the number of invariant
tori only requires determining how many of the eigenvalues of the Hamiltonian matrix
H are real. To actually construct the invariant tori and their stable and unstable
manifolds, it is necessary to find the eigenvectors of H. (See § 5.4 for an example.)
Since H is assumed to have distinct eigenvalues, both of these tasks are reasonable
from a numerical standpoint. In contrast, it is not reasonable to ask for the number
of periodic orbits. There are either finitely many (in fact, g2°*?"") or uncountably
many periodic orbits. Unless g =1, there exist arbitrarily small perturbations of H
which produce either situation. Thus, it is not numerically feasible to determine whether
or not there are finitely many periodic orbits.

The results for the ERDE extend in a natural way to the more general case where
Assumption Al is replaced by the assumption that the generator B is semisimple. The
invariant manifolds in the nonwandering set are now products of Grassmannians
instead of tori, and there is an invariant Grassmann submanifold which has a stable
(unstable) manifold which is open and dense in G"(R"*™). The stable and unstable
manifolds remain unions of Schubert cells. If a Morse series is defined by analogy to
the Morse series for a Morse-Bott function, the ERDE satisfies Morse inequalities—in
fact as equalities.

The results for the ESRDE extend naturally to the case where Assumption A2 is
replaced by the weaker assumption that the generator H is semisimple and has no
eigenvalues on the imaginary axis. The connected components of the nonwandering
set are now products of Grassmann manifolds, but as before, there is an equilibrium
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point whose stable (unstable) manifold is open and dense in £(n). The stable and
unstable manifolds are again unions of cells, and Morse inequalities are satisfied as
equalities.

The results for the SRDE are generalized to the case where H is semisimple
(diagonalizable) with no imaginary axis eigenvalues, and L = BB’ with (A, B) control-
lable. In this case, the connected components of the nonwandering set are products
of Grassmann manifolds. A given solution either escapes in finite forward (backward)
time or converges to an almost periodic solution on one of these products as -
(t > —0). For a convergent solution, our results give an explicit formula for the limiting
motion. If Q = C’'C with (C, A) observable, then our results also describe the constant
signature of every nonwandering solution and the asymptotic signature of every
nonescaping solution.

When the generator matrices are nondiagonalizable, the phase portraits of the
ERDE, ESRDE, and SRDE are considerably more complicated. There are still invariant
manifolds which are products of Grassmannians and which contain all of the equili-
brium points and periodic orbits. However, in contrast to the semisimple case, these
invariant manifolds may contain wandering points. An indication of the degree of
complexity resulting from nondiagonalizability is given by the complicated geometric
structure of the variety of invariant subspaces of a nondiagonalizable matrix.

In this paper, we have not dealt explicitly with the RDE defined on the space
R™>" of real m x n matrices. However, it should be clear that our description of the
phase portrait of the ERDE will yield the complete phase portrait of the RDE provided
two results become available: (1) A description of which nonwandering points for the
ERDE belong to G"(R"*™) — G§(R"*™) (the hypersurface at infinity) or a sufficient
condition on the generator matrix B for the nonwandering set of the ERDE to be
completely contained in G§(R"*™) (and hence correspond to the nonwandering set
of the RDE); (2) A description of exactly which initial points K, generate solutions
which escape in finite forward or backward time. Some work in the direction of these
problems is described by J. Medanic [28].

Appendix A. Standard charts for the Grassmann and Lagrange-Grassmann mani-
folds. First we describe the so-called standard charts for the Grassmann manifold
G"(R"™) of all n-dimensional subspaces of R"*™. Let @ =(a,, - * -, a,) be a multi-
index. (I.e. a, -, a, are integers satisfying 1=a,<a,<-:-<a,=n+m). Let
e, *,e.m denote the standard basis vectors for R"*™, and let L, denote the
m-dimensional subspace Sp{e:jg{a,, -, a,}}. Let W, denote the subset of

"(R"*™) consisting of those subspaces which are complementary to L,. In other
words, W,={Se G"(R"*™): SN L, =0}.

Let Se W,, and let X be any (n+ m) X n full rank matrix such that Sp X =S. In
other words, the columns of X form a basis for S. Since S is complementary to L,,
rows a,, - * -, a, of X form a nonsingular n X n submatrix. It follows that by Performing
column operations on X, we can obtain a new basis matrix for S, call it X, such that
TOWS @, "+, &, form an identity submatrix.

Let W, denote the set of all (n+m) X n matrices such that rows a;, - - , a, form
an identity submatrix. We have seen that each Se W, is spanned by some XeWw,.
Furthermore, it is clear that no_two matrices in W, can span the same subspace. Thus,
there is a bijection ¢,: W, > W, with ¢, (S) the unique matrix in W, whose columns
span S. Since W, can be identified with R™ in a natural way, we can regard ¢, as a
bijection of W, onto R™". It can be shown [3] that ¢,: W,>R™ is actually a
homeomorphism. The pair (W,, ¢,) is called a standard chart for G"(R"*™). By
associating each Se W, with a point in R™", the mapping ¢, parametrizes the subset
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W, of G"(R"™™). Since any S € G"(R"*™) must be complementary to L, for some a,
the ("3,”) open subsets {W,} cover G"(R"*™). Thus, the standard charts parametrize
all of G"(R"*™™).

As an example, suppose that n =2 and m =3. There are (3) = 10 standard charts
for G*(R®). If @ = (2, 5), then W, consists of those S € G*(R®) which are complementary
to the subspace L, =Sp {e,, e;, e,}. The mapping ¢’ is given by

X1 X2
X111 X2 1 0
|:x31 xsz} —>Sp | X;1 X3
Xa1 X4z Xa1 X2
0 1

We now describe the standard charts for the Lagrange-Grassmann manifold £(n),
which is an embedded submanifold of G"(R*"). G"(R*") is covered by (3") charts
{W,} as described above. As in §4.2, we define the standard symplectic flag
{‘/1}12:1 by Vi=sp{ela €, " "ej} for j=1,2,---,n, and Vj=Sp{el,e2,~ Tt 6y
€y @nt1y" " 'y a1} fOr j=n+1, n+2,---,2n This complete flag determines a
cell decomposmon of G"(R*™) into (%) cells. There is a cell U(a) for every a=
(ay, -+, a,,) such that a;=0 or 1 for each i and Z, , a;= n. Specifically, U(a)={Se
G"(Rz”) dim SNV;= Z, L@, j=1,--+,2n}. Let j; <---<j, denote the elements of
the set {j: a; =1}. Let d=Y"_, a. Set a; =j; for i=l, cee ,d and o;=3n+1—j, q41-;
fori=d+ 1, -« +, n. Itis straightforward to show that if S € U(a), then S is complemen-
tary to L, and hence an element of W,. Thus, U(a)< W,,.

Lemma 6 shows that U(a) N &£(n) is empty unless a;+ ay,_;+1=1, i=1,---, n
This condition on a=(a,, - - -, a,,) is equivalent to the requirement that «,, - - -, ay,
@g41—n, -+ -, a,—n are all distinct. Since G"(R®") is covered by the cells {U(a)}, it
follows trivially. that #£(n) is covered by the cells {U(a)N&(n): a;+a,_is1=1,i=
1,---,n}. Since U(a)c W,, Z(n) is covered by the open sets {W,N L(n):
Qp,* 04, Qg —N, - -, a, — n are all distinct}, where we define d = max {j: a; = n}.
It is clear that there are 2" choices for @ =(a,, * - -, @,) which satisfy the additional
requirement that a,, - - -, @g, @44, —n, -+ -, a, — n be distinct. Thus, there are 2" open
sets W, N £(n) in the covering of L(n).

Fix a=(a;, ', a,) such that a;, - - -, @g, @g1— M, -+, @, —n are distinct. Let
Se W,, and let X be the unique matrix in W, such that S=Sp X. By a procedure
analogous to the one described immediately prior to Example 2 in § 4.2, we can find
P e Sp (n, R) such that the matrix X = PX has the followmg structure: The first n rows

of X form an identity submatrix. Rows n+1,---,n+d of X are the nontrivial rows
from among rows n+1, - - -, 2n of X. Rows n+d+ 1,--+,2n of X are the nontrivial
rows from among rows 1, - - -, n of X, each multiplied by —-1.

For example, suppose that n=3 and that @ =(1,2, 6). Note that d =2 and that
a,, a,, and a;—3 are distinct. X € W iff X is of the form

[ 1 0 o ]
0 1 0
X31 X32 X33
X =
Xa1 Xa2 X43
Xs1 Xs2 Xs3
| 0 0 1



PHASE PORTRAIT OF THE MATRIX RICCATI EQUATION 63

Then

[ 1 0 0 i
0 1 0
0 0 1

X =

Xn Xa2 Xa3
Xs1 Xs2 Xs3

| TX3n —X32 —X33

Since PeSp(n,R), S is Lagrangian iff P(S) is Lagrangian. If we write X in
partitioned form as X =[y], then P(S) is Lagrangian iff Y is symmetric. Thus, the
condition that Y = Y’ gives the conditions which the n” coordinates in the matrix X
must satisfy in order for the subspace S to belong to £(n). In the example, it follows
that Se L(3) iff x5; = x45, X33 =—X43, and X3, = —Xs3. Thus, the subset W, N ZL(3) is
parametrized by the matrices of the form

[ 1 0 0 ]
0 1 0
—X43 TXs3 X33

X41 Xa2  Xa3
Xa2 Xs2  Xs3
0 0 1

which may be regarded as points in R®. In exactly this way, 2" charts which cover
Z(n) are obtained by intersecting with #£(n) those standard charts W, for G"(R>")
for which « satisfies the additional requirement that a,, -, a4, @44y —n,* **, @, —n
be distinct. The image of the restriction ¢, | W, N £(n) may be identified with R"("+/2,
It is the 2" submanifold charts {( W, N £(n), ¢.| W, N L(n))} which we refer to as
the standard charts for £(n).

Appendix B. Properties of almost periodic functions. It is straightforward to show
that many of the basic properties of complex-valued almost periodic functions general-
ize to the case where the values are in a complete metric space. (For properties requiring
algebraic structure, one takes X to be a Banach space.) By making obvious changes
in the proofs of the corresponding results for complex-valued almost periodic functions
in [12, Chaps. 1 and 2], the following properties can be verified:

AP 1. Let (X, p) be a complete metric space and let f:R-> X be continuous. Then
f is almost periodic if and only if given any & > 0, there exists L = L(¢) such that given
any s, there exists 7€ [s, s+ L] such that p(f(¢), f(t+ 7)) <e for all teR.

AP2. Let (X, p) be a complete metric space and let f:R-> X be a continuous
periodic function. Then f is almost periodic.

AP3. Let {(X;, p;)}i=; be complete metric spaces and let f;:R-> X; be almost
periodic, i=1,---,r. If f:R>X, X -+ X X, is defined by f(¢t)=(fi(2), - -, £(1)),
then f is almost periodic (relative to the product metric).

AP4. Let {X;};_, be Banach spaces, and let a: X, X X, X; be a product map-
ping. (That is, a is bilinear and ||a(x,, x,)|| = ||x|| [|x2]l.) If fi:R> X, (i=1,2) are
almost periodic and if f:R-> Xj; is defined by f(¢) = a(fi(¢), f2(1)), then f is almost
periodic.
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APS. Let (X, p;) and (X,, p,) be complete metric spaces, and let f:R— X, be
almost periodic. Let () be a subset of X, which contains the image of £ If F: Q> X,
is uniformly continuous, then F o f is almost periodic.

AP 6. Let (X, p) be a complete metric space, and let f;:R-> X be almost periodic,
i=1,2.If p(fi(2), f2(t)) >0 as t >0, then f,(t) = f,(1), Vt.
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AMBUSH STRATEGIES IN SEARCH GAMES ON GRAPHS*

STEVE ALPERNT AND MIROSLAV ASIC#

Abstract. A blind searcher and a blind hider move at below unit speed along a finite length graph Q
known to both, until the first time T when they meet. A two person zero-sum game arises if the searcher
pays the hider T units. We consider circumstances under which it may be optimal for the searcher to “lie
in wait” at a node of Q, hoping the hider will come to him. We also explicitly define a notion of “‘equilibrium
in distribution” for such games, which has been implicit in the literature. We show that for the graph
consisting of two nodes connected by three arcs of equal length there are optimal ambush strategies but
there is no equilibrium in distribution.

Key words. search, game, graph, zero-sum

1. Introduction. Let Q be a graph with known arc lengths and a distinguished
point go. A search (or “hide and seek” or “Princess and Monster” [8]) game may be
played on Q as follows. The searcher starts at g, at time 0 and moves about Q at unit
speed until the first (capture) time T that he coincides with the hider. Meanwhile the
hider may move in any continuous way about Q. Both players know Q and g, but
they cannot see each other. This scheme defines a two person zero-sum game with the
capture time T (or an increasing function U(T)) as the payoft to the maximizing hider.
The existence of the minimax value V= V(Q, qo), and of optimal searcher strategies
and e-optimal hider strategies, has been recently established by S. Gal [7, Appendix
1] using Ky Fan’s minimax theorem. The existence question is also dealt with in [3],
[4].

Search games have been analyzed for several specific graphs but up to now
solutions (optimal strategies and V) have been obtained only by imposing an additional
“nonloitering” assumption which prevents the searcher from waiting at any node. The
“nonloitering” assumption is pragmatic in that it seems to make solutions easier, indeed
possible. A better justification is that in some cases [5], [6] it gives an accurate model
when graphs are used to analyze search games in multidimensional regions, where
there is no analogue of waiting at a node. However it cannot be denied that in analyzing
search games on graphs per se, an essential question is at which nodes, when, and
how long the searcher should wait “in ambush.” This is a problem which should not
be assumed away.

In this paper we present the first analysis of a search game on a graph which
obtains a solution without the ‘“‘nonloitering” assumption. The graph we study consists
of two nodes (one is qo) joined by three unit length arcs (Fig. 1).

Our analysis of the search game on this graph has another feature which also
distinguishes it from all previously studied search games. For those games [7, p. 51]
‘. ..there exists a function P(t), which decreases exponentially in ¢, such that for all
t both the searcher and the hider can keep the probability of capture after time ¢
around P(t). ... we use this property to show that optimal strategies for U(T) = T are
still optimal for more general cost functions U(T).” This important property, which
we formalize in § 2 as an “equilibrium in distribution” does not hold for the search
game on the “three arc” graph and hence the strategies we find optimal there when

* Received by the editors October 17, 1983, and in revised form July 31, 1984.
t London School of Economics, Houghton Street, London WC2A 2AE, England.
 University of Belgrade, Belgrade, Yugoslavia.
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FIG. 1. “Three arc” graph.

U(T) =T are not uniformly optimal for all U. It is probably the lack of an equilibrium
in distribution for this game that makes our solution so technically difficult.

The questions dealt with here were inspired by suggestions in Gal’s book [7] and
in fact our initial results were obtained in the course of writing a review [2] of that
book. Some of our results were first announced in that review and the details have
appeared in the working paper [3].

The paper is organized as follows: Section 2 gives the formal definition of a search
game on a graph and includes our new definition of an “equilibrium in distribution.”
Section 3 gives an analysis of ambush strategies on the k-arc graph. Section 4 gives a
complete solution of the search game on three arcs.

2. Formal definition of a search game. In this section we describe the formal game
theoretic background we will need to solve the ‘“‘k-arc” games. We closely follow the
presentation and notation of Gal’s book, “Search Games” [7]. A search game I' will
be described by specifying a search space Q, pure strategy sets ¥ and ¥, and a
nondecreasing utility function U. In this paper we will always take Q to be a graph
with its shortest path metric d, although other metric spaces may be used. The pure
searcher (¥) and hider (9) strategy sets are given subsets of the space Cont(Q)
consisting of all continuous functions from the nonnegative real numbers into Q. We
endow ¥ and ¥ with the relative topology coming from the topology of ‘“‘uniform
convergence on compact subsets” on Cont (Q). It is customary to assume that the
searcher has unit maximal speed, or that ¥ = £ where

L={feCont(Q): d(f(t,), f(t,)) =|t, — 1| for all ¢, t,}.

To each pair of pure strategies S in ¥ and H in # (capital letters will denote
pure strategies) there corresponds a unique “capture time” T = T(S, H) defined as
the least ¢ such that S(t) = H(t). If no such ¢ exists then we define T to be infinity.
We then define I to be the two person zero-sum game with the payoff to the maximizing
hider given by C(S, H) = U(T(S, H)). More generally we allow the players to choose
mixed strategies. Let ¥* and #* denote respectively the spaces of all regular Borel
probability measures on & and . If the players choose “mixed strategies” s in ¥*

and h in #* (lower case for mixed strategies) then the expected payoff to the maximizing
hider is

e(s, h) = I C(S, H) d(s xh).

If

inf sup c(s, h) = sup inf c(s, h),

seS* he H* he H* seF*
then we call this common number the value of the game and denote it by V, or by
V(U) if we wish to emphasize its dependence on U for fixed Q, ¥ and #. Gal [4]
has applied Ky Fan’s Minimax Theorem to establish sufficient conditions for the
existence of a value for search games.
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GAL’s THEOREM. Suppose I' =T'(Q, &, %, U) is a search game satisfying
(i) & is compact and
(ii) U is left continuous.

Then T’ has a value.

Condition (i) will be satisfied in practice by taking & to be a closed subset of %,
since any such set is compact by the Arzela-Ascoli theorem. In order to find explicit
solutions to certain search games on graphs, it has been necessary to restrict the searcher
to pure strategies which are “nonloitering.”” Formally S is nonloitering if {z: S(¢) is a
node of Q (of degree>2)} has Lebesgue measure zero. The anomaly is that this
assumption, which in practice helps us to find the value, at the same time removes the
condition (compactness of &) which theoretically enables us to assert the existence of
the value. Specifically the nonloitering strategies in &£ do not form a closed subset of
&L

Condition (ii) above is our replacement for Gal’s requirement that C(S, H) be
lower semicontinuous in both variables. However, our condition implies his because
T(S, H) is lower semicontinuous and a nondecreasing left continuous function of a
lower semicontinuous function is lower semicontinuous.

Gal’s theorem allows for the possibility that the value is infinite although for
combinatorially finite graphs the value is always finite (see [4, § 3]).

In estimating the function c(s, h) for specific graphs it is helpful to use the formulae

c(s, h)= J’w U(t) dF (s, h)(t) and

c(s, h)= Im (1—F(s, h)(t))dt when U=1I

(I(t)=t) where F(s, h) is the cumulative distribution of capture times corresponding
to the mixed strategies s and h,

F(s,h)(t)=Pr (T=t)=(sxh){(S, H): T(S,H)=t}.

For any cumulative probability distribution F we write U(F) =, U(t) dF(t), which
is the payoft corresponding to that distribution. For s in #* and h in #* we define

[F~(s)](¢) =ir}}f F(s, h)(t) and
[F*(h)]1(t)=sup F(s, h)(2).

Intuitively F(s) is the distribution the searcher can guarantee by playing s, and
similarly for F*(h). An estimate on the distribution of T yields an estimate on the
expected value of U(T) so that if the value exists then we always have:

sup U(F*(h))= V(U)= inf U(F (s)).
he %* seF*

If the left and right side of this inequality are equal, then we will say the game
I'(Q, %, ¥, U) has an “equilibrium in distribution,” which is a strictly stronger property
than merely having a value. This notion has appeared in the search game literature as
early as [1] but we make it precise for the first time here. All the search games which
have been explicitly solved prior to this paper have equilibria in distribution. However
the search game on three arcs solved in § 4 does not have an equilibrium in distribution
and for that game, sup, U(F*(h)) < V(U)=inf, U(F(s)) in the case that U= L.
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Associated with every game I'(Q, ¥, #, U) where & is compact is a distribution
E of capture times which we call the “equilibrium distribution.” For all ¢ this distribu-
tion satisfies sup, [F (s)](t) = E(t) =inf, [F"(h)](t). The existence of each number
E(t) follows from applying Gal’s theorem to the game I'(Q, ¥, ¥, U,), where U, is the
characteristic function of (¢, 0), and setting E(t) equal to the value. We emphasize
that E does not depend on the utility function U and that its existence is more general
than that of an equilibrium in distribution for the game.

Suppose we can find mixed strategies s in ¥* and h,, in ¥*, m=1,2,3,..., such
that F(s)=E and F*(h,) converges in distribution to E. (The latter assumption
means that [ F*(h,,)](t) converges to E(t) at all continuity points ¢ for E.) It then
follows for all continuous U for which U(E) is finite that

U(F~(s))= U(E) = lim U(F*(h,)),

or that I'(Q, &, ¥, U) has an equilibrium in distribution and value U(E) = {3 UdE(t).
We call the situation described in this paragraph a “uniform equilibrium in distri-
bution.”

To illustrate the above ideas on equilibria in distribution, we consider the simple
class of games I', played on the closed unit interval [0, 1] with the searcher starting
at the point a. By symmetry we may assume that 0= a =3. Every hider pure strategy
is dominated by one of the immobile strategies H,, i =0, 1, which stay at i forever. So
we restrict our attention to the mixtures h, = pH,+(1-p)H, for 0=p=1. Similarly
let S, i=0, 1, be the pure strategy of going at unit speed first to end i and then to end
1—i, and let s, = qSo+(1—4g)S,.

In the symmetric case a =3 we have F~(s,/,) = F*(h,,,) = E, where E(t) is respec-
tively 0, 3 and 1 on the intervals [0,3) [3,3), and [3, ). Hence I';,, has a uniform
equilibrium in distribution. In fact for any utility U we have U(F (s,/2)) = U(E)=
U@ +3UG) = U(F(hy2)).

If 0< a <} then for 0= t <1 — a the hider can ensure E(t) =0 by using H, (waiting
at the further end). For 1 —a =t <1+ a the strategies s,/, and h,/, ensure that E(t) = 1
For t=1+a the searcher can ensure that E(t) =1 by using S,. The thing to observe
is that for both players the strategies needed to optimize E(t) depend on ¢, so there
is not a uniform equilibrium in distribution. If the utility function U has zero variation
outside one of the three intervals determined by 1—a and 1+ a, then the strategies
given above for that interval are optimal and produce an equilibrium in distribution.
Suppose however that this is not true of U, for example if U(T)=0for T<3, U(T)=1
for 3= T <1, and U(T)=2 for 1= T. This corresponds to the hider getting one utility
unit if uncaught at time 3 and another unit if still uncaught at time 1. The payoff matrix
in this case is given by

H, H,
So 0 2
S, 2 1

It is easily computed that the value V is 3 and that the unique optimal strategies are
513 and hy/;. To check that this game does not have an equilibrium in distribution,
consider the conservative distributions F*(h,), 0=p =1. Observe that (F*(h,))3)=p
with the supremum achieved by Sy, and (F*(h,))(1) = max [ p, 1 — p] with the supremum
achieved by S, (5, Since for this U we have U(F*(h))=(1—-(F*(h))(3)+
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(1-(F*(h))(1)) it follows that U(F*(h,))=(1-p)+(1—max[p,1—p]). Therefore
sup, U(F*(h)) =sup, (2—p—max [p,1—p])=1 which is strictly less than the value
V(U) =%, and T',(U) does not have an equilibrium in distribution. For the sake of
completeness we conclude by observing that in the trivial end-starting game I'y there
is a uniform equilibrium in distribution and V(U)= U(1).

3. Searcher ambush strategies for the k-arc game. Let I'; denote the search game
on the graph consisting of k unit length arcs between two nodes A (searcher starting
point) and B. From this point onwards the utility function U is identical with the
capture time T. S. Gal [5], [6] has shown that the nonloitering version of this game
has a uniform equilibrium in distribution with E(t)=1-((k—1)/k)!") and hence a
nonloitering value V* equal to k. For this nonloitering game he established that the
searcher “random oscillation™ strategy s* of going back and forth between A and B
at unit speed with equiprobable and independent choices among the k arcs satisfies
F~(s*)=E and is therefore optimal. An e-optimal hider mixed strategy h*(e) with
conservative distribution F*(h*(e)) approaching (as € > 0) E is to wait at B until time
1—¢ and then use a random oscillation.

In this section we implicitly (using Gal’s Minimax Theorem) define an ambush
mixed strategy §=3§, for the searcher which waits at A for 0=¢=2 with positive
probability. Our analysis (Lemma 1) of § shows that for k>3 (more than three arcs)
the searcher can improve by loitering and that the (unrestricted) value V, satisfies
V. < V¥=k, where V* denotes nonloitering value. For k=3 our analysis gives that
V=3 which shows that there are optimal search strategies which loiter but leaves
open the question (settled negatively in section four) of whether the searcher can
strictly improve his performance in the three arc game by loitering.

LeEMMA 1. The (unrestricted) value V, of the search game on k arcs satisfies
Vi = (2k+ p. —1)/(2—2pi) where p;, = (k*—k+1)"". In particular V;=3 and V;, <k (k
is the nonloitering value) for k> 3.

Proof. Consider the following searcher mixed strategy § (which of course depends
on k): In the first two units of time either wait at the starting point A, with probability
Pr; or randomly pick two distinct arcs and take the first to B and the second back to
A, each at unit speed, with probability 1— p,. In either case §(2) = A. Starting at time
2, pretend the game is just beginning and play any fixed optimal strategy—which exists
by Gal’s Theorem.

To estimate c¢(§, H) we first partition & = 3,U ¥, where H € ¥, if and only if
H(t)= A for some ¢t with 0= t=2. Observe that for any He ¥

1—F(3, H)(1) =Prob (T>1) = (1)(pe) +((k—1)/ k)(1 = py).

Now suppose H; € ¥, and consider Prob (T > 2), that is, 1 — F(§, H,)(2). If the searcher
was waiting at A, then Prob (T >2)=0. On the other hand, if the searcher searched
distinct arcs, then the best case for the hider occurs when he is on distinct arcs at ¢t =1
and ¢ = 2. In this case the probability that T > 2 is given by (k*—3k+3)/(k*— k) which
is the probability that two independently chosen, random distinct pairs of numbers
from {1, - - -, k} disagree in both coordinates. Therefore for all H, € ¥, we have
1—-F(8, H;)(2) =Prob (T >2) = (0)(pi) + (K> =3k +3)/(k*~ k))(1 - pi).
If H,€ ¥, then
1= F(§, H,)(2) =Prob (T>2)=(1)(p) + ((k—2)/ k)(1 = py).

We have chosen p, so that our estimates on Prob (T > 2) are the same for 3, and .
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For any H € % we may estimate ¢(§, H) by the formula
¢(5, H)=1+1(1-F(§, H)(1))+ V,.(1- F(5, H)(2))

because if T > 2 then since the searcher is playing optimally from time 2 the expected
value of T—2 is no more than V,. Thus by separately estimating ¢(§, H) for H € ¥,
and H € ¥, by our above formulae, and obtaining the same result in each case (by
choice of py), we obtain for all H in & that

(8 H)=1+[pe+ ((k=1)/k)(1 = p) ]+ [(pe+ (1= p) (k= 2)/ K)) Vic].

It now follows from the definition of V, that

Vi=1+[pe+((k=1)/ k)1 = p) 1+ [(pe + (1 = p) (K =2)/ k) Vic].
The desired estimate on V) is now obtained by solving for V; in the above inequality.

4. Counter-ambush hider strategies in the 3-arc game. In this section we give a
complete solution, without employing the nonloitering assumption, to the search game
on the three arc graph. We have already indicated (in § 3) two distinct searcher
strategies, one nonloitering (s*) and one ambush (§), which ensure that the expected
capture time will not exceed 3 (on average). The hider strategy h*(e) which Gal showed
to be effective (guarantees T = 3) against all nonloitering strategies givesonly T=2—¢
against the (admittedly bad) strategy S, of waiting at A. However (Theorem 1) the
hider still has strategies which guarantee that the expected capture time is not much
less than 3, and hence V =3, even if the searcher is allowed to loiter.

The basic idea for the hider in countering ambush strategies is simple. The random
oscillation strategy h*(e) sometimes (actually one third of the time) involves going to
and leaving a node by the same arc. But this is foolish since now the searcher could
be waiting at that node, so that nodes should be entered only when required to change
arcs. So it is preferable for the hider to modify h*(e) by choosing the sequence of arcs
at say time zero and, when the same arc occurs consecutively, waiting a small distance
& from the intervening vertex for a period of length 25. At the end of that waiting
period he should resume the oscillation strategy. For technical reasons we have not
been able to establish directly that this modified strategy h*(e, ) guarantees that
c(s, h*(e, 8)) =3 —¢ for all s. The problem is that once € and & (or their distributions)
are known, it is perhaps possible for the searcher to search points 8-near the vertex
in the hope of finding a waiting hider.

To get around this problem, we use Gal’s Minimax Theorem and show that against
any given searcher strategy s (in particular an optimal one) there is a hider mixed
strategy similar to what we have described above as h*(g, 8) in which the distributions
of € and & depend on the searcher strategy s. The dependence of ¢ on s is described
in the measure theoretic Lemma 3. This and the other technical result, Lemma 2, are
perhaps best left until after Theorem 1, which will motivate their use.

Our final result, Corollary 1, shows that while both the nonloitering and unrestric-
ted version of the 3-arc game both have value 3, only the former has an equilibrium
in distribution.

LEMMA 2. Let X ={x=(x;, X5, * * *): x,=0 and for all i, x,=0 or 1 and x;x;., =0}.
Let ¢: X > R be defined by ¢(x)=Y_, [1i_, ri(x), where r,(x) =(3)%(3)" "1 Then
forall x in X, ¢(x)=2.

Proof. We will define vectors e(q) in X, 0= g =00, such that ¢(e(q))=2 for all
g, and such that for all x in X, ¢(x)=¢(e(q)) for some gq.
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If q 0,1,2,- -, let e=e(q) be defined by e;=e,=---=¢,=0 and for m=
1,2, egiom =1 and €4+2m-1= 0. For example ¢(3)=(0,0,0,0,1,0,1,0,1,- - -). We
deﬁne e(oo) 0,0, ).

Fix any finite q and let r;=r,(e(q)). Then r;=3for 1=i=q and for m=1,2, - -
we have 7y, =3 and 7,40, =1. It follows that [[|_, ,=(3)" for n=1,---,q and
that for m=0,1,2,- - - we have

q+2m ) 1 g+2m+1
M r=3)G"= I
i=1 i=1
Therefore
1

:]:

o q+2m q+2m+1
Z ( H r; + H r;
m=0 i=1

i=1

1018
:j:
_‘t

|M|

n=1i=1 =1i=

W

=z @ +2 § B

=90

~2-30)7+30)" =2.

Thus qS(e(q)) =2 for g <. For ¢ =00 we have

ﬁ @ =

=1i=1

|M8

¢ (e(0)) = 6((0,0, -

To show that for all x in X, ¢(x)=¢(e(q)) for some g, we introduce a map
g: X > X such that ¢ is constant on orbits of g and such that each orbit converges to
some e(q), with respect to the metric p(x, y) =Y, 27|x;— | on X. Since the function
¢:X - R is continuous with respect to p, this will imply that ¢(x)=1im ¢(g’(x)) =
$(e(q))=2.
Define the map g=X > X by x=g(x), where X is determined as follows. If
x =e(q) for some g, set X = x. Otherwise there is a least m such that x,, =1, x,,., =0
and x,,,,=0. Define X by X,, =0, X,,,=1 and X;=x; for all other i For example
£((0,0,0,1,0,1,0,0, - - -))=(0,0,0,1,0,0,1,0, - -). To establish that $(g(x))=
&(x), fix any x in X and write X = g(x). Let r; = r;(x) and 7, = r;(X). Observe that for
i not equal to m—1, m, or m+1 we have 7, =r;, because r, depends only on x; and
X;+1. For the remaining three indices we have r,_1=1, 7, =3, Tmi1=% Fm-1=3% Fm=1
and 7y =3. Observe that 7, Fmfm+1 = Fu_1 FmPm+y SO that [[_, ri=TI/_, 7 for n not
equal to m—1 or m. Next compute

-2
H ri) (rm—l+ rm—-lrm)’
F,) (P17t Fon1om)

rs) (P17 Frne1m)-

Since 1+ rp—1Fm = Fpy_y + Fry_1 7 it follows from the above calculations that
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Hence

(g(x))= ": :1 7 =('”§‘12+ ='an_1+ :ZO“)(,IZII 'x)

= ¢(x).

Finally, we must show that lim g’(x) is always one of the e(q). Let g,(x) be the
number of ones in the first 2n coordinates of x. Clearly n—g,(x) is a nondecreasing
sequence of natural numbers with a limit (possibly c0) which we denote g(x). If g = g(x)
is finite, then the sequence g’(x) is eventually equal to e(§) where §=2q or 2q—1.
If q(x) is infinite then g’(x) converges to e(0)=(0, 0, - - -). Hence for all x in X,

¢(x) = ¢ (lim g’(x)) = ¢(e(q(x))) =2.

LEMMA 3. Given any mixed strategy s in &* there exist arbitrarily small positive
numbers & such that the following condition holds for s-a.e. pure strategies S in &:

4.1) If for some positive integer m, S(m — €) is a vertex, then for all 8 with 0<|5|=1,
d(S(m—z¢g), S(m—e+8))<|§|.

Proof. For any S in & and any positive integers m and n, let J(S, m, n) be the
subset of [0, 1] consisting of all £ such that S(m — ) isa vertex (A or B) and d(S(m —¢),
S(m—g=+1/n))=1/n. Clearly the distance between distinct points of J(S, m, n) is at
least 2/n so certainly J(S, m, n) is finite. Consequently the set J(S)=U,,,J(S, m, n)
is countable and so u(J(S))=0, where u denotes Lebesgue measure on [0, 1]. Let F
be the subset of [0, 1] X & defined by letting (&, S) belong to F if and only if € belongs
to J(S). Observe that (¢, S) belongs to F exactly for those pairs which fail to satisfy
condition (4.1). Applying Fubini’s theorem to the characteristic function f of the set
F yields

1 1
I J f(e, S)dsdu = J. J f(e,S) duds= J. w(J(S))ds=0.
0 JZ & JO &

Hence for u-almost all & in [0, 1] we must have [ f(e, S) ds =0, or s({S: ¢ belongs
to J(S)}) =0 completing the proof.

THEOREM 1. For the search game on three arcs (without the nonloitering assumption)
the value is 3.

Proof. The existence of a value V and an optimal searcher mixed strategy § is
guaranteed by Gal’s theorem [7, Appendix 1]. It was shown in Lemma 1 that V=3.
We will now show that given any £* we can find a hider mixed strategy h = h(3, £*)
such that ¢(5, k) =3 —¢*. Since § is assumed optimal, we will then have V= c(§, h),
or V=3-—¢*

The hider strategy h is defined as follows. Choose a small positive £ which satisfies
condition (4.1) for §-almost all searcher pure strategies S. Lemma 3 ensures that this
choice can always be made with arbitrarily small e. Denote ¢, =i — ¢ for all integers i
and let Z; denote either A or B respectively, depending on whether i is odd or even.
Let §,=0 and for i=2,3, - - - choose 8; >0 sufficiently small so that

4.2) §({S:0<d(S(t), Z)=28})<e27".

This is always possible since for fixed i the sets with say &;=1/n are decreasing
and have empty intersection. To choose a pure hider strategy H according to h, proceed
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as follows (this procedure defines ). First pick a pure strategy H using the oscillation
strategy h*(e) of staying at B until time 1 — £ and then oscillating randomly as described
in §3. Let t; =t,— &, and t] = t;+ 8, Define H, given H, by H(t)=H(t;)= H(t) for
t; =t=t}if H(t;)= H(t]) and H(t) = H(t) otherwise. This is perhaps easier in words:
If the same arc is chosen for the transit just before ¢; and for just after ¢, then do not
go all the way to Z; = H(t;) but instead wait at distance §; from Z; during the interval
ti=t=t].

Let & denote the subset of & consisting of all § satisfying condition (4.1) with
respect to the £ chosen above, and such that

(4.3) For all i, either S(t;) = Z; or d(S(t;), Z;) > 26..
Our choices of £ and the §; ensure that

(4.4) s(P)>1-¢/2.

We will show that

4.5) c(S,h)=3-2¢ forall Sin 2.

It will then follow from (4.4) and (4.5) that V=¢(S, h)=(¢/2)(0)+(1—€/2) x
(3—2¢) for all S in &. By choosing ¢ sufficiently small we thus have V=3 —¢*. It
remains only to demonstrate (4.5).

Fix any S in & and define a vector x = (%1, X5, - * +), which depends on S, by x; =1
if S(t;)=Z; and x; =0 otherwise. Observe that x; =0 and that

(4.6) Xxx;.1=0 forall i

because of condition (4.1) with 8 = 1. We shall use the notation Pr ( ) to denote the
probability of various events assuming that the searcher is using the pure strategy S
and the hider is employing the mixed strategy h. In particular we will need the following
two important equations, which we justify below.

(47) Pr (T> tl‘-+1/ T> t'.) = (%)l—xi"xiﬂ’
(4.8) Pr(T>t//T>t)=@3)™

Since the hider always chooses his next arc equiprobably out of the three choices,
and independently of his current arc, the respective probabilities of switching arcs
(and thus going through a vertex) and staying on the same arc (avoiding the vertex)
are § and 3. To justify equation (4.7), suppose the hider is “alive” at time ¢. Since S
satisfies (4.1) and (4.3) the hider will certainly still be alive at time ¢, i.e. T>t;. Of
the three possible paths that the hider may take from ¢; to t,,; at most one will intersect
S. If neither S(t;) = Z; nor S(t;,,)=Z,,,, then exactly one will intersect S (otherwise
none will intersect S). In the former case Pr (T > t;;,/ T> t;) is equal to 3; in the latter
it is equal to 1. To establish (4.8), simply observe that condition (4.3) guarantees that
the only way the hider can be caught between times ¢; and ¢; is if the hider switches
arcs at Z; at time ¢ (which has probability ) and the searcher is also at Z; at time ¢,
(in which case x; =1). Equations (4.7) and (4.8) may be combined to give

(4.9) Pr(T> ti/ T> 1) = () 5() ',
We also make the obvious remark,

(4.10) Pr(T>1t)=1.
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Let p;=Pr (T>t;) so that p, =1 and p;,, = p;r;, where r;=r;(x)=(3)%(3)! "% %+,
It follows that p; = ryr, * - * ri_;. We may estimate

(S, h)z Y t,Pr(t,<T=t,)

=1

(a11) = L (n=e=8)(pa=pur)

=(1—-e—-86,)+ Z_“zp,,z(l—2s)+ 2_12p,,.

But

© n-1

Z pa(x)= Z H ri(x)= Z H ri(x) = ¢(x),
where ¢ is defined as in Lemma 2, and hence ¢(x)=2. Thus (4.11) implies (4.5)
completing the proof.

COROLLARY 1. The search game on three arcs (without the nonloitering assumption)
does not have an equilibrium in distribution.

Proof. Since V=3 (Theorem 1) it is sufficient to find a >0 such that for
any h in #*, U(F*(h))=3-6. It follows from the definitions that for any h in ¥*,
(F*(h))(t) = sup, (F(s))(t) sothatin particular 1 —(F*(h))(t) =min [1—(F~(s¥))(1),
1—(F7(§))(t)] where s* is Gal’s oscillation strategy (§ 3) and § is the strategy of
Lemma 1. Recall that 1—(F~(s*))(t) = (3)!"! so that U(F (s*)) =3. The estimate for
T>2 in Lemma 1 shows that for ¢ in the interval [2,3), 1—(F(§))(t) =3, while
1-(F(s*))(t) =%. Therefore

o

U(F+(h))=J'

0

1= (F*(h))(1t) dt= L min [1-(F~(s*))(1), 1 = (F(§))(1)] dt

= I - (F (0] dt—j [(F()() = (F(s)n] ds
-3-9=
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LIMITING DISTRIBUTION FOR RANDOM OPTIMIZATION METHODS*
CHANG C. Y. DOREAY

Abstract. Let f be a function defined on some domain Q = R% We consider the problem of finding the
global minimum of f subjected to some constraints, say g;(x)=0, i=1,---, m. When differentiability is
not assumed random optimization methods provide an alternative way to estimate the minimum. For two
such methods we study the existence of the limiting distribution and the estimation of the parameter of the
limiting distribution.

Key words. random optimization, limiting distribution, order statistics

1. Introduction. Let f be a measurable function defined on some domain Q = R,
we like to find the global minimum of f subjected to some constraints represented by
a measurable set A. That is, find ! such that

(1) l=£i€l'2f(x), Az{gi(x)éo’i=1’. : ',k}‘

The standard methods such as the gradient method or the steepest descent method,
all require that f satisfies some differentiability property. In the cases where differentia-
bility is not assumed random optimization methods could well be applied. Consider
the random procedures described below.

Method (A). Let »*, n° - - - be iid random vectors with a common distribution
G. Let X, X, - - be defined by

step 0. X,=f(U), where U is uniformly distributed over A.

step k+ 1. Having defined X, let X, be defined by

(a1) X =f(n"™), if n“"'e A and f(n*"") <f(n").
(a2) Xi+1=X,, otherwise.

Method (B). Let £', £, - - - be iid random vectors with a common distribution H.
Let W°, W', W2, - - - be defined by

step 0. W°= U, where U is uniformly distributed over A.

step k+1. Having defined W¥, let W**! be defined by

(b1) W*'= W+ £ if (Wrh+ ¢ e A
(b2) W**'= Wk otherwise

For n=0 define Y, =min {f(W°), .-+, f(W")}.

Note that the upper indices have been used to denote sequences of random vectors
and the lower indices to denote sequences of random variables. For related results on
Method (B) see Baba [1], Dorea [2] and Solis-Wets [6]. In fact, Method (B) can be
viewed as a particular setting of the conceptual random algorithm considered by
Solis-Wets [6].

Now a confidence statement for / can be made if the limiting distribution of X,
(or Y,) properly normalized exists and the parameters of this limiting distribution can
be estimated.

Notice that X, =min {Xy, * * +, X} =Zmin {f(U), f(n"), - - -, f(n™)} with equality
holding if P(A) = 1. Since the X;’s are not independent the usual extreme value theory
cannot be directly applied. Also W" is not exactly a random vector whose components
are partial sums of independent random variables or randomly stopped subsequences
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of partial sums. And again the results on the minimum of functions of partial sums
cannot be used. In fact, W" can be regarded as a partial sum of randomly selected r.v.’s

Wr=U+Y ¢&@
i=1
where £°=0, o(i) =i if W'+ ¢ € A, otherwise o(i) =0.

Thus our problem reduces to finding conditions on f and G (or H) that assure
weak convergence under this dependence setting. In the next section it will be shown
that if Condition (A) (Condition (B)) is satisfied then X, (Y,) properly normalized
converges weakly to a distribution of type 1—b exp (—x*), where 0<b=1 and a>0.
Finally in § 3, following the approach of de Haan [4], we provide an asymptotic
estimate of the parameter a based on the limiting behavior of the ratio of the differences
of small order statistics.

2. Limiting distribution. Our problem is to find conditions under which there exist
norming constants a, >0 that will assure the existence of a nondegenerate limiting
distribution for (X, —[I)/a, (or (Y,—1)/a,). The introduction of norming constants is
made necessary since in general we have convergence to the degenerate distribution,
that is, lim, . P(X, =1)=1 (see Dorea [2]).

Let A< R be abounded and measurable set, say A< [—L, L]%, and f a measurable
function defined on {1} © A. Let

Condition (A). (al) G = =G, is a distribution such that P(A)>0.

(a2) There exists a positive function v(t), ¢t >0, with lim,;, v(¢) =0
and a >0 such that for all y>0 we have

m(A(y)) >y as tl0,
A(y)={u: tue(0,1)% G*(tu) € A, f(G*(tu)) = 1+ yv(1)}.
where G = 7G; indicates that G is the product of its marginal distributions; tu=
(tuy, - - -, tug); m stands for the Lebesgue measure; and for s € (0, 1), G*(s) = {G*(s)),
1= i=d} with G¥(s;) =inf{r: Gi(r)= s;}.
Condition (B). (b1) H has a density function h(x)= 8> 0 for xe[—2L,2L]"%
(b2) There exists a positive function v(t), t>0, with

(2)

lim v(¢)=0
110
and a > 0 such that for all y>0 we have as ¢ 0,

3) m{u:tuc A, f(tu) =1+ yv(t)} >y~

Although conditions (2) and (3) are not easy to verify, examples (a) and (b) below
show that they are not too restrictive. Note that if G'(x)>0 on A then (2) reduces to
(3). And, for (3) f need not satisfy sided Lipschitz type conditions or even be continuous.
In de Haan [4, p. 469] we can find sufficient conditions for f to satisfy (2) when G is
the uniform distribution on A and there exists x,€ A, f(x,) =1 and f(x)>1, x # x,.
Namely, there exists v(¢)>0, v(¢)-> 0 such that

i Lot ) —1
lh‘? v(1)

4

exists and is positive for all x # 0.
Examples. (a) Let A=[-1,1]*and f(x, y) = max (|x|, |y]). Then (4) is verified with
v(t)=t
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(b) Let A=[—1,1] and Q be any distribution with density g(x)>0 on A. Let

x%, -1=x=0,

fe)= x(sin%+2), 0<x=1

and v(t) = (t/g(0))* then (2) is satisfied with @ =3. Let >0 and f(x)=1, -1=x=0,
f(x)=xP. 0<x=1, then (3) is satisfied with () =t® and @ =1/B. Note that in both
cases de Haan’s condition (4) is not satisfied.

Let E=[-2L,2L]% a,=v(n""?),

(5) X,=a;'(X,-1) and Y,=a;'(Y,-1).

THEOREM (A). Let X, be defined by Method (A) and assume that Condition (A)
holds. Then

(6) lim P(X,=y)=1-bexp(-y°), y>0.

THEOREM (B). Let Y, be defined by Method (B) and assume that Condition (B)
holds. Then for y>0
1—exp (—cy®) =lim inf P( Y, =y)
™ =lim sup P( Y, =y)=1-exp(—Cy%),

n->oco

where ¢ =inf, g h(x) and C =sup,.g h(x).
COROLLARY (B). If H is such that it is uniform on E then for a,=v(n~"4)c™ "/
we have for y >0

(8) lim P(¥,=y)=1-exp (-y").

Remarks. Although we were not able to find the limiting distribution for Method
(B) except for those satisfying Corollary (B), it is worth pointing out that with respect
to the expected number of steps required to reach an e-neighborhood of , the uniform
distribution on E is the optimizing one and it satisfies Corollary (B) (see Dorea [2]).
If general distributions are considered in Condition (A) by dropping the requirement
G = wG, the results of Theorem (A) can still be obtained. In this case one needs to
replace (2) by a condition on the distribution of f(7):

P(neA, f(n)=1+yv(1))>y®.

An alternative approach is to express the required dependence of G by means of
constraint functions g; that determine A.
Proof of Theorem (A). Let 7 be a r.v. with distribution G and let

P,=P(neA), qa=1-pa,
) B.=P(f(n)>1+a,y, n€A),
Yo =P(f(U)>1+a,y).
Then we can write
P(X,>y)=P(f(U)>1+a,y, me A i=1,---,n)+- -
(10) +P(f(U)>1+a,y, f(n;)>1+a,y, €A, i=1,---,n)
= ¥Ya(ga+tBa)"



LIMITING DISTRIBUTION FOR RANDOM OPTIMIZATION METHODS 79

(al) Since U is uniformly distributed and a, |0 we have

(11) lim y,=b, 0<b=l.

n->00

Note that since (2) is satisfied we have b =1 whenever G'(x)>0 on A.
(a2) Let F(y)={u:ueA, f(u)=1+yv(t)} so that

Bn=pa—P(ne F,-va(y)).

Let V=(V,,- -, V,) be uniformly distributed on [0, 1]%. Then, since G = 7#G; we
have n and G*(V)={G¥(V,), -+, G§(V,)} with the same probability distribution.
Hence we can write

P(ne F,(y))=P(G*(V)e F(y))
=P(G*(V)e A, f(G*(V)) =1+ yv(1)) = t*‘m(A,(y)).

From (2) it follows that

%,,P(n eF(y))>y® astl0;
hence
(12) nlog (1— P(ne F,-vi(y))>—y* as n->oo,
(a3) Finally from (10), (11) and (12) we have
P(X,=y)=1- (1= P(n e F,-v4(y)))"
and

lim P(X,=y)=1-bexp (—y*).

Proof of Theorem (B). First notice that Yo=Y, =---= Y, and

(13) P(Y,>y)=P(Y,,>y)-P(¥,=y, Y,_,>y).
(b1) By (3)
(14) P(Yy>y)=P(f(U)>1+a,y)=y,— 1.
(b2) Clearly for all x € A the conditional density of W*+ £**! given W* is
(15) hw"+5"+'|w"(z|x) =h(z—x)
and
inf h(z—x)Zc=86>0,
zeA,xeA
(16) sup h(z—x)=C
zeA,XEA

Now let F;_, denote the distribution of W’™. Then by (15)

P(Y;=y, f}_1>y)=I

J h(z—x) dz dF,_,(x)
AQ, Jo,

where Q, ={u: uc A, f(u)=1+ya,}.
By (16) we have

(17) em(Q,)P(Y;_,>y)=P(Y;=y, Y;-;>y)= Cm(Q,) P(Y;_,> y).
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From (13), (14) and (17) we have
Yn(l - Cm(Qn))" = P( f/n > ;V) = ‘Yn(l - Cm(Qn))n-
Now from (3) it follows that nm(Q,) - y*, so that (7) follows.

3. Estimation of the parameter. Let Z;, Z,, - - - be iid r.v.’s with common distribu-
tion F and let Z,,=Z, =---=Z,) denote the order statistics from (Z,,- - -, Z,).
From de Haan [4] it follows that if for some « >0 we have

F(l+1tx)

=x° >
(18) tlll’gl FU+n x* for all x>0,
then fdr

Ziny — Za)
(19 n) =log =¥)_=G) [14g k(n)
) ez( g Zoy—Zon g

we have for all >0
(20) lim P(loz(n)=1/a|>¢)=0

provided k(n)-> o and k(n)/n-0.

It is easy to verify that (20) remains true if (18) holds with a positive function
v(t) with lim,;, v(#) = 0in place of t. We shall adapt the above results to our dependence
setting of Methods (A) and (B). For j =1 define the following stopping times

o;=inf{i: i>0;_,,n € A}, 0,=0,
m=inf{i: i>7_,, Win+¢ e A}, 7o=0.

For k=11let R, =f(n°«) and S, = f( W) and define ¢x(n) and ¢g(n) analogously
as in (19).

PrOPOSITION (A). Suppose Condition (A) is satisfied. Then
(21) lim P(lpr(n)—1/a|ze)=0 Ve>0.

ProposITION (B). Suppose Condition (B) is satisfied and H has a density h(x) with
h(x)=¢>0, -2L=x=2L. Then
(22) lirg P(les(n)—1/a|z=e)=0 Ve>0.

Proof of Proposition (A). First we will show that R,, R,, - - - are iid with the
distribution

1
F (x)-_:—J' dG(u).
R P(A) {u:ueA, f(u)=x}
This follows from the relation
P(nsi=x',--- ,n%=x")= ¥ P(o;=i,ni=x,j=1,-+,k)
1=Si<ip<---<iy
= T qipalx) gk pa(x")
1=i<ip<---<iy
where
4a=1-P(4), pA(x>=f dG(u) and (n=x)={q=xi=1,---,d}.
{ueAu=x}
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It remains to show that Fy satisfies (18); now

FR(l+yv(t))=ﬁP(n‘€A,f(n')él+yv(t))-

Proceeding as in step (a2) of Theorem (A) we can write

Fr(l+yv(t)) =

‘m(A,(y)).

.

1
P(A)
Now from (2)

m(A®() _
i m(A1) 7
so that (18) follows.
Remark. If we assume Fy absolutely continuous we have
P(Ry)<Rp<:--<Rm)=1

and (21) can be translated in terms of X,’s of Method (A). Let p,=n, p;=

sup {k: k <p,_;, Xi # X,,_} and from (21) log ((X,,,,,— X,,)/(X,,— X,,))/log k(n) con-

verges in probability to 1/ a. Analogous results hold for the Y,’s of Method (B).
Proof of Proposition (B). Notice that

P(Wi=x)=Y P(U+&=x,7,=k)
i=1

and
P(U+E=x1n=k)=(1-cm(A)*'P(U+¢ =x, U+ ¢ e A)
since
P(U+ keA=J- I ¢ dudx=cm(A).
( g ) A xeA\um(A) ( )
So we can write
1

P(Wisx)= P(£: ¢'c A, ¢'=x).

P(A)

Now proceeding as in Proposition (A) we can show that W", W™, ... are iid
r.v.’s. Moreover

Fs(x)=-P—(cx)m{u: ucA, f(u)=x}
and (18) follows from (3).
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ON THE INTERPLAY OF SINGULAR PERTURBATIONS
AND WIDE-BAND STOCHASTIC FLUCTUATIONS*

MOHAMED EL-ANSARYt AND HASSAN KHALIL?}

Abstract. A class of nonlinear singularly perturbed systems driven by wide-band noise is considered.
The asymptotic behavior of the slow variables is studied when the fast variables are sufficiently fast
(represented by u - 0) and the wide-band noise is sufficiently wide (represented by & -> 0). A reduced-order
Markov model which represents the behavior of the slow variables is derived. It is shown that the slow
variables converge weakly to the solution of this reduced-order model as £ and u tend to zero. The coefficients
of this reduced-order model depend, in general, on the speeds of € and u as they approach zero. The
implication of such dependence on the engineering practice of neglecting parasitic elements is discussed.
Special cases where the model is independent of the speeds of £ and p are explored.

Key words. asymptotic methods, model order reduction, singular perturbation, wide-band stochastic
fluctuations

1. Introduction. The purpose of this paper is to highlight the interplay of two
asymptotic phenomena which arise in the analysis and design of control systems. The
first phenomenon arises in singular perturbation analysis of deterministic systems
containing parasitic elements while the second phenomenon arises in asymptotic
stochastic analysis of systems driven by wide-band noise.

Consider the singularly perturbed system

(1.1) X(8) = f(x(1), y(2), u(1)),
(1.2) py (1) = g(x(1), y(1), u(1)),

where u is a small positive parameter representing parasitic elements. If the input u(¢)
is smooth and deterministic, a reduced-order model of this system can be obtained by

neglecting the parasitic elements, i.e. by setting u =0. Assuming that the algebraic
equation

(1.3) 0=g(x(1), 7(1), u(1))
has a unique root

(1.4) F(8) = h(x(1), u(1)),
the reduced-order model is given by

(1.5) (1) =f(x(1), u(1)).

The literature on singular perturbation theory (see [1] for a survey) is full of analyses
validating this order reduction procedure. In particular if both x(t) and x(¢) start from
the same initial conditions, then under certain stability conditions imposed on the
boundary layer system, x(¢) > %(¢) as u >0, on compact time intervals.

Consider next a system described by the differential equation

(1.6) X(1) =f(x()+ G(x(£))v* (1)

* Received by the editors July 5, 1983, and in revised form July 10, 1984. A preliminary version of this
paper was presented at the 21st IEEE Conference on Decision and Control, Orlando, Florida, 1982. The
work of this paper was supported by the U.S. Department of Energy, Electric Energy Systems Division,
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f Department of Electrical Engineering and Systems Science, Michigan State University, East Lansing,
Michigan 48824.
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where v°(t) is a wide-band stationary process in the sense that its spectrum is flat up
to a frequency of order 1/¢ where ¢ is a small positive parameter. The process v°(t)
is not white noise but it tends to white noise as € » 0. Asymptotic stochastic analysis
(cf. [2]-[4]) shows that x(t) converges weakly to a diffusion process x(t) as €0,
where X(t) satisfies the Ito equation

(1.7) “dx(t) = (f(x(1))+g(x(2))) dt+ G(x(t)) dw.

The vector g(x), which is usually referred to as the correction term, is formed of the
elements of G and their partial derivatives with respect to x. Since most of the stochastic
stability and control results have been developed for systems driven by white noise
[5], the importance of the above limit is in extending the range of those results to
cases when the noise is not white but only approximately so (see [3] for details).
The study of systems where both parasitic parameters and wide-band noise are
present has been initiated in [6], [7]. The first paper treated linear systems and the
second one nonlinear systems. The results of [6] and [7] did not show the interaction
between the two asymptotic phenomena in which we are interested in this paper. Such
interaction could not appear in [6] anyway since, as it will be shown, it is tied in with
nonlinearities. The approach adopted in [7] did not reveal such interaction because
implicit in that approach there was a sequential ordering of the two asymptotic
phenomena in the sense that order reduction as in singular perturbation methods was
performed first, followed by asymptotic stochastic analysis to compute the diffusion
limit. The interaction between the two asymptotic phenomena has been brought to

attention after a paper by Razvig [8]. In that paper Razvig considered the second order
equation

(1.8) pE(1)+X(t) = a(x(1)) + b(x(1))v* (1)

where v°(t) is exponentially correlated noise with correlation time . He studied the
asymptotic behavior of x(¢) as ¢ and u tend to zero and suggested that for sufficiently

small € and u, x(t) can be approximated by a diffusion process x(t) defined by the
Ito equation

0.5 b
1+&/p ox

(19) dx(r)= [a(f(t))+ ()E(t))b(it(t))S(O)] dt+b(x(t))s/§(0) dw(t)

where S(w/¢e) is the spectrum of v°. In deriving this reduced-order model Razvig
employed a formal intuitive reasoning. He assumed that over a time interval At which
is very small with respect to the relaxation time of x(¢) while very large with respect
to u and &, the process x(t) will behave like a Markov process. With that assumption
he went on to compute the first and second moments of x(¢+At) —x(¢t) given x(¢) =x
which resulted in the drift and diffusion coefficients of (1.9). Razvig did not prove that
x(t) converges to %(t) as &, u -0 in any stochastic sense. The remarkable feature of
the reduced order model (1.9) is its dependence on the ratio &/u hinting to the
interaction between the two asymptotic phenomena. Our work has been motivated by
Razvig’s example. Our objective has been to generalize the reduced-order model of
Razvig to a wider class of systems and to provide a rigorous proof of convergence of
x(t) to the diffusion process defined by the reduced-order model. Section 2 gives a
reduced-order model and convergence proof for a class of nonlinear singularly per-
turbed systems driven by wide-band noise. The class of singularly perturbed systems
considered is a special case of (1.1), (1.2) in which y appears linearly. The linearity
in y is assumed to avoid technical complications; yet, it is a realistic assumption and
parasitics in many physical systems appear in this form. The convergence proof adapts
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a martingale method developed by Kushner [9] for proving weak convergence of a
sequence of non-Markovian processes to a diffusion process. In § 3 we discuss the
implication of the results of § 2 on the robustness of the well established engineering
practice of reducing the order of physical systems by neglecting parasitic elements.

2. Reduced-order model and convergence result. Consider the singularly perturbed
system

(2.1)  X%(0) = ay(x** () + Ap(x** (1)) y** () + By (x> ())0°(¢),  x**(0) =xo,
(22)  wy™ (1) = an(x> (1)) + Ay “* (1) + By(x** (1)) v° (1), Yo (0)=yo

where xe R", ye R™ and x,, y, are bounded random vectors. The stochastic process
v° e R’ is defined as

2.3) v”(t)=:/-1=v(t/s)
E

where v(t) satisfies:

(A1) o(t)is a stationary, zero mean, right continuous, uniformly bounded process
on [0, ). The o-algebras induced by v(t) are assumed to have a mixing property with
an exponential mixing rate [10],

24) sup [P(4y/ A) = P(A)|=Ke™
it

for some a >0, where A, € o{v(s), s=t} and A,€ o{v(s), s=t+ 7}. The exponential
mixing rate assumption is taken for convenience but can be replaced by a more general
mixing rate as in [2]-[4]. The process v°(f) is said to be wide-band noise since its
power spectral density matrix S°(w)=S(w/e) will have a frequency band of wy/¢
when S(w), the spectral matrix of v, has a frequency band w,. Indeed, the process
v°(t) converges to Gaussian white noise by the central limit theorem [2].

We make the following assumptions:

(A2) The coefficients a,, a,;, A;,, B, and B, are continuous in x and have
continuous partial derivatives up to the second order which are bounded uniformly
in x;

(A3) The constant matrix A, is Hurwitz, i.e. Re A(A4,) <0;

(A4) The positive parameters € and u satisfy £ > uy, where y,> 0 is arbitrary
but fixed.

Under the smoothness conditions spelled out in (A2), the usual existence and
uniqueness theory for ordinary differential equations gives us a solution for (2.1) and
(2.2) on [0, T] for each sample path of v(-). Condition (A3) is needed to guarantee
asymptotic stability of the boundary-layer phenomena associated with y. Condition
(A4) excludes the case £/u - 0 as u > 0. This technicality is needed in the convergence
proof as it will be pointed out later.

Our objective is to study the asymptotic behavior of x**(-) as € >0 and u 0.
The main result of this paper shows that x**(-) converges weakly to a diffusion process
X(-) with initial condition %(0) = x,. The infinitesimal generator associated with %(-),
whose form will follow from the proof of the result, is given by

2.5) Lfe)= 5 bL+5 5 a0-2L Z L,

l,.l =
where

(2:6) b(x) = ao(x) + hy(x) — Ayx(x) A3 ' hy(x) + hs(x),
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(2.7) A(x) = Bo(x)S(0)Bg (x) £ [ay(x)],
(2.8) ao(x) = a,(x) — Ajx(x) Az ay(x),
(2.9) By(x) = Bi(x) — Ayx(x)A7 ' By(x),
S(w) is the spectral matrix of v,
(2.10) h” =tr [D;B()W""' D;AleEIZ]l,
(2.11) hgi =tr [EiBoWI""E:AlgAz—lz],
(2.12) hy, =tr[—FiBoW'Bj(A}) ™' = FiB, ¥’ (A) ™'+ FiA,,A;'P),
| ] |
(2.13) D;= [Vxl/fu ivx¢iZE ““““ va¢ir] s B,= [ll’ij]nxn
| | ] nxr
o
(2.14) E;= [Vx'flu va'fhzi ————— va"hr] ) By =[ylmxn
o
(215) E = [foil:vxfiﬂ """ :ngim] s A12=[§ij]nxm,
i | | nxm
W= | R(7)dr, R isthe correlation matrix of v,
Js0
(2.16) 3=| e%" B,R'(r)dr forsome ye[yo,), >0,
Jo
(2.17) P=| e** (B,2'+3Bj) e dA.
Jo

We require that
(A5) b(x) and By(x) satisfy the growth and Lipschitz conditions

|b(x)|+|Bo(x)|= K (1+]x]) VxeR",
|b(x) —b(z)|+|Bo(x) — Bo(2)|= K|x—z| Vx,zeR"

Condition (A5) implies that the martingale problem corresponding to L is well-posed
[11]. Condition (A5) follows from the smoothness condition (A2) if A,, is independent
of x or if a,, is bounded and B, is independent of x. It is, however, a restrictive
requirement that eliminates some interesting problems. For example, it does not allow
both A,; and B, to be linear in x simultaneously.

Our main result is the following theorem.

THEOREM 1. Under the assumptions (A1) to (AS), x®* () converges weakly to X(+)
ase~>0, u>0 and e/ u->vy.

Proof. We utilize a technique for proving weak convergence of a sequence of
non-Markovian processes to a diffusion process which was introduced by Kurtz [12]
and further developed by Kushner [4], [9], [13]. The version used here is due to
Kushner [9]. Our proof, in fact, follows Kushner’s method step-by-step as it was
applied in [13]. There are, however, two additional levels of complexity in our proof.
The first one is due to the singularly perturbed equation (2.2). The second one is in
computing the explicit form of the operator L”, which required lengthy and detailed
manipulations. Before we state Kushner’s method we need to introduce some definitions
and terminology which are recalled from [9].

! () denotes transposition.
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Truncated processes. For every positive integer N, let Sy ={xe R", ||x||= N} and
define the truncated process x%/(t) to be the solution of (2.1), (2.2) with the right-hand
side of (2.1) multiplied by gn(x), i.e.,

(218) X3 =gn(xR)ai(x¥) + Ap(x )y R+ Bi(x3)v°], x%(0) = xo,
(2.19)  wyR = an(x)+ Ay + By(xy)v°, yRF(0) = y,,

where gn(x)=1 for xe€ Sy, gn(x)=0 for xe R" —Sn+, and gn(x)€[0, 1] and has
third derivatives that are bounded uniformly in x and N. For each N, {x3/(-)} is
bounded uniformly in u and e. As it will be seen, the actual technical proof involves
only the truncated processes {x3*(-)}. See [9], [13] for similar treatment.

Terminology. Let (Q, P, %) be the probability space in which v(-) is defined and
let F7A be the o-algebra induced by {x3/(s), y*(s), v°(s), 0=s=1t} and E7} the
corresponding conditional expectation. Let £° be the class of measurable (w, t) real
valued functions such thatif f(-) € £°then E|f(t+s) —f(t)| > 0as s > 0%, sup, E|f(¢)| <
o and f(t) is adapted to F;N. We say p—lims_,of‘=0©sups,,E|f’(t)|<oo and
E|f*(t)|>0 as s>0*. Define an operator A% and its domain D(A%") as follows:
fe D(A%*) and A% f=g&f, ge £° and

EuN f(t+r) —f(1)

p—lim g(t)| =0

r->0

Let LY be a diffusion operator of the form (2.7) such that the coefficients of LY and
L” are equal for xe S\. Let ‘60 be the space of continuous functions f: R" > R which
have compact support and ‘60 be the space of functions which belongs to ‘60 together
with its partial derivatives up to the third order.

The following lemma is Theorems (1) and (2) of [9] adapted to our case.

LEMMA 1. Assume that the martingale problem associated with L” is well-posed.
For each ﬁxed N, let {x%/*(-)} be the solution of (2.18) and (2.19). Suppose that for
each fe 460, there is a sequence f3*(-)e D(A%) and a random variable M3 1(f), for
each T>0, such that

(2.20) - llm LrRE(e) = f(x(1))]1=0,
s/u-w
(2.21) - llm [ARF R (8) = LA f(xR4(1))]=0,
9/}‘-"‘7
(2.22) {SUPIf () —f(xR (1) Zn}>0 ase,u>0,/p->7,
(2.23) sup |ARH fR(D)] = MR,
(2.24) sup p{M 7 (f)ZK}>0 as K->,

Then {x>"(-)} converges weakly to X(-) as e >0, u>0 and e/ u - v.

For notational convenience we write x(t), y(t), A%*, L?, fi(t) and E, instead of
xR, yRE(2), AR, LY, fik(t) and E7 respectively but we are always working with
the truncated process {x""( )}. Moreover, we omit the gy terms for further sim-
plification. Now we proceed with the proof of the theorem. Let f€ €3 be given, then
the test function f**(t) is constructed in three steps as in [13]. First, we have

(225)  A™f(x(1) =§£(X(t))[a1(X(t)) +Ap(x(1)y(6) + By(x(1))v°(1)].
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The last two terms on the right-hand side of (2.25) are not uniformly bounded in ¢
and p and cannot be part of the operator L?, so they are averaged out by defining

fi(x, t) as:

(226)  filx, )= on I‘T:g(ﬂ[Alz(x)[ﬁ(t+ 5, X)+ Ay ay(x)]+ Bi(x) v (t+5)] ds

where
F(t+s, x)=e"* y(t)+(e?*'* - 1) A7 az(x)
(2.27) | fees
+— J e I/k B (x)vo(7) dr.
moJe

Here, j(t+s, x) is the solution of the singularly perturbed equation (2.19) starting at
s =0 from initial condition y(¢) with x, on the right-hand side of (2.19), being frozen
at x =x(t). Subtracting the term —Aj'a,,(x) in (2.26), in a sense, centers j at its
steady-state mean. Using (2.27), it is straightforward to show that fi(x, t) is given by

115 0=~ L () Aa(x) A3 Ty () + AT 2 ()]
(2.28)
+Z g0y J Ep*(t+s5) ds.

But direct solution of (2.19) starting at ¢ =0 shows that y(¢) is given by

(229) y(r)=e* y0+-1— Jt eft=7/n [an(x(T)) + B,(x(r))%v('r/e)] dr.
M Yo €

Using the boundedness of v and y,, the boundedness of a,, and B,, which follows
from the boundedness of the truncated process, and the exponentially decaying nature
of the transition matrix exp [ A,/ u], it can be shown that /& y(t) is uniformly bounded
in £ and u. Hence, using the mixing property (2.4), the compact support of (3f/dx)(x)
and the boundedness of the truncated process x(t), we get

(2.30) lfilx, )= C e+ Cou/Ve.

The restriction £/ u = y,> 0 guarantees that the right-hand side of (2.30) is bounded
by CI\/; + C3«/; ; that is why this restriction has been imposed. Thus we have shown
that

(2.31) LA =1£(x(8), | = K, (Ve +Vp).

K,>0 is independent of ¢, u and w.
Operating on f,(t) by A**, we get

A fi() = —:{(X)[Alz(X)y(t) + App(x) Az a5, (x) + By(x)0°(1)]

(2.32)

+ 2, a0+ An(x)y (0 + By (0w (0],

Adding (2.25) to (2.32) yields

of

(233) A+ =L (x)ag() + L2

~ (6 Dlai(x)+ An(x)y(D)+ By(x)v*(1)].
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The last two terms of (2.33) are, again, not uniformly bounded in € and u and cannot
be part of L?, so we average them out by defining f, as

Sox, )= I [ (% 14 5)(Ap(x)§(1+5, )+ Ap(x) Ay a3 (x) + By(x)v° (1 +5))

(2.34)
+ g(x)ao(x) - L(e/")f(x)] ds.

The form of L*/*) as defined by (2.5)-(2.17) with ¢/u replacing 7, results as a by
product of showing that |f,(x(2), t)| is O(u +¢€), i.e., by identifying the parts of the
first three terms on the right-hand side of (2.34) which are not O(e) or O(u). This
involves lengthy calculations which are given in detail in [17]. Using the compact
support of f, and f,,, the mixing property (2.4) and the boundedness of the truncated
process, it can be shown that

(2.35) l£(0)]=|£(x(1), 1) = Ky + K3

where K, and Kj are positive constants independent of ¢, u and w. Operating on f,(¢)
by A®* yields

ofi

ASMf (1) =L/ “’f(x)— 2 % D(An(x)y() + An(x) Az ax (x) + Bi(x)v* (1))

(2.36)

f

& (xyanix)+ L2

—(x, t)(a;(x)+ Ap(x)y(t) + By(x)v°(2)).
Adding (2.33) to (2.36) we get
AP (f(x)+A(D+ ()

(2.37) of of,

=L “f(x)+—‘(x t)ao(x)+—(x Hla,(x)+ Ap(x)y(t) + By(x)v°(2)].
We define
(2.38) o) =fx(0)+ fi(x(2), )+ fo(x(t),t) for0=t=T.

Then condition (2.20) of Lemma 1 follows directly from (2.31), (2.35) and (2.38).
From the mixing property, the compact supports of the partial derivatives of f up
to the third order and the boundedness of the truncated process we can show that

(2.39) fl (x t)ao(x) |+ ﬁ(x 1)(Ap(x)p(1)+ Byo°(1))| = Ko/ + Ko/p
and
(2.40) ﬁ(x Ha,(x)| = Kee + Ky,

where the positive constants K; are independent of ¢, 4 and w.

By the smooth dependence of L” on vy (see (2.16)), it follows that there exists a
constant ¢> 0 such that

(2.41) IU”%ﬂm—Lvunécf—yL
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From (2.37), (2.38) we have:
|ASRf (1) = L7f(x(2))]

Bfl ofs

(2.42) x5 Dao(x) +=22(x, 1)(a1(x) + Ax(x)y (1) + By(x) 0" (1)

+ L f(x(1)) = Lf(x(1)) | -

Then (2.21) of Lemma (1) follows immediately from (2.39)-(2.42).

Now we need to verify (2.22)-(2.24) of Lemma 1. The limit (2.22) follows directly
from (2.31) and (2.35). Also (2.23) and (2.24) follow easily from (2.39)-(2.42) and
the compact support of f. Thus the proof of the theorem is completed by applying
Lemma 1. Q.E.D.

From the proof of Theorem 1 it is apparent that if L” is independent of the
parameter y then the requirement £/u - y in Theorem 1 can be dropped.

CoRrOLLARY 1. Suppose that assumptions (Al) to (AS5) hold and that L" =1L
(independent of y). Then x*"(-) converges weakly to X(+) as € >0 and u-0.

In Theorem 1 we employed the noise condition (A1) which requires the noise
process v( ‘) to be a stationary, uniformly bounded, ¢-mixing process. The use of
¢-mixing processes is typical in asymptotic stochastic analysis (e.g. [2]-[4]), although
in those references ¢ does not have to be exponentially decaying. It is obvious, however,
from Kushner’s work [4] that the noise process v(-) can be a stationary Gaussian
process with rational spectra. Since this type of unbounded noise process very often
is more important in applications, we extend our result to that case.

Suppose that the initial states x, and y, are Gaussian random vectors with bounded
second moments. Assumption (Al) is replaced by

(A1)’ The process v(t) is defined by

deé= Qe dt+ Udw,
v(t) =T&(1),

where w(-) is a vector Brownian motion, Q, U and I are constant matrices and Q is
Hurwitz.

THEOREM 2. Under the assumptions (A1)’ and (A2)-(AS), x®"(-) converges weakly
to a diffusion process x(-) with initial condition %(0) = x, and infinitesimal generator
defined by (2.5).

Remark. A corollary similar to Corollary 1 holds in this case as well.

Proof. The proof is almost the same as that of Theorem 1. The only difference is
that instead of using the mixing property we use inequalities that follow directly from
(2.43), e.g., |Ev(t+5)| = K e”**|£(t). Proceeding as in the proof of Theorem 1 we arrive
at four inequalities similar to (2.31), (2.35), (2.39) and (2.40) with the left-hand side
replaced by its expectation. For example, (2.31) is replaced by

(2.43)

Elf,(0|= K\(e +Vp).

Conditions (2.20) and (2.21) of Lemma 1 follow immediately from these four
inequalities. To verify conditions (2.22)-(2.24) of Lemma 1, we use the fact that there
is a finite w.p.1 w-function C such that |£(¢)|= C for all t€[0, T] w.p.1. This fact
leads to four inequalities similar, again, to (2.31), (2.35), (2.39) and (2.40) which hold
w.p.1 and the right-hand side constants (e.g., K, in (2.31)) are replaced by finite w.p.1
w-functions. These inequalities lead easily to (2.22)-(2.24). Q.E.D.
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3. Discussion and conclusions. Our main motivation for studying the asymptotic
behavior of singularly perturbed systems driven by wide-band noise has been to
highlight the interplay of the two asymptotic phenomena involved in the problem. The
explicit form of the limiting diffusion model derived in § 2 clearly shows such interaction
through the dependence of the matrix X, defined by (2.14), on y=lim, ., £/ . Such
interplay becomes significant when we study its impact on the well-established engineer-
ing practice of neglecting parasitic elements when writing down differential equations
representing electrical networks, mechanical systems, etc. According to that practice,
in modeling the singularly perturbed system (2.1), (2.2), the parasitic elements represen-
ted by u are neglected. This is equivalent to setting w =0 in (2.2) replacing (2.2) by
the algebraic equation

3.1) 0=a,,(x)+ A,y + By(x)v".

Since A, is nonsingular, (3.1) can be solved to get

(3.2) y=—A3"[an(x)+ By(x)v°].
Substituting (3.2) in (2.1) results in the reduced-order model
3.3) X = ao(x)+ By(x)v°

where a, and B, are defined in (2.8) and (2.9). Although in deriving the reduced-order
model (3.3) we started with the higher-dimensional model (2.1) and (2.2) and arrived
at (3.3) through the formal procedure of setting u =0, it is typical in practical modeling
situations that such order reduction is done even before writing down any equations
representing the system. Parasitic elements are usually neglected by omitting them
from the physical description of the system (e.g., omitting parasitic inductances or
capacitances from electrical networks descriptions). As a result of that it is not
uncommon that the only available mathematical model to describe the system is the
reduced-order model (3.3). Using (3.3) to characterize the behavior of x may lead to
wrong conclusions. In particular, since our interest here is in the case when ¢ is
sufficiently small, we can study the asymptotic behavior of x as £->0 using well-
established techniques (e.g. [2]-[4]). As £ - 0 the solution of (3.3) converges weakly
to a diffusion process with infinitesimal generator L given by

n n 2
(3.4) ffe= £ b +g £ @il
where
3.5) | b=ay+h — ApAT hy+ by,
(3.6) A=B,S(0)Bj,
(3.7) hy =tr[DiB,W],
(3.8) by =tr [E}B,W],
and
(3.9) by =tr [~ F{B,WB5A5'].

Obviously this diffusion limit is different from the right diffusion limit given in § 2. In
fact, comparing (3.5)-(3.9) with (2.6)-(2.12) shows that the two operators coincide
only as y- o (i.e., u/ e~ 0), indicating that the use of the reduced-order model (3.3)
is acceptable only if u < €.
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As a generic example that illustrates the above situation consider the feedback
control system of Fig. 1. Our interest here is not in designing such a control system,
although this is an interesting problem for which the order reduction results of this
paper could be useful, but in analyzing the behavior of x once the system has been
built. The singularly perturbed equation in the forward loop represents actuator
dynamics, amplified dynamics or RC or RL sections, which typically have small time
constants represented here by the small parameter u. In modeling such feedback
systems, it is the practice of engineers to simplify the model by neglecting the fast
dynamics of actuators, amplifiers, etc., when the time constant u is sufficiently small
with respect to the relaxation time of the plant. Such simplification leads to the feedback
system of Fig. 2 in which the dynamic equation uy = Hy+ Ke is replaced by the
algebraic equation y = —H 'Ke. Readers who are not familiar with this engineering
practice can realize how common that practice is by noticing that whenever an amplifier
in a control system is modeled by a constant gain k, such model simplification has
been already employed since a more realistic model of the amplifier would be the
first-order transfer function k/(1+s7) or even higher-order transfer functions. If the
driving inputs r and n are smooth deterministic functions of time, neglecting parasitic
elements is justified by invoking singular perturbation results [1]. To_analyze the
situation when n is wide-band noise that can be modeled as n(t) =(1/ «/;)v(t/ €), we
invoke the result of § 2. The feedback system of Fig. 1 is represented by

(3.10) x=f(x)+G(x)y,
(3.11) wy=K(r—x)+ Hy+Kn,

which fits the structure of equations (2.1), (2.2). Suppose that f(x) and G(x) are
smooth enough that our technical conditions are satisfied, H is a stability matrix, and
r is a constant set point. Then, for sufficiently small ¢ and u, the behavior of x can
be approximated by a diffusion process with infinitesimal generator (2.5) which is
dependent on v. If the simplified feedback system of Fig. 2 is used to analyze the
behavior of x, then for sufficiently small €, x can be approximated by a diffusion
process whose infinitesimal generator is given by (3.4). This shows the invalidity of

n{noise]
Y = Hy + ke ! x = f[x] + e[x]y !
Plant
Fi1G. 1
n[noise]
-ul oy T Y

FI1G. 2
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the simplified feedback system of Fig. 2 as a model for analyzing x. To make the
example more transparent, let us consider a specific situation where x € R, y € R?,

x -1 o0 |1
G(x)=[c1], H--[ 0 _2], K—[l]

and suppose that the correlation function R(7) is given by R(7)=d"’ e "l Then, as
e, w0, x(-) converges weakly to X(-) which satisfies the Ito equation

- - | A 3y’ +6y+2 -%_ 2 ,-2%
dx—[f(xH(z” )(' D3 ey tn’ ¢ "2]"‘

I (VO PR

where y=1lim, o (e/ ).
On the other hand, the diffusion process corresponding to (3.4) satisfies the Ito
equation

di=[f(F)+(C+eF)(r—%)+io2 e —0? e dt +20 L+ e ] dw,  #(0) = x,.

It is apparent that for all finite y> 0, the two Ito equations are different. They coincide
only as y->o0.

The above discussions have shown that reducing the order of dynamic systems
driven by wide-band stochastic inputs via neglecting parasitic elements is, in general,
valid only when the frequency band of the neglected fast dynamics is much wider than
the frequency band of the input. There are, however, several interesting special cases
where neglecting parasitic elements is valid even when the frequency band of the input
is of the same order of the frequency band of the fast dynamics. These are the special
cases for which the operator L” is independent of y. Using the explicit form of the
operator L” given by (2.7)-(2.17), we can easily identify such special cases. For instance,
it is apparent that for linear systems, as long as the behavior of the slow variable x is
concerned, u can be set to zero. This conclusion for linear systems can be interpreted
in the following way. Although replacing the differential equation (2.2) by the algebraic
equation (3.1) cannot be used to approximate y, it can be used as an input to the slow
equation (2.1) since the error resulting from this approximation will be filtered out by
the slow equation. The same conclusion holds even when the input is modeled as white
noise [14]. From (2.7)-(2.17), we can see also that the nonlinearity of a, and a,, is
not the source of the inconsistency encountered here. It is the nonlinearities in B;, B,
and A,, that give rise to the correction terms h,, h, and hs, respectively, bringing in
the dependence on vy through the matrix 2. Recall that

3= I e”2”” B,R'(7) dr
(V]
and suppose, without loss of generality, that R is normalized in such a way that B, is
proportional to the root-mean square of the noise input. It is apparent that if B,=0
(no noise input to the singularly perturbed equation) or B, is sufficiently small (small
noise input to the singularly perturbed equation), then the dependence of L” on y
will either vanish or be insignificant, respectively. The small noise case is particularly
important and arises frequently in applications cf. [15]. For example, in the feedback
system of Fig. 1, let n(t) have a correlation function A? e 1"V® where A is of order one
and @ is sufficiently small. The power spectrum of n(t) is 20A2%/(1+ w?6%) which is flat
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over_a frequency band of order 1/6. As 6 >0, n(t) does not tend to white noise but
n/«/z tends to white noise. Taking & = 6, n(t) can be modeled as n(t) = v(t/e) where
v(t) has A% e™" as its correlation. For this n(t), equation (3.10), (3.11) take the form

x = f(x)+ G(x)y,
wy = K(r—x)+Hy+e Kv*,

which is of the form (2.1), (2.2) except that B, is multiplied by Je.

Checking the proof of Theorem 1, it can be easily seen that the following corollary
holds for the small noise case.

COROLLARY 2. Consider the system (2.1), (2.2) except that B, is replaced by BB,.
Assume that (A1)-(A5) hold. Let X( - ) be a diffusion process whose infinitesimal generator
is given by (2.7)-(2.17) with B,=0 and let x(0) = x,. Then x**?(-) converges weakly
toX(:) as >0, u->0 and B->0.

A similar corollary holds for the Gaussian case of Theorem 2.

Finally, we conclude our discussions by pointing out that the restriction ¢/ u = y>
0 which has been imposed in this paper is purely technical and that the form of the
operator L” derived in § 2 is actually valid as y-> 0. This can be shown by studying
the case ¢/u >0 as two sequential limiting processes € >0 followed by u -0, and
employing asymptotic results from [3]-[5], [16]. The details of that are given in [17].
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ON SEMINORMALITY OF INTEGRAL FUNCTIONALS
AND THEIR INTEGRANDS*

E. J. BALDERY
Dedicated to E. J. McShane on the occasion of his 80th birthday.

Abstract. We present a definition of seminormality which extends classical notions due to Tonelli
[Fondamenti di Calcolo delle Variazioni, 1921], McShane [Ann Scuola Norm. Sup. Pisa (2), 3 (1934), pp.
181-211, 287-315] and Cesari [Trans. Amer. Math. Soc., 124 (1966), pp. 369-412; J. Optim. Theory Appl.,
6 (1970), pp. 114-137; SIAM J. Control Optim., 9 (1971), pp. 287-315], and applies to both integrands
(“seminormality in the small’’) and their integral functionals (“seminormality in the large”). Our main result
states that under very general hypotheses seminormality in the small and large are equivalent. By introducing
a notion called Nagumo tightness, we show that the usual sufficient conditions for the lower semicontinuity
of an integral functional also imply a form of seminormality of the integral functional. Necessary conditions
for the lower semicontinuity of an integral functional can also be obtained from our resuits.

Key words. seminormality, integral functionals, lower semicontinuity, lower closure, tightness, property

(Q).

1. Introduction. Let (X, d) be a metric space and (V, P,(-,-)) a pair of locally
convex spaces paired by the strict duality (or nondegenerate bilinear form) (-, ) on
V x P. Let R=[-, +0] denote the set of extended real numbers; we shall use the
convention (+00) —(+400) = +00 throughout.

A function a: X x V>R is defined to be simple seminormal (on X x V) if there
exist a lower semicontinuous function f: X - R and p € P such that

a(x, v) =f(x)+(v, p).

A function a: X x V- R is defined to be seminormal (on X x V) if it is the (pointwise)
supremum of a collection of simple seminormal functions on X X V. An equivalent,
more traditional definition of seminormality will be given in § 2, where this property
will be studied in detail.

Now suppose in addition that X, V and P are Suslin spaces (Appendix B). Let
(T, 9, u) be a o-finite measure space and let Z be a decomposable set of equivalence

classes of (7, B(X))-measurable functions, equipped with the essential supremum
metric

d(x, y)=-esssup d(x(1), y(1)).

Also, let (7, 2,(-, -)) be a pair of decomposable vector spaces of equivalence classes
of scalarly u-integrable functions (cf. Appendix B) going from T into V and P
respectively, paired by the strict duality

(v, p)y= L (v(8), p()u(dr),

where it is assumed that for every ve ¥, pe P the function t—>(v(t), p(1)) is u-
integrable.

Let I: Tx X x V- R be a function which is such that for some p,€ ? and ¢y L
(1.1) I(t, x, v) =(v, po(2))+ Po(t) for all xe X and ve Vu-a.e.

* Received by the editors August 16, 1983, and in final revised form February 4, 1985.
T Mathematical Institute, University of Utrecht, Utrecht, the Netherlands.
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By means of outer integration (Appendix A) we define the integral functional I;: & x
¥ >R as follows:

~

Ii(x, v)= [ I(t, x(1), v(D)) p (dt).

¢T

We can now view seminormality at the following two levels:

(i) Seminormality in the small: seminormality of the function I(¢,-,:): X X V>
R w-a.e. (i.e., for u-almost every t € T). Here seminormality is defined with respect to
the framework consisting of (X, d) and (V, P, (-, *)).

(ii) Seminormality in the large: seminormality of the integral functional I;:  x V">
R of I Here seminormality is defined with respect to the framework which is composed
of (%, d) and (¥, ?,{-, -)), introduced above.

While seminormality in the small has a long history, starting with the seminal
work by Tonelli [27] and McShane [21], seminormality in the large seems to be an
entirely new concept. The main explanation for this rather surprising observation can
undoubtedly be found in the traditional occupation with integral functionals of a single
variable, such as exemplified by

I(x)= Jl I(t, x(1), X(1)) dt

0

where x ranges over a set of smooth curves; e.g. cf. [10].

The principal result of this paper, which will be presented in § 3, states that under
quite general hypotheses seminormality in the small and in the large are equivalent.
There are essentially two ways in which this result can be used to shed new light on
lower semicontinuity and lower closure questions for integral functionals (§ 4). The
most important one is as follows. A function h: V- (—00, +00] is said to be of Nagumo
type on V if h is convex and sequentially inf-compact on V for every slope. A subset
YV, of V is defined to be Nagumo tight if there exists a I x %B(X)-measurable function
h: Tx V[0, +o0] such that

h(t, ) is of Nagumo type on V u-a.e.,
sup I,(v) <+o0,

veYy

Also, Vo< ¥ is defined to be almost Nagumo tight if there exists a nonincreasing
sequence {B;}7 in J, whose intersection is a w-null set, such that for every ieN the
restrictions to T\ B; of all elements of ¥, form a Nagumo tight set. Important examples
of almost Nagumo tightness are the following. (a) A subset ¥, of ¥ is Nagumo tight
if there exists a scalarly measurable multifunction I': T3 V having (sequentially)
compact convex values such that v(¢) eI'(t) u-a.e. for every ve ¥,. (b) In case V is
a separable reflexive Banach space, P its topological dual V' and ¥'= %}, ?=%%,
a subset ¥, of £} is Nagumo tight if it is relatively (sequentially) compact for the
weak topology o(Z£y, £%). (c) In the same case as in (b) a sequence in ¥, has an
almost Nagumo tight subsequence if it is uniformly bounded in L'-norm.

Now suppose that I: Tx X x V>R satisfies the following well-known sufficient
conditions for sequential lower semicontinuity of I, on £x ¥

I(t,-, ) is sequentially lower semicontinuous on X X V u-a.e.,

I(t, x, ) is convex on V for every x€ X u-a.e.
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Define I;: Tx X x VXR->R by
L(t x, v, A)=max (I(t, v, x), A).

Then it follows from the main result that for every ¥,< ¥, $,< L& such that ¥, is
almost Nagumo tight and £5 ={A": A € %,} is uniformly integrable, I, has the following
coincident seminormality property:

I,, coincides on & x ¥, x &£, with a seminormal function,

where I, : Zx ¥ x £ >R is defined by

-~

I(x, v, A)Ej L(t, x(2), v(2), A(1)) p (dt),

and seminormality is considered with respect to the framework consisting of (&, 4)
and the pair (¥ x %, ? x £g), equipped with the duality

v, A5 p, q)= L (o(0), p()+ A () g (1)) (d).

Coincident seminormality being a much stronger property than relative lower semicon-
tinuity, one thus generalizes a whole class of results. These ideas can be carried over
to the subject of lower closure without much difficulty.

The second way in which the main result can be used concerns the usual necessary
conditions for lower semicontinuity of integral functionals. This line of approach could
be of some interest as a contribution to unifying necessary and sufficient conditions
for lower semicontinuity of integral functionals. Although our result is quite general
in most respects, the boundedness condition (1.1) makes it somewhat incomparable
to similar results obtained elsewhere.

2. Seminormality. In this section we study several aspects of seminormality. We
introduce the seminormal hull of a function and show it to be representable by
semicontinuous hulls and Fenchel conjugation. Also, we give some sufficient conditions
for seminormality to hold. Finally, we show the close relationship which exists between
the notion of seminormality developed here and Cesari’s property (Q) for multifunc-
tions [8]. Let us note in advance that although this section is strictly treated in terms
of the framework for seminormality in the small, most results obtained here can be
used in connection with seminormality in the large by a simple substitution of
framework.

Let (X, d) be a metric space. For every x€ X and 8> 0 the set of all y€ X such
that d(x, y) < 6 (d(x, y) = 8) will be denoted by B(x; 8) (B(x; 8)). Also,let (V, P,{,))
be a pair of locally convex spaces, paired by the strict duality (-,-): VX P->R. The
topologies on V and P are understood to be compatible with the duality; note that
strictness of the duality causes these topologies to be Hausdorff [9, 5.22].

Let a: X X V>R be a given function. Following Tonelli [27] and McShane [21]
(see also Cesari [8]), we introduce a notion of seminormality for extended real-valued
functions by defining a to be seminormal at the point (x, v) € X x V if for every a €R,
a <a(x, v), there exist pe P, BeR, 6> 0 such that

(2.1) az(-,p)+B—x(+; B(x,9)),
(2.2) a <{v, p)+pB.
As usual, the indicator function x(-; B) of a subset B of X is given by x(y; B)=0 if
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ye B, x(y; B)=+ if y ¢ B. Also, we say that a: X X V>R is seminormal (on X X V)
if a is seminormal at every point of X x V. The following observation is obvious, but
important.

Remark 2.1. The (pointwise) supremum of an arbitrary collection of seminormal
functions on X X V is seminormal. Also, the sum of a finite collection of seminormal
functions on X X V is seminormal, provided that no addition of values +o and —©
takes place. [

As a consequence of this remark, it makes sense to define the seminormal hull
d: X x V>R of the function a: X x V- R to be the supremum of the collection of all
seminormal functions on X x V which are (pointwise) no larger than a; note that d
is seminormal on X X V by Remark 2.1 and that

(2.3) d=a.

By means of the hull concept we can take a different look at local seminormality.
ProrPosITION 2.2. For every x€ X, ve V the following are equivalent:

(2.4) a is seminormal at (x, v),
2.5) a(x, v)=a(x, v).

Proof. If (2.5) holds, then (2.3) and seminormality of d imply (2.4) directly.
Conversely, if (2.4) is true, then for every a €R, a <a(x, v), there exist pe P, BeR,
8>0 such that e=a and e(x, v)> a, where e is the function on the right in (2.1).
Since e is obviously seminormal on X X V, we find d(x, v)> a, which shows that
d(x, v)= a(x, v). By (2.3) we thus have (2.5). O

Remark 2.3. The above proof shows that the seminormal hull of a is precisely
the supremum of all functions e=(-,p)+B—x(-; B(y;n™"), peP, BeR, neN,
satisfying e = a; note that the latter inequality implies

~Bzc(ny,p)= sup [(w,p)=a(zw)-x(z B(y; n™")1.
Hence, we obtain
d(x,v)= sup [(v,p)—c(ny,p)—x(x; B(y; n™"))].
neN,ye X,pe P

Further, note that e as above is evidently simple seminormal, as defined in § 1. Hence,
it has been shown in the above proof that the seminormal hull of a is the supremum
of the collection of all simple seminormal functions on X X V which are (pointwise)
no larger than a. By Proposition 2.2 this shows the equivalence of the seminormality
definitions given in § 1 and § 2.

Let us now express the seminormal hull a of 4 in terms of the functions b: X X P >R
and b: X x P> R, which we define as follows by Fenchel conjugation of a with respect
to the variable v and semicontinuous hulls with respect to the variable x [7, 1.4]:

b(y,p)=a*(y,p)= sup v, p)—a(y, v)],

b(x, p)=lim sup b(y, p).

y->x
THEOREM 2.4. For every xe X, veV
(2.6) d(x, v) = b*(x, v) = sup [(v, p)— b(x, p)].
peP

Proof. By definition of b we have b = b; this implies b* = b* = a** =< a. From (2.6)
it is clear that b* is the supremum of a collection of simple seminormal functions.
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Hence, b* is seminormal (cf. Remark 2.3). By the above this implies 4 = b*. On the
other hand, let e be a simple seminormal function on X X V such that e = a. For such
a function one has trivially that e*: X x P >R is upper semicontinuous in the variable
x. Hence the obvious inequality e* = b implies e* = b. By [7, 1.4] (or ad hoc inspection)
we have e = e**. Combined, this gives e = b*. By Remark 2.3 we conclude that 4 = b*.
This finishes the proof. [
Remark 2.5. 1t will be convenient to rewrite (2.6) in the following two ways:
d(x,v)=sup lim? inf [(v—w,p)+a(y, w)+x(y; B(x;n™"))]

peP n>© yeX,weV

=lim fsup inf [(v—w,p)+a(y, w)+x(y; B(x;n™")].
n-»>o peP yeX,weV
Remark 2.6. For every function f: X - R, considered as a function on X X V, we
have that the seminormal hull f of f is given by

F0) = tim inf ()= 7).

Also, for every fugction g: V>R, considered as a function on X x V, we have that the
seminormal hull g of g is given by

£(v) = g**(v).

Hence, the seminormal hull of f: X >R coincides with its lower semicontinuous hull
f, and the seminormal hull of g: V>R coincides with the Fenchel biconjugate g**;
the latter is known to be the lower semicontinuous convex hull of g, provided that g
is affinely bounded from below [7, 1.5]. Thus, the seminormal hull concept straddles
two important hulls.

Let us observe that for every x € X seminormality of a at every point of {x}x V
implies trivially that a is lower semicontinuous at every point of {x} X V and that
a(x, -) is convex on V. We shall now establish a kind of converse to this implication,
which in a somewhat less general form constitutes a classical sufficient condition for
seminormality [8], [27]. Let us recall that a function h: V- (—00, +00] is said to be
sequentially inf-compact on V for every slope if for every pe P, yeR the set of all ve V
such that h(v) —(v, p)= v, is sequentially compact [7], [20]; of course then for every
p € P there exists B €R such that

(2.7) hZ(-,p)+B

since the infimum of h—(-, p) over V is attained somewhere (Weierstrass’ theorem).
A function from V into (—0, +00] which is both convex and sequentially inf-compact
on V for every slope will be called of Nagumo type on V in this paper; cf. [22].
Example 2.7. Suppose that (V, P,(-, -)) is specified as follows: V is a reflexive
Banach space, whose norm we denote by | - ||, P is the topological dual V' of (V, | -|),
(+,+) is the usual duality, and the topology on V is o(V, V'). Then a function
h: V> (-0, +0] is of Nagumo type if there exists a nondecreasing lower semicon-
tinuous convex function h’= [0, +o0) - (-0, +00] such that h(v)= h'(]|v||) and

(2.8) lim y~'h'(y) = +c0.
y—>00

Of course, this follows from the fact that every norm-bounded subset of V is relatively
sequentially compact for the topology o(V, V') on V [16].
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From now on until Remark 2.14 we make the additional assumption (cf. [14,
p. 30 f.]):

(C) V has countably determined compactness.

THEOREM 2.8. For every x € X we have that if
(2.9) a is sequentially lower semicontinuous at every point of {x} XV,
(2.10) a(x, +) is convex on V,

and if there exist a function h: V- (—00, +00] and 8 >0 such that

(2.11) h is sequentially inf-compact on V for every slope,
(2.12) a(y,-)=h for all y e B(x; 8),
then

a is seminormal at every point of {x}x V.

COROLLARY 2.9. For every xe X and £¢>0 we have that if (2.9)-(2.10) hold, if
further there exist py€ P, Bo€R and 6 >0 such that

(2.13) a(y, v)=(v, po)+ B for all ye B(x; 8) and ve V,
and if h: V- (—o0, +00] is of Nagumo type on V, then
a+ gh is seminormal at every point of {x}x V.

Proof. The conditions (2.9)-(2.12) of Theorem 2.8 are obviously satisfied if we
substitute a+ eh for a and (-, po)+ Bo+ ¢h for h. 0O

Remark 2.10. By assumption (C) any subset of V is (relatively) sequentially

compact if and only if it is (relatively) compact. Hence, (2.9)-(2.12) in Theorem 2.8
imply

(2.10) a(x, -) is lower semicontinuous and convex on V.

A similar observation holds for a +&h in Corollary 2.9.

We shall prepare the proof of Theorem 2.8 by giving a simple but very useful
generalization of Dini’s theorem. This result can also be regarded as a generalization
of the well-known “‘theorem of the maximum™ [2], [20, p. 358]; it is a special case of
[29, Thm. 1].

LEMMA 2.11. Let E be a topological Hausdorff space and {f,}3 a nondecreasing
sequence of functions from E into (—, +0]. If

(2.14) lirg 1 fu(x) = fo(x) for every x € E,
(2.15) Vo= ixelgﬂ,(x) > —00 for every ncN,

and if there exists Q0 < E such that for every neN

(2.16) [, is sequentially lower semicontinuous at every point of ,

and such that for every € >0 and every sequence {x,}{ < E which satisfies
(2.17) Ju(X,) =y, + € for every neN,

there exists a subsequence of {x,}; which converges to some point in Q). Then

lim 1y, = inf fo(x).
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Proof. Let us write y,=infg fy; it is obvious that y,=lim, vy, Conversely, for
arbitrary £ >0 there exists by (2.15) a sequence {x,} satisfying (2.17). By hypothesis
there exists a subsequence {x,} of {x,} which converges to some point x, in Q. By
using (2.14), (2.16) we find for every keN

lim inf f,Ax,) Z lim inf fi (x,) = fi(x,).

By (2.14), (2.17) this gives lim, v, = fo(x,) — &. It is now easy to finish the proof. 0

Proof of Theorem 2.8. Let ve V be arbitrary. If 4(x, v) = +00, then seminormality
of a at (x, v) is a consequence of (2.3) and Proposition 2.2. So suppose now that
d(x, v)<+00. Let pe P be arbitrary. We define

f(n, w)=(v—w, p)+a(y, w)+x(y; B(x;n™"),
Sfo(y, w)y=(v—w, p)+a(y, w)+x(y; {x}).

We shall apply Lemma 2.11 with E= X X V and Q = {x} x V (note that we could also
have worked with open balls B(x; n™') in the definition of f,). The conditions (2.14)-
(2.16) obviously hold by virtue of (2.8)-(2.9) and (2.11)-(2.12). Let {(y,, w,)} be as in
(2.17) (viz., a sequence of e-almost minimizers of {f,}). Then by Remark 2.5, (2.12)
and evident properties of indicator functions we have for every neN

h(wn) _<wm P>§ 5(3(, U) —<U, P)+ £,
Yn€B(x;n7).

From (2.11) and the above it follows that {(y,, w,)} has a subsequence which converges
to some point in {x}x V. Hence we may apply Lemma 2.11 and we obtain

lim 1 inf _£.(, W)=y€;(pfevﬁ(y, w).

n->o0 yeX,we
By Remark 2.5 this gives
d(x,v)= sup [(v, p) = b(x, p)]= a**(x, v).
pe

By [7,1.4] it follows from (2.10) that a**(x, v) = a(x, v). In view of Proposition 2.2
this finishes the proof. 0O

Thus far, we studied seminormality of a in the framework composed of (X, d)
and (V, P, (-, -)). Next to this, we shall now also consider the seminormality of functions
from X x VxR into R with respect to the framework which consists of (X, d) and
(VXR, PxR, {-;)), where the duality {-; -) is defined by

€v,A; p, q)=(v, p)+Aq.
Let a,: X x VXR->R correspond to a by the relation
a,(x, v, A\)=max (a(x, v), A).

We shall first present two analogues of Corollary 2.9. The first of these is straightfor-
ward and will not be used later on. The second analogue shows that it is possible to
relinquish the boundedness condition (2.13) by adding to a, an additional growth term
for the negative part of the variable A.

PrOPOSITION 2.12. For every x€ X and ¢ >0 we have that if (2.9)-(2.10) and
(2.13) hold and if h: V » (—0c0, +0] is of Nagumo type on V, then

a,+ €h is seminormal at every point of {x}x V.
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Proof. We have by definition of a,
(a,+eh)(x, v, A\) =max ((a+eh)(x, v), eh(v)+A).

By Corollary 2.9 the function (x, v, A)—>(a+ eh)(x, v) is seminormal at every point of
{x}x VxR. The function (x, v, )~ eh(v)+ A is simply seminormal. Hence, the result
follows by Remark 2.1. 0O

THEOREM 2.13. For every xe X and € >0 we have that if (2.9)-(2.10) hold, if
h: V- (—0, +00] is of Nagumo type on V and if h': [0, +00) - (—00, +00] is nondecreasing
lower semicontinuous and convex, satisfying (2.8), then for the function a, .: X X VxR ~>
R, defined by

a,.(x,v,A)=a,(x,v,A)+eh(v)+eh' (A7),
where A~ =max (—A, 0), we have
a, . is seminormal at every point of {x}x V xR.

Proof. Let ve V, A eR be arbitrary. Let 51,3 be the seminormal hull of a,.. If
5,,E(x, v, A) =+00, then seminormality of a,, is immediate by (2.3) and Proposition
2.2. So suppose now that 51,£(x, v, A)<+c0. Let pe P, q€R be arbitrary and define

g, w,K)=(v—w, A —k; p, @) +a, (¥, w, k) +x(y; B(x; n™Y)),
gy, w, k)={v—w, A —k; p, @)+ a, . (y, w, k) + x(y; {x}).

The first case to be considered is when g <1. We can then apply Lemma 2.11 with
E=Xx VxR, Q={x}x VxR. Namely, conditions (2.14)-(2.16) hold obviously. Also,
if {(¥n, Wy, k,)} is a sequence of 8-almost minimizers of {g,} (cf. (2.17)), then by Remark
2.5 and obvious properties of indicator functions we have for every neN

eh(w,)+ eh'(k7)+ (1= @) iy —(Wp, PY=d,..(x, 0, 1) —(0, A; P, gN+ 3,
Yn€B(x;n7").

From the Nagumo type property for h and h’, and the inequality q <1 it follows then
easily that {(y,, wn, x,)} contains a subsequence converging to some point {x} X VxR.
By applying Lemma 2.11 we find

2 . . _

(2.18) rlnlpoloT xir‘llt;m En x>l<r‘l/t;<m 8o-

Next, we consider the case g=1. Then (2.18) continues to hold since for every
neNU {0}, ye X and we V with a(y, w) <+co:

inf g,(y, w, k) =(v—w, p)+ A +eh(w)+eh'(0) + x(y; B(x; n™").

So this time we can apply Lemma 2.11 for E= X x V and Q={x} XV, in complete
analogy to what was done in the proof of Theorem 2.8. It remains to consider the case
when g > 1. Then it is easy to see that infx vxg g, = —0 for every n e NU{0}; hence
(2.18) continues to hold. We conclude that (2.18) holds in all three cases. By Remark
2.5 this leads to

d,.(x,0,A)= sup . [{v, A5 p, @) —at.(x, p, @)1= af¥(x, v, A).

pePgqe

By [7,1.4] it follows from (2.10) and the properties of h and h’ that a¥¥(x,v,A) =
a, .(x, v, A). The proof is finished by applying Proposition 2.2. 0O
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Remark 2.14. The additional assumption (C) will now be dropped. For later
reference we point out that (C) holds in either of the following two cases:

(i) P is separable (for example, Suslin).

(i) V is normable for some topology for which P is its dual.

This follows from the Eberlein-Smulian theorem [14, p. 39].

The remainder of this section will be used to demonstrate the strong connections
which exist between the notion of seminormality developed here and property (Q) for
multifunctions, due to Cesari [8]. These connections can be phrased as follows:
seminormality of a finite-valued function is equivalent to property (Q) of its epigraphic
multifunction (cf. [8b, p. 134], [8d, p. 486] and Proposition 2.20 below) and property
(Q) of a multifunction is equivalent to seminormality of the indicator function of the
multifunction (cf. Proposition 2.15 below). Although these connections will not play
a role further on, they do clarify the position of the present section in relation to a
substantial part of the literature on lower semicontinuity and lower closure.

Let Q: X3V be a given multifunction; we shall not exclude the possibility that
some or all values of Q are empty. Following Cesari [8] we say that the multifunction
Q: X3V has property (Q) at xe X if

(2.19) Q(x)= N o Q(x; 8),
8>0

where we denote the union of all sets Q(y) with d(y, x) <8 by Q(x; §). Note that one
inclusion holds trivially in (2.19); as will soon be apparent, this corresponds precisely
to (2.3) (note that the implicit hull concept thus given has not been used at all in the
literature on property (Q)). We define the indicator function xo: X X V>R of the
multifunction Q by

0 if ve Q(x),

Xo(% v)= {+oo if ve Q(x).

In terms of our previous notation this means that xo(x, v) = x(v; Q(x)). Our next
result states that property (Q) of Q is in fact a seminormality property of the indicator
function xo.

PrROPOSITION 2.15. For every x € X the following are equivalent:

Q has property (Q) at x,

Xo is seminormal at every point of {x}x V.

Proof. 1t is easy to see that

bo(y, P)=x%(», P) = x*(p; Q(¥)),
bo(x, p) =1im sup bo(y, p) = inf x*(p; T Q(x; 8)).

y=>x

For every closed convex subset C of V we have y**(-; C)=x(+; C) by [7, 1.4]. Thus,
by Theorem 2.4 the seminormal hull X, of x is given by

Xo(x, v)=§up x(v;T0 Q(x; 6))=x(v; N @0 Q(x; 8’))-
>0 8>0

Hence, the desired equivalence follows directly from Proposition 2.2 by obvious
properties of indicator functions. 0O
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We shall now work towards a characterization of seminormality in terms of
property (Q). For this purpose, let Q;: X = V xR be a given multifunction. Of course,
the definition of property (Q) extends to Q, by an obvious substitution of framework.
Following [1b], we define the modified Lagrangian {o,: X X VXR->R of Q, by

{o(x v, A)=inf{n: n =4, (v, n) e Qi(x)}.

It is useful to express {o, differently. For every subset C of V xR we define the function
£(+,+;C): VXR->R by

(2.20) (v, A C)Egg [n+x(v,7; C)];

then clearly we have (o (x, v, A) = {(v, A; Q,(x)). For every subset C of V xR we shall
use the following terminology: the section of C at ve V is the set, denoted by C,,
which consists of all A € R such that (v, A) € C; we shall say that C, is closed from the
right if for every nonincreasing sequence {A.}7 < C, with Ao=1lims_ | Ax € R, we have
A€ C,.

LeEmMMA 2.16. If C, C'< V XR are such that

G, 0)=4(-, - C),
C,, C;, are closed from the right for every ve V,

then C=C".

Proof. The result follows directly from the fact that if C, is closed from the right,
the infimum in (2.20) is attained, provided that it is finite. 0O

Remark 2.17. Closedness from the right of the v-sections is an essential condition
for the above lemma. Consider for instance the case where C= VxQ, C'= V x (R\Q),
with @ denoting the set of rational numbers.

ProPOSITION 2.18. For every x € X we have

(2.21) Lo, is seminormal at every point of {x} X VXR,
(2.22) (Qy(x)), is closed from the right for every ve V
if and only if

(2.23) Q, has property (Q) at x.

Proof. An easy computation shows

x*(p,q—1;,C) if =0,
+o00 otherwise.

{*(pq; C)= {
Since we have

bo,(», p, 9)=¢6,(n, P, 9) = *(p, 45 Qi(»)),
this gives

bo,(x, p, ) =1im sup bo,(y, p, 4) = inf £*(p, 4T Qu(x; ),

y=>x

where Q;(x; 8) stands for the union of all sets Q,(y) with d(y, x) <#é. By [7, 1.4] we
have for every closed convex subset C of VxXRthat {(-,-; C)={**(-, -; C). Therefore,

the seminormal hull {o, of {, is given by

(2.24) Zo,(x, 0, 1) =sup (v, A; T Qy(x; 8)),
>0
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as follows from applying Theorem 2.4. We can rewrite this as
(2.25) fo(x v,A) = lim 1 inf [n+x(t, 7;5 Qilx; n ™)1,
If EQl(x, v, A) =+00, then it follows trivially from (2.24) that

Lo (%, v,A)=;(v,A; N & Qi(x; a)).
>0

This identity remains valid if le(x, v, A) <+00, since it then follows from (2.25) by an
obvious application of Lemma 2.11 (or Dini’s theorem). Taking into account the fact
that (2.23) trivially implies (2.22), we conclude from Lemma 2.16 and Proposition 2.2
that (2.21)-(2.22) are equivalent to (2.23). 0O

Our next result states that seminormality for a and seminormality for a, are very
closely related. Here we use the effective domain multifunction D,: X =3 V, defined by

D,(x)=dom a(x, -)={ve V: a(x, v) < +oo}.
PROPOSITION 2.19. The seminormal hull d, of a, is given by
a,(x, v, ) = max (d(x,v), A +,\5Da(x, v)).
Proof. We define b,, b,: X x PxR->R by
bi(y,p,9)=af(y,p,q)= JSup [Kv, As P @) —au(y, 0, 1)],

b(x, p, q) =lim sup b,(y, p, q).

yo>x
An easy computation shows
(1-@)b(x, p(1-q)7) if0=g<1,

bi(x, p, q) =\ X%.(% p) if g=1,
+00 if g<0org>1.

This yields directly
B-;l‘(x, v, A) =max (5*(x, v), A +/€Da(x, U))-

Hence, the result follows by applying Theorem 2.4. [

As a certain converse to Proposition 2.15 we can now demonstrate that seminor-
mality of the function a: X X V>R can be characterized in terms of property (Q) for
the epigraphic multifunction Q,: X =3 V XR of a, defined by

Qu(x)=epi a(x,-)={(v, 7)€ VXR: nZ a(x, v)}.

ProrosITiON 2.20. For every x € X we have that if

(2.26) a is seminormal at every point of {x}xV,
then
(2.27) Q, has property (Q) at x.

Moreover, if a(x, v) <+ for all ve V, then (2.26) and (2.27) are equivalent.

Proof. The modified Lagrangian {o, of Q, is easily seen to be precisely the function
a,. Since Q, obviously satisfies (2.22), the result follows immediately from combining
Propositions 2.2, 2.18 and 2.19. O
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We shall now briefly discuss the connections between the results of this section
and work by others. Surprisingly enough, the adaptation of the seminormality concept
of Tonelli and McShane to extended real-valued functions seems not to have been
considered before. Hence, our results can only be compared to results which have
been formulated in terms of property (Q) for multifunctions. Because of Propositions
2.2, 2.15, Theorem 2.4 generalizes [15, Thm. 3.1] (see also [8d, 17.6]). Also by Proposi-
tion 2.15 we can observe that Theorem 2.8 is well-known, albeit in slightly weaker
forms [8d, 10.5i], [13, VIIL.2.1], [26, Thm. 2.1], [3, Lemma 0.7]. It should be observed
that Theorem 2.8 can also be extended as in [8d, 10.5ii] by the introduction of
monotonicity in certain components of the variable v (the proof then follows again
by Lemma 2.11 and Remark 2.5—this goes similar to the more subtle proof of Theorem
2.13). We also wish to point out that the result of [26, Thm. 2.1], which at first sight
appears to belong to a class of more general results, is indeed covered by Theorem
2.8. This can be seen by invoking Proposition 2.20 and constructing a suitable minorant
function h under the conditions given in [26]; the details are left to the reader.

Propositions 2.12, 2.19 and especially Theorem 2.13 all seem to be new. Proposition
2.15 is also a novel result; observe that it crucially depends on defining seminormality
for extended real-valued functions. Finally, Propositions 2.18 and 2.20 are related to
similar, more involved characterizations of seminormality in the sense of Tonelli and
McShane, which were given in [8b], [8d, 17.3].

3. Seminormality in the small and in the large. In this section we shall establish
the connections between seminormality in the small and in the large, announced in
the introduction. We shall repeatedly use results involving outer integration and
measurable selections; we refer to Appendices A and B for some basic definitions in
this regard.

Let (T, 7, u) be a o-finite measure space. For the moment we shall also assume
that the o-algebra J is u-complete; later, we will show how this assumption can be
lifted. Let (X, d) be a metric Suslin space (Appendix B) and let (V, P, (-, -)) be a pair
of locally convex Suslin spaces, paired by the strict duality (-, -) (i.e., V and P are
Suslin for topologies compatible with (-, -)).

Let £ be a decomposable set of equivalence classes of (7, 8(X))-measurable
functions from T into X (the equivalence relation being equality u-a.e.), which we
equip with the essential supremum metric

d(x, y)=-esssup d(x(t), y(1)).

Also, let (7, 2,(-, *)) be a pair of decomposable vector spaces of equivalence classes
of scalarly u-integrable functions (Appendix B) going from T into V and P respectively,
paired by the duality

(v,p)= L (v(t), p()Hu(dt),

where it is assumed that for every ve ¥, p € ? the function t—(v(t), p(t)) belongs to
&g (this function is certainly J-measurable by [7, II1.36]). As a consequence of the
decomposability hypothesis, the duality (-, -) is strict [7, VIL.5].

Let I: Tx X x V- R be a given function. By means of outer integration (Appendix
A) we define the integral functional I;: X ¥ >R as follows:

Ii(x,v)= Ir I(t, x(t), v(2))u(dt).
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We can now consider seminormality of the integrand ! with respect to the framework
consisting of (X, d) and (V, P, (-, +)) (seminormality in the small) and seminormality
of the integral functional I; with respect to the framework which consists of (£, 4) and
(7, ?,(, *)) (seminormality in the large). Our main result on the relationship between
seminormality in the small and seminormality in the large can now be stated.
THEOREM 3.1. For every x € ¥ such that there exist py€ P, o€ Lx and 6> 0 with

(3.1) 1(t, y, V) =(v, po(t))+ @o(t) for all ye B(x(t); 8) and ve Vyu-a.e.,
we have that if

3.2) I(t,-, ) is seminormal at every point of {x(t)}x Vu-a.e.,
then
(3.3) I, is seminormal at every point of {x}x V.

Moreover, if
3.4) lis T x B(X x V)-measurable,
3.5) Ii(x, -) is not identically equal to +co on ¥,

then (3.2) and (3.3) are equivalent.
We shall avail ourselves of some lemmas to prove this main result.
LemMMA 3.2. If (3.4) holds, then for every neN and xe ¥
(a) The function l,,.: Tx X X V>R, defined by

I(t,y,w) ifd(y,x(t)=n"",
+00,

ln,x(ta Y W) = {

is T x B(X x V)-measurable.
(b) The function m, ,: T x P>R, defined by
rnn,x(tap)E sup [(W, p>—ln,x(t, Y, W)],

yeX,weV

is T X B(P)-measurable.
(c) The function m¥,: Tx V-R, defined by

m’rl:,x(ta ‘D) = Sug [(U’ P) - mn,x(ta P)],

is T X B(V)-measurable.

Proof. (a) A simple consequence of [7, IIL.36]. (b) (Compare with the proof of
[7, VIL.1].) By the von Neumann-Aumann theorem [7, I11.22] the epigraphic multifunc-
tion t—>epil, (-, ), whose graph is I X B(X x V xR)-measurable by (a), has a
sequence-{(y;, w;, r;)}7’ of measurable selections such that for every ¢t € T the sequence
{(y;(2), w;(2), r;(1))} is dense in epi [,,(t, -, ). By continuity of (-, p) this gives

m, (1, p) = sup [w;(1), p)—r;(1)],
je
so measurability of m, , is evident from [7, II11.36]. (c) The proof here is entirely similar

to that of (b). O _
Let us introduce the function I: Tx X x V>R by setting

Iz(t, -, +)=seminormal hull of I(¢,-, ).

LemMA 3.3. If (3.4) holds, then the function f is T x B(X x V)-measurable.
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Proof. By Remark 2.3 we know

7(t, x,v)= sup [y, p)—c(t,ny,p)—x(x; B(y; n™")]

neN,ye X,pe P

with ¢: TXNx X X P- R defined by

c(t,n,y,p)= sup , Kw, py=I(t, z, w) — x(z; B(y; n™"))].

zeX,we

Let us first show that ¢(-, n, -, ) is I x B(X x P)-measurable for arbitrary neN. By
the von Neumann-Aumann theorem [7,111.22] the epigraphic multifunction t—
epi I(t,-, ) has a sequence {(z;, w,, r;)} of (7, B(X x VxR))-measurable selections
such that for every te T the sequence {(z;(), w;(t), r;(¢))} is dense in epi I(t, -, -). By
continuity of (-, p) and upper semicontinuity of the indicator function of an open set
this gives

c(t, n, y, p) =sup [w;(1), )~ 1,(1) = x(z(1); B(y; n™))].

The desiredz measurability of ¢(-, n, -, - ) isnow obvious by [7, II1.36]. The measurability

proof for I now proceeds by an obvious repetition of moves, which is left to the
reader. [

Note that the crucial difference between Lemmas 3.2 and 3.3 is that Lemma 3.2
is concerned with closed balls in the space X, and Lemma 3.3 with open balls. The
reasons for this distinction will be apparent in the proof of the following key result.

LemMma 3.4. If (3.1), (3.4) hold, then

I is the seminormal hull of I; X x V > R.
Proof. Let xe Z and ve V be arbitrary. By Remark 2.5 we have

Z(x, v)=1lim 1 sup a,,

n->0 peP
where

[(v—w, p)+ L,(y, w)].

Qpp inf
> yeZ,d(x,y)s1/nwe¥

By definition of the essential supremum metric 4 we have

anp=__inf [(0=w,p)+T, (5 w)],

yeZ,we

with [, . as defined in Lemma 3.2(a). If a,,, > —, it follows from Lemma 3.2(b) and
the decomposability of £ and ¥ by the reduction theorem (Theorem B.1) that

anp =(v, p)= I, .(P).
Note that by (3.1) for n large enough
My, (8, po(1)) = —@o(1);
hence, it follows from the above, Lemma 3.2(c) and decomposability of % that

Sup ay,, =sup v, p) = L, (P)]= L (0)

pe? )4
by yet another application of the reduction theorem. Note that by the above inequality

m3 (1, v(2)) Z(v(t), po(t)) + @o(t)
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for n large enough. Hence, it follows by the monotone convergence theorem that

lim 1 sup a,, —I 11m P m¥ (1, v(t))u(dt).

n-»>0 peP

By combination of the definitions leading up to that of m¥, in Lemma 3.2 and Remark
2.5 it is easily seen that

lim tm¥ (1, w)= f(t, x(t), w).

Hence, we may conclude that I, n. o

At the present stage we can prove Theorem 3.1 under the additional hypothesis
that (3.4) be valid throughout:

Proof of Theorem 3.1 (simplified version). Here we suppose that (3.4) is valid
throughout. By Proposition 2.2, (3.2) is equivalent to

(36) (8, x(1), ) = 108, x(1), -) p-ace.
Thus, if (3.2) holds, Lemma 3.4 gives

R

Li(x, ) =1I{(x, ) = I(x,-).

Hence (3.3) follows by invoking Proposition 2.2. Conversely, if (3.3) holds, then
Proposition 2.2 and Lemma 3.4 give

2
Il(x’ : ) = Il(x’ * ) = Ii.(xa . )'
Hence, (3.6) follows by Theorem B.2 from (3.5), Lemma 3.3 and the decomposability
of V. O
We shall now introduce an additional lemma that will enable us to remove
condition (3.4) in proving one of the implications in Theorem 3.1.

LEMMA 3.5. There exists a I x B(X X V)-measurable function I: Tx X x V>R
such that

3.7) f( t,-,+) is seminormal on X X V u-a.e.,
(38) i, )zl ) pae,
3.9) Ir=

Proof. Consider the set ¢ of all normal integrands g on T x (N X X x P) of the type

g(t,m, y, p)=(v(t), p)— @(t) = x(x(1); B(y; n™"))

for all xe&, ve¥? and all J-measurable functions ¢: T->R satisfying ¢(t)=
l(t x(t), v(t)) p-a.e. By Theorem B.3 there exists a countable subset %, of ¢ such that

= sup,. 4, & satisfies the inequality g(¢,-)=g(t, +) n-a.e. for every ge ¥ We define

I,z w)=sup  [(w,p)—&(t,n,y,p)~x(y; B(z; n™"))].
neN,ye X,pe P
Since (¢,¢,+) is the supremum of a collection of simple seminormal functions on
X xV, (3.7) follows immediately. Also, § is by its definition a normal integrand on
T x (Nx X x P); hence the desired measurability of Iis proven in complete analogy
to what was done in Lemma 3.3. Also, it follows from the definition of & that
gt,n,y,p)= sup [(w,p)—I(t, 2, w)—x(z; B(y; ™)1,

zeX,weV

Therefore it follows by Remark 2.3 from the definition of [ that for p-a.e. teT the
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seminormal hull of l~(t, +,+), which is f(t, -, ) itself, is no larger than 1l (t,+, ). This
proves (3.8). Finally, let x € Z and v e ¥ be arbitrary. For every J-measurable function
¢: T->R such that ()= I(¢, x(), v(t)) u-a.e. we have for u-a.e. te T

(1) =(v(t), py— (1, n, y, p) —x(y; B(x(1); n™")) for all neN, ye X, pe P,

by the essential supremum property of g; this implies ¢ ()= 1l (t, x(t), v(t)) p-a.e. By
definition of outer integration this means that I(x, v) = Ii(x, v); the converse inequality
follows directly from (3.8) and measurability of /. We conclude that (3.9) has been
shown to hold. O

Proof of Theorem 3.1 (remainder). Let I correspond to lz as in Lemma 3.5. Since
(3.2) holds, we have (3.6). In view of (3.9) this gives

(3.10) I(x,-)=Ii(x,").

As [is Tx B(X x V)-measurable, substitution of [ in lieu of I in Lemma 3.4 gives

2
It = I; by using (3.7). Thlzs shows I} to be seminormal on & x ¥ (Proposition 2.2). By

(3.9) and (2.3) we have I, = I;. By Proposition 2.2, (3.3) thus follows from (3.10). O
From the proof of Theorem 3.1 it is evident that the following result also holds;
its proof will be left to the reader.

THEOREM 3.6. For I such that there exist pye P and ¢, Ly with

(3.11) I(t, y, v) Z (v, po(1))+ @o(1)
we have that if

(3.12) I(t,-, ) is seminormal on X X V p-a.e.,
then
(3.13) I, is seminormal on Z X V.

Moreover, if (3.4) holds and
I, is not identically equal to +c0 on X ¥,

then (3.12) and (3.13) are equivalent.

We can rid Theorems 3.1 and 3.6 of the completeness assumption for the measure
space (T, 7, w), hitherto in force.

Remark 3.7. Theorems 3.1 and 3.6 continue to hold if (7, 7, w) is not assumed
to be complete. This follows from the fact that every equivalence class of J,-measurable
functions in &, ¥ or 2 has a J-measurable representant by [7, I11.36] and elementary
facts concerning completion. Here 7, stands for the u-completion of the o-algebra
J. Further details are left to the reader. O

4. Seminormality and semicontinuity of integral functionals. In this section we shall
combine the results of §§ 2,3 so as to obtain very general sufficient conditions for
coincident seminormality, lower closure and lower semicontinuity of integral func-
tionals (of course the point of these conditions is that they do not explicitly refer to
seminormality). At the same time, a new approach is initiated to necessary conditions
for the lower semicontinuity of integral functionals.

Let (T, 7, u) be a finite measure space; in contrast to § 3, this measure space is
supposed to be finite, since we shall work with weak convergence in &'-spaces.
Otherwise, the framework of this section is that of § 3: (X, d) is a metric Suslin space,
(V, P,(-,-)) is a pair of locally convex spaces, paired by a strict duality (-, ), such
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that V and P are Suslin spaces for topologies that are compatible with the duality.
Further, & is a decomposable set of equivalence classes of (7, B(X))-measurable
functions from T into X, and (¥, 2,(-, -)) is a pair of decomposable vector spaces of
equivalence classes of scalarly J-measurable functions, going from T into V and P
respectively, equipped with the strict duality

(v, py= L (v(1), p())u(dt).

We recall from § 2 that a function h: V- (—00, +00] is said to be of Nagumo type
if h is convex and sequentially inf-compact on V for every slope. A subset ¥, of ¥
is defined to be Nagumo tight if there exists a 7 x %(V)-measurable function h: Tx V >
[0, +0] such that

4.1) h(t,-) is of Nagumo type on V u-a.e.,
(4.2) sup I, (v) <+00.
ve¥,

Further, ¥, is defined to be almost Nagumo tight if there exists a nonincreasing
sequence {B;}{ in J, whose intersection is a u-null set, such that for every i €N there
exists a I x B(V)-measurable function h;: T X V> [0, +00] with

(4.1), hi(t, -) is of Nagumo type on V u-a.e.,
(4.2); sup J hi(t, v(t))u(dt) < +oo,
ve¥y J T\B;

The following examples show that (almost) Nagumo tightness occurs in some interesting
cases.

Example 4.1. Every subset ¥, of ¥ for which there exists a scalarly J-measurable
multifunction I': T=2 V having (sequentially) compact convex values, such that for
every £ >0 there exists a set A, in 7, w(A,) = ¢, with

v(t)eIl'(t) forall ve ¥, forevery te T\A,,

is almost Nagumo tight, as is seen by taking B; to be the intersection of the sets A,,;,
Jj=i, and h; to be the indicator function yr of T'; note that x is 7 x B(V)-measurable
by [7, I11.37].

Example 4.2. Suppose that (V, P,(-, +)) is specified as follows: V is a separable
reflexive Banach space, whose norm we denote by | - ||, P is the topological dual V'
of (V, |- ), (-, ) is the usual duality, V is equipped with the topology a(V, V') and
P with the topology o(V’, V) (in this case V and P are both locally convex Suslin
[7, p. 202]). Suppose further that (¥, 2,(-, -)) is as follows: ¥ is the usual L'-space
of £ of equivalence classes of u-integrable functions from T into V (note that strong
and scalar p-integrability coincide here by separability of (V, || - ||)), and 2 is the usual
L”-space Y, of equivalence classes of essentially bounded scalarly J-measurable
functions from T into V'.

Then every subset ¥, of £} which is relatively compact or relatively sequentially
compact for the weak topology a(£y, £%), is Nagumo tight. Namely, by the Dunford-
Pettis theorem [12,1V.2.1] the set of all functions ¢t~ |v(t)|, ve ¥,, is uniformly
integrable. Hence, there exists by the de la Vallée Poussin theorem [11,11.22] a
nondecreasing continuous convex function h’:[0, +00) - [0, +00) satisfying (2.8), such



112 E. J. BALDER

that

sup [ W(lo( D <o
veVo J T
Setting h(v) = h'(||v||), we see that Nagumo tightness holds by Example 2.7.

Example 4.3. Suppose that (V, P,(-,-)) and (¥, ?,(-, +)) are as in Example 4.2.
Then for every sequence {v.}{ in ¥ such that

supj o ()| o (dt) < +o0,
keN JT

there exists a subsequence {k'} of {k} such that {v,/} is almost Nagumo tight. Namely,
the set of all functions ¢t~ ||v,(¢)|, k€N, is uniformly bounded in %& in L'-norm.
Hence by the biting lemma of Chacon [4] there exist a nonincreasing sequence {B;}
in 7, having a u-null set as its intersection, and a subsequence {k'} of {k} such that
for every i €N the restrictions of the functions ¢+ ||vi(2)|| to T\B; form a uniformly

um-integrable sequence. At this point the previous example can be taken up in an
obvious way.

Let I: Tx X x V>R be a given function; correspondingly we define the function
I:TxXxVXR->R by

L(t, x, v, A) =max (I(¢, x, v), A).

The integral functional I, : X ¥ X L& >R, of course defined by

I(x,v,A)= L L(t, x(1), v(1), A(1))p(dt),

will be considered in connection with the seminormality framework which consists of
(%, d) and the pair (V' X Lx, P X Lx,{+;-)) of decomposable vector spaces, whose
duality (strict) is given by

(v, A;p,q)= L (o(1), p()+A()q(1))u(dr).

THEOREM 4.4. For every xe Z if

(4.3) I(¢, -, ) is sequentially lower semicontinuous at every
’ point of {x(t)}x V p-a.e.,

(4.4) 1(t, x(t), +) is convex on V u-a.e.,
then for every Vo< V and £, Ly satisfying

4.5) Yo is almost Nagumo tight,

(4.6) Fo={A": A € &} is uniformly u-integrable,

we have

(4.7) I,, coincides on XX Vo x £, with a function which is

seminormal at every point of {x}X V' X Lx.

Proof. To simplify matters, we shall first assume that ¥, is Nagumo tight. Let h
be as in (4.1)-(4.2). By (4.6) there exists a nondecreasing continuous convex function
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h':[0, +00) > [0, +0), satisfying (2.8), such that
(4.8) sup J' (A~ (t))u(dt) <+c0,
AeLy J T
as follows by the theorem of de la Vallée Poussin. For every & > 0 we define the function
Le:TXXXVxR->R by
ll,e(t’ y’ v, A') = ll(t, y, v, A') + Sh(v) + Sh,(A.—).
In view of (4.3)-(4.4) and the properties of h and h’ we have by Theorem 2.13 that
L.(t-,-,-) is seminormal at every point of {x(¢)} x VxR u-a.e.

Hence condition (3.2) of Theorem 3.1 holds. Also the boundedness condition (3.1)—in
fact (3.11)—is valid, since we can take po(t)=0, qo(t)=1 and ¢,(¢t)=0 for all te T.
By Theorem 3.1 we obtain

I,

. is seminormal at every point of {x}x V' x La.

Let o stand for the value of the supremum in (4.2) and o’ for the value of the supremum
in (4.8). The function J: Z x ¥ x L&~ R defined by

J=sup (I, —eo—e0’),
>0 '

is seminormal at every point of {x}x ¥ x %y, as follows from the above by Remark
2.1. It is also elementary to verify that

J(y,v,A)=1,(y,v,A) forevery yeZ, ve¥,and A € %,

so the proof under the simplifying assumption has come to an end. Next, we suppose
that merely (4.5) holds. Let {B;}7 be as asserted in the definition of almost Nagumo
tightness. For every ieN we define I;: #x ¥ x Z5 >R by

(49) L(y,v )= L 1 (D4(8 y(1), v(1), A(1))(dt) + L A(Du(dt).

From the above it follows by making an obvious substitution for the integrand that
for every ieN, I, coincides on X ¥yx &£, with a function J;: £ x ¥ x L&~ R which
is seminormal at every point of {x} x ¥ X Zr. By Proposition A.1 and the monotone
convergence theorem we have I, =lim; 1 I, on X ¥"x Z& (pointwise), so the desired
result now follows by Remark 2.1. - O

In complete analogy to the derivation of Theorem 4.4 from Theorem 3.1 we can
now obtain the following result from Theorem 3.6.

THEOREM 4.5. If

I(t,-,-) is sequentially lower semicontinuous on X X V u-a.e.,
I(t, x, -) is convex on V for every x€ X u-a.e.,
then for every Vo< ¥V and £,< Lk satisfying (4.5)-(4.6) we have
I,, coincides on Z x Vo x £, with a seminormal function.

Remark 4.6. The coincident seminormality results obtained in Theorems 4.4 and
4.5 immediately imply lower semicontinuity results for I;. For instance, (4.7) implies

I, is lower semicontinuous at every point of {x}x ¥, x %,, relative to the set
XX Vox Lo,
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where & is equipped with the d-topology and ¥ x % with the weak topology a(¥ X
Lh, PXLR).

Rather than the modes of convergence employed in the above remark, it is desirable
to work with weaker modes of convergence. For this purpose we shall work from now
on with given sequences {x.}g in & and {v.}{ in ¥ (formally we could consider
generalized sequences, but with little effect—see our comments below). We shall say
that the sequence {x;}7° almost converges in 4 to the function x, if there exists a
nonincreasing sequence {B;}7 in T, whose intersection is a u-null set, such that for
every ieN

ess sup d(x,(t), xo(1))~> 0.
te T\B,

We shall also say that the sequence {v.}T almost converges in (¥, P) to ve ¥ if
there exists a nonincreasing sequence {B;}7 in J, whose intersection is a w-null set,
such that for every ieN

L\a (o), p())p(dt) > L\B (v(), p())u(dt) for every pe P.

Example 4.7. If the sequence {x;}{ converges in measure u to x, then there exists
a subsequence {£#} of {k} such that {x} almost converges in d to x,. Namely, {k}
contains a subsequence {£} such that {x,} converges to x, u-a.e. Therefore there exists
by Egorov’s theorem [23, I1.4] a sequence {A;}T in 7, u(A)= j7', such that
ess supr\a, d (x4(1), Xo(t)) >0 for every jeN. Now take B; to be the intersection of the
sets A, j=i.

Example 4.8. Suppose that (V, P, (-, ), (¥, ?,(-, *)) and {v,} are as in Example
4.3. Then {k} contains a subsequence {£} such that {v,} almost converges in o(£},, %)
to some v, € L. Namely, let {k’} and {B;}* be as in Example 4.3. For every ieN the
restrictions of the functions ¢ | v,(t)|| to T\B; form a uniformly u-integrable subset
of g, so by the Dunford-Pettis theorem [12, IV.2.1] a subsequence of the sequence
of restrictions of v, to T\B, keN, converges in o(¥V(T\B;), £(T\B;)) to some
element of £%(T\B;). By the obvious extraction of a diagonal sequence one thus finds
the desired {£} and v,e ¥\ (u-integrability of v, follows from the uniform L'-
boundedness of the initial sequence).

Note that neither example above—nor any other of which we know—applies to
generalized sequences. Thus, apart from Theorems 4.4, 4.5 and Remark 4.6, nothing
new ensues for generalized sequences.

THEOREM 4.9. If

(4.10) I(t,+, ) is sequentially lower semicontinuous at every point of {xo(t)}xV
) n-a.e.,

(4.11) I(t, xo(t), *) is convex on V u-a.e.,
if also
{x:}7 almost converges in d to x,,
{ve}7 almost converges in a(V, P) tove ¥,
{v}T U{v} is almost Nagumo tight,
and if there exists a uniformly u-integrable sequence {A.}S in £& such that

(4.12) 1(t, xi (1), ve(2)) = A (t) p-a.e. for every keN,
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then

(4.13) ligl glf Li(xi, ve) = L (xo, v).

Proof. Suppose first that {x,} converges in 4 to x, and {v,}7 converges in o(¥, P)
to v. Let a stand for the left side in (4.13). There exists a subsequence {k'} of {k} such
that lim, I,(x,, v)) = a. By the Dunford-Pettis theorem there exist a subsequence {k"}
of {k'} and A, € &y such that {A,} converges to A, in o(ZLy, £r). Hence the sequence
{(ver, Ai)} converges to (v, A,) in the topology (¥ X %g, P X £r). By Remark 4.6
this gives (4.13), in view of the definition of I,. Next, we prove the result in full
generality. Let {B;}7 be as in the definitions of almost d-convergence and almost
o (¥, P)-convergence; rather than taking unions pairwise, we may wo